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1. INTRODUCTION 

Let aQ, ah..., ar_x with ar_x ̂  0 (r > 2) be fixed complex numbers. For any sequence of com-
plex numbers A = (a0,ah..., ar_i), we define the r-generalized Fibonacci sequence {YA(n)}„>0 as 
follows: YA(n) = an for n = 0,1,..., r -1 and 

YA(n + l) = a0YA(n)+alYA(n-l) + -~+ar_lYA(n-r + l) (1) 

for all n>r-\. Such sequences have been studied in the literature (see, e.g., [5], [6], and [8]-
[12]). 

Let y = {Yn)o<n<py where p < +oo? be a sequence of real numbers. The Hausdorff moment 
problem associated with Y consists of finding a positive Borel measure /i such that 

Yn = f tndju(t) for all n (0 < n < p) and Supp{ju) c [a, b\ (2) 

where Supp(ju) is the support of ju. If this problem has a solution JH , we say that ju is the repre-
senting measure of y = {Tn}o<n<P- Fof P = +00, problem (2) is called the full Hausdorff moment 
problem (see, e.g., [1] and [2]). When p<+oo, problem (2) is called the truncated Hausdorff 
moment problem, and it has been studied by Curto-Fialkow in [3], [4], and [7]. 

The aim of this paper is to study the Hausdorff moment problem on [a, b] associated with an 
r-generalized Fibonacci sequence y = {YA(n)}n>0. Some necessary and sufficient conditions for 
the existence of a positive Borel measure ju satisfying (2) are derived from those established for 
the full or truncated Hausdorff moment problem (see [l]-[4] and [7]). 

This paper is organized as follows: In Section 2 we study the connection between the dis-
crete positive measure and sequences (1). We also give two fundamental lemmas on representing 
measures of sequences (1). Section 3 deals with the Ml Hausdorff moment problem for sequen-
ces (1) using Cassier's method (see [2]). In Section 4 the Hausdorff moment problem for sequen-
ces (1) is studied using Curto-Fialkow's method (see [3]). Section 5 concerns the extension 
property of the truncated Hausdorff moment sequence to sequences (1). 

2. SEQUENCES (1) AND REPRESENTING MEASURES 

2.1. Discrete Positive Measure and Sequences (1) 
Let [a, b] be an interval of R and consider the following discrete positive measure 
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r-\ 

7=0 

where pj G R and Supp(ju) a [a, b]. Let {a„}n>0 be the sequence of moments of ju. Hence, 

r r- l 
t"dju(t) = Y,PjXj forallw>0. 

y=o 
Consider the polynomial PM(X) = IVj^{X - xj) = Xr - aQXr~l - axXr~2 ar^x. It is clear that 
x0, jcb..., xr_x are simple roots of PM(X). Thus, we have x]+l = a0xj + axxyl + • • • + ar_!Xj~r+1 

(0 < 7 < r -1) for any n>r-l. This implies that 

aw+1 = a0aw + axan_i + —h ar_!aw_r+1 for all n > r - 1 . 

Then the moment sequence {an}n>0 of // = Y,r/il
0PjSXj is sequence (1) with coefficients a0,..., ar_! 

and initial conditions A = (a0,..., <zr-i)-
We can see then that problem (2) for sequences (1) is nothing more than the converse of the 

preceding assertions. 

2.2. Two Fundamental Lemmas on Representing Measures of Sequences (1) 
Let {YA(ri)}n>0 be given by sequence (1) and suppose that /i is a representing measure of 

{YA(n)}0<n<2r' Then, for any n (0 < n < r), we have 

YA(n+r)= ttn+rdju(t) = ft" [a0tr~l + of-1 + • • • + ar_x]dju(ty 

Thus, we have jatnP(t)dju(t) = 0 for all n (0 < n < r), where i^X) is the characteristic polynomial 
of sequence (1). The preceding relation implies that faP{i)2dju(i) = 0. Since ju is a positive Borel 
measure, it follows that Supp(ju) e Z(P) = {* e[a, A]; P(x) - 0}. Hence, we have the following 
lemma. 

Lemma 2.1: Let {YA(ri)}n>0 be given by sequence (1). Suppose that // is a representing measure 
of {YA(ri)}0<n<2r. Then Supp(ju) e Z(P) = {x e [a, b]; P(x) = 0}, where P is the characteristic poly-
nomial of {YA(ri)}n>0. 

We note that the proof of Lemma 2.1 is identical to the proof of Lemma 3.6 of [3], but in our 
case P(X) is the characteristic polynomial of sequence (1). It follows from Lemma 2.1 that, if 
sequence (1) is a moment sequence of a positive Borel measure ju on [a, b], then ju is a discrete 
measure with Supp(ju) e Z(P). 

