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1. INTRODUCTION

It is known, see [l, p. 77], that

F,F, =FZ% - FZ

2a” 2n a-n

and, see [2, p. 43], that

- w3 a+1 3 +1173

FaFoqtsy = ooy ¥ (51D LFy + -n" Fn
for arbitrary integers ¢ and n. These identities suggest the possible exist-
ence of a general identity of the form

k
wF_ = ty_; b D, + (L™PIELE L1 + b, (1)
=1

where m, n, and g are integers with m > 0, and where w and b;, 1 < ¢t < k, are
integral expressions free of the variable n, and b is an integral expression.
Gladwin [3] has given existence proofs for some general identities of a similar
type. An example of the kind of identity that we shall obtain is

212 _ 6 _1ya+lp2 6
FaFZanapuanaFeann - FaFZaFaaFn+3a + (-1 FZaFGaFn+2a
a 6 a+l 6
+ (-1 FaFSaFGaFn+a + (=1 FaFSaFGaFn—a
_1yap2 6 _ 6
+ ( l) F2aF6aFn—2a FaFZaFaaFn—3a

for arbitrary integers a and n. In the sequel we shall use the following well-
known results: for all integers a and n,

(Lo + VEE)™ = 2™ YL, + V5F,,) " (2)

where m is a positive integer,

F_, = (-1D)""F, and L_, = (-1)"L,, (3)
L2 = 5F2 + (-1)"4, (4)
2F, 4 = F L, + L F,, (5)
2Lg4p = SF,F, + LglL,. (6)
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EXPANSION OF THE FIBONACC! NUMBERS

2. PRELIMINARY LEMMAS

Lemma 1: L2/FZ - L2/F2 = (-1)"*Y4E,, F _ [F2F2 for m # 0 and n # O.

m+nTm-n

The proof of Lemma 1 follows from equations (3) and (5).

In the sequel, let a be a nonzero integer.

Lemma 2: For m > O,

2 . . .
(1) 2mip = }: <27Lm— 1>57,—1F£7,—1Lr7n1+1-21’

(ii) 2" 'L, =

|
I‘MN

( m >5¢—1F£i—2Lg+z—2i,

27 = 2
+1
m m+1om [ET]
a+n + (-1) Fa-n] = q‘g

[m+2]
\, . . . .
(iv) 2" NES, 4 (DMELT = (" ) ai iz,
i=1 -

m+ 2
2

(v) 2m-1[L;z+n+(_l>ang7_n] - Z (27;777_ 2>52—;—2F§i—2LZ+2—2iF§i—2LZ+2-2i,

ES

(vi) 27 (DN, +(-1)™FI ] = % (27/771 1)52i—1F5i—1L7£+1—<ziF§i—1Lrg+1~ziB

a-n 3
=1

(ii1) 2" '[F 1 (217?7_ 1>F§i_lLTLH_ZiF;H—ZiL?—l’

S}

Proof: We shall prove formulas (i) and (iii). The remaining formulas have
similar proofs. By equation (2),

2", + VEE, ) = 2" (L, = V5Fy,) = (L, + V5B = (L, - V5F,)".

That is,

I

2V3E, = % (1) IR 1+ (D
=1

2[_»7;1]_1
)L EEE)
i=1, 7 odd
m+ 1
=2[2]( m )Lm—zi»fl(\/gF )2i-1
P 27 - 1/7n n :

]

Formula (i) can now be obtained by dividing through by 2/5.
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EXPANSION OF THE FIBONACC! NUMBERS

Now, by equations (5) and (3),

1 1
2"ES, , + (1)™MTE ] = (FyL, + LF)" + ()TN (E,L_, + LF )"

(FyL, + L;F )™ = (F,L, - L;F)"

]
" M=

(’Z)F;"'izfg‘iLjF,f[l + (-1)FF]

2m+l:|_1

2

=2 ¥ (Z?)F;L;"'LF;”“L(?
1=1,1% odd

[m+1

2
m 20 -lpm=-22+1pm-22+1727 -1
2i}=:1 (271 )Fn'” IR SR A

-1

Formula (iii) is obtained by dividing through by 2.

