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DEFINITIONS

The Fibonacci numbers F,, and the Lucas numbers L, satisfy
Foi2 = Fue1+F,, Fp =0 F; =1 and Ly+z = Lypg+Lly,, Lp=2, Li=1
Also 2 and b designate the roots (1 ++/5)/2 and (1 —/5)/2, respectively, of x% — x — 7 =0.

PROBLEMS PROPOSED IN THIS ISSUE
B-370 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, Pennsylvania.

Solve the difference equation
Up+2 = SUy1q1 +6Uy = Fy .

B-371 Proposed by Herta T. Freitag, Roanoke, Virginia,
Let
Fo &
Sn = Tj}
k=

—~

=1

where 7; is the triangular number j(j + 7)/2. Does each of n = 5 (mod 15) and » = 10 (mod 15) imply thatS,, =0
(mod 16)? Explain.

B-372 Proposed by Herta T. Freitag, Roanoke, Virginia.
Let S, be asin B-371. Does S,, = 0 (mod 10) imply that » is congruent to either 5 or 10 modulo 15? Explain.

B-373 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, California, and P. L. Mana, Albuguerque,
New Mexico.

The sequence of Chebyshev polynomials is defined by
Colx)=1, Cy(x) =x, and C,(x)= 2xCp_1(x)— Cp_3(x)
forn =2, 3, --. Show that cos /n/(2n + 1)] is a root of
[Cor1(x)+Cplx)]/ix+1) =0
and use a particular case to show that 2 cos (/5) is a root of
x2-x-1-=0.
B-374 Proposed by Frederick Stern, San Jose State University, San Jose, California.

Show both of the following:
88
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n+2
Fn = 2—5— [(cos (w/5))" - sin (w/5) - sin (31/5) + (cos (37/5))" - sin (31/5) - sin (97 /5)] ,

F, = %ﬁ [(cos (21/5))" - sin (21/5) - sin (67 /5) + (cas (47 /5))" - sin (470/5) - sin (127/5)] .

B-375 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, California.

Express
4
% >~ [lcos (kn/5))" - sin (km/5) - sin (3kn/5)]
k=1
in terms of Fibonacci number F,, .

2n+1

SOLUTIONS
TRIANGULAR CONVOLUTION

B-346 Proposed by Verner E. Hoggatt, Jr., San Jose State University, San Jose, California.
Establish a closed form for
n
> ForTak*Tatl,

k=1
where Ty, is the triangular number

(k ;2) = (k+2)(k+1)/2.

Solution by George Berzsenyi, Lamar University, Beaumont, Texas.

Using well-known generating functions one finds that

oo n oo n oo oo
) (Z FZan-k+Tn+7)X"= > ( FZkT—k) X" Y T+ Y X"
n=0 \k=0 n=0 \k=0 n= n=0

( 3 anx") ( > Tnx”) + Tox" + Z x"
n=0 n=0

x 1, _1 1
1=3x+x? (1-x)° (1-x 1-x

+

= —‘—2—){_2 = Z Fon+3x".
1-3x+x n=0

Since for k=0, F2, T,,_, = 0, this implies that
n
Z ForTuk*Tn*t1 = Fapes3.
k=1
Also solved by Paul S. Bruckman, Herta T, Freitag, Ralph Garfield, Graham Lord, C. B. A. Peck, Bob Prielipp, A. G.

Shannon, Gregory Wulczyn, and the proposer.
A THIRD-ORDER ANALOGUE OF THE F's

B-347 Proposed by Verner E. Hoggatt, Jr., San Jose State University, San Jose, California.

Let a, b, and ¢ be the roots of x3 - x% — x = 1=0. Show that
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n n n n n n
a"—-b b —c ,Cc —a
a—b b—-c c—a

is an integer forn =0, 1,2, ---.
Solution by Graham Lord, Université Laval, Québec, Canada,

Forn=0, 1, 2 and 3 the expression, £(n), above has the values 0, 3, 2 and 5, for all integers and demaonstrating the
recursion relation when
n=20:EMn+3) = Eln+2)+E(n+1)+E(n).

This latter equation is readily proven since ad=a+a+ 1, etc. That E(n) is an integer follows immediately, by in-

duction, from this recursion relation.

Also solved by George Berzsenyi, Wray Brady, Clyde A. Bridger, Paul S. Bruckman, Bob Prielipp, A. G. Shannon,
Gregory Wulczyn, David Zeitlin, and the proposer.

