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EDITORIAL, H /-

The F i b o n a c c i A s s o c i a t i o n was f o r m e d in o r d e r 
to exchange ide.as and s t i m u l a t e r e s e a r c h in F i b o n a c c i num-
b e r s and r e l a t e d t o p i c s 0 F r o m the s t a r t s the g roup was 
ac t ive in p r o d u c i n g r e s u l t s and it soon b e c a m e ev iden t tha t 
a j o u r n a l would be h ighly d e s i r a b l e for the r a p i d d i s s e m i n a -
t ion of t h i s r e s e a r c h , Ano the r p h a s e of ac t iv i ty was the 
g a t h e r i n g of b i b l i o g r a p h i c a l m a t e r i a l which was e x t e n s i v e . 
Our p r e s e n t b i b l i o g r a p h y of over s even h u n d r e d i t e m s i n d i -
c a t e s tha t the F i b o n a c c i n u m b e r s have long s u s t a i n e d a 
wide i n t e r e s t wi th p a p e r s a p p e a r i n g in m a n y l a n g u a g e s and 
c o n t r i b u t o r s r a n g i n g f r o m c u r i o u s a m a t e u r s to s e r i o u s r e -
s e a r c h e r s , 

We hope tha t the j o u r n a l m a y s e r v e a s a focal 
point for w i d e s p r e a d i n t e r e s t in F i b o n a c c i n u m b e r s , e s -
p e c i a l l y wi th r e s p e c t to new r e s u l t s , r e s e a r c h p r o p o s a l s 
and cha l l eng ing p r o b l e m s 0 In add i t ion we w i s h to he lp n u r -
t u r e b e g i n n e r s in the f u n d a m e n t a l s of F i b o n a c c i n u m b e r s , 
u s i n g the f ield of r e c u r r e n t s e q u e n c e s as a b a c k g r o u n d in 
which v a r i o u s b a s i c c o n c e p t s of s i m p l e r e s e a r c h m a y be i l -
l u s t r a t e d . 

M a t h e m a t i c s t e a c h e r s and s t u d e n t s of al l l e v e l s 
a r e e n c o u r a g e d to s h a r e our e n t h u s i a s m and to deve lop an 
i n t e r e s t in a r i t h m e t i c n u m b e r s e q u e n c e s t h r o u g h p a r t i c i p a -
t ion in c l a s s r o o m p r o j e c t s , e l e m e n t a r y p r o b l e m . s e c t i o n s , 
and s i m p l e e x p l o r a t i o n of F i b o n a c c i n u m b e r f a c t s . The 
t h r i l l of d i s c o v e r y is wonder fu l ; and dev i s ing a good proof 
i s s a t i s f y i n g , even if the d i s c o v e r y or proof i s not new, so 
long as it i s an o r i g i n a l e x p e r i e n c e for the s tudent 0 

M a n u s c r i p t s s u b m i t t e d for pub l i ca t ion should be 
t y p e w r i t t e n , double - s p a c e d and c a r e f u l l y p r e p a r e d . A u -
t h o r s a r e e n c o u r a g e d to keep a c o m p l e t e copy of t h e i r m a n -
u s c r i p t . The a r t i c l e s should be w r i t t e n in a s ty le which i s 
m o r e e x p o s i t o r y t han is u s u a l l y found in m a t h e m a t i c a l 
j o u r n a l s . B e s i d e s the t e c h n i c a l p a p e r s t h e r e wil l a l s o be 
" P r o b l e m and S o l u t i o n s " s e c t i o n s , both e l e m e n t a r y and a d -
v a n c e d . In add i t ion , t h e r e wil l be r e s e a r c h p r o p o s a l s for 



r e a d e r s looking for s o m e t h i n g to i n v e s t i g a t e . R e s u l t s 
t h e r e f r o m wi l l r e c e i v e c a r e f u l a t t en t i on , 

Th i s i s a j o u r n a l for ac t ive r e a d e r s ; the e d i t o r s 
d e s i r e r e a d e r p a r t i c i p a t i o n e s p e c i a l l y f r o m m a t h e m a t i c s 
t e a c h e r s and s tudents„ 

VEH 



PART I 





A G E N E R A L I Z A T I O N OF S E M I - C O M P L E T E N E S S 3 
FOR I N T E G E R S E Q U E N C E S 

J e L . B r o w n , J r . 

O r d n a n c e R e s e a r c h L a b o r a t o r y , The P e n n s y l v a n i a 
Sta te U n i v e r s i t y , U n i v e r s i t y P a r k , P a , 

Nota t ion 
In th i s a r t i c l e , the no ta t ion f. (ee ) wi l l be u s e d to 

signify 

Given a s e q u e n c e f.(ee) of pos i t i ve i n t e g e r s and 

two a u x i l i a r y s e q u e n c e s k.(ee) of pos i t i ve i n t e g e r s and m.(oo) 

of nonnega t ive i n t e g e r s , we w i sh to c o n s i d e r the p o s s i b i l i t y 
of expand ing an a r b i t r a r y pos i t i ve i n t e g e r n in the f o r m 

M 
n - E a . f . , 

w h e r e M is f inite and e a c h a. i s an i n t e g e r ( z e r o and n e g a -
t ive v a l u e s a l lowed) sa t i s fy ing 

- m . < a . < k. for i = 1, 2, . . . , M . 

T h r o u g h o u t the p a p e r , the conven t ion i s adop ted tha t k.(ee) 

and m.(ee) wi l l a lways denote g iven s e q u e n c e s of pos i t ive 
and nonnega t ive i n t e g e r s , r e s p e c t i v e l y . 

As an a p p l i c a t i o n of the r e s u l t s to be p r o v e d , we 
sha l l show tha t e v e r y pos i t i ve i n t e g e r n ha s an e x p a n s i o n in 
the f o r m 

M 
n = £ a. F P , 

1 X X 

w h e r e p is a fixed i n t e g e r g r e a t e r than or equa l to 2, 
F . (ee) =s { 1 , 1 , 2 , 3 , 5 , . . . . . } i s the u s u a l F i b o n a c c i s e q u e n c e 
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a n d OL. i s a n i n t e g e r s a t i s f y i n g j a . I < 2 f o r e a c h v a l -
u e of i . 

D E F I N I T I O N 1: A s e q u e n c e of p o s i t i v e i n t e g e r s f . (w), i s 
s a i d t o b e q u a s i - c o m p l e t e w i t h r e s p e c t t o t h e s e q u e n c e s 
k.(co) a n d m.(oo) iff (if a n d o n l y if) 

N 
i m p l i e s < n< 1 + 2J 

1 
N 

i = S a .f. 
1 1 X 

m- < a. < 1 — 1 — 

k.f. 
1 1 

wi 

k . 
l 

(1) n ?5 S a .f. w i t h a . i n t e g r a l a n d 
l 

(2) - m - < a. < k . f o r i - 1, Z# . . . e , N . s f 1 — I — I 

T h e p u r p o s e of t h e p r e s e n t p a p e r i s t o o b t a i n a 
c h a r a c t e r i z a t i o n of q u a s i - c o m p l e t e n e s s a n d t o i n v e s t i g a t e 
t h e c o n d i t i o n s u n d e r w h i c h t h e r e p r e s e n t a t i o n i n (1) i s u n i q u e , 
M o r e o v e r , w e w i l l a l s o s h o w t h a t a n y n o n d e c r e a s i n g 
s e q u e n c e of p o s i t i v e i n t e g e r s f.(oo J w h i c h i s e i t h e r c o m p l e t e 
o r s e m i - c o m p l e t e m u s t a l s o b e q u a s i - c o m p l e t e . 

B e f o r e p r o c e e d i n g t o t h e p r o o f of t h e c h a r a c t e r * * 
i z a t i o n t h e o r e m s we r e c a l l s o m e p e r t i n e n t d e f i n i t i o n s a n d 
a l e m m a . 

D E F I N I T I O N 2: ( R e f e r e n c e 1)8 A s e q u e n c e of p o s i t i v e i n t e -
g e r s f.(co) i s c o m p l e t e iff e v e r y p o s i t i v e i n t e g e r n h a s a r e -
p r e s e n t a t i o n i n t h e f o r m 

CO 

(3) n = L c.f. » w h e r e e a c h c . i s e i t h e r z e r o 
1 1 i 

o r one9 

D E F I N I T I O N 3 : ( R e f e r e n c e 2 ) . A s e q u e n c e of p o s i t i v e i n -
t e g e r s f. (co) i s s e m i - c o m p l e t e w i t h r e s p e c t t o t h e s e q u e n c e 
of p o s i t i v e i n t e g e r s k.(co)# iff e v e r y p o s i t i v e i n t e g e r n h a s a 
r e p r e s e n t a t i o n 
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(4) n ~ 2 c.f. , w h e r e e a c h c. i s a nonnega t ive 
' 1 n l & 

i n t e g e r sa t i s fy ing 

(5) 0 < c. < k. . 
— l — i 

L E M M A 1: ( A l d e r , Refe 2, p p . 147-8) . L e t f.(«) be a g iven 
s e q u e n c e of pos i t i ve i n t e g e r s wi th f - 1 and such tha t 

P 
f , , < 1 + Ek . f . for p - 1 , 2 , 3 , . . . . , 
p + i ~ j i i 

w h e r e k.(co) i s a f ixed s e q u e n c e of p o s i t i v e i n t e g e r s . Then 
for any p o s i t i v e i n t e g e r n sa t i s fy ing the i n e q u a l i t y 

N 
0 < n < 1 + S k.f. 

i 1 X * 

t h e r e e x i s t nonnega t ive i n t e g e r s , a. (N) , s u c h tha t 

N 
n = S aS. and 0 ^ a. - k. 

i X 1 x 

for i 1, 2 , . . . . , N. 

The fol lowing t h e o r e m g ives a n e c e s s a r y and 
suff ic ient cond i t ion for q u a s i - c o m p l e t e n e s s . 

T H E O R E M 1: F o r g iven s e q u e n c e s , k.(co) a n d m . ( o o ) , the 
s e q u e n c e of p o s i t i v e i n t e g e r s f.(oo) with f = 1 is q u a s i - c o m -
ple te iff 

P 
(6) f , .< 1 + L (k. + m . ) f. for p = 1 , 2 , 3 . . . 

p + 1 — ' l i ' i 

P R O O F . A s s u m e cond i t ion (6) i s s a t i s f i e d , and le t n be a 
f ixed p o s i t i v e i n t e g e r sa t i s fy ing 
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N 
0 < n < 1 + S k . f . . Then 

1 1 X 

N N 
0 < n + S m . f . < 1 + £ (k. + m . ) f. , 

x xx x x x x 

and L e m m a 1 i m p l i e s 

N N 
(7) n + 2 m.f. S3 D j3. £. s w h e r e e a c h g. i s a non« 

i i ^ i i ' i 

n e g a t i v e i n t e g e r sa t i s fy ing . 0 < jg. < k. + m . for 

e a c h i =s 1, 25 . . . , N. Thus 

N 
(8) n ~= £ (g. - m . ) f. t wi th - m . < g . - m . < k. , x ' ^ V f i i i I ~ r i l — i 

1 
and the iden t i f i ca t ion a. ss j8. « m . for i = 1, 2, . . . , N 

i ' I i 
shows tha t f.(co) i s q u a s i ~ c o m p l e t e s 

C o n v e r s e l y t a s s u m e £.(») i s q u a s i - c o m p l e t e * 
T h e n by Def in i t ion 1, the i nequa l i t y 

N 
0 < n < 1 + Lk . f . i m p l i e s 

1 X 1 

N 
n ~ 2 a. f. wi th - m . < a. < k . , 

i i l — i — i 
1 

and we w i s h to show tha t (6) is sa t i s f ied* 

F o r a proof by con t r ad ic t ion^ a s s u m e (6) does 
not hold; then 5 t h e r e e x i s t s an i n t e g e r r g r e a t e r t han z e r o 
such tha t 

r 
(9) f t > 1 + L (k. 4- m . ) f. . 

' r +1 1 i i 
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H e n c e . 
r r + 1 

0 < f , - S m . f . - l < f - < 1 + S k. f. , 
r + 1 1 1 r + 1 i i * 

a n d b y t h e q u a s i - c o m p l e t e n e s s of f. (°°), 

r r + 1 
(10) f , - £ m . f . -1 = £ a. f. w i t h - m . < a -< k . 

r + 1 • 1 1 1 1 1 1 i 

N o w ? i n t h e r e p r e s e n t a t i o n (10), a > 0S f o r , if n o t , 
t h e n 

r 
f * = a , f . + 1 + £ (a . + m . ) f. 

r + 1 r + l r + 1 1 1 1 1 
r r 

< 1 + E ( a . 4- m . ) f. < 1 + L ( k . + m . ) f. 
— 1 i ' 1 — v 1 1/ 1 

i n v i o l a t i o n of a s s u m p t i o n ( 9 ) . T h u s , f r o m (10) 
r 

(11) - £ ( a . + m . ) f. -1 =* ( a - l ) f > 0 . 
x / 1 -1 1 : L r + 1 r + 1 — 

B u t t h e l e f t h a n d s i d e of (11) i s c l e a r l y < - 1 , g i v i n g t h e d e 
s i r e d c o n t r a d i c t i o n * W e c o n c l u d e t h a t (6) m u s t be s a t i s f i e 
f o r a l l v a l u e s of p >> 1. 

F o r n o n d e c r e a s i n g s e q u e n c e s , q u a s i - c o m p l e t e -
n e s s c a n b e r e p h r a s e d in t e r m s of s e m i - c o m p l e t e n e s s a c -
c o r d i n g t o t h e f o l l o w i n g C o r o l l a r y : 

C O R O L L A R Y 1: A n o n d e c r e a s i n g s e q u e n c e of p o s i t i v e i n -
t e g e r s f.(oo) i s q u a s i - c o m p l e t e w i t h r e s p e c t t o t h e s e q u e n -

k . ( 00) a n d m . ( c© ) 
1 ' 1 

iff f.(co) i s s e m i - c o m p l e t e w i t h r e s p e c t t o t h e s e q u e n c e 

fk. + m. } 
L 1 1 J 



8 A G E N E R A L I Z A T I O N OF SEMI-COMPLETENESS 

P R O O F : F r o m [ 2 ] and T h e o r e m 1, the n e c e s s a r y and 
suff ic ient condi t ion for both s t a t e m e n t s is i nequa l i ty (6). 

COROLLARY 2: If a n o n d e c r e a s i n g s e q u e n c e of pos i t i ve in-
t e g e r s f.( o> ) wi th f - 1 i s c o m p l e t e , t hen it i s a l s o q u a s i -
c o m p l e t e wi th r e s p e c t to a r b i t r a r y s e q u e n c e s , k.(oo) and 
m . ( co) 9 

l 

P R O O F : By T h e o r e m 1 of [ 1 ] , 

P P 
f , < 1 + 2 f. < 1 + £ ( k . + m . ) f. for p « 1, 2, . . 
p + 1 — I 1 " " 1 

for a r b i t r a r y s e q u e n c e s k.(a>) andm.(oo) , s ince k. > 1 
and m . > 0 for a l l i > 1. 

COROLLARY 3: If a n o n d e c r e a s i n g s e q u e n c e of pos i t ive 
i n t e g e r s f.(oo) with f = 1 is s e m i - c o m p l e t e wi th r e s p e c t to 
the s e q u e n c e of pos i t i ve i n t e g e r s k.(e»), t h e n it i s a l s o 
q u a s i - c o m p l e t e with r e s p e c t to the s a m e s e q u e n c e k.(oo) 
and any s e q u e n c e m . (oo) of nonnega t ive i n t e g e r s * 

P R O O F : F r o m T h e o r e m 1 of [ 2 ] , 

f , < 1 + S k i . < 1 + £ ( k . + m.) f. , 
p +• 1 — l i — x i r i 

and the C o r o l l a r y i s i m m e d i a t e f r o m the c h a r a c t e r i z a t i o n 
of q u a s i - c o m p l e t e n e s s . A l t e r n a t i v e l y , C o r o l l a r y 1 i m p l i e s 
the r e s u l t s ince s e m i - c o m p l e t e n e s s wi th r e s p e c t toki(oo) 
i m p l i e s s e m i - c o m p l e t e n e s s wi th r e s p e c t to { k. *hm.} . 

