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1. INTRODUCTION

In working with linear recurrence sequences, the generating functions ure of the form

glx) - 5, n
(1.1) olx) ,:.4—% anx"

where p(x) is a polynomial and g(x) is a polynomial of degree smaller than p(x). In multisecting the sequence
{a,,} it is necessary to find polynomials P(x) whose roots are the k7' power of the roots of p(x). Thus, we are
led to the elementary symmetric functions,
Let
n
(1.2) pix) = T1 x—a;) = x"—px"™7 +pox 2 = pax"S bt (=1 K ppx K et (= 1),
=1
where py is the sum of products of the roots taken & at a time. The usual problem is, given the polynomial p(x),
to find the polynomial P(x) whose roots are the k7 powers of the roots of p(x),
(1.3) Plx) = X"~ Pyx" 14 Pox"Z - pox3 4 ok (~1)7P,.
There are two basic problems here. Let
(1.4) Sk =a/§+a§+a§+---+a,’f,

where

7 -2

plx) = (x—=a)ix —az)(x—a,) = x"+cix" " +cox"C+ ot
and c = (—1)%pj. then Newton's Identities (see Conkwright [1])
S1+cy =0
So+S1c1+22 =0
(1.5)
Sp*Sp-1c1+ =+ Sqcp-g+ncy = 0
Spt1+Spcr++S1cn+n+1lcpey = 0

can be used to compute S for S7, S2, -+, Sp.Now, once these first n values are obtained, the recurrence
relation
(1.6) Sp+1+8Spc1 + Sp=1c2+ - +S1¢n, = 0

will allow one to get the next value S,,+7 and all subsequent values of S,,, are determined by recursion.
Returning now to the polynomial P(x),
(1.7) Pix) = (x —af)ix — aS)ix— ) (x = a) = x" +Qx™ T+ Qox"2 4 k0,
where
a; = ak, +a/§+---+a/f7 = Sk
and it is desired to find the @4, @5, @3, -+, Q,,. Clearly, one now uses the Newton identities (1.5) again, since
Sk, Sok., S3k, =, Snk can be found from the recurrence for S,,,, where we know S, Sox, S3k, -+, Spk and
131
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wish to find the recurrence for the k-sected sequence. Before, we had the auxiliary polynomial for S, and com-
puted the §7, So, -+, Sp. Here, we have Sg, Sok, -+, Spk and wish to calculate the coefficients of the auxiliary
polynomial P(x). Given asequence S, and that it satisfies a /inear recurrence of order n, one can use Newton's
identities to obtain that recurrence. This requires only thatS;, S5, S3, -+, S be known. If

Sn+1+(Spcy +8p-1c2++S1cp) +n+1)cpey = 0

is used, then Sp+7 = —(Spcy + -+ Sycp) and ¢y = 0.

Suppose thatwe know that L4, L5, L3, L4, -+, the Lucas sequence, satisfies a linear recurrence of order two.
Then Ly +cy=0vyieldscy=—1; Lo+ Licy+2co0=0vyieldsco=—T1;and L3 + Locy + L1co + 3c3= 0 yields
c3 = 0. Thus, the recurrence for the Lucas numbers is

Lpt2=Lptr—Ln = 0.

We nextseek the recurrence fog L, Loy, L3k, . Lk = a™® + ™K is a Lucas-type sequence and Lx + Q7= 0

yields Q7= —Ly; Log +c1lk + 262 = 0vyields Loy — LZ +2c2= 0, but LZ = Ly +2(~1)K s0 that
Lok—LZ+2c5 =0
gives co = (— 7). Thus, the recurrence for L,y is
Lint2pk = LicLtne1je + (= 1)¥ Lk = 0.

This one was well known. Suppose as a second example we deal with the generalized Lucas sequence associated
with the Tribonacci sequence. Here, S;=17,82=3 and S3=7, so that S7 +c7=0vyieldscy;=—1,

So+c18S2+2c0 = 0 yields co = —1,
and
S3+¢1S2+c2S7+3c3 = 0 vyields c3 = —1.
Here,
where a, (3, y are roots of
xZ-xZ2-x-1=0.

Suppose we would like to find the recurrence for S,x. Using Newton's identities,

Sk+07 =0 Q7 = =Sk
Sok +Skl—Sk)+202 = 0 Qs = %(SF - Sox)
Sgk+52k(—8k)+8k[%(s,f— Sok)] +303 = 0 as =E—.7(S,‘?— 38k Sk +282¢)

This is, of course, correct, but it doesn’t give the neatest value. What is @5 but the sum of the product of roots
taken two at a time,

Q2 = (aB)¥ +(ay)® + (By)¥ = 77( + —% * ik = Sk
Y B a

and 03 = (aB'y}k = 1. Thus, the recurrence for S, is

(1.8) Stn+3)k — SkSn+2)k + S-kS(n+1)k * Spk = 0.

