THE FIBONACCI QUARTERLY

THE OFFICIAL JOURNAL OF
THE FIBONACCI ASSOCIATION

VOLUME 13 NUMBER 2
CONTENTS

Fibonacci Notes—4: g-Fibonacci Polynomials . .................. L. Carlitz 97

A General Identity for Multisecting Generating Functions. .. Paul S. Bruckman 103

A Formula for Aﬁ () e e e e e Paul S, Bruckman 105

The Generalized Fibonacci Number and Its Relation

to Wilson’s Theorem. .................. Joseph Arkin and V.E. Hoggatt, Jr. 107

Pythagorean Triangles ............ Delano P. Wegener and Joseph A. Wehlen 110

Relations Between Euler and Lucas Numbers ................ Paul F. Byrd 111

Sums and Products

for Recurring Sequences ............... G.E. Bergum and V.E. Hoggatt, Jr. 115

Some Identitiesof Bruckman ................ ... ittt L. Carlitz 121

Formal Proof of Equivalence of Two Solutions

of the General Pascal Recurrence............cccvvuuenns Henry W. Gould 127

Note on Some Generating Functions . . ...............coivun.. L. Carlitz 129

A Generalized Pascal’s Triangle ............. C.K. Wong and T.W. Maddocks 134

Generalized Fibonacci Tiling ...... V.E. Hoggatt, Jr., and Krishnaswami Alladi 137

A Least Integer Sequence Investigation ........... Brother Alfred Brousseau 145

Identities Relating the Number of Partitions

into an Even and Odd Number of Parts ...... H.L. Alder and Amin A. Muwafi 147

Fibonacci and Related Sequences

in Periodic Tridiagonal Matrices ............. ... D.H, Lehmer 150

A Maximum Value for the Rank of Apparition

of Integers in Recursive Sequences ............cc0vevernens H.JA. Salle 159

Fibonacci and Lucas Sums

in the r~-Nomial Triangle.. ............. V.E. Hoggatt, Jr., and John W. Phillips 161

Exponential Modular Identity Elements )

and the Generalized Last Digit Problem...................... Saem Lindle 162

LettertotheEditor . ..............c.cvvvnn Alexander G. Abercrombie 171

Signed b-Adic Partitions. .. ....... ... .. i James M. Mann 174

Idiot’s Roulette Revisited. .. ............. .. ... ... ......... Ada Booth 181

Advanced Problems and Solutions .......... Edited by Raymond E. Whitney 185

Elementary Problems and Solutions. ............... Edited by A.P. Hillman 190

APRIL 1975



THE FIBONACCI QUARTERLY

THE OFFICIAL JOURNAL OF THE FIBONACCI ASSOCIATION

DEVOTED TO THE STUDY
OF INTEGERS WITH SPECIAL PROPERTIES

CO-EDITORS
V. E. Hoggatt, Jr. Marjorie Bicknell

EDITORIAL BOARD

H. L. Alder H. W. Gould

A. P. Hillman
David A. Klarner
Donald E. Knuth

Gerald E. Bergum
Brother Alfred

Brousseau

C.T. Long
Paul F. Byrd M. N. S. Swamy
L. Carlitz D. E. Thoro

WITH THE COOPERATION OF

Maxey Brooke Leonard Klosinski
Calvin D. Crabill James Maxwell
T.A. Davis Sister M. DeSales
Franklyn Fuller McNabb

A.F. Horadam D.W. Robinson
Dov Jarden Lloyd Walker
L.H. Lange Charles H. Wall

The California Mathematics Council

All subscription correspondence should be addressed to Brother Alfred Brousseau, St.
Mary’s College, California 94575. All checks ($12.00 per year) should be made out to
the Fibonacci Association or the Fibonacci Quarterly. Two copies of manuscripts in-
tended for publication in the Quarterly should be sent to Verner E. Hoggatt, Jr., Math-
ematics Department, San Jose State University, San Jose California 95192. All manu-
scripts should be typed, double-spaced. Drawings should be made the same size as they
will appear in the Quarterly, and should be done in India ink on either vellum or bond
paper. Authors should keep a copy of the manuscript sent to the editors.

The Quarterly is entered as third-class mail at the St. Mary’s College Post Office, Calif.,
as an official publication of the Fibonacci Association.

The Quarterly is published in February, April, October, and December each year.

Typeset by
HIGHLANDS COMPOSITION SERVICE
P.0. Box 760
Clearlake Highlands, Calif. 95422



FIBONACCI NOTES
4: g-FIBONACCI POLYNOMIALS

L.CARLITZ*
Duke University, Durham, North Carolina 27706

1. We shall make use of the notation of [1]. In addition we define

(1.1) Snla) = $plag) = 2, ["—%-T ]qkza"'ZkJ (n=1).
2k<n ’

| n;k]_[n—:—1]=qn—2k n;f-i—I] i

Since

it is clear that

On+1la) —adpla) = Z ( ";k] _ [n_lli_ 11 )qkzan-Zk _ Z qn-2k[n;f-7— 11 qk‘zan—Zk

2k<n 0<2k<n
_ n-1 n—k—1 (k=1)* _.n-2k _ _n-1 n—k—2=_k*_ n-2k-2
kAR KSRl Flat it LD DI A VAR
0<2k<n 2k<n-1
Hence
(1.2) Ont1la) —appla) = g™ T pp_sfa) (n>1).

The first few values of ¢,,(a) are easily computed by means of (1.1) or (1.2).
¢10a) = 1, ¢200) =5, ¢3la) = a°+q,  ¢ala) = 2% +ql1+qla,
o5(al = a4+q(7+q +q2}32+q4, ogla) = a5+q(7+q +q2+q3}33+q4(7+q+q2)a .
d7(a) = ab+q(1+q +g2+q3+q%)a% +q*(1+q+9% N1 +q%)a% +47 .

If we put ¢ofa) = 0 then (1.2) holds for all n > 7. By means of (1.2) we can define ¢, (a/ for all integral n. It is
convenient to put

(1.3) Onla) = Pplag) = (=1)" " ¢_p(a).

Then (1.2) becomes

(1.4) Bnla) = " (a0p-1(a) + B p_n(a)) (n=2),
where

(1.5) Bolal = 0, ila) = q .

The next few values of @, (a) are
f2la) = g%, B3la) = q*(1+4%8%), Fala) = ¢”((1+q)a+q%a°),
Fsla) = q°(1+(q% +q° +q%)a% +¢%7),
Bela) = q"3(1+q+q°%)a+ (g +q%+q5%+¢%)a% +4%a").

*Supported in part by NSF grant GP-17031.
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Put

(1.6)

Then by (1.4) and (1.5)

so that
(1.7)
Thus

FIBONACCI NOTES

Ofax) = Z Onla)x" .
n=0

’

®lax) = gx + Z " (aPp-1(a) + Bp-2(a))x" ,
n=2

Dfax) = gx +qxla+qgx)P(a, gx).

Pfa,x) = gx +qgxfa +qx) { a2x +q%x(a +g°x)® (3, ¢°x) }
= gx +q°x2(a +gx) + 3 x%(a + gx)a + ¢ %x) @ (a,q%x).

Continuing in this way we get

(1.8)

Since

(1.8) becomes

It follows that

(1.9)

Since

it is clear that

that is,
(1.10)

2. It is evident that
(2.1)

Also it follows from

that
(2.2)

o

D(ax) = z qysz+7)(k+2)xk+7(a+qX}(a+q2X} "-(8‘/'qu}.

k=0
k Iy
(a+qx)a’ +qx) (a2 +q*x) = [ f]q@(’”}ak'jxl .
=0

o0 k
Bfax) = E qu(k+1}(k+2}Xk+1 Z [;_c]q%/(/ﬂlak—/x/‘
k=0 j=0
_ n+1 n—j7 ,%j+#1)+%n~j+1)(n-j+2) jn-2j
. X Z [ i q a .

n 2j<n

$n+1(¢7) = Z [nj—/] qZ(n+1)(n+2)—n/'+j(j—1)62n-/' .

2j<n
‘o n » .
tnrile) = 22 ["77] %77
J
2j<n
Gp+1fa) = qn+7¢n(q(n+7}/2a},

Pnla) = qn¢n(qn/2a} .

