A PRIMER ON THE FIBONACCI SEQUENCE: PART II
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A MATRIX WHICH GENERATES FIBCNACCI IDENTITIES

The proofs of existing Fibonacci identities and the discovery of new
identities can be greatly simplified if matrix algebra and a particular
2 x 2 matrix are introduced. The matrix approach to the study of recurring
sequences has been used for some time [1] and the Q matrix appeared in a

thesis by C. H. King [2]. We first present the basic tools of matrix algebra.

1. THE ALGEBRA CF (TWO-EY-TWO) MATRICES

The two-by-two matrix A is an array of four elements a, b, ¢, d:

A= a b
c d
The zero matrix Z and the- identity matrix I are defined as

(o o) 1 o)
Z = 0 0 and I = 0 1/

The matrix C, which is the matrix sum of two matrices A and B, is
b
C=A+B= a ) . [ f) _ 2t b+ f)
c d g h c+ g d+h
The matrix P, which is the matrix product of two matrices A and B, is
a b) e f ae + bg af + bh)
P = AB = c d g h/) \ce + dg cf + dh

The determinant D(4) of matrix A is

a b
D(A) =| dl = ad - bec.

c
Two matrices are equal if and omly if the corresponding elements are equal.

That is, for the matrices A and B above, A = B if and only if a = e, b = {,

c =g, and d = h. :
The proof of the following simple theorem is left as an exercise in

algebra.
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THEOREM: The determinant D(F) of the product P = AB of two matrices A
and B is the product of the determinants D(A) and D(B). That is,
D(P) = D(AB) = D(A).D(B).

2. THE Q MATRIX

The Q matrix and the determinant of Q are

1 1l
Q= (1 o/ amd  D(Q =-1.
. (0] 1 0 (0]
If we designate Q = I, the identity matrix, themn Q = Q =Q Q =IQ =QI =QQ .

Definition: Qn+1 = anl, an inductive definition where Ql = Q. This

provides the law of exponents for matrices.
It is easily proved by mathematical induction that

where Fn is the nth Fibonacci number, and the determinant of QP is (-l)n.

3. MORE PROOFS

We may now prove several of the identities very nicely. Let us prove
identity (3) from Part I:
2 n
FrerFa1 - Fp = (-1)
. n . n n n
Proof: Evaluate the determinant of Q in two ways. D(Q ) = D (Q) = (-1)7,
but by definition of determinant, D(Q®) = F_ .F_ . = Fi.

n+l n-1
Now let us prove identity (7), P2n+i = F§+l + Fi. Since QP+1Qn = Q2n+1,
F\/F F F .F .+ FF F2 .+ F°
n n+l n+l n n+2 n+l n+l " n+2 n n+l n+l n
QR = -
Fn Fn- Fn+l Fn FnFn+2 + Fn-an-c-l FnFn+l M Fn-lF

can also be written as

2n+1 _[Fone2  Fonn

F2n+1 ) Fan

Q

Since these two matrices are equal, we may equate corresponding elements,

so that
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F2n+2 = Fn+1Fn+2 + FnFn+l (Upper Left)
(7) Fope1 = Fi+1 + Fﬁ (Upper Right)
Fope1 = Fpn B2 * Fo1Fna (Lower Left)
F,, = FFia* Fn-an ' (Lower Right)

establishing identity (7) as well as two others with some simple algebra.
If we accept identity (5), Ly =Fpa* F _y» then

F = FF

2n pFn+1 * Fa1tn = FpFpa * F ) = FLl»

n=-1"n n-1 nn

which gives identity (9). From Freo = Fk+1 + Fk' for k = n'- 1, one can write

F =F

n ne1 = Fn-1® 8° that we also have identity (8):

2 _ g2

) = Fn+1 n-1

(8) Fon = Fn(Fn+1 * Fn-l) = (Fn+l = Fn-l)(Fn-rl * Fn-l

It is a simple task to verify that Qa = Q + I, leading to
n+2 n+l n AR A .
Q = Q + .Q and Q =9 Fn + 1 Fn-l'

where Fn is the nth Fibonacci number and the multiplication of matrix A, by a

number q, is defined by

QA = q(a b\ _/2q bq
c d cq dg
4, GENERATION OF FIBONACCI NUMBERS BY LONG DIVISION

1 2 n-l
N - > = Fl + Fax + ij + eee + an + oo
- X = X

In the process of long division below

l -x = x2 ) 1l

there is no ending. As far as you care to go the process will yield

Fibonacci numbers as the coefficients.
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5. Fn_AS A FUNCTION Of ITS SUBSCRIPT

It is not difficult to show by mathematical induction that

P(n): | F_ =ﬁ (l—;ﬁ)n - (1+'/2-)n

This can be derived in many ways. P(1l) and P(2) are clearly true. From

Fe = Feax * B

P(k-2): F o = ;—i— (1_;_1/2")1:-.2 (%1’5)""2
P(k-1): Ry = J__Z;__ ( ;_;_._-y"g)‘“{ '(_]___2__42')1:-1

Adding, after a simple algebra step, we get

e ) - (T

k-1 k-2 © 3

Observing that

l—£ﬁ+l=3£@=(1;{5—)zand ].;__6+1=3£‘V5=(151’5_)2

it follows simply that if P(k-2) and P{k-1l) are true, then for n = k,

P(k): F =F ) +F _,= ‘_/_%_{(1_5_15)]‘ - (%2)1:

making the proof complete by mathematical induction.
Similarly, it may be shown that

The formulas given 1or Fn and Ln in terms of the subscripts are called the

Binét forms for F_ and L _.
—_— n n

Now let us use the Binét forms for F and Ln to prove identity (9),

F = FnLn' a second ways

2n

and the inductive assumption that P(k-2) and P(k-1l) are true,



{( J (5

n
n

2 5 = FnLn‘
6. MORE IDENTITIES
(15) F =-1_(1+‘r5)n-(1'15)n
n 1ﬁ; 2
n
(16) (1 1+95 )n (1_-_~’2')
2 2
F + (1) 4 s
3 3 3 3 _ Z3n+2 n-1
(17) Fl + F5 + F3 ¥ oeuo + FY = 5
(18) 1--?1 + 2°Fy + 3°Fy + oo +nF = (n+ 1)F w2 = Fpoy + 2
(19) Fy+Fy+ e +Fy = F, o =1
- =1
(20) F1fa * foF5 * Fof) + oo = By 0Py = 3 (Fpp g * FpFpy - 1)
n
(21) :E: (?) Fn-i = F,_, where (?) = 7;-:2%7TI? s M! = 1e2e3.,,,0m,
iT ot =
_ o3 3 3
(22) F3ne3 = Fned * Py - Fg

(23) FoFp = Fpox Frek = (-1)%" ka+k-n

3 _ 3 3 3 3

(24) Fleb = 3Fn+3 * 6Fn+2 - 3Fn+l - F
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