PENTAGON RATIO
B-348 Proposed by Sidney Kravitz, Dover, New Jersey.

Let Py, -+, Ps be the vertices of a regular pentagon and let @ be the intersection of segments P;.; P;+3 and
P;+2 P;+4 (subscripts taken modulo 5). Find the ratio of lengths @1 Q2/P1P,.
Solution by Charles W. Trigg, San Diego, California.

Extend P4P3 and P4P5 to meet P; P, extended in A and B, respectively. Draw P2P5 .

All diagonals of a regular pentagon of side e are equal, say, to d. Each diagonal is parallel to the side of the penta-
gon with which it has no common point. So, AP3P5P; is a rhombus. It follows that AP3 = AP, =d =BP; =BPs.

From similar triangles,

e/d = P4P3/P3Ps = P4A/AB = (e +d)/(e +2d),

so,dz —ed—e?=0andd= (V5 +1)e/2.
Then, _ _
Q1Q5/P1Py = P4Q1/P4Py = P4P3/P4A = efle+d) = 2/(3+5) = (3—/5)/2 = 0.382= 3%,
Furthermore,

Q102/P3Ps = (Q1Q2/P1P2)(P1P2/P3Ps) = (3—J5)/(\5 +1) = /5 —2 = 0.236=- 53'%\15- =6
Also solved by George Berzsenyi, Wray Brady, Paul S. Bruckman, Herta T. Freitag, Ralph Garfield, Dinh The’ Hing,
C. B. A. Peck, and the Proposer.

GENERATING TWINS
B-349 Proposed by Richard M. Grassl, University of New Mexico, Albuquerque, New Mexico.

Letayp, ay, ap, - be thesequence 1, 1,2,2, 3,3, -, i.e., leta,, be the greatest integerin 1 + (n/2). Give a recur=
sion formula for a,, and express the generating function

=

S aux"
n=
as a quatient of polynomials.

Solution by George Berzsenyi, Lamar University, Beaumont, Texas.

Since the sequence of integers satisfies the relation x,, = 2x,,_; — x,,_2, the given sequence obviously satisfies the
recursion formula a,, = 2a,,_» — a,,_4. The corresponding generating function is

x + 1
X4—2x2+7

’

which may be proven by multiplying
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3 anx”
n=0
by x* = 2x2+ 1and utilizing the above recurrence relation.

Also solved by Wray Brady, Paul S. Bruckman, Herta T. Freitag, Ralph Garfield, Graham Lord, David Zeitlin, and

the Proposer.
CUBES AND TRIPLE SUMS OF SQUARES

B-350 Proposed by Richard M. Grassl, University of New Mexico, Albuquerque, New Mexico.
Let a,, be as in B-349. Find a closed form for
n
2 an-klap+k)
. k=0
in the case (a) in which n is even and the case (b) in which n is odd.
Solution by Graham Lord, Universite Laval, Québec, Canada.

A closed form for the sum in case (a) is (n +2)°/8, and in case (b) (n + 1)(n? + &n + 6)/8. The proofs of these two
are similar, only that of case (a) is given. With n = 2m,

n m m-1
> anpfaptk) = Y [1+m—oJ{[1+9] +20}+ Y [1+m—e—BI{[1+e+ %] +20+1}
k=0 2=0 2=0
m m-1
=Y (1+m—(1+30)+ 2, (m—2)2+3%)
0 0

m m
=GBm+1)m+1)+6m Y 2e—6 3 o2 =(m+1)°,
0 0

Also solved by George Berzsenyi, Paul S. Bruckman, Herta T, Freitag, and the Proposer.
NON-FIBONACCI PRIMES
B-351 Proposed by George Berzsenyi, Lamar University, Beaumont, Texas.
Prove that F4 = 3 is the only Fibonacci number that is a prime congruent to 3 modulo 4.
Solution by Graham Lord, Université Laval, Québec, Canada.

As F,, = 3 (mod 4) IFF n = 6m + 4 = 2k, then such an F,, factors F1, Ly, and so F, is a prime [FF Fg = 1, that is
IFFn=4.

Also solved by Paul S. Bruckman, Michael Bruzinsky, Herta T. Freitag, Dinh Thé’ Hiing, Bob Prielipp, Gordon
Sinnamon, Lawrence Somer, and the Proposer.



