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1. INTRODUCTION

MacMahon [1], pp. 217-223, studied special kinds of partitions of a positive integer,
which he called perfect partitions and subperfect partitions. He defined a perfect partition of
a number as “a partition which contains one and only one partition of every lesser number”
and a subperfect partition as “a partition which contains one and only one partition of every
lesser number if it is permissible to regard the several parts as affected with either the positive
or negative sign”. For instance, (1 1 3) is a perfect partition of 5 because we can uniquely
express each of the numbers 1 through 5 by using the parts of two 1’s and a 3. Thus (1), (1
1), (3), and (1 3) are the partitions referred to. The partition (1 3) is a subperfect partition of
4 because 1 is represented by the part 1, 2 by —1+ 3, and 3 3 by the part 3. In [1] MacMahon
derived a recurrence relation for the number of such partitions using generating furctions and
found a nice relation between the number of perfect partitions and the number of ordered
factorizations. See [4] for more information.

One way of generalizing MacMahon’s idea is to eliminate the uniqueness condition, which
was done by the second author [2]. He defines a complete partition of n to be a partition

A= (A1) such that every number m with 1 < m < n can be represented by the form of

m = Zizl a;\;, where a; € S = {0,1}. He also studied the case of the set S = {0,1,---,r}

in [3]. In this paper we shall study the r-subcomplete partitions which are complete partitions
with the set S = {-r,---,-1,0,1,---,7}, where r is a positive integer.

2. THE r-SUBCOMPLETE PARTITIONS

Even if it is well-known, we start with a definition of partitions. Throughout this paper
the number n represents a positive integer.

Definition 2.1: A partition of n is a finite non-decreasing sequence A = (Ay -+ - A;) such that
Zl Ai=mnand A; >0 foralli=1,---,1. The X\; are called the parts of the partition and

=1

the number 1 is called the length of the partition.

We sometimes write A = (1™12™2 ...), which means there are exactly m,; parts equal to
i in the partition A. For example, we can write 7 partitions of 5 as (5), (1 4), (2 3), (12 3),
(1 2%), (13 2), and (1%). The following two concepts are already mentioned, but we formally
define them again to see how we can generalize them.
Definition 2.2: A partition A = (AT --- A\[™) of n is a perfect partition of n if every integer
m with 1 < m < n can be uniquely erpressed as m = Z;l a; A, where a; € {0,1,-++ ,m;}
and repeated parts are regarded as indistinguishable.
Definition 2.3: A partition A = (A7 - - A\[™') of n is a subperfect partition if each integer m
with 1 < m < n can be uniquely represented as ELI )i, wherea; € {—-my, -+ ,-1,0,1,--- ,m;}
and repeated parts are regarded as indistinguishable.
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Definition 2.4: A partition of n A = (A1--- ;) is a complete partition of n if each integer m
with 1 < m < n can be represented as m = El =1 @i\, where a; € {0,1}.
For n = 6, partitions (1), (1% 2), (13 3), (1% 22) and (1 2 3) are complete partitions. We

refer to the paper [2] for more information on complete partitions. Now we are ready to define
our main topic, the r-subcomplete partitions.

Definition 2.5: A partition ofn A= (A1--- ;) is an r-subcomplete partition of n if each
integer m with 1 < m < rn can be expressed as m = ELI a;);, where a; €
{-r,--+,-1,0,1,---,7}. Such as m is said to be r-representable.

We also say a partition A = (A - - - ;) is 7-subcomplete if it is an r-subcomplete partition of
the number A;+- - -+A;. We will write {0, £1,+2,---,+r} for the set {—r,---,—1,0,1,---,7}
and the letter r represents a positive integer throughout this paper. The r-subcomplete parti-
tions with the set {0,1,---,7} are called r-complete partitions. See [3] for more information.

Example 1: The partition (1 4) is a 2-subcomplete partition of 5. To see this we list 2-
representations of numbers from 1 to 10; 1 =1,2=2-140-4,3 = -1-14+1-4,4 =
0-1+1-45=1-14+1-4,6=2-141-47=-1-142-4,8=0-1+2-49=1-1+2-4,
and10=2-1+2-4.

Tt is easy to see that every integer m with —rn < m < 0 can also be expressed in the
form Ei=1 a;\; with a; € {0,£1,42,--- ,+r} if A = (A;---A;) is an r-subcomplete partition
of n. So one can say if A = (Ay--- ;) is an r-subcomplete partition of n then each number
between —rn and rn can be represented by the form. We will need this simple fact in the
proof of Lemma 2.9 and Theorem 2.10. The following Lemma shows that every r-subcomplete
partition should have 1 as the first part.

