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1. INTRODUCTION

We form the complete convolution array for a sequence whose generating function is

(1.1) flx) = Z fix' = Z a;,oxi
=0 =0
with /{0) = f, = a,, # 0, and let

(1.2) [T = 3" apx’, = 0,41,42, 43, ;
i=0
note that

_ _ {1 i=0
31 = 8j0 = {o,' i#0

This convolution array is the source of an infinite number of sequences which are intimately related to the coefficients
of fix)
Form a new sequence whose generating function S, (x) is given by

(1.3) Hf(x) = S,(x)

and

(1.4) S,Ix) = fix = Z aix’
=0 =0

We call the sequence {s,-}}'io the H-convolution transform of the sequence { f'}}:o, but it is easier to express
this relationship between the generating functions. That is, H{fi},f'i-o = { Si }, o is expressed Hf(x) = S, (x).

In the next section we shall prove that, if #f(x) = S, (x), then f(xS,(x)) = S, (x) with f(0) = S,(0) # 0. It is well
known that

| 2n
(1.5) to = —= (%)
defines the Catalan numbers, whose generating function is C(x) = [1 — /7 — 4x]/2x. Let f(x) = 1/(1 — x). The
Catalan generating function satisfies 7 + xC?(x) = C(x). This implies that 7//7 — xC(x)] = C(x). That is, if

fix) = 1/(1=x),
then
fixC(x)) = 1/[1—-xC(x)] = Clx),

so that from Pascal’s triangle generator we get the Catalan number genetator; #(7/(1 —x)) = C(x), C(0) = 1.
357
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2. LAGRANGE'S THEOREM
Lagrange’s Theorem: (Asin Polya and Szegd [1])
Let f{z) and ¥(z) be regular about z= 0 and (0) # 0, ¥(0) # 0, and z = ¢ /(z). Then

S o d i ) |
1—wylz) = n! dx" =0

Since
l0) # 0, and w = z/¢(z) = g(z),

if f{z) = 1, then we are dealing only with reversal of power series [2].
We now use Lagrange’s theorem to prove our major result.

Theorem 1. Let f(x) be analytic about x = 0, with /0) # 0, and

[f(X)]iH = Z a,-,-xi ,
=0
and let

a
S, (x) = Z ﬁ7 x';

i=0
then f(xS,(x))=S,(x),and S, (0) = f(0) # 0.
Proof of Theorem 1. Let
5,00 = 3 2
i=0

then .

d < i~ d e |
= 8, 0x) = 2 ax = 205,

i=0 =0 =~ dx
which can be visualized for Lagrange’s theorem as

4 B — 5/ i )
i 65,0 = 57 Lt 6|y

i=0
or
_d - __ftz)
o K6 = T
with w =x and ©(z) = f(z). From z = xf(z), x #0,
X—2z Zl,i
y df _ ) = z
24) = flz) pranllt
and so X—z dx .
(2.2) 1—xflz) = 1— dz .z dx
X X dz

Thus,

_d. = d—z—
. (xS, (x)) o
which implies that xS, (x) = z +¢; but xS, (x)— 0 and z— 0 as x — 0. Thus, ¢ = 0 and xS, (x) = z Thus,

xS, (x) = xf(xS,(x))
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or
S.x} = fixS, (x)) = flz).

Fram z = xf{z) to z = xS, (x} is a reversal of power series, and a necessary and sufficient condition for S, fx/ to be

regular about x = 0 is thatx = z/[f(z)] = g(z) be such that (0} # 0. Clearly, this is guaranteed by #(0) # §, since
g'lz) = [flz) - zF(z} ]/ (z} and g(o) = 1/f0) # 0.

~ See Copson [2].

We thus see that if f(x) is regular about x = 0 and 0} # 0, then Hf(x) =S, (x)isa function such that /0)= S, (0) #
0 and xS, {x)} = S,(x), and S, (x) is regular about x = 0,

Corollary. olz} = Slx),  where ©(xSix)) = Six/).

