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1. We consider polynomials fn(x) such that

(1) fn+2(x) = (x+2n+p+l)fn+l(x) - (n2+pn+q)fn(x) (n=0,1,2,...),
where
(2) fo(x) =0, fl(x) =1

It follows at once that fn(x) is apolynomial in x of degree n-1 for

n 2 1. Theparameters p,q are arbitrary but we shall assume that
(3) p’ - 4q 40
Let a,f denote the roots of the equation
(4) xz—px+q=0.
In view of (3), the roots a, B are distinct and
(5) atfp=p, aPf=gq
We shall construct a generating function for fn(x):

100
(6) ‘ F(t) = F(t,x) = Y f (x)t"/n!
n=0

It is easily verified that (1), (2) and (6) imply

(7) (1-%F''(t) - [(xHp+1)(1-0)[F' (1) + qF(t) = 0 ,

where the primes indicate differentiation with respect to t.
It is convenient to define an operator.

(8) A = (1-9°D® - (p+1)D +q (D= d/at) .

Thus (7) becomes

(9) A F(t) = xF'(t)
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Consider

-a-k

a

A(l-t) ko %(a+k)(a+k+1)-(p+1)(a+k) +q p(l-t)

Making use of (4) we find that this reduces to

(10) AL-t) k- k(Za-p+k)(1-t)'“'k
Thus,if we put
< k= k
_a-
(11) ® (ta)= . TEepm, 1Y ,
k=0
where
(a)k = a{a+tl) (atk-1) ,
we get
k+1
X (agy x —a-k-1
A(D(t,ﬂ):z m (1-t)
k=0
We have therefore
(12) A ®(t,a) =x P '(t,a)

and in exactly the same way
(13) Ad(t,B)=x P'(t, B)

It follows from (11) that

k
© s X (atk)
- ’ n n
® (ta)= ) o 20 pH) > o t
k=0 n=0
© n x (a) k
LN
! kl(2a- p+1)k
n=0 k=0
1f we put k
o= (a)n+kx
(14) (bn(x’ a) = Z k! (Za—p—i—l)k ’

k=0

Feb.
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then we have

[e o]
(15) ®(ta)= ) ¢_(x, a)t”/n!

n=0
Note that (14) implies
(16) ¢ n(x, a) = ((1)n . 1Fl(cx-i-n; 2a-p+l; x) ,
where lFl denotes a hypergeometric function in the usual notation.

2, If we make use of (12) and (15) we find without much difficulty

that ¢n(x, a) satisfies the recurrence
2
_ - >
(17) ¢ 06 0) = (xf2ntpt)@  (x, a)-(n"+pnta)d_(x, @) (n 2 0)

Clearly ¢n(x,ﬁ) satisfies the same recurrence. Thus any linear

combination
wn(x) = Ad,n(x, a) + qun(x, By ,

where A, B, are independent of n but may depend on x,a,p, will
also satisfy (17).
We choose A, B so that

(18) q/o(x):o, llll(x):l
This requires

AC = ¢O(X: [3): BC = - ¢O(X: (1) ’

where
(19) C :¢1(X> a)¢o(xs B) 'd)l(X’ ﬁ)¢o(x: O-) ®

It is clear by comparison of (17) and (18) with (1) and (2) that

We have therefore

(20) f (x) =
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with C defined by (19).
Thus by (6) and (15)

(21) (1) = 71 @ (5, )b (5, B) - (8, BI b, a) [

so that we have obtained a generating function for fn(x).

3. In addition to the polynomial fn(x) we may construct a second

solution gn(x) of (1) such that
(22) go(x) =1, gl(x) = x+p+l

Thus gn(x) is a polynomial in x of degree n. By exactly the same
method we have used above, we find that
¢n(X: C") ¢'1 (X: ﬁ) - d)n(x’ B)d)l (X7 (1)

(23) g <) = - 2 + (xtp)E_ (%)
C

If we put

(24) G(t) = G(t, x) = g, (%) t"/n!

o0
n=0
it follows that

® (t, )9, (x, B) - ®(t, B), (x, a)
C

(25) G(t) = -2

xtp

C (CD (t: C'-)¢O(X: B) - d>(ts ﬁ)d’o(x) CL))

/

If the coefficient n2+pn+q occurring in (1) is positive for all
n >0 then by a known result[l]we can assert that the polynomials
gn(x) are orthogonal on the real line with respect to some weight func-
tion. The same remark applies to the fn(x). It would be of interest

to explicitly determine these weight functions.

4. We have assumed in the above discussion that a and f are dis-

tinct. When a and P are equal we may replace (1) by

(26) f = (x+2n+2a+l)f

00 - (mta)’s (a) (=0, 1, 2

11+Z(X)
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We now put

= (a)n+k k
(27) b ()= ) e x
k=0
o0 n 00 (a)kxk ca-k
(28) d (t) = Z ¢ (x)t/n! = Z w5 (1-1)

n=0 k=0

It is easily verified that

(29) ¢n+2(x) = (x+2n+2a+l)¢n+1(x) - (n+a)2¢n(x) (n=0,1,2,...
and that
(30) Ad(t) = xP'(t)

As a second solution of (26) we take

e, (o) k
(31) g (%) = Z e (0, (a) - 20) x
k=0
where
1, 1 1
(32) o) = ot gt F T
o =0 )11+ +... 41
k- k z 0 Tk

We omit the proof that llln(x) does indeed satisfy (26).

It is convenient to put

©
(33) ¥ (t) = Z ¥_(x) t" /n!
n=0
It can be verified that ‘I’(t) also satisfies (30).
If we now put
¢ () ¥, - @ ()Y _(x)

_ n 0
N N I Er IR e )

(n=0,1,2, ...)

then we have
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(35) fO(X) =0, fl(x) =1
Thus fn(x) is a polynomial of degree n-1 in x for n > 1 and is the

unique solution of (26) that satisfies (35).

Similarly if we put

0,09 () - g () (x)

(36) ‘gn(x) =2 ¢1(X)¢O(X) - ¢0(X) %o ) + (x+2a+1)fn(x)
then
(37) go(x) =2, gl(x) =x + 2a+l

Thus gn(x) is a polynomial ofdegree n in x and is the unique solu-

tion of (26) that satisfies (37).

Explicit formulas for the generating functions ®(t) and ¥(t) can

now be stated without any difficulty.

Here again it would be of interest to explicitly determine the

weight functions connected with fn(x) f and gn(x) , respectively.
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