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1. INTRODUCTION

In the notation of Riordan [2], the Stirling numbers of the second kind, Sfn, k), with arguments 7 and & are de-
fined by the relation

n
(1.1) t" = 3" Sinkith, n >0,
k=0

where (t), = t(t — 1) - (t — n + 1) is the factorial power function. They have been utilized by Tate and Goen [4] in
obtaining the distribution of the sum of zero-truncated Poisson random variables where

(1.2) ("= 1)}/k1 =" Sink)t"/n! .
n=k

The Bell numbers or exponential numbers B,, can be expressed as
n
(1.3) By =Y, Slnk, n>0,
k=0

with B, = 1. They have been investigated by many authors: see [1] and [3] for lists of references. Uppuluri and
Carpenter [7] have recently studied the moment properties of the probability distribution defined by

(1.4) plk) = S(n,k)/8B,, k=12-,n,
and give
n r
(1.5) S K'Stnk) = ) (j) CiBiri ,
k=1 =1
where the sequence { Ch,n=01, - } is defined by
\_‘ k | = _aX
(1.6) 2 Cux“/k! = exp (1—e*).
k=0

Tate and Goen [4] have also derived the n-fold convolution of independent random variables having the Poisson
distribution truncated on the left at ‘c” in terms of the generalized Stirling numbers of the second kind, d (n,k) given

by

oo

(1.7) (ef—1—t— e tScl¥/kt = S dylnk)t"/nt
n=k(c+1)

where do(n,k) = 0 for n < k(c + 7). They give an explicit representation for d, (k) too complicated to reproduce
here. The d(n, k) can be shown to satisfy the recurrence formula
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(1.8) deln+1,k) = kdglnk)+ (;’) deln—c k- 1),
where d,(0,0) = 1 for all c.
Definition 1. We define the numbers B (n) given by
n
(1.9) ‘ Boln) = Y~ delnk),
k=0
forc > 7 and n > 0 as generalized Bell numbers. 1t may be noted that Bg(n) = B, .

Definition 2. A random variable X is said to have the generalized Bell distribution (GBD) if its probability func-
tion is given by
(1.10) pelk)=dg(n,k)/Bg(n), k=201-,n.

It may also be noted that when ¢ = 0 and n > 0 (1.10) reduces to (1.4) as then d,(n,0) = 0.

In this paper we investigate some properties of the numbers B,(n) and provide recurrence relations for the ordinary
and factorial moments of the GBD. It is shown that the related results obtained by Uppuluri and Carpenter [7]
follow as special cases forc = 0.

2. PROPERTIES OF B.(n)

Property 1. o
(2.1) Z Be(n)t"/n! = exple®—1—t——t/cl).
n=0
This is immediately evident upon expansion of the right-hand side making use of (1.7).
Lemma 1.
n-c
(2.2) ‘ deln+1,6) = 35 () delm, k1.
m=0

Proof, Differentiating both sides of (1.7) with respect to ¢ and expanding in powers of ¢ we obtain

m
r=c m=0 n=0

22 (r+m) dolm, k= ™™/ (e +m)t = 3 delnkt™ " /(n— 1)1 .

Interchanging sums on the left-hand side and equating coefficients of t” we are led to Lemma 1.
Property 2.
n-c
(2.3) Botn+1) = 35 () Botm) .

m=0

This is now immediate from Definition 1 and Lemma 1. We note that when ¢ = 0 (2.3) reduces to the known relation

n
B = 2 (1) Bm
m=0
for Bell numbers.
In attempting to find a recurrence relation in ¢ for B;(n) we first need

Lemma 2.

k
(2.4) delnk) = [(=1)nl/ilc!)(n = ci)l]de-1(n — ci, k= i),
i=0
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forc>1.
Proof. See Riordan 2], p. 102.