Lemma 2.6: Let A = (Ay--- ;) be an r-subcomplete partition of n. Then Ay is 1.

Proof: Suppose not. Then A\; > 1. Since A is an r-subcomplete partition of n, the
numbers 1 and rn—1 are r-representable. Let 1 = Zi=1 a;Ai, where a; € {0,+1,42,--- ,£r}.
Then there should be at least one a; < 0 for some j since A; > 1 for all i. Then rn —1 =
’I‘(Ez_ A) — Z 10&/\1 = 22=1(7‘ — a;)A;. Then r — a; > r, which means rn — 1 is not
r-representable, which is a contradiction. [J
Theorem 2.7: Let A = (A1 -+ \;) be an r-subcomplete partition of n. Then A; < 1427 Z;;ll Aj
for eachi=2,---,1.

Proof: Suppose not. Then there exists at least one number k such that Ay > 1+
2ry i _1)\ , where 2 < k < [. Thus,

k=1 !
™ > Tn— 1+27'Z/\j >rn—/\k=rZ/\j—)\k
j=1 j=1

_rE:A4{r—DM4ﬂ'z:An

j=k+1
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Since the number rn— (1 + 27 2;:11 )\j) is r-representable, we can let rn— (1 + 2r Zf;ll )\j) =
ZLI a;X;, where a; € {0,%1,%2,--- ,+r}. Then ay = akx+1 = -+ = oy = r because

rn— (1+2rz§;;,\j) Sy b - DA+ A and A < - € A € A <
-+« < N Thus,

k-1 k-1 l
™ — 1+27‘ZAJ' =Zaj)\j+rZ)\j.
j=1 j=1 =k

So
k-1 !
™ = 1+Z(2r+aj))\j +7'Z/\j >rn+1,
j=1 i=k

which is a contradiction. 0O
Corollary 2.8: Let A = (A1 -+-\;) be an r-subcomplete partition of n. Then \; < (2r + 1)1
for eachi=1,--- 1.

Proof: For i = 1, the result is obvious. Assuming that \; < (2r+ 1) fori=1,---,k,

2r+1)F -1

k
Aey1 S1+2rY N <1427 @)1

i=1

=@2r+1* O

Lemma 2.9: Let A = (A\1---\;) be an r-subcomplete partition of n. Then for k = 1,---",1
each partition (A1 --- Ag) is r-subcomplete of the number Ay + -+ - + A.

Proof: Clearly, (1) is an r-subcomplete partition of 1 for all 7. Assume that (A; ---Ag) is
an r-subcomplete partition of A; + -+ -+ Ax. We only need to show that for w =1,--- ,r each
m such that r(A1+-- -+ Ag) + (w—1)Ag41 < m < r(A1+ -+ Ag) + WAk is r-representable.

Since Agy1 < 1+ 2r ELI Aj from Theorem 2.7,
r(A1 4+ Ak) = Apt1 <m — wAg41 < 7(A+ -+ Ag)

k k
— 1+'I"Z/\j <m—w/\k+1§r2)\j
j=1 j=1
k k
--7‘ZAJ' <m—wAgy1 < TZ)\,-.
j=1 j=1
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Thus by the inductive assumption, the number m — wAg11 is r-representable by A1, - -, Ag.
So m — wAp41 = E?=1 a;A;, where a; € {0,%1,42,.--,+r}. Therefore, m = E§=1 ajA; +
WAg+1. This completes the proof. [

The converse of Theorem 2.7 is also true and it gives a criterion to determine r-subcomplete
partitions.

Theorem 2.10: Let A = (A1 ---N;) be a partition of n with A\; =1 and \; < 14 2r E;__—__Il A
fori=2,--- 1. Then A is an r-subcomplete partition of n.

Proof: Obviously, (1) is an r-subcomplete partition of 1 for all r. Asusme that (A;--- Ag)
is r-subcomplete. Then by Lemma 2.9, every partition (A;---A;) is r-subcomplete for i =
2,-++ ,k. We want to show that (A1 -+ AgAgt1) 18 7-subcomplete. To do this we use similar
steps to the proof of Lemma 2.9. Let m satisfy r(Ay + - + Xp) + (w — DAy < m <

r(Ar+ -+ Ap) + whgtr, where w=1,2,--- 7. Now, since r(A;+ -+ Ag) — Ags1 <

k

m — wAg+1 < 7(A1 + -+ Ag) and from the given condition Agy1 <1+2r37, Aj, we have

(A1 4+ Ag) m—whpg1 < 7(A1 + -+ ;). By the inductive assumption and
Lemma 2.9 m = wAgy1 + Zf;l a;A;, that is, (Ay -+ Ag, Ak+1) is an r-subcomplete partition.
Thus, the partition (A;---A;) is an r-subcomplete partition. I

Proposition 2.11: Let A = (Ay -+ - X)) be an r-subcomplete partition of n. Then the minimum
possible length 1 is [log o, 11y(2rn+1)], where [x] is the least integer which is greater than or
equal to x.