Fnlg) = ¢p(lq).

2 —
Foerle) = 35 ¢ [ 4]
2k<n

Fola) = ¢"¢nla™, q).

[APR.



1975] FIBONACCI NOTES

We have defined [1] the g-Lucas number

(2.3) Lolg) = Fps2(q) —q" Fpoo(g).

Hence, by (2.1) and (2.2),

(2.4) Lnlg) = dps2(1q) —a%bp2(a™", q).
In the next place put

(2.5) ila) = Oala,q) = dpla,qg )

When g is replaced by q'7, it is easily verified that
n—k k(2k-n) [ n—k
("]~ ["c ]

Hence
bnerlag ) = Z [ n;k gk -2k
2k<n
so that )
e 0" 51(9) = Gpr1lag™? q),
n particular we have )
@1 0" 2 Fnrtla") = $perla™Z q)
and
(2.38) H T Elg™ ) = 9nlg# (7 g).
3. Returning to the recurrence (1.2), we have
(3.1) abnlal = Gpr1la) —q" $pogla).
Thus
8% 0nla) = Gneala) = (1+q)g" " $pla) +q*" 26y 2(a)
and

a30nla) = dprala) = (1+q+92)g" Speqla) + (1+q +92)g%" 3 p_1(a) =g Cpp_30a) .
This suggests the general formula

k
3.2 a“9nla) = %‘, (=1 [ K@ A0 g gite)

where k >0 but n is an arbitrary integer.
Clearly (3.2) holds for k = 0, 7, 2, 3. Assuming that it holds up to and including the value k, we have, by (3.1),

k
a/<+1¢,7 (a) = Z (_7)/‘[ j_(:]an—%j(j+7) { ¢n+k—2/+7(ﬂ) _qn+k—2j—7¢"+k_2i_7(a)}
j=0

K
=3 -1 f]q’"'yz’(ﬁ”(ﬁn»ck-zﬁﬂa)
j=0
k+1 . . Y -
+Z (—1)] [/f 7} q/n—/21(/+1)+k-/+1¢n+k_2j+7(a)
j=1
k+1 o)
- ik K k-+1 ) in-Kj j+1 _
T vl K PR E et
pa

Kk+1
= Z (—7)’[ k; ! ]q’"'%’(’+7)¢n+k-2j+1(a) )
=0

This completes the proof of (3.2).

99



100 FIBONACCI NOTES

Special cases of interest are obtained by takingn = k, —k, 0, 1 in (3.2). We get

K
(3.3) akq)k(a) = Z (—I/j [llf]qki_yaj(i+1}¢2k_2j(6),
=0
K
(3.4) okla) = 35 (<) [ K ]a g ga),
j=0
K
(3.5) 0= 3 (-1 $ a0 gy ita),
0
K
(3.6) k=3 (—7)/[f]a_y’jﬁ")¢k-21+7(8/ .
j=0

[APR.

Note that in approximately half the terms on the right of (3.6) the subscript k-2j+7 is positive but is negative in the
remaining terms. Also, if we prefer, we may eliminate negative subscripts in (3.4), (3.5), and (3.6) by making use of

(1.10).
It is clear from (1.1) that we may put
(3.7) a* = Y (~1)gl ek jor-zirita)

2j<k

where the coefficients Cy ; are independent of a. This formula is of course not the same as (3.6). To determine Ck,j

we multiply both sides of (3.6) by a and then apply (3.1). We get

M = 30 (=1 aICk; { bk-jeata) - 4* P pygite) }
2j<k

= Z (—7)quck,j¢k_2j+2(a)+ E (—7)jqk-/+76'k,j_7¢k_2,'+2(a/.

2j<k 2j<k+1
It follows that )
(3.8) Cr+1j = Ck,j+qk—2/+70k,j_1 (2 <k).

The first few values of Ly ; are easily computed by means of (3.8).

No 7 2 3
0|1
1
2|1 7
3|1 1+q
4|1 1+qg+q® 1+q
511 Itg+q*+q 1+2q+q*+¢°
6|17 1+g+q*+q¢*>+q* 1+29+2¢>+2¢° +q* +q ° 1+2q+q*+¢°
7\ 1| T1+at @A qR gt gt | 1429420433 # 200 + 27 + g + g7 1439 +307 +30° + 20" +4° +¢°
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It is evident from (3.8) that Ck,j isa polynomial in g with nonnegative coefficients and that
(3.9) Cro=1 (k=012 )

(3.10) Crj=0 (2j > k.
Also it is easily seen that

k-1
(3.11) Cr,1 =L7—__qq_ (k> 1) .
To get Cx,2 we take /= 2 in (3.8). Thus

_ _ _ k-1
Ckr1,2= Ch2 = 4°3Ck,1 = ¢*° —7—7—3—0—- .
which holds for & > 3. Hence
k
= 1§ -8 _ i1
Ck+1,2 =4 L g (1 -9"7),
=3
which reduces to ,
(3.12) Ck+7,2— L 21 +q [k—
In the next place, taking /= 3 in (3.8),
Ck+1,3 = Ck,3 = 4 °Cu2 (k = 5).

We find that

(3.13) Ck+7,3=q—’ [k52]+[k57]—-q—7—
By means of (3.8) it can be proved that

(3.14) deg Cr j = jk— %j(3j+1).

101

The proof is by induction on k. The second term on the right of (3.8) is of higher degree than the first term, so that

degChsrj = k=2 +1+degCpjog = (k=2j+1)+(j— 1)k = %lj — N3 = 2) = jlk+1) = Hi(3} + 1),

It would be of interest to find a simple explicit formula for C ;. The problem is equivalent to inverting

(3.15) up = Z [";k] qkzv,,_Zk mn=012--).
2k<n

In this connection the following two inversion theorems may be mentioned:

l. ur = z: [;] Vr-2s (r=2012-)

2s<r
if and only if
z (-1)°q Ysls~1) _1—q" [I’——s] Ve 2 =012
2s<r g™
" Zj[_ ] [s——I]}*VI‘—Zs (r=2012-)
<
if and only if Z<r

L (-1)¢ Yes(s+1) [ ]Ur—2s (r=2012-).

2s<r
For proof of these and some related inversion theorems see [2].
4. Returning to the recurrence (1.2) we now construct a second solution Y ,,(a) = Y ,,(a,q) such that

.1) Vola) = 1,  Wila) =
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and of course

(4.2) Ups1(a) = alnla) +q"  Yp1(a) (n>1).
Put
4.3) Wiax) = Y Ynlax" .
n=0
Then

W(ax) = 1+ax + 2 (a,-1(a) +q"'2¢n_2 (@)x" = 1+ax¥(ax) +x2¥(a, qx),

n=2
so that
1 x2
(4.4) W(ax) = + W(a,qx).
1—ax 1-ax
Iteration of (4.4) yields
— r(r—l)X2r
(4.5) \If(a’)(} = (aX}
r=0 r+1
Hence
W(ax) = Z g1 2r Z [r:s] 2555 = E X Z [n:r] g"fr-1)n-2r
r=0 s=0 n=0 2r<s
which implies
(4.6) Ynla) = Z ['n :r] grlr=1)gn-2r
2r<n
We have therefore n

.7) 0 Ypla) = opesla”a) .

Finally we mention the following continued fraction formula.

