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1. INTRODUCTION

One of the most effective ways of proving an integer A is prime is to show first that N is a
probable prime, i.e., that a¥~! =1 (mod N) for some base a and 1<a < N -1, and then to find
enough prime factors of N 1 so that certain other conditions are satisfied (see [1] for details of
such primality tests). The problem of finding these prime factors is, of course, the difficult and
time-consuming part of this process, and anything that assists in the factoring of N 1 is of great
value, particularly when N is large.

In the case of the Fibonacci and Lucas numbers F), and L,, we are quite fortunate that identi-
ties exist whose form is exactly suited to this purpose. (These were discovered by Jarden [4,
pp. 94-95]. Their use in primality testing was first made by the author in the early 1960's—see [4,
p. 36].) The identities are all quite simple, asserting that /, +1 and 7, £1 are equal to a product
of certain Fibonacci and Lucas numbers with subscripts smaller than », which numbers in turn
may well have many known prime factors. Examples of these identities are:

Fon—-1=FL Ly, and Fy,+1=Fy 0.

With the assistance of this set of identities, many large F,'s and L,'s have been identified as primes
[2, p. 255].

In this note we give a collection of similar, but more complicated identities that can be used
to establish the primality of the primitive part F of F,, i.e., the cofactor remaining after the alge-
braic factors of F;, have been divided out. This cofactor is given by the formula (see {2, p. 252)

Fr=TTF/", u the Mobius function. ey
dlk

The subscript of F; in the identities in the present collection has at most two distinct prime
divisors, since an identity with three or more prime factors does not in general have a simple
multiplicative structure on its right side, i.e., the right side is not just a ratio of products of £,'s
and L.'s. The case of two prime divisors is transitional in that some identities have simple multi-
plicative structure and others do not [see (17) and (18)].

2. THE IDENTITIES

In the proofs that follow, we use elementary Fibonacci and Lucas identities. Also, through-
out this note we use the familiar identity F,, = F,L without further mention. In the first two
theorems, the subscript of F; is a power of a single prime.

Theorem 1: Forn>3,

L, .
1!?2“,‘,-1=_3_-2__2 (2)

L2n—2
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and

* F. n-2
F,+1= ——1*3;_2 . 3)

Proof of (2): Substituting r = 2" and s =2"2 into the identity

LrLs = Lr+s + (_l)er—s’ (4)
we obtain
F n L n-2
=227 =321
2 -F;n-—l 2 : LG—Z
Proof of (3): Making the same substitution into the identity
Eer = E«l—s - (_I)SE'—S’ (5)
we obtain

% F n-2
F;,,:Lz,,q: F3,2 _1 O

2n—2

Theorem 2: Let p = & (mod 4) be a prime, where £ = +1. Then, for n>1,

F* —1= Fp"“'(p—s)/ZLp"“(p+s)/z ©)
Pn Fn—l
p
and
Fn—l L -1
F* 41= 2 @2 P (pe)2. .
P Fo @)

Proof of (6): If we substitute r = p"(£=) and s = p"'(£5%) into the identity

F;'+s = F;'Ls - (_1)SF;—D (8)
and use the fact that F,, = F, for n odd, then we obtain
F* = Ey - Eriaylymicoran +1
p" F pn—l F pn-l '

Proof of (7): This follows in the same way by setting r = p" (£%) and s = p" (£=). O

Remarks:
1. For p =3, formulas (6) and (7) have a particularly nice form:

Fp-1=L,, and Fp+1=L, .. ©)

2. For p=35, formulas (6) and (7) are of not interest here, since st,, n>2, has 5 as an
intrinsic factor [2, p. 252] and cannot be a prime. The numbers F, /5 are dealt with in (26).

3. For p=7, formula (6) becomes the interesting formula
E;, - 1 = L 1L2'7,,_1L3.7,,_|. (10)
4. Ingeneral, if N =1 (F; £1) is a probable prime, then N F1=1(F F1).

7"
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In the next theorems, the subscript of F; has two different prime factors.

