LAH NUMBERS FOR R-POLYNOMIALS

SELMO TAUBER
Portland State College, Portland, Oregon

1. INTRODUCTION

According to [ 1], [2], and [3], given two sequences of polynomials,
Py(x,n) and Py(x,n), n = 0,1,2,°°-,

n
) P (xn) = 3 clf:nxm, k= 1,2,
m=0
m
(1a) Ck,n = 0, for n<m, m<0, n<O0,

and the inverse expansion

n
n m
(2) x =y Dy p Pelom)  k=1,2,
m=0
(2a) D§n=0, for n<m, m<20, n<O0,

the coefficients 011:1 n and Df{n n are called respectively Generalized Stirling
£ £

Numbers of First and Second Kind of the polynomials Pk(x, n), Examples of

such numbers can be found in [3], [4], and [5].

Let then
n
_ m - =
(3) P, (xn) = > Ly h,n Pp@om)s k,h = 1,2, k#h,1n=0,1,2,
m=0
m -
(32) Lk,h,n =0, forn<m, m<0, n<0 .
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More explicitly,

n

n S

- S S _ S m

P (xm) = Y Cpn ™ ch’n > Dyg Pytam)
S=0 S=0 m=0

n n

= Z Cf;’ Z Dll;‘js P, (x, m)
s=0 =

n
m=0

n n

— 2 ; § : s m
= Ph(x,m) Ck,n Dh,s s

m=0 S=m

so that

n
m _ S m
(3b) Lk,h,n B Z Ck,n Dh, S
s=m

The coefficients L{{n hn are called Generalized Lah Numbers for the two
t et}

sequences of polynomials Pk and Ph’ k#h, k, h=1,2,

2, QUASI-ORTHOGONALITY

Under the conditions stated, the generalized Stirlingnumbers of first and
second kind for a given sequence of polynomials Pk(x, n) are said to quasi-
orthogonal to each other (cf, [ 3] if

n
m s .8
) E:Dk,n Ck,m = 6,
m=s

This result is proved in [3] for both the Q- and R-polynomials, but since the
proof does not use the structure of the polynomials it is true for any sequence

of polynomials as defined by (1).
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Similarly the generalized Lah numbers for two sequences of polynomials
Pk and Ph are quasi-orthogonal to the generalized Lah numbers for the
sequences of polynomials Ph and Pk’ i.e,,

n

m s _ &S
) 2z R S o -
m=s

This result is proved in [ZJ for the Q-polynomials, but here again the proof
does notuse the structure of the polynomials, thus isvalid for any two sequences
of polynomials as defined by (1).

3. RECALL ABOUT R-POLYNOMIALS

In [2] we have studied the generalized Lah numbers for two sequences of
Q-polynomials, We shall now study the same for R-polynomials as defined in
[3], i.e.,

n
(6) Rxn) = 3 C. X
m=0
(7 R(xn+1) = [K@+1) +Lan+ 1)x|R(x,1)
n
+ Y [M(m + 1) + N(m + Z)X]CIrf’xm ,
m=0
(8) R(x,0) = K(0)
n
9 = ¥ DN Rxm) .
m=0

In order to simplify the results in [3] it was assumed that L = 1, Letting
N(m + 1) +1 = P(n) it was proved that the numbers CII;I and DII:I satisfy the

recurrence relations
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(10) c, = [Km +Mm + ey +Pmmyci !

(11) D = -[Km +1) + M@]Dy!, /P(n) +D! / Pm) .

In the following we shall consider two sets of R-polynomials Ry(x,1n) and
Ry(x,1n) and the corresponding generalized Stirling numbers (C]f:ln, C;? n} and
Dﬁln, D;? n(¢ Wwhich all satisfy the conditions given in sections 1 and 2, ' The
generalized Lah-numbers for the two sequences are L?’lz,n and L;? 1,n . They
satisfy conditions (3a), (3b), and (5). We shall assume that L) = Ly(n) = 1,

4, RECURRENCE RELATIONS

According to relations (6) through (9) we can write

n+i
m m
Ry(x,n+1) = Z Ca,n+t X
s=0
n
= [Kpm +1) + xRy(x,n) + 3 [My(s + 1) + Ny(s + .Z)X]CZS’n x°
s=0

and, according to the definition of the generalized Lah-numbers,

n+
m
Rpon+1) = 30 Loy puRy(xm),
m=0
so that
n+i n
m
(12) > Lzl?i,nﬂRi(Xs m) = Ky(n+1) 3 LyjnRitxm)
m=0 m=0
n
m
+ 3" Ly y,n XRy(X, m)
m=0
n S
~ ] m
+ 20 My(s + 1)Cqpy 2 Dy,sRy (x,m)
s=0 m=0
n s+l