B e f o r e d i s c u s s i n g u n i q u e n e s s ^ we note t h a t , for 
g iven s e q u e n c e s k. (oo) and m.(co), q u a s i - c o m p l e t e n e s s i s a 
suff ic ient condi t ion for e v e r y pos i t i ve i n t e g e r to p o s s e s s a 
r e p r e s e n t a t i o n in the f o r m of equa t ion (1). H o w e v e r , if the 
m . a r e not a l l z e r o , t h e n q u a s i - c o m p l e t e n e s s i s not n e c e s -
s a r y for such r e p r e s e n t a t i o n s even in the c a s e of a nonde« 
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creasing sequence f.( co). Fort let k. - m. = 1 for all i > 1, 
and consider the particular sequence 

f (co ) = {1,10,100,101,102,103,104,10 5, . . . } 

Then the inequality 
P 

f % < 1 + 2 E f. is not satisfied for p=l, 28 . ; 
p +1 - x i 

nevertheless^ any positive integer n has a representation in 
the prescribed form: 

n =,(102-101) +(104-103) + . . . + [(100 + 2n)-(100 + 2n-l) ] 

Clearly, the same situation obtains for any se-
quence f. (co) which contains all consecutive integers after 
some fixed index n = n , where n may be arbitrarily 
largeffl This shows that in order to obtain a necessary con-
dition which holds for all members of the sequence, some 
additional constraint must be introduced* The one chosen 
in the above theorem requires that whenever 

N 
n < 1 + T)k.f. , the representation for n can be ^ i i i 

accomplished in terms of the first N members of the se-
quence, Thus, for a quasi-complete sequence, every pos-
itive integer which is 

< r k.f. 
- i x l 

can be represented in the proper form using only the terms 
f , f , f , . , 0 . , . f̂  . B u t t h e l a r g e s t n u m b e r t h a t c a n be r e -
1 2 3 IT / t , i 

p r e s e n t e d m t h e p r o p e r f o r m u s i n g o n l y t h e s e t e r m s i s 
N 
£ k.f. 
1 X 1 

so that, in this sense, the condition is the best possible, 
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In order to discuss uniqueness of the representa*-
tion# we introduce, for given sequences k. (oo) and m.(co)5 

the part icular sequence of positive integers (A.(co), defined 
by 

ca - 1 
(12) p 

Cp . = 1 + S(k. +m.) p . , for p > 1 . 

It is straightforward to show that the t e rms of 
this sequence may also be written in the equivalent form: 

< p 1 - 1 
(13) p 

<o , t =* II (1 + k. + m.) , f o r p > 1 , 
^ p + 1 i i 

i = l 
DEFINITION 4: For given sequences k.(« ) and m. (oo ), a 
sequence of positive integers f.(w ) will be said to possess 
the uniqueness property iff for any N > 09 the equation 

N N 
(14) £ a . f. = EjS.f. , with -m. < a . < k. 

' , 1 1 ' I I * i — i — i 
I 1 

and -m. < /3 . < k. , i =. 1, 2# 9 . . . , N 

implies a . =- jS . for i = 1, 2f . •. . , N. (In other words, ev-
ery integer , positive or negative^ which posse sses a repre 
sentation in the required form has only one such rep resen-
tation in that form,) 

THEOREM 2: Let k. (oo) and m.(oo) be given and let f.(oo) 
be a quasi-complete sequence of positive integers with 
£x « 1. 

Then f.(co) possesses the uniqueness property iff 

(15) f. =(p. for i = 1, 2 , 3 , . . . . , . 

PROOF: Assume f.(co) possesses the uniqueness property 
and that f. ~ o • does not hold for all i > 1. Then there 
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e x i s t s a l e a s t i n t e g e r N > 0 such tha t F 4 (p . (Note tha t 
N > 1). F r o m the q u a s i - c o m p l e t e n e s s ^ we have 

N - l N - l 
0 < L < 1 + E (k. + m . ) f . =1 + S (k. + m. ) <p. = <p,T 

N — i ) i i ^ N 

Since f 4 tp , we m u s t have f < ^ and 

N - l 
0 < f_T < 1 + S (k. + m . ) (p . . 

N . I I ' • i 
1 

By L e m m a 1, f can be w r i t t e n in the f o r m 

N - l N - l 
(16) f =5 L y . ^ . s £ y . f. w h e r e e a c h y . i s a n o n n e g -

1 1 

a t ive i n t e g e r sa t i s fy ing 0 < y . < k. + m . 
— / i — I I 

Hence^ 
N - l N - l • 

(17) f - L m.f. = L ( v. - m . ) f . , w h e r e 1 N i i w i i i 
1 1 

- m . < y . - m . < k. . 
I — / i i — I 

Apply ing the u n i q u e n e s s p r o p e r t y to (17), we find 
tha t y . - m . = ~m. or y . = 0 for i = 1, 2, . . . . . , N - l . 

i i i / I 
Thus^ f r o m (16), f = 0^ a con t r ad i c t ion^ and we conc lude 
that f. = o . for a l l i > 1. 

i ^ i •— 

F o r the c o n v e r s e , we m u s t show tha t (p . ( co ) 
p o s s e s s e s the u n i q u e n e s s p r o p e r t y . The proof is by c o n -
: r a d i c t i o n . If p . ( e© ) does not p o s s e s s the u n i q u e n e s s 
p rope r ty^ then t h e r e is a l e a s t i n t e g e r N > 0 such tha t 
Q/ . (N) and /3 . (N) e x i s t hav ing the p r o p e r t y 

N N 
£ a. p. = £ 
1 * 1 

(18) £ a . (p. - £ J8 . (P . with - m . < a . < k. 
i ^ i , 1 ^ 1 l — i — i 
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and - m. < p . < k. , (i = 1, 2. . . . , N) 
l — i — i ' 

N 
and L | a. - j8. | h 0* 

Clear ly , N > 1, since a-> p.. = /L p -. implies 

&-, = $-* • Moreover,, we a s s e r t that a £ j8 in (18), Fo r 

if « =/3 , then 
N-l N- l 

L a . o • = 2 j 8 . < f l . , with -m. < a . < k. 
1 v l 1 ^ 1 1 — 1 — 1 , 

-m . < 0 . < k. , (i = 1 , 2 , . . . , N-l) 

N- l 
and J | a. • - ft • | £ 0. But this contradicts our 

choice of N as the smal les t upper l imit, affording two d i s -
ssentations 

F r o m (18) 

tinct r ep resen ta t ions . Hence a jL ft , 

N-l 
(^) ^ N - a N ^ N = f K ^ i ^ i . 
and the re fore , 

N-l 
(20) cpN< | £ N - a N l<PN < S | a . ^ . | V i 

N-l 
< £ (k. + m . ) p . = (pN - 1, 

giving a contradict ion. 

EXAMPLES: (a) As our f i rs t example, we consider the s e -
quence of pth powers of the Fibonacci number s , where 
p > Z. It is known [1] that the sequence F.(c©), which is 

defined as { 1,1, 2, 3, 5, . . . . }, is complete; the re fore , 
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every positive integer n has a representat ion in the form 
M 

•Q y* p xp 
~~ i i , where each c. is either 0 or 1. 

To generalize this resul t , we leave it to the reader to ver-
ify the following inequality: 

-1 n 

(21) F * < 1 + 2 TJF. , where p is a fixed integer x ' n+1 — i 1 

greater than or equal to 1. From (21), it is clear that, for 
sequences k.( e® ) and m. ( ce) defined by k. ^ m. , 

l ' l I l 

p-2 m. — 2 f for all i > 1, the sequence 

F (») is quasi-complete . Thus every positive integer n 
has a representation in the form 

OS 

(22) n = S Oi F , where a. is an integer 
i i x 

satisfying | a. | < 2 f for i > 1. 

Moreover, from Theorem 1, if N is chosen so that 
N 

0 < n < 2 2P~ F P , 
1 X 

then n has at least one representat ion in the form (22) 
which uses only the t e rms 

F P F P F P 

N 2 
In par t icular , 0 < n < l + £ F . implies 

- z l ' 
n = J a . F . , where each a . is 

i x x 

either - 1 , 0, or + 1. 
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(b) To i l l u s t r a t e T h e o r e m 2, l e t k.(co) and m . ( « ) 
be def ined by k. ^ m . s 1 for a l l i > 1. T h e n t if a g iven s e -
quence f.(eo) i s q u a s i ^ c o m p l e t e wi th r e s p e c t to k.(oo) and 
m . ( w ) , e v e r y pos i t i ve i n t e g e r n h a s a r e p r e s e n t a t i o n 

e© 

n = E OL. f. » w h e r e e a c h CK . i s e i t h e r - 1 . 0S or + 1 
"7 i i i 

Next , define [ c o m p a r e (13) ] 

(Px = 1 
(23) n n 

^ N + 1 = n (1 + ^ + m i ) = IT 3 = 3 * for n > 1. 

n~l n 

T h e n ( 0 = 3 for a l l n > 1, and since, m *= 1 + 2E 0 . * 
^ n — ^ n + 1 - ^ i 

the s e q u e n c e to.(«) i s q u a s i - c o m p l e t e wi th r e s p e c t to the 
uni ty s e q u e n c e s ^ k.(oo) and m . («).. M o r e o v e r , a c c o r d i n g 
to T h e o r e m Z9 r e p r e s e n t a t i o n s a r e unique in the s e n s e tha t 

M M 
E OL. (p. = E j8 . ^ . with I a. | < 1 and | j8 . | < 1 for 

i > 1, t hen a . .= j8 . for i = 1, Z$ . . # . 5 M 9 

Combin ing T h e o r e m s 1 and 2f we have tha t e v e r y 
i n t e g e r n sa t i s fy ing 

N . , N L l 

0 < n < l + E3 1 " 1 = ^—tJ 

N ( n a m e l y , the i n t e g e r s 1, 2^ 3 , . . . , 3 -1 ) h a s a un ique r e -
2 

p r e s e n t a t i o n in the f o r m 
N 

n = E a . 3 wi th e a c h a . = - l , 0 , o r + l 
1 * 1 

The r e a d e r m a y note tha t t h i s r e s u l t p r o v i d e s a 
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solution to Bachet's weighing problem [ 3 ] . It is also left 
to the reader to interpret the quasi-complete sequence 
(£.(&) of (13) as the solution of a dual-pan weighing problem 
with the constraint that at most k. weights of magnitude (p. 

can be used in the right panf at most m. weights of magni-
tude tp . can be used in the left pant and every integral num-
ber of pounds less than or equal to 

N 
£ k p. 
1 

must be weighable using only the weightst 0 9 tp # „ . . <£ . 
JL La IN 
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16 EXPANSION OF ANALYTIC FUNCTIONS IN 
POLYNOMIALS ASSOCIATED WITH 

FIBONACCI NUMBERS 

P a u l F . B y r d 

1. I n t r o d u c t i o n . A p r o b l e m which h a s long b e e n of funda^ 
m e n t a l i n t e r e s t in c l a s s i c a l a n a l y s i s i s the e x p a n s i o n of a 
g iven funct ion f(x) in a s e r i e s of the f o r m 

(1.1) f(x) - L b P (x) 
n = 0 n n 

w h e r e { p (x) } i s a p r e s c r i b e d s e q u e n c e of p o l y n o m i a l s , 
and w h e r e the coef f ic ien t s b a r e n u m b e r s r e l a t e d to f. In 
p a r t i c u l a r , the i n n u m e r a b l e i n v e s t i g a t i o n s on expans ions ' 
of ' ' a r b i t r a r y " funct ions in o r t h o g o n a l p o l y n o m i a l s have l ed 
to m a n y i m p o r t a n t c o n v e r g e n c e and s u m m a b i l i t y t h e o r e m s , 
and to v a r i o u s i n t e r e s t i n g r e s u l t s in the t h e o r y of a p p r o x i -
m a t i o n . (See , for example^ A lex i t s [ 1 ] , Szego [ 2 ] f 

R a i n v i l l e [ 3 ] 9 and J a c k s o n [ 4 ] . ) N u m e r o u s r e c e n t s t u d -
i e s have a l s o b e e n m a d e on the e x p a n s i o n of ana ly t i c func -
t i ons e m p l o y i n g m o r e g e n e r a l s e t s of p o l y n o m i a l s (emg9S 

see W h i t t a k e r [ 5 ] 9 o r B o a s and Buck [ 6 ] ) . T h e r e i s t hus 
a l r e a d y in e x i s t e n c e a g r e a t w e a l t h of t h e o r y which m a y be 
app l i ed when a p a r t i c u l a r se t of p o l y n o m i a l s i s i n t r o d u c e d 
to a c c o m p l i s h a c e r t a i n p u r p o s e . 

In the p r e s e n t a r t i c l e % we sha l l apply s o m e a v a i l -
able r e s u l t s in o r d e r to c o n s i d e r the e x p a n s i o n of ana ly t i c 
funct ions in a s e r i e s of a c e r t a i n se t of p o l y n o m i a l s which 
can be a s s o c i a t e d wi th the f amous n u m b e r s of F i b o n a c c i . 
Our p r i m a r y objec t ive i s to i l l u s t r a t e a s imple^ g e n e r a l 
t echn ique t h a t m a y be u s e d to ob ta in e x p a n s i o n s of a g iven 
c l a s s of funct ions in t e r m s involving F i b o n a c c i n u m b e r s . 
S o m e i m p o r t a n t b r o a d q u e s t i o n s and p r o b l e m s c o n c e r n i n g 
c o n v e r g e n c e and the r e p r e s e n t a b i l i t y of our p o l y n o m i a l e x -
p a n s i o n s in g e n e r a l wi l l not be d i s c u s s e d , h o w e v e r . 

2. F i b o n a c c i P o l y n o m i a l s . By ' F i b o n a c c i p o l y n o m i a l s ' 
we sha l l m e a n the s e q u e n c e of p o l y n o m i a l s { tp (x)} , 
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(k = 0 , 1 , ) sa t i s fy ing the r e c u r r e n c e r e l a t i o n 

(2.1) ^ k + 2 ( x ) ""2x ^ k + 1 ^ ^ ^ k ( x ) " 0, - c c K x ^ 

with i n i t i a l cond i t ions 

(2 .2) ^ Q ( x ) = 0, (p (x) = 1. 

In the s p e c i a l c a s e when x = 1/2, e q u a t i o n s (2.1) and (2 .2) 
c l e a r l y r e d u c e to the w e l l - k n o w n r e l a t i o n s [ 7 ] tha t f u r -
n i s h the F i b o n a c c i n u m b e r s 0 , 1 9 1 , 2 , 3$ . . . . , which we sha l l 
denote by ^ (1/2) or F . 

(pk(x) i s 
A g e n e r a t i n g funct ion defining the p o l y n o m i a l s 

©a 

k (2 .3) _ _ z - - £ ^ (X) s 
1 »2xs - s k= 0 

Now s ince the left m e m b e r of (2 .3) c h a n g e s s ign if x is r e -
p l a c e d by (~x) and s by ( - s ) , we have 

(2 .4 ) <pk(-x) = ( ~ l ) k + % k ( x ) 

t h e r e b y showing t ha t <p (x) i s an odd funct ion of x for k 
-K. "T" L, 

odd and an e v e n funct ion of x for k e v e n , Upon expand ing 
the left s ide of (2 ,3) and equa t ing coef f ic ien t s in s s we o b -
t a i n the exp l i c i t f o r m u l a 

[ k / 2 ] /- v 
(2.5) «,k+1(x) = E r r ) { Z x ) k • ( k>0 )> 

m = 0 * ' 

A r e l a t e d set of p o l y n o m i a l s , which s a t i s f i e s the r e -
c u r r e n c e r e l a t i o n y. (x) - x y, , (x) - y , (x) = 0, was 

' k + Zx ' ' k . + 1 ; y k x ' 
c o n s i d e r e d in 1883 by C a t a l a n [ 8 ] . The n a m e ' F i b o n a c c i 
p o l y n o m i a l s ' is a l s o given to so lu t ions of the r e l a t i o n 
Z R + 2 ( x ) - z

k + 1 < x ) + x z
k ( x )> Z

Q(X) ^ ° > z i ( x ) = 1 » i n v e s t l " 
ga ted by J a c o b s t h a l [ 9 ] . 
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where [k/2 ] is the greatest integer < k/2B 

An alternative form for expressing the polynomi-
als (p (x) may be found by introducing the exponential gen-
erating function defined by 

(2 .6 ) Y ( s , x ) = E <p,{x) 
k= 0 k! 

This transforms the recurrence relation (2.1), and the ini-
tial conditions (2.2), into the differential equation 

(2 .7 ) d2Y 0 dY 
— - 2x • 

ds 

with conditions 

ds Y = 0 

(2 .8 ) Y(0,x) = 0, 
dY 1. 
ds j s = 0 

The solution of (2.7) thus yields the generating function 

1 
(2.9) Y(s,x) = 

2/(1+ x ) 
[ eSal - e S a 2 ] , 

where 

2 2 
(2,10) a s x + / (1 + x ) , a = x - / ( l + x ) 

If we now apply the inverse transform 

(2.11) «,k(x) = 
dkY 

d s k s= 0 , k = 0 ,1 ,2 , . . 