Theorem 3: Let g be an odd prime, then for n>1,

SF n—1 Fn—l
F;} i _(_1)(q—1)/2 —_ 4 (q+2/2 9" (g-1)/2 (1 1)
qn—l
and
L n-1 L n-1
};;; . +(_1)(q—1)/2 —_4 (q+122 9" @-b/2 (12)
qn—l
Also, for m>2, we have
5I;‘m—l n—-1 Fm—l n-1 /
F;nqn 1= 2" q (ql-:i-l)/Z 2" g (g-1)/2 (13)
2m—l qn—l
and
L m—1_n-1 L m-1_n-1
F;.q,. +1=-2_14 (qzl)/2 27 q" (¢=b72 14)
2m—lqn—l

Proof of (11): Substituting r = ¢" (%) and s=¢"(%") into L, =SEF,+(-1)°L,_,, we
obtain

Bl _ Ly _ 5}':1”"(¢1+1)/2F;1""(q—l)/2 + (1)@,

E, = =4
2q P:InF;qn—l an—] an—l
Proof of (12): Making the same substitutions as in (11) into (4) leads to
F* = Lq" _ Lq"“(q+1)/2Lq"“<q—1)/2 NG
Zq" an—l an—l )

Proof of (13) and (14): These results are obtained similarly by using r = 2""'¢"" (%) and
s=2""¢g"Y%") asin (11) and (12). O

Theorem 4: If p <q, p and q odd primes, then for m,n>1,

F* _ l _ SFpm—lqn—lIrpm—lqn—l(q_l)Fpm-lqnvl(q+1)
p’"q" F m . n—1
pPq (15)
p3 -3_ -1-2 —1-2r
. zz: -1y p57 " (P —") Fpe"”'q"r _ F;""q""
2 2 '
r=0 p_r r Fp”'_lq" _Fpm—lqn-—l

Proof: For brevity's sake, put w = p"'q™. Then, using the formula (see [5, p. 209, (79)],
=t P
F, = Z;)(_n';l_’_-;(l’r ’)5 TTEPY podd, (16)

we have that
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% A 2
:FwZ(—l)r;Ij—r(p o )SPT"’P;%‘Z’—IZWZ - (p . ’) 57T
r=0 =0

p-3
Z -
aZeWJEPTﬁﬁ%@$*—W+ﬂ
=

= SF, F,(FZ, FZ)Z( L (P ’)5*—'{1”_1_2' Frl_zr}
e T
But, using the identity FZ, —(-)*""F? = K. F,, ,, with k =w and m =g, we have
EF, —F,F

paqw T qw pw

Fp—l 2r Fp—l—2r
p r
= SEpFy Py W¢H)§E( D (p )5 { = _}; }~

Thus,
F,JF, —FF
* paw_ w 9
f pqw -l= F F
5F F Fp—l -2r Fp—1—2r
w(g-D W(q+l) r p-r w
pr Z()( l) ( r )5 { F2 F2 } u

It is worth while to give some special cases.

Corollary 5: 1f q is a prime, then for m,n>1,

F* 1 SF;m—lqn—l 3"'_]q"_l(q—l)'F;”’"q"_l(qH) >5
3mg" - F » 429,
3mqn-l
and forg>7,
25F -1 _n-1 1 1 F 1,.n-
* 1 _ 5™ g sm gl (g-1)” 5" (g+D) 2 _
F;mqn 1_ F;m i ( sm— +-F;m—lqn—l 1)
q

The following are some further simple cases. Here g is a prime.

Fp-1=2F_F,, ¢>5,

2791 g+l
F -1=5F,_ 2 S 427,
and
By -1=2F_F, (25F ~10F2 +4), q>11.
1q 13 q— +l q

an

(18)

(19)

(20)

@1

The next is a formula containing a "+1". From numerical evidence, there seem to be few

identities with a "+" that have a right side with a multiplicative structure.
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Theorem 6: If g >5 is a prime, then

¥ - I’Jq
F:;q +1= @ (22)
Proof: Using Fy, = F,(5F? +(-1y3) and L, = L.(SF +(-1)"), we find that L (£, +2F,) =
2 _ 2 —
L,F,(5F} -3)+2F,L, =F,L (5F}-1)=F,L,,. Thus,

E, +2F, I,
* _ T3q __3q 9 _ g
F.o+1= +1= =
3 1 F3Fq 21?; 2Lq =

Some Examples: We consider the factorizations leading to proofs of the primality of the prob-
able primes Fjys, Fgs, and Fy,5. In the first, we have

=349619996930737079890201.

EZS:F;ZQ:FF
5¢29

Then, by (20) and Tables 2 and 3 in [2], we find the complete factorization:

Fp—1= 5}7281!72291:30 = 5(L14Z7F7)F2:;(L15F15)
=5(3-281-29-13)(514229%)(2%-11-31-2-5-61).