Proof: By Corollary 2.8, n = E§,=1 Aj < Ei.=1(2r + 1)t = QU;T)E_—}_ Therefore,
1> Dog(Z‘r+1) (2’]‘7& + 1)] ]
Proposition 2.12: Let A = (A1 - A;) be an r-subcomplete partition of n. Then the largest

possible part is 2;:‘_:'11J, where |z| is the largest integer which is less than or egual to x.

Proof: Let n= Ay + -+ Aj—1 + A;. Then X; is the largest and n — ;= Z;;ll A;. By

Theorem 2.7, A; < 1+ 2r 25;11 Aj=1+2r(n—X). Thus A; < L%}*ﬁl . o

Now, we try to find two recurrence relations and a generating function for r-subcomplete
partitions. Let S x(n) be the number of r-subcomplete partitions of n whose largest part is
at most k. The set of such partitions can be partitioned into two subsets: one with the largest
part at most k — 1 and the other with the largest part exactly k. The latter type of partitions
can be obtained by adding &k as the last part of an r-subcomplete partitions of n — k& whose
largest part is at most k. We know from Proposition 2.12 that the largest possible part &

should satisfy 1 < k < | &L If k > |Z2EL|, S, (n) becomes actually ST’E_221':1+111 ;(n), which

is the number of all r-subcomplete partitions of n. It is easy to see from the definition of
Srk(n) that Sy (1) =1 for all k¥ and Sy,1(n) = 1 for all n. Thus we obtain

Theorem 2.13: Let S, x(n) be the number of r-subcomplete partitions of n whose largest part
is at most k. Then Sp1(n) =1 for alln and for k > 2

< Sek-1(n) +Srp(n—Fk) if1<k< L%J
7.k (n) = Sr,[%-‘ (n) if k> I_22r:1,+illj
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with initial conditions Sy1(0) =1 and Sy o(n) =0 for all n.
Example 2:

S2,6(7) = S2,5(7) = S2,4(7) + S2,5(2) = (S2,3(7) + 52,4(3)) + 52,1(2)
= (82,2(7) + S2,3(4)) + S2,2(3) + 1
= {(S2,1(7) + S2,2(8)) + (S2,2(4) + S2.3(1))} + (S2,1(3) + S2,2(1)) + 1
=14 (82,1(5) + 82,2(3)) + (S2,1(4) + S22(2)) + 1+ (1+1)+1
=1+ 1+4(82,1(3) +S2,2(1)) + 1 + S2,1(2) + 4
=24 (148, (1) +14144=10

Now let us count the number of r-subcomplete partitions whose largest part is exactly k
and find a generating function for this number. Let E, x(n) be the number of r-subcomplete
partitions of n whose largest part is exactly k. A recurrence relation for E, 1 (n) can be obtained
by the method we used in deriving Sy x(n) above, but we can use the number S, x(n) itself as
follows. From the recurrence relation for S x(n),

E,-,k(n) = S.,-,k(’n) - S,-,k...l(’rb) = S,-,k(n - k)
= Srk(n—k) — Srp-1(n — k) + Srp—1(n — k)
=FE;y(n—k)+ Er—1(n —1).

It is easy to see that E, 1(n) = 1 for all n. The numbers E, x(n), Ey x—1(n—1), and E, x(n—k)
count corresponding r-subcomplete partitions of n,n — 1, and n — k, respectively. So they
should satisfy the condition of Proposition 2.12. In other words, each of them must have

k<3Pl k—-1< L%J, and k < [gr(—l;ffl)ilj, respectively. Summarizing these, we

obtain

Theorem 2.14: Let E, x(n) be the number of r-subcomplete partitions of a positive integer n
whose largest part is ezactly k. Then E,1(n) =1 for alln, and for k > 2

Erj—1(n—1)+ Erk(n—k) ifn>2k+EL
Er,k(n): E,._k..l(n—l) sz_*.!iz:’} Sn<2k+%

; k-1
0 Zf’fb<k+?—

with Ero(0) = 1, Ero(n) =0 for all n and E, ,(n) =0 for alln < k.