(2.12) x = sinh to , / ( l +x ) = cosho) 

we obtain 
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^ (x) = s inh Zkcp 
(2.13) c o s h 03 ( k = 0 > l f 2 | - B - > ) 

^ 2 k + 1(x) = c o s h (2k + l) CO 
c o s h CO 

30 Some Othe r Re l a t i ons* We no te ? as can e a s i l y be shown 
tha t the p o l y n o m i a l s ip (x) a r e r e l a t e d to C h e b y s h e v ' s p o l -
y n o m i a l s U (x) of the s econd kind [ 3 ] by 

(3.1) pQ(x) =U Q ( ix ) - 0 , ^> m + 1 (x ) = ( - i ) m U m + 1 ( i x ) , 

(i = / " « 1 , m > 0) , 

The C h e b y s h e v p o l y n o m i a l s t h e m s e l v e s of c o u r s e be long to 
a l a r g e r f ami ly d e s i g n a t e d as ' u l t r a s p h e r i c a l p o l y n o m i a l s ' 
o r s o m e t i m e s ' G e g e n b a u e r p o l y n o m i a l s 1 2] . Unl ike 
t h o s e of C h e b y s h e v or of G e g e n b a u e r , h o w e v e r , our F i b o n -
a c c i p o l y n o m i a l s (p (x) a r e not o r t h o g o n a l on any i n t e r v a l 
of the r e a l a x i s , 

The s e q u e n c e <p * (x), ( k = 0 ? l l Z ? a e o ) i s a s o -
c a l l e d s i m p l e s e t , s ince the p o l y n o m i a l s a r e of d e g r e e p r e -
c i s e l y k in x , a s i s s e e n f r o m (2. 5). Thus the l i n e a r l y i n -
dependen t s e t con t a in s one p o l y n o m i a l of e a c h d e g r e e , and 
any p o l y n o m i a l P (x) of d e g r e e n can c l e a r l y be e x p r e s s e d 
Linearly in t e r m s of the e l e m e n t s of the b a s i c se t ; tha t i s , 
t h e r e a lways e x i s t c o n s t a n t s c such tha t the finite s u m 

K. 

(3 .2) P n ( x ) = L c „ (x) 
k= 0 

i s a unique r e p r e s e n t a t i o n of P (x). 
n 

2 
T h e s e p o l y n o m i a l s of C h e b y s h e v a r e not to be c o n -

fused with the C h e b y s h e v p o l y n o m i a l s T (x) of the f i r s t 
k ind , which a r e usefu l in o p t i m a l - i n t e r v a l in te rpola t ionf lO ~|, 
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Befo re we s e e k the exp l i c i t e x p r e s s i o n for the 
coef f i c ien t s in the e x p a n s i o n of a g iven ana ly t i c funct ion 
f(x) in s e r i e s of our b a s i c se t { (p *(x)} , it i s use fu l to 

have x in a s e r i e s of t h i s s e t . Tak ing F i b o n a c c i p o l y n o m -
i a l s a s def ined by f o r m u l a (2 . 5), we thus need the e a s i l y 
e s t a b l i s h e d r e c i p r o c a l r e l a t i o n ( 3 ) , 

C n/2] 
to ?\ n M / o n \ ^ / t%r / n Y n»2r + 1 , . 
(3.3) x = ( l / 2 ) £ (-1) [ r ) n _ r + 1 P n + 1 _ 2 r (*K n>0> 

X ST U 

which could a l s o be r e ^ a r r a n g e d in the f o r m 

n 
(3 .4 ) x n = 2 y . 9 . , J x ) 

J - 0 J J 

t ha t wil l t hen con ta in only even ^ s s when n i s odd# and odd 
^ ! s when n is even , 

4* E x p a n s i o n of Ana ly t i c F u n c t i o n s . We a s s u m e tha t our 
a r b i t r a r i l y g iven funct ion f(x) can be r e p r e s e n t e d by a p o w -
e r s e r i e s 

QQ 

.(4.1) f (x)= 2 a n x n 

n= 0 

hav ing a r a d i u s of c o n v e r g e n c e of £ ^ 1/2, with the coef f i -
c i e n t s a e x p r e s s e d by 

n 

(4 .2) a = f ( n ) (0) ( n = 0 , l , . . . ) 
n! 

F o r m a l subs t i t u t i on of r e l a t i o n (3 .3) in to (4.1) y i e l d s the de-
s i r e d p o l y n o m i a l e x p a n s i o n 

OO 

(4 .3) f(x) ^ S c
k ^ k + 1 ( x ) * 

(3) In v iew of (2.12) and (2.13) , t h i s r e l a t i o n i s an e q u i v -
a l en t f o r m for known e x p r e s s i o n s for p o w e r s of the h y p e r -
bol ic funct ion s inh CO. 
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w h e r e the coef f ic ien ts a r e f inal ly d e t e r m i n e d f r o m the for-
m u l a 

00 ( " 1 ) J a z i + k / 2 J + k \ 
( 4 .4 ) c = ( k + 1 ) 2 2 . , l Q

Z j + k - ( 
k j=0 2 2 J + K ( j + k + l ) \ j / 

C o n v e r g e n c e p r o p e r t i e s of the g e n e r a l b a s i c s e r -
i e s (1.1) have b e e n i n v e s t i g a t e d by W h i t t a k e r [ 5 ] , by B o a s 
and Buck [ 6 ] , and by o t h e r s . If Whi t t ake r 1 s r e s u l t s a r e 
app l i ed to our c a s e s it c an be shown tha t the e x p a n s i o n (4. 3) 
wi l l c o n v e r g e a b s o l u t e l y and u n i f o r m l y to the funct ion f(x) 
in j x j < £ if the s e r i e s 

(4.5) L I a n | Vn(C ) 
n= 0 

c o n v e r g e s , w h e r e V ( £ ) i s given by 
n 

(4.6) V„( C ) = L l y „ J M ; ( C >' 
J = 0 J J 

with 

(4.7) M ( C ) = Max l < P j + 1 ( x ) U 
J | x | = £ J \ t 

and with y be ing the coef f i c ien t s in (3 . 3) a f te r t hey have 
n j b e e n r e - a r r a n g e d in the f o r m (3 . 4) . 

Now, we m a y a l s o i n t r o d u c e a p a r a m e t e r ZQL 
such tha t I Za x j < f , and m a y thus s t a r t with the f o r m 

00 00 

( 4 . 8 ) f ( Z a x ) = 2 ( 2 n a n a ) x n = S A x
n , 

' n ' n 
n = 0 n = 0 
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w h e r e 

(4 ,9) A = 1 d n _/9 _ 
v ' n ~ ~ —— f (2a x) 

n! , n ' dx 
x = 0 

The e x p a n s i o n (4 .3) in t e r m s of F i b o n a c c i p o l y n o m i a l s t hen 
b e c o m e s 

CO 

(4.10) f(2ax) = L 0 k P k + 1 ( * ) . 
k= 0 

with the coef f ic ien ts 8 now be ing d e t e r m i n e d by the e q u a -
t ion 

(4.u, g k , a , . ^ i , r o ' - ^ ; k *2i+k[T) 

F o r our p u r p o s e s ^ the f o r m (4.10) i s often m o r e conven ien t 
than tha t of (4. 3). 

If we take x = 1/2, the p o l y n o m i a l s <p (x) b e c o m e 

the n u m b e r s of F ibonacc i^ O. (1/2) = F . , so tha t the s e r i e s 
k k 

m 

(4.12) £(a) = E i8k(«) ipk M l / 2 ) = E 5 k ( a ) F 
k= 0 k~ 0 

f u r n i s h e s a f o r m a l e x p a n s i o n of the function' f(0i) in t e r m s 
involving F i b o n a c c i n u m b e r s , One a p p a r e n t u s e of the s e r -
i e s e x p a n s i o n (4.12) i s for the c a s e in which it i s d e s i r e d to 
m a k e a given ana ly t i c funct ion f s e r v e as a g e n e r a t i n g func-
t ion of the F i b o n a c c i - n u m b e r s e q u e n c e , 

5. E x a m p l e s . We f i r s t c o n s i d e r the function 

(5.1) f(x) = e 2 a X , (0< | a | < CD) , 

w h e r e 

(5 . 2) a = 2 n a n / n! . 
' n 
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T h e c o e f f i c i e n t s c i n ( 4 . 4 ) a r e t h e n g i v e n b y t h e f o r m u l a 

(5.3) c k . ( k + 1 ) ^ _ i _ _ _ - n 5 _ \ , J 

o r f i n a l l y b y 

( 5 . 4 ) c u = _ k + l 
a " k + 1 k _ _ _ ^ ( 2 a ) , (k = 0 , 1 , 2 , . . . . . ) 

w h e r e J , , . i s B e s s e l ' s f u n c t i o n f i l l of o r d e r k 4- 1. T h e 
k + 1 L 

p o l y n o m i a l e x p a n s i o n ( 4 . 3 ) t h e r e f o r e y i e l d s f o r m a l l y 

( 5 . 5 ) e 2 0 d X = ( 1 / a ) E ( k + 1 ) J 1 ( 2 a ) p k + 1 ( x ) 
k = 0 

(1/a) E m J m (2a) cpm(x) 
m = 1 

W e n o t e t h a t 

( 5 . 6) L i m (m+1) J , Ala ) <a , J x ) 
/ _ m + 1 ' ^ m + 1 ' m m J ( 2 a ) o (x) 

m ^ m ' 

= L i m (x + \ / i + x ) a = 0 , 
m —®* » m 

s o t h a t t h e s e r i e s ( 5 . 5) i s c o n v e r g e n t f o r a l l f i n i t e v a l u e s of 
x if t h e p a r a m e t e r a r e m a i n s a l s o f i n i t e . 

F r o m ( 5 , 5 ) , w i t h t h e r e l a t i o n s 

c o s h 2 a x = ( e + e ) / 2 , 
(5.7) 

. n 0 , 2 a x « 2 a x, , 
s m h 2 a x = (e ~ e ) / 2 , 
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we i m m e d i a t e l y ob ta in the two e x p a n s i o n s 
00 

( 5 . 8 ) c o s h 2a x ^ (1 /a) L (2m- l ) J , Ala) <p - Ax.) 
' 2m~l ^ 2 m - l 

m = 1 
and 
(5 . 9) s inh 2a x = (1 /a) £ 2m J (2a) (ft 0 (x) 

% 2m ^ 2m 
m = 1 

S i m i l a r l y , we have 
©3 

km+l, (5.10) cos 2ax = ( l / a ) L ( - l ) (2m-l) I ^ ^ Z a ) P2m_{*) 
m= 1 

and 

(5.11) s in 2 a x = ( l / a ) E ( - l ) m + 1 ( 2 m ) I . (2a)<p 0 (x) 
7
 % 2m ^ 2m , 

m = 1 
w h e r e I i s the modi f i ed B e s s e l funct ion [11] of the f i r s t 
kind of o r d e r k . 

To p r o d u c e e x p a n s i o n s involving the F i b o n a c c i 
n u m b e r s F . we s i m p l y se t x = 1 / 2 . Hence f r o m ( 5 . 5 ) , 

(5 . 8) , (5 . 9) , (5.10) and (5.11), it i s s e e n for 0 < | a | < » 
tha t 

00 

ea = (1/a) L m J (2a) F 
' m m 

m = 1 (5.12) 

c o s h a = ( l / a ) L ( 2 m - l ) J \ . ( 2 a ) F 0 
' ^m-1 2 m - l 

mm 1 

s inh a = (1/a ) S (2m) J (2a) F n 
' 2m 2m 

m = 1 
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(5.12} 
w 

cos a = {I/a) E (~ l ) m 4 = ( 2 m - l ) I 0 , ( 2 a ) F , 
m ~ I 

s in a = (1/a) L (-1) (2m) I (2a) F . 
% Zm 2m 

m = 1 
As a — > 0 , the r i g h t - h a n d s i d e s of (5.12) al l b e c o m e i n d e -
t e r m i n a t e f o r m s , but the c o r r e c t r e s u l t i s ob ta ined in the 
l i m i t . The p a r t i c u l a r s e r i e s e x p a n s i o n s ( 5 . 5 ) , ( 5 . 8 ) , ( 5 . 9 ) : 

(5 .10) , (5.11) and (5.12) a r e a p p a r e n t l y not found in the l i t -
e r a t u r e in the spec i f ic f o r m we have p r e s e n t e d for our p u r -
p o s e s ; they could be r e l a t e d , h o w e v e r , to s o m e expans ions 
due to G e g e n b a u e r [11 , page 369] . 

Many h i g h e r t r a n s c e n d e n t a l funct ions can a l s o be 
e x p l i c i t l y deve loped a long s i m i l a r l i n e s . F o r i n s t a n c e , 
wi thout diff icul ty we m a y d e r i v e the s e r i e s e x p a n s i o n s 

lAa) s ( 2 / a ) E m J 2 (a) F 9 1 % m 2m 
m = l 

(5.13) « 
J (a) 3 ( 2 / a ) L ( - l ) m m l (a ) F 

•*- - I I I L-i X X 1 

m = 1 

for the B e s s e l funct ions I and J 
The coef f ic ien ts in the above e x a m p l e s a l l i n -

volve B e s s e l ' s f u n c t i o n s , but t h i s i ndeed would not be the 
c a s e in g e n e r a l . F o r i n s t a n c e , for 

| 2a x | < 1 

we c a n show f r o m (4.10) and (4.11) tha t 

(5.14) In (1.+ 2a x) = - [ r 2 / 2 + In r / a ] <p (x) 
s© 

+ L ( - l ) k ' ' l r k [ 1/k + r 2 / ( k + 2 ) ] (p (x) , 
k = l k X 
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w h e r e 

(5.15) r s / ( I * * * 2 ) y l -

With x = 1/2, we then h a v e , for | a \ < 1, 

(5.16) ln(l + a ) ( r / a ) = ~ ( r 2 / 2 ) F 

@© 

+ L ( - l ) r [ 1 / k + r / ( k + 2 ) ] F , . , . 
k = l ' k + 1 

4 
6. A n o t h e r A p p r o a c h . The coef f i c ien t s R in our b a s i c 

s e r i e s e x p a n s i o n (4.10) or (4.12) m a y be ob ta ined by an a l -
t e r n a t i v e p r o c e d u r e which i s b a s e d on r e l a t i o n s (3.1) and 
c e r t a i n known p r o p e r t i e s of the o r t h o g o n a l p o l y n o m i a l s 
IT (x). (A good r e f e r e n c e giving m a n y p r o p e r t i e s of U. i s 

k k 
[ 1 2 ] ) . 

If our p r e s c r i b e d funct ion f (2ax) c a n be e x p a n d -
ed in the f o r m a l s e r i e s 

e© 

(6.1) f ( 2 a x ) - L b U (x), | x | < l , | 2ax | < £ 
k = o k k + 1 

the coef f i c ien t s b a r e g iven by 

l 

r 
-1 

With the r e l a t i o n s 

(6 .2 ) b k = ( 2 / 7 T ) J £(2ax)N/( l -x ) U k + 1 ( x ) dx , (k = 0 , l . . . . ) . 

2 (6 .3 ) x = cox v t U (x) = (s in kv) / / ( 1 - x ) 

4 
We could a l s o apply the too l s e m p l o y e d in [ 6 ] 

but have w r i t t e n th i s p a p e r wi thout a s s u m i n g knowledge of 
c o m p l e x - v a r i a b l e m e t h o d s „ 
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(6. 

\ 

4) 
(a) = 1 

n 

77 
P 

0 
0 

the e x p r e s s i o n (6. 2) b e c o m e s 

£[2Q£ COSV) [ C O S kv - c o s ( k + 2)v ] dv.. 

In v iew o£ r e l a t i o n s / 3 . 1 , (4,10) and (6 .1) , we then have 
f o r m a l l y , 

.k * 
( • 5) Pk(0i) S J _ f(^2cyicosv) [ c o s v«cos (k + 2 )v ] dv 

0 
a s an equa t ion for R in i n t e g r a l f o r m , 

JK 

In the s p e c i a l c a s e when 

(6, 6) f ( 2 a x ) = e 2 a X 

we find _ 
77 

(6 .7) j 8 k ( a ) = ^ e " 2 a l C ° S V [ c o s kv » c o s ( k + 2 ) v ] dv 
ir o 

- J k (2a ) + J k + 2 ( 2 a ) = k + U 1 (2q ) , 
a 

which i s the s a m e r e s u l t ob ta ined in e x a m p l e (5 . 5). U s u a l -
ly , h o w e v e r , the i n t e g r a l s (6. 5) involv ing a g iven funct ion 
f a r e not a v a i l a b l e , so tha t the e x p r e s s i o n (4.11) i s m o r e 
often the b e t t e r p r o c e d u r e for d e t e r m i n i n g the coef f ic ien t s 

The p a r t i c u l a r e x p a n s i o n s -(5.12) and (5.13),. or 
(4.12) in g e n e r a l , t u r n out to have l i t t l e u s e a s a m e a n s of 
ob ta in ing eff ic ient a p p r o x i m a t i o n s for c o m p u t a t i o n a l p u r -
p o s e s . Independen t of n u m e r i c a l or p h y s i c a l a p p l i c a t i o n s , 
h o w e v e r , the i n t r o d u c t i o n of F i b o n a c c i n u m b e r s into v a r i -
ous e x p r e s s i o n s involv ing c l a s s i c a l funct ions h a s a c e r t a i n 
i n t e r e s t and f a s c i n a t i o n in i t se l f . 
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PROBLEM DEPARTMENT 

P-l. Verify that the polynomials tp (x) satisfy the differ-
ential equation 

3 
(1 +x ) y,r + 3xy! -k(k+ 2)y = 0 (k= 0,1,2,. . .) 