Let Vi = (xi'l) for 1 £ 7, t S k, denote the Vandermonde matrix. From [4,
pp. 15, 16] it follows that for Kk > 1 and ¢ =1, 2, ..., k,

x
el = (M ,I_]l (x, = x,), (7
i#t

where (Vk)kt is the cofactor of x§'1 in IVkI.

Lemma 3: For kX > 1 and any constant ¢ # X, t = 1, 2, ..., k,

3 k
t‘_[,l(vk)kt /(c - z) = |V -Ul(c - ;).

Proof: Let Cy = [ci4], where ¢4, =1 if ¢ =¢, ¢;, =-c if < =%t + 1, and
¢;+ = 0 otherwise. Then,
k k k
ARIARARCAARS AANES A @ - 2|,
i#

1
L # t
f >
(¢ - x,) ) /(c-x).
i=1 LT Kk ¢
In the sequel, let @, = L /FZ for t =1, 2, ..., k

Lemma 4: For k> 1l and t =1, 2, ..., Kk,
. k+ t k
(-1) ‘“’1227<‘2(I/,<)kti=1;1+ Fia = L F-2v,| M F

v i=k-t+1

Proof: By equation (7) and Lemma 1, for k > 1 and ¢t =1, 2, ..., k,

k k .
IVkl/(Vk)kt = n (xy —xy) = Z.I;[l[(_]‘).Lai-ll’Fta-!» ia Fta- iq /tha Ffa]

=1
i#t i#t X
k .
= (-L)¥N(EL, [4F,,, )[ilz]l[@l)”“l*Fmia /P Fla ]] LR

it
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EXPANSION OF THE FIBONACC! NUMBERS

k
t

t+k t-1
_1yta+1l,,k-153
(-1 (45 1F3, /Lta)[i=£I+IF4L1=]1 Fm_ia}[iznﬂpm_ia]

k k
i=1 " ||i=1
k

+ - k-
(-1 LGk, thF][tﬂllF:][ ,HtF-ia}

2k -2 k K
N Fta . F—ia H Fia:'
=1 =1

(_l)ta+ 1227(—‘2[ kﬁt F]/L F2k~2 ﬁ Fo.
ia ta” ta -1a

]

i=k+1 i=k-t+1

since, by equation (5), F,,, = Fy, L.

Lemma 5: For k > 1,

t=1 1

k k k
T EDETFL, (Vg = <1/22k'2>IV;<|[f=IlFia} Tr .

Proof: For ¢t =1, 2, ..., Kk,
@, = L2 /F2 = (5F2 + (-1)™4)/F2, = 5 + (-1)" 4/F2,

It follows that (—1)ta+1fﬁa =4/(5 -~ x,). Therefore, by Lemma 3,

k K k
El(_l)mupti V) = EIW(S -2 (V) = 417 _£11<5 - x;)
k .
IAYS SRRV
k k
= (l/Ak'l)IVkl[Jl E;;]_II F_, -
=1 =1

Lemma 6: Let u be a positive integer and let 2, be a real number for t=1, 2,

™
n
o
33
R
|

.k
=5 z, for each 7, 1 <4 < u,
t=1

k ,
5% z,x;"" for each ¢, 1 <7 <u.
t=1

™
n
o+
3]
The
1l

k Ck
2 z,xl =53 z, for each 7, 1 <7< < u.
t=1

t=1
Then, for < =1,
k k
222y =52 3
t=1 t=1
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and, for 2 < 7 < u,

