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1. INTRODUCTION
Let {¢t,(x)},-o be the sequence of Chebyshev polynomials defined by
tox) =1, t1(x) = x, t,(x) = 2xt,_1(x) - ¢,_,(x) for n > 2.

These are often called Chebyshev polynomials of the first kind to distinguish
them from Chebyshev polynomials of the second kind, which are defined by

ug(x) =1, uy(x) = 2z, u,(@) = 20u, ;@) - u,_,«) for n > 2.

It is well known that any two Chebyshev polynomials of the first kind commute
under composition. Explicitly,

t, (t, (@) = t,(tn(x)) = t,,(x) for nonnegative m and n.

Similar identities involving Chebyshev polynomials of the second kind are not
well known. This paper offers three such identities, one for each of the ex-
pressions %, (u,(x)), t,(U,(x)), and u,(t,(x)), where U,(x) = u,(x)V/1 - 2.

Literature relating to the identity ¢,(%,) = t,(%,) shows that this com-
mutativity, also called permutability, is, among polynomials with coefficients
in a field of characteristic 0, a distinctive property of Chebyshev polynomi-
als of the first kind. For example, Bertram [1] shows that if p is a polyno-
mial of degree m> 1 which is permutable with some %, for n> 2, then p = ff,.
Another theorem (e.g., Kuczma [5, pp. 215-218] and Rivlin [6, pp. 160-1641)
characterizes the sequence {t,} as the only nontrivial semipermutable chain
(up to equivalence, as described below). Sections 3 and 4 of this paper deal
with analogous results for the functions u,.

We deal with the Chebyshev polynomials in slightly altered form. Assume
throughout that all numbers, including coefficients of all polynomials, lie in
a field of characteristic 0. With this in mind, the nonmonic polynomials Zn
and u, are altered as follows: define

Tolx, y) =2, Ti(x, y) =x, Ty(x, y) =xT,_1(x, y) - yT_,(x, y) for n > 2;
Ug(, y) = 0, Uy(x, y) =1, Uy(x, y) =xU,_,(x, y) - yU,_,(x, y) for n > 2.

In the sequel, the polynomials 7T, are regarded as Chebyshev polynomials of the
first kind, and the polynomials U, are regarded as Chebyshev polynomials of
the second kind. The connections with the polynomials ¢, and u, are simply

T,(x, 1) = 2t,(x/2) for n > 0 and U,(x, 1) =u,_,(x/2) for n > 1.

All the results obtained below for {7,} and {U,} carry over, as in Corollary
1,to{¢,} and {u,}. We also wish to carry over some results to certain poly-
nomials of number-theoretic interest, namely the generalized Lucas polynomials
Ln(x, y) and generalized Fibonacci polynomials F,(x, y), discussed in [4] and
elsewhere. TFor these, we have

T, (x> y) = L,(x, -y) and U, (x, y) = F,(x, ~y).

2. THE FOUR IDENTITIES

Consistent with the modification u,(x) of u,(x) already mentioned, we in-
troduce a modification of U,(x, y):

U, (zy y) = Up(x, y)hy - 22 for n > 0.
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Although U, is not a polynomial for n > 1, it is convenient to say that
U,(x, y) has degree n in x. [The polynomial U,(x, y) has degree n - 1 in z.]
Generally, a function P(x, y)vS(x, y), where P(x, y) and S(x, y) are polyno-
mials of degrees n and 2k, respectively, in x, is regarded as a function of
degree n + k in x.

Deginition: Suppose P(x, y) and §(x, y) are functions of degrees m and n, re-
spectively, in x. The composite function P o @ is defined by

P o Q(xa y) = P[Q(xx y)» y"]-

Theorem 1: Suppose m and n are nonnegative integers. Then

(1 Ty o Tp(xs y) = Tun(x, y)
(2) Fm ° Tn (x’ y) = vmn(x’ y)
() T 7. ) { (-1 m/ZTm,, (x, y) for even m
3 m o Upy(x, y) = _

(-1)m-V/2F (x, y) for odd m
A _ (-1)""2/2G (x, y) for even m
(4) Un o Up(z, y) = -1 /2

(-1) Twn (2, y) for odd m.

Proof: It is easy to establish (as in [4]) that
T (z, y) = 2y ™?cos(m cos ™ x/2/y)

and

Un(x, y) = (4y - x2)~1/2 2y ™2sin(m cos™tx/2/y),
so that _

U (x, y) = 2y™?sin(m cos *x/2/y).
Then

/ -
Ty o T,(x, y) 2ym"/2cos[m cos™t 24" % cos (n_cos 1oc/2/_7}_)] =T (x, y)
mn ’ .

zy n/2
Similarly,
-1 2y™%cos(n cos™x/2/y)
n/2

T, o T,(x, y) = Zy"'"/zsin[m cos ] = Uy, (@, ¥).
Next, %y
Ty © Uy y) = 2y ™ ?cos[m cos™! sin(n cos™x/2/y)]
2y mnl200sim(n/2 - n cos™rx/2vy) ]
2y "2 [cos mw/2 cos(mm cos™tx/2vy)

+ sin mn/2 sin(m cos ‘z/2/y)1,

and from this, (3) clearly follows. Finally,
Up o Upx, y) = 2y ™/ ?sin[m cos™* sin(n cos™1x/2/y)]

2y mn/zsin[m(ﬂlz -n COS_lx/Z\/Z—J_)]
2y mn/2

- cos mmw/2 sin(m cos ™ xz/2Vy) 1,

[sin mm/2 cos(mn cos™‘x/2/y)

and this proves (4).

Conollary 1: Let {tntn=0 and {u,},-o be the sequences of (unaltered) Cheby-
shev polynomials of the first and second kinds, respectively. Put E_l(x) =0
and W,(x) = u,(x)/1 - 2° for n > 0. Then for nonnegative m and #,
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(n L (£, (@) = £y (@)

2n Un(tn (@) = U,y (@)

3" b (i ()) = { (-1 "2ty n@)  for evenm
(-1)-B/%  (x) for odd m

“n (i, () = { (-1) "2t pyn (@) For even m
(1) -D/2 o an(z) for odd m.