We now proceed to another important
Theorem 2. \Let f(x) be regular about x = 0 and #0) # 0, and

()7 =3 apx!, =012,
=0
and

oo

Gitx) = fv{-—/ ajij-1x" .
i=0
Then G;(x) =Shx) forj=1,2,3, .

Proof of Theorem 2.

; o~ xM g
gt = 3 A A
puvs i +)il it |x=0

or

A g = i1 S & AU
dx ! i jf ax!
=0 X =0
e i1 el i e
- X 2) 11, d2
1—xFf(z) i) dx ’
with «w = x and #(z) replaced by f1(z): the last step follows from (2.2), the result in the proof of Theorem 1. Thus,
A i) = i1 92
T (x1Gilx)) = jz ot
which implies that ijj(x) =2/ +¢ Since x"G,'(x} and 2/ - 0 as x — 0, then ¢ = 0, so that
Gjfx) = 2t = Flz) = Shix),
since the same hypotheses of Theorem 1 are used in Theorem 2, and there f{z} = §, (x). Thus,
sit) = 5 ' dipr)]
pare i+jil dx’ 0
= Z —-/— a,',,‘+j_7xi R j=1,23 .
=0 '

The next theorem is harder to prove.
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Theorem 3. Let f(x) be regular aboutx =0, (0) # 0, and

[l =3 apx’,  j=01,2-
=0

Let
oo . . . . |
Gl = 3 A X dUGI (X)) .
i=0 i=j i dx’ x=0
where the prime indicates/ # . Then
i g »
Gl +% L (s7)| = 871
I ax! X=

Proof of Theorem 3. Clearly the missing term is indeterminate since

a0l foiti#0;
aj—(f(){}} ‘{1'”/:0;

x=0
in either case, the missing term is 0/0. Now

; TP & B P PR PRTL
xT6ta) = 30 7 K LU ) )
i=0 ’ dx

x=0
so that

. P R Py
_li (X_/G_j()(” = _/-X-/-7 ,}’_ d'(f" (X}f (x) .
dx il dx!
=0 X | x=0
Thus, by Lagrange’s thearem, with w = x, ¢(z) = f(z), and f(z) replaced by (f(z))'j, and by the result (2.2) in the
proof of Theorem 1,

A i o)) = il i1y 02 o~j-1 dZ.
dx (x G./(X” /X 77" (z) dx fz o

since z = xf(z), so that
x'jG_j(x) = z'j+c,
and . - . .
G-jlx) = Fz) +cx! = SFUx) +ex? .

Recall that G_;(x) has a zero coefficient forx /. Thus, we can get equality if and only if

i
c=- 1, LA (S,’(x))l
" dx!

x=0

which concludes the proof of Theorem 3.

3. APPLICATIONS OF THESE THEOREMS

The three theorems we have proved now give us an explicit set of instructions on how to convert the entire con-
volution array generated by the powers of f(x) into the entire convolution array for S, (x/.

The central falling diagonal is converted into S, (x), and the diagonals parallel to this are explicitly converted into
S’ (x) for all integral j, where f(0) = S, (0) and f(xS, (x)) = S, (x). We have in reality explicitly derived series expan-
sions for all $/(x/ in terms of the entries of the convolution array for (x). This is
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(3.1) Sitx) = I_J+73,~,,-+,-.,x" ,
i=0
where
reisreiron |
ajitj-1 = ,”; M&llf_fﬁ) )
: ax x=0

for all integral j, with special attention given when 7 +j = 0, as earlier discussed. This, of course, can now be repeated
any number of times.

A particularly pleasing special case of sequences of convolution arrays arises upon taking f(x) = 7/(1 — x), giving
rise to the generating functions for the columns of Pascal’s triangle. This paper proves and generalizes the results
found when considering Catalan and related sequences which arose from inverses of matrices containing certain
columns of Pascal’s triangle [3], [4], [5], [6].

