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The (2, F) generalized Fibonacci sequences were defined in [1] and [2]. In [3] K. Atanassov
extended the definition to the case of three sequences and listed thirty-six systems defining the
(3, F) generalized Fibonacci sequences. Ten of these thirty-six systems were discarded as trivial
and the remaining twenty-six were placed in seven classes termed "groups." In this paper the
structure of the systems of three second-order difference equations defining the (3, F') generalized
Fibonacci sequences is developed. This development is based on the following definitions of the
permutations on the letters a, b, and c:

a—a a—>b a—>c

ii b—ob o b—>a=(ab) B: b—>b=(ac)
c—c c—>c c—a
a—>a a—>c a—b

y: b—>c=(bc) 0. b—a=(ach) & b—c=(abc)
c—>b c—b c—a

Note that 6 = o8 where a8 indicates that the permutation B is applied first, followed by o.
Similarly, € = .
These definitions give rise to the following multiplication table for the six permutations:

ilalBlv]|6]|e
ilila|BlY|8]e
aloal|il|6|e|B|Y
BiBlel|lils|Y|a
Y|V 6|le|i|a|B
§|8|V|a|Bleli
ele|B|Y|alils

The six permutations of the letters a, b, and ¢ form a group which is isomorphic to the symmetric
group S;. The group of permutations of the letters a, b, and ¢ will be denoted by ..

Using these preliminaries, the (3, /") generalizations of the Fibonacci sequence may be
defined.

Definition: Let C,,1<i <6, be six real numbers; X, = {a,b,,c,} = {C,,C,,C;}; X, ={a,,b,¢,}
={C,,Cs,Cs}; and let p, o, and T be permutations of S,. Then the solutions

X=(X)7 = (fabe ) =) ) ()]
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of the difference system

pX,

i

+2 :GXi+l+TXia 1203 (1)

with initial conditions X, X,,are the (3, F)) generalizations of the Fibonacci sequence. Since
there are six permutations in S, there are a total of 216 systems of form (1). The systems of
form (1) can be represented by ordered triples of permutations of S.. Thus,

(p, 0, 7) represents pX,,, = 06X, +1X;, i=0.
Consequently, the triple (7, 6, €) represents the equations

Qg =Gy + b,

by =a,+¢, 120,

Ciyz =biy + 9

which is S, in Atanassov [3]. Two different systems (p, o, 7) and (p’,6’,7") may not define
distinct (3, F') sequences. For example, with given initial conditions X, X;, the system

by =a, +¢

(8, ia 6): i+2 :bi+l+ai5 lZOa

Ay =Ciyy +;

defines the same sequence as S, = (7, §, €) since the same equations determine the successive
terms of the sequences. Observe that the two systems (7, 0, €) and (g,7,0) are row equivalent.
In general, two systems (p, 0, T) and (p’, ', ') are row equivalent if and only if one system can
be obtained from the other by multiplication of the permutations of the other system by the same
permutation. That is,

Definition: Let p,0,7,p’,0’, 7' be six permutations of S,. Then the systems (p, o, 7) and
(p',0',7") are row equivalent if there exists a permutation 1 in S, such that n(p,o,7)=

(np,no,nt)= (p',0',7").

Since there are six permutations in S, there are six systems that are row equivalent to a given

system (p, o, T). Thus, the 216 systems are partitioned into thirty-six equivalence classes of row
equivalent systems which are the systems considered by Atanassov in [3]. For example, the
systems S3, and §,, of Atanassov are

[S30] = [(Za 65 8)] = {(17 6) 8): (87 i) 5): (aa ﬁa Y)’ (y, «, ﬁ): (ﬁa Y a)’ (6) g, l)}a and
[$21=1G, &, Bl={CG, o, B), (2, 1,6),(B,,1),(v,0,€), (8,7, %), (¢, B,V)},

where [(p, 0, 7)] indicates the equivalence class of (p,o,7). Since each equivalence class
contains one system that has the identity as the first permutation, the classes may be uniquely rep-

resented by an ordered pair of permutations (¢, y) where ¢ and y are permutations of S,.
A relation is now defined on the equivalence classes of row equivalent systems.
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Definition: Let ¢,y,¢’', and y' be permutations of S,. The ordered pair (¢, y) is equivalent to
the ordered pair (¢',y’), written (¢,y¥) = (¢',y’), if there exists a 11 in S, such that
¢'=n¢n”" and y' =nyn™".

Since ¢ =i¢i " and w =iyi™', the relation is reflexive. Suppose (¢, w) = (¢’,yw"). Then, for
some p and p”' in S,, ¢’ =u¢u " and v’ = pyu™". Therefore, for n=p™", ¢ =n¢'n™" and
v =nyn . Hence, the relation is symmetric. Suppose (¢,y) = (¢',w’) and (¢',y’) =
(¢”,w"). Then, for some n and p in S, ¢'=n¢n~", ¥’ =nyn~",¢" = u¢’n™", and y" =
py . Consequently, ¢"=p¢'u™ =ungn~'u™ =pp™ and y"=pyu =punyny
=pyp~" for p=pun. Hence, by definition, (¢, y) = (¢”,y"), and the relation is transitive.
Thus, the relation is an equivalence relation. The definition of equivalent systems requires that
there exists 17 in S, such that ¢ and ¢’, y and v’ belong to the same conjugate classes for that 7.