Proof: These identities come directly from Theorem 1 via the transformations

1 _ _
ta(@) = 37, (2x, 1) and %, (@) = 3,4, (22, 1) for n > 0.

We turn now to the problem of expressing (1)-(4) in terms of generalized
Lucas and Fibonacci polynomials. Corresponding to the functions U,(x, y) we
define

f;(x, y) = F,(x, y)/gﬁfi;jiy-for n >0,
noting that this equals iﬁ;(x, -y). Two lemmas are helpful.
Lemma Za: For 0 < m < m,
(5) Lp(@, Y)Ln(x, y) = Fp(xy PF, (@, ¥) = 2(-)"Lpnlx, ).
Proof: It is well known and easily shown by induction that

L,(x, y) = o +B" and F,(x, y) =a” - B",
where o + B = x and aB = -y. The desired identity now follows immediately.
Lemma 2b: For m > 0,
L,(ix, -y) = i{"L,(x, y) and F,(ix, -y) = 7"F,(x, y).

fﬁggﬁ} This is easily seen by induction, using the recurrence relation

Hy(z, y) = xH,_ (xs y) + yH, _, (@, y)

satisfied by both {L,} and {F,} for m > 2.
From (1) and the relation T,(x, -y) = L,(x, y) comes

TplLp(xs y)s (“1D)"y"] = Lpy (@5 ¥)»
so that
(1a) Dy L,(xs Y) = Ly, (x, y) for odd n.
But, for even n,m_z _— [g] ) [g]n
(6) L: = Qpoyly y" + Ayl Y - e+ (D agLny = Dy (s Y)s
where the a;'s are coefficients in the polynomial [ﬂ] [ﬂ]
T (x, y) =™ = a,_,x" 2y + a,_,x" "y - - + (1) Plg 2ty

here, £ = 0 if m is even and % = 1 if m is odd (see Lemma 2e). Adding

2a, _,I"7?y" + 2a, L77Cy 4+ ...

m=-2—"n -6

to both sides of (6) gives

(Ib) L, o L@, y) = Lp,(x, y) + 2(a, I 2y+a L7 Sy°" 4.+ a,L7y"")

m-2"n m-6_n
for even n, where
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0 if m= 2 mod 4
_ 1 if m= 3 mod 4 _ qfm =2
® 92 ifm= 0mod 4 t“l[ 4 ]+1'
3ifm=1 mod &4 »
Now from (2) and the relation U,(x, -y) = -iF,(x, y) comes
’Lﬁ_m[Ln(.’Xf, y)’ (-U"yn] = an(xs y)s
so that o _
(2a) F, ° L,(x, y) =F,  (x, y) for odd .

But for even n,

Fo (@ y) = iU,[0, (@, y), y”]
=F,lL,(x, ), "]
=VIn = &'F, (L, (s y)s y"]
by Lemma 2a. Thus, =BG s 90, 471,
&) Fo, @, y) =F, @, y){LZ'l = b, 4L, %y +Db, L%y
- eee + (_1)[MT—1]b£L:y[mT-l]n},
where the b;'s are the coefficients of the polynomial [Lzl]

Fm (x, y) =" + bm_sx”"ay + b,,,_sx'"'syz + o+ bty
here, £ = 0 if m is even and £ = 1 if m is odd (see Lemma 2e). Adding
D, @y y) By oIn y™ + b, L0 7y +..0)

to both sides of (7) gives
F,(, y)Fy © L@, y) =F,, @, y) + 2P, (@, y) B, sLn %y" + b, L0 "y?" +--2).
For n > 0, we divide both sides by Fn (x, y) and have

Fon (x5 Y) - ,
(2b) Fm ° Ln(x, y) = Fln(m + Z(bm-sL’,’: Syn +bm-7L2 7y3n
n s
+ oo +bBL:yt") for evenn > 0,
where
0 if m = 3 mod 4
_ )Y 1ifm= 0 mod 4 _[m—3]
5=92ifm=1mds ¢ FT=2 77— f+1
34ifm =2 mod 4
Identity (3) leads to
m
_ ("1)2L,,,n (x, ¥ for even m
(3) Tp[=iF, (x, y), (-1)"y"] = m+l
(-1) * 4F,, (x, y) for odd m.

For even n > 0, we apply Lemma 2b to find, without difficulty, that

= - L nn for even n and even m
(32) Ly © Fy {F for even n and odd m.

mn
For odd »n, suppose first that m is odd also. Then (8) with Lemma 2a gives
L lF, (xs y)s y"] =F,, (x, y).
As in the derivation of (1b), we add
2(a, _Fr 2y" + ap_oFn %y o+ -e0)

to both sides. This gives
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(3b) L, ° ?;(x, y) = F%n(x, y) + Z(am_zfz-Zyn + am_GFZ‘6y3n
+ «ee 4+ a,Fyt") for odd n and odd m,

where the a;'s, s, and ¢ are the same as for (1b).
Continuing with odd 7, suppose now that m is even. Using (8) and Lemma
2a, we find

(3¢) Lpe° F,(xs y) =L, (x, y) + 2(an,_.Fy 2y" + a,_¢Fn ty>"
+ .o + a,Fy?™) for odd n and even m,

where .the a;'s, s, and ¢ are the same as for (1b).
Identity (4) leads to

— _ (—1)?if;n(x, y) for even m
(9 U,[-iF, (x, ¥), (-1)"y"] = { m-1
(-1) * L,,(x, y) for odd m.

whence,

= = F, for even n and even m
(4a) F, o F = { mn

L, for even n and odd m.