P-2. Derive the series expansion 
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J 0 ( x ) = E ( - l ) k [ 1 ^ ) - I k
2

+ 1 ( « ) ] F 2 k + 1 , 
k= 0 

w h e r e J and L a r e B e s s e l F u n c t i o n s . 0 k 

P ~ 3 e Ver i fy the r e c i p r o c a l r e l a t i o n 

[ n / 2 ] n /% /nn% ^ / i , r / n \ n-»2r +1 , % 
x = 1 / 2 S -1 — T - T — (ft ^ o XK n > 0. 

' \ r / n - r + 1 ^ n + l - 2 r v ' — r s 0 

P - 4 . Show tha t the d e t e r m i n a n t 

^ k + l ( x ) = 

Ix i 
i 2x 
0 i 

0 0 
i 0 

2x 0 

0 
0 
0 

0 0 0 . f . . 2x i 
0 0 0 .-. . . i 2x 

k > 1, 

wi th IQ (x) = 0 , (pA*) = If a n < i w h e r e i s / " - l ^ s a t i s f i e s the 

r e c u r r e n c e r e l a t i o n for rg (x) . Whence d e r i v e the e x p r e s s -
i o n 

F k + i = « W 1 / 2 > -

0. . . 0 
0 0 

1 . . . 0 

0 0 0 . . . 1 
0 0 0. . . i 

k > 1 

for the F i b o n a c c i n u m b e r s . 

P - 5 . Show tha t the F i b o n a c c i p o l y n o m i a l s may- a l s o be ex-
p r e s s e d by 

/ \ ok r, _i_i\ i ^ k n , 2 k + 1 / 2 
^ k + i ( x ) = , 2 (f+1)! ^ - ( 1 + x } , ( k> o) ^ - ^ „ . . . . , k '1 + x (2k+ l ) ! dx 



30 O P E R A T I O N A L R E C U R R E N C E S INVOLVING 
FIBONACCI NUMBERS 

H . W . Gould 
Wes t V i r g i n i a U n i v e r s i t y , Morgan town* W* Va . 

The F i b o n a c c i n u m b e r s m a y be def ined by the l in-
e a r r e c u r r e n c e r e l a t i o n 

v n-f 1 n n«l 

t o g e t h e r wi th the i n i t i a l v a l u e s F = 09 F . = 18 

T h e r e a r e s o m e u n o r t h o d o x ways of m a k i n g up se 
q u e n c e s which involve F i b o n a c c i n u m b e r s , and we should 
l ike to m e n t i o n a few of t he se* F o r want of a b e t t e r n a m e , 
we sha l l c a l l the r e c u r r e n c e s be low ' o p e r a t i o n a l r e c u r r e n -
c e s . ' 

I n s t e a d of t ak ing the nex t t e r m in a s e q u e n c e a s 
the s u m of the two p r e c e d i n g t e r m s 3 l e t u s suppose the 
t e r m s of a s e q u e n c e a r e funct ions of x # and define 

(2) u ,(x) = D (u u .) , 
x ' n + 1 x x n n-r * 

x w h e r e D = d / d x . As an e x a m p l e , t ake u = l f n = e . x 0 1 
Then we find 

u = D( e ) = e 

^ , 2x% ^ 2x 
u 3 = D ( e } = 2 e 

u 4 = D ( 2 e 3 x ) .= (2)(3) e 3 x 

u 5 = (1)(1)(2)(3)(5) e 5 x 

and we c a n e a s i l y show by induc t ion tha t 
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(3) u n = ( F l F 2 F 3 F n ) e F n X , (uQ = 1, ^ = e X ) . 

Of c o u r s e g the add i t ion of e x p o n e n t s l e d to the a p p e a r a n c e 
of the F i b o n a c c i n u m b e r s in th i s c a s e a 

A n o t h e r o p e r a t i o n wh ich we m a y u s e i s d i f fe ren-
t i a t i o n fol lowed by m u l t i p l i c a t i o n wi th x0 We define 

(4) u . = (xD ) (u u A 
x ' n-hl x n n - r 

F o r an i n t e r e s t i n g e x a m p l e t l e t u s t ake 
F o F i 

u ^ x = 1, u- = x = x . Then we 

c l a i m that 
F n F 

(5) u = x n fi F. n + 1 " \ n > 1. 
k = l k 

Taking x = 1 we obtain the fol lowing table of 
va lues as a sain pie: 

n u (1) 
n ' 

1 l 1 = 1 

I 1 ! 1
 = 1 

2 1 1 
3 1 1 Zl = 2 

4 I 3 I 2 21 31 , 6 

5 I 5 I 3 2 2 31 51 = 60 

6 l 8 l 5 2 3 3 2 51 81 = 2880 

7 l 1 3 I 8 2 5 3 3 5 2 81 331 = 2 , 2 4 6 , 4 0 0 
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For the sake of completeness we give the induct-
ive proof of formula (5). Suppose that 

F . n-1 F , 
u . = x n'1 n F . n " k 

n-1 k = l k 

Then 
u = xD fu t u ) n x n-1 n -2 ' 

F t F . n-1 F , n-2 Fn~l~j 
= X D { X n ~ ! x n " 2 n F 1

 n ~ k n F . } 
k=l k j = l J 

F F . n«2 F . + F t 1 
= x D { x n ) F \ 0 F v

n ~ k n~Uk 

F F . n~2 F _ n _ 1 _ ^ n+ l«k = F x F t II F , n n - 1 . . k 
k= 1 

F t F F_ n-2 F 
^ 1 n ^ 2 « ^ n+l«k 

= F x F t II F . 
n n-1 , , k 

k= 1 
F n F 

= x n
 n F w

n + 1 " k 

k = i k 

The only ' t r i cky 'par t is to reca l l that 1 = F . and F- = F so 
that the factors may be put together at the las t step in the 
des i red form, 

Suppose that the function u^(x) has a power s e r i e s 
representa t ion of the form 

CO 

(6) un(x) = £ a (n) x . 
k= 0 

n 
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Imposing the operational recurrence (4) we find readily that 
the coefficients in (6) must obey the convolution recurrence 

k 
(7) a (n) = k L a (n-2) aR (n~l) . 

j = 0 J "J 

Conversely, if (7) holds then u (x) satisfies (4). 

As a slight variation of (4) let us next define 

(8) u = x^ D (u u ) , v ' n+1 x n n-1' 

and take u = 1, u.. = x. Then it is easi ly shown by induc-

tion that 
F -1 n + 2 F -k 

(9) u = x n + n (F , -2 ) n , for n > 2. 
n k=4 k 

The r eade r may find it in teres t ing to derive a 
formula for the sequence defined by u = u (x) with 

^ J n ns ' 
(10) u , t = xPD (u u } , u n = l , u. = x , p = 3 , 4 , 5 . . . v ' n+1 x* n n-l#* o i ^ 

As a final example, let us define a sequence by 
(4) with u = 1 , 1 1 , = e x

e 

Then the f i r s t few values of the function sequence a r e : 

x u 2 = x e , 

/ 0 2 . 2x 
u = (2x + x) e 3 

X4 
,/ 4 3 „ 2, 3x 

u = (6x + 9x + 2x } e 

u 5 = (60x7 + 192 x + 1 8 5 x 5 + 6 2 x 4 +6x3) e 5 x 

F x 
and it is evident that u (x) equals _ % n 

nx ' H P(x) e , where P(x) 
is a polynomial of degree F «1 in x . 

^ 7 ° n+ 1 
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AND LUCAS SERIES 

B r o t h e r U . A l f r e d , F . S. C . 

In h i s vo lume e n t i t l e d , " R e c u r r i n g S e q u e n c e s , " 
D. J a r d e n (1) h a s l i s t e d known f a c t o r s of the f i r s t 385 F i b -
o n a c c i and L u c a s n u m b e r s . The p r e s e n t a r t i c l e h a s for 
p u r p o s e to e x p l o r e t h e s e n u m b e r s for add i t i ona l f a c t o r s in 
the r a n g e p < 3000. 

In i t i a l ly r e c o u r s e w a s had t o the r e s u l t s of D. D. 
Wal l (2) . His t ab l e l i s t s a l l p r i m e s l e s s t h a n 2 , 0 0 0 which 
have a p e r i o d o t h e r t h a n the m a x i m u m . A c o m p a r i s o n of 
t h e s e r e s u l t s wi th J a r d e n ' s f a c t o r i z a t i o n s i n d i c a t e d tha t the 
fol lowing add i t iona l f a c t o r s a r e now known. 

F A C T O R NUMBER F A C T O R N U M B E R 
1279 L(213) 1823 L(304) 
1523 L(254) 1871 L(187) 
1553 F(259) 1877 F(313) 
1579 L(263) 1913 F(319) 
1699 L(283) 1973 F(329) 
1733 F(289) 1999 L(333) 

The a l t e r e d f a c t o r i z a t i o n s a r e g iven be low , the 
newly i n t r o d u c e d f a c t o r s be ing s t a r r e d whi le the r e m a i n i n g 
r e s i d u a l f a c t o r s a r e u n d e r l i n e d . 

L(213) = (22) (1279*) (688846502588399) 
(92750098539536589172558519) 

L(254) = (3) (1523)* 
(2648740825454148 613249949508363373930080 

1481688547) 

F(259) = (13) (73)(149) (1553*)(2221) 
(1230669188181354229694664202889707409030657) 

L(263) = (1579)* (58259567431970886012123727669192696 
71291074998545101) 
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L(283) - (1699*) (81904697726943126494463Z304401 
436834913485475901902U271) 

F(289) « (577)(1597)(1733*) (6993003378638095531165091 
46296699696041517688627857) 

L(304) _. (607)(1823*)(2207) (1394649074942606274369752 
591985187160682041802787493441) 

L(187) = (199) (1871*)(3571) (9056742344085065262650973 
90431) 

F(313) = (1877*)(61685362812877205040156603432943577 
707491529123044875479090829) 

F(319) = (89)(l9l3*y(514229)(237307080l850309840641893 
5684191808195096087137462113977) 

F(329) = (13)(1973*)(2971215073) (33530815263744997367 
32080010898338282852228390465658077) 

L(333) ~ (22) (19) (1999*)(4441)(146521)(1121101)(54018521) 
(6541686696030480781978 65815767570296106159) 

The nex t s t e p was t o e x p l o r e the p e r i o d s of a l l 
p r i m e s in the r a n g e 2000 < p < 3000 . In c a r r y i n g out t h i s 
w o r k the fol lowing po in t s w e r e kep t in m i n d : 

(1) F o r p r i m e s of t he f o r m lOx + 1, the p e r i o d k(p) of the 
F i b o n a c c i s e r i e s i s a f a c t o r of p - 1 ; for p r i m e s of the f o r m 
lOx + 3 , k (p) i s a f a c t o r of 2p + 2 . 

(2) F o r p r i m e s of the f o r m lOx + 1, the p e r i o d i s even ; for 
p r i m e s of the f o r m lOx + 3 , the p e r i o d h a s the s a m e p o w e r 
of 2 a s i s found in 2p + 2 . 

The f i r s t z e r o of the F i b o n a c c i s e r i e s for a 
p r i m e p is i n d i c a t e d by Z ( F , p ) , whi le the f i r s t z e r o for 
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the L u c a s s e r i e s i s deno ted Z(L f p)« 

All c a s e s a r e c o v e r e d by the fol lowing: 

(1)££ k(p) i s of the f o r m 2(2y.+ 1), t hen Z(f, p) = k ( p ) / 4 and 
Z ( L , p ) = k ( p ) / 2 . 

2 
(2) If k(p) i s of the f o r m 2 (2y + 1), t hen Z ( F , p ) = k ( p ) / 4 

and p i s not a f a c to r of the L u c a s s e r i e s # 

rn 
(3) If k(p) is of the f o r m 2 (2y + 1), m > 3S t hen Z ( F , p ) 

i s k ( p ) / 2 and Z ( L , p ) i s k ( p ) / 4 . ~~ 

It i s to be no ted tha t in the f i r s t c a s e Z ( L t p ) i s odd and 
tha t Z ( F # p ) i s l i k e w i s e odd in the second c a s e , In the 
t h i r d c a s e Z ( L , p ) i s e v e n , Knowledge of the f i r s t z e r o s in 
the F i b o n a c c i and L u c a s s e r i e s l e a d s to a d i r e c t c o n c l u s -
ion r e g a r d i n g the p e r i o d of the F i b o n a c c i s e r i e s , 

In the t ab le tha t fo l lows # the p e r i o d of the F i b -
onacc i s e r i e s a s we l l a s the f i r s t z e r o s in the F i b o n a c c i 
and L u c a s s e r i e s a r e given for a l l p r i m e s in the r a n g e 
2000 < p < 3000, Al l F i b o n a c c i n u m b e r s w i t h index a m u l -
t ip le of Z(F^p) have the g iven p r i m e as a d i v i s o r ; a l l L u c -
as n u m b e r s wi th index an odd m u l t i p l e of Z (L f p) have the 
g iven p r i m e as a d iv i so r* 

T A B L E OF PERIODS AND ZEROS OF THE FIBONACCI 
AND LUCAS SERIES IN THE RANGE 2000 t o 3000 

p 

2003 
2011 
2017 
2027 
2029 

k(p) 

4008 
2010 
4036 
1352 
1014 

Z ( F , p ) 

2004 
2010 
1009 

676 
1014 

Z ( L . p ) 

1002 
1005 
_ „ - -

338 
507 
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T A B L E OF PERIODS AND ZEROS 

p k(p) Z ( F , p ) Z ( L , p ) 
2039 
2053 
2063 
2069 
2081 

2083 
2087 
2089 
2099 
2111 

2113 
2129 
2131 
2137 
2141 

2143 
2153 
2161 
2179 
2203 

2207 
2213 
2221 
2237 
2239 

2243 
2251 
2267 
2269 
2273 

2038 
4108 
4128 
1034 

130 

4168 
4176 

••• 1044 
2098 
2110 

4228 
2128 
2130 
427 6 
2140 

4288 
4308 

80 
198 

4408 

64 
4428 

148 
1492 

746 

4488 
750 

1512 
324 

4548 

2038 
1027 
2064 
1034 

130 

2084 
2088 

261 
2098 
211 0 

1057 
1064 
2130 
1069 

535 

2144 
1077 

40 
198 

2204 

32 
1107 

37 
373 

746 

2244 
750 
7 56 

81 
1137 

1019 
: 

1032 
517 

65 

1042 
1044 

1049 
1055 

„ ra „ «. 

532 
1065 

1072 

20 
99 

1102 

16 

• 

373 

1122 
375 
378 

» — _ M 
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TABLE OF PERIODS AND ZEROS 

p 
2281 
2287 
2293 
2297 
2309 

2311 
2333 
2339 
2341 
2347 

2351 
2357 
2371 
2377 
2381 

2383 
2389 
2393 
2399 
2411 

2417 
2423 
2437 
2441 
2447 

2459 
2467 
2473 
2477 
2503 

k(p) 
760 

4576 
4588 
4596 
2308 

2310 
1556 
2338 
2340 
4696 

2350 
4716 
790 

4756 
2380 

4768 
398 

4788 
2398 
2410 

124 
4848 
4876 
1220 
1632 

2458 
4936 
4948 
4956 
5008 

Z ( F , p ) 
380 

2288 
1147 
1149 

577 

2310 
389 

2338 
585 

2348 

2350 
1179 
790 

1189 
595 

2384 
398 

1197 
2398 
2410 

31 
2424 
1219 
305 
816 

2458 
2468 
1237 
1239 
2504 

Z(L ,p ) 
190 

1144 
____ 

1155 
- - _ _ 
1169 
_—_ 
1174 

1175 

395 

1192 
199 

____ 
1199 
1205 

........ 
1212 
__-._ 
____ 
408 

1229 
1234 
____ 
_-__ 
1252 
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TABLE 

P 
2521 
2531 
2539 
2543 
2549 

OF PE] 

k(p) 
120 

2530 
2538 
5088 
2548 

2551 2550 
2557 5116 
2579 2578 
2591 518 
2593 5188 

2609 
2617 
2621 
2633 
2647 

2657 
2659 
2663 
2671 
2677 

2608 
5236 
1310 
5268 
5296 

5316 
886 

1776 
2670 
5356 

2683 
2687 
2689 
2693 
2699 

2707 
2711 
2713 
2719 
2729 

5368 
1792 
896 

5388 
2698 

5416 
2710 
5428 
2718 
682 

5 AND ZEROS 

Z ( F . p ) Z(L ,p) 
60 30 

2530 1265 
2538 1269 
2544 1272 
637 

2550 1275 
1279 
2578 1289 
518 259 

1297 - - - -

1304 652 
1309 
1310 655 
1317 
2648 1324 

1329 
886 443 
888 444 

2670 1335 
1339 - - — 

2684 1342 
896 448 
448 224 

1347 
2698 1349 

2708 1354 
2710 1355 
1357 
2718 1359 
682 341 
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TABLE OF PERIODS AND ZEROS 

p 
2731 
2741 
2749 
2753 
2767 

2777 
2789 
2791 
2797 
2801 

2803 
2819 
2833 
2837 
2843 

2851 
2857 
2861 
2879 
2887 

2897 
2903 
2909 
2917 
2927 
2939 
2953 
2957 
2963 
2969 
2971 
2999 

k(p) 
390 

2740 
916 

1836 
5536 

1852 
164 

2790 
5596 
1400 

5608 
2818 
5668 
5676 
5688 

2850 
5716 
1430 
2878 
5776 

5796 
5808 
2908 
5936 
58 56 
2938 

'5908 
5916 
5928 
424 • 

2970 
2998 

Z ( F , p ) 
390 
685 
229 
459 

2768 

463 
41 

2790 
1399 ••. 
700 

2804 
2818 
1417 
1419 
2844 

28 50 
1429 
1430 
2878 
2888 

1449 
2904 
727 

1459 
2928 
2938 
1477 
1479 
2964 
212 

2970 
2998 

Z ( L , p ) 
195 

. „ . _ 

. . . . 

