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In this pape r , some new Fibonacci and Lucas ident i t ies a r e genera ted by 

m a t r i x methods. 

The m a t r i x 

0 0 1 

V i i i 

sat is f ies the ma t r i x equation 

R3 - 2R2 - 2R + I = 0 . 

n Multiplying by R yie lds 

(1) R n + 3 - 2 R n + 2 - 2 R n + 1 + R n = 0 

It has been shown by Brennan [1 ] and appears in an e a r l i e r a r t i c le [ 2] 

and as E lementa ry P rob l em B-16 in this quar te r ly that 

F 2 F - F F2 

n - 1 n - 1 n n 
(2) R n = ( 2F F , F* - F - F 2F F ± 1 
w « n n - 1 n+1 n - 1 n n n+1 

F 2 F F ^ F 2 

• n n n+1 n+1 

where F is the n Fibonacci number , n n+3 By the definition of ma t r ix addition^ cor responding e lements of R , 

R , R and R mus t satisfy the r e c u r s i o n formula given in Equation (1). 
That i s s for example , 
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F 2 - 2 F 2
J Q - 2F 2 + F 2 = 0 

n+3 n+2 n+1 n 

and 

F F - 2 F F - 2F F + F F = 0 
n+3 n+4 n+2 n+3 n+1 * n+2 n n+1 u ' 

Returning again to 

R3 - 2R9 ~ 2R + I = 0 , 

this equation can be rewr i t t en as 

(R + I)3 = R3 + 3R2 + 3R + I = 5R (R + I ) . 

In genera l , by induc t ion i t can be shown that 

(3) R P ( R + I ) 2 n + 1 = 5 n R n + P ( R + I ) . 

Equating the e lements in the f i r s t row and th i rd column of the above m a t r i c e s , 

by means of Equation (2), we obtain 

2n+l / 0 , ., \ 
V"* / 2n + 1 \ 

(4) I t
 Fi+p=5nF2(n+P)+l 

i=0 x / 

It i s not difficult to show that the Lucas numbers and m e m b e r s of the 
Fibonacci sequence have the re la t ionship 

L2 - 5F2 = ( - l ) n 4 . n n v ; 

Since a lso 

2 n ^ / 2 n + l \ . + 

we can der ive the following sum of squa re s of Lucas n u m b e r s , 
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2n+l / o . \ 
2 -&+1 " 

L I+p 5 F2(n+p)+l » 
i=0 

by substi tution of the preceding two ident i t ies in Equation (4). 

Upon multiplying Equation (3) on the r ight by (R + I), we obtain 

(5) RP(R + l ) 2 n + 2 = 5 n R n + P ( R + I ) 2 . 

Then, using the express ion for R given in Equation (2) and the identity 

L k = F k - i + F k + i 

we find that 

F 2 n - 1 F 2 n 

( R n + 1
 + Rn)(R+I) = ( 2 F 2 n 2 F 2 n + 1 2 F 2 n + 2 

F 2n+1 . F2n+2 F 2n+3 

L 2 n L 2n+1 L2n+2 

2 L 2 n + l 2 L 2n+2 2 L 2 n + 3 

L2n+2 L 2n+3 L 2n+4 

Finally8 by equating the e lements in the f i r s t row and th i rd column of the 

t r i c e s of Equation (5)9 we derive the two identi t ies 

2 n + 2 ' 2 n + 2 

i=0 v i / 

and 
2n+2 

, . L i+p - 5 L2(n+p) 
i=0 



32 SOME NEW FIBONACCI IDENTITIES [Feb. 1964] 

By s i m i l a r s t eps , by equaling the e lements appear ing in the f i r s t row and 

second column of the m a t r i c e s of Equations (3) and (5), we can wr i te the add i -

tional ident i t ies 9 

2 n + 1 ' 2 n + l \ 
F F = 5 n F 

i - l+p i+p 2(n+p) i C 
i=0 x 

and 

2 1 1 + 2 ' 2 n + 2 . 
= S n T 

i+p 2(n+p)+l 

^ / 2 n + 2 \ 
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TWO CORRECTIONS, VOL, 1, NO. 4 

Page 73: In proposal B-26, the l a s t equation should r ead 

B (x) = (x + 1) B -(x) + b -(x) nv ' v ' n-V f n - l v ; 

Page 74: In proposal B-27, the l ine for cos n<£ should r e a d 

N 

c o s n 0 = Pn(x) = y A . n x n + 2 " 2 j ( N = [ ( n + 2 ) / 2 ] 

pi 

RENEW YOUR SUBSCRIPTION!!! 