For odd n, suppose first that m is odd also. Then (9) and Lemmas 2a and 2b
apply, and we find

L,.(x, y) = F,[E, (x, y), ~-y*] = VF} - 4y"F,[F,(x, y), -y"]

D@y ) (Fy™t = by o Fp °y™ + by _oF y?" = =e0).
At this point, we add 2L,(x, y) (bp_sFp >y + bp_,Fn 'y®" + +++) to both sides
and then divide both sides by L,(x, y), getting

Lpn s y) - _

ToGe gy 2 OnaFn Y b BT

+ oeee + bsf”yt") for odd » and odd m,

(4b) Fop o F (x, y) =

where the b;'s, s, and t are the same as for (2b).
Continuing with odd 7, suppose now that m is even. With the method which
is now familiar, we find
Fup (s ¥)

Fole gy T 2 Bnsfn Y ba T

+ eee + bsifyt") for odd m and even m,

(4c) F, o F (x,y) =
where the bk's, s, and t are the same as for (2b).

Table 1. Examples of Composites Involving Generalized
Lucas and Fibonacci Polynomials

From (1b) and (2b), for even n > O:

Ly, © Lyp= Ly, + 4" Fy ° Iy=F,, /Ty

L, © L,= Ly, + 6L,y" Fy ° Ly,=Fg,/F, + 2y*

Ly © L,= L,, + 8Liy" Fy, ° L,=F,,/F, + A4Ly"

Lg ° L,= Lg, + 10L3y" Fg ° L,= Fg,/F, + 6L2y"

Lg © L,= Ly, + 12L}y" + 4y°" Fg © L,= Fg,/F, + 8Ly»

L, ° L,= L,, + 4L y™ + 14L,y%" F, ° L,= F, [F, + 10L}y" + 2y°"
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Table 1—continued

From (3b) and (3c), for
Ly e Fg = an + GELy” L, °
Lg ° F, = Fg, + 10F y" L, °
L, o F, =F,, + l4Fy" + 14F’y" Lg ©
Ly © F, = F, + 18F/y” + 60F yn Ly ©
From (4b) and (4c), for
F, °F, = F, °
Fy ©F, =1L, /L, + 2y" F, °
Fg °F, = LSn/Ln + 6§fy” Fg oo
F, o F, = L,,/L, + 10E/y" + 2y°" Fg °
Fq ° F, = Lg,/L, + L4FSy™ + 20F2y°"  F , °
For m > 0, define
Vo2, ) =
and
Wn(Zy Y) = Vu(x, -Y),

where £ = 0 for even m and £ = 1 for odd m.

odd n > 1:
F, = L,, + 4y"
F, = L,, + 8F’y”
F, = L, + 12F}yn + 4y*"
F, = Ly, + 16Fty™ + 32F°y™"
odd n > 1:

= Zn/Ln

wn/In +  4E Y™
n/[’n + sfnayn
on!/Dn + 12Ey" + 8E,y°"
on/Ln + L6F/y" + 40F,y>"

3’1:” Ehj‘ Shjl Sh,dl !hjl
Il
A ) ) )

<rg>xm + (T)x"’—zy oo + <[m72]>302y [g]n

Lemma Z2c: Suppose m and 7 are nonnegative integers. Then

Ly (x, y) = .

W, ° Li(x, y) for
— W, ° Lf(x, y) for
Fn(x, y) =

Vi © L;(x, y) for
_ W, © ff(x, y) for
Fl(x, y) =

{ v, ° L;(x, y) for even n

odd 7,
even m and even n
even m and odd 7,

odd m and even n

V, ° F.(z, y) for odd m and odd 7;

in these formulas, after expansions on the right sides, each symbol of the

form I/ (or F{) is to be changes to L; (or F;). (This "symbolic substitution"

is discussed in Hoggatt and Lind [3].)

Proof: These are direct results of writing

L,(x, y) =a”+ B" and F,(x, y) =a” - B"

and applying the binomial formula, where a + 8 = x and af = -y.

Lemma 2d: Suppose m and n are nonnegative integers. Then

Lun(xs y¥)

{ T, ° L,(x, y) for even n

L, ° L,(x, y) for odd n

m
and

Tz, )

Foa@s ¥) { U, ° Ln(x, y) for even n > 0

F, ° L,(x, y) for odd n.
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Proof: Near (la) and (2a) these two are already proved. (They are restated
here for later convenience and as inverse formulas for the formulas in Lemma

2c. Tables of coefficients for these two formulas are found in Brousseau [2,
pp. 145-1501.)

Lemma Ze: For m > O,
p

- m m=gd = N m-25 5 . _ fm/2 for even m
Ly (s y) ;-; m - Zj( J )” y? with p (m - 1)/2 for odd m

where the summand on the right equals 2yP, by definition, in case j =p = m/2.
Also

q .
_ m-g-IN\_m-2i-1.7 . _ f(n=2)/2 for even m
F (x, y) ;Z% ( i >x y? with g (n - 1)/2 for odd m.
Proof: These well-known formulas are easily proved by induction.

The composite functions in Tablel can also be expressed as linear combi-
nations of terms of the form L;,y* or F;,y*k. To obtain such expressions, one
may use Table 1 with substitutions from Lemma 2c, or one may use Binet forms
(e.g., F, =" - B") and binomial expansions. These methods give the follow-
ing results.