In the second, identity (20) gives
F2*285 -1= F;457 -1= 5E156F21257F458
=5 (LZZXLI 14L57Fs7)F4257(L229F229),

each factor of which is again completely factored using the tables in [2]. The primality of Fj;s and
Fy4s is established, respectively, from these complete factorizations using Theorem 1 in [1].
In the third, identity (21) is used to obtain

¥ L3 5
Hups—1=Frppe—1= EEostzosoG

5
= E (L1014L507F;O7)(L1015EOIS)Ga

where G = 25F;,0—10F},+4. As it happens, all the F,'s and L,'s can be factored completely
and G is partially factored as G =7-2629093-47472487-c, where ¢ is a 1682-digit composite
cofactor. Since the logarithm of the product of the 64 known prime factors in these factorizations
(counting multiplicity) is about 33.9% of the 2544-digit number Fi,,,;, the "cube root" Theorem 5
in [1] can be used to establish the primality of this number. Fourteen of these factors have more
than 20 digits.

For another example, see [3, §4], where (18) is used in the primality proof of the 1137-digit
probable prime F,,s. A final example is the probable prime Fg,, for which not enough prime
factors have been discovered to complete a primality proof. I would like to thank W. Keller for
suggesting the above examples and for sending me information about them.

The next theorem deals with those F,'s that have an intrinsic factor, which is divided out of
the primitive part. Only the first power of an intrinsic factor can divide the primitive part.
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Theorem 7: We have

LT U (23)
2 2 artrnlhp TS
F* ., n-1
2Z1=[]E, n>22, 24)
2 k=1
E. 1
——23 +1= '3—L§_3n«l) nx1, (25)
£y 2
L -1=5F, FpiFp,, n22, (26)
Fgn 1 4 2
1= L s Ly = 1L s +14), 21, @7)
Proof of (23) and (24): Using L, = L.(L,, —(-1)") and L,, = I? —(~1)"2, we have
F nFn——l L n-1
F =22 -3 -] 1=I%,-3.
327 }2.2"71 . LG—l o an-1 (28)
Now, from I?-(-1y5=1L_,L,, we have F.-2=1},,-5=L,. L., from which the

identity follows.
Also, from the equalities in (28), we have

| 1 1 1
§(Fs.zn +2)= E(J:Zn +1)= E(Li,,_l -1)= E(Lf“ ~1)(L, . +1)
1 1 n-1 n-1 . n-1 .
= E(L n-1 " 1)(L2"—2 - 1) == E([’% - I)Z(sz - 1) = 42 30k = Z 3.9k
k=2 k=2 k=1
Proof of (25): Using L,, = L .(I? —(~1)"3), we find that
F .E L

-1 n
F* =437 23" _ 23 _ 2 -3
43" .31 >
}72_3,,1*;3,,_1 L2-3"-'

which implies the result.
Proof of (26): From (16), we obtain the formula £, = 5F,(5F*—5F* +1), so

FX F.,
P _1=—3_ _1=5F2

5 SF;n—l 5

1(F;%—1 - 1) = SP;E_IF,, F.

L b
using F2 +(-1y = Fy_F.
Proof of (27): From [4, p. 212, (86)],

)

D

Lpn = (— 1)’ ;%(p; r)Lg—Zr , n Odd,

r=0

so Ly, = L,(Ly-7L,+14L% 7). Thus,
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F_.F .. L
+ _Te7iart _ Tagn g6 474 2
Fo. = N =L, 7L4‘7,,_1 +14L4_7,,_, 7,
FynFo 477

from which the identity follows. O

Remark: Numerical evidence suggests that, for n > 2, there are no multiplicative formulas for the
even integers N, = (F,,, /3)~1and N, = (F, /5)+1. On the other hand, if J- N, or 5 N, should
be probable primes, then the following formulas, which relate back to (24) and (25), might be
useful in establishing their primality:

LV | £ Ly, 1= e
2N1+1—2(2 +1| and 2N2 1—2 5 1|

There are some other formulas involving F, and L, of various kinds, but these will not be
considered here.

We conclude this note by observing that the identities used in the proofs, such as those in (4),
(5), and (), each contain the factor (~1)*, which becomes the *1 in the identity for £, £1. In
general Lucas sequences, of which the pair {F,};, and {L,}_, is a special case, this factor is 0.
Thus, the other Lucas sequences that have formulas like those in this note are those for which

|Q|=1 (see [1, p. 627]).
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