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The computation of the multiple sum on a linear recurrence sequence is an interesting 
question. Many fine results have been given. This paper will establish a computational formula 
for the multiple sum on the generalized Lucas sequence. A new method will be used and some 
congruence relations will be given. 

We define a linear recurrence sequence Wn = W„(a,b9p,q)9n = 0,l,...9 as 

We consider the sequence 
(U„ = Wn(0,l;p,q), 
[V„ = Wn(2,p;p,q). 

Then U„ and Vn are called the generalized Fibonacci sequence and the generalized Lucas 
sequence. Their BInet formulas are, respectively, 

an-Bn 

u»=^=f~ and F»=a"+^"' where 

g = * + Vjpg and fi = EzJZz*L 
2 r 2 

In [2], W. Zhang gave a computational formula involving the multiple sum on the generalized 
Fibonacci sequence when UQ = 0. 

In this paper, we shall use another method (formal power) to establish a computational for-
mula for the multiple sum on the generalized Lucas sequence, I.e., 

where the summation Is taken over all Ti-tuples with positive coordinates (al9 a29...,ak) such that 

The generating function of the Generalized Lucas sequence {VJQ Is 
^ = 2-px 

—0 " l-px + qx* 
Let 

nzo i-px + qx 

Obviously, Fn
(1) =Vn. Then 

Z yWyih) ... y(K) = y(h+k7+ - +km) 
ai+a2+ -+am=n 

124 [MAY 



THE MULTIPLE SUM ON THE GENERALIZED LUCAS SEQUENCES 

If we take kx = k2 • • km = 1, we obtain the following lemma. 

V V —V =Vim) Lemma: ^T 
al+a2+-+am=n 

Theorem 1: Let V^ be defined as above. Then 

1 
k(p2-4q) 

{4(n + 2)V^-2p(2n + k + 2)V£l+p2(n + k)V£k)}. 

Proof: We note the following equalities: 

j-(Hk(x)) =±{-^P^k 

dxx kX n dx{l-px + qx2 

f 2~PX ^ l 

= k 

= k 

J 
\k-i 

1- px + qx2 

2-px 
l-px + qx2 

2-px | p-4qx + pqx2 

l-px + qx2 J (l-px + qx2)2 

-p(l-px + qx2) + (2-px)(p-2qx) 
(l-px + qx2)2 

-p + p2x - pqx2 +2p- 4qx - p2x + 2pqx2 

(l-px + qx2)2 

_ kp 

2-px \ p(l -px + qx2) + (p2- 4q)x 
l-px + qx2 J (l-px + qx2)2 

2-px ^ k(p2-4q)x( 2-px 

Thus, 

kx(p2-4q) 

2-px\l-px + qx2 

2-px I __/0 ^^ 2 d 

k+i 

l-px + qx2 (2-pxY 

(2-px)2 \l--px + qx 

2-px 
dx\ l-px + qx 

•kp(2-px) 2-px 
l-px + qx2 

So 
loc(p2-4q) I X ( * + V = (4-4px + p2x2) Yd^k)x:n-l-kp(2-px) J ^ V . 

n>0 n>0 n>0 

Comparing coefficients on both sides of the equation, we have 

k(p2 -4q)V^l) = 4(n + \)V£\ -4npV^ +p2(n- \)V£\ -2kpV™ + kp2V^ 

= 4(n + l)V£l - 2p(2n + k)Vn
ik) +p2(n + k-1)^. 

This completes the proof. • 
Taking k = 1,2,3,4 in the lemma and using Theorem 1, we obtain the following results. 

Theorem 2: Let (Vn) be defined as above. We have the following identities: 

(«> I vavb = 
a+b=n 

l 
p2-4q 

{2pVn+l+[(» + l)(p2-4q)-4q]Vn}. 
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0>) £ VaVbVc= " + 2 A6pVn+l + [(n + l)(p1-4q)-l2q]V„}. 
a+b+c=n Z\P ~^H) 

(c) £ VybVyd= } {l2[(n + 3)2(p2-4q) + (n + l)(p2-4q)-2qW„+2 

+ [(» + 3)3(P2 -4q)2 -12<?(» + 3)2(p2 - 4q) + 24q2]V„}. 

(d) I VybVydVe = 2
l {4S(n + l)(n + 4)Vn+4-4[l2q(n+2)(n2 + l0n + 23) 

a+b+c+d+e=n ^\P ~^H) 

- 2(«+4)3(p2 - 4q) - 3p\n+4)(«2 + 6» + 7) + 6nq]Vn+2 

+ (« +4)[48?2(» + 3)2 + (« + 3)3(p2 - 4qf - %q(n + 3)2 (p2 - 4q) 

-l2p2q(n + 3)2 + 24q2]V„}. 