APR. 1975

2 gn ® .o(a) 2 /
a9 .9 - n+21a - n—k+1 k* n-2k+1 n—k k(k+1) ,n~2k
N A Y 7 2 ["7k77] d" 2 [k ] a
g On+1(a7"a)  2k<n+1 2k<n
An equivalent result has been obtained by Hirschhorn [3].
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A GENERAL IDENTITY FOR MULTISECTING GENERATING FUNCTIONS

PAUL S. BRUCKMAN
University ef lllinois, Chicago, lllinois 60680

Consider the general power series:

(1) fix) = Z apx"
=0

(defined for some radius of convergence A, whenever (x| < R).
It is desired to find an expression, preferably in terms of 7(x), for the so-called multisecting generating function, defin-
ed as follows:

(2) glr, s, x) = Z apresx ™
n=0
(where r and s are integers satisfying 0 <s <r).
We shall suppose that f(x), and therefore g(r,s,x) satisfy appropriate convergence requirements, so that the following
development may have validity.
The problem indicated above has been solved by various investigators, for certain special cases. For example, Gould [1]
has obtained the following results, for the case where a,, = F,, (the n” Fibonacci number):

Fox® +(-1)5F xS

(3) fix) = Zg an" = —XZ'. glr, s, x) = E Fnr+anr+s _
n=

1—x—-x ~ 1= Lx"+(~1)"x%

Also, Hoggatt and Anaya, in a recent joint paper [2], derived a comparable relation for the column generators of
Pascal’s left-justified triangle. Actually, the definition of the multisecting generating function of f(x) used by these
writers was the following:

(4) hir, s, x) = Z anres X" .
n=0
The modification of the latter definition given by (2) is slight, since g(r, s, x) and A(r, s, x) are related as follows:
(5) glr, s, x) = xShir,s, x") .
For the purposes of this paper, Eq. (2) is a more convenient definition.
o ., 1 if n=s(modr)
(6) glr, s, x) = Z an0(n,r,six", where 0(n,r,5) =9 g otherwise
n=0

This is evident from the definition of g(r, s, x/ in (2). Another evident relation is:

r-1

(7) fix) = Z: glr, s, x).
s=0

103



104 A GENERAL IDENTITY FOR MULTISECTING GENERATING FUNCTIONS [APR.

What is needed is an explicit expression for 8 (n, r, s). Such an expression is conveniently provided by the following
function:

r-1 )
: (n-s)2kmi

=1 (n-s)2kni/r _ e -1 . ‘

@) Ofn,r,s) = = }:_% e r{e(”"‘}z""i/’— 7} (provided n s (modr) ) .

If n = s + mr, for some integer m, then g (n=s)2kmi/r = g 2mkmi _ 1 11 this event,f(n,r,s) = r/r=1. On the other
hand, if n #s (mod r), the numerator of the second expression in (8) vanishes, but the denominator does not; i.e.,
0(n, r, s) = 0. Thus, 8(n, r, s) as defined in (8) has the desired properties we are seeking for this function. Accordingly,

o0 r-1
A N nl (n-s)2kmi/r
glr, s, x) 2‘ anx" - Z e
n=0 k=0

r-1 oo r-1
- %Z p=2skmi/r Z a, { p2kmilr, } n _ ,Z»'Z o~ 2skmilr g1 2Kmilr )
k=0 n=0 k=0
We may make a further simplification, by letting w(r,k) = eZk”i/r, the (k+17)™ r™h root of unity. We note that
wir, k) = {wlr, 1)} %

if we let w, denote w(r,7), then our relation takes the following form:
r-1
(9) glr,s,x) = —Z-Z wi K fwkx) .
k=0
This is the general expression we are seeking. Any further simplification will depend on the particular values of r
and s, and on the specific form of #(x). Indicated below are several special cases of (9) for the first few values of r
and s, but for perfectly general f(x):
9(1,0,x) = flx), 9(2,0,%) = %{ ) +H-x) }, g2,1,%) = % { fix) = f-x)} ,

9(3,0,x) = g{ f(x) + flux) + f(u°x) } (where v=%(—1+iy3)), (3 1,x) = %{ f(x) + u? flux) + uf(u®x) } ,
(100 al3,2,x) = L{fta +uftux) +u?uPx) } , 94,0,x) = L{fx) + Hlix) # —x) + f=ix) |
9l4,1,x) = Ly flx) = ifli) — fl—x) +iff-ix) } ,  gt4,2,x) = L{tlx) = Hix) + H—x) = H=ix) } ,

9(4,3,x) = 1 tx) # iflix) - fl—x) = if(-ix) } .

Note that the coefficients WFSk are themselves " roots of unity, in permuted order (but with unity itself always

first). If we sum gfr, s, x) over s, keeping & fixed, the sum of these coefficients vanishes, except for k = 0, where it is
unity. This is in accordance with our expected result in (7).

Many interesting special cases of (3) exist, and have been extensively studied, for specific functions f{x/). For exam-
ple, if fix) = e*, Eq. (9) yields the following:

i
an‘ £

0 r-1 k
= =1 sk ,WrX

o sl = 3 AL LS ks
n=0 k=0

This may be further simplified and expressed as a strictly real function, involving trigonometric terms, but we will
not do this here. It will suffice to say that the general form of (9) possesses an intrinsic symmetry which further
manipulation tends to eliminate. For example, using identity (11),
903, 0, x) = ‘%{ex +gUx +e“2x} ,
where v is as defined in (10); however, we may also express g(3, 0, x/ in real form:
9(3, 0, x) = ‘%{ex + 28 X cos (Zxﬁ}} ,

which is not as elegant a result as (11). Similarly, many special cases of (3) may be verified by the interested reader;
it is the writer's opinion, nevertheless, that (9) possesses a special elegance just as it stands, limited though its practi-
cal usefulness may be.
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A FORMULA FOR A2 (x)

PAUL S. BRUCKMAN
University of lilinois, Chicago, Illinois 60680

This paper is a follow-up of [1], which dealt with certain combinatorial coefficients denoted by the symbol A ,(x/.
We begin by recalling the definition of A,(x/), which was given in [1] :

oo n
(1) (1—u)(1+u)* = Z Ap(x)d" ;  therefore, Ap(x) = Z ( f) .
n=0 =0

which is a polynomial in x. In [1], the writer ipdicated that he had found the first few terms in the combinatorial
expansion for A,Z,(X/, but was unable to obtain the general expansion. Formula (78) in [1] gave the first few terms
of the expression, derived by direct expansion:

(2) AZ(x) = (2:) (2;)+y2(n+z;(2n§7) +<I_n3.+§772jjn—4)( z,,fz)*"' .

The problem of obtaining the general term of the polynomial Aﬁ(x} has now been resolved. However, the expres-
sion is in the form of an iterated summation, which is indicated below:

n 2n n Jtn-i
(3) Aﬁ(x}=§:3f()’f)+z (x) Z(;)Z(i) (=123~
i=0 i=n+1 J=i-n k=0

Perhaps some interested reader can reduce this expression to a simpler one, involving only two (or possibly one)
summation variables. If we denote the coefficient of (’[‘ as 0;, relation (3) above yields the following values:
(2. _ (2n—=1)! . _ (2n=2)I ,, 3 2 _
O2n ( n ) ;/ O2n-1 il nln+2);  02n-2 Al =171 %(n” +2n< +3n—4)
(these last three values may be compared with those in (2));

- (2n-3) 1,4, 3,02 24
2n-3 n———~—!(n~2}!5(n +n° +8n“ +2n — 24);

dlso, Opry = 3™ —2.2M 4 qmHg2 3m*2 9. an#24 12 (0 4+2)(2"2 — 1) +(n+2)?

In attempting to discover the law of formation of 0; for/ > n, itis clear that increasing difficulty is encountered as
one recedes from either end of the second (iterated) summation in the right member of (3). Possibly, 6; may be con-
cisely expressed in terms of a finite difference operator, but this approach has not yet been fully explored.

A proof of (3) follows. The proof hinges on a formula due to Riordan, indicated as formula (6.44) in [2]. This
formula is as follows:

n
n m+n—k X _ X X
) Z(k)( m—k )(m+n—k>— (m)(n)
k=0
A slightly more convenient form of (4) is obtained by the substitution / =m + n — k, also observing that the upper
limitin (4) need only equal min (m,n), since subsequent terms vanish. Then (4) takes the following form:

o (2N S (00 B )

i=max(m,n) i=max(m,n)
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Now

j=0 i=f h=i-j
where m = min(i,n). Now leth =/ —j + k. Then
n_fn m-i%j 2n m m-i+f
2 - x \[i j . VI
=22 (K0 Z U4 S S ()2 (4)
=0 i5 k=0 i=0 j=i-m k=0
Distinguishing between the cases where / < n and 7 > n, this expression may be simplified as follows:
n i J 2n n n-itf
> [ x i J X i) J
Z(,)Z(,)E(k)+2 (/>Z (/)Z(k} :
i=0 j=0 k=0 i=n+1 Jj=i-n k=0

Comparing this with the right member of (3), we see that the only thing left to prove is that
; .