S m
+ 3 Nyp(s +2)Coy ) DijstRy(x,m) .
s=0 m=0
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On the other hand we have

Ry(x,m +1) = [K;m + 1) +x]Ry(x, m)

m
+ 2 (M + D) + Ny + 2)x]0F =
p=0

thus
(13) XRy(xX, m) = Ry(x,m + 1) - Ky(m + 1)Ry(x, m)
m
-3 [Myp + 1) + Ny + 2x]Chpy X
p=0

Substituting (13) into (12), and reorganizing the last two terms with the help of
(1a) and (2a), we obtain

n+ n
m m
2 LpintRim) = K@+1) 3 Ly Ry(xm)
m=0 m=0
n
+ 3 Ly gl Ry(xom + 1) - Ky(m + I)Ry(x, m)
m=0 m
- ¥ [y + 1) + Ny + 2)x] )y P
p=0
n n
S m
+ Z RI(X, m) }: M2(S + 1)C 2,nD1,S
m=0 Ss=m
n-+i n

— S m
+ 5" Ry(xm) ) Ny(s +2)Cypn Dy
m=0 s=m-1
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or, interchanging the indices m and s,

n+i n
m
(14) Y LpgnuBim) = Kn+1) Y Ly Ry(x, m)
m=0 m=0
n m n m
+ 2 LpgnRyxm +1) = 3 Loy nKy(m + )Ry(x, m)
m=0 m=g
- S
-2 L2,1,nz My(p + 1)Ch g Z Dy} ,p R1(X, m)
s=9 p=0

) Z Lz,i n E Ny + Z)CI,S,‘ Z Dy ,p+1 Ry(%, m)

=) p=0
n n n+i
+ 3 Ry(xym) ) My(s + 1)Cz nD1 s+ 2 Ryx,m) Z Ny(s +2)Cy, nDi,s+1
m=0 s=m m=0 s=m-1

The fourth and fifth quantities on the right-hand side of (14) canbe written
as follows:

n
S
(15) 2 Lyin Z My +1)Ch g Zj Dj,p Ry(x, m)
S=0
n
= 2 Ry(xm) E Lz,i n Z My(p + 1)Ch D7 D
m=0 s=0 p=m
(16) E Lz 1,n Z Ny(p + Z)C:l s Z Dy ,p+1 R (X, m)
p=0
n+i 3‘ s s D m
= 2 Ryxm) 25 Lpyn 2, Ny +2)CisDyph
m=0 S=0 p=m-1

Substituting (15) and (16) into (14) we obtain by equating the coefficients of
Ry(x, m)
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m ) m m-1
(17) LZ,i,n"‘i = :&2(1’1 + 1) - Ki(m + 1) Lz"i’n + LZ, 1,n
- & s S P m S p ~m
Y Logn 2, Myp+1)CigDip+ 2. Ny + 2)Cy ¢ Di,p+1
s=m-1 p=m =m-1
2 s .m 2 s .m
+ D My(s +1)Cyn Dy + 2 Np(s +2CinDig4r
s=m s=m-1
or, changing n into n - 1,
m m m
(18) Lo,i,n = Ko - Ky(m +1) Lyyn-g + Ly jyn-y
n-1 s b m s -~
- 2 Lpin-t 2 Myp+1)CigDyp+ > Ny +2)CqsDy pt
1Y
s=m-1 p=m p=m-1
n-1 < m D < m
+ 3 My(s +1)Con-Dys + 3 Nyp(s +2)Cyn-q1 Di sy
s=m s=m-1

Relation (18) is the recurrence relation for the generalized numbers Lgli,n. A
similar relation for the Lah-numbers L‘?ﬁlz,n will be obtained by interchanging
the indices 1 and 2 in (18),

5, EXAMPLE

We illustrate by the following example based on examplesI and II of sec-
tion 5 of [3]. Thus:

Kj@) =a +1, M(®) = (@ -1?% Ny(a) = 0, Ky(d) =, Mp(@) =@,
N2<a) =a ,

where the index 1 corresponds to example I and the index 2 to example II of
section 5 of [3]. The numerical values of Cgln are those of Crrln, of Dﬁln
those of Dgl of example I, while C;iln and D;?n those of CIIF and Diﬂ of

example II. Under these conditions we obtain the following for L;fli’n:
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(19) Ly = @-m-2)Lyyu + L,
- r;\:j Ly Zsj 2ch s DI +r§__j1s+1cS D
o 2,1,0-1 p=mp 1,8 Di,p s=m< )Ca,n-1D1,5
n-i
+ .y (S+2)Czs,n—1D}?s+1 .
S=m-i
m= 0 1 2 3 4
n:
0 1
1 -4 3
2 42 -54 12
3 -1488 2124  -696 60
4 99680  -170640 67440  -8880 360
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