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1. INTRODUCTION

By defining certain matrices of order 2, we are enabled to derive fresh
properties of Pell polynomials P,(x) and Pell-Lucas polynomials @,(x) addi-
tional to those obtained by wus in [5]. Our work, in summarized form, is an
adaptation and extension of some ideas of Walton [6], based on earlier work by
Hoggatt and Bicknell-Johnson [2].%*

The Pell and Pell-Lucas polynomials which are defined, respectively, by the
recurrence relations

P (x) = 2xPn+l(x) + Pn(x), Po(x) =0, Pl(x)

n+2

1 (1.1)
and

Qpip(®) = 220, 1 () + @, (x), @y(x) =2, @, (x) = 2x (1.2)

and some of their basic properties which will be assumed without specific ref-
erence, are discussed by us in [3].

To conserve space, we offer our results in a condensed form. This approach
has the added virtue of emphasizing techniques.

Convention: For visual ease and simplicity, we abbreviate the functional nota-
tion, e.g., P,(x) = P,, €,(x) = @,.

2. THE ASSOCIATED MATRICES J AND L

Let

J = s (2'1)

P P
J” _ Pg_l 2n+2 2n (2.2)
—PZn _P?_n—z
Equating corresponding elements in J"*" = J"J" gives
P2P2(rn+n) = Pz(m+1)P2n - szpz(n_l)' (2.3)

*Walton was given a copy of the Hoggatt and Bicknell-Johnson paper while he
was writing his thesis. This paper was only published in 1980.
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The characteristic equation of J is
2 2 _
AS - PHA + P, =0, (2.4)
so, by the Cayley-Hamilton theorem,
J? =P J - P’I. (2.5)
" 2

Extending (2.5), we have

7 = (p,g - P2, (2.6)

whence, by (2.2),

o r(n n-r
P‘+"+2j _rgo(—l)(lﬂ) 2 Pzn—2r+2j' (2.7)
From (2.5),
PrJ" = (J° + PID)". (2.8)

Equating corresponding matrix elements and simplifying, we get

¥ (H>Pw =P, . (2.9)

r=0 r

Consider, with appeal to (2.5),

(J + P,I)? = (P, + 2P,)J = 8x(x® + 1)J. (2.10)
Hence,
2 n.on 2 (2 2n-rrr
{8x(x> + D}Y'J" = L (r)PZ g (2.11)
r=0

Now equate corresponding elements. Simplification then yields
2 on
= n 2 n
EO(P)PZP = 4" @+ D"P . (2.12)

Next write
L = (so Ll = |JI = -4x?). (2.13)

Then, by (2.2) and (2.13),

P2n+3 P2n+1

Ny _ pn
J"L =P} p , (2.14)

2n+1 2n -1

whence
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J2n+j[; - i (-D7 (VZ)PgnPn—rJn—r+jL’
r=0 r *
and so [cf. (2.7)]
n (N
— N = I
P4n+2j+1 - ZO(_I) (P>Q2 Pzn—2r+2j+1'
r=
From (2.5),
non i n 2n -2r 12
- n-2r r
pn = ¥ ()P,
r=0
whence, by (2.14),
LE n n
ré:o(r)Pkr+1 = P e

Equation (2.10) leads to
(J + P,D)?L = {8x(x? + D}Y'J"L,

from which

2n
2n
Z( >P21’+1

r=0T

42 + 1)'Py, -
Again from (2.10),
(7 + P,D)"* L = (8x(x? + 1)}'J™(J + P,I).

Corresponding entries, when equated, produce

2n+1
2n+1 2

Multiply both sides of (2.21) by L. 1In the usual way,

2n+1

2n+1 n n
};0( p >P2r+1 = 4% (x? + 1)@,

Next, from (2.5), after some algebraic manipulation,
{7 = (4a® + 22)T3%" = (4x™)* « 4™ (z® + "I,
so that
n r{2n
and

S =077 2z + 1)7P _pentlge L yn
r=0 (P >( o un -2r+2 T2 (z ) .

Now multiply (2.24) by L. Consequently,

yn -2r+1 ¥ {4 (@? + D}

2n
};é—l)r<%?>(2x2 + 1)7p
1987]

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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Next, multiply both sides of (2.24) by J — (4x® + 22)7. It follows that

2n+1
(2”“ = L(2) 2 (02 + 17 (2.28)

o) )(2.x2 +1)7P

bn-2r+3

Other results for P, , some of them quite complicated, may be found in [4],
e.g., formulas obtained by considering J"°*7 and J"°L. One such formula is

S

s _ 8 S+rpr
P2nP23+1 —r‘éo(lp)PZ Pzn-zpzn(s—r)ﬂ‘ (2.29)

Observe, in passing, that induction leads to

n _ pn-1 n+2 n
L" = LA -E, ~P, (2.30)
3. THE MATRICES K AND M
We are able to derive other identities by defining
‘- Py P, - P, P 1)
-P, =P, |’ -P, ~P_, ’
and following the techniques used above. The results are listed:
P P
Kn - Pz_l le+L+ le (3.2)
TFun T un -n
PoPiutmany = PumryPun = PunLfum-1) (3.3)
K™ = (P - PID)" (3.4)
PP =317 (7)Prrete (3.5)
4 8n r-‘O(— ) r/ s 4 w(n-n) :
PP = f; -1y*("Ypr-rpTp (3.6)
L an4+ 4 »=0 ) 7 8 4 nn+l-r) :
PP =P”fj "p (3.7)
8 un 4 s \1r /" 8r :
r=0
$(2p. - ginp (3.8)
P=0(r) ur o Y2 Tun :
2n+1
2n+1 _ 241
r§0< r )le - Qz le+2 (3-9)
Punss  Punsr

n
KM = P75 (3.10)