k ,
¥ ozt

k k

i _e.ei-1 _
2 zxl =55 28, =5
t=1 t=1 t=1

Conversely, we use mathematical induction on u#. The case u = 1 is true.
g =2 1, assume that
k . k .
Y zal =5 zat"t for each ¢, 1 < 7 <gq,
t=1 t=1
implies
k . - . .
2 2,xf =53 5, for each 7, 1 < ¢ < gq.
t=1 t=1
Now let
k . k .
T zxl =5 zxy”t for each £, 1 <7< q + 1.
t=1 t=1
Then
k , k .
L zxl=5Yzxi"t for each 2, 1 <{<gq
t=1 t=
and
i q+1 k q
2axlt =53 an
t=1 t=1
Therefore, by the induction hypothesis,
Ko .k _ )
Y. z,@p =53z foreach i, 1<i<g
t=1 t=1
and
X +1 k q
Y ozai™ =5 z,xf
t=1 t=1
Hence
k , .k
Y z,xt =53 5, for each ¢, 1 << < g,
t=1 t=1
and
k q+1 7 & q41 &
Yaxltt =557, =5 3 =,
t=1 t= t=1
Thus
k , .k
Yaxl =533z, foreach¢, 1<i<qg+ 1.
t=1 t=1

The proof is complete by mathematical induction.

For

Lemma 7: Let z, be a real number for ¢ = 1, 2, ., kK, and let J be a fixed
integer.

Zk: 1 ta Jg~1 2 _ . . k J = k Jj-1

7f=1(— ) z,xl{""/F,, =0 if and only if tglztxt = Stglztxt .

k . K .
Proof: ¥ z,xf = Zl_zt(Lia JFZ Y™t

t=1 t=

It

K .
tgzlzt((sm’-a + (-1)"4) /P2 )it

Koo k .
5 letxi‘l + 42_‘,1(-1)*” z,xl YL .
t= =
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EXPANSION OF THE FIBONACCI NUMBERS

Corollary 1: Let z, be a real number for ¢ =1, 2, ..., k.

k .
T (-1)¥zxi"t/F] =0 for each ¢, 1 <7< u
t=1

if and only if
k X .k
Y a.xf =5y z, for each 7, 1 <7 < u.
t=1 t=1
Proof: Apply Lemma 6 and Lemma 7.

Corollary 2: Let k > 1. Then

k . . k
Z DR Ty = 5770 B CDTE, (T,

for each 7, 1 £ 7 < k.

Proof: In Corollary 1, let z, (—l)szia(Vk)kt for t =1, 2, ..., k, and let

u =%k - 1. Then

k , ko
7:)_:1(—1)“1ztac;"l/lf";a =t;1x§'l(Vk)kt =0

for each 7, 1 € 2 < k - 1, since a determinant with two identical rows has nu-
merical value zero. By Corollary 1,

is true for each 7, 1 < ¢ < k - 1, and clearly is true for 7 = 0. Therefore,
& 1 ; k t
ta @2 o i- _ ci-1 a q2
El("” F2 @t (Vi) = 5° EI(—I) Fo (V)
for each 7, 1 < 7 < k.

3. THEOREMS

Theorem 1: For any positive integer X,

J-1 2K K k 2k k 2k+2-25r25-1
(i s M FE, |ITF.,, =3 I1 F; I1 F . Tedpsd T
) 2 I P i W lsexrer1 “lizk-e4 “ta| t@ ta

i=k-t+1 i=k+1

2k K 2k
|:. I1 Fv;cJ I1 F—ia:IL%§+l+22k I 7y,

2k k 2K k okt 21
and (iii) |II Fpo| Il Fpp =52 Fl-a:' [ F, [FiT7L,
Z i=k+t+1 i=k=-t+1
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EXPANSION OF THE FIBONACCI NUMBERS

Proof: The three identities are easily verified for k =

Denote

L=k+t+1 i=k-t+1

2k k 2k k
4 = 'HlFia an-ia and At=1 n r, I rF_,

for t =1, 2, ..., k, and

2k
227(—2 n F.

i=k+1 wa

K = -|V]
By lemma 5,
k 2
KA = ¥ (-DYF (W),
t=1

and, by Lemma 4,

= (_l)ta (Vk)kt /LtaFtik-z

for t =1, 2, ..., k.
for each g, 1 < 4 <k,

. Lk
5971g4 = 591 Y (-1)* F?
t=1

EKA w1, F2k =

ta” ta

Therefore, for each j, 1 < j < k,

3 .
s Voke = 2 (D F, 2] (V)

t=1

2 2 2 2 2k
EKA (L2 -2 /F2i-2)1, FZX.