For even 7, the coefficients ¢,_,. in the expression

J
Lm ° Ln = c'm[‘mn + Cm——zL(m—Z)nyn L cm-ZpL(m-Zp)nypn’

where p is as in Lemma 2e and for temporary convenience L;,Z 1 (instead of 2):

Table 2
I
m = 2 1 4 Formula: Cpogj =
3.0 1 6 ;
401 8 16 Z m (m—k—l)m—Zk
511 10 30 Lm = 2k k J-k
6 1 12 48 76
711 14 70 154 for 0 < j < p, where the
8 1 16 96 272 384 summand on the right = 2,
9 1 18 126 438 810 by definition, in case
10 | 1 20 160 660 1520 2004 % = m/2
(which occurs in c¢y,_op for
even m) .
For even n, the coefficients Crp_nj-1 in the expression
) o = - o s q
Fm Ln Om—lL(m-—l)n + cm—az’(m—’;})nyn + + am—Zq—lL(m—2q—1)n,y "

where g is as in Lemma 2e and for temporary convenience [, =1 (instead of 2):
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Table 3
am—l cm—':} cM—5 cm—7 cm—ﬁ
m= 2 1 Formula: ¢, ,. , =

3 1 3
4 1 5 J
5 1 7 13 Z(m - 772 - 1)(771 - Zkk— 1)
6 1 9 25 k=0 J -
7 1 11 41 63 .
8 | 1 13 61 129 for 0 <J <q.
9 1 15 85 231 321
10 1 17 113 377 681

For odd n > 1, the coefficients ¢,_,; in the expression

B {cmLmn + Cn-2lfn-ayny™ + o+ * CpoopLim-2p)nYP" for evenm > 0
Lo F, =

cmfmn + cm-ZF_(”'-Z)”yn T At cm-2pFEm—2p)nypn for odd m > 1

are precisely the same as in Table 2. Similarly, for odd n > 1, the coeffi-

cients ¢ . in the expression
m=-27-1

= =l n k7l qn

F oF _{cm-lF(m—l)n + Cam—BF(m-3)ny .-+ cm—Zq—lF(m-Zq-l)ny for even mz-z
m n

Cp-1bm-1yn + CnosDm-s)ny™ + -+ + Cr-2q-1Lm-24-1),y7" for odd m> 1.
are precisely the same as in Table 3.

Now let us recall (la), (2a), (3a), and (4a): For oddn > 1,
F ooL,=F,_ —and Lp° L, =DLn.;

for even n > 0,

_ Lpy for even m > 0 _ _ F,, for evenm > 0
L,e°F, = and F, ° F, =

m

F,, for oddm > 1 Ly for odd m > 1.

These four identities lead to identities for products of composites. For ex-
ample, suppose s and 0 are odd positive integers and ¢ and T are even nonneg-
ative integers. Then _ . .
F, o F, = Ly and F; ° Fiy = Lgq.
By identity (5) in [4], L34 Lgr = Let 4ot + Lst -or. Therefore,
F, ° ?t)(fc ° fT) =7
Ten identities are obtainable in this way. To facilitate listing them, we
make certain abbreviations. The identity just derived appears below in (10)
as

st+0T + Lst-OT'

(fs ° Ft)(fu ° fT) = Lﬁ + Ly, oeoe,
where the designation "oeoe" means "for odd s, even t, odd O, even T."
Table 4. Product-Composition Identities

Notation: s, t, 0, T are nonnegative integers and st > OT.
Also, § = st + 0T and Y = st - OT as in the example above.

(10) Ly + Ly, oeoe (11) ﬁg + Fy, oeoo

e TN(F. o T _ Fg — Fy, oeee = o FA(F o _ F—F\,,oeeo
(Fy © F,)(Fo © Fy) = F§+Fb,eeoe F o T Fo L) = ¥ 110 ceoo

Lg - Ly, eeee L* - Ly, eeeo
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Table 4.—continued

(12) Fh - 7§, oeoe (13) Ly - Ly, oeoo
= o T o T _ Ly + Ly, oeee = . T o _ Lag + Lb’ oeeo
(Fy © F)(Tg © Fr) 2% =~ Ly, eeoe Fo © F) (Lo o L) = Fg - Py, eeoo
Fg + Fs, eeee ?h +-?%, eeeo

(14) Ly = Ly, oeoe (15) F\, oeoo
_— o Ty = J) Fa + Fy, oeee o T R Fy, oeeo

(Ls Ft)(LO FT) - Fg - Fb’ eeoe (Ls Ft)(LO LT) eeoo
Ly + Ly, eeee Ly + Ly, eeeo

Lg - Ly, oooe
and eooe
Fn + ?L, ooee

and eoee

= . = . and eooo = o o T
(Fg © Ly)(Fy ° L) Ly - Ly, ooeo (Fy L)y ° Fy)

and eoeo

(18)
(Fy ° L) Ty © L)

fﬁ - fs, 0000 (19)
_ and eooo
Fﬁ + Fb’ 00eo

and eoeo

Lg - Ly, oooo
and eooo
Lg + Ly, ooeo
and eoeo

]
e A A~ i
4
s B
I+ 1
4
T T

(L ° L) (T, ° L)

(16) % Lg + Ly, 0ooo (17)

3. FUNCTIONS COMMUTING WITH T (x)

Bertram [l1] proves that, except for a possible factor -1, the only non-
constant polynomials that are permutable (i.e., commute) with nonlinear Cheby-
shev polynomials (of the first kind) are Chebyshev polynomials (of the first
kind). Here we obtain analogous results for Chebyshev polynomials of the sec-
ond kind. The same arguments give further analogous results for composites
involving one Chebyshev polynomial of each kind.

_There is no real loss in disregarding the symbol y in T,(x, y), Un(xs y)»
and U,(x, y) in this section. Accordingly, we write 7,(x) for T,(x, 1), U,(x)
for U,(x, 1), and U,(x) for U,(x, 1). Following the notation and arguments in
Bertram, if P and @ are functions, the substitution of @Q(x) for x in P(x) is
denoted either by P(Q(x)) or P(Q). Ordinary multiplication of functions is
given by juxtaposition, as in v4 - 220U,(x), or by brackets, as in A[P’]? and
4 - xz)[U;(x)] , in order to avoid confusion with the composition (i.e., sub-
stitution) operation.

Proofs in this section are abbreviated or omitted, but the interested
reader with[1] at hand should have no trouble writing out the proofs in full.
One must of course bear in mind the transformations already given between T,,
U,, and t,, Uy
Lemma 3a: Suppose P(x) satisfies the following differential equation for some
Esngivg'integer n:

(20) (4 = ) [P (x)]1?% = n?[4 - P2(x)].
If P(x) is of the form v4 - 22P(x), where P(x) is a polynomial, then
P(x) = #U,(x). [That is, P(x) = 27, (x).]