This and much more about the Tribonacci sequence and its associated Lucas sequence is discussed in detail by
Trudy Tong [3].
2. DISCUSSION OF E-2487

A problem in the Elementary Problem Section of the American Mathematical Monthly [2] is as follows:

1fSk=ak+af+-+akand Sy =kfor 1 <k<n, findSyss.

From Sy = a/; Fo a,l,( we know that the sequence S, obeys a linear recurrence of order n. From Newton’s
Identities we can calculate the coefficients of the polynomial whose roots are ay, ap, -, a,. (We do not need
to know the roots themselves.) Thus, we can find the recurrence relation, and hence can find S,,+7. This is for

an arbitrary but fixed n.
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Let
(2.1) Six) =S1+32X+33)(2+...+Sn+7)(n+...'
where S;, So, S3, -, S, are given. In our case, S(x) = 1/(1 - x)2.

Let
(22) C(X} = L‘,x+(;2x2+...+¢nx”+..._

These coefficients ¢, are to be calculated from the 4, S, -, Sp,.
From Newton’s | dentities (1.5),

Sp+1+Spcy1t+Sp-1c2+-+S1cn +(n+ ep+r = 0.
These are precisely the coefficients of x” in
Six) +S(x)C(x) + C(x) = 0.

The solution to this differential equation is easily obtained by using the integrating factor. Thus
Ctle TSI (o 1S6I0_g i+

so that n
Clx) = —1+ce”ISIAx g4 o~ (SX#Sx?/244Sp X" fn#--)

since C(0) = 0.
In this problem, Sfx) = 1/(1 — x)? so that
Clx) = _7+e—x/(7—x)‘
If one writes this out,

g ppX/1~x) _ _ 44 X X _ X
T+e T+ 11(1 — x) +2!(7—x}’ 31(1— x)? ’

2 3

From Waring’s Formula (See Patton and Burnside , Theory of Equations, etc.)

r,tr, et r r 1
(—7)7" fﬂsllgga S

C, =

’

rdr ey 11727 pm
where the summation is over all non-negative solutions to
r,+2r, #3ry +Fnr, = n .

In our case where S = k for 1 < k <n, this becomes

over all nonnegative solutions to

r,+2r, +3ry +-+nm = n,

so that
n o (_ k(n - 7)
3 (=1)0 et > A V]
Trlr.le. ! / :
£ 427, +ectnim=n ridr,tr, n k=1 k!
Then
==l _
c, 77 7
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) ) ) er(ad)

tn == 2 T T T T
so that
n (_ 7)/((/7 - 7)
(2.3) th= 3 ‘”T/L_J
k=1 ’

Here we have an explicit expression for the ¢, for S = k for 1 <k <n.
We now return to the problem E-2487, From the Newton-ldentity equation

Sn+7 +c18, +etepSyt (n+ ”Cn+7 = 0.

We must make a careful distinction between the solution to E-2487 for n and values of the S,,; sequence for
larger n. Let S} be the solution to the problem; then

Spte1Sp+caSp-1++cpSy = 0,
where Sg = k for 1 < k <n and the ¢4 for 1 < k < n are given by the Newton Identities using these Sx. We note
two diverse things here. Suppose we write the next Newton-ldentity for a higher value of n,

Sn+7 +C18p "'+L'nS7 +(n+ 7)[:[71"7 =0;

then
(n+1)=S5+(n+1)cpes =0
so that
nt1 (- 7)"( n ,)
(2.4) Sy = (n+1)1+cpe7) = (n+1) 7+Z — k/———

We can also get asolution in another way.
Sy = —[c1Sp+-+cnS1]

is the n " coefficient in the convolution of S(x/ and C(x) which was used earlier (2.1), (2.2). Thus

%) = _ - _ o=x/(1-x) )2 X ~ X2 x3 _
S*(x) Cix)S(x) = [1—e JNT—x) T —xF = 3171 =% +3!”_X}5

=11 =1
S5 = 3/11—1/21 = 5/2
S5 = 6/11—4/21+1/31 = 25/6

i)

and

n
(2.5) Z

Itis not difficult to show that the two formulas (2.4) and (2.5) for S}; are the same.
3. AGENERALIZATION OF E-2487

I one lets S(x) = 1/(1—x)™*7 then

7
(3.1) Clx) = —1+e™ (1-1/1-x)"]

and

L1107
(3.2) S¥x) = =€

(1—x)m*1
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We now get explicit expressions for S, ¢, and S