4. FURTHER GENERALIZATIONS

We can, of course, apply the convolution transform # to f(x) several times. Hf{x) = S, (x) means f(xS, (x)) = S, (x),
and H2f(x) = S, (x) means that #S, (x) = S, (x), where S, (xS, (x)) = S, (x). Further, we can show f(xS?(x)) = S,(x)
as follows:

f(xS,(x)) = S,(x);
replace x by xS, (x) to obtain

f(xS,(x)S, (xS, (x))) = f(xS3(x)) = S,(xS,(x)) = S,(x).
In general, one can show that, if

Sk(xSi+1(x)) = Sg+1(x),
then
(4.1) H*f(x) = Si(x)  and  F(xSK(x)) = Skix).
Thus, one can secure an infinite sequence of generating functions from one generating function, f(x/

We can now discuss the inverse convolution transform, #~7. From #(xS, (x)) = S, (x), we look at S, (x/f(x)),
replace x by xS, (x), so that

S, (xS, (x)/f(xS,(x))) = S,(x) = (xS, (x));
thus
S, (x/f(x)) = f(x).

H™'S, (x) = f(x) means S, (x/f(x)) = f(x). If we designate f(x) = S, (x, then
H'S,(x) = S,(x),
and, in general,
(4.2) H S (x) = Seix)  and  H7KS (x) = Slx),

generating a doubly infinite sequence of generating functions from the convolution array for f(x) =S, (x).
We now derive the explicit formulas for these.

Theorem 4.
Siix) = 23 /7#"’"""*/'""" k=012-".
=

Proof of Theorem 4.
We consider the elements aj; of the convolution array for f(x) such that f(0) # 0 and
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[fx)] 7T = }: a;jxi )
i=0

j an integer. We proceed first for/ positive,
For S, (x), the elements processed are a;;; for S, (x), the elements processed are a; »;; and for Sk (x), the elements
processed are a; ;. This is, of course, done sequentially. Consider the element a; ;+;-7. We now find the sequential
factors to convert it into the coefficient of x’ in S{(x/ .
First, we consider the diagonals parallel to the principal falling diagonal a;;;the diagonal S,(k'7)’+’ (x) contains
aj ki+j-y and was multiplied by
tk—1)i+j
ki+j
In the diagonals parallel to the a; 2;, the diégonal Szlk"2)i+/(x) contains a; kj+j-7 and was multiplied by an addi
tional factor of
(k=2)i+j
(k—1)i+f*
and so on. In the diagonals parallel to a; «/, S/((x) picked up a factor of j/(i +j). Thus, for the terms of S,/({x)
T ) itj (k—1)i+j
Sitx) = 2 757 : 2/+,L" T TR 4)

i
aj ki+~-1X
=0

j i
/71-—1{_’]-— aj ki+j-1X

1]
1

This can also be established by induction. Look at a; (x+7)i+j—7. Each factor we used before has its right subscript
of a;; advanced by / so that

Shsqlx) = Z (k———1+ T aj, (k+1)i4j-1%" .
i=0
This holds forj =1, 2, 3, -, and concludes the proof of Theorem 4, for / positive. For /=0, S (x) = 1. Forj <0,
there are special problems to surmount.

Theorem 5. 1f £ (xS¥(x)) = S(x), with $(0) = £7(0) # 0, then S(x) = S_1(x).
Proof. The function £ 1(x) induces a two-sided sequence of generating functions. From 77 (xS(x)) = S(x), we
e S/ (x))%) = £ (x)
Stx*(x)) = £ (x)
S xf(x)) = #ix).
But S_¢ (xf(x)) = f(x), so that Sfx) = :,Z (x).
Theorem 6. Forj>0 k>0,

sl = S 1 2 dirigrkig)

ki+j i i
=0 "7 dx

x=0

Proof. Apply Theorem 4 to the function F(x) = 1(x). Thus forj>0and k>0

oS X AU e )
Skl Z Tki—j sl
i=0 X x=0
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This is equivalent to the theorem.
SUMMARY:

oo I

. . kl
4.3 Shix) = J XA x)
4.3) I (x) g) i

x=0

nowholdsforj>17, k> 1 0rj<—1, k<—1. Thecasej=0, k # 0 is routine and k = 0 for any / is routine.
We note that in the proof sequence of Theorem 4, there are no zero factors except when /= 0.
Theorem 7 (The Completion of Theorem 4).