Using Lemma 2 we can now write

n n
Betn) = 3 (=11 (7) tn=il/tettn—cit] 3 domstn—ci k1.
i=0 k=i

It follows directly from the above that we now have

Property 3.
n
(25) Boln) = 3 -1 (1) (0= 0/ (el = il Bemyln~ci), ¢ > 1
=0
The well-known Dobinski formula for Bell numbers has the form
(2.6) Bpey = e (17 +27/11+37/21 +...).
When ¢ = 7 Property 1 gives us a formula similar to that of Dobinski.
Property 4.
(2.7) Biln) = e (1)) 11+ 17/21+2"/31 +-..).

Property 3 suggests that we may write the generalized Bell numbers as a linear combination of the Bell numbers.
Write the right-hand side of (2.1) in the form

(2.8) explef—1—t—1t2/21 — .~ t%/cl) = exp (et = 1JH(t),
where
(2.9) Ht) = ) belrdt'/r, ¢ > 1
r=0
Property 5.
n

(2.10) Beln) = 2 (7) bellbni, > 0.

j=0

Proof. Expand the right-hand side of (2.8) in powers of ¢ Property 5 now follows from (2.1), with ¢ = 0, and (2.9).
For the purposes of enumeration the recurrence relation for b.(r),
c-1
(2.11) belr+1) = = 3 (;)bc(r—f), e 1,
=0

with b, (j) = 0 for all j > 0 and b (0) = 1, can be obtained by differentiating both sides of (2.8) with respect to ¢
using (2.9), and equating coefficients. With &, (j) = (~7) we alternately have Property 4 from Property 5.
Making use of the above properties, the first few values of B, (n) are as follows:

Tahle 1
Table for B, (n)
N 0 1 2 3 4 5 6 7
c
0 1 1 2 5 15 52 203 877
1 1 1 1 4 11 41 162
2 1 0 0 1 1 1 11 36
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3. RECURRENCE RELATIONS FOR MOMENTS OF THE GBD

Let X be a random variable having the generalized Bell distribution defined by (1.10). The /""" ordinary moment
of X is given by

n
(3.1) pelx") = 3" k'de(n,k)/Bc(n).
k=0
Let
n
(3.2) Bolnr) = 3 K'dplnk).
k=0
Property 6.
,
(3:3) Botn, r+1) = Beln+ 1,1~ (7 )2 () Botn—c.i.
1

Proof. Multiply both sides of {1.8) by k" and sum over k. We have for every choice of ¢
n
Boln+1,1) = Beln,r+ 1)+ (1) 3 Kdeln—c, k=1
k=0

r
= Boln, r+ 1)+ ( Z) Z( I’) B.(n—c,j).
j=0
Property 6 follows immediately. When ¢ = 0, B, (n,r) becomes B,i’) in [7]with Property 6 replaced by
Property 7.
r
(3.4) it =8, -3 ;)8
j=0
Property 7 is not given however by Uppuluri and Carpenter.

In attempting to express B, (n,r) as a linear combination of the generalized Bel! numbers we are led after expanding
(3.3) for the first few values of r to the following:

Property 8.
r i
(3.5) Belnr) = 3 Y ayjlnre)Boln+r—i-jc),
=0 j=0

where a; ; (n,r,c) satisfies the recurrence relation
ajjln,r+1,¢c) = ajjin+1,rc)
r
(3.6) - ( Z) E ( . ) djss-r-1,j-10n—¢, 5 ¢/,
s=r-itf

withag ofn,r,c)=1and a; j(n,r,c)=0ifi>r, j>i orj=0and/> 0.
The proof consists of substituting (3.5) into (3.3) and equating appropriate coefficients.
Comparing (3.5) with (1.5) when ¢ = 0 we must have

f

(3.7) D ajlnr) = ( I’) ci.
=0
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independent of n for/ =17, 2, ..., r. By starting with (3.6) and summirig out/ one can show that

k
(3.8) Cher == 3 »(ff)[;l.

=0
which agrees with Proposition 3 in [7]. We note also whenc =0
(3.9) aijlnn0) = (- 7)/’( r) stij),
independent of n, as (3.6) is then equivalent to

i-1 )
(3.10) stii) = 3 (75 7) stei-1,
k=0
a property of Stirling numbers of the second kind.
Now let
n
(3.11) Welnr) = 3 (i)rdeln,j).
j=0

Then the factorial moments of the generalized Bell distribution are given by
(3.12) velix)y) = Weln,r)/Bg(n).

