Partial Solulion_s

Section 2

1-2. See list on page 83. 3. Several will be developed later in the text.
4. 1,4,5,9, 14, ..., 7375, 11,933, 19,308

Section 3

1. Using the quadratic formula with a = 1, b = —1, and ¢ - —1, you have
Lo lEVI—am(=D) _1xVs o 1+ V5 ﬂ_l_——\/g.
T 2 -T2 YT T )
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3.u.a+ﬁ=l+2\5+l 2\/5=1
1+V5 1-45 —
b.a—f=—"5——— =5
8 14+ V5 1—\/ (1)—(\/5) _1=-5_
o= 2 4 4
— \/—
4.1+1=1+—1—:=1+ 2(1 — V'5) 14+ N
a 14 V5 a+ V3 -3 2
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5.a.a=a@) =ala+D=a>+a=@@+1)+a=2a+1

b.at=a@®) =aRa+ 1) =2a?4+a=2+1)+a=3a+2
5 = S50 + 3

c. a® = ala?) = aBa + 2) = 322 + 2o = 3(a+l)+2a
Note: It can be proved by mathematical induction (reviewed on page 54) that,
in general, " = F,a + Fo—1,n > 1.
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ol . 2a + 1 2+ vV5\2 - V5
=24 V54+2—-V5=4=1L4
1 a4—a—4 a —fB
7. Sinceaff = —1,a = —f; s = " = F4.

Section 4

1. In any triangle, we must have a + b > ¢, b + ¢ > a, ¢ + a > b. For any
three consecutive Fibonacci numbers, F, + F,y1 = F,42, and so there can
be no triangle with sides having measures F,, F, 11, F.y2. In general, consider
Fibonacci numbers F,, F,, F,, where F, < F,_1 and Fg41 < F,. Since
F,_1+ F, = F,y1 and F, < F,_1, we have F, + F, < F 41, and since
F,11 < F,, we have F, + F, < F,. Therefore, there can be no triangle with
sides having measures F,,, F,,, and F,.

2. The measures of the sides of the triangles must be (page 17) a, ra, r’a and
ra, r2a, r’a with r % 1 (page 21). Therefore, it is impossible to have a = ra
or a = r2a or ra = r?a, and so on, and so neither triangle can be isosceles.
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86 - Fibonacci and Lucas Numbers

3.a.y=(x—a(x—056,a<b
Ifa <x<bthenx —a>0andx — b <0,andso y <O0.
If x <athenx —a<0andx — b <0,andsoy > 0.
Ifx>bthenx-—a>0andx—b>0andsoy>0
b. Ifa—btheny—(x—-a)l, (x — a)? > 0 for all x.
4.a.r2—r—1=0 has roots « and B, B<a Thus, rP—r—1-=
(r—a)(r—ﬁ),andfromEx 3a, r? —r-—1<0forB<r<a
b. r2 4+ r — 1 = 0 has roots —a and —f, —a< —B. Thus, r> +r —1=
[r — (—a)]lr — (—P)], and from Ex. 3a, r2 +r—1>0whenr<—a
(both factors negatlve) or r > —f (both factors positive). (Of course, in
the application in Prob. 4, r > 0.)

c. Since —f8 = —\/5—2_——1 and o = ! +2\/— —B8 < a. Since < —f < a,
riB<r<ayn{rir<—a or r>—f} = {rr = <r<aj.
e 1

Since.a = —1, we have —f8 = é, andzx— <r<a.