If f(z) is regular about z = 0 and £(0) # 0, then, for k # 0,

oo

(i) sl =S J+ X dU M) |

il
i=0 dx x=0
when —j/k # m, a positive integer.
The prime below indicates / #m,
: s ; i giggis, 1eki
j =§, i xDdY(FPx) (x)
Sklx) Ki+j il il

. i=0 x=0
(ii)
X7 g™ () (x)
m! de ( x=0
when —j/k = m, a positive integer.
Proof of Theorem 7. Let
< X! diFiri )
gjlx) = E I = e
= kit dx’ x=0

forj#0, and g, (x)=1.

Case (i).
ik~ k. xR gl )ekingg)
X !]/(X} Z ik il 4 i
=0 X x=0
Taking the derivative,
0 ity ) = [ L xitk=1\ S 2 dUelori)
(@.4) & g = ( a1 ) 5 o PRI
i=0 dx’ x=0

But .
z = xp(z) = xX(z).

From the corollary to Theorem 1, *(2) = S(x), where F(xS(x)) = S(x). To identify S(x/, recall that
fxGX(x)) = G(x)

implies that
G(x) = Sklx)



364 THE H-CONVOLUTION TRANSFORM [DEC.

as defined for #(x); hence,
Stx) = G5(x) = SK(x)

so that {z) = Sk (x).
Returning now to (4.4),

(Xj/kg (x)) = X//k-1fj-k(z) dZ

From z/x = f*(z), then (z/k) 17k - f(z), so that

k() = (z/x) KK and  xIlTpiR () = ilkT
Therefore,
a ik - jlk-1 dz_
dx (x gj(X” Z dX ,
so0 that
xi/kgj(x} = 7k ¢
27k ik
) = 2,
gj(X) Xi/k Cx .
Thus,

gilx) = Fifz) + Cx % = §f(x) + CxI7%
From the definition of

e K dr i)
i = 1wk 5 :'xi X

i=0 x=0

where —j/k # m, a positive mteger we see that gj(x) has a Mac|aunn power series. Further, Sk (x) is regular about
x =0, S (0) # 0, and hence Sk(x) is regular about x = 0 and S (0) # 0; thus Sk(x) also has a power series expansion.
Their difference is a power series so that if —j/k #m, a posmve integer, then C = 0, and the proof of part (i) is com-

plete. Since S} (x) = 1, then Theorem 7, part (i), is valid for all integral / and S, (x) = f(x) does not need such a form.
Case (ii). If —j/k = m, a positive integer, then

f 1y )£KT |
yj(X} = Z kl+/ X_ d(f (X)f (X))

il i
=0 dx x=0

when written as above has an indeterminate term; thus, as in the form in part (ii), it should be primed. Thus, g/(X)
has no term when ki +/ = 0, so it is necessary and sufficient that in
gitx) = Skix)+ cx %,

m
¢ =~-L L (sgmky)
m! dxm

x=0
This completes the proof of part (ii).
Theorem 8. When —j/k # m, m a positive integer,

Sk(x} = Z Py a/,k/+/-1X
i=0
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When —j/k =m, m a positive integer,

. ? . m - |
T DA U . i iy p LT
eed Ki+f m!
i=0 ax™ x=0

Thearem 8 is simply a collection of results in terms of

F*7(x) = 3 a4
i=0-

Theorem 9. Let
XS (x)) = Sklx),

then
- xm 4m —k m = kg d k
25 = (St = ) o )
m=0 x=0
Proof. Let
flz)=1, z=xSz);
then
= XM g™ ek, ym = X 0z
X & stk =18
,g‘ m! Ule =0 zax -
where
z=xSk)  and  SK(xS(x)) = Six),
but
Selxf ¥ (x)) = fix),
so that

Sk = Fkix).
That is, S(x) = £ (x). Further, »
x/z = SK(z) = 87 x) = *ix),
so that

I
@.5) X2 0T gk )y

< = F(x) f (xF*(x)) .
m=0 " dx"

x=0

Since /¥ 7{x) is implicit in our problem, we can express Eq. (4.5) in a better form.