P
hn+1l Ln -3
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2n 27 )
— n
IZ;O(I’>P4r+1 =@ P (3.11)
2n+1
n+1 _ pn+l
;;0( r )Phr+1 =9 P (3.12)
P P
n+y n
Mt =P p -P (3.13)
n n-h

Additional information on the matrix K is given in Mahon [4].

4. THE MATRICES N AND U

In like manner, by defining the matrices
N = ) U = s (4'1)

and again using techniques similar to those above, we prove further identities
which are listed:

p P
n Ln+6 bn+2

KW =Pl p _p (4.2)
bn+2 bn -2
n
2n 5
)» (ZV)PHr+2 = anPun+z (4.3)
r=0
2n+ 1
2n+1 _ on+1
r‘go( r )P‘H"'*'Z - QZ PLm+‘+ (4.4)
P P
KnU - P:L B bn+7 ) bn+3 (4.5)
bn+3 un -1
2n
n _ on
X (17>Pur+3 B Qz Pinss (4.6)
r=0
2n+1
2n+1 o+l
( bp+3 2n Pqn-;.s 4.7)
y:z=0 r P @

See [4] for further, more complicated results.
From what has been said in the above sections, it appears that there is a

chain of matrices of the type given which would produce formulas of (perhaps)-
minor interest.
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5. THE MATRIX W

We now introduce a matrix having the property of generating Pell and Pell-
Lucas polynomials simultaneously. It was suggested by a problem proposed by
Ferns [1].

2x 1
W o= (Wl = -4). (5.1)
4(x* + 1) 22

Induction leads to

DO
X

k
:U

(5.2)

&~
8
N
+
-
Ju
D
3

Then

A 1 Z"P" | (5.3)
2_[ ) )

Now B
Wm-l»n_ 2m+n—1 Qm+n Pm+n b /5 2) (5 4)
G(x2 + P, Quen| 7 :
[ @n Pnll@n P,

= 2m¥n-2 by (5.:2) also.

4(x* + )P, @, |{4&* + 1B, @,

Corresponding entries give formulas (3.18) and (3.19) for F,,, and @, >
respectively, appearing in [3].
The characteristic equation for ¥ is

A% = 4xX - 4 =0, (5.5)
whence, by the Cayley-Hamilton theorem,

W2 - b4oW - 4I = 0, (5.6)
SO .
Wt = 4 (W + I (5.7)

Algebraic manipulation, after multiplication by Wj, produces the formulas
for Py,y; and @up4,» (3.28) and (3.29), in [31.
Induction, with the aid of (5.6), yields

Wh=2""YP, W+ 2P, | I). (5.8)
Considering W9 and tidying up, we have

gt o pn-De f(S)P’”P"”’zs"”W“j (5.9)
A A n-1 ’

giving
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and r=0
_ d S rr8-1
Q”S*'j B Z (r)PnPn~lQr+j'
r=0
Further,
n 2n r+7n2 .
¥ (r )CEW) ig2n-r - (g + 21)2"7
=0 .
i = (2?W? + baW + 4D)"WY
= (z® + D'W?", by (5.6).
Accordingly,
2n M » _ 5 n
Y 1°)x Poyj = (@ + 1)°P,, .
r=0
and
2n 2 » _ 5 1n
z:o(rv)x Qr+j = (@ + 1) Q2n+j'
p=

From (5.12),

2n+1
v (2”;‘1)(xW)”22"+1‘* = (@2 + 1) (ol + 20)
r=0

and we deduce

2n+ 1

2n+1
z ( r )xrpr = J5(x? + l)nQ2n+l
r=0
and 2n+1
2n+1 _ 2 n+1
E: ( r )err =2+ D P2n+1'
r=0
Also, from (5.6),
(b)) = (W? - 4I)",
whence
n i r(n
(22)"P, = ):0(—1) (T)zgn_zr
r=
and
n = n
(2x) Qn = E (_I)Y’(P> QZn—-?_r'
r=0
Let us revert momentarily to (5.8).
Rearrange (5.8) and raise to the sth power to obtain
8
n-1)sps _ s n(s-r)
pn-Depeys - 2:(-1)r(r) 2"7Pr_ W .
r=0
Identities such as
8 < r( S r
Pan =2 (-1 (p) Pn—lQn(s—r)
r=0
19871

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
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and

s 2 rf8 r
PPy ;= X D) ()P Pre ez (5.23)
flow from (5.21).

The above information, together with complementary material in [5], offers
some details of the finite summation of Pell and Pell-Lucas polynomials by
means of matrices. Clearly, the topics treated are far from complete. For in-
stance, (5.1) extends naturally to

2, 1

m =l g2 4 oacry-r g | [Fel=4GDm, (5.24)

m

from which new properties of our polynomials may be derived. Enough has been
said, however, to indicate techniques for further development.
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