5. FromEx.3b, (r — 1)2 > Oforallr. Thus,r? — 2r + 1 > 0,0rr®> + 1 > 2r,
forallr. If r > 0,2r > r,andsor®> + 1 > rforr > 0.

a _a . .
6. If r>1,a <ar <ar?and = < - < a. The sides can be paired by measures:

a a
.a a 9 r2 r a 1 ; e
e =, arer —, ar‘e>a. — = — = — = —> the ratio of similarity.
r r a ar  ar? rs
] cG s t
7. Since CG = DB = s+t and CD = GB =5, = = f =1:=a, and

so DCGB is a Golden Rectangle.
AF FE

8. Since AAFB ~ AFEB, -IE’E 5B =

s
- =a.
{

s s
9 Sincef—aS2+2SI—E+2(;)’—a2+2a——a(a+2)—
e : YT 82 “e2+1 a+2

2 2 2 2
I—ZSt_s + ¢ s~ + 2st

. = — =] —a =
b 2T e T2t 2+ a=§
s2 + 4st — t2 s2 + 2st l2 — 2st 8 NG
C. = —_— = —_ =
52 4 2 2+2 s+ ¢
Section 5
2n 2n n n
ot — _
LFn = (C 2B ) 4 gy = FLon>1
a—f a—f3
n—1 _ n—1 n+1 _ n4-1
2. Fair + Fuyr = (e B )+ (a B )
a—f3

an+l +an——l _ 671—{—1 _ 611—1 B a"+l _ (aﬂ)an_l + (aB)Bu—l o Bn+l

B a — f a—f3

=a(a—ﬂ(z-_{:g(a‘“ﬁ)za"+ﬁ"=L,,,sinceaB= -




Partial Solutions - 87

=a ™+ B7" n>0. Since of = —1, we have ™ = (—1)"8" and
B~ = (=D"a". Thus, L_, = (=D)*" + B = (—D"L,.
4. F = <°%) . Thus, 5F; = (@" — B = & — 24"8" + 8"
\/ 5 n n n n
=™ + % — 2(=1)" = Lan — 2(=1)".
5. L,': — (an + Bn)Z “—‘0'2" + zanﬁn + ﬂ‘Zn =a2n + 6211 + 2(__1)n — L2n + 2(___1)n'
6. Fn+1Ln _ Ln+1Fra

an+] _ Bn—{—l . ) an _ Bn
_ LA (an + Bn) _ (an—}- + ﬁn—{- )
a—f a—f3
_ a2n+l _ Bn+lan +an+l[),n _ B?n-{—l ___a2n+l _ Bn+lan +an+lﬁn + B2n+l
a—f
B __Bn-{-lan + an+16n _ Bn-{-lan + an+lﬁn B 2(an+lﬁn _ anﬂn-}-l)
- a—f N a—fB
a—f
Fn+l Ln+l _ Fn+]Ln - Ln+]Fn _ 2(_])n
7. F, L = FL = " hH. by Ex. 6 and 1.
8. If n <0,then —n > 0. For —n > 0, F_(_,) = (=1)""+1F_,,
F. -1)"t'F, .
or F_, = S}, = (-1)"*'F,.

(—1)—7+t (—1)2
9. Ifn <0, then —n > 0. For —n > 0, L_(_,y = (=1)""L_,,
L, q\n
= - (=1)'L..
10. From Ex. 4, 5F2 = Lo, — 2(—1)*. FromEx. 5, L3, = LZ — 2(—1)". Thus,
SF2 = L2 — 4(—1)™.
‘I.L"'—' n+l+Fn—l=(Fn+2_Fn)+(Fn—F—2)=Fn+2°‘Fn——2

orlL_, =

Secrion 6

12 12
1. Fia = (L: loga -
V5 V5

Thus, F12 = 144.
2. Li2 = o'? loga'? = 2.5078. Thus, Lz = 322.

= 12(0.20898) — 0.3494 = 2.5078 — 0.3494 = 2.1584.