[fx)] T = Z a,,-jxi

*ix) = Z aj k-1x"
i=0

365
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) =Y ajkerx!
=0

j+
Xf-k(X} = Z a,-,_k..7x’ !
i=0

377 xrX(x)) = 2 (i + 7}3;,_/(_1)(’ = Z b,-,_k_1xi .

=0 =0
Let
k d k I O m .
ix) i (xf(x)) = L Amnx™ ;
m=0
then
m m
(4.6) Am = L atk-1bm-t k-1 = Z (m+1—tlagk-1am-t-k-1, k& # 0.
t=0 t=0

Comment: For each Sj; {x), there is one term (when —j/k = m, m a positive integer) that is not easily specified by
the convolution array for f{x). With Theorem 9, we now know how to get that missing term in terms of the convolu-
tion array coefficients for f(x) as given in Eq. (4.6).

5. FURTHER GENERALIZED IDENTITIES

The following is a consequence of Theorem 8 for —j/k # m, a positive integer.

Theorem 10 (A Generalized Identity)

Let
Gjlx) = Z /—(-I_'jf'_/_ ai,ki+j-1Xi = S/I;(X),
i=0
Gslx) = Y k/_i? aikirs-1%' = Sglx);
=0
then

oo

Gosjlx) =9, k—/%(??/—) ajkitsti-1x' = ST (x).

=0
Thus, by convolution it is true that
. n .
(5.1) i i: ny an,kn+stj-1 = E /51:7 dtktti-1 /—(-{—n—:%—_’_-; an-tk(n-t)ts-1 -
=0

Corollary 3 (Abel Convolution Formula)

Let f{x)=e* and k=17 in Theorem 10; then by exponential convolution,
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n
S tesri =3 (1) s i

n-t
n—t+s .
t+] +s f /
t=0

Corollary 2 (Generalized Abel Convolution Formula)
Use Theorem 10 with f(x) = &* and & a positive integer; then
S +[ _qjn
Wntits [tn+1)k+s+j—1]

[tn—t+1)k+s—1]7F,

n
:FZO(,;)#— [(l‘+7)k+/"7]t—'(——:7)-_;';"

See Raney [14], who conjectured this form.
Corollary 3 (Hagen-Rothe Identity)
Let f(x) = {1+x)?, k=1, in Theorem 10; then

sty aln +s +j) a(t+s) aln — t+j)
n+s+j ( ) Zt+s )n——t+/ n—t

Corollary 4 (Generalized Hagen-Rothe Identity)
Let f{x) = (7 +x)? and k be a positive integer in Theorem 10; then

st{ (a[k(n)+s+j)
kn +s+j n ;

Z ey a[{kt)t+j) 7 _sm (a[k(r;:t;l+s)

6. FINAL REMARKS

I. Schur in [8] has done much in this area. Schur [8] and Carlitz [7] give derivations of Lagrange’s theorem. H.
W. Gould in [13] has summarized much of what has been done earlier. There is still much that can be done for
specialized functions #(z).
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Proof.  Since Z is a non-discrete topology on X there exists ¢ X with ; c } & 2. Let A be the topology on X

enerated b
’ ! EUN)(}IXGX\iL'}}

and notice A is non-discrete since % c } &

Consider
S=n{A eAIceA} .
Since A'is finite if S = { c} then i( c} € A. Thus, choose beS\{_c}. Let
F=={BchbeB or ceéB}.
Let Te A. lfce TthenSc Tandso b € T which implies7Te I lf ¢ £ T then T € T" by definition of I'. Hence
ZcAcT.

Corollary. Every non-discrete topology on a finite set with n elements is contained in a non-discrete topology
with 3(277<) elements.
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