73 (15(1)

/

j=0 k=0
But this is an easy consequence of the binomial theorem, applied twice, since
J i
i\ = j = of ‘[P N9 = i i
S(4)=aevi=2 ama (7)) w1027 =5
k=0 j=0

Hence (3) is proved. Obviously, the expression: for 6; given by (3), for 7 > n, is not unique. By various substitutions
and/or translations, a wide variety of expressions for 6: may be derived from the basic relationship in (3). For ex-
ample, the following alternative formula is given, without proof:

n 2 oy i L gtn-i
j Iy = ! i\ - o .
; f=[Vz(72+i}] ( g )/g ( k ) j=§—:2n ( i )kzzl__n( k ) 0;, (i>n)

(where [u] represents the integral part of v).
Attempts by the writer to obtain a generating function for the Aﬁ (x)’s, in closed form, were unsuccessful. Can
anyone help?
REFERENCES
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THE GENERALIZED FIBONACCI NUMBER
AND ITS RELATION TO WILSON'S THEOREM

JOSEPH ARKIN
Spring Valiey, New York 10977
and
V.E.HOGGATT, JB.
San Jose State University, San Jose, California 85192

In this paper we consider the generalized Fibonacci second-order recurrence relation
(1) Ugsz = xUprg+ylUy ,
with x and y variables. Then for certainx and y in {1) we introduce the following new theorems:
Theorem 1. 1f Up_1=0 {mod p?), then p >3 isalways an odd prime.
Corollary 1. 1t Uy +1=0 (mod p) then p > 3 is always an odd prime.
Corollary 2. 1fU,+1=0 (mod p2) or fmad p3) then (p — 1)1 + 7 =0 respectively (mod p2) or (mod p°).
In the Addenda of this paper we also prove: if
Fn=kiFp1+ksF, o,
(where k7 and ko are arbitrary constant numbers}, then the following relation a/ways holds
F2 FrigFaor = (=1)7k5
where
Fo=1, Fp=ky Fa=kitky, .

NOTE. This paper was presented in person and in full at meeting No. 703 of The American Mathematical Society,
New York, April 18—21, 1973. An abstract also appeared in the Notices of the American Mathematical Saciety, Vol.
20, No. 3, April 1873, issue No. 145, p. A-361, under 703-A22.

For clarity we write (1} as
{2) U = xUpe1+ ¥ Ug-2 .
where k >3 is a positive integer, and the x4, y are arbitrary variables.

U = xgUger +yiUp-2. k=2

Wxp=2k~1 and yp = —(k— 7)2, then (2) becomes

(3) Upry = (2k+ DU — k2 Up_q .
What we want to show next is that if in addition to {3) we let

(3h) Ue = kUp_qg+ (k= 1)1,
then

Upryg = (k+1)Ux + k!
To see this,
Ugay = 2k + T)kUp_g + (k ~ T} — /(2Uk_7 = 2/(2Uk_1 + kU1~ kZU,’(—i + (2k + 1)tk — 1)1
= k2Uk~7 + kU g+ 2kE+ (k= 1)] = (k+ Tkl q+ Tk — 1)) + ki = [k+ )y +ki,

which is {3b) with & replaced by &+ 7. The proof is complete by induction. We then conclude that Eq. {3} may

be written in the following two ways:
107
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(@) Ukr1 = 2k + I)Uk—kzuk_1 = (k+ 1)Ux+k!,

where k=2, Uy =1, Up = 3, Uz = 11, ---.

H. Gupta has noticed that the sequence 7, 3, 77, 50, -, Ug+7 = (k + 1)Uy + k! is really the second column of the
array of STIRLING NUMBERS OF THE FIRST KIND. See Riordan [4], pp. 33 and 48. Of course, in the table the
signs are alternating.

From page 33 of [4] we find
(A) stk +1,n) = slk,n — 1) — ks(k, n)
so that we note that if n =2, we get

stk +1,2) = sk, 1) — ks(k, 2)

and, from the table on page 48 of [4], we note

stk, 1) = (=1)%* (k= 7).
Now let

Viel-1)%T = sk +1,2),
then (A) becomes
Viel=1)%T = (=1)%*T (k — 1)1 = kVie_g(—1)%
or equivalently
Vi+r1 = kVi + k!

which agrees with (4) for « + 7. Q.E.D.
It is of course evident that

(5) mlm =2)!/m! = 1/(m—1),
and also that
(6) u=211)+1!

(by (4)). Then, since Uz = 3Uo + 2!, we combine this equation with (5, with m = 3) and (6), which leads to U3 = 3/(1
+1/2) + 21, and in the exact way we get

(7) Ug = 41(1+1/2+1/3)+3!.
Then in the exact way we derived (7), step-by-step (with added induction we prove that

k
8) U = KNT+12+1/3+ -+ 1/k=1)+(k—1) = kI | D 1/ |,
r=1
for k=1,2,3, ---. (It may be interesting to emphasize the fact that we have found the explicit formula

k
S 1= Uk /Kl

r=1
Now, using the well known fact that
k
(@) $lk—1) = 1/r = 0 (mod k?),
r=1

if and only if £ > 3 isan odd prime (see 1), we are in a positinn to prove the following thecrams:
(10) Theorem 1. \f Up_7=0 (modpzl, then p >3 is always an odd prime. The proof is immediate by combin-
ing (8, with k = p — 7) with (9) which Jeads to the congruence Up—7=(p — 7)I¢(p — 1)=0 (mod p?).
(10a) Corollary 1. \t U, + 1=0(mod p), then p > 3 is always an odd prime.
The proof of Corollary 1 is immediate by combining (3b, with & replaced by some odd prime number p > 3) with
Wilson’s theorem (Wilson’s theorem: (p — 7)! + 1 =0 (mod p), if and only if p is a prime number), since
(10b) Up+1 =pUpg+lp—1)1+1 =20 (mod p).
(10c) Corollary 2. 1§ Uy +1=0 (mod p?) or (mod p2), then (p — 7)! + 1 =0 respectively (mod p?) or (mod p°).

We easily prove (10c) by combining (10b) with (10). Since this leads to
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(10d) Up+1=(p—1)1+1 (modp®) .

ADDENDA
1. We write the following familiar congruence (see 2):
(11) Ifp >3isaprimethen(p— 1)/ =pBy_; —p (mad p=),
where 8 is a Bernoulli number. Now, combining (11) with (10d) we have
(12) Up = pBp-1—p (modp?) .
(13) 2. N. Neilsen (see 3) proved that: Ifp=2n+ 1, P=17-3-5 - (2n — 1), and p > 3 is a prime, then
P =(-1)"2%"n1  (mod p®) .
Now, combining (10d) with the results in (13) leads to

(14) Uspeq = (-1)"2%"(n1)2  (mod p), where 2n+1=p isaprime >3.

It is easy to prove that

(15) ((k = 1)1) = U2+ Up_qU — Ug1Ugs1 = Flk 1) .

Proof. In (3c) we have Uy — kU7 = (k — 1)/, we then put (Uy — kUk-1)? = Flk — 1), and this leads to
(15a) Upsr = (2k+ 1) = k2 Up_q ,

where, since (15a) is identical with (4), we have proved that (15) holds. Now, in (15) we letn = k — 7, so that
()2 = UZ11+ UpUns1 = UnUnez = Fin),

and combining this identity with (14), we have:

(16) Uzntg = (=1)"2%(F(n))  (mod p°),

where 2n+ 7 =p isaprime >3.
3. A generalized version of (4) may be derived in the following way: Put

(17) U = Upegxi + (k= 1)!

(where the x are arbitrary variables). Then, multiplying (17) through by k, we have
(17a) KUp = kUp-1xxc+ k!,

butin (17) itis evident that

(17b) Uk+1 = Ukxi+1 1 k!,

and subtracting (17a) from this equation we get

(18) Uksr = (k+xpe1)Up — kxgUg-7 .