34
3. F3s = S = 570 x 10* 4. Lsz = o* = 788 x 10*
V5
(1507 + 1 + v12752045]  [15 1
5. 1T F, = 1597, then Fopy = | 1220 +2 127520 5] _ [_98_42@5_7_]
(5169
= |55 | = (258451 = 2584,
- ) |
6. 1 L, = 2207, then Lo, = | 207+ 1 -1-2 \ 24354245] _ [2208 qu 4935]
= %’—3] = [3571.5] = 3571,




88 - Fibonacci and Lucas Numbers
Section 7

1. F7 = 13; F14 = 13(29); F21 = 13(842); Fa2s = 13(24,447)

2. F10 = 55; Fao = 55(123); F30 = 55(15,128); Fyo0 = 55(1,860,621)

3. Foy = 46,368 = 2(23,184) = 3(15,456) = 8(5796) = 21(2208) = 144(322)

4. F3o = 832,040 = 2(416,020) = 5(166,408) = 8(104,005)

= 55(15,128) = 610(1364) 5. Ly = 7; Fg = 7(3); Fi16 = 7(141)

6. L7 = 29; F14 = 29(13); Fog = 29(10,959)

7. Ls = 7; L1z = 7(46); L2o = 7(2161)

8. L5 = 11; L1s = 11(124); L2s = 11(15,251)

9. Fi12 = 144 = 2(76 — 4) = 2(4)(18) = 3(47 + 1) = 8(18)

10. Fig = 2584 = 2(1364 — 76 + 4) = 8(322 4 1) = 34(76)

11. (F1¢, F24) = Fae, 24) = Fg = 21

12. (F24, F36) = F(24, 36) = F12 = 144

Section 8

1. Since 13 is F7, the entry point is 7. The remainders on dividing by 13 are
Ro=0, Ri=1,..., Rz =0, Rg =8,..., Riyu = 0, Ris=12,...,
Roy =0, Re2 = 5,...,R28 = 0, Rog = 1,...,and so K3 = 28.

2. The remainders on dividing by 13 are Ro =2, Ri =1,..., Rig =2,
Reo=38,..., Res =2, Rea=17,..., Rag =2, Rog=1,..., and so
K13 = 28. No remainder is 0, and so 13 does not divide any Lucas number.

3. The remainders on dividingby 10are Ro = 0,R; = 1,...,R15 = 0,Ry6 =7,
..., R30=0,R31=9,..., Ry5s = 0, Ry = 3,..., Reo =0, R¢1 =1,
...,and so K10 = 60. The entry point is 15.

4. The remainders on dividing by 6 are Ro =2, Ry =1,..., Rg =0,...,
Ris=2 Rig=5,..., Rig=0,..., Ray = 2, Raa = 3,..., Ray = 2,
Raos = 1,...,and so k¢ = 24. The entry point is 6.

5. The remainders on dividing by 10 are Ro =2, Ri =1,..., Ri2 =2,
Riz =1,...,and so Kio = 12. No remainder is 0, and so 10 has no entry
point in the Lucas numbers. (Also, since no Lucas number is divisible by 5
(page 45), no Lucas number is divisible by 10.)

Section 9

From (A) on page 49:

1.

Withx =landy =x, 2. Withx=1,y=1, 3. Withx=1,y=—1,

> (") =0+ D (") = 2" > ("_) (-1)" = 0.
i—o \! i—0 \!{ i=0 \!

n L n! _ 1 (n - n! 1 ny _ n' )
0 0'(n — 0) ’\u) al(n— n)! o m)  min — m)!’

n—1 n—1Y\ (n— 1) (n — !
m >+ (nz — 1> T omln — 1 — m)! T (m — DY (n — m)!

_ (n— m)n — D'+ m(n — 1) n! <11>

m!(n — m)! T omln— m)! \umn

(= @ (e @) re (s ()

= Fyo+ 4F, + 6F2 + 4F3 + Fy = 21 = Fg
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Partial Solutions - 89

~ (n oo 1 = (n i+ = (n\ ivj
o ()5 B0 - 2 ()]

N PP D I
=a_ﬁ[a(l+a)—ﬁ(l+ﬁ):l—a_6

= Fonyj,since l + a = o and 1 + B = /32.