Lemma 3b: Suppose A(x), a polynomial of degree j > 0, and §(x) = V4 - 2°9(z),
where @(x) is a polynomial of degree m-1 > 1, satisfy the differential equa-
tion

(21) {A@) [ (x)17}? = [n74(Q(x))]12.

If P(x) = v4 :.xzp(x), whg;e P(x) is a polynomial of degree m-1 > 0, is per-
mutable with @(x), then P(x) satisfies the same differential equation with »
replaced by m.
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Proof: Let

¢ = {A[P'19}? - [ma®)1?,
and suppose ¢ # 0. The highest degree term of both {4[P']9}? and [m74A(P)]?

is .
1V 25 2. 25 L 2mg
-1)'m oyt A

so that the degree d of (¢ is strictly less than 2jm. We next prove that ¢ Z 0
also implies d = 2jm. Using (21), the commutativity, and the chain rule,
n2G@) = n* {A@ I[P (@1} - m¥n¥ [A(P@))]?
A[Q% [P (@]1% - m® [A(P)]2[Q'(P)1%
A2[PII%[Q'(P)1% - m¥ (A(P)1%[Q"(P) 1%
[Q'®) 1% {4%[P'1% - m¥ [4(P)]1%} = [@'(P)1%¢.
Equating degrees gives nd = d + 2j(n~- 1)m, so that d = 2jm since n # 1. This
contradiction shows that @ = 0, as desired.

Theorem 3: Let {U,},., be the sequence of (altered) Chebyshev polynomials of
the second kind. Suppose P is a polynomial of degree m - 1 > 0 such that the

functions
T, (x) = V4 - 2?U,(x) and P(x) = V4 - z2P(x)

are permutable for some positive integer n. Then P = U, if n is odd, and P =
U, if n is even.

Proof: First suppose n = 1. If m = 1 also, then the desired result is easily
obtained. TIf m > 1, then the method of proof of Theorem 6 below shows that
P = ty,. Now suppose n > 1. By  Lemma 3a, *U, are the only polynomials Y of
degree n - 1 > 1 which satisfy the differential equation

AP[Y']Y =t A2,
where Y(x) = V4 - 22¥(x) and A(x) = 4 - 2%. But the hypothesis that U,(P) =
P(U,) for m > 1, together with Lemma 3b implies that P satisfies this differ-
ential equation with »n replaced by m. Thus, taking square roots,
(4 - 2*)[P'(x)]? = n’[4 - P*(x)] or -n’[4 - P’ (x)].
2

The latter leads to m? + n®> = 0, which is impossible. Therefore, Lemma 3a ap-
plies, and P = ty,. If »n is odd, then U, is an even function, and P = U,; if
n is even, then U, is an odd function, and P = #U,.

Identities (2) and (3) show that U, and 7T, sometimes commute. Theorems
4 and 5 below tell precisely when this happens and also answer the following
questions: What polynomials § commute with a given U,? What functions of the
form v4 - x2P(x) commute with a given T, for n > 2? The proofs, which are
omitted, follow closely the arguments already used in this section.

Theorem 4: Suppose Q(x) is a polynomial of degree m > 2 and @Q(x) commutes with
U, (x) for some n > 1. Then m = 1 mod 4 and @Q(x) = T,(x). Moreover, if

QU,(x)) = -U,(Q(x)) for some n > 1,
then m = 3 mod 4 and P(x) = T, (x).
Theorem 5: Suppose P(x) is a polynomial of degree m - 1 > 0 and

P(x) = V4 - 2?P(x).

If P(x) commutes with T,(x) for some n > 2, then m = 1 mod 4 and P(x) = U,(x).
Moreover, if P(T,(x)) = -T,(P(x)) for some n > 2, then m = 3 mod 4 and P(x) =
Uy, (x) .
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L. SEMIPERMUTABLE CHAINS

Two functions f(x) and g(x) are defined in Kuczma [5,p. 215] to be semi-
permutable if there exists a function

Ke + L
d(x) =
such that Mz + I
(22) Flgx)) = alg(f(x))].
Two functions f(x) and v(x) are equivalent if there exists a function
(23) ¢(x) = rx + s, where » # 0,
such that

TP ()] = v(x).

Lemma 6a: Suppose ¢(x) and &{(x) are as just described and that (22) holds.
Then the functions

F(z) = ¢ f(p(x))] and GGx) = ¢ g(d(x))]
are semipermutable.

Proof: TFor ¥(x) =
we have

%%};}%%, where A =K - sM, B =L - N, C = M, and D = rl,

F(G(x))

97 o fog e @ =97t 08 o go fo )
=¥ o¢logofod@ =Y[EF@)I,

where the symbol o indicates composition.
Suppose I' is a sequence of positive integers and

P=1{p,(x)} and D = {d,(x)}

are sequences of functions indexed by I'. We define P to be an SP chain under
D if every pair of functions in the set

{p, (©)d, (x) :n e T}

are semipaermutable. This definition generalizes that for SP chains given in
[5], which is obtainable from the present definition in the case d,{(x) = 1 for
all positive integers n.

If P = {pn(x)}ner is an SP chain under D = {d,(x)},er and @ = {g,(@)}, et
is an SP chain under E = {e,(x)},.r> then P and @ are equivalent if there ex-
ists ¢(x) as in (23) such that

¢ p, (0))d,($(2))] = g, (x)e, (x) for all n in T.

Conoflary to Lemma éa: Suppose {u,(x)} is an SP chain under {d,(x)}and ¢(x) =
rr + s, where » # 0. Write

6P, (6(x))d(6(2))] as gu(x)e,(x).

[This is always possible, since we may choose ¢,(x) = 1 for all » in I'.] Then
{g,(®)} is an SP chain under {e,(x)}.