Assume that k > 1.

(8)

9

Now, by Corollary 2 and equations (8) and (9) we have,

k k "2k k . .
F F . = I1 F. II F_. FZk'23+2L23'1. 10
Ll’_l ]7,131 T t§l[[i=k+t+l m]i=k—t+1 “Z] ta ta 10

The proof of (i) is complete.

From equation (10), we obtain, for J = k,

k

13
sk-1g = ¥ 4, F2 12K = (1/5) ElAt(L
t=

(1/5) ZA L2k+1

(1/5) ZA L2k+1
by equation (9). Thus,

Sk lA“(l/s) 214 L2k+l

= (1/5)t§_‘,1AtL§§+ t-

200

+ ( l)ta+14)L2k 1
(4/5) z( 1)ta thk 1

t=1

(4/5K) 2(L2’< 2IFE 2 (Vi) gy

k
4/50 T wf ™ Vi)

(4/5K) |V, |
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EXPANSION OF THE FIBONACCI NUMBERS

k 2k
= (1/5) L AL + 2% /5) 11 F,.
t=1 i=k+1

The proof of (ii) is complete.

From equation (10) we obtain, for J =1,

A

3 k
2k - 2k 2 12
ElAtFm L, = ElAtFta (5F, + (-1)*4)/L,,

k 3
5 L AFEL + 4 A, (-1 PR
t=1 t=1

a

K x
5 ElAtthak”L;al + (4/E) T (FL, 103, (Vi
t= t=1

I

k k.
stEIAtFijj”L;; + (4/K) tzl(l/xt) Vi) g -
Therefore, by Lemma 3,

A

Il

K k
52 ALY 4+ (4/K) (1) |7 /H (- ;)
t=1 =

=1

& 2k+2r-1 ko2k 2k LS 2 . 2
5§AF L+ (-1)"2 | R [T 7? IMrs
£ t-ta ta i=7<+11a P=1 ta i1 %@

% 2k k k
2k+27-1 k o 2K 2
StglAtFta Lta + (-2 Lgl Fiaj, I;l}]_ Fia:l I_] Lia :
The proof of (iii) is complete.
Lemma 8: Let @ and » be nonzero integers, let X and m be positive integers,

and let € = 0 or € = 1.

2k k
(i) For m <2k + 2 + 2g, 2""'F, LI}IFMLIJIF_M

k 2k k
-1 2k+1-m+ - m m+ 1pnm
= 5€om tglFm+ m ZELtaZSI: I1 F:l[ I F_ia] [Fm+n + (-1) Fta_n]

i=k+t+ 1 wa i=k-t+1
k 2k k
k m 2k m-1 —I 2
+ (=D (25 - 1)2 Fuln LglFia:'[iglpia /'Ll;llLia
J

2k
€02k m2k+ 1426 rm=-2k-1-2¢€
)5 2%k 2 L nmr,,

(5 4 1
2k + 1 + 2¢ i=k+1

2k 3
(ii) For m < 2k + 2 + 2s, 5k+E2’”’1anLl;IlFia] iglF"“a

k 2k k
- - - 1
= 2" lt=21Féa ZELiZ e l: r[ Fia:||: n F'ia] [Lgﬁn + (—1)m+ Lfa-”]

i=k+t+1 i=k-t+1

2k
m 2k -1
+ (26 _ 1)5'2 FnL;"l ) I F.n +
i=k+1 (continued)
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k 2k
_1V\k m 2k+2€ 02k p2k+1+42€ s m-2k -1-2€
+ =D (2k+1+2€)5 25y L [H F‘ia]Ln J H Lm’

Fe1

2k k
(iii) For m < 2k + 1 + 2¢, sk““ez""le[nlpm] nr_,
1= =1

2k k
= gm-1 EFz 2eL2k -m-1+2€ n -~ F_; [L L (-1 ]
i=k+t+l @ i=kl—1t+1 tarn ¥ (- ) ta i

m 2k +m
+ (Ze - 2)2 Lnl_[klﬂFi

k
_13Vk m 2k -1+2€ 52k p2k+2 -2k -2
+ D (Zk + 28)5 2R e[:l;]lFia],:'= w} /n Lias

2k k
(iv) For m < 2k + 1 + 2¢, m'le[I—IlFia:l ,HlF_ia
7= 1=

k
_ €, om-1 2k -m+2€ y1-2¢€ mn
=5 2 :‘/':_':lFta Lta [z—k+t+l :H;‘k 41 —iajl [Fta+n+( 1y Fta n]

