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INTRODUCTION 

Fibonacci number s , like fac tor ia l s , a r e not na tura l ly defined for 
any values except integer va lues . However the gamma, function extends 
the concept of factor ia l to numbers that a r e not i n t ege r s . Thus we find 
that (l /Z)I = ^/JT/2. This a r t i c l e develops a function which will give 
F for any integer n but which will fu r the rmore give F for any 
ra t ional number u. The a r t i c l e a lso defines a quantity n $ m and de-
velops a function f(x, y) = x ^ y where x and y need not be in tegers 0 

(1) DEFINITIONS 

Let n$ = 1 (Definitions (1) hold for all n c N) 

Let 

rdjL (read "n cardinal") = 2 k^ = 2 1 = n 
k=l k=l 

This gives the card ina l numbers 1, 2, 3, 

Le t 
2 1 

n$ (read "n t r i angula r" ) = 2 k$ = 2 k 
k=l k=l 

This gives the t r i angula r numbers 1, 3, 6, 10, . . . 
Let n 

n $ 3 (read "n t e t r ahedra l " ) = 1 k ^ 2 . 
k=l 

This gives the t e t r ahed ra l numbers 1, 4, 10, 20, . . 
In genera l , let 

n 
n$ (read "n de l t a - s l a sh m") = 2 k$ 

k=l 

147 
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This gives a f igurate number s e r i e s which can be ass igned to the 
m-d imens iona l analog of the t e t r ahedron (which is the 3-dimensional 
analog of the t r iangle , e tc . ). 

Let us cons t ruct an a r r a y ( a. .), where we ass ign to each a. . 
an appropr ia te coefficient of P a s c a l ' s t r i ang le . 

1 1 1 1 
2 3 4 5 

3 6 10 15 

4 10 20 35 

5 15 35 70 

(a. .) 
i , 3 

It is c lear that in this a r r a n g e m e n t the usual rule for forming P a s c a l ' s 
t r iangle is just 

(2) a. . = a. . - + a. . . 

But a compar i son of this rule with the definitions (1) shows that P a s c a l ' s 
t r iangle can be wri t ten: 

1 / a 1 i^2 
i< 

2#° 2jLl 2 / . . . 2 ^ 

3^° 3JL1 3fi2 3Ar 

n(L n$ n£ 

where a. . = iA 
a. . = a. .. Therefore 

i»J J*1 

F r o m the s y m m e t r y of P a s c a l ' s t r i angle , 

(3) i ^ " 1 = j ^ 1 " 1 ; nfi™ = (m+l)^1 1"1 

P a s c a l ' s t r iangle is a well-known genera tor of Fibonacci numbers in 
the way shown in the following d i ag ram. 
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/ / / / / 
1 / 1 / 1 

/ 

2 

3 

4 

5 

1 1 

3 4 5 

6 10 15 

10 20 35 

15 35 70 

1 = 1 = F , 

1 = 1 = F_ 

1+1 

1+2 

1+3+1 = 5 = F r 

We can apply the same course to our abs t rac ted P a s c a l ' s t r i ang le . 
/ / / 

0̂ 

3^° /3tLl 3^ . 

/ • 

F 3 = 3<X° + l ^ 1 

F 4 = 4^° + Zfk1 

It is c lea r that, if we keep forming Fibonacci numbers from P a s c a l ' s 
t r iangle in this way, F = n^ + (n-2)$ + (n-4)$ + . . . + (n-2m)$ , or 

(4) 1 (n-2k)£K 

k=0 

where we requ i re that m b e a n integer and that 0 < n-2m.< 2, or in 
other words that n /2 - 1 <_ m < n / 2 . Now let us prove 

(5) Theorem 1 ^m _ (n+m-1 ] 

Proof: It is sufficient to per form induction on n. Let the theorem be 
E(n). Then if n = 1, E(l) s ta tes 

/ n + m - l \ _ / l + m - l \ _ mj_ _ . 
\ m / \ m / ml 
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But by d e f i n i t i o n (1), ( m + l ) $ = 1 for a n y (m+1) t N . T h e n by e q u a -

t i o n (3) 1 ^ = 1 for m = 0, 1, 2, 3, . . . and E ( l ) i s t r u e . Now 

le t us a s s u m e tha t , for a r b i t r a r y m i N, E(n) i s t r u e . T h e n 

Mm / n + m - l \ 
n ^ = ( m ) • 

F r o m the d e f i n i t i o n s (1) i t c a n be s e e n t h a t 

. v m - 1 Mm - 1 . . *m -1 ^m 
1$ + 2 ^ + . . . + nfi = n^k 

T h e r e f o r e the i n d u c t i o n h y p o t h e s i s c a n be r e s t a t e d 