Z <n> Li+j = Z <"> C!HLJ + Z (”> ﬁi+j
=0 \ /! i—=0 \/ . i=0 \ !

= +a) + 80 +8) = + 6 = Ly,

<"') (~DFuy = [Z (".> (—Da™ = 3 (”) (—1)‘6"*"]
=0 \? o ﬂ i—o \{ o\
;%E[aj 2, @ ()= ' 3 ( )( ﬁ)]

[a2n+j _ [),Qn—{—j]

-,

_ 1 j _ n_ 7 _ n _aﬁ
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_ @@ e ey
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But (-1’ = (—a®) and (=19(8%)" = (—-8%"
Thus, ) (':) (=1)'Faiyj = ;{— [’ — &) — B(1 — B%)"]

& B
) ) ntj _ onti
- [ (—a)" = (=B = (=1’ (‘i—~——£’-— = (=1)Fas.
«— B o«
Section 10
.ZF—F,,+«>—-]n>1 3ZF_FF,.+1, > 1

10.

-Fn+1_Frx+Fn-——|,Fr:+l“F +2FFnl+Fnl

From (I3), FuFn_1 = Fi + -+ + FZ_,.

Thus, Fat1 = Fa + 3Fi—1 + 2(Fa_s + - -+ + F}).
The number of squaresis 1 + 3 + 2(n — 2) =

2 Foict = Fan,n > 1 9. D Fai= Fany1 — 1,n > 1
i=1 =1

Ly =Ls— Ly 1. Lo = L3 — Ly

Ly =1Ly — Lo Ly =Ls— L3

Ls =L — Ls Le =L7 — Ls

L?n——¥ = L2n—2 - L211—4 L2n—2 = L2n—-l - L2n-3
Lon_y = Lon — Lou_o Lo, = Lany1 — Laa—1

Z Loy = Lo, — 2 Z Lo; = Lopyr — 1
i=1 =1
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12.

. Fibonacci and Lucas Numbers

Ln = Fn—l + Fn-{-l (IS)’ Ln-—l = Fn—2 + Fu; Ln-{-l = Fn + Fn-{-2-
%(Ln-—l + Ln+l) = %(Fn——-2 + 2F, + sz+2) .

%[(Fu - Fn—-l) + 2F, + (Fn + Fn-{—l)]
'15_(4Fn+ Fn) =F,

13. Fo, = Faln, (I7); La = Fa_1 + Fay1 (I).
Fon = Fn(Fn—l + Fn+l) = (Fn-{-l - Fn-—l)(Fn-{—l + Fz—l)
T F2
= a4l — Lfa—-1
14. Fo, = Ff+1 — F2_1 (Lo). R . . .
Fony1 = Famyn — F2;. = 2Z+2 - F, — Fiq + F;_; \ .
=(Fn+l+Fn)~—Fn_F;+l+(Fn+l_Frn)~= n+l+F;
1 1 1 2 2 9
15. h = < ,or —> since 8 + 37 > 8".
V8z 32 g 8
17. To prove: Huoy2 = gFap1 + pFa

18.

Hl = P; H2 = q, Hn+2 = H11+1 + Hu, M _>_ 1

n=1: H3=Hy+ Hi =q+ p=qF2+ pFi

n=2: Hy = H3 + Hz2 = qF2 + pF1 + q = gF3 + pF2

Thus, we have a basis for induction.

We assume (inductive hypothesis): P(k — 1): Hi 41

and P(k): Hi42

Adding, we have: Pk + 1): Higs

The proof is complete by mathematical induction.

Note: Observe the variation from the usual pattern of mathematical induction.
The inductive basis has two (consecutive) validations, and the inductive
hypothesis has two (consecutive) assumptions.

F(Ic+l)n = FknFn+l + Fkn——an

To prove: F, divides Fnr, k > 0.

k = 1: F, divides F,. Thus, we have a basis for induction.