Example of 3. We easily prove (4) with (17b) and (18), if we let
Xk = kr Xk+1 = k+ 1: "'er+/' = k+i (j = 0/ 71 2/ "'}-
4. In conclusion, it may be interesting to note: If

(19) Fo = kiFp-1+kaFp-2,
(where k7 and ko are arbitrary constants) then the following relation always haolds:
(19a) F2 = Fpi1Fne1 = (-1)"k5

where Fg = 1, F7 = kg, Fa = kZi+kg, .
Proof. In (19) we may write F+7 = kyFp+k2F,-7, and combining this with (19a), we have

(20) k1FpFp1+kaF2 g = FE+(-1)" "k, .
Now, we multiply both sides of (20) by k5 and then add
k$F3+k1k2FnFn~1

109
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to both sides of the result which leads to
(20a) K2F2+ 2k tkaFpFp_g+k2F2_, = k2F2+ kaF2+ kikgFpFpg+(—1)" k5"
It is easily seen that
Fpi2 = kiFpi1+kaFn = k2F, + k1koFp1+kaF,
and combining this equation with (20a), we have
(20b) (k1Fp+koFp-1)? = F2pq = FpeoFp+(—=1)" 76377
In the same way we found (20b), we proceed step-by-step (with added induction) and prove that the identities in
(19) and (19a) are correct.
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ABSTRACT

The first section of “Pythagorean Triangles” is primarily a portion of the history of pythagorean triangles and re-
lated problems. However, some new results and some new proofs of old results are presented in this section. For
example, Fermat's Theorem is used to prove:

Levy’s Theorem. 1f (x,y,z) is a pythagorean triangle such that (7,x) = (7,y) = 1, then 7 divides x + y or x -y.

The histarical discussion makes it reasonable to define pseudo-Sierpinski triangles as primitive pythagorean trian-
gles with the property that x = z — 7, where z is the hypotenuse and x is the even leg. Whether the set of pseudo-
Sierpinski triangles is finite or infinite is an open question. Some elementary, but new, results are presented in the
discussion of this question.

An instructor of a course in Number Theory could use the material in the second section to present a coherent
study of Fermat’s Last Theorem and Fermat’s method of infinite descent. These two results are used to prove the
following familiar results.

(1A) No pythagorean triangle has an area which is a perfect square.

(2A) No pythagorean triangle has both legs simultaneously equal to perfect squares.

(3A) /It is impassible that any combination of two or more sides of a pythagorean triangle be simultaneously per-

fect squares.

If 2 is viewed as a natural number for which Fermat's Last Theorem is true, then the following are obvious gener-
alizations of 1A, 2A, and 3A.

(1B) /f k is an integer for which Fermat’s Last Theorem holds, then there is no primitive pythagorean triangle

whose area is a K" power of some integer.

(2B) If k is some integer for which Fermat’s Last Thearem is true, then there is no pythagorean triangle with the

legs both equal to Kth powers of natural numbers.

[Continued on Page 120.]



RELATIONS BETWEEN EULER AND LUCAS NUMBERS

PAUL F. BYRD
San Jose State University, San Jose, California 95192

1. INTRODUCTION

In a previous article [1], the author presented a class of relations between Fibonacci-Lucas sequences and the gen-
eralized number sequences of Bernoulli. The same simple techniques can be used to obtain such identities involving
other classical numbers.

The purpose of the present paper is to give explicit new relations and identities that involve Lucas numbers to-
gether with the famous numbers of Euler.

2. PRELIMINARIES
EULER NUMBERS
The generalized Euler numbers E,fm} of the m™" order are defined by the generating function (see, for example [3]),

m oo
(1) — 2 - (secht)™ = E gfm t’

e [t| < /2.

,/

If m =1, one writes E,f” = E,,, and has the more familiar Euler number sequence of the first order: 1,0, -1, 0, 5,
0, —61, 0, 1385, 0, —50521, ---. The generalized numbers satisfy the partial difference equation

2) mefm* 1) _glm) _ pgim) - g
Moreover,

(m) _ d” m
3) EJV = pr3 [(sech)™] _,

so one obtains the sequence

@  gfm=n, Mo B -m Ef =0, EY = mBm+2), -,

with Eg’,?_’, =0fork=>1.

If m is a negative integer, i.e., when m = —p, p > 1, the relation

n
(5) gfr) - -ql—’; [(cosh t)P ] =0
yields the explicit formula dt
p
®) e - LY (2 )e-a% ks
oP
j=0
Euler and Bernoulli numbers of the first kind (m = 1) are related by the two equations
k—1 n
_ 2k 2% — 1 ) S ’2n+1> k
() Bk <k _q) Z{; ( 2 ) Eaj. B2 =2-775 & T2 ) (760" Bz -
j= =
(See [2].)
LUCAS AND FIBONACCI NUMBERS
If

(8) a=1(1+56)/2 and b= (1-5)2,
' 11
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then the Fibonacci and Lucas numbers are defined respectively by the generating formulas

e - " < " at, bt _ § t"
(9) 75——-ng",7, e e _%Ln,ﬁ,
n= n=
or explicitly by the equations
n n
(10) Fo=t=0,  L=a"+b", >0

3. SOME IDENTITIES

With the above background preliminaries, we are in immediate position to obtain three identities. As in the pre-
vious article [1], we shall use inventive series manipulation as the fundamental method.
EXAMPLE 1

Note that

at , bt _ t/2,ct, ~ct) _ t"
(11) e +et =g (" +e7") = Z L",ﬁ'
n=0

where the quantity ¢, which will occur frequently in subsequent equations, is

(12) c=/5/2.
We also have
t/2 = n
e _ 7 _ n t
g% 4Pt gCt pct % Z ¢"En nl
L~ ’ n=
or
(13) e 4¢Pt = 2"
oo n 4
T c"E, &
n=0 n!

where we have made use of Eq. (1) with m = 1. Thus,

oo

oo n oo s n
(14) {‘_[3 ¢"Ep %J[Z_; Ls 357-‘ a3 L
wd

n=0
Application of Cauchy’s rule for multiplying power series now yields

n
(15) }:( n )ckEkLn_k =2 as
k=0
Since Eopy-7=0form > 1, and since ¢ = /5 /2, we have the identity*
[n/2]
(16) > ( 2 )(% )kEZkLn—Zk =2
k=0

involving Euler numbers of the first order and the Lucas numbers. This identity holds for all n > 0.
EXAMPLE 2

Now {'eat+ebt)2 - et(ect+e—ct)2 ,
or, in view of Eg. (1),
t b n
7 ¢ - ! -5 S g2
(eat+ebt}2 (ect+e-ct}2 ng% mopt

*This particular identity is also found in [4].
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where E,(Z) are Euler numbers of the second order. But it is also seen, using the second generating function in rela-
tions (9), that
= n
(18) (eat_l_ebt}z = [926t+e2bt] +29t = Z [ZI'IL"+2] I_
n!
n=0

So, with (17) and (18), one has

- 2) " — ¢
[E £l ][}: (21,+2) & J %t=43y L,
n=0 s=0 n=G

or the identity

> (Z)ckEF)[Z”—kL,,_k +2] = 4.
k=0

Since the odd Euler numbers are zero, this can be written as

[n/2]
(19) Z (:;k )( 3 52’2) 2" 2kLn wt2] = n =0
n=0 !
EXAMPLE 3
Again, we have )
(20) | (6% +624)7 = 4¢ (e +20)"
4

- 5 = nef-2) t"
4[2 _,J[z; o, .,]
=0 n=0

where E{ -2) are Euler numbers of negative second order. Once more we note that
t, bt,2 _ 3 t"
(21) @ +e?)" = 20 271,42 5,
n=0
and then equate this to the expression on the right in (20). Thus

n
[2"L,+2] =4 ( ” )c"E,ﬁ‘Z’,
k=0

furnishing the identity

[n/2] .
(22) L, =2"" [—7+2 > (2’1’()( e ) 521, n=0.
0

4. GENERALIZATION

The procedure just illustrated can easily be extended to furnish a whole new class of similar identities involving
Lucas numbers and Euler numbers of higher order.

