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1. SUMMARY
Consider the harmonic sequence
n
H, =2 k', n>1,
k=1
and the Riemann zeta function

£(s) = p, k™, Re(s) > 1.
k=1
Recently, Bruckman [2] proposed the problem of showing

E ZZ_:‘ 2z(3).
)

See also Klamkin {3] and Steinberg [4]. Presently, we establish the fol-
lowing generalization.

Theorem

Let H, and z(s) be as above. Then

) Hk 1 2n .
. _ 1 NG o >
(1) k};l i1 T 2 j‘;z( Dg@een +2 - ), n>1,
and
Gi) 3 B _ (1 +-’i>;<n + 1) - infz;(j)g(n +1-H,n=2
k" 2 2{7.=2 ’

Here and in the sequel, as usual,
n
2. c; =0 if n<g,.
J=dq

The series which will be manipulated are readily shown to be absolutely
convergent, so that summation signs may be reversed.

The proof of the theorem will be given in Section 2 after some auxi-
liary results have been derived. Some further generalizations are given
in Section 3, and an open problem is stated.
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2. AUXILIARY RESULTS AND PROOF OF THE THEOREM

Define the generalized harmonic sequence

n
A" =0and B =3 2", m>1, n > 1, (2.1)
2=1
and set

Y = y-FY and BV =tm -B™, m>2,n>0, (2.2)

n

where Y is Euler's constant. Note that

i N+n

Z~—"——=£G— 1 >=H N S S
@) N Lt Voo e n W+n n

H,+ (Hy - log V) - [Hy,n - log@ + n)] - log(]_ + %)

therefore, using the well-known limiting expression

lim(H, - log N) = v, (2.2a)
N>
it follows that
B, =5 =Y — " 4> o0 (2.3)
i ” R+ ) >

it also follows from (2.1) and (2.2) that

gm o= Q@+ ", m=2,n=0 (2.4)
L=1
Now define the sums
© H;m’
5=y —,m>21, n> 2, (2.5)
k-1 K
and
g(m)
—(n N A
5" =Y —— m>2,n>1, (2.6)
k=1 K

which may be shown to exist. SS) exists because H, = 0(log k) and
fi log k
k=1 k"
exists for all n > 2. Also
B = W~ g(m+ 1),

as will be shown in Lemma 2.1, so Eém) exists for all m 2 2. These sums

are related to the zeta function as follows.
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Lemma 2.1

= (m)
Let Sr(nn) and Snm be as in (2.5) and (2.6), respectively, and let 7 (*)
be the Riemann zeta function. Then

(1) S =F" v rmen)y, m=2, n>1,
and

(i) Sﬁ,,”) +5" —tm+n) 4o, mE 2, n> 2.

Proof: (i) Clearly,

w H - w HY
(n) k 1 k-1
S =X e Y
i k=1 km k=1 km+n kgl k"
- H(n)
=Cm+mn) + 2 K by (2.5) and (2.1).
k=1 (k + 1)
Next,
H}in) - %
= Y (k+ 1", by (2.1),
k=1 (k + 1)" k-1 L=1

L i k+ 17"

k=42

]

I
Ms

2
STk + )
¢ =1 k=1

= (m)

=35, » by (2.4) and (2.6).
The last two relations establish (i).
(ii) Relation (2.6) gives
S’}(Lm) =cmcm) - s, m>2, 0> 2,
by means of (2.2) and (2.5). This along with (i) establishes (ii).
Lemma 2.2
For each integer my, m, 2 1, and n; # n, 2 0, set

Ay = Ay (mys myy nys 1y)

fmy +m, -1 - J o )
(-—l)m1+‘7< (n, - 1) Moyt

mz—l

and
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~
1

25 = Aoy My Mys My 1)

my -1
(J) =) .
and let H,  and an be given by (2.2). Then

55 1 ié g: —(m

k=1 (k +n)" (k +n,)" =141

fmy +m, =1 -4 )
(_1)m2+,7 (”1 - ﬂz)—ml-m2+‘7,

Proof: Expanding (k + nl)"ml(k + nz)“m2 into partial fractions, we

obtain (by residue theory or otherwise)

my A, . my A

(k + 1) (K + n,)™ Z T —+ ¥ 2

1 (k +ny)? 771 (K +my)

with 4,; and 4,; as defined above. We see that 4,; = -44;.

ming in (2.7) over kK = 1, and using (2.2) and (2.4), we obtain

=2 (k + n, )'7

!

i=2 (k + ny)’

> T 1 P>

k=1 (k + n)™ (k +n,)" k-1

- )+
= k+n1 k + n, +

my

+ 2

now

bﬂa

A1 Az e
(k -4 2\ -
& + 1y k+n2 et + nq + n,

1o
1 .
=4, 2 7 Gf g <ny)
k=1+ny

All(an - H”l) = All(ﬁ(nll) - ﬁ(rztlz))

77(1) 77(1)
Ay 0D + 4, Y.