First,
Stx) = —— =3 ("+m)
(7 X}m+7 n=0
so that
(3.3) Spt1 =(";m) )
We shall show that
Theorem 3.1.
n & k(K 1
=3 —— 3 1 ( (“”’*”—
! kgl k! m* 0§1 a) " )
and
. n+1 )
S§=(”nm)+(n+7}cn+7 =(";’")+(n+7) > —— 2 (— 7)0‘( )(’,’;0‘:7”)
: k=1 kImk =7

Proof. From Schwatt [4], one has the following. If y = gu) and u = f(x), then

ﬂ___z(— E(ch()k—ad_'z_u_?il_(z
dx" k=1 dx”  du¥
We can find the Maclaurin expansion of
I n
x" .
x=0

m 2 n
1/mg=1/m(1-x)"" _ Z 1 d%

y e
!/
0”. an

Lety =& /Me¥ whereu = —1/m(1 - x)™ then u® = (—1)%/m*(1 — x)™* and
d"w® _ (=1)* (ma)ima+1)--(ma+n— 1)
an mO( (I_X)ma+n
k k|
i—%= e /Mgl and (—/—};— =1
dU ax x=0
Thus,
k
_7 gﬁJ/‘ = Z (—7}k Z (— 7)0((/() L—_l)_k;a L:]_)f(ma+n—1)
n., dX':‘ =0 k=7 mk"OL ma n
so that
n ; k
R D M M B
k=1 kIm"~ oa=1

Thus, since S5 = Sp+7 + (n+ 1)cy+7, then
n+1
x _ [n*+tm «@ mo +n
sn_(n )+(n+7} PO Z (-1) ( )<n+7 )
k=1 kIm* =
which concludes the proof of Theorem 3.1.

But
S*x) = —Clx)/(1—x)""1

so that we can get yet another expression for S*,
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n n
(3.4) Sy =-— Z (Sjicn-j+1) = — 2 Sn-j+1¢j .
=1 j=1
_[(n+m-—-1\ _ (n+m—1
Sn = ( m ) B ( n—1 )
4. RELATIONSHIPS TO PASCAL'S TRIANGLE

An important special case deserves mention. If we let Sg =m for 1 < k <n, then S(x)=m/(1 - x) and

where ¢, is as above and

Clx) = _7+e-f[m/(7~x)]dX - __7+(7__X)m )

e = (~15(7)

fort<k<m<norfort<k<n<m, andcg=0forn <k <m, andcg =0 for k > n in any case. Now, let
Sk =—m for 1 <k <n; then

Six) = —mA1—x) and Clx) = =1+ 1/1-x)™,

and we are back to columns of Pascal’s triangle.
If we return to

Therefore,

[m 1 0 0 0
m m 2 0 0
(__7)/< m m m 3 0
Ck = %1 |m m m m 4
: m m m m m
e e e o kexk
then we have rows of Pascal’s triange, while with
|=m 1 0 0 0
-m -m 2 0 0
(—1)k|-m —-m —-m 3 0
Cx = %/ |—m —m —m —m 4
' |—-m —-m —-m —-m —m -
= lkxk

we have columns of Pascal’s triangle.

Suppose that we have this form for ¢, in terms of general Si but that the recurrence is of finite order. Then,
clearly, cx = 0 for k > n. To see this easily, consider, for example, S;=17,82=3,83=7,

Sn+3 = Sp+2+Sp+1+Sp -

1 0 0 O

0

3 0

1 4

3 1

7 3

1-1=0
3-1-2=0
7-3-1-3=0
M-7-3-1=20
21-11-7-3=20
39-21-11-7 =0, etc.

Thus, in this case, we can get the first column all zero with multipliers ¢4, c2, ¢3, each of which is —1.



19771 GENERALIZED LUCAS SEQUENCES 137
5. THE GENERAL CASE AND SOME CONSEQUENCES
Returning now to

(5.1) Clx) = —1+e
which was found in Riordan [6], we can see some nice consequences of this neat formula.
It is easy to establish that the regular Lucas numbers have generating function

E Ln+7Xn
=0

o~ [(1#2x)/(1=-x~x?)]dx _ ,In(1-x=x*) _ ¢\ 2 _ 1,0().