+ (-1)7<(2€’”_ 2> 22k [HF :l[ﬁ FZ:, II Dk

+ ( m )5622kF5k+25L2—2k—25 I‘I

2k + 2¢ i=k+1 @7

2k k
Proof: (i) Let F2k+l ’"+ZEL;QZE|: kIIt 1FMJ kn F_., = b, for 1 € ¢ < k. Then,
by Theorem 1 (1), =R+ t+ t=k-t+1
2k k ) )
-1 .HlFia ,I]lp_ Zlb FIi¥l-20-26020 2128 for 1< 5 <k
1= 1= t=
Thus,
) 2k k k
5J'1'ELI_]1F—;a]iU1F--m = X b FI2IL2Ct for 1+ e< j<k+e
= = t=1
So
m ) 27 -1,m+1-25cg-
F L7 5 I r I F_,
(o™ | i m 17
ek m 2 -lym+1l-25pm+1-24+25-1
=5 tglbt<2j ~ 1>F;‘7' LRI prTmsInid Tt for 1+ e < J <k + e

Since, by hypothesis, m < 2k + 2 + 2¢, we have [(m-1)/2] < k + €. Therefore,
m-1
5]

J=1+¢

k
m 25 -1rm+1-25eg-1
<2J ~ l)F L 5 [n F, J,I}lp_ia

[m- 1]
€ zk 22 m + 1,
=5 bt <2J g l)Fzg-—le 1- 2,7Fm+1 2JL2J—
t=1 gJ=1l+¢

By Theorem 1 (ii),
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Sk[i}i Fi‘{l ﬁ F_. = %th;na~2k-1—2eLi§+1+ze + sz' i—]i F,
i=1 i=1 t=1 =k+1
and by Theorem 1 (iii),
5“1[ﬁ F] ﬁ F_.
i=1 ““|i=1 ~%@
- Zk:b Frtl- 2eLze 1y (_l)kzzk[ﬁ F:l[ﬁp]/s ﬁL%
&Pt ta ol | LS o Yiat
Therefore,
<2k . 7;7 . 2€)F2k+1+2eLm 2k -1- 2e5k+eLglF ]11_1 F
_ Seé:lb (Zk N ZE)F2k+1+ZeLm 2k -1- 2¢ - 2k-1- 25L2k+1+2e
m €92k p2k+1+2€7m=-2k-1-2¢ °y
+ (Zk + 1+ 25)5 278, Ly —;=£I+ Fia

and

k
m 2 -1,;m+1-2e ce-1
(28 _ I)F I 5 [H F, ],H F_,,

=1 =1

—SEEb

( )FZE—le+1-2€Fm+l—2€L2€—l
2¢ - 1

k 2k K
k €En2k p2€ -1lym+1-2 2
+ DR, " )se etk E[il;llFia] L[}lzﬂia] / 5 1123,

Since, by hypothesis, m < 2k + 2 + 2€, we have [(m + 1)/2] S k + 1 + €, and we

have ( = 0 if and only if [(m + 1)/2] < k + 1 + €. Therefore,

7o)
2k + 1 + 2¢

2k k
m 2[(m+1)/2]-1rm+1-2[(m+1)/2]c[(m-1)/2] )
(27< + 1+ Ze)Fn I 2 LUIFW] I Foia

=1
_ 5627(: b ( m )(F L, y2lomsn/2-1(p g ymtl-2(nt)/2)
£ t\2k + 1 + 2e/ T ta n” ta
m € o2k n2k+1+2g ym-2k -1-2¢€
+ <2k +1 4 2:—:)5 P e l_l;;IHF
Since (iﬂl) = 0, we have
[m+l
2 m 2§ -1rm+1-25cg-1 2K K
3 (Zj ~ I)FnJ rd J5d [_1 Fia iIJIF_ia
J=1 [m+l]
k 2
— &€ m 2§-lym+1l-24 pm+1-277r25-1
3 t“::lbt ng (ZJ - I)F" Ln Fta Lta +