Here, (n)k =«(«- l ) (w-2)•••(«-k + l). 

Theorem 3: Under the conditions of Theorem 2, we have the following: 
(a) 2V„+2 -2qV„^0 (mod p2 - 4q). 
(b) 12[(n + 3)2(/72 - 4q) + (#i + l)(p2 - 4q) - 2q]Vn+2 

+ [(« + 3)3(^2 -4q f - \2q(n + 3)2{p2 -4q) + 24q2]V„ = 0 (mod 3\(p2 - 4qf). 
(c) (n+4)[48q\n + 3)2 + (n + 3)3(p2 - 49)2 -8 ? (» + 3)2(p2 -4q) - \2p2q(n + 3)2 + 24q2}V„ 

- 4[l2q(n + 2)(«2 +10« + 23) - 2(« + 4)3(p2 - 4q) - 3p\n + 4)(«2 + 6« + 7) + 6w?F„+2 

+ 48(« + l)(w + 4)V„+4 = 0 (mod4\(p2-4q)2). 

Proof: Use Theorem 2(a), (c), (d). 
Taking p--q-\, V„ = L„ is the Lucas sequence, i.e., L0 = 2, Lx-\, L2 = 3, L3 = 4, ... 

Thus, from Theorem 2, we obtain Corollaries 1 and 2. 

Corollary 1: Let (Z„) be the Lucas sequence. Then we have the following: 

(a) £ 4 4 = !{2Z,„+1 + (5» + 9)Z,,}. 
a^b-n 

T. TA. = -
10 

(h) X 4 4 4 = ^ { 6 4 + i + ( 5 « + i 7 ) 4 } -

ft) £ 4 4 4 4 = ̂  (12(5«2 + 30» + 37)4+1 + (25«3 + 270«2 +935n + 978)4 }. 

(9 ^ 4 4 4 4 4 = ̂ {48(#i + lX* + 4 ) ^ 
a+b+c+d+e=n O U U 

+ ~^~[(#i + 3)(w + 4)(25«2 +175/i + 298) + 24(w + 4)]4. 
600 

Corollary 2: Let ( 4 ) b© the Lucas sequence. Then we have the following congruences: 
(a) 4 + 2 + 4^0(mod5). 
(h) 12(5H2 + 30#I + 3 7 ) 4 + 1 + (25H3 + 120/I2 +35/i+ 78)4 = 0 (mod 150). 
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(c) 48(n +1)(« + 4)4 + 4 + 4(25«3 + 264n2 + 875« + 876)L„+2 

+ [(« + 3)(« + 4)(25«2 +175» + 298) + 24(« + 4)]L„ = 0 (mod 600). 

First, we gave the multiple sum on the generalized Lucas sequence. Then, we discussed the 
multiple sum on the even generalized Lucas sequence. Now 

YV x*>=1[ 2~PX i 2 + Px }= 2-(p2-2q)x2 

£0
2" 2[l-px + gx2 \ + px + qx2\ l-(p2 -2q)x2 +q2x4' 

We use methods similar to those employed above. Let 

v RMY" = ( 2-(p2-2q)x 

ko ~{l-(p2-2q)x + q2x2 

Obviously, B$ = V2n, 
I vlaylai-v2am=B^, 

ai+a2+---+am=n 

^ » + 1 ) = , i, I AA4(n + 2)R^l4-2(j>2-2q)(2n + k + 2)4%+<j?2-2q)2(n + k)I^>}. 
kp2(p2-4q) 

Hence, we have the following theorems. 

Theorem 4: £ V2aV2b = \ {2(p2-2q)V2n+2 +[{n + \)p2(p2 -4q) -4q2]V2n}, 
a+b=n P \P -*<1) 

2 Witf* = 9 n 2 , i _ 4 ^ i^P2 -2<DV2>»z + [(» + !)/>V -4?) - l2q2]V2n}. 
a+b+c=n £P \P ^H) 

Theorem, 5: 2(p2 - 2q) V2n+2 - 4q2V2n = 0 (mod p2(p2 - Aq)). 

6(^2-2^)F2n+2 + {|?2(W + l ) ( p 2 - 4 f ) - 1 2 f
2 ] F 2 ^ 0 (mod 2p2(p2-4q)). 
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