~(S, XS, k2 /248, x* [3+--+Snx " /n++-)

TEX gy =
T—x-x

(5.2)

Here we know that c; = —1, co = —1, and ¢,, = 0 for all m > 2. This implies that the Lucas numbers put into
the formulas for ¢, (m > 2) yield zero, and furthermore, since Ly, Lok, L3k, -+, obey 7 — Lyx + (- 1)5x2
then it is true that S,, = L, put into those same formulas yield non-linear identities for the k-sected Lucas

number sequence. However, consider

(5.3) e (LyxHL,x? 24 4Lp x"/nt-) ___7__2 = Z Fn+7Xn
1—x—x =0
and
(ka+L2kx2/2+~~+L,,kxn/n+~-~} - 1 - _F(n+1)k n
e ———F X .
7—LkX+(—7)kX2 n=0 k

Let us illustrate. Let Sy, So, S3, - be generalized Lucas: numbers,
c1 = =1

co = %(S? -S2)

= g(s? — 35,85+ 2S3)

64 = 57 (57— 65752+ 851S3+355~ 654)

c

LetS,, = Lk so that ¢y = 0 form > 2.
gz[L/f'-?LkLZk +23] = 0
while {3
E[Lk +3LpLog +2L3] = Fax/Fk .

In Conkwright [1] was given

S, 1 0 0 o0
So Sy 2 0 o
m m! . .
Sm_1 . e om =1
. . . Sm Sm-1 Sm-2 S2 St
which was derived in Hoggatt and Bicknell [5].
Thus form > 2
L 10 0 0
Lok Ly 2 0 0
m
(5.5) tm = (‘—%7 Lol Lo 30 =0
Lim-1)k  L(m-2)k k~1
Lok L m-1)k Cly Lk
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forall k>0, where L is the k" Lucas number. This same formula applies, since ¢, =0 form > 3, i Sy, = Lk
where
L1 =1 £2=3 ¢£3=7 and Lme3 = L2+ Cm+1+Em
are the generalized Lucas numbers associated with the Tribonacci numbers 7,
(Ti1=To=1 T3=2 and Tpe3 = Tpeo* Tner+ Tn.)

If £, are the Lucas numbers associated with the generalized Fibonacci numbers F}, whose generating func-
tion is

(5.6) ! -

2 3 r

Fop1x",
T—x—x%—x——x n=0

then if Sy, = Lk, then the corresponding ¢, = 0 for m > r, yielding (5.5) for m > r with L4 everywhere re-
placed by L.

Further, let
Fix) = 1—x—x2=x3— oo x”;
then
Fix) = =1=2x = 3x% — o= px"1
and
(5.7) - I;(ﬁ(/ = 7+2x+3;(2+;+rxr_7 =Y Lperx”
T—x—x—x“-w=-x" p=0

where £, is the generalized Lucas sequence associated with the generalized Fibonacci sequence whose generat-
ing function is 1/F(x). Thus, any of these generalized Fibonacci sequences is obtainable as follows:

e~ [[F(x)/Flx)]dx _ 1 = Y Eux”
7—X-X2—-X3—---—Xr n=0

and we have
Theorem 5.1.

n o
e L1 XHLy X2 24t Ly X It 1/E(x) = Z Fpogx" .
n=0
The generalized Fibonacci numbers F, generated by (5.6) appear in Hoggatt and Bicknell [7] and [8] as cer-
tain rising diagonal sums in generalized Pascal triangles.
Write the left-justified polynomial coefficient array generated by expansions of

(1+x +x2+---+xr'1)n, n=20123",r=>2
Then the generalized Fibonacci numbers ofn; p,g) are given sequentially by the sum of the element in

the left-most column and the % row and the terms obtained by taking steps p units up and g units right
through the array. The simple rising diagonal sums which occur forp =g = 7 give
uln; 1,1) = Fyey, n=20,12 .
The special case r =2, p =q = 1 is the well known relationship between rising diagonal sums in Pascal’s triangle
and the ordinary Fibonacci numbers,
[(n+1)/2] .
. (n i I) = Fn+1
=0

while
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[in+1)/2] )
n— —
Z ( i l) = E7+7
=0 r
")
1
’

is the polynomial coefficient in the / ' column and (7 — /)¢ row of the left-adjusted array.

where
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Yoloiofolntok
[Continued from p. 122.]
From this we have that
_fn+1)—(=1)F* g, — g
(3) L(F(n)) Ty

Now, lettinga= F(n), b= F(n + 1) in (2), we have
) 5fn)fin+ 1) = L(F(n+2)) — (—1)F L(Ftn — 1)).

Finally, substituting (3) for each term on the right of (4) and rearranging gives the required recursion.
Itis interesting to note that a 5 order recursion for f(n) exists, but it is much more complicated.

Proposition.
i) = (610=217+ 20-1) 7V )t - 32410 - 4) + ln - 20(fln = 2)~ 1) 7" ttn~ 5))fln - 1) (1) 7 fin - 4))
2f(n — 4)fin - 3)
Proof. Use Equation (2) and the identity

(5) Lfa)L(b) = Lla+b)+(—1)°L(b— a),
to obtain

5f(n)fln + 1) = 2L(F(n +2)) — L(F(n))L(F(n + 1)).

Using (3) on the right-hand side and rearranging gives the required recursion.
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