1 Alj my Azj

"1 (k + 7)Y 771 (k +n,)’

Ay

(2.7)

Then, sum-

A similar conclusion follows if ny 2 Ny, Therefore,
f‘, ! =4, 0% +4 }7‘1’+§1:A H‘J’+§:A 70
. - 1185, 21%n, : 24
k=l (k + ny)" (k + n,) j=2
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Lo, @)
=2 X Ay H7,
i=1 j=1
which was to be shown.
Lemma 2.2 will be utilized to establish the following:
Lemma 2.3
Let S;m) and E,En) be given by (2.5) and (2.6), respectively. Then
o m+n - 2 n [m+n-1-4 )
(n 1 —
(_1)m+15m = Srfﬂin—l - Z Sm+n—j
J m -1

m fm+n-1-4
-2 (—1)J< >C(J’)C(m +n =g,
1

m=z21l, n2=22.

‘5—,7("71) __.i = E f: —————, by (2.4) and (2.6),

© m X n .
= Z{ 2 AE vy 4,87 } by Lemma 2,2,

g=1{4=1 i=1
© m 14 .
. 7 (J)
= L ALEY + T A + 3 A E” 6, by (2.1), (2.2) and
L=1 i=2 j=2 Ay = A4,
- (1)
s ’ 5
n -1 1=1Q,m+n—1
m fm+n-1-7 i
+ (-7 20 (-1)? @) ,
( )EZ ) o clg & gren-d
n [fm+n-1-7g\ o Hﬂij)
+ (-1)" X
J§2< m- 1 >22=:1 grrre

m fmtn-1-3 )
+ (-7 ) (—1)'7< )c(j)c(m tn-J)

i=2 n -1
(continued)
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m =1

w (mE+n-1-7 )
+ D" Y Span-js by (2.5) and (2.6),
=2

from which the lemma follows.

Proof of the Theorem

(i) Utilizing (2.3) and Lemma 2.2 with m;, = 2n, m, =1, n, =0, and
n, = %, we get
© Hk
x

k=1 k2n+l

N - N S D
2 g2n+1 ZiGn - L kz=:lk2”(k +9)

x

__i 1 %A #“+A FU
- = 217y

=1

- g H(D ﬁhﬂ
= 2: .% __0 + (- l)J S

9=1 /QIZYL Q,ZVL F=2 /Q/ZYL+1 J

- _Hu)
= J e 2. 2.2),

X o + Z -7z Z - by (2.1) and (2.2)

H(l) m

+ 2: -DigHeen + 2 - 5,

from which (i) follows.

(ii) Setting m = 1 in Lemma 2.3, we get

n

aln) _ o) J)
5" =5 ;nHJ n> 2,
and from Lemma 2.1(i) we have
=(J i .
5 =8t + 1), G2 2, 0> 2.

In particular,
5 =50 - tn+ 1), n> 2.
It follows that

n

n .
cn + 1) = Z ,(;7,,’1 ;= _E{S}”“‘J’ -t(n + 1)}, n>2,

= j=2
or, equivalently,

n-1 R
SH =ngn + 1) - 3 8P, w2 2. (2.8)
i=2

Next, Lemma 2.1(ii) gives
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SUtmd 45D st 4+ ) @D+ 1 -9, =2, n> 3,

n+l-g
so that (by a change in variable from jJ ton + 1 - j)

n-1

1=y a(d)
Z:{Sj + Sn+1_j}

n-1 1-4)
(n+1-4) _
22.5Y =
=2 ji=2

J
(2.9)

n-1
n-2tn+ 1)+ 2 c@em+1 -4, n>2.
Jj=2

Relations (2.8) and (2.9), along with (2.1) and (2.5), establish (ii).
As a byproduct of the theorem, we get the following interesting re-

sult, if we replace n by 2n + 1 in (ii) of the theorem, eliminate the
series, then replace n + 1 by n.

Corollary

2 R .
t(2m) = 3;;1;—Tj§5_C(2J)c(2n - 2§), n > 2.

Remark: Taking into account that
r(2n) = (-2 2n) 117 B, , n > 1,

from [1], where B, are the Bernoulli numbers, the above relation becomes

1 nlion
= - —mmm— >
B m + 1 ;gA(zj)BZJBZn—ZJ’ n 2 2.

3. FURTHER GENERALIZATIONS

In this section, we give the following additional results, which express
generalized harmonic sums in terms of the zeta function.

v H
Y = @uen e+ - EEREED
k=1 k2n+1
n+1l (3.1)
+23 G - Def - De@n + 4 - 2j), n > 1.
j=2
- H}in) 1
= Z[z@2n) + t)tM)], n > 2. (3.2)
k=1 K" 2
o H}((Z) _ 1 5 3
T -3 20(6) +2(3)T(3). (3.3a)
© H7(<3)
—5— = 18C(7) - 10T(2)Z(5). (3.3b)
k=1 k
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Relation (3.1) follows from Lemma 2.3 (by setting n = 2 and replacing
mby 2m + 1), Lemma 2.1, and part (ii) of the theorem. Relation (3.2)
follows immediately from Lemma 2.1(ii) by setting m = n. Finally, rela-
tions (3.3a) and (3.3b) can be derived from Lemma 2.3 by setting the ap-
propriate values of m and n. We also note that the sum

(28 +1-n)
Hk

2T [2))
k=1 k" 2

may be obtained from Lemma 2.3 by means of some algebra that becomes pro-
gressively cumbersome with increasing #.

It is still an open question to give a closed form of

fé H;m

k=1 k"

for any integers m 2 1 and n 2 2 in terms of the zeta functionm.
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