Using Lemma 2.1, we can prove the following property. 

Lemma 2.2 (Lemma of Reduction): Let {YA(ri)}„>0 be given by sequence (1) and let P(X) be its 
characteristic polynomial. Let pi be a Borel measure on [a, b\ Then the following statements are 
equivalent. 

(i) // is a representing measure of {YA(ri)}„>0 on [a, ft]. 
(ii) ju is a representing measure of {l̂ (w)}0<w<2r on [a, b]. 

(Hi) ju is a representing measure of 4̂ = (a0,..., ar.{) with 
%?/?(//) c Z(P) = {XG [a, b]; P(x) = 0}. 
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Proof: It is easy to see that (/)=>(/7). From Lemma 2.1, we derive that (ii)=>(iii). If 
aj = fatJ'dju(t) for 0 < j <r-1 and Suppiju) <= Z(P), then 

YA(r) = [W- 1 +axtr-2 +... +ar_i]^(0 = fW/i(0-

By induction we have YA(ri) = Ja tndfi(t) for any w > r. Consequently, // is a representing measure 
of{7^)}w>0on[a,£]. • 

Lemma 2.2 has two important consequences. First, we can use it to see that the foil Haus-
dorff moment problem for sequences (1) may be reduced to the truncated Hausdorff moment 
problem studied in [3]. Second, we shall also see that the truncated Hausdorff moment problem 
for a sequence y = {y j}o<j<n can be extended to sequence (1). 

3* SEQUENCES (1) AND FULL HAUSDORFF MOMENT PROBLEM 

Let {YA(n)}n>Q be sequence (1) in [0,1] and R[X] the R-vector space of polynomials. Con-
sider the linear functional L: R[X] -> R defined by L{Xn) = YA(n) for n > 0. From relation (1), 
we derive that L(XkP(X)) = 0 for all k > 0, which implies that L(QP) = 0 for any Q in R[X]. 
Hence, / = (P) is an ideal of R[X] with (P) e ker L. Conversely, let (Fw}„>0 be a sequence of 
real numbers and L: R[X] -» R a linear functional defined by L{Xn) = Vn. If there exists P(X) = 
Xr - a0Xr~l ar_x such that L(XkP(X)) = 0 for all k > 0, then (F„}w>0 is given by sequence 
(1) with coefficients a0,..., ar„x and initial conditions A = (F0,..., Vr-{). 

Proposition 3.1: Let {F„}„>o be a sequence of real numbers and L: R[X] -> R a linear functional 
defined by L{Xn) =Vn£orn>0. Then: 
(i) If {F„}„>0 is given.by sequence (1) with characteristic polynomial P, we have / = (P) c ker L. 

(ii) If there exists a polynomial P = Xr-a0Xr~l ar_x (r>2) such that / = (P )dke rL , 
then (F„}„>0 is given by sequence (1) with coefficients a0>...,ar_i and initial conditions A = 

Let P(X) = Xr-a0Xr~l - — -ar_t (ar^ * 0) and let R(X) be in R[X] such that R(X) > 0 
for all x in [0,1]. It is well known that there exists A and B in R[Z] such that R(X) = ^(X)2 + 
X(1-X)£(X)2 (see, e.g., [2]). Since A = QXP + AX mdB = Q2P + Bu where Qh 02, Ah and Bx 

are in R[X], with deg Ax<r-l and deg2% < r - 1 , we derive the following lemma. 

I^iffina 3.2: Let P(X) = Xr -a0Xr~l ar_x {ar_x * 0) and R{X) e R[X] such that i?(x) > 0 
for all x in [0,1]. Then there exist Q, Ah A2 in R[X] such that R(X) = Q(X)P(X) + 4 2 + X(l -
X)B?, where deg Ax < r - 1 and deg^ < r -1. 

We recall that a real matrix M = [wfylo ,̂̂ * (* ̂  +°°) is positive if, for all (finite) real sequen-
ces {%j}0<j<p, we have 

Note that M > 0 . It was proved in [2] (see Theorem 1.2.3) that a real sequence {1̂ }„>0 is a 
moment sequence of Borel positive measure ju on [0,1] if and only if the two matrices 
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M=[Yi+Jlj>0 and N = [Yi+J+l-Yi+j+2]Ujw 

are positive. From Proposition 3.1 and Lemma 3.2, we derive the following result. 

Theorem 3.3: Let {YA(ri)}n>0 be given by sequence (1). Then {YA(n)}n>Q is a moment sequence 
of a unique positive Borel measure ju on [0,1] if and only if the following two matrices, 

H(r) = [rA(f+j)]ozUJ*r-i and ^(r) = [^ ( /+ j + l)-7i l ( i+7 + 2 ) ] 0 ^ u ^ 1 , (3) 
are positive. 