. . . . -
1384 

. . . . 

1395 

350 

1402 
1409 

1422 

1425 

715 
1439 
1444 

. . . . 
; 1452 

• 

1464 
1469 

1482 
106 

1485 
1499 
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The revised factorizations of Fibonacci numbers 
resul t ing from the information in the preceding table are 
l isted below. 
F(229) = (457)(2749*)(256799205151071273644U5114294 

714688654853) 

F(261) = (2) (17)(173)(2Q89*)(514229)(3821263937) 
(650821725749604421490156151,36409) 

F(305) = (5) (2441*)(4513)(555003497) (806206763478084 
21095221688408565244445343042761) 

F(373) = (2237*) (1791590813799720247 695993822955'27 50 
8296287028193832492595657294050015005389) 

The revised factorizations of Lucas s e r i e s num-
b e r s resul t ing from the presen t investigation are given 
herewith. 

L(190) = (3) (41) (2281*)(29134601)(62403963764184557472 
8492521) 

L(199) * (2389*) (16230214517045729046276217142808933 
1241) 

L(224) » (1087) (2689*) (4481)(4966336310413757728406317 
515606275329) 

L(259) = (29) (2591*)(54018521)(33066690054689811646 
0968438563218940272271) 

L(338) = (3) (2027*)(90481)(7893870715125946824266428 
3 515154949332581380084893707250688723) 

L(341) = (199)(2729*) (3010349) (1125412839062525454792681 
92813140395290253805955295249179369) 
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L(350) s (3) (41) (281) (401) (2801*)(57061)(12317523121) 
(5125653689671712991097651838516766450351 

8615201) 

L(373) s (2239*)(40025403581523031569114917729520068 
2735160941001088181098834904823746738439) 

L(378) B (2) (34)(83)(107)(281)(1427)(2267*)(11128427) 
(3354115420615683) (6107715326239760494806446 

75930474345629523) 

CONCLUSION 

The p r e s e n t w o r k h a s con t inued the t ab l e of Wal l 
in s y s t e m a t i c a l l y d e t e r m i n i n g the p e r i o d s of p r i m e s beyond 
2000 and l e s s t h a n 3000 . In add i t i on , i n f o r m a t i o n h a s b e e n 
p r o v i d e d r e g a r d i n g the f i r s t z e r o s of the F i b o n a c c i and L u c 
a s s e r i e s in t h i s s a m e r e g i o n . 

As a r e s u l t of W a l l ' s d a t a and i t s e x t e n s i o n in 
t h i s p a p e r , add i t i ona l f a c t o r i z a t i o n s have b e e n found for 
F i b o n a c c i and L u c a s n u m b e r s a s g iven in J a r d e n ! s t a b l e s . 
In p a r t i c u l a r L (263) , F(313) , F ( 3 7 3 ) , L(199), and L(373) 
wh ich w e r e p r e v i o u s l y u n f a c t o r e d have now b e e n shown to 
be c o m p o s i t e . 
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FIBONACCI NUMBERS 

B r o t h e r U. Al f red 

The f a c t o r i z a t i o n of m e m b e r s of the F i b o n a c c i 
s e r i e s : 1,1, 2, 3 , 5, 8, can be g r e a t l y f a c i l i t a t e d if the 
f o r m of the f a c t o r s i s known. Given a F i b o n a c c i n u m b e r 
F , if n i s c o m p o s i t e a f i r s t s t ep m a y be t a k e n by d iv id ing 
out the va lue of a l l F i b o n a c c i n u m b e r s F for which m | n, 
T h e r e r e m a i n s a quot ient whose f a c t o r s a r e p r i m e s tha t 
have not ye t a p p e a r e d in the F i b o n a c c i s e r i e s . F o l l o w i n g 
J a r d e n ( R e c u r r i n g S e q u e n c e s , p . 8) , l e t us c a l l t h e s e 
p r i m i t i v e p r i m e d i v i s o r s . 

If k(p) i s the p e r i o d for any such p r i m i t i v e p r i m e 
d i v i s o r of F , it would fol low tha t : n 

n | k(p) 

If p i s of the f o r m lOx + 1, k(p) | p - 1 , so tha t n | p - 1 . If 
p i s of the f o r m lOx + 3 , k(p) | 2(p + 1) so tha t n | 2(p + 1). 
T h r e e c a s e s wil l be d i s t i n g u i s h e d : (A) n an odd quant i ty ; 
(B) n of the f o r m 2(2r +1) ; (C) n of the f o r m 

2 m ( 2 r +1) , m > 2. 

(A) n odd 

F o r p of the f o r m lOx 4- 1, p -1 = nk or p = nk+ 1. 
S ince , h o w e v e r , n is odd, k would have to be even to give a 
p r i m e , so tha t p would have to be of the f o r m : 

p = 2nk + 1, (k = 1 , 2 , 3 , ) 

If p is of the f o r m lOx + 3 , 2(p + 1) = kn . Since 
a i s odd, k i s even . L e t t i n g k = 2k f , 

p = k f n -1 

But aga in , k1 wil l have to be even if p i s to be odd. Thus 
c o m b i n i n g the r e s u l t s for both c a s e s , when n is odd the 
p r i m i t i v e f a c t o r s of F a r e of the f o r m : 

n 
p = 2kn + 1 , (k = 1 , 2 , 3 , ) 
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(B) n s 2(2r + 1) 

F o r p of the f o r m lOx + 1 , p -1 = 2k(2r +1) 

o r p = k n + l , (k = 1 , 2 , 3 , ) 

F o r p = l O x j - 3 , 2 ( p + l ) . = 2k(2r + 1) 

o r p = k (2 r +1) -1 

To have a p r i m e , k m u s t be e v e n , so tha t 

p = n k - 1 , (k = 1, 2, 3 , . . . .). 

Hence in c a s e n = 2(2r +1 ) , 

p = nk +_ 1, (k = 1 , 2 , 3 , . . . . ) 

(C) n = 2 m ( 2 r +1) , m > 2. 
m F o r p of the f o r m 10x + 1 , p -1 = 2 k ( 2 r + l ) 

o r p = nk + 1, (k = 1, 2 , 3 , . . . . . . ) 

F o r p of the f o r m lOx + 3 , 2(p +1) = 2 m k ( 2 r + 1) 

° r p = 2 m " 1 k ( 2 r +1) -1 

so t h a t p = nk - 1, (k = 1, 2, 3 , ) 
_ . 

V E R I F I C A T I O N 

T h e s e f o r m s w e r e v e r i f i e d for a l l p r i m i t i v e 
p r i m e f a c t o r s found in J a r d e n ' s T a b l e s ( R e c u r r i n g S e q u e n -
ces ) up to n = 100. A s a m p l i n g of the r e s u l t s i s i n d i c a t e d 
in the fol lowing t ab l e w h e r e the no ta t ion at the r i g h t of the 
p r i m i t i v e p r i m e f a c t o r g ive s the va lue of k and the s ign of 
the f o r m u s e d . 
n F O R M O F F A C T O R S F A C T O R S 
40 40k + 1, 20k -1 2 1 6 1 ( 5 4 , - ) 
41 82k j-^1 2789 (34 ,+ ) , . 59369 (724 ,+ ) 
42 42k + 1 211(5, + ) 
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n FORM OF FACTORS FACTORS 
43 8 6 k + 1 433494437(5040633,-) 
44 44k +1 , 22k-l 43(2 , - ) , 307(14,-) 
45 90k + 1 109441 (1216, +) 

86k 
44k 
90k 
46k 
94k 
48k 
98k 

+ 1 
+ 1, 
+ 1 
+ 1 
+ 1 
+ 1, 
+ 1 

46 46k + 1 139(3,+), 461(10,+) 
47 94k + 1 2971215073 (31608671,-) 
48 48k +1 , 24k-l -1103(46,-) 
49 98k + 1 97(1,-) , 6168709(62946, +) 
50 50k + 1 101(2, +), 151 (3, +) 

FIBONACCI CENTURY MARK REACHED 

It is with a sense of satisfaction that the edi tors 
of the Fibonacci Quar ter ly announce the complete fac tor iz -
ation of the f i rs t hundred Fibonacci number s , For the most 
pa r t , this data is found in the volume, "Recurr ing Sequen-
c e s " , of D. Jarden* The finishing touches have been p r o -
vided by J ohn Br i l lhar t of the Universi ty of San F r a n c i s c o 
whose work was done on the computer at the Universi ty of 
California* This is just a small portion of his extensive 
factorizat ions of Fibonacci numbers , but it is a welcome 
contribution especial ly at this juncture# 

The resu l t s a re as follows: (# indicates a new 
factor) 
F =(6673*)(46165371073*) ( e r ro r in table) 

F _ n = (157-)(92180471494753) (final factor a pr ime) 7 9 
F 0 . = 99194853094755497 (a prime) 83 
F = (1069)(1665088321800481) (final factor a pr ime) 

9 2 
F = (13 ) (233)(741469*) (159607993*) 
F = (2) (557)(2417)(453110055090l)(final factor a prime) 93 
F = (5) (37)(113)(761)(29641*)(67735001*) ( e r ro r in table) 

F = (193)(389)(3084989*)(361040209*) 
T» T " *T» T» «T» 
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E d i t e d by V e r n e r E . Hogga t t , J r . 
San J o s e S t a t e Col lege 

Send a l l c o m m u n i c a t i o n s c o n c e r n i n g A d v a n c e d 
P r o b l e m s and So lu t ions to V e r n e r E , Hogga t t , J r . , M a t h e -
m a t i c s D e p a r t m e n t , San J o s e S ta t e C o l l e g e , San J o s e , Calif . 
T h i s d e p a r t m e n t e s p e c i a l l y w e l c o m e s p r o b l e m s b e l i e v e d t o 
be new or ex t end ing old r e s u l t s . P r o p o s e r s should s u b m i t 
so lu t i ons o r o the r i n f o r m a t i o n tha t wi l l a s s i s t the e d i t o r . To 
fac i l i t a t e t h e i r c o n s i d e r a t i o n , so lu t ions should be s u b m i t t e d 
on s e p a r a t e s igned s h e e t s wi th in two m o n t h s a f t e r publicat-
i o n of t he p r o b l e m s . 

H - l . P r o p o s e d by H . W . Gould , W e s t V i r g i n i a U n i v e r s i t y , 
M o r g a n t o w n , W . V a . 

F i n d a f o r m u l a for the n th n o n - F i b o n a c c i n u m b e r , 
t ha t i s , for the s e q u e n c e 4 , 6 , 7 , 9 , 1 0 , 1 1 , 1 2 , 1 4 , 1 5 , 1 6 , 1 7 , 1 8 , 1 9 * 
2 0 , 2 2 , 2 3 , 
(See p a p e r by L . M o s e r and J . L a m b e k , A m e r i c a n M a t h e -
m a t i c a l M o n t h l y , vo l . 61 (1954), p p . 454«458) . 

H - 2 . P r o p o s e d by L . M o s e r and L . C a r l i t z , U n i v e r s i t y of 
A l b e r t a , E d m o n t o n , A l b e r t a , and Duke U n i v e r s i t y , 
D u r h a m , N. C. (See a l s o C . S . Ogi lvy: T o m o r r o w ' s 
M a t h e m a t i c s , p . 100)• 

R e s o l v e the c o n j e c t u r e : T h e r e a r e no F i b o n a c c i 
n u m b e r s which a r e i n t e g r a l s q u a r e s excep t 0 , 1 , and 144. 

H - 3 . P r o p o s e d by V e r n e r E . Hogga t t , J r . , San J o s e S ta t e 
C o l l e g e , San J o s e , Calif . 

S h ° W F 2 n ^ 2 < F n < F 2 n - 1 ' n ~ ^ 

F 0 < L 2 , < F 9 , n > 4 , 
2n - l n -1 2n — 

w h e r e F and L a r e the n th F i b o n a c c i and nth L u c a s 
n n 
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n u m b e r s f r e s p e c t i v e l y . 

H - 4 . P r o p o s e d by I . D , R u g g l e s , San J o s e S ta te Col lege^ 
San J o s e s Calif . 

P r o v e the iden t i ty : 

F L , F t F t + F F F - F t F t F , =.F , , r + 1 s-f l t + 1 r s t r - 1 s~l t -1 r + s + t 

A r e t h e r e any r e s t r i c t i o n s on the i n t e g r a l s u b s c r i p t s ? 

H - 5 . P r o p o s e d by T e r r y B r e n n a n , L o c k h e e d M i s s i l e s 
Space C o . j S u n n y v a l e , Calif . 

(F F , . . . F J 
(i) If [ F ] . m m " 1 l 

m n J ( F F F J ( F F . . . . F . ) 
n n-1 1 m - n m - n - 1 r 

then 2 [ F ] = [ t F ] L + [ F t ] L 
L m n J m - 1 n J n L m ~ l n-1 m ~ n 

w h e r e F and L a r e the nth F i b o n a c c i and the nth L u c a s n n 
n u m b e r s , r e s p e c t i v e l y . 

(ii) Show tha t t h i s g e n e r a l i z e d b i n o m i a l coeff ic ientf F 1 x ; . Lm n J 

i s a lways an i n t e g e r . 

H - 6 . P r o p o s e d by B r o t h e r U. A l f r ed , S t . M a r y ' s C o l l e g e , 
Calif . 

D e t e r m i n e the l a s t t h r e e d i g i t s , in b a s e s e v e n , 
Df the m i l l i o n t h F i b o n a c c i n u m b e r , 

H - 7 e P r o p o s e d by V e r n e r E . Hogga t t , J r 8 , S a n J o s e S t a t e 
C o l l e g e , San Jose^ Calif . 

If F is the nth F i b o n a c c i n u m b e r find n 

l i m n / F = L n 
n —i- & 
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and show that 

2n s 2n+l 
/ / 5 F 2 n < L < / ^ 5 F2n+1 f°r n > 2' 

H-8. Proposed by Brother U.Alfred, St. Mary's College, 
Calif. 

Prove 

n 

n+1 

,2 
n+ 2 

n+1 

,2 
n+ 2 

,2 
n+3 

n+ 2 

,2 
n+ 3 

,2 
n+ 4 

= 2 ( - i ) n + ; 

where F Is the nth Fibonacci number. n 

FIBONACCI ARTICLES SOON TO APPEAR 

A.F. Horadam, Complex Fibonacci Numbers and Fibonacci 
Quaternions, The American Mathematical Month-
ly. 

S.L.Basin* The Appearance of Fibonacci Numbers and the 
Q-Matrix in Electrical Network Theory, Mathe-
matics Magazine, March, 1963. 

3, L. Basin, An Application of Continuants as a Link between 
Chebyshev and Fibonacci, Mathematics Magazine 

3.L. Basin, Generalized Fibonacci Numbers and Squared 
Rectangles, American Mathematical Monthly* 

D. Zeitlin, On Identities for Fibonacci Numbers. Class-
room Notes, American Mathematical Monthly. 
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E d i t e d by D m i t r i T h o r o 
San J o s e S ta te Col lege 

DIVISIBILITY I 

M a n y of the m o s t i n t e r e s t i n g p r o p e r t i e s of the 
f a m o u s F i b o n a c c i n u m b e r s ( F . = F ^ = 1, F „ = 2 . F „ = 3 . 

V I 2 3 ? 4 
F = 5 , F , = 8 f . . # , F . = F . + F . . , . . . . ) depend on 5 6 i + 1 i i« l ' ^ 
the no t ion of d iv i s ib i l i ty* 

1. Def in i t ions # "We say tha t the F i b o n a c c i n u m b e r 8 i s 
e x a c t l y d iv i s ib l e by 4 s ince 8 ss 4x2* (Usua l ly the w o r d 
" e x a c t l y " i s omit ted , , ) Note tha t the fol lowing s t a t e m e n t s 
a r e equ iva l en t : 

(i) 8 i s d iv i s i b l e by 4 
(ii) 8 i s a m u l t i p l e of 4 

(iii) 4 i s a f ac to r of 8 
(iv) 4 i s a d i v i s o r of 8 
(v) 4 d i v i d e s 8 ( a b b r e v i a t e d : 4 | 8 ) . 