GENERAL CASE WHEN #2 IS AN ARBITRARY NEGATIVE INTEGER
We take m = —p, with p being a positive integer > 1. From Eq. (1) it is seen that

t, -t,P it n
(23) @,_*_;_J__ = osht)® = > ELP) % )
n=0 ’
where E,ﬁ‘P’ are Euler numbers of the (-p)th order. We also note that
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p~1 o p-1
(24) (eat+ebt) - [epat+epbt] +z: ( /:}e[paﬂ’b—a)r]t: E 3ann +E (;r) )[pa}+(b—a)r]" $ ;‘_7'_;_ ,
r=1 n=0 r=1 )
and that ql_ _‘
. Ct , ~ct P i / s it n
(25) (67 4 g01)P = 2PgPt/2 1"’——1‘;95—)- =270 Y, K%)s ; | 3 cefP L J
s=0 Ln=0
Equating (24) and (25) now yields
=1, n \ n~k
26) Pyt ( P )[pa+(b——a}r]" =23 (Z ) (’g) ckef? |
r=1 k=0 =
or the identity
S p~1 [n/2]
(27) Lp=p") -

P _ n, op n N[ p \n-2k [ 5\k_{-p)
$ Z(r}[pa"'(b alkr] " +2 Z (2/()(5) 7 Eo
I r=1" k=0
This identity holds for each p > 2, and it furnishes an infinite number of identities. In the special case when
p =1, we have
[n/2] .
(28) =2 3 (pl 550 n s
k=0 '
Equation (27) is remarkable in that it embodies explicit formulas for expressing any Lucas number in a finite sum
involving any particular Euler sequence of negative order that one may choose.

GENERAL CASE WHEN 72 1S A POSITIVE INTEGER

Different types of identities are abtained when m is positive, but the technique of deriving them is the same. We
present the result without showing the detailed development. 1t is as follows:

[n/2] B m~1
(29) Z (2'/'( > ((57\ Eé’/?J gm"’ZkL,,_gk +Z ( m )[ma #o—ak]" =27 ,"
k=0 r=1

which reduces to (16} when m = 1, and to (19) when m = 2. The identity (29) holds for all positive m, and represents
a one-parameter family of identities that are valid for all n > 0.

5. REMARKS

By using the first equation given in (7), other identities, involving Fibonacci numbers and Euler numbers, can he
found if Bo in terms of Euler numbers is inserted in the identities obtained in [1].

Since
(30) £, = -57—[L,,+1+L,,-7], n>1

Equation (27) can easily be used to explicitly express any Fibonacci number in terms that involve any Euler sequence
of negative order.

It may interest the reader to extend our identities and to investigate how such relations may be applied. The author
{as every Fibonacci-number enthusiast should do after recording his formulas) is turning his attention to the question
of what might be done with them.,

REFERENCES
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In [1], we find many well known formulas which involve the sums of Fibonacci and Lucas numbers. For example,
we have

n
(1) >, Fi= Far2—1, n=1;
=1
n
(2) Li = Lp+2-3, n=1;
=1
n
(3) Foi-1 = Fon, n=1;
=1
n
4) . Laig = L2p -2, n=1
=1

Hence, it is natural to ask if there exist summation formulas for other lists of Fibonacci and Lucas numbers. If
such formulas exist it is then natural to ask if the formulas can be extended to other recurring sequences. The pur-
pose of this paper is to show that both of these questions can be answered in the affirmative. To do this, we first re-
call the following [1, p. 59]

(5) Fptk * Fp-k = Fnlk, k even;
(6) Fot + Fp-k = LnFgk, k odd;
(7) Fnti- Fn-k = Fnlk, k odd;
(8) Frtk = Fnek = LnFk, k even.

Using L, =a” + B where aand § are the roots of x>~ x - 7 =0 witha=(1+/5)/2, 8 =(1-/5)/2 itis easy to
show that

(9) Lptk + Lot = LpLgx, k even;
(10 Lotk + Lyt = 5FnFk, k odd;
(11) Ltk Lok = Lok, k odd;
(12) Lp+k — Lp-k = 5FnFk, k even.

Observing thata sum involving 2° terms, by combining pairs, reduces to a sum of 2p-1 terms, we were able to show
Theorem 1. If k > 1 then :
21—7 j

13 Fpeaki = F Ime .
13) Z{; Stk T 2l )2k 2y 2k

115
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Proof. \fj=1 then

1
7

D Fovaki = Fnt Fovak = LokFreok = For2-1)26 _[11 Loig

=0 i=

and the theorem is true.
Assume the proposition is true for . Using (5), we have

214 2/
~
2 , Fnraki = Lok E Frni2ic+8ki
=0 =0

= LokFpszkr(2/-)ac 1L Lyitt,
i=1
i1
= F ; n L
_ nt2 1 )26 1= "2k
and the theorem is proved.

Using (9) and an argument like that of Theorem 1, we have

2/ J
(14) g Lotk = L ,oi ok l_£11 L. k=1
Using (8) and (14) with j— 7 inplace of j, n+2k inplace of n and 2k in place of %, one has
211 j
1)t .= . 1
(15) ‘;0 (=) Forani = Forl vz 1L Ly k=1
Similarly, with the aid of (12) and Theorem 1, one obtains
2/.q j
i+7
_ .= . i , > 7.
(16) Zo (1) L gk 5F2an+{2/—7)2k n L2’k’ k=1
=
From (9) and (14), we have
2/ -1
. = . H .
(17) ZO Lnt(2i-1)k Ln+(2/'1-1)2k s LZ’/(’ k even
while Theorem 1 with the aid of (12) gives
2/ -1
_gyit] . _ . )
(18) § (=1 Ly eioim1)k 5Fan+(2/_7_”2k i£11 L2’k’ k even,
Theorem 1 together with (5) can be used to show
214 j-1
Fretzi-iic = : M
{19) Z_;‘ n+(2i-1)k Fn+(2/'1-1)2k i Lyi,. K even
while (8) with (14) yields
2.1 1
0 a i*1 " - . N .
(20) % (=1} Frrzie1k Fk["'n+(2/ 112 -H, Lz’k’ k even
i= =

Since we have used (5) and (8) as well as (9) and (12) on several occasions, it seems natural to ask if formulas exist



1975 SUMS AND PRODUCTS FOR RECURRING SEQUENCES 117

using (6) and (7) as well as (10) and (11). With this in mind, we developed the next four formulas.
By use of (10) and (11), respectively with Theorem 1, we have

2/-q 1
21 L i-1)k = 5FxF i ;
(21) _zg n+(2i-1)k KF 211101 ;17 Lyi .k odd
and
2/-1 -1
2 _q7)i*1 = . . .
(22) Z_(; (1T Fnstziette = F i1y i£10 Ly, k odd
Finally, if we apply (6) and (7) respectively with (14) we are able to show that
201 j-1
3 F i1k = Frl a II ;
(23) goj mt2ieth = Fil it e L Lyis K odd
and ]
214 j-1
7)1 . = . I ;
(24) Z’:’ 1" Lnsgzietie = L oi1_y 0 IU L. K odd
To lift the results above to the generalized Fibonacci sequence which is defined recursively by
(25) Hp=q, H;=p H,=H,1+Hso, n=>2

it is necessary and sufficient to examine formulas comparable to (5) through (12). To do this, we first define a gen-
eralized Lucas sequence by

(26) G, = Hpp1+Hp1 .
In Horadam [3], it is shown that
(27) H, = (ra" —sB")/2/5 ,
where r=2(p — qB), s=2(p — ga) and a, B are the usual roots of x> — x — 7 = 0, Furthermore, he shows that
(28) Hntk = Hn-1Fic+ HpFresr .

where the Fy are the Fibonacci numbers.
Using (27) and Binet's formula for Fy, a straightforward argument shows that

(29) HpFreet = Hp-1Fic = (=1)¥Hpsc .
By (28) and (29) with the aid of Lx = Fgr7 + F.7, We have

(30) Hpsk +Hnk = Hplk, K even

and

(31) Hpik = Hnke = Hnli, K odd.
If we use (25), (28), and (29) together with the fact that Fi = Fx+7 — Fk-7, we have

(32) Hptie +Hpie = GpFi, Kk odd

and

(33) Hpt —Hnte = GnFr, K even.
Replacing n by n + k in (26) and using (28), we have

(34) Gp+k = Hn-1Lk*+HnLi+1

while replacing 7 by n — k in (26) and applying (29) gives

(35) Gpek = (—1)%(Hp-g L — HpLi-q).
Applying (34) and (35) as we did (28) and (29), we obtain

(36) Gpik +Gnk = Gply, k even;

(37) Gk +Gpek = 5H,F, k odd;
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(38) Gntk — Gp-k = Gpolk, Kk odd;
(39) Gow — Gpk = 5HpFr, Kk even.