Example 3:
1. E32(5) =Ey1(4)+ Ex2(3) =1+ E2:1(2)=2.
9. Ba2(6) = Bp1(5)+ Eaz(d) = 1+ Byy(3) = 2.
3. E33(9) = E22(8) + E23(6) = By 1(7) + E2,2(6) + Eas(5) =1+2+2=5.
4. Epa(6) = Eu3(5) + Eaa(4) = Bz, (3) = 1.
5. E4(5) = Ep3(4) = Eq2(3) = Ep1(2) = 1.
6.  Eos5(11) = E»4(10) + E25(6) = (E2,3(9) + E2,4(6)) + E24(5) =5+1+1=T.
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The following three tables show the first few values of r-subcomplete partitions with

1,2 and 3. We denote S,(n) as the number of all r-subcomplete partitions of n.

r

11

10

13 19 27 36

10

E\n

AN M <t O b~

Sl (TL)

TableIr=1

11

10

D 00 O b= 10 N N

14 21 29 41

10

k\n

N M <O D

Sz (TL)

Table Il r =2

i MY GO O b= D 0 O v |
i <t
o <t b~ © W M NN (@]
v (]
D <f M D D O =

(]
[oe] M <t M ¥e)

P
b~ M M AN ]

|
© Y O e [
| Teo] [ I e I I
<t ] (2]
[2p] —i [
o i
— —i

N
N 2
— Y <D O b~ 00O
-2 Qouo

Table Ill r = 3
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Now we are ready to find a generating function for E, x(n). Based on Theorem 2.14 we
obtain the following.

Theorem 2.15: Let Fyx(q) = Y oo Erk(n)g™ for k > 1. Then

s—1

r,k(Q) ( ) 1- Zq (q)27‘1+1ET 2r1+1((27‘ + 1)2 + 1) (21)
=0

where s = [%22], Fro(g) =1, and (@)k = (1 - ¢F)(1 —¢*"1)--- (1 - q).
Proof: By Theorem 2.14,
Fri(q) = Z Erk(n)g"
n=k+s
2k+s—1 [e)
= 3 Epa(n—-1)g"+ Y [Erg—1(n—1)+ Erx(n— k)lg"
n=k+s n=2k+s

o0 o0
Y Epaln—1g"+ > Epx(n—k)g"

n=k+s n=2k+s
o0 oo
=q Y. Examg"+¢* Y Ex(n)g". (2.2)
n=k+s—1 n=k+s

Since its value depends on k and r. Thus from Proposition 2.12, F; ;_1(g) becomes
Fri-1(2) = Dairs—1 Brp-1(n)g™ or Fri_1(q) = 207 o Erje-1(n)g™. Let 2rp+3 <k <
2r(p+1)+1forsomep=0,1,2,---. Then 2rp+2<k—1<2r(p+1) and s = p+1. Consider
E,k-1(k + s —2). This is the number of r-subcomplete partitions of k+s—-2=k—1+p
whose largest part is exactly k — 1. So any number between 1 and r(k — 1 + p) should be
r-representable. But with k — 1 = 2rp + (2 < t < 2r) fixed as the largest part, the number
rp+ 1 can not be r-representable. Thus, E, ;_1(k+s—2)=0for 2rp+2<k—-1<2r(p+1).
Thus, we obtain

Yomekts—1 Erk—1(n)q®  if k # 2(mod 2r)

Frp_1(q) =
#-1(9) { Y omekts—z Brg-1(n)g™  if k = 2(mod 2r).

For k # 2(mod 2r) equation (2.2) becomes

oo [o o]
Fa@=q Y, Erp-1(n)d"+¢* Y Eri(n)g" = qFrk-1(q) + ¢* Fri(a).
n=k+s—1 n=k+s
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Thus,

Frila) = 7= g Fria(a). (2.3)

For k = 2(mod 2r) equation (2.2) becomes

o0 (&)
Frr(g)=4q z Er-1(n)g" + ¢ E B x(n)qg"
n=k+s~1 n=k+s

= ¢{Frk-1(9) — Ex—1(k + 5 — 2)¢"+* 7%} + ¢ F, 1 (q).
Thus we have

k+s_1Er,k_1(k + 85— 2)
1—gk ’

F’r,k(Q) = Tg'(}zFr,k—l(Q) - g (24)

Now, let k = 2rp+ 2+t for some non-negative integer p with 1 < ¢ < 2r — 1. Then k # 2(mod
2r), so we can iterate equation (2.3) ¢ times to get