R e c a l l i n g tha t an i n t e g e r i s m e r e l y a whole n u m -
b e r ( 0 i nc luded! )^ we m a y now say tha t a pos i t i ve i n t e g e r 
g r e a t e r t han one i s a p r i m e if and only if it h a s e x a c t l y two 
d i v i s o r s * Thus F , F , and F a r e p r i m e s , but F , = 8 is 
c o m p o s i t e s ince it ha s l ou r f a c t o r s : 1^2^4,8* Note tha t 2 
i s the s m a l l e s t p r i m e - - a n d the only e v e n one , In the i n t e r -
e s t of c o n c i s e s t a t e m e n t s , 1 i s n o r m a l l y not c o n s i d e r e d a 
p r i m e (a l though it s h a r e s the p r o p e r t y of "be ing d iv i s i b l e 
only by 1 and i t s e l f " ) . I . e . , if we c a l l e d 1 a p r i m e 9 m a n y 
t h e o r e m s in e l e m e n t a r y n u m b e r t h e o r y would have to be r e -
worded* 

D i g r e s s i n g a m o m e n t we m i g h t o b s e r v e tha t the 
fol lowing i s an u n s o l v e d p r o b l e m * 

Is t h e r e a c o m p o s i t e F i b o n a c c i 
n u m b e r with e x a c t l y t h r e e d i v i s o r s ? 
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If t h e r e w e r e , t hen it would have to be the s q u a r e of a 
p r i m e - - b u t 1 and 144 a r e the only known s q u a r e F i b o n a c c i 
n u m b e r s . In T o m o r r o w ' s M a t h , C . S . Ogilvy r e p o r t s 
tha t one i n v e s t i g a t o r is c l o s e to a so lu t ion of th i s p r o b l e m , 

2. T e s t s for D i v i s i b i l i t y . In o r d e r to p rove t h a t , s a y , 
the F i b o n a c c i n u m b e r 987 is c o m p o s i t e , it suff ices to find 
a s ingle d i v i s o r n s u c h tha t 1 < n < 987. Now c e r t a i n l y 
987 is not d iv i s ib l e by 2 s ince it d o e s n ' t end in an even d i g -
it ( 0 , 2 , 4 , 6 , 8 ) . But we see tha t 3 d iv ides 987. P e r h a p s 
you w e r e able to r e a c h t h i s c o n c l u s i o n m e n t a l l y by not ing 
tha t 9 + 8 + 7 = 24 = a m u l t i p l e of 3 . Th i s p r o c e d u r e , 
c o m m o n l y c a l l e d c a s t i n g out 3 ' s , is one of s e v e r a l s i m p l e 
t e s t s for d i v i s i b i l i t y . F o r conven ience we l i s t s o m e of the 
s i m p l e r t e s t s for d i v i s i b i l i t y . 

N is d iv i s ib l e by 2 if and only if it ends in 
an even d ig i t . 

N is d iv i s ib l e by 3 if and only if the s u m of the 
d ig i t s of N i s a m u l t i p l e of 3 . 

N is d iv i s ib l e by 4 if and only if the n u m b e r c o n -
s i s t i n g of the l a s t two d ig i t s of N i s a m u l t i p l e 
of 4 . 

N is d iv i s ib l e by 5 if and only if N ends in " 0 " 
or " 5 " . " 

N is d iv i s ib l e by 6 if and only if N i s a m u l t i p l e 
of both 2 and 3 . 

N is d iv i s ib l e by 8 if and only if the n u m b e r c o n -
s i s t i n g of the l a s t t h r e e d ig i t s of N i s a m u l t i -
ple of 8. 

N is d iv i s ib l e by 9 if and only if the s u m of the 
d ig i t s of N is a ' m u l t i p l e of 9. 

Many o the r t e s t s a r e e a s y to f o r m u l a t e : N is 
a m u l t i p l e of 10 if and only if N ends in " 0 " ; N i s a m u l t i -
ple of 12 if and only if both 3 and 4 a r e f a c t o r s of N. Some 
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c a u t i o n , h o w e v e r , is d e s i r a b l e . A n u m b e r can be d iv i s ib l e 
by bo th 3 and 6, and ye t not be d iv i s ib l e by 18. (F ind an e x -
a m p l e . ) 

3 . P r i m e or C o m p o s i t e ? Suppose tha t you a r e c o n -
f ron ted wi th the p r o b l e m of d e t e r m i n i n g w h e t h e r or not 
F = 233 is a p r i m e , How m u c h w o r k i s i nvo lved? A s s u m e 
tha t you m a y u s e any of the p r e v i o u s l y m e n t i o n e d t e s t s 
" f r ee of c h a r g e " . How m a n y add i t iona l q u e s t i o n s of the 
f o r m "Is Z33 d iv i s ib l e by s o - a n d - s o ? " ! m u s t you a s k ? 

Of c o u r s e t h e r e is no need to c h e c k for d i v i s i b i l -
i ty by 6 (or any o the r c o m p o s i t e n u m b e r ) for if 233 is not 
i t se l f a p r i m e , it wil l have to have a p r i m e f ac to r l e s s 
t han 233* F o r t u n a t e l y we n e e d not t r y e a c h of the 50 p r i m e s 
l e s s t han 233* The s i m p l e but r e m a r k a b l e fact i s t ha t we 
can get by with no m o r e than t h r e e " q u e s t i o n s " ( a s s u m i n g 
tha t we t e s t for d iv i s ib i l i t y by 2 , 3 , and 5 m e n t a l l y ) : Is 233 
d iv i s ib l e by 7 ? 11? 13? 

In the c a s e of 233 , it t u r n s out tha t the a n s w e r to 
e a c h of t h e s e q u e s t i o n s i s " n o " , L e t u s s e e why t h i s m e a n s 
t h a t 233 m u s t be a p r i m e . If 233 w e r e c o m p o s i t e , it would 
have to have a p r i m e f ac to r p > 13, T h u s q = 2 3 3 / p 
would be an i n t e g e r , g r e a t e r than 1 but l e s s t h a n 17; i . e . - , 
q, and hence 233 , would have to be d iv i s ib l e by at l e a s t one 
of 2 , 3 , 5 , 7 , 1 1 or 13«-a c o n t r a d i c t i o n . 

4 . P r o b l e m s . So lu t ions to t h e s e p r o b l e m s m a y be 
found on page 64„ 

1.1. What do you no t i ce about e v e r y t h i r d F i b -
o n a c c i n u m b e r ? E v e r y f o u r t h ? E v e r y fifth? 

1. 2„ T r y to g u e s s a g e n e r a l i z a t i o n , of p r o b l e m l . L 

1 .3 , It is d e s i r a b l e to be ab le to def ine the g r e a t -
e s t c o m m o n d i v i s o r d of two i n t e g e r s (not bo th ze ro ) w i t h -
out u s i n g the w o r d " g r e a t e s t " . Do t h i s , u s i n g only the fo l -
lowing w o r d s and s y m b o l s : d , a , b , k , | , and , if, t h e n . 
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L 4 . Us ing 987 as an e x a m p l e , exp l a in why the 
t e s t for d iv i s i b i l i t y by 9 w o r k s , 

1. 5. What i s the m i n i m u m n u m b e r of q u e s t i o n s 
tha t you need to a s k in o r d e r to d e t e r m i n e wh e th e r or not 
F = 4181 is a p r i m e ? 

1. 6. L e t S be the fol lowing se t of n u m b e r s : 

4 

7 

10 

13 

16 

7 

12 

17 

22 

27 

10 

17 

24 

31 

38 

13 

22 

31 

40 

49 

16 

27 

38 

49 

6 0 

19 

32 

45 

58 

71 

22 

37 

52 

67 

82 

P r o v e tha t (a) if N is in S, t hen 2N +1 is c o m p o s i t e and 

(b) if N i s not in S, t hen 2N + 1 is a p r i m e . A s s u m e tha t 

the n u m b e r s in e a c h r o w f o r m an a r i t h m e t i c p r o g r e s s i o n 

and tha t the f i r s t c o l u m n is the s a m e as the f i r s t r o w , 

R E Q U E S T 

The F i b o n a c c i B i b l i o g r a p h i c a l R e s e a r c h C e n t e r d e s i r e s 
tha t any r e a d e r f inding a F i b o n a c c i r e f e r e n c e send a c a r d 
giving the r e f e r e n c e and a b r i e f d e s c r i p t i o n of the c o n t e n t s . 
P l e a s e f o r w a r d al l s u c h i n f o r m a t i o n to : 

F i b o n a c c i B ib l iog raph ica l . R e s e a r c h C e n t e r , 
M a t h e m a t i c s D e p a r t m e n t , 
San J o s e Sta te C o l l e g e , 
San J o s e , Calif . 
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IN NATURE 

SeLe Basin 
San Jose State College 

1. INTRODUCTION 

The regular spiral arrangement o£ leaves around 
plant stalks has enjoyed much attention by botanists and 
mathematicians in their attempt to unravel the myster ies 
of this organic symmetry. Because of the abundance of 
l i terature on phyllotaxis no more attention will be devoted 
to it here , However, the Fibonacci numbers have the 
strange habit of appearing where least expected in other 
natural phenomena. The following snapshots will demon-
strate this fact. (See references 1 and 3 for a discussion 
of phyllotaxis,) 

2. THE GENEALOGICAL TREE OF THE MALE BEE 

We shall trace the ancestral tree of the male bee 
backwards^ keeping in mind that the male bee hatches from 
an unfertilized egge The fertilized eggs hatch into female s, 
either workers or queens. 

The following diagram clearly shows that the num-
ber of ancestors in any one generation is a Fibonacci num-
ber . The symbol (m) represents a male and the symbol (f) 
represents a female, 

13(8f, 5m) 

8( 5f, 3m) 

5( 3f,2m) 

3( 2f,lm) 

2(lf,lm) 

l(lf ,0m) 

1 

f.—m f®r—m f ff-m fT-»rcL f mi—f f 

r r i T T i r i 
£ £ « _ _ m £ £ « _ _ m f^-p*.m 

I I I I 
m—i—— f m.s__a»»»f 

T 
f 

I 
m 

T 
I 

• m 

m 
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3 . S I M P L E E L E C T R I C A L NETWORKS 

E v e n those people i n t e r e s t e d in e l e c t r i c a l n e t w o r k s 
cannot e s c a p e f r o m our f r i end F i b o n a c c i * C o n s i d e r the fo l -
lowing s i m p l e n e t w o r k of r e s i s t o r s known as a l a d d e r n e t -
w o r k . Th i s c i r c u i t c o n s i s t s of n L - s e c t i o n s in c a s c a d e and 
can be c h a r a c t e r i z e d or d e s c r i b e d by c a l c u l a t i n g the a t t e n -
ua t i on which i s s i m p l y the input vo l tage d iv ided by the ou t -
put vo l tage and deno ted by A> the input i m p e d a n c e Z. and 
the output i m p e d a n c e Z . ( F o r a d e t a i l e d d i s c u s s i o n r e f e r 
to r e f e r e n c e 4 . ) 

P r o c e e d i n g in a m a n n e r s i m i l a r to m a t h e m a t i c a l i nduc t ion , 
c o n s i d e r the following l a d d e r n e t w o r k s . 

R When n -.= 1, Z A = R 9 
^l 0 2 

- V W - i — — z . m R.. + R 

1 
Z . < ~~2 Z 0 

i 1 ^ 2 

= R 1 / R 2 + 1. 

When n = 2: 

R i R i 
—-AM-—r—AAAr-i 

R 2 Z 0 

=
 R 2 ( R 1 + R2> A m <R1 + R 2 ^ R 1 + 2 R

2 > ~ R 2 2 

'0 Rx + 2R 2 R 2 

R 1 R 2 ( R 1 + 2 R 2 ^ + R 2 ( R 1 + R 2 > 
z. = R 1 + 2 R 2 
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When n = 3: 

z o = ' 

z. = 
1 

A = 

R 1 R
2 ( R 1 + 2 R 2 > + R

2 ( R 1 + R 2 > 
( R 1 + R 2 ) ( R 1 + 3 R 2 ) 

R l + 5 R 1 2 R 2 + 6 R 1 R 2 + R 2 

R 2 + 4 R R + 3 R^ 

R l + 5 R 1 2 R 2 + 6 R 1 R 2 + R 2 

R , 

Now suppose a l l the r e s i s t o r s have the s a m e v a l u e , name ly , 
R, = R„ = 1 o h m . We have by induc t ion : 1 2 

F . 

0 
2n- l 

2n 
A = (F_ . + F 9 ) 2n- l 2n' 2 n + l ' 

Z i = F 
2n + 1 

2n 

In o the r w o r d s , the l a d d e r n e t w o r k can be a n a l y z e d by i n -
spec t i on ; a s n i s a l lowed to i n c r e a s e , n = 1, 2 , . 3 , 4 , . . « , the 
va lue o£ Z for n L - s e c t i o n s c o i n c i d e s wi th the n th t e r m 
in the s equence of F i b o n a c c i r a t i o s , i 8 e e , 1 / 1 , 2 / 3 , 5 / 8 , , 
13 /21 , . . . . The va lue for A i s g iven by the s u m of the num-
e r a t o r and d e n o m i n a t o r of Z . The va lue of Z. i s a l s o 
c l e a r l y r e l a t e d to the e x p r e s s i o n for A and Z . 
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4. SOME R E F L E C T I O N S ( C o m m u n i c a t e d to us by L e o M o s e r ) 

The r e f l e c t i o n of l ight r a y s within two p l a t e s of 
g l a s s i s e x p r e s s e d in t e r m s of the F i b o n a c c i n u m b e r s ^ i . e., 
if no r e f l e c t i o n s a r e a l l owed , one r a y wil l e m e r g e ; if one r e -
f l ec t ion is a l l owed , two r a y s wil l e m e r g e , . m m , e t c . 

lumber of r e f l e c t i o n s 

X «2 o 5 

Number of emerging rays 

R e f e r to p r o b l e m B~6 of E l e m e n t a r y P r o b l e m s and So lu -
t i o n s . 

F o r Add i t iona l R e a d i n g 
1. I n t r o d u c t i o n to G e o m e t r y , H. S. M . C o x e t e r , pp . 169-

172. J o h n Wi ley and S o n s , I n c . , 1961. A c o m p l e t e c h a p t e r 
on phy l lo t ax i s and F i b o n a c c i n u m b e r s a p p e a r s in e a s i l y d i -
g e s t i b l e t r e a t m e n t . 

2. The F i b o n a c c i N u m b e r s , N . N . V o r o b y o v , B l a i s d e l l , 
New Y o r k , 1961. ( T r a n s l a t i o n f r o m the R u s s i a n by H a l i n a 
M o s s ) 

T h i s book le t d i s c u s s e s the e l e m e n t a r y p r o p e r t i e s 
of F ibonacc i / n u m b e r s , t h e i r app l i ca t i on to g e o m e t r y , and 
t h e i r c o n n e c t i o n with the t h e o r y of con t inued f r a c t i o n s . 

3 . The L a n g u a g e of M a t h e m a t i c s , R o b e r t L a n d , C h a p t e r 
XIII , p p . 215-225", J o h n M u r r a y , I960 , London . A v e r y i n -
t e r e s t i n g c h a p t e r inc lud ing s o m e p h y l l o t a x i s . 

4 . A p p e a r a n c e of F i b o n a c c i N u m b e r s and the Q M a t r i x 
in E l e c t r i c a l N e t w o r k T h e o r y , S . L . B a s i n , M a t h e m a t i c s 
M a g a z i n e , M a r c h , 1963. 
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B r o t h e r U . A l f r e d 

W h a t a r e c u r r e n t l y k n o w n a s F i b o n a c c i n u m b e r s 
c a m e i n t o e x i s t e n c e a s p a r t of a m a t h e m a t i c a l p u z z l e p r o b -
l e m p r o p o s e d b y L e o n a r d o P i s a n o ( a l s o k n o w n a s F i b o n a c c i ) 
i n h i s f a m o u s b o o k on a r i t h m e t i c , t h e L i b e r a b a c i (1202) . He 
s e t u p t h e f o l l o w i n g s i t u a t i o n f o r t h e b r e e d i n g of r a b b i t s * 

S u p p o s e t h a t t h e r e i s one p a i r of r a b b i t s i n a n e n -
c l o s u r e i n t h e m o n t h of J a n u a r y ; t h a t t h e s e r a b b i t s w i l l 
b r e e d a n o t h e r p a i r of r a b b i t s in t h e m o n t h of F e b r u a r y ; t h a t 
p a i r s of r a b b i t s a l w a y s b r e e d i n t h e s e c o n d m o n t h f o l l o w i n g 
b i r t h a n d t h e r e a f t e r p r o d u c e one p a i r of r a b b i t s m o n t h l y . 
W h a t i s t h e n u m b e r of p a i r s of r a b b i t s a t t h e e n d of D e c e m -
b e r ? 

T o s o l v e t h i s p r o b l e m , l e t u s s e t u p a t a b l e w i t h 
c o l u m n s a s f o l l o w s : 

(1) N u m b e r of p a i r s of b r e e d i n g r a b b i t s a t t h e b e g i n n i n g of 
t h e g i v e n m o n t h ; 

(2) N u m b e r of p a i r s of n o n - b r e e d i n g r a b b i t s a t t h e b e g i n -
n i n g of t h e m o n t h ; 

(3) N u m b e r of p a i r s of r a b b i t s b r e d d u r i n g t h e m o n t h ; 
(4) N u m b e r of p a i r s of r a b b i t s a t - t h e e n d of t h e m o n t h . 

