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The computation of the muitiple sum on a linear recurrence sequence is an interesting
question. Many fine results have been given. This paper will establish a computational formula
for the multiple sum on the generalized Lucas sequence. A new method will be used and some
congruence relations will be given.

We define a linear recurrence sequence W, =W (a, b, p,q), n=0,1,..., as

W,=pW,=qW,, (n22)
Wy=a, W,=b.
We consider the sequence
{Un =W,(0,% p,9),
Vo =W,(2, 0,0, 9).

Then U, and V, are called the generalized Fibonacci sequence and the generalized Lucas

sequence. Their Binet formulas are, respectively,

U =28 d v -amip

n a_ﬂ
where
_p+ypP-4q PP Pt —4q
a~-———2—— an ﬁ—T—.

In [2], W. Zhang gave a computational formula involving the multiple sum on the generalized
Fibonacci sequence when U, =0.

In this paper, we shall use another method (formal power) to establish a computational for-
mula for the multiple sum on the generalized Lucas sequence, i.e.,

> VeV,
1 92 k
aytayt - +ag=n

where the summation is taken over all n-tuples with positive coordinates (a,,a,, ..., a;) such that
a+a,+---+a =n.

The generating function of the Generalized Lucas sequence {V,}; is

2-px
Hx)= ) Vx"= —F—:.
(€9 ,é, I et
Let
5 k
Hx)=| ——2Z | =Yy
k(x) (l_px+qx2) ré:o n X
Obviously, V® =V,. Then
Yy Ly <yl )
a, n :

a az
ajtay+---+a,=n
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If we take k; = k, =--- =k, =1, we obtain the following lemma.

Lemma: Z ValVa2 V;.,. — Vn('n)'

aytay+ - +a,=n

Theorem 1: Let V® be defined as above. Then

y e m {4 +2)VE) -2p2n+k+2)VO + prn+k)VOY .

Proof: We note the following equalities:

d _d 2-px y
& ) ‘EE(W)

k-1
g 2=px —p(1— px+gx*) + (2= px)(p—2qx)
1-px+qx® (1- px+qx?)?

_y(2=px 7 —p+pPx—pad +2p-4gx - px +2pgd

1- px +gx* (1- px+qx?)?

k-1
_p[2=px | p-4ge+pe
1-pe+qx® ) (1-px+qe?)

k-1
_pl2-px | pA-pr+g?)+ (P’ —4q)x

1- px+qx? (1- px +qx?)?
__ 2 px k+k(p2—4q)x 2-px |
2-px\1- px+qu? Q-px)* (l-px+qx?)
Thus,
k41 k k
2-px d 2—-px 2-px
2_.4 s =(2- el A o 2- —>% .
kx(p q)(l_pxwxz) (2-px) dx(l—px+qx2) ko( px)(l_px+qx2)
So

ke(p* —4q) D V,EDX" = (4—4px + p°x?) ZnVn(")x""1 —kp(2-px) D VBx".

n20 n20 n20
Comparing coefficients on both sides of the equation, we have
k(P ~4q)VED = 4+ DV QR - anpV P + p* (0= DV, 8 - 2kpV, 0 + kp™V,Q
=4m+ )V -2p2n+E)VE + pP(n+k -1V,
This completes the proof. O

Taking £ =1, 2, 3, 4 in the lemma and using Theorem 1, we obtain the following results.

Theorem 2: Let (V,) be defined as above. We have the following identities:

@ 3T VI =—t 2pVn -+ D@ - 40)- 491V,
a+b=n p q
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® Y vy, =—"E2 _t6pl,,, +[(n+ )PP —4q) - 12q1V,}.

a+bt+c=n 2(p2 - 4q)

© T VW= (A0 0,0 - 40) + (1 D0 d0) 20

+[(n+3)3(P* —49) ~ 129(n+3),(p* - 49) +244° 1V, }.