1

Fon(@) = ¢ 1 Fri—i(a)- (2.5)

1—gF)(1—gF=1). - (1 — gb—?H1)

Because k —t = 2rp+2 = 2(mod 2r), we have to use identity (2.4) to compute Fy ;_¢(g) which
is equal to F. or(s—1)+2(g) since fz—rgg] =p+1=s5. We have

q
Fr,zr(s—1)+2(f1) :TWFT,2T(S—1)+1(Q)_

q2T(3_1)+S+IET,2'r(s—1)+1(2r(3 - 1) + 3)

1— g2re-1)+2 (2.6)
Thus by applying (2.6) to (2.5),
k—2r(s—1)—1
Frir(g) = = qk)q. (1= g0 Fy ar(s—1)+1(9)—
qk+$“1Er,2r(s—1)+1(27'(3 —1)+3s) @7)

(1=¢F) (1 — gZr-1+2)
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Now 2r(s — 1)+ 1 = 2rp+ 1 # 2(mod 2r), so by equation (2.3)
q
Frare-041(9) = T arepyar Frare-n (9)-

Again this can be iterated 2r — 1 times, which gives us

2r—1
q
Fr,Zr(s—1)+1(Q) = (1 — q2r(s-1)+1) . (1 — q2.,.(3_2)+3) Fr,2r(s—2)+2(q)' (28)
By applying (2.8) to (2.7),
k—2r(s—2)—2

q
Fri(g) = 1—gb)-- (1- qzr(s_2)+3) Fr,Zr(s—2)+2(Q)—

qk+s_1E'r,2r(s—1)+1(2r(s - 1) + 3)
(1 _ qk) Ce (1 _ q2r(s—1)+2)

(2.9)
The number 2r(s—2)+2 = 2r(p—1)+2 = 2(mod 27). So by (2.4) and with |'2T—(s2_rzi*'—1] =s—1,

q
Fror(s—2)+2(q) :zl-_—qszr,2r(s—2)+l(Q)_

q2r(s_2)+3Er,2r(s—2)+1(2r(’5 — 2) +8— 1)

1~ q2r(s—2)+2 (210)
Thus,
qk—2r(s—2)—1
Fr,k(q) = (1 — q’“) . (1 — q2r(s—-2)+2) Fr,2r(s—2)+1 (q)_
qk+s—2Er,2,.(s_2)+1(2r(s -2)+s-1) B

(1 _ qlc) ... (1 _ q2r(s—2)+2)

k+s-1p _ 2r(s—1)+s
q T,2r(s 1)+1( r( ) ) (2.11)

(1—gF)--- (1 — gZr(s-D+2)
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By continuing iteration on Fj. g.(s—2)+1(q), we finally obtain the following.

- ¢ qur,l(l) qk+1E‘r,2r 1(2r +2)
F“’“(q)‘(qn‘[(1—qk)---(1—q2> G gyt

qk+s—2Er,2r(s—2)+1 (27'(3 - 2) +8— 1)

+ (1 _ qk) e (1 _ q2r(s—2)+2)

qk+s_1E'r,2'r(s—1)+1(2T(3 - 1) + 3)
(1 _ qk) e (1 _ q2r(s—1)+2)

(2.12)

One can easily derive our formula (2.1) from this result. [
Example 4: The following are generating functions for k = 2,4,5,6 and r = 2.

Fr2(q) = ¢ ¢Ba() = ¢ _ .
’ (9)2 1—¢? (@2 1-¢2

q5

— 9 = __Qf__ 2,2 =75
Rl =™ = T 0

6
Fas(g) = ——Fya(g) = .

(9)s (9)s
_ ¢ [4"Exs(6) ¢°E21(1)
Fasl@) = 55 [1—q6 +<1—q<>')(1—qs)(l—qﬂ(l—qﬁ)(l—qz)]

_i_ q q°
= @ [1 St -da-aa —qz)] '

Example 5: By ezpanding the above, we obtain the following gemerating functions whose
coefficients are expected from Table II.

Fya(q) = q3 +q4 +2q5 + 2q6 + 3q7 +3q8 +4¢° + 49" + 5" +5¢'% + 6% - . ,
Fou(g) = ¢® +¢® +2¢" + 3¢® +5¢° +6¢'° + 9¢* + 11¢"2 + 15¢"% + - -,

Fas(g) = ¢® +q" +2¢° + 3¢° + 5¢"° + 7¢"* + 10¢"* + 13¢"* + - - -,

Fos(q) = ¢® +2¢° + 3¢'° + 5¢* + 7¢*2 +10¢™3 + - - - .
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