It is well known that the conjugate classes of §; are the permutations with the same cycle
structure (see [6]). Since S, is isomorphic to S;, the conjugate classes of S, are:
C{i} = {i}, Clo} ={ct, B, v}, C{0}={0, €}, where C{o} denotes the conjugate class of 0. Let
(q),_u/) denote the equivalence class of (¢, y). If ¢ and y belong to different conjugate classes,
then the recursion systems in the equivalence class (¢, y) are the ordered pairs with ¢ a member
of C{¢} and y a member of C{y}. Thus, there is one equivalence class for each pair of
conjugate classes in S,. The classes and the corresponding schemes of Atanassov [3] are:

G, 00 = {0, ), (G, B), (,7)} = (S5, Sy, 521,

(i, 8) = {(, 8), (i, €)} = {S5, ¢,

(0‘—,;) ={(,1), (B, 1), (v, )} = {S13, Sa7, S5}

(5_,1) ={(3,1),(&,0)} = {855, S5},

(cr, 8) = {(et, 8), (B, 8), (¥, 8), (B, €), (¥, €)} = {S11, S35, S11> Sis» S35 Ss

(3,—0‘) ={(0, ), (8, B), (8,7), (&, @), (&, B), (&, )} = {S29, S34> Sa65 S19> S245 Si6 -
If ¢ and ¥ belong to the same conjugate class of S, and ¢ = v, then ¢’ and y' must also
belong to the same conjugate class and ¢’ = y’. Consequently, there are as many classes of this

type as there are conjugate classes in S, namely, three. Moreover, there are as many systems in
each class as there are permutations in C{¢}. The classes of this type are:

G,1) = (G, 1)} =S},
(o, ) = (o, ), (B, B),(¥, ¥)} = {817, S36, Sa ),
(8,8)=1{(8,8),(€,€)} = {533, S0}

If ¢ and v belong to the same conjugate class, but ¢ # v, then ¢’ and y’ are distinct and also
belong to the same conjugate class. There are as many equivalence classes of this type as there
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are conjugate classes in S, which contain at least two distinct permutations, namely, two. There

are as many systems in each class as there are combinations of distinct permutations in one conju-
gate class. The systems of this type are:

(a_z—ﬁ—) = {((X, ﬁ)) (aa Y)a (ﬁ, a): (ﬁs Y): (Y) a)’ (Ya ﬁ)} = {S22’ S14’ S31’ S28, S7’ SIZ},
(8,2)={(3, €), (¢, 8)]= {830, S13}.

Hence, the thirty-six systems defined by Atanassov [3] belong to eleven equivalence classes as
listed above.

Theorem: Let (¢, ) and (¢, ") be two systems, let (X,)

i

. and (Z;)~ be solutions to (¢, )

and (¢',y"), respectively, and let nX, = Z, and nX, = Z,. then (¢,y) and (¢, y"') are equiva-
lent systems if and only if (nX ,.)w = (Z )

0 1

o0

0"
Proof: Suppose (¢,y) and (¢’,y') are equivalent systems. Then Z, =¢'Z, +y'Z,. Since
the systems are equivalent, for some nin S,

Z,= n¢n_‘Zl +n‘lm_lzo =neX; +NyX,
=1(X; +yXy) = nX,.

The theorem is true for 7 = 2. Assume that it is true for all £ <n for some integer n>2: Z,,, =
¢'Z,+y'Z, . So again, since the systems are equivalent,

Zn+1 = n¢ln—lzn +7W"77_12n-1
=N¢X, +NyX,_, =nX,.1,
the theorem holds for all 7 > 0.

Now assume that (nXi ): = (Zi):. Then

X =0X, +yX,, i20.
Since n7'Z, = X, forallai>0,
N7 Zy =90 ' Z +ym"'Z,,
which is row equivalent to
M Ziyy =90 Zyy +09N'Z; = Z,y, 120,

But. Z,,, =¢'Z,, +v'Z fori>0. Therefore, ¢' =n¢n~" and w'=nym™, and the systems are
equivalent. Thus, the theorem holds. As a result of the above theorem, only one system in each
equivalence class need be solved since the solutions to the systems in an equivalence class are

related to each other by a permutation of §,. Therefore, all (3, F) generalized Fibonacci
sequences are determined by solving eleven systems. Furthermore, four of these systems, namely,

G, D), (iT&)', (Zl:), and (o, o), can be written in terms of generalized Fibonacci sequences and
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(2, F) generalized Fibonacci sequences. Generalized Fibonacci sequences are discussed in [4]
and the (2,F) generalized Fibonacci sequences are developed in [1], [2], [5], and [7].
Consequently, only seven new systems need to be solved in order to generate the solutions to all
eleven equivalence classes.
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