Proof: Suppose that the two matrices H(r) and K(r) as defined in (3) are positive. Let 
L: R[X] -» Rbe a linear functional defined by L(Xn) = Vn for n > 0. For any R GR[X] such 
that R(x) > 0 for any x e [0,1], Lemma 3.2 implies that R = QP + A^ + X(l - X)B\, where Q, Al9 

BXGR[X] with d e g ^ < r - l and degJS^ r - l . If AX{X) = S y l i V ^ and Bl{X) = U~=\PjXJ\ 
then 

0</,y<r-l 0</, ;<r-l 

Since i/(r) and Z(r) are positive, we obtain L(R) > 0. Consider the Banach space 

(C([0,1],R), ||-||[0>1]) 

of continuous functions on [0,1], where ||/||[0si] = sup.,.6[(U]|/(jt)|. Then \L(R)\ < \\R\\[0,i]£(l). 
This allows us to extend the linear functional L to a positive measure ju on [0,1], where L(f) -
\lf{i)dfx{t) for any / e C([0,1], R). Thus, we have YA(n) = f^fdjuit) for any « > 0. Conversely, 
if A(X) = Zpo^jXJ, then A{xf > 0 and x(l-x)A(xf > 0 for any x <= [0,1]. Thus, 

j W d W 0 = I YA(i+j)Wj>0 
0<i,j<r-l 

and 

jlt(l-t)A(t)2dM(t)= X [^(i+7 + l)-y^(i+7 + 2 ) ] ^ / ^ 0 . 

Therefore, the two matrices H(r) and K(r) are positive. D 

Using an affine transformation, it was established in [2] (see Corollary 1.2.4) that a real 
sequence {Yn}„>0 is a moment sequence of a positive Borel measure on [a, h] if and only if the 
two matrices 

M = [Yi+j]Uj>0 and N^{a^Y^^-Y^^-ahY^^ 

are positive. Thus, for sequences (1), we derive the following corollary from Theorem 3.3. 

Corollary 3.4: Let {YA(ri)}n>0 be given by sequence (1). Then {YA(ri)}n>0 is a moment sequence 
of a unique positive Borel measure ju on [a, b] if and only if the two matrices 

^ ) = K('+;)]o>i , ;<H and K(_r) = [(a+b)YA(i+j + l)-YA(i+j + 2)-abYA(i + j)]0^Jir_l 

are positive. 
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Theorem 3.3 and Corollary 3.4 allow us to see that the Ml Hausdorff moment problem for 
sequence (1) can be reduced to the truncated Hausdorff moment problem, which is conformable 
with the result of Lemma 2.2. 

4, SEQUENCES (1) AND TRUNCATED HAUSDORFF MOMENT PROBLEM 

The Hankel matrices associated with a given real sequence y = {/7}7>o are defined by 
H(n) = \yi+J]0^Uj^n9 where n>0. The (Hankel) rank of the Hankel matrix A = [yi+j\<uj<k9 

where (y0,..-,y2k) m R2^+1, denoted by rank(y) is defined as follows: If A is nonsingular, 
rank(y) = k +1, and if A is singular, rank(y) is the smallest integer i (1 < i < k) such that Vi e 
span{Fl9 . . . , ^ _ 1 } , where Vj - ( ŷ+/)f=0 is the j * column of A. Thus, if A is singular, there exists 
a unique ($0,...,^/_1) in RJ such that Vi = ̂ 7_î o + , , , + ^ / - i - The polynomial gr(X) = Xf -
fioX1'1 + • • • + ̂ /_1 is called the generating function ofy = (y0,..., y2k) (see [3]). 

Let YA = {YA(ri)}n>0 be given by the sequence (1) and consider the full Hausdorff moment 
problem (2) for YA on [a,b]. From Lemma 2.2, this problem may be reduced to the following 
truncated Hausdorff moment problem: Find necessary and sufficient conditions for the existence 
of a positive Borel measure ju such that 

YAri) = \btndiu(t\ (0<n<2r) and Supp(ju)c[a,b]. 

The general case for the truncated Hausdorff moment problem has been studied in [3]. Consider 
the two Hankel matrices 

A(r) = [YA(i+j)]0^^r and B(r) = [YA(i+j + l)]0^^r. 