D Y 7 —

atbtctd+e=n 41(p* - 4g)*
= 2(n+4);(p* - 49) - 3p*(n+4)(* +6n+7) +6nqlV,,,
+(n+4)[489%(n+3)* + (n+3);(p* — 49)* - 8q(n+3),(p* - 4q)
~12p%q(n+3),+ 2441V, }.
Here, (n), =n(n-D(m—-2)---(n—k+1).

{48(n+ D)(n+4)V,,, — 412q(n+2)(* +10n+23)

Theorem 3: Under the conditions of Theorem 2, we have the following:
(@ 2V,,,—2qV, =0 (mod p* - 4g).
(B) 12[(n+3),(p* - 49) +(n+1)(p* ~49) - 291V,
+[(n+3);(p* —49)” ~129(n+3),(p* - 49) +24¢°1V, = 0 (mod 3!(p* —49)*).
(© (n+D[48g>(n+3) +(n+3)y(p* —49)* ~8g(n+3),(p* ~ 49) - 12p%q(n +3), +244°VV,,
— 4[12q(n +2)(n* + 101+ 23) — 2(n+4),(p* - 49) - 3p*(n + A)(* + 6n+T) + 6nqlV,,,
+48(n+1)(n+4)V,,, =0 (mod 4!(p* - 49)?).
Proof: Use Theorem 2(a), (c), (d).
Taking p=—-q=1, ¥, =L, is the Lucas sequence, i.e, L,=2, L;=1, L,=3, L;=4, ... .
Thus, from Theorem 2, we obtain Corollaries 1 and 2.

Corollary 1: Let (L,) be the Lucas sequence. Then we have the following:
@ ¥ LL=t@La+@+9)L,}).

a+b=n

® Y LLL="E2 6L, +Gn+1T)L,).

a+b+c=n

e LLLL, =—{12(52 +30n+37)L .. + (257 + 270n* + 9350+ 978) L. }.
‘a cd 150 n+1 n

a+btctd=n

@ Y LILILL =——(480+1)n+4)L,,,+4Q5" +264n* +8T5n+876)L,,,)
a+b+c+d+e=n 600
1

500 [(n+3)(n+4)(257% +175n +298) + 24(n + 4)1L,,.

+

Corollary 2: Let (L,) be the Lucas sequence. Then we have the following congruences:
(@ L,.,+L,=0(mod>5).
() 12(57* +30n+37)L,,, +(257° +120n* +35n+78) L, = 0 (mod 150).
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(©) 48(n+D(n+4)L,,,+4(Q257° +264n* +875n+876)L,,,
+[(n+3)(n+4)(25#* + 1751+ 298) +24(n +4)]L, = 0 (mod 600).

First, we gave the multiple sum on the generalized Lucas sequence. Then, we discussed the
multiple sum on the even generalized Lucas sequence. Now

v 2n 1 2—px 24px | 2-(p?-2¢)x*
D Van AE 7+ N R 2, 2.4°
1-px+gx* 1+ px+gx 1-(p* —2¢)x* +q°x

nz0
We use methods similar to those employed above. Let

2-(p*-2q)x -
() —
,E)RZ" ¥ (1~ P -2q)x+q*x* )

Obviously, R =V, ,
2 V2aIVZa2 o Vla,,, = Rg’n)’

atay+ o ta,=n

R = {40+ 2) R —2(0% - 29)2n + ke + 2) R, +(P° - 29)* (n + K) D}

1
" -4g)

Hence, we have the following theorems.

1
Theorem 4: Z V2aV2b = 2—2"—“_{2@2 _ZQ) V2n+2 +[(n+1)p2(p2 —4Q) _4q2]l/2n}9
a+b=n p (P —4Q)
1
VodVasVne = =< A6(D* = 2q) W,y + (0 + DDP*(P* — 49) — 12¢°1V,,.}.

Theorem 5: 2(p* ~2)Vysy~44%3, =0 (mod p(p*~49)).
6(p" —29) Vg + (P*(1+ D(p" ~ 49)~ 12471V, =0 (mod 2p*(p* —4g)).
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