If T is the sequence of odd positive integers, and p,(x) is a polynomial
of degree n ~ 1 for each n in T, and P is an SP chain under D, then P is an
even SP chain under D. Similarly, if T is the sequence of even positive inte-
gers, and p,(x) is a polynomial of degree n - 1 for each n in I', and P is an
SP chain under D, then P is an odd SP chain under D. In particular, we define
a Chebyshev even chain by

Ip,(®)] = U,(x) and d,(x) =4 - x® forn =1, 3, 5, ...;
and a Chebyshev odd chain by the same symbols, for n =2, 4, 6, ... .
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Finally, if T is the sequence of all the positive integers, and p,(x) is
a polynomial of degree # - 1 for each#n in T', and P is an SP chain under D,
then P is a complete SP chain under D.

Lemma 6b: Suppose o, a, and e are nonzero, RZ # 4oy, F(x) = e/ox? + Bx + v,

and G(x) = vox? + Bx + y(ax? + bx + ¢). If F(x) and G(x) are semipermutable,
then F(x) and G(x) are equivalent [with the same ¢ in (23)], respectively, to
the functions

Uy (@) =vb - x*> and a,U,(x) = a,(x® - 1)/4 - 2°, where a} = 1.
Proog:
(24) [F(G(x))1% = e?[a’a’x® + (20%ab + aBa®)z® + (a?b% + 20”ac
+ 20B8ab + aya®)x® + (20%be  + aBb? + 20Bac + 2ayab)x®
+ (a?e? + 2aBbe + ayb? + 20vac)x® + (oBe? + 20Bbe)x
+ (oye? +v) + Blax? + bx + e)Vox? + Bz + y1,

and

(25) [XG(F(xz)) + L1% = K*[a*a?e®2® + 30°%Ba?efx®
+ alae’®(Ba + 20b)x*Vox? + Bx 4+ y + co*
+ 2KL( ) + L%,

where the expression indicated parenthetically after 2XL contains no nonzero
constant multiple of x*ox? + Bx + Y.
In (22), suppose M # 0. Then, squaring both sides of (22) and writing

(MG(F(x)) + F1?[F(G(=))1? = [KG(F(x)) + L],

the left side contains for its highest degree term a multiple of x2'?, whereas
the highest degree term on the right side is K?0*a?e%x®. Therefore, M = 0,
and there is no loss in assuming that ¢(x) is simply Kz + L.

Equating coefficients of x® and x5 in (24) and (25) gives X’a?e” = 1 and
ab = Ra. The assumption B? # 4ay keeps vox? + Bx + v from being a polynomial,
and this implies that the coefficient (0?Ba? + 2a’ab)e® in (25) equals 0; to-
gether with gb = Bg and o # 0, this means § = b = 0. Thus,

(26) [P(e(x))]1? = e?[a2a’x® + (202ac + aya?)z*

+ (a%e? + 2ayac)x? + aye® + v]
and

(27) [KG(F(x))+ L)% = K?[ae?z? + y(ae?+ 1) 1[ola?e "z + 20ae? (vae? + ¢)x?
+ (yaez4-e)2] + 2KIvo?e?x? + Y(uez+-1)(aaezx2 + yae? + e) + L%.

Again comparing coefficients, we see that either [ = 0 or ¢&2e2x24-y(uez-kl)
is a polynomial. The latter impliesae? = -1, which, by comparison of odd
powers of x, leads to L = 0.

Multiplying out the right side of (27) and again comparing coefficients
with (26), we find

(28) va(2oe? + 1) + 20e(l - 0e?) = 0,

29) alece(ae + 2ya) - (yae®? + ¢) (Bayae® + ac + 2vya) = 0,

(30) e?(l - ae® + a’e®) - a”e® + yae?(ae® + 1) (yae® + 2¢) = 0.
Evaluating (26) and (27) at z? = -y/o and equating them gives e? = x%c?, so

that e? = a%¢?. We now rewrite (28), (29), and (30) with g = ya and ae = ¢,
where |8] = 1:
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(31) 2¢%e - 28¢? - 28ce’q - qe = 0,
(32) Se®e? + (2ge® - 8)e® - 4gScle? - (38ge® + 2)qee - 2q2%e® =0,
(33) cle(c? - 1) + 8c?(1 - e*) + ge®(ce + 8)(qe? + 2¢) = 0.

If 26ce + 1 = 0, no g satisfies both (32) and (33). Therefore, 28ce + 1 # 0,
and in this case we find
_ 2¢%(ce - §)
9= 2(28ce + 1)

from (31) and substitute into (32) to obtain e?¢? = 1. TFor § = 1, we find

from ¢?¢? = 1 that ce = -1, since if ce = 1 then g = 0, contrary toy # 0 # a.
Simplifying the expression for g gives yae = 4c¢?. Also, from ae = Sc comes
ae? = -1. Similarly for § = -1, we determine ce = 1, yae=-4c?, and ae®=-1.

Now for ¢(x) = e/yx/2, it is easy to verify that
6P (0 (@))] = V4 - &P
and, using the fact yge® = 4§, that
0HG(0@)] = e (x® - DVh - 2.

Finally, it is easy to check directly that these two functions are semipermut-
able if and only if e? = *1, and this completes the proof.

Theorem 6: Every even SP chain under a constant sequence of the form

d,(x) = Vox® + Br + Y

is equivalent to a Chebyshev even chain {a,U,(x)}, ai =1,n =1, 3, 5,

Proof: Suppose {yis Y3s Ys5s «--} is an even SP chain under d(x) = dp(x) as
above. Let 7, (x) =y,(x)d(x). By Lemma.6b, we may assume that d(x) = v4 - x2.