Since YA(n + l) = U~}0a^A(n-j) for n>r-1, the column vector V(r +1,r) = (YA(r +1 + j))r
J=0 is 

an element of the range of A(r) and the (Hankel) rank(YA) is equal to rank(YJr)), where Y}r) -
(YA(0)9...9YA(2r)). Thus, we have s: = rank(YA)<r. Hence, for sequence (1), the preceding 
Lemma 2.2 and Theorem 4.3 of [3] imply that the following are equivalent. 
(i) There exists a Borel positive measure /! such that Supp(ju) e [a, b] and YA(n) = ljndju(t), 

0<n<2r. 
(ii) There exists an r-atomic representing measure // for YA such that Supp(/J) a [a, b]. 
(iii) A(r) > 0 and bA(r) > B(r) > aA(r). 

Consequently, we have the following result. 

Theorem 4.1: Let YA = {YA(n)}n>0 be given by sequence (1), where A = (a0,...9ar_x) with 
aQ > 0 and let s := rank(YA) = rank(Yjp). The following statements are equivalent. 
(i) There exists a Borel positive measure /u with Supp(fi)c:[a9b] such that YA(n) = lj"d/d(t) 

for all /2>0. 
(II) There exists an s-atomic representing measure ju for 1^ such that Supp(ju) e [a, b]. 

fiii) 4(r) > 0 and bA(r) > B(r) > aA(r). 

2001] 9 



ON r-GENERALIZED FIBONACCI SEQUENCES AND HAUSDORFF MOMENT PROBLEMS 

Suppose that {YA(ri)}n>0 is a moment sequence of a positive Borel measure ju on [a,b]. 
Then, from Theorem 4.1, we derive that ju = Z ^ p ^ . , where pj > 0 and {xv..., xs} c [a, *] n 
Z(P). The real numbers p , are given by the following linear system of r equations 

x{pl + xip2 + -'- + xJ
sps = aJ, 0<j<r-l. 

5. FIBONACCI EXTENSION OF y 

Let y = (Y0,...,Ym) G R ^ 1 with (Y0 >0). In [3], Curto-Fialkow give necessary and sufficient 
conditions for the existence of a positive Borel measure ju such that 

Yj = fj'dtft) for 7 = 0,1,..., iw and Supp(ju)cz[aybl (4) 

Let Vt ={Yi+jX<j<k (J = 0, ...,£ + 1) be the Ith column vector of A{k) and r = rank(y). Thus, 
{F1? ...,^._1} are linearly independent, and there exists (30, ...,5r_1) e R r such that Vr = bjfr_x + 
.. - + Ar_î o • I f ^ > r -1) = (7r+y)^I1

0, then we have (60,..., br_x) = A(r - 1 ) ' 1 ^ , r -1). For m = 2* 
or 2& +1, Curto-Fialkow proved in [3] that there exists a positive Borel measure ju satisfying (4) 
and Supp(ju)cz [a,b] o Z{Py), where r = rank(y) and Py is the generating function of y (see 
Theorem 4.1 and 4.3 of [3]). Since Supp(ju) c Z(Py), we derive that 

3y+i = Vy + - + W - r + i forr-l<j<2^. 

Let {^(^)}«>o be given by sequence (1) defined by A = (Y0,...,Yr_x) and YA(n + l) = b0YA(n) + 
--+br_xYA(n-r + l) for /?>0. This sequence, called the Fibonacci extension of the truncated 
Hausdorff moment problem ofy, satisfies 

YAn) = ftndju(t) for all n > 0. 

Proposition 5.1: Let y = (I^,...,1^) with J^>0. Suppose that there exists a positive Borel 
measure // which is a representing measure of y. Then y owns an extension {YA(ri)}.„>0 which is 
a sequence (1), where r = rank(y), A = (YQ,..., 1^) and the coefficients b0,..., Ar_i a r e given by 
the characteristic polynomial P of / i . 
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NEW PROBLEM WEB SITE 
Readers of The Fibonacci Quarterly will be pleased to know that many of its problems can now 

be searched electronically (at no charge) on the World Wide Web at 

http://problems.math.umr.edu 

Over 20,000 problems from 38 journals and 21 contests are referenced by the site, which was 
developed by Stanley Rabinowitz's MathPro Press. Ample hosting space for the site was gener-
ously provided by the Department of Mathematics and Statistics at the University of Missouri-
Rolla, through Leon M. Hall, Chair. 

Problem statements are included in most cases, along with proposers, solvers (whose solutions 
were published), and other relevant bibliographic information. Difficulty and subject matter vary 
widely; almost any mathematical topic can be found. 

The site is being operated on a volunteer basis. Anyone who can donate journal issues or their 
time is encouraged to do so. For further information, write to: 

Mr. Mark Bowron 
Director of Operations, MathPro Press 
P.O. Box 713 
Westford, MA 01886 USA 
bowron@my-deja.com 
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