M O N T H (1) (2) (3) (4) 
J a n u a r y 
F e b r u a r y 
M a r c h 
A p r i l 
M a y 
J u n e 
J u l y 
A u g u s t 
S e p t e m b e r 
O c t o b e r 
N o v e m b e r 
D e c e m b e r 

0 
1 
1 
2 
3 
5 
8 
13 
21 
34 
55 
89 

1 
0 
1 
1 
2 
3 
5 
8 
13 
21 
34 
55 

0 
1 
1 
2 
3 
5 
8 
13 
21 
34 
55 
89 

1 
2 
3 
5 
8 
13 
21 
34 
55 
89 

1 4 4 
233 
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The a n s w e r to the o r i g i n a l ques t ion is tha t t h e r e a r e 233 
p a i r s of r a b b i t s at the end of D e c e m b e r , But the c u r i o u s 
fact tha t c h a r a c t e r i z e s the s e r i e s of n u m b e r s evo lved in 
t h i s way i s : any one n u m b e r i s the s u m of the two p r e v i o u s 
n u m b e r s , F u r t h e r m o r e , it wil l be o b s e r v e d tha t a l l four 
c o l u m n s in the above tab le a r e f o r m e d f r o m n u m b e r s of the 
s a m e s e r i e s which ha s s ince c o m e to be known as THE F i b -
onacc i s e r i e s : 0 , 1 , 1 * 2 , 3 , 5 , 8 , 1 3 , 2 1 , 

E X P L O R A T I O N 

Did anybody e v e r find out what happened to the 
" F i b o n a c c i r a b b i t s " when they began to d i e ? S ince they 
have b e e n o p e r a t i n g with s u c h m a t h e m a t i c a l r e g u l a r i t y in 
o t h e r r e s p e c t s , le t us a s s u m e the fol lowing as we l l , A 
p a i r of r a b b i t s tha t i s b r e d in F e b r u a r y of one y e a r b r e e d s 
in A p r i l and e v e r y m o n t h t h e r e a f t e r inc lud ing F e b r u a r y of 
the fol lowing y e a r . Then th i s p a i r of r a b b i t s d i e s at the 
end of F e b r u a r y . 

(1) H o w m a n y p a i r s of r a b b i t s a r e t h e r e a t t h e e n d of D e c e m -
b e r of t h e s e c o n d y e a r ? 

(2) How m a n y p a i r s of r a b b i t s would t h e r e be at the end of 
n m o n t h s , w h e r e n i s g r e a t e r than or e qua l to 12? (See 
what fol lows for n o t a t i o n . ) 

A s s u m e tha t the o r i g i n a l p a i r of r a b b i t s d i e s at the end of 
D e c e m b e r of the f i r s t y e a r . 

NAMES FOR A L L FIBONACCI NUMBERS 

The i n v e t e r a t e F i b o n a c c i add ic t t ends to a t t r i b u t e 
a c e r t a i n ind iv idua l i ty to e a c h F i b o n a c c i n u m b e r . Men t ion 
13 and he th inks F ; 55 and F f l a s h e s t h r o u g h h i s mind 0 

But r e g a r d l e s s of t h i s p s y c h o l o g i c a l q u i r k , it is conven ien t 
to give the F i b o n a c c i n u m b e r s iden t i f i ca t ion t a g s and s ince 
they a r e inf in i te ly n u m e r o u s , t h e s e t a g s take the f o r m of 
s u b s c r i p t s a t t a c h e d to the l e t t e r F . Thus 0 is deno ted F ; 
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the f i r s t 1 in the s e r i e s i s F«; the s econd 1 i s F ; 2 i s F ; 

3 i s F • 5 is F r ; e t c . The fol lowing t ab le for F shows a 
4 5 n 

few of the F i b o n a c c i n u m b e r s and then p r o v i d e s add i t iona l 
l a n d m a r k s so tha t it wil l be c o n v e n i e n t for e a c h F i b o n a c c i 
e x p l o r e r to m a k e up h i s own t a b l e , 

n 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

F 
n 

0 
1 
1 
2 
3 
5 
8 
13 
21 
34 
55 
89 
144 

n 

13 
14 
15 
16 
20 
30 
40 
50 
60 
70 
80 
90 
100 

F n 
233 
377 
610 
987 
6765 
832040 
102334155 
12586269025 
1548008755920 
190392490709135 
23416728348467685 
2880067194370816120 
35422484817926191507 5 

SUMMATION P R O B L E M S 

The f i r s t q u e s t i o n we m i g h t a s k i s : What is the 
s u m of the f i r s t n t e r m s of the s e r i e s ? A s i m p l e p r o c e d -
u r e for a n s w e r i n g th i s q u e s t i o n i s to m a k e up a t a b l e in 
which;we l i s t the F i b o n a c c i n u m b e r s in one c o l u m n and 
t h e i r s u m up t o a g iven point in a n o t h e r e 

n 

1 
2 
3 
4 
5 
6 
7 
8 

F n 
1 
1-
2 
3 
5 
8 
13 
21 

Sum 

1 
2 
4 
7 
12 
20 
33 
54 
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What does the s u m look l i k e ? It i s not a F i b o n a c c i n u m b e r , 
but if we add 1 to the s u m , it i s the F i b o n a c c i n u m b e r two 
s t e p s £.head8 Thus we could w r i t e : 

1 + 2 + 3 + . . . . . + 34 + 5 5 ( = F ) = 1 4 3 s 144(= F 1 2 ) - 1, 

w h e r e we have i n d i c a t e d the n a m e s of s o m e of the key F i b -
onacc i n u m b e r s in p a r e n t h e s e s * It i s conven ien t at t h i s 
point to i n t r o d u c e the s u m m a t i o n no t a t i on . The above can 
be w r i t t e n m o r e c o n c i s e l y : 

10 

. f Fk = F12 " L 

k= 1 
The G r e e k l e t t e r £ ( s igma) m e a n s : Take the s u m of q u a n -
t i t i e s F . s w h e r e k r u n s f r o m 1 to 10, We sha l l u se th i s n o -

t a t i on in what fo l lows . 

It a p p e a r s tha t the s u m of any n u m b e r of c o n s e c -
ut ive F i b o n a c c i n u m b e r s s t a r t i n g with F . i s found by t ak ing 

the F i b o n a c c i n u m b e r two s t e p s beyond the l a s t one in the 
s u m and s u b t r a c t i n g 1. Thus if we w e r e to add the f i r s t 
h u n d r e d F i b o n a c c i n u m b e r s t o g e t h e r we would expec t to o b -
t a i n for an a n s w e r F - 1. Can we be s u r e of t h i s ? Not 

c o m p l e t e l y , u n l e s s we have p r o v i d e d s o m e f o r m of proof . 
We sha l l beg in with a n u m e r i c a l proof m e a n i n g a proof tha t 
u s e s spec i f i c n u m b e r s . The l ine of r e a s o n i n g e m p l o y e d 
can then be r e a d i l y ex t ended to the g e n e r a l c a s e . 

L e t us go back then to the s u m of the f i r s t t en 
F i b o n a c c i n u m b e r s . We have s e e n tha t t h i s s u m is F - 1. 

Now suppose tha t we add 89 ( or F ) to both s i d e s of the 

e q u a t i o n . Then on the lef thand side we have the s u m of 
the f i r s t e l e v e n F i b o n a c c i n u m b e r s and on the r i gh t we 
h a v e : 

144(= F ) - 1 + 89(= F ) = 233(= F ) - 1. 
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Thus^ p r o c e e d i n g f r o m the s u m o£ the f i r s t t e n F i b o n a c c i 
n u m b e r s to the s u m of the f i r s t e l e v e n F i b o n a c c i n u m b e r s ^ 
we have shown tha t the s a m e type of r e l a t i o n m u s t ho ld . Is 
i t not ev iden t tha t we could now go on f r o m e l e v e n to twe lve ; 
t hen f r o m twe lve to t h i r t e e n ; etc* , so tha t the r e l a t i o n m u s t 
hold in g e n e r a l ? 

Th i s is the type of r e a s o n i n g tha t i s u s e d in the 
g e n e r a l proof by m a t h e m a t i c a l i nduc t ion . We suppose tha t 
the s u m of the f i r s t n F i b o n a c c i n u m b e r s i s F ^ - 1 . In 

n + 2 s y m b o l s : 
n 
S F . = F - 1 

k= 1 k n + 2 

We add F „. to both s i d e s and obta in : n+1 
n + 1 

£ F . = F -1 + F = F - 1 
, % k n + 2 n + 1 n+ 3 
k= 1 

by r e a s o n of the f u n d a m e n t a l p r o p e r t y of F i b o n a c c i s e r i e s 
tha t the s u m of any two c o n s e c u t i v e F i b o n a c c i n u m b e r s i s 
the next F i b o n a c c i n u m b e r . We have now shown tha t if the 
s u m m a t i o n ho lds for n , it ho lds a l s o for n + 1 . Al l tha t r e -
m a i n s to be done is to go b a c k to the beg inn ing of the s e r i e s 
and d r a w a c o m p l e t e c o n c l u s i o n L e t us suppose^ a s can 
r e a d i l y be d o n e t t ha t the f o r m u l a for the s u m of the f i r s t n 
t e r m s of the F i b o n a c c i s equence ho lds for n < 7. S ince 
the f o r m u l a ho lds for s e v e n t it ho lds for e igh t ; s ince it 
ho lds for eighty it ho lds for n ine ; e t c . e t c . Thus the f o r m -
u la i s t r u e for a l l i n t e g r a l pos i t i ve v a l u e s of n. 

We have s e e n f r o m t h i s e x a m p l e tha t t h e r e a r e 
two p a r t s to our m a t h e m a t i c a l e x p l o r a t i o n . In the f i r s t we 
o b s e r v e and c o n j e c t u r e and thus a r r i v e at a f o r m u l a . In 
the s econd we p r o v e tha t the f o r m u l a is t r u e in g e n e r a l . 

L e t us t ake one m o r e e x a m p l e . Suppose we wi sh 
to find the s u m of a l l the o d d - n u m b e r e d F i b o n a c c i n u m b e r s . 
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Aga in , we can f o r m our t a b l e . 

n 

1 
3 
5 
7 
9 
11 
13 

F 
n 1 

2 
5 
13 
34 
89 
233 

Sun 

1 
3 
8 
21 
55 
144 
377 

Th i s is r e a l l y too e a s y . We have c o m e up with a F i b o n a c c i 
n u m b e r a s the s u m . A c t u a l l y it i s the v e r y next a f te r the 
l a s t quant i ty added . We sha l l l eave the proof to the e x p l o r -
e r . H o w e v e r , the ques t ion of f i t t ing the above r e s u l t s in to 
no ta t ion migh t c a u s e some t r o u b l e . What we need is a type 
of s u b s c r i p t tha t wil l give us j u s t the odd n u m b e r s and no 
o t h e r s . F o r the above s u m to 13, we would w r i t e ; 

7 
F F m F 

. ~ 2 k - l 14 
k= 1 

It wi l l be s e e n tha t when k i s 1, 2k - l i s 1; when k i s 2 , 2k - l 
i s 3; e t c . and when k is 7, 2k - l i s 13, In g e n e r a l , the r e l a -
t ion for the s u m of the f i r s t n o d d - s u b s c r i p t F i b o n a c c i n u m -
b e r s would be : n 

TV - F 
. T 2k- l 2n * 
k s 1 

E X P L O R A T I O N 
1. D e t e r m i n e the s u m of the f i r s t n e v e n - s u b s c r i p t F i b o n -

a c c i n u m b e r s . 

2 . If we take e v e r y fou r th F i b o n a c c i n u m b e r and add , four 
s e r i e s a r e p o s s i b l e ; 

(a) S u b s c r i p t s 1 , 5 , 9 , 1 3 , . 
(b) S u b s c r i p t s 2 , 6 , 1 0 , 1 4 , 
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(c) S u b s c r i p t s 3 , 7*11 ,15 , . . . 
(d) S u b s c r i p t s 4 , 8 , 1 2 , 1 6 , . . . 

H i n t : L o o k f o r p r o d u c t s o r s q u a r e s o r n e a r - p r o d u c t s o r 
n e a r - s q u a r e s of F i b o n a c c i n u m b e r s a s t h e r e s u l t . 

3 . If w e t a k e e v e r y t h i r d F i b o n a c c i n u m b e r a n d a d d , t h r e e 
s e r i e s a r e p o s s i b l e : 

(a) S u b s c r i p t s 1, 4 , 7*10 , . . . 
(b) S u b s c r i p t s 2 , 5 , 8 , 1 1 , . . . 
(c) S u b s c r i p t s 3 , 6 , 9 * 1 2 , . . . 

H i n t : D o u b l e t h e s u m a n d s e e w h e t h e r y o u a r e n e a r a 
F i b o n a c c i n u m b e r , 

U n t i l n e x t i s s u e , g o o d h u n t i n g ! 

R E S E A R C H P R O J E C T : F I B O N A C C I N I M 

C o n s i d e r a g a m e i n v o l v i n g t w o p l a y e r s i n w h i c h 
i n i t i a l l y t h e r e i s a g r o u p of 100 o r l e s s o b j e c t s . T h e f i r s t 
p l a y e r m a y r e d u c e t h e p i l e b y a n y F I B O N A C C I N U M B E R 
( m e m b e r of t h e s e r i e s 1 , 1 , 2 , 3 , 5 , 8,1"3, 2 1 , . . . ) . T h e s e c o n d 
p l a y e r d o e s l i k e w i s e , T h e p l a y e r w h o m a k e s t h e l a s t m o v e 
w i n s t h e g a m e . 

(1) I s i t a l w a y s p o s s i b l e f o r t h e f i r s t p l a y e r t o w i n t h e < g a m e ? 
(2) If n o t , u n d e r w h a t c o n d i t i o n s c a n he be s u r e of w i n n i n g ? 



64 SOLUTIONS (See page 51) 

1.1, Every third Fibonacci number is even; every 
fourth, a multiple of 3; every fifth, a multiple of 59 

18 2, Every nth Fibonacci number is divisible by F , 
n 

19 3„ d is the greatest common divisor of a and b if and 

(i) d j a, d | b, and 

(ii) if k j a and k | hs then k | d9 

1.4. "987"= 9x100 + 8x10 +7 
= 9 x (99 +1) + 8 x (9 +1) +7 
= (9 x 99) + 9_ + ( 8 x 9 ) 1 8 + 7 
= 9 x (99 +8) + (9 +8 +7) 

Since the first term is a multiple of 9* 987 will be divisible 
by 9 if and only if 9 + 8 + 7 is a multiple of 9. 

1. 5. One need only try the primes not exceeding the 
greatest integer equal to or less than the square root of 
4181 or 64 + . How many primes are less than 64? 

1. 6. The number in the i-th row and j - th column is giv-
en by the formula 

(2j +1) i + j . 

(a) If N is in S, then 2N + 1 is of the form 

2{ (2j +l)i + j} + 1 « 4ij +2i +2j + 1 =(2i +l)(2j +1) 
= a composite number, 

(b) To prove that if N is not in S, then 2N +1 is a prime 
we consider an equivalent statement (called the contraposi-
tive): If 2N •+• 1 is not a prime, then N is in S. 

Now if 2N 4-1 is not a prime, it has an odd factor 
ZV +1 (which is between 1 and 2N +1). Thus 

2N +1 - (2j- +l)(2i' +1) =2{(2j< +l)i ' +jJ} +1 

or N = (2j! +l)i ' + j ! , i . e . , N lies in row i' and col-
umn j ! . 
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P A R T I 

S.L* B a s i n and V , E . H o g g a t t , J r s 

1. INTRODUCTION,, 

The p r o o f s of F i b o n a c c i i d e n t i t i e s s e r v e as v e r y 
su i t ab l e e x a m p l e s of c e r t a i n t e c h n i q u e s e n c o u n t e r e d in a 
f i r s t c o u r s e in a l g e b r a . With th i s in m i n d , it i s the i n t e n -
t ion of th i s s e r i e s of a r t i c l e s to i n t r o d u c e the b e g i n n e r to a 
few t e c h n i q u e s in p r o v i n g s o m e n u m b e r t h e o r e t i c i d e n t i t i e s 
a s wel l a s f u r n i s h i n g e x a m p l e s of w e l l - k n o w n m e t h o d s of 
proof such as m a t h e m a t i c a l induction,, The c o l l e c t i o n of 
p r o o f s tha t wi l l be given in th i s s e r i e s m a y s e r v e a s a 
s o u r c e of e l e m e n t a r y e x a m p l e s for c l a s s r o o m u s e , 

The u s e of m a t r i x a l g e b r a in p r o v i n g m a n y t h e o r -
e m s wil l be deve loped f r o m b a s i c p r i n c i p l e s in the next 
i s s u e , 

2 . SOME SIMPLE P R O P E R T I E S OF THE FIBONACCI 
S E Q U E N C E . 