We assume (inductive hypothesis): P(p): F. divides F, .

But F(p+1)fl = (Fpn)Fn+l + Fpn—l(Fu)~

Since F, divides F, and is assumed to divide F,,, F, must divide Fp4 1)1 and
the proof is complete by mathematical induction.

gFr + pFi_1
qFiy1 + pF
qFiy2 + pPFiy1

o

Section 11
tavz= (0@ )-8 a0 - (€ o)~
zea-(Q )+ a)-0te ot -( a1
eavn= (0 g+ () - (55 ot
Gie s )+ (0 a) =+
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c
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Partial Solutions - 91

war =0 )+ (20 Z)-(IeaZ)-(60) -2
4= (@ Ga) = (5 52) = sem

(o (—a —b) _ ((=Da (=Dp\ _
6. —a= (20 29 - (208 S5 = o

- (g 3) ((1) ) _ (a(l) + b(0) a(0) + b(l)) _ (a z) _
)

[%]

0
1 c(1) + d©) ) + d)
_ (1 0\ (a b\ _ (1@ +0() 1(h) + 0@)\ _ (a b\ _
I = (0 1) (c d] — (O(a) + 1(c) 0(b) + 1((1)) - ( d) -

.A(B—I—C):(Z Z)(Zilk /{19

_ (G(c’ + i)+ bg+ k) a(f+j)+ bh + 1))
cle+i)+deg+ k) c(f+)+dh+1D
_ ((ae + bg) + (ai + bk) (af + bh) + (aj + bI)\ _
(et dp 1 @i+ (1 diyt (o4 ap) = AB+AC
Similarly, (B + C)4 = B4 + CA.
9. To prove: det (Q") = (—=1)*, n > 1.
det 0 = —1; det 02 = det ((0)(Q)) = det Q det @ = (—1)?
Thus, we have a basis for induction.
We assume (inductive hypothesis): P(k): det Q% = (—1)*
We wish to prove P(k + 1): det Q%+1 = (—1)k+1,
det Q*! = det ((Q)(Q") = det O det Q% = (—I)(—DF = (—1)*+!

The proof is complete by mathematical induction.

oo () DG Dieri-( -o
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Section 12
1. 1 =F> 11 = Fg + F4
2 =F3 12 = Fe + F4 + F2
3 =Fy4 13 = F4
4 =Fy+ Fo 14 = F7 4+ Fo
5=Fy+ F3 15 = F7; + F3
6 = Fy+ F3+ F2 16 = F7 + F4
T=F4+ F3+ Fo+ F, 17 = F7 + F4 + Fo
8 = Fq 18 = F7 + F4 + F3
9 =F¢+ F2 19 =F7 4+ Fs + F3 + Fo
10 = F¢ + F3 20=F;+Fs+ F3+ F2 + F,
2.1 =F» 4=Fs+Fs+ F, 7 =F5+ F3
2 =F3y 5=F; 8 =Fs+ F3+ F
3=F3+ F2 6 =F;+ Fo 9=Fs+ F3+ Fe + F1
There is no possible representation for 10 with F4 and Fg missing. The next
available one is F; = 13, which is too large, and 9 is the sum of all the smaller

available Fibonacci numbers.

3. There is only one representation of 27 using distinct Fibonacci numbers:
27 = 21 4+ 5 4+ 1. This may be expressed as 27 = Fg 4+ F5 + Fa.

4. 1966 = 1597 4+ 233 + 89 + 34 + 13 = Fy7 + Fy3 + F11 + Fo9 + F7

5.32 = 21 + 8 4+ 3 = Fs + Fg + F4 (minimal, or Zeckendorf)
=13+8+5+3+24+1=F;+4+ Fo+ Fs + F4 + F3 + F2 (max.)

6.32=294+3 =1L~ + L2 (minimal)
=8+7+4+2+4+1=Lg+ Ly+ Ly + Lo + L (maximal)



