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For integers n > 2, r > 0, let 

Sn{r) = E krn~k. 

It was proved in [1] that, for all r > 1, 

Sn{v) 
n - 1 

\\)sn{r - 1) - Qsn(r - 2) + ... + (-1)"+ lQs„ (0)' 

The purpose of this paper is to extend this result for arithmetic progres-
sions and also to obtain a related formula with no alternate signs. 

Let a and q be real numbers? and let (&i<)k>Q
 De the arithmetic progression 

(a + kq)k;>0. 

If \x\ < 1 and r e {0, 1, . , . } 5 we define 

br \X) — 2w ^ T , ^ * (1) 
fc = l 

In this note we establish two recurrence relations for the series (1) . 
Namely: 

b v \X) ~ X 

and 

Sv (x) 

1 - x 

1 

(a + q)r + (T
1)qSr-l(x) + Q^-p-Z 0*0 + s " + ̂ 0 (̂  

aTx + Q ^ . i W - (^g^-^O) 
1 - xi 

Let us denote by Sr(x* m) the m-adic partial sum, i.e. 

+ (-l)p+VSo(*) 

(2) 

. (3) 

5p(x, m) = E oSx^. 
k = i K 

Proof of (2): We f i rs t deduce a functional equation for Sr(x9 m). 

S.Cx, m + p) = £ a^k = E a r x k + E a r x k 
fe = 1 fe=l • fc=m+l . 

i = 1 

= Sr(x, m) + ^W]E (mcl + ^i)r^t 

i = l 

= Sr(x5 m) + * T E (*Mrnq)Jar*a 

i = l ,7 = 0 x«/ / 
r(x, m) + xraE ( ^ W L a ^ 

• - n \ , / » _ -1 j - 0 
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= S„ 'r(x, m) + xm*£ {V.){mqySr_-j{x, p) , 

For m = ls we obtain 

p 
Sr(x9 p + I) = (a + ^)rx + a? J) (^W^r- jO^ p) 

= (a + <7)r# + xSr(x9 p) + x E ( Aq^Sp-jix, p). 
j = l V / 

Now, i f p -> oo3 We have 

Sr(x) = (a + <7)P# + xSr(x) + 3?E ( .)qJ'Sr-j(x), 
j = i \ QI 

br \X) 
1 ~ X 

which was to be proved 

(a + q)r + Q ^ - i O r f + Q ^ p - a ^ ) + • • • + qrS0(x) 

Proof of (3): We proceed as follows: 

fc=l fc = l £ = 1 ^ fc=l 

E **E [ar - (a. - <?n + £a*x* 
k v 

fc = l 

' " , v / -V9V ''< 

fc = l £ = l j = l V / fe = i 

E E E ("D J ' + 1 (^W-V^+ « r E ^ 
fc-1 i - l J - l V / k = 1 

E ( - D J + 1 ( ^ k j r E < ~ J ^ + tfpE^ 
J = l x ^ 7 £ = 1 fc=i k=l 

J - l x ^ ; i - 1 * - l * - l 

E (-DJ + 1r-W'E T- 1 —(a!^^ - < ~ V + 1 ) + a ' E ** 

1 P • / Y»\ m 

y ~ ; E ("l)J + 1 (7 ' )^ J [ ^ -J ( ^ s 77Z) ~ *m+1*i-jfa)] + a - £ x * $ J - l £ = 1 
where 

sP-j(m) = E «v J -
i = i 

So Sr(x9 m) can be written as 

5p(x, 77z) = — — E (-l)J + 1(^WJ^p-j(a?, w) - T(x, m) + a^E *k, 1 ^ j = 1 V / fe = l 

with 
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with 

T(xs m) X' m + l Jl 

1 - X 
± (-l)J+1Q^'8r_3-(m). 

We will show that 

T(x9 m) •> 0 as m + 
We have 

So that 

(ax - q)r = a* » Q < ~ ^ + ••• + (-DV 

ar = (a2 ~ g)r = ar - i^\aT
2~lq + . .- + (~1)*V 

<_1 = (am - qV = ap - (^)aP_1q + •--•+ (-DV 

ap = a£ - [\)qsr-iW + ••• + (-~l)p^ps00?0 
or 

£ ( - l y + l^Wsr-j-On) = a£ - a ' 
J = 1 V / 

and (5) is now clear. 

Let 77? ->• °°  in (4) . It then follows that 

1 
Sv{x) = Q^-lCaO ~ g>2^-2(^) +-.-•• +.(-l')2, + V^0(^) 1 - # 

is exactly (3). 

Remark: Of course, one can consider 

00 

5 r W = £ a?xk' {\x\ < 1, P > 0), 
fe = o * 

and obtain 

^<*> = ̂ ^ [ a P + (i)^r-i(a?) + (2)^^-2 (̂ ) + ••• + qP^oto)] + <**, 1 
and 

1 

respectively,, 

(a - qV + QqS^ix) - Qq2Sr„2(x) + ... + (-D^V^O 
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