We now seek a recurrence formula for W/, (n,r) and investigate the special case ¢ = 0.
Property 9.

(3.13) Woln, 1+ 1) = Wyln +1, 1) = Wyln)— | Z) [Wyln =g, 1)+ Wyln—c,r—1)].
Proof. From (3.11) '

n n
Weln, r+1) = 33 (rerdelng) =9, jliledelni) = Weln,r).
j=0 /=0
Hence
n
(3.14) 3" ili)delng) = Weln, r+ 1)+ Ws(n,r).
j=0

Using (1.8) we can write, with¢ > 1,

n
Weln,r +1) = 3 (llden+ 1)=( 7 ) deln =g, = 1)] = rWeln)
i=0
n-1
= Weln +1,r) = rW(n,r) —( Z ) Z (j+1)doln —cj).
j=0

Now with (3.14) and the fact that
G+ 1) = jlj) 1+ (j)p-1q
we have the desired recurrence relation stated in Property 9. One can verify directly that when ¢ = 0 we have
Property 10.
(3.15) Wyln, r+1) = W n+1,r)—(r+ 1)W,(n,r) = tW,(n, r—1),
so that (3.13) is true for all c.

n
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The W, (n.r) may. also be expressed as a linear combination of the Bell numbers. In fact using the same substitution
procedure as before for Property 8 one can prove

Property 11.
r
(3.16) W,(n,r) = Z alr,i)Bptr-i,
=0
where afr,i) satisfies the recurrence relation
(3.17) alr+1,i) = afri)—(r+1)alr,i— 1) —ralr—1,i—2),
with a(r,0) = 1, a(r,i) = 0if i > ¢, and a(r,r) = (—17)". A table of the afn,k/ is as follows:
Table 2
Table for afn, k)
k10 1 2 3 4 5 6

n

0 1

1 1 -1
(3.18) 2 =3

3 1 —6 8 -1

4 1 =10 29 -24 1

5 1 =15 75 —145 89 -1

6 1 =21 160 -545 814 -415 1

We note that the afn, k) are the coefficients of a special case of the Poisson-Charlier polynomials (cf. Szego [6], p.
34). Touchard [5] gives formulas for the first seven polynomials corresponding to the coefficients in the table above.
The polynomials take the form

n
(3.19) hot) = 35 (=1 (7) (.
=0
If we write
n~i
(3.20) (x)p-i = Z stn — i, kixk n—i >0
k=0

where the s(n, k) are the Stirling numbers of the first kind, (see Riordan [2] p. 33), then

n n-k
(3.21) hatx) = 3 [}: -1/ (1) s(n—i,k)]xk.

k=0 L j=0 ’

Hence afn, k) has the representation

k
= i(n :
(3.22) alnk) =3 (1) ( ] ) stn—i,n = k).
=0
Investigating the general case using similar procedures as before one can easily prove
Property 12.
roi
(3.23) Weln,r) = Z Z bjjln,r,c)Beln+r—i—je),

=0 j=0
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where b,-,j(n,r,c) satisfies the recurrence relation

bi’j(ﬂ, r+1, c) = bi,j(” +1,r, c)— rb’-_7’/-(”,r,l;)
(3.24)
_ ( Z ) [b/‘7,f‘7(" —-¢rc)- I’b;.gJ.](n - r—1, C)],

with b, j(n,r,c) =0, forj=0, 1, -, r— 1, bggln,r,c) = 1, and b, .(n,r,c) = (—1)"'ni/c!)" (n — rc)l.
Comparing (3.16) and (3.23) when ¢ = 0, we have

(3.25) alri) =y~ bjjln,r,0).
=0
Hence in view of (3.22)
(3.26) bijln,r,0) = (-7)/'( o) str=jr=i)

independent of n.
Recurrence relations for the ordinary and factorial moments are readily obtained from (3.3), (3.4), (3.13), and (3.15).
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