Since every even polynomial y,(x) of degree n — 1 is a linear combination of
even U; (x)'s up to degree n - 1, we write

Y, @) = a,U, ) +Zbiﬁi(x), n>m>1,

=1
where b; = 0 for even Z. Suppose b, # 0. Then
(34) [y,(y,@)1% = (4 - F2(2))

m m 2
= {—aﬁl_/ﬁ(x) - Zanﬁn(x)Zbiﬁi (x) - [Zbiﬁi (x):| + 4}
i=1 i=1
and

m 2
(35) [Ky, (y,(x)) + L]? = KZ[aﬁn (T, @) + Y b,0,(T, (x))]
i=1

m
+ 2KL [anﬁn(ﬁl (x)) + Z b,U,; (U, (x) )] + L2.
i=1
The highest degree term on the right side of (34) is alxz®", while that on the
right side of (35) is (-1)?-1K2a2x?". Thus, K% = 1, so subtracting (35) from
(34) and using Lemma 2a [rewritten as T, (x)T,(x) + U,(x)U,(x) = 2T,_,(x) for
0<m<n],
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o
]

(7,7, )12 - [K,(F, @) +L12 = -a2T%(x) - 2a,9 5,0, @)7T; ()
i=1

- [Zbﬁi (x)}z +4 - {a,%:p,f (@) + 22,9 b;T, @)T; (@) + [ZbiTi (x):|2}
i=1 =1 i=1

- 2KL, [anTn (x) + ZbiTi (nc)] - I?

=1

-2 [P (@) + T2 @)1 - 24,9 b;[0,(@7; (x) + T, @)7T; @) ]
1=1

m 2 m m
_{[Z b,U,; (ac)] + [ZbiTi (x)}z} - 2KL|:anTn (x) + Zb,_-T,_. (x)]
i=1 i=1

i=1

- L% + 4.

Thus,

m m
(36) 0 = -4a? - 4a, § b,T,_;(x) - [2 E b% + 4 E bibjly_iCrﬂ
i ;

=1 l<i<jem
m
- ZKL[anTn (x) + ) bT; (x)] - L% + 4.
i=1

If I # 0, the right side of (36) is a polynomial of degree n. Therefore, L =
0. If b, # 0, the right side of (36) is a polynomial of degree n - 1, again a
contradiction. Therefore, m = 0, so that

v, (x) = a,U,(x) for n > 1,
and (36) shows that a2 = 1 for n > 1.
Lemma 7a: Suppose &, a, and ¢ are nonzero, B2 # 4oy,
F(x) = (ex + f)vax® + Bx + v and G(x) = (az® + ba® + cx + d)y/ax’® + Bx + .

If F(x) and G(x) are semipermutable, then F(x) and G(x) are equivalent [with
the same ¢ in (23)], respectively, to the functions

U,(@) = /b - 2> and a,0,(x) = a,(z® - 2)/4 - «?, where af = 1.
B&Qgﬁ: Write 4 = /&57*1'E5—17§'and B =ax® + bx? + cx + d, so that
F(x) = (ex + f)4 and G(x) = BA.
Direct computations show
(37 [F(G(x))1% = ae®G* (x) + (af® + 2Bef + ve®)G? (x)
+ [e2af + Be)G?(x) + F(Bf + 2ye)1BA

and
(38) [KG(F(x)) + L1% = K*[QgF%(x) + Q,F'(x) + -+ + Q,F(x) + @,]
+ 2KLG(F(x)) + L%,
where
Qg = 0"@2’ Q; = a(20b + Ba), )
Q¢ = 20ac + ab? + 2Bab + Yaz, Qs = 20ad + 20be + 2Bac + b + 2vab,
Q, = 20bd + ac? + 2Bad + 2Bbe + 2yac + Yb®, ,
9y = 20cd + 2Bbd + Be® + 2yad + 2ybe, Q, = ad? + 2Bed + 2vbd + ye©,
Q, = d(Bd + 2ye), Q, = yd*.



19801 FOUR COMPOSITION IDENTITIES FOR CHEBYSHEV POLYNOMIALS 367

Comparing coefficients of x'® in (37) and (38) gives a? = K?a%e®. 1In (38)
only the expression X?a(2ab + Ba)F’ (x) comtains a nonzero multiple of x'%4,
and (37) contains no such term. Specifically, (38) contains the term

K?alae” (2ab + Ba)xl34.

The condition B2 # 4oy keeps A from being a polynomial, and since kK203ae’ # O,
comparison with terms in (37) gives

(39) Ba = =20b.

In (37) only the expression e(20f + Be)G2(x)BA contains a nonzero multi-
ple of 214, and (38) contains no such term. Writing this expression as

e(2of + Be) (aa’x® + ) (ax® + ..)4,

we find by comparison with (37) that

(40) Be = -2af.
Since A is not a polynomial, the expression
(41) VA2 (ex + )2 + v + BA[PF?(x) + d + (aF%(z) + ¢) (ex + F)A]

for G(F(x)) in (38) cannot be of the form R(x) + Q(x)A for any polynomials R(x)
and @(x) unless perhaps B = 0. Thus, for B # 0, the expression (41) is lin-
early independent of the other terms in (38) and all those in (37), so that
L = 0. On the other hand, if B = 0, then b = f = 0 by (39) and (40). Then
(37) shows [F(G(x))] to be a polynomial, and (41) reduces to

Vod%elx?+ y[d + (ae’d’x® + c)exvox® + v].

For this to be a polynomial requires y = 0, contrary to R? # 4ay. Consequent—
ly, for B = 0, we still have L = 0.

Equation (40) shows that no multiple of xPA occurs in [F(G)]? for any
p > 3. Since only QSFS(x) in (38) contains such a multiple for p = 9, we have
Qs = 0. Because of this and the fact that Qng(x) alone in (38) contains a
multiple of x°4, we have Qs = 0. This leaves (38) with no multiple of 234, so
that the coefficient of %4 in (37), namely F(Bf + 2ye), must equal 0. If
f # 0, then eliminating e from Bf + 2ye = 0 and Be + 2af = 0 gives B2 = 4oy,
which is forbidden. Therefore, f = 0. By (40) and (39), B = b = 0 also.