Examining (30) through (33) and (36) through (39) with 4 replaced by F and G replaced by L, we obtain proper-
ties (5) thorugh (12). Hence, it is clear that identities (13) through (24) can be lifted to the generalized Fibonacci
and Lucas sequences and in fact are

211 j
40) g Hntaki = H i g)o ,E, Lyjpr k=1
20_q j
@) g Gnrai = G 1ol 1)k ,~£I1 Lyjpr k=10
204 J
(42) g (1) H i = 2 I_£12 Ly, k>1;
21 ‘ i
(43) IZ_: (=1)*1 Gpai = 5o ol e 1 e K1
201 j~1
(44) g Gn+(2i-1)k = Gn+(2j—1-1)2k i£10 L2;k, k even;
. 2l j-1
(45) g (=1)*1 6 epict e = SFeH i1 ’g Ly, even;
2/ j-1
(46) Z_(; Hori2i-1)k = Hn+(2j'7-1)2k i£10 L2ik’ k even;
201 j-1
(47) z; (=1 Hnstaimt = FKG i1 o T Ly, kewn;
po
2/ j-1
(48) Z% Cntzi-thke = SFKH i1 00 ;51 Lyi . k odd;
2j-7 j-1
(49) :LE (1) Hp s toie 1)k = Horiol 11 /90 Ly, kodd;
201 It
(50) 2 Huri-k = Fk6 i1 o T L, k odd:
i=0 =1 2
2/ j-1
(51) § (~1)™*1 G oivt i = I /_I=Io Ly, k odd.

The infinite sequence {X,, } n=7 is called a recurring sequence if, from a certain point on, every term can be rep-
resented as a linear combination of the preceding terms of the sequence. Hence, the sequence {U,,(x,y) };":1
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defined recursively by
(52) Uolxy) = 0, Uilxy) = 1, Uplxy) = xUp_i(xy) +yUno(xy), n > 2.

where U, (x,y) € Flx,y], F any field is a recurring sequence.
If we let A, and A, be the roots of the equation \* — xA\ — y = 0, where we assume A, = (x +</x> +4y)/2, y # 0,
and x? + 4y is a nonperfect square different from zero, then it is easy to show that

n n
(53) Unlxy) = ;\—\i%;—\\i— .
Furthermore, if we let
(54) Valxy) = N7 +2%
then
(55) Valx,y) = yUp_1lx,y +Uns1lx,y).

Because of the y coefficient, the formulas (5) through (12) do not follow the same pattern for this recurring se-
quence. However, it can be shown using (53) through (55) together with the facts A, A, = —y and \, #), =x that

(56) Uns(6,) Y5 Un—l6,y) = Unly)Vi(xy), K even;
(57) Unsy) #yK Up_ie(x,y) = Valx,y)Uglxy), k odd;

(58) Upsrelx,y) =y Unic ) = Unlx,yVilxy), Kk odd;

(59) Un+k(x,y) - yk Up-kx,y) = Volx,y)Ur(x,y), k even

(60) Vit (x,y) + yk Vi (x,y) = Volx,y)Vi(x,y), k even

(61) Vs (6,y) +y* Vnicley) = (x2 +4y)Up(xy)Upcxy), K odd;
(62) Visk ,y) =y 5 Vi tx,y) = Volx,yWVilx,y), & odd;
(83) Vosk(6,y) =y Vi) = (X2 +4y)Un(x,y)Ui(x,y), K even.

Because of the yk, it is quite obvious that formulas (13) through (24) do not have the same form for the recurring
sequences {U,,(x,y) z» and 3 V,,(x,y)}. If we let the coefficients of U,-2(x,y) in (52) be y = 7 then the se-
quences 30,, (x,y) } and {I'/',,(x,y} } are sequences of polynomials in x. In fact, they are respectively the se-
quences of Fibonacci and Lucas polynomials. With y = 7, it is easy to see that formulas (56) through (63) are of the
same nature as (5) through (12) with £ in place of U and L in place of V. Hence, the formulas (13) through (24) can
be lifted to the sequences {U,, (x,y}} and «f Vnix,y) f if y = 7 by replacing F, by Up,(x,7) and L, by V,(x,7).
Of course, we have x* + 4 in palce of 5 in formulas (16), (18), and (21).

In conclusion, we will examine whiat happens if we consider the recurring sequence { H, (x,y)ff =7 Where

Holx,y) = fixy), Hilxy) = glxy),
Hnlx,y) = xHp_1(x,y) +yHp2(xy), n > 2.

(64)

By using properties of difference equations, it is easy to show that
(65) Holx,y) = (rix,yIN' — stx,y)\' )/ 2\/x* +4y

where A, and A, are as before, r(x,y) = 2(g(x,y) — flx,y I\, ), and slx,y) = 2(g(x,y) — flx,yJ\, ).
If we let

(66) Gnixy) = (rixy)N] +slx,y)N)/2
then
67) Gnix,y) = yHnp-1(x,y) + Hpr1(x,y).
Using (53) and (65), a direct calculation will show that
(68) Hnlx,y)Wi+1(6,y) +yHp-1(0y)Uk (x,y) = Hpsk (x,y)
and
(69) Hn(x,y Ug-1(x,y) = Hp-1 (cy)Uiclxy) = (=105 T Ho e ly).

If we use (57) with (67) and (68) and remember that /7 (x,y) = 7, we obtain
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(70) Gtk (xy) = yHp-1 0y Vi (x,y) + Hp X,y )Vi+1(x,y).
Using (55) with (69) and (67), it can be shown that
(7 Hom 106y Viclxy) = HoleyWieg tey) = (=105 6, rlxy).
Letting & be odd or even in (68) through (71), we have
(72) Hosx,y) +y Hpic(x,y) = Hplxy)Vilxy), K even;
(73) H,,+k(x,y)+ka,,_k(x,y) = Gplx,y)Uk(x,y), k odd;
(74) Hn+k(x,yl—ka,,_k(x,y) = Hplx,yWVi(xy), k odd;
(75) Hpst(6,y) -y Hpie ) = Gnlx,y)Uk(x,y), k even;
(76) G,,+k(x,y}+yk6,,_k(x,y) = Gplx,yWVilx,y), k even;
(17 Grikx,y) +yXCrrc(xy) = (x2 +ayH, (v Uk (x,y), Kk odd ;
(78) Grklxy) —yXGnorlxy) = Golxy)Vilxy), k odd;
(79) Griklx,y) =y Grorcly) = (X2 +4y)H,(x,y)Uk(xy), k even.

Observe that if we replace / by U and G by V then Eqgs. (72) through (79) yield Egs. (56) through (63).

If we let y = 7 in (64) then Egs. (72) through (79) are those of (30) through (33) and (36) through (39) where we
replace Vi, (x,y) by L, Hnl(x,y) by Hy, Gpix,y) by Gy, and Up(x,y) by F,,. The same substitutions in (40) through
(51) will give us the summation-product relations relative to the sequences {H,, (x,y) ; and { G, (x,y}} ify=1

In conclusion, we observe several other results which are a direct consequence of the formulas of this paper [2; p. 19].

If we replace n by k + 7 in (5) through (8) we have Fy, Lg, Fi+7,and Ly are relatively prime to Fog47 for &
> 1.1fweletn =k +2in (5) through (8), we have Fy, Lk, Fy+2, and Ly+o are all relatively prime to Fox+o for k >
1. Lettingn = k + 7 in (9) through (12), we see that Fy, Lg, Fi+7, and Lg+7 are all relatively prime to Lo +7.

If we let n = k + 7 in (56) through (59) with y = 7 we see that the Fibonacci polynomials Usg+7(x,7) + 1 are fac-
torable for k > 2, If n = k with y = 7 in (56) through (59) then U (x, 1) is factorable for k > 2
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[Continued from Page 110.]

