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Let f(k) denote this number for any natural number/:. It is shown that f(k) <n for k < F2n+2 ~ 2, f(k) = n 

for k = F2n+2 - 2 a n d f(k) = n+ 7 for k= F2n+2 ~ 1-

1. A base for natural numbers is any sequence S of positive integers for which numbers n and N may be 
found such that any positive integer > N may be represented as a sum of <n members of S. Any arithmetical 
progression 
(1) 7, 1 + d, 1+2d, - , 
where d is an integer and d > 7, is a base (it is enough to take n=d,N = 1). A geometrical progression 

(2) I q, q2, - , 
where q is an integer and q > 7, is not a base; if we take for any positive integers n and N the number 

m
 f

m+l _ / 

where 
m = max(n,[/gq{] + N(q- 1)}]), 

is greater than N, but may not be represented as a sum of < n numbers of progression (2). The sequence of the 
Fibonacci numbers is defined as Ff = i, where / = 1,2; F^ = F^i + F^2, where / > 2. This sequence may be con-
sidered additive by definition, but it increases faster than any arithmetical progression of type (I). On the other 
hand a specific characteristic of Fibonacci numbers 

,im 5+1 = &+i 
i-^oo F{ 2 

shows that they increase asymptotically as a geometrical progression with a denominator 

however, q* < 2, i.e., Fibonacci numbers increase more slowly than any geometrical progression of type (2). 
We show that Fibonacci numbers, in the representation of the positive integers as a sum of these numbers, act 
as a geometrical progression of type (2). Let us call 

/ 
k = 1L fmv rn{ < m^lf 

i=l 

a correct decomposition, if f= 7, or if f> 1 we have m{ < m^i - 1 for all / <E [2,f]. 
The theorem of Zeckendorf gives that for any positive integer there exists a correct decomposition; moreover 

any decomposition of the positive integer into a sum of Fibonacci numbers contains no fewer terms than its 
correct decomposition. 

2. Theorem 1. 
(1) For any positive integer n the number F2n+2 ~ 7 is the smallest number which is not representable as a 

sum of < n Fibonacci numbers. 
(2) Number F2n+2 - 7 may be represented as a sum of n + 7 Fibonacci numbers. 
(3) Number F2n+2 - 2 is not representable as a sum of < n Fibonacci numbers. 
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Indeed, if n = 1, theorem is evident. Let us assume that the theorem is correct for n < m. The numbers of 
segment [1, F2m+2 ~ 2] may be represented for part (1) of the theorem, as a sum of <m Fibonacci numbers. 
Number (F2m+2 - 2) + 1 = F2m+2 ~ 7 maY De represented for part (2) as a sum of m + 1 Fibonacci numbers. 
Number (F2m+2 - 2) + 2= F2m+2 's a Fibonacci number. The numbers of segment 

(3) lF2m+2 + h F2m+2 + (F2m+1 ~ DJ 
are sums of number F2m+2 ana" ° f t n e corresponding numbers of segment [1, F2m+i - 1], which for part (1) 
of the theorem (since F2m+\ - 1 < F2m+2 - 2) are representable as a sum of < m Fibonacci numbers. 
Number F2m+2 + (F2m+i ~ 1) + 1 - F2m+3 is a Fibonacci number. The numbers of the segment 

lF2m+3 + h F2m+3 + (F2m+2 ~ 2)1 

are representable as a sum of <m + 1 Fibonacci numbers for the same reason as for the numbers of segment (3); 
though in this case we have the number F^m+J ar|d n o t ^2m+2- Thus all numbers not greater than 

F2m+3 + (F2m+2 ~ 2) = F2(m+l)+2 ~ 2 
are representable as sums of <m + 7 Fibonacci numbers. A correct decomposition of numbers F2m+2 ~ <?and 
F2m+2 ~~ 1 contains respectively (on the basis of the inductive assumptions) m and m + 7 terms. If to these de-
compositions we add on the left-hand side the term F2m+3 we obtain the correct decomposition of numbers 
F2m+4 ~ 2 and F2m+4 ~ ?• These latter contain respectively m + 1 and m + 2 terms. From this and from the 
theorem of Zeckendorf it follows that numbers F2(m+i)+2 ~ <?ar|d F2(m+i)+2~ 1 m a v be represented re-
spectively as the sums of m + 1 (but not less) and respectively m +2 (but not less) Fibonacci numbers. 

By the way, it is clear that 
2n n 

F2n+2 - 2 = YL Fi = 12 F2i+1 • 
i=i i=l 

One of more detailed works on these problems is [2 ] . 
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LETTER TO THE EDITOR 
April 28, 1970 

In regard to the two articles, "A Shorter Proof" by Irving Adler (December, 1969 Fibonacci Quarterly) and 
"1967 as the Sum of Three Squares," by Brother Alfred Brousseau (April, 1967 Fibonacci Quarterly), the gen-
eral result is as follows: 

2 2 2 
* +y +z = n 

is solvable if and only if n is not of the form 4*(8k+7), iort= 0, 1,2, -,k = 0, 1,2, -.See [1 ] . 
Since 1967 = 8(245) + 7, 1967 ¥ x2 +y2 + z2. A lesser result known to Fermat and proven by Descartes is 

that no integer 8/r+ 7 is the sum of three rational squares [2 ] . The really short and usual proof is: 
For*, y, and z any integers, x2 = 0, 1, or4 (mod 8) so thatx2 + y2 +z2 - 0 , 1, 2, 3,4, 5, or 6 (mod 8) or 

x2 + y2+z2£ 7 (mod 8). 
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