By o b s e r v a t i o n of the s e q u e n c e { 1, 1, 2 , 3 , 5 , 8 , . . * } r 

it i s e a s i l y s e e n tha t e a c h t e r m is the s u m of the two p r e -
ced ing t e r m s . In m a t h e m a t i c a l l anguage , we define t h i s 
s e q u e n c e by l e t t i ng 

F = 1, F = 1, and , for a l l i n t e g r a l n , 

Def in i t ion (A) F L ^ = F % + F holds* 
' n + 2 n-j-1 n 

The f i r s t few F i b o n a c c i n u m b e r s a r e : 

1 , 1 , 2 , 3 , 5 , 8 , 1 3 , 2 1 , 3 4 , 5 5 , 8 9 , 1 4 4 , 2 3 3 , 3 7 7 , 6 1 0 , 
The L u c a s N u m b e r s , L , sa t i s fy the s a m e r e c u r r e n c e r e -
l a t i o n but have d i f fe ren t s t a r t i n g v a l u e s , n a m e l y , 

L = 1, L = 3 , and 

Def in i t ion (B) L , 0 = L - + L h o l d s . 
v ' n+ 2 n+1 n 
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The f i r s t few L u c a s N u m b e r s a r e : 

1 , 3 , 4 , 7 , 1 1 , 1 8 , 2 9 , 4 7 , 7 6 , 1 2 3 , 1 9 9 , . . . . . 

The fol lowing a r e some s i m p l e f o r m u l a s which a r e 
ca l l ed F i b o n a c c i N u m b e r I d e n t i t i e s or L u c a s N u m b e r Iden t i -
;ie s for n > 1. 

I . F . + F^ + F_ + . . . . . . + F = F ^ - 1 
1 2 3 n n+ 2 

I I . L, + L 0 + L Q + . + L = L , ~ 3 
1 2 3 n n+ 2 

I I I . F , F , - F 2 = ( - l ) n 

n + 1 n-1 n x ' 

IV. L , L , - L 2 • 5 ( « l ) n , f l 

n + 1 n -1 n ' 

V. L = F + F . 
n n+ 1 n-1 

VI. F 9 . = F + F 
2n+ 1 n + 1 n 

VII. F 9 = F - F 
2n n+ 1 n-1 

VIII . F 0 = F L 
2n n n 

IX. F = F , , F , + F F 
n+ p + 1 n+ 1 p+ 1 n p 

* • ^ + F2
2 + FZ

n = F n F n + 1 

2 Z n 
XI . L - 5 F = 4(- l ) 

n n 
XII . F = (-1) n + 1 F 
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XIII . L = (-1) L 

3 . MATHEMATICAL, INDUCTION 

Any p roofs of the fo rego ing i d e n t i t i e s u l t i m a t e l y 
depend upon the p o s t u l a t e of c o m p l e t e m a t h e m a t i c a l i n d u c -
t ion . 

F i r s t one h a s a f o r m u l a involv ing an i n t e g e r ne 

F o r s o m e v a l u e s of n the f o r m u l a h a s b e e n seen to be t rue* 
Th i s m a y be o n e l two # or say^ twen ty t i m e s , Now the e x -
c i t e m e n t s e t s i n 0 . . . Is it t r u e for a l l pos i t i ve n ? One m a y 
p r o v e th i s by appea l ing to m a t h e m a t i c a l induct ion^ whose 
t h r e e p h a s e s a r e : 

Ae S t a t e m e n t P(l) i s t r u e by t r i a l . (If you c a n ' t find a f i r s t 
t r u e c a s e , . . w h y do you th ink i t ! s t r u e for any n l e t a lone 

a l l n ? H e r e you need some t r u e c a s e s to s t a r t w i th . ) 

An e x a m p l e of s t a t e m e n t P(n) i s 

1 + 2 + 3+ . . . . . . +n = n ( n + l ) / 2 . 

I t i s s i m p l e to see P(l) i s t r u e t t ha t i s 

1 = l ( l + . l ) / 2 . 

B* The t r u t h of s t a t e m e n t P(k) l o g i c a l l y i m p l i e s the t r u t h 
of s t a t e m e n t P(k + 1 ) . In o the r w o r d s : If P(k) i s t r u e ^ then 
P (k -1-1) i s t rue* Th i s s t ep i s c o m m o n l y r e f e r r e d to as the 
induc t ive t r a n s i t i o n , 

The a c t u a l m e t h o d u s e d to p r o v e th i s i m p l i c a t i o n m a y v a r y 
f r o m s i m p l e algebra, to v e r y profound theory* 

C* The s t a t e m e n t tha t ! T h e proof is c o m p l e t e by m a t h e m a -
t i c a l i nduc t ion . ! 
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4 . S O M E E L E M E N T A R Y F I B O N A C C I P R O O F S . 

L e t u s p r o v e i d e n t i t y I . 
R e c a l l f r o m (A) t h a t F , = 1, F , = 1, F n = F , + F 

1 2 n + 2 n + 1 n 

S t a t e m e n t P ( n ) i s 

F . + F _ + F . + + F = F , . - 1 
1 2 3 n n + 2 

A . P ( l ) i s t r u e , s i n c e F = 1, F = 1, F = 2 , s o t h a t 

F l = 1 = 2 - 1 = F 3 - 1. 

B . A s s u m e P ( k ) i s t r u e , t h a t i s 

1 2 k k + 2 

F r o m t h i s we w i l l s h o w t h a t t h e t r u t h of P ( k ) d e m a n d s t h e 
t r u t h of P ( k + 1) , w h i c h i s 

( F l + F 2 + + F k > + F k + 1 = F k + 3 - L 

S i n c e we a s s u m e P ( k ) i s t r u e , we m a y t h e r e f o r e a s s u m e 
t h a t , i n P ( k + 1) , we m a y r e p l a c e (F - + F + c . . . . + F ) b y 

X. LA J K 

( F . - 1). T h a t i s , P ( k + 1) m a y b e r e w r i t t e n e q u i v a l e n t l y 
k-f* 2 

a S ( F K + 2 - 1 > + F k + 1 = < F k + 2 + F k + l) - 1 = F k + 3 " L 

T h i s i s n o w c l e a r l y t r u e f r o m (A) ? w h i c h f o r n = k + 1 b e -
c o m e s F = F + F 

k + 3 kH- 2 k + 1 

C . T h e p r o o f i s c o m p l e t e b y m a t h e m a t i c a l i n d u c t i o n . 

5 . A B I T O F T H E O R Y ( C r a m e r ' s R u l e ) 

G i v e n a s e c o n d o r d e r d e t e r m i n a n t , 



A P R I M E R ON THE FIBONACCI SEQUENCE 

D = a b 

c d 
= ad - b e 

we have f 

T H E O R E M I , 

Proof : By def in i t ion 

I ax b 

I ex d 

ax b 

ex d 
= X D j - 0 0 < X < 00 

= (ax) d - b(cx) 5= x (ad -bc ) = xD 

T H E O R E M II . 

| ax + by b 

lex 4- dv d 

a x 

| ex 
= x D , 

< y < 
-9© < X < €© 

Proof : Th i s i s a s i m p l e e x e r c i s e in a l g e b r a , 

Suppose a s y s t e m of two s i m u l t a n e o u s equa t ions p o s s 
a unique so lu t ion (x f Yn)> tha t i s 

ax 4= by = e 
ex 4- dy s f 

i s sa t i s f ied^ if and only if, x = x , y = y . 

T h i s i s spec i f i ed by say ing 

(C) axQ + byQ . e 

cxQ + dyQ = £ 

a r e t r u e s t a t e m e n t s ^ wi th D £ 0e 

F r o m our definit ion^ 
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D = a b 

c d 

and f r o m T h e o r e m I , for x s x , we m a y wr i t e 

x Q D = 
axQ b 

c x 0 d 

and f r o m T h e o r e m I I , for y = y , x s x , 

x Q D = 
axQ + b y 0 b 

| c x 0 + dyQ d 

But f r o m (C) t h i s m a y be r e w r i t t e n 

e b ' 
x Q D = 

f d 

T h u s , 

x^ = 

Yr, = 

je b 

If d 
D 

la e 

F f | 
D 

= 

i e 

f 
a 

c 

a 

c 
a 

c 

b 

d 
b 

d 

e 

f , 
b 

d 

which is C r a m e r ' s R u l e , 

We see t h i s i s t r u e p r o v i d e d D 4 0. 
D e t e r m i n a n t D = 0 if the two l i n e a r e q u a t i o n s a r e i n c o n -
s i s t e n t , ( G r a p h s a r e d i s t i n c t p a r a l l e l lines.) or r e d u n d a n t 
( G r a p h s a r e the s a m e line.). So tha t if the g r a p h s ( l ines) 
a r e not p a r a l l e l or c o i n c i d e n t , t h e n the c o m m o n poin t of in-
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t e r s e c t i o n h a s the unique v a l u e s of x and y as g iven by 
C r a m e r ' s R u l e . 

6. A C L E V E R DEVICE IN ACHIEVING AN INDUCTIVE 
TRANSITION 

' r o m Defini t ion (A) F . = 1, F = 1 and 

F = F + F 
n+ 2 n + 1 n 

Suppose we w r i t e two e x a m p l e s of th i s (for n = k and 
n = k-1) . 

F = F + F 
k+ 2 k + 1 T k 

F = F 
k + 1 k 

+ F k - 1 

L e t u s t r y to solve the p a i r of s i m u l t a n e o u s l i n e a r equa-
t i o n s . 

P) 
F k + 2 = x F k + l + ^ F k 

F . . = x F . 
k + 1 k 

+ y F k -1 . 

T h i s i s s i l l y b e c a u s e we know the a n s w e r i s x = 1 and 
y = 1,. but u s ing C r a m e r ' s Rule we note ; 

(E) y Q - l = 

F k + 1 

lFk 
lFk+l 

1 k 

F k + 2 | 

F. 1 
k+l j 

Fk 1 
F k - l | 

F - F F 
k + 1 k k + 2 

xp rp XT 
k + 1 k-1 " k 

L e t us now u s e M a t h e m a t i c a l Induct ion to p r o v e iden t i t y III 
which i s 

P(n) : F , F , - F 2 = (~l) n 

x J n+ 1 n-1 n x l 
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If we note t ha t F = 0 is v a l i d , t hen 

P( l ) : F 2 F Q - F * = (-1)1 m -1 

i s t r u e . T h u s p a r t A i s d o n e . 

Suppose P(k) i s t r u e . F r o m (E) , 

F - F F 
k+1 k k + 2 

2 
F F F 

k + 1 k-1 k 

so tha t 
P < k + 1>: F k + 2 F k - F k + l " < - 1 > k + 1 

i s i ndeed t r u e ! ! Thus p a r t B i s d o n e . 

The proof i s c o m p l e t e by m a t h e m a t i c a l induc t ion and p a r t 
C i s d o n e . 

S P E C I A L NOTICE 

The F i b o n a c c i A s s o c i a t i o n h a s on hand 22 c o p i e s 
of Dov J a r d e n , R e c u r r e n t S e q u e n c e s , R i v e o n L e m a t e m a t i k a , 
J e r u s a l e m , I s r a e l . T h i s i s a c o l l e c t i o n of p a p e r s on F i b -
o n a c c i and L u c a s n u m b e r s wi th e x t e n s i v e t a b l e s of f a c t o r s 
ex tend ing to the 385th F i b o n a c c i and L u c a s n u m b e r s . The 
vo lume s e l l s for $ 5 . 0 0 and i s an e x c e l l e n t i n v e s t m e n t . 
C h e c k or m o n e y o r d e r should be sen t to V e r n e r Hoggat t at 
San J o s e S ta te C o l l e g e , San J o s e , Calif . 

R E Q U E S T 

M a x e y B r o o k e would l ike any r e f e r e n c e s su i t ab l e 
for a L u c a s b ib l i og raphy* His a d d r e s s i s 912 Old O c e a n 
A v e . y Sweeny , T e x . 
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E d i t e d by S f L . B a s i n , 
San J o s e Sta te Col lege 

Send al l c o m m u n i c a t i o n s r e g a r d i n g E l e m e n t a r y -
P r o b l e m s and Solu t ions to S , L e Bas in^ 946 R o s e A v e . t 

Redwood C i ty , C a l i f o r n i a , We w e l c o m e any p r o b l e m s b e -
l i e v e d to be new in the a r e a of r e c u r r e n t s e q u e n c e s a s wel] 
as new a p p r o a c h e s to e x i s t i n g p r o b l e m s * The p r o p o s e r 
m u s t s u b m i t h i s p r o b l e m with so lu t ion in l eg ib le f o r m , 
p r e f e r a b l y typed in double s p a c i n g , wi th the n a m e ( s ) and 
a d d r e s s of the p r o p o s e r c l e a r l y ind ica ted* So lu t ions should 
be s u b m i t t e d wi th in two m o n t h s of the a p p e a r a n c e of the 
p r o b l e m s , 
B - l , P r o p o s e d by I . D* R u g g l e s , San J o s e S ta te C o l l e g e , 

San J o s e , Calif, 

Show tha t the s u m of twen ty c o n s e c u t i v e F i b o n a c -
ci n u m b e r s i s d iv i s ib l e by F- , 

B~*2e P r o p o s e d by V e r n e r E s H o g g a t t , J r * t San J o s e S ta te 
C o l l e g e , San J o s e , C a l i f , 

Show tha t 

n+ 1 n+ 2 n+ 10 n + 7 

ho lds for g e n e r a l i z e d F i b o n a c c i n u m b e r s such tha t 
u = u % + u , w h e r e u. = p and u = qc 

n + 2 n+T n 1 2 
B - 3 e P r o p o s e d by J * E a H o u s e h o l d e r , H u m b o l d t S ta te C o l -

l e g e , A r e a t a ^ Calif . 

Show tha t F ^ A = F (mod 9) » n + 24 n x ; * 

w h e r e F i s the n th F i b o n a c c i n u m b e r , n 
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B - 4 . P r o p o s e d by S . L . B a s i n and V l a d i m i r Ivanoff, San 
J o s e S ta te Col lege and San C a r l o s ^ Calif ffl 

Show tha t L L S F . = F ^ A 

i.ol1) x 2n 

G e n e r a l i z e . 

B ~ 5 . P r o p o s e d by L . M o s e r r U n i v e r s i t y of A l b e r t a # E d -
m o n t o n , A l b e r t a , 

Show t h a t , w i t h o r d e r t a k e n into a c c o u n t t in ge t t ing pa id 
an i n t e g r a l n u m b e r n d o l l a r s f u s ing only o n e - d o l l a r a n d t w o -
d o l l a r b i l l s , t ha t the n u m b e r of d i f fe ren t ways is F 

ri"f 1 w h e r e F is the nth F i b o n a c c i n u m b e r . n 

B - 6 . P r o p o s e d by L . M o s e r and M . W y m a n , U n i v e r s i t y of 
A l b e r t a . 

L igh t r a y s fall upon a s t a c k of two p a r a l l e l p l a t e s of 
g l a s s , one r a y goes t h r o u g h wi thout r e f l ec t ion* two r a y s 
(one f r o m e a c h i n t e r n a l i n t e r f a c e oppos ing the ray) wi l l be 
r e f l e c t e d once but in d i f fe ren t w a y s , t h r e e wil l be r e f l e c t e d 
twice but in d i f fe ren t w a y s . Show tha t the n u m b e r of d i s -
t i nc t pa th s , which a r e r e f l e c t e d e x a c t l y n t i m e s , i s F 

r n+ Z 
B - 7 . P r o p o s e d by H . W . Gould , We s t V i r g i n i a U n i v e r s i t y , 

M o r g a n t o w n , W e s t Va, 

Show tha t X ( 1 " X ) , T = S F 2 x 1 . 
Z 3 ^ I 

1-Zx-Zx + x i = 0 
Is the e x p a n s i o n va l id at x = 1/4? Tha t i s , does 

so 

S F ^ / 4 1 = 12 /25 ? 
i= 0 
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B-8* Proposed by J* A. Maxwell^ Stanford University, 

Show that 

(i) F - 2n Hh F 2 n + 1 = 1 (mod 5) ; n+1 n x ; 

(ii) F , t 3 n + F 3 n + l = 1 (mod 11) 
' n+1 n x ! 

(iii) F , , 5n + F 5 n + l = 1 (mod 2.9) * ; n+ 1 n \ / «» 

Generalize. 

" a ^ * ' i > • 

RESEARCH CONFERENCE 
of the 

FIBONACCI ASSOCIATION 

On December 15, 1962^ the Fibonacci Associa-
tion held its first research conference at San Jose State 
College, Papers delivered on the occasion were as fol-
lows: 

Some Determinants Involving Powers of Fibonacci 
Numbers . Brother U. Alfred 

Some Proofs of Conjectures in Brother Alfred1 s 
Paper . .Terry Brennan 

Squaring Rectangles Using Generalized Fibonacci 
Numbers . Stanley L„ Basin 

The Period of the Ratio of Fibonacci Sequence 
Modulo M • . . . . • • John E, Vinson 

Representations by Complete Fibonacci Sequences . 
Verner Ee HoggattrJrB 

Fibonacci Matrices . James A„ Maxwell 

A Ray Incident on N Flats . Bjarne Junge 