(continued)
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k m 2k m-1 L 2 koo
+ (=D (25 - 1>2 FnLn iI;IlFia iI_:IlFia .IlllLia
2k

m €052k p2k+ 1+2€ ym=-2k - 1-2¢
+(2k+1+2z~:)52 & In

i=k+1 @

By Lemma 2 (i) and Lemma 2 (iii),
m=1 2k LS
2 Frrm il;llFia il-:—ll F—ia

~52'"1}:b[F

+1
ta+11+( 1)rrm F

ta- n]

k m 2k _—l = K 2
+ (-1) <2€_ 1)2 F,L7 iEIlFi“ iEIlFia iEIlLia

)5822anzk+ 1+2erZ—2k—1—2e n F,,

+( m
2k + 1 + 2¢ i=k+1

After substitution for b;, 1 < ¢ < k, the proof of (i) is complete. The proofs
of (ii), (dii), and (iv) are similar.

From equations (5) and (6), we obtain the following four identities:
L,+F, =2F, ., L, - F, =2F, , 5F, + L, = 2L, 5F, = L, = 2L, _,

for all integers n.

Corollary 3: Let g and 7 be nonzero integers and let k and m be positive inte-
gers and let €¢ = 0 or € = 1. For m < 2k + 1 + 2¢,

2 k
: -1
(i) 2" F”mH[ F, ] l;l F_,
% - 2 k o ”
— g€ 1 2 +2 —2€ m

572" ZF o EL _k+t+1F1aj][i=kl_:It+1F-ia] [Fta+1Fta+n+ (—1) Fta—lFta—n]

K 2k-1ym-1 k 2k k 2
+ (—l) [(26 - )L + (2€ ) ]2 Ln il;llFia il}lFia il:IlLia

2k
m m €52k -1p2k+2€ rm-2k -1-2¢€
+ [(2k + ZE)L” * <2k + 1+ Ze)Fn]5 25T i=IJ_<I+ i

and

2k k
(ii) 2’”’1Lm+1[_ﬂ F,;c] nr_,,
7=1 i=1
k 2k k
= g€om-1 2Kk -m+2€ r -2 m _1ym+1 m
= t§1Fta " €Lta€i=kl-:lt+ lFi‘;I["%I—]HIF‘ia][Lta+1Fta+”+( b Lta‘lFm‘”]
k 2k k
Y m) (m) ]Zk-lm—l ) ) 2
+ D [(Ze - 2)0n * \ge - 1)°FR])2 L iglFla il;lle igle

2k
m m €52k -112k+2€ ym-2k-1-2¢
+ [(zk + 2g)Ln+ (Zk + 1+ 2:—:)5F"]5 25T L, P

i=k+1
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and

2k k
k+€eqym=-1
(iii) s5**F%2" R l[in Fia:l 1:[=]1F_7"a

k 2k k
= om-1 1-2e72k-m-1+2¢ . m mn m
2 ¢§1F’5“ D [i=k[;lt+1Fif;,L=kl—]t+1F‘m:l [Lta+1Lta+n+ (-1 Lta—lLta—n]

+ [(Zem— Z)L” + (2gm— 1)Fn]5 - 2%t il Figt (-DF [<2k i 2€>L”

i=k+1

k 2k k
m 2k+2€ 02k -1 p2k+2€ rm=-2k -1~ 2€ 2
+ <2k + 1 + 28>F”]5 2 P Ln l:il:llFia] [il;llFia:I il;llLia’
and
k-1l+€pm-1 2K K
(lv) 5 27" Lmn+1 H Fia n F—ia
=1 =1

k 2k k
= om-1 1-2e72k-m-1+2¢ II . , m _1ym+1 m
2 tglpta Lia [L=k+ t+1Fi‘;||:;=kI-It+ 1F‘w} [Fm+lLta+n+ -1 Fta-lLta—n]