For x, a root of ox? + Bx + Y

FIG(z,)] = F(0) = /Af =0 and G[F(xy)] = G(0) = /Ad;
0. The condition B% # 4oy implies v # 0. We sum-

since I = 0, we have /vyd
marize our findings:

(42) B=0,b=0,f=0,d=0,L=0,8, =0,@q, =0, g, =0.
These enable us to simplify (37) and (38) as follows:
(43) [F(G(x))]? = alae?x*® + 202a%e?(2ac + ya)xt"*

+ aa?e?(6a?c? + 8ayac + y*a®)x'?

+ 2aace’ (5ayac + 2y2a® + 2a%c¢? + ayac)xt®
+ ae?(6y2a®c? + 8ayac® + ae* + ya*)x®

+ ye? (4oyac® + 20%c¢? + 20ac + ya®)z®

+ yee? (aye® + 2ya + ae)z® + yielelr?;

(44) KZ[G(F(x))]Z = KZ{G,SCZZeale + l"al}aZ,YeleL} + a396(6,\{2a262
+ 20ac + ya?)xt? + a?ye® (4y%a®e® + 6boac + 3ya®)xl®
+ ae" (y*a?e" + boyZace? + 3yda?e? + a’e? + 2ayac)x®
+ ve" Qay2ace? + yia?e? + 202e? + bayac)ax®
+ yee? (ayce? + 2y2ae? + qe)x* + y2ele?x?}.
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Comparing coefficients of xls, xlu, ceas xz, in order, gives
(45) a? = a”e® [because of (52) below]
(46) 20¢ = ya

(47) 13a%e? = e"(3y%a%e? + 20ac)

(48) llaae = e* (v3a%e? + 6a%c?)

(49) 4lo%e" + 20ac = y'a?e® + 24alye’e* + 5ale?e?
(50) 5ae? + 2a = boyee® + Soce®

(51) ac®+ 2a = Soce?

(52) K* = 1.

Subtracting (51) from (50) gives

(53) c? = vye*.

Eliminating o from (46) and (47) gives

(54) 13¢2 = ye" (3ye? + 1).
Eliminating ¢? from (53) and (54) gives

(55) ve? = 4.

With (45), (53), and (55) in mind, we now discern four possibilities for
given g and e:

(56) o = -ae and c = -2e
(57) a = ae and c = =2e
(58) a = —ael and e = 2e

(59) a = ae’ and c = 2e.

For (56), we have
F(x) = x4 - ae’x? and G(x) = e Y (ax® + ex)/b - ae’z?.

For ¢(x) = z//ae® we find that ¢ [F(¢(x))] = »/4 - z° and, using the assump-
tion ¢ = -2e¢, that
¢MG((@))] = (e7*x® - 24 - 2”.

It is easily checked directly that these two functions are semipermutable iff
6 =
e® = 1.
Direct checking for semipermutability further shows that (57) gives F and

G respectively equivalent to U, and U,, while (58) and (59) give functions

respectively equivalent to U, and -U, as desired.

Theonem 7: Every odd SP chain under a constant sequence of the form
d,(x) = Yox? + Bx + v

is equivalent to a Chebyshev odd chain {a,U,(x)}, a? =1, n=2, 4, 6,

Proog: Suppose {y,, Yy, ...} is an odd SP chain under d(x) = dn(x) as above.
Let 7, (x) =y, (x)d(x). By Lemma 7a, we may assume that d(x) 4 - x%. Since
every odd polynomial y, (x) of degree m — 1 is a linear combination of odd
U;(x)'s up to degree n - 1, we write

7,@) = a,U, () + 9 b U@, n>m>1,

=1
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where b; = 0 for odd ¢. The rest of the proof follows that of Theorem 6
exactly,

Theorem 8: Suppose d(x) = vox® + Bx + y where o # 0 and B2 # 4ay. There ex-
ists no complete SP chain under D.

Proog: Referring to the definitions given just before Lemma 6b, if such a
chain {p, (x), p,(x), ...} exists, then the chain {p,(x), py(x), ...} is an even
SP chain. The proof of Lemma 6b shows that we may assume ®(x) = Kx + [ in
(22) and oo = -1 and B = 0. Thus, we write

P, (@) = a/-x® +y and P,(x) = (bx + c)/-z® +y
where g, b, and y are nonzero. Writing out the assumption
[B,(7,@)1? = [Xp,(P, @) + L12,

we find the term 2K%a’bex?v/-x? + y on the right side and all other terms in
this equation linearly independent of this term. Thus ¢ = 0, so that

(p,(p,@))1? = a’b’z* - ya®b’x® + ya®.
It is easily checked that L = 0, so that
[Kp, (P, (®)) + L1* = -a*b?K*x* + ya®b’K? (2a* - 1)x?
+ K*v2a?b%(1 - a?).

Comparison of coefficients of x" gives a?k? = -1, which along with comparison
of coefficients of 2 implies X2 = -1. But this leads to a contradiction,
since comparison of constant terms gives 1 = yb? (X% + 1).

REFERENCES

1. E.A. Bertram. "Polynomials which Commute with a Tchebycheff Polynomial."
American Math. Monthly 78 (1971):650-653.

2. Brother Alfred Brousseau. Fibonacci and Related Number Theoretic Tables.
San Jose, Calif.: The Fibonacci Association, 1972.

3. V. E. Hoggatt, Jr., & D. A. Lind. "Symbolic Substitution into Fibonacci
Polynomials." The Fibonacci Quarterly 6, No. 5 (1968):55-74.

4., C. H. Kimberling. 'Greatest Common Divisors of Sums and Differences of
Fibonacci, Lucas, and Chebyshev Polynomials." The Fibonacci Quarterly, 17
No. 1 (1979):18-22,

5. M. Kuczma. Functional Equations in a Single Variable. Monografie Mate-
matyczne, Tom 46. Warszawa: Akademia Nauk, 1968.

6. T. J. Rivlin. The Chebyshev Polynomials. New York: Wiley, 1974,

He 3k