(6) i f 1 + Z ^ ' 1 + . . . + ( ^ m I 2 ) = (n +™- 1) • 

Add ( 1 ) to bo th s i d e s of e q u a t i o n (6) to o b t a i n 

(7) lA""1 iZfi"-1 + . . . +("l m i 2 ) + (°i"i') 

T h e r i g h t - h a n d s i d e of e q u a t i o n (7) i s ( ) by t he s t a n d a r d i d e n t i t y 
fo r c o m b i n a t i o n s , so we h a v e 

o r 

I^111-1+ z^m-1+ .. . +(n^mi2)+(( n +^!!r"2) 
( ( n + l ) + m - l \ 

w h i c h i s E ( n + 1 ) . T h e r e f o r e E(n) i m p l i e s E(n+1) and T h e o r e m 1 i s 

t r u e by m a t h e m a t i c a l i n d u c t i o n . 

Now le t u s p r o v e 
1 

(8) T h e o r e m 2 n ^ m = [ (n+m) f xn'l(l - x ) m d x J " 1 

0 

P r o o f : r (n ) = ( n - l ) I ( g a m m a func t ion) 

B ( m , n) = B(n, m ) = -1 . ' ~}-—- (be ta func t ion) 
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Therefore 

1 _ r(m-fn) 
B(m, n) " r(m)r(n) ' 

and 

1 r(n+2) _ (n+l)! 
, n-m+1) r(m+l) r(n-m+l) ml (n-m)! 

- ( n 4 ^ v , = (n+l) C) . 
ml (n-m): 

Then 

(9) ( n ) = 7-xrvoT-4i m = [(n+l)B(m+l,n-m+l)] "l . 
w / \m/ (n+l )B(m + l, n-m+1) Lx ' J 
We can now substitute the right-hand side of equation (5) into equation 

(9) to obtain 

n£m = ( n + ™ _ 1 ) = [ ( n + m ^ m + ^ n ) ] - 1 , 

where -, 

B(m+l,n) = B(n5m + 1) = J x11™1 (1-x)mdx . 

0 

Therefore 

1 

n£m = [(n+m) J x11"l (1 - x ^ d x ] " 1 . 

0 

Both equations (5) and (8) assert that n$ = (m+l)£ " . Some inter-

esting special cases of equation (5) are 

JD / n - l \ (n - l ) I , 
n^ = ( o ) = k^nr = l * 

vl / n \ n! 
^ = ( l ) = ( n - l ) i l l = n ' 

a n d 

v , J _ / n + 1 \ - (n+1)i _ (n)(n+l) 

k=l. 

Now we can put equation (8) into equation (4) to obtain 
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1 
n - 2 k - F (10) F n - I [(n-k) J x — ^ l - x ^ d x ] " 1 , 

k=0 0 

where m is an in teger , n /2 - 1 < m < n / 2 . But whe reas equations 
(4) and (5) have meaning only for integer a rgumen t s , equations (8) and 
(10) can be used to find x $ / and F t where x, y, and u a r e any 
ra t ional n u m b e r s . 

In pa r t i cu l a r 
m 1 

(11) F , = 1 [<u-k) J x ^ ^ ^ d - x ^ d x ] " 1 , 
k=0 0 

where m is an in teger , u /2 - 1 < m < u /2 e The equation (11), and 
the definite in tegra l in it, a r e eas i ly p r o g r a m m e d for solution on a 
digital computer . A few values of F follow. 

4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
5. 
5. 
5* 
5. 
5. 
5. 
5, 
5. 
5, 
58 
6. 

1000000 
2000000 
3000000 
4000000 
5000000 
6000000 
7000000 
8000000 
9000000 
0000000 
.1000000 
2000000 
3000000 
4000000 
5000000 
.6000000 
7000000 
8000000 
.9000000 
0000000 

3. 
3. 
3. 
3. 
3. 
4. 
4. 
4. 
4. 
5. 
5. 
5. 
5. 
6. 
6. 
6. 
6. 
7. 
7, 
8. 

1550000 
3200000 
4950000 
6800000 
8750000 
0800000 
2950000 
5200000 
7550000 
0000000 
2550000 
5200000 
7950000 
0800000 
3750000 
6800000 
,9950000 
3200000 
6550000 
0000000 

0. 1 
0 . 2 

4 . 0 

1.0 
1.0 

1.0 
1. 1 
1.2 

2 . 0 
2 . 1 

3 . 0 

xxxxxxxxxxxxxxx 