+ ( m )L +( m )5F 22611 ] g, +(—1)k( " )L
2e = 2)7n 2¢ = 1)77m noL ke @ 2k + 2¢/)77

k 2k k
m 2k -1+2€ 02k -12k+2e ym-2k -1-2¢€ 2
+ (27< T 2€)5Fn]5 g2k -1pzk+2em L=1F“a] I;an"'“:‘ L%,

Proof: (1) and (ii) follow from Lemma 8, parts (i) and (iv). (iii) and (div)
follow from Lemma 8, parts (ii) and (didii).

Theorem 2: Let g and n be nonzero integers, let k and m be positive integers,
let ¢ = 0 or € = 1, and let » be an integer. For m < 2k + 1 + 2¢,

2k k
. -1
(i) 2" an+ r[ania]il;ll F-ia

k 2k k
_ cEom-1 2k -m+2€ 7~ 2€ I . I
22 tZ:IFm Lta [i=k+ t+1F7'a]l:i=k—t+ 1F—ia}

> [F Fm +(_1)nm+1+1ﬂF Fm ]

tat+r~ ta+n ta-r-ta-n

3 2k 13
m m k- -1 2
+ (—l)k[<2€ _ z)Fan + (ZE _ 1)[’an]22 lL: [i=lFia]LI;[1Fia] .l;Il[’ia

2k
m m €n2k-1p2k+2€ ym=-2k ~1-2€ F.
* [(Zk + ZE)FTL" * (Zk + 1+ ZE)L”F”]S 2 i Iy 1-=l;<l+1 Za®
and
m-1 2K k
(ii) 2 Loy p .l_I Fia:l H F~ia
=1 =1

k 2k k
_ c€ -1 2k - 2 ~2 m _ + m
= 52" t§1Fta ™ eLMEL’:kl}H 1Fi62“:7;=7<1_]t+ IF-ia][Lta+rFta+n + (=™ P[’ta—rFta—n]
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k 2k k
k m m 2k-1rm-1
+ (-1) [(29 ~ Z)L,Ln + (25 . 1)511,5;1]2 i [il;llFia]l:'nl Fia]/il;IlLia

2k
m m €02k -1p2k+2€ ym=-2k -1 -2€
+ [<2k + Ze)LlﬂLn + <2k + 1 + ZS)SF”F”]S 2 F” L” 1-=17:[+ IFia ’

2k

k+ -1

(iii) 5**eom F”m+r|:l_]Fqu_
=1 7

k 2k k
= om=-1 pl-2er2k-m-1+2¢ I . I .
t2=:1 ta  Tta PNl | PR UL B

x [LMH,L;”QM + O™ Ll ]

ta-r-ta-n

2k
m m . 92k -1l7m~1 _1Y)k m
+ [(28 ' 2>Fan + (23 ' l)LPFn]S 22k-1pm-1 [T o4 (-1) [<2k " 2€>Fan

i=k+1

k 2k k
m 2Kk + 2€ 52k = 1 2k+ 2 ym-2k -1-2¢ 2
+ (2k T ZE)LPFJS 22k -1p2k+2e pm l:iglFia] [{Hlpm} RIR

and
2k

k
H Fia] H F -ia

=1

(iv) 57"1”2’"'1/:,,7,1”[

=1

a

k 2k x
_ pm=1 1-2€ 72k -m-1+2¢ m m+r m
-2 tglFt Lt £=kgt+1Ff‘;,L=k!It+1F‘ia} [Fta+rLta+n+ -1 Fta—rLta_n]

+( m )LL +( m >5FF 22kt T B 4 (1) m )LL
2¢ = 2)7rn 2¢ = 1) r'n n ia 2k + 2e)7r"n

i=k+1
m FF 2k ~142€ 52k ~172Kk+2€ pM=2k -1-2€ k 2k K 2
+ 2k + 1 + 2¢ S5FE F {5 2 r L, 7:[=11F7_‘a il;llFia I:[ Ly, -

Proof: To prove (i), we use mathematical induction on r. The cases » = 0 and
r = 1 are true by Lemma 8 (i) and Corollary 3 (i). Assume that the hypothesis
is true for r = q and for r = g + 1, where ¢ is an integer. Then

2k

k
-1
2" sy [ ~H1Fia:, 7;131 F_..

1=

]

-1 2k k -1 2k K
2 an+q+1 .ania H Fia +2 an+q iI}lFia n F—ia

1= =1 =1

k 2k k
€am-1 2k -m+2€ 7 - 2€ - m
572 tglFta Lta L:kl;lpr 1Fi“J I:i=kl—]t+ IF—ia:} (Fta+lq+1 + Fta+q)Fta+n

k 2k k
+ 5€27ﬂ—1 FZk—m+2€L~'ZE n F. ﬂ F .
,?;:1 ta ta |i=k+t+1 YOf|i=k-t+1 "2

mi+ g+ 1 m
x (1) (Fpp gy + Py JFI_ .+ (-DE [(25 L)) Faur + FOL, +
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k
+ (ZE’”_ 1) (Lge1 + Lq)FnJZZk"lL’g"lLEIle][H ij]/ﬁ L2

m
+ [(27< + 28)(F‘?+1 +FL,

2k
m €92k =152k +26 pm-2k-1-2¢ []
* <2k + 1+ 23)(L4+1 + Lq)Fn]S I S 1 ;w1 Fia

by the induction hypothesis. Therefore,
2" R [ﬁ F} ﬁ F_.
mtq+2| S e S0 T - da
2Kk k
= 582" lt‘-L:IFtZ; m+2€L_2€L=kl}t+lFia:”;-=kl__lt+lF—ia:| Fta+q+2F7ZZ+n

k 2k k
Eom-1 2k -m+2€ y-2¢€ m+1+q m
+ 5%27 t}__:le m Lig ]:i=k£1t+lFia:][i=kI_]t . —uz] (-1) Fta-q—‘ZFta-n

+(—1)7<[( m )F L +( m )L F |22k-1pm-1 ﬁF ﬁF fIL2
2e - 2/ q+27n 2e = 1/7q+2"n N P il | Pl e B

2k
m m €02k -1p2k+2€ pm-2k -1-2¢€
+ [(zk " 2€>Fq+2Ln + (2k N ZE)LqHFn]S g2k -Lp2k+2e pm 1 r,.

Similarly,

1 2k k
m-
2 Frrm+q—1 n Fia H F—ia

=1 =1
2k k
- 1 2k -m+2€ —2 m
5€2m" ZF " L € 7’zkl;,lt_,_lFia:H;-=kI:I,H.lF—-iajIFtaw—q—-1F7tcz+n

% 2k k
-1 k-m+2e -2 m+q m
*+ 552 tgnga i ELtaE[=kr+It+lFia] |;,~knt+1 ’WJ( D Fra-qr1Fia-n

1

+(—1)k( m )F I +( m )L 7 o211 | £ [2'71<F Iz
2¢ = 2)7q-1"n 2¢ - 1/79-1"n n =7 @ i=1 2 e ia

m m 2k -1p2k+2€ pm=-2k~-1-2€
* [(zk + 2 )Fq 1l + (zk + 1+ 2e)sz 1 nJS 20 RS Iy z—[k]+1F

The proof of (i) is complete by mathematical induction. The proofs of (ii),
(iii), and (iv) are similar.

The three identities given as examples in the introduction can be obtained
as special cases of Theorem 2 (i) by using the ordered 6-tuple (g,k,m,n,a,r) in
the forms (0,1,2,%n,a,0), (0,1,3,n,a,0), and (0,3,6,n,a,0), respectively. A
special case of Theorem 2 (ii) with the ordered 6-tuple (0,1,3,7,a,0) can be
found in [6].

The author thanks the referee for the type of proof used in Lemma 3 and for
reference number [4] and for suggestions which led to major simplifications of
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several of the proofs, such as the proof of Lemma 2, and which brought the
statement of Theorem 1 out of the realm of unintelligibility.
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