(3B) /f k is an integer for which Fermat’s Last Theorem is true, then there is no pythagorean triangle with the

hypotenuse and one of the legs equal to Kkt powers of natural numbers.

Proofs of 1B and 2B are provided in the complete text, but 3B remains an open question.

The authors have attempted to compile a complete bibliography related to pythagorean triangles. Included in the
bibliography are 111 references to journal articles, 66 references to problems (with solutions) in Amer. Math Monthly,
17 references to notes in Math. Gaz., and 12 references to notes in Math. Mag. Since it is impossible to compile such
a bibliography without some omissions, the authors would appreciate receiving any references not already included
in the bibliography.

The complete report of which this article is a summary consists of 23 pages. It may be obtained for $1.50 by writ-
ing the Managing Editor, Brother Alfred Frousseau, St. Mary’s College, Moraga, California 94575.
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SOME IDENTITIES OF BRUCKMAN

L. CARLITZ"
Duke University, Durham, North Carolina 27706

1. Bruckman [1] defined a sequence of numbers {A,, } by means of

(1.1) (1-2)1+2)% = 3 Apz",
=0
so that
n
- ko=2k [ 2k
(1.2) An = 3 (-1%2 (k)
) k=0
He proved the striking result
2n __nlnd _ ,2 2n+1 _ arctan x
(1.3) ,:S;b‘ G T A X ok
which is equivalent to
n
2 _ ,-2n{ 2n n-k =2k [ 2k 2n + 1
(1.4) AF =2 (n)g_:;(—n 2 (k)Zy‘T/?TT'

Gould [4] has discussed Bruckman's results in some detail and indicated their relationship to earlier results. He re-
marks that “‘a direct proof of (1.4) by squaring (1.2) is by no means trivial.” However, he does not give a proof of
the formula.

The purpose of this note is to show that (1.3) is a very special case of a much more general result involving hyper-
geometric polynomials. We also show how a generalized version of (1.3) can be obtained using a little calculus.

2. In the standard notation put

.00

Fla,b c z) = Z

n=0

(a), = ala+1)~(atn—1), (a)g = 1.

n! (c), ’

where

Weisner [6] has proved the formula

o

n
(2.1) z (C):”f Fo(—n, a; c; x)F(—n, b;c;y)
n=0 ’
= (1=2)7"C(1+(x = 1)2)2(1+(y — 1)z) P Flab; c; ¢ ),
where
_ xyz
@.2) S (R oy R vy

This result had indeed been proved earlier by Meixner [5]. For an elementary proof of (2.1) see [3].
Replacing x, y by 1 —x, 1 —y, respectively, Eq. (2.1) becomes

*Supported in part by NSF Grant GP-37924
121
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(2.3)

where
(2.4)

SOME IDENTITIES OF BRUCKMAN [APR.

Z (C}”z Fnl-n,a;¢c;1—x)Fp(-n, b;c;1—y)
n=0

= (1=2)7"7C(1 = x2)73(1 — yz) °Fla,b;c; T),

¢ = —x)(1—y)z
(7 xz2)(1—yz) "

In particular, for ¢ = a + b, Eq. (2.3) reduces to

(2.5)

Conslder

n=0

where we have used

It follows that

3 @ : InZ o (na;a+b; 1~ x)F(-nbra +b; 1~ y)
n=0 '

1]

(1—x2)72(1—yz)PF(ab;c ).

LI}

n! Tkllehe

o n -
2 o e 1—nen = 30 o2 3o O e
k=0

n=0

1]

K (a/k k_k (C_ik_}n_—i( n-k
/f:}') (~1) (1-x)¥z Z il

h

o -a
T - B gk gy < e (14K )T

Z %z” =(1-2)72.
n

n=0

2 %’ Fl-na;e; 1-x)z" = (1-2)"°(1-x2)72 .
n=0

Thus, for ¢ = a + b, we have

(2.8)

It follows that
(2.7

Z (a””" Fl-na;a+b;1-x) = (1-2)P(1-x7) .

Fl=n,a;a+b;1—x) = x"F(-n, b;a+b;1-x"").

3. We now specialize {25) by taking

(3.1)
Then (2.5) becomes

(3.2) Z (3/i}nz_
n=0

a=5% b =1 c=3/2.

Fol-n,%; 3/2: 1~ x)F(-n,1;3/2: 1 —y) = (1—xz) (1 - yz)  F(%,1;3/2: ).

In view of (2.7) this may be replaced by

33 3, @/—Zf]’;—@

Fol-n2%;3/2; 1~ x)F(-n,%;3/2; 1 - y"} = (1-xz)7%(1- yz}"F(%, 1,3/2; ).

We define the polynomial A,(x) by means of
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(3.4) Z Aplx)z" = (1=2)(1-xz)7% .
This is equivalent to
n
(3.5) Antx) = 37 272 ( 2 )k
k=0. '
Comparing (3.4) with (1.1) or (3.5) with (1.2), it is evident that
(3.6) Ap = Anl-1) .
It will also be convenient to define
n

6.) Bnle) = x"AptT) = 37 2% (2 )k

k=0

Comparing (3.4) with (2.6), we get

3.8) Ant) = 2000 £, 159/2: 1),
Thus (3.3) becomes
(3.9) ‘ (';’/‘;) AnlAnly) = (1—xz) (1= yz) TF(3,1:3/2: ).

Since =0 5 ,

_o2n _nl
and (3/2)n = 2 (2n +1)!
zF(Vz,I,'3/2,'—z Z (-1)" 5——— = arctan z,
(3.9) may be replaced by
~ 2i ninl  _2n+1 7

(3.10) 2 (-1 220 S 227 A A (y)

n=0

%
‘:(7 xN1=y)(1 +y22)} “arctan ( M=l —y) .
(1+x22)(1 +y22}

For x =y =—1, itis evident from (3.6) and (3.7) that

= Inl_ 42 2n+1 2% 2
3.11) 22n _nin’_ 52, = %(1 —z%) *arctan —=— .
nz;% Zn + 1)1 2

For y =x, the right-hand side of (3.10) becomes

(1—x)"1(1 +x22) *arctan 11=x): x}z = Z (—1)k (1=
1+x2°

}2k 2k+1

2 ,-2k-(3/2)
ok A1 (1+x27)

z (- 7)k (7—X)2k 2k+1 i (— 7)/(2k+/+/z)xj22j'

T 2k+1
Comparing coefficients of 2277 we get
n . )
2n _(2/7+7)/ ‘\(2,7__1'./,% )Xl”-—x)z"'_zi
(3.12) 2°"A, (X}A (x) T 20‘ ; =
=

The corresponding formula fOI'A,,(X}Zn (y) is more complicated and will be omitted.
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Forx =—1, (3.12) reduces to

n .
2 _ (2n+1)l _ n-i(2n-i+%)___2_'_2’__
(3.13) A = L 2_; (~1) ; FoTET
=

which may be compared with (1.4).

Formulas (3.11) and (1.3) are equivalent. This is a consequence of

2z
1-22
We remark that in a recent paper [2] Bruckman has considered a different generalization of 4,, .

arctan = 2arctan z

4, We can also prove (3.10) in the following way. To begin with, take

R . V) (1- x}z -2 (1-x)k
(1-2)""(1—-xz) (1-z) (7+ ) Z {—1) 2 ( >(7-— }k+(3/2)

k o~2k { 2k k Kk k+j+% i
z:(—7}2 (k)(7——x)z E ( j/ )z’.
k=0 =0
[t then follows from (3.4) that

n

(RN ?;% (kR (HN (02 ) (1 gk = 220 (2021 Z k() sl

Since
f(7—(7——x)t2)dt— Z( 7/"( i )%}ﬁf ,

k=0
it follows that

4.2) Antx) = 2720 (202 1l f (71— (1 x)t2) dt
and
(4.3) A (x) = 2720 (2”’“”’ f (x+(1—x)t2) " dt.
Thus
- 2 In! m 2 _ 2n+1
27; (~1)°2%" o AnlxlAnty )z = ‘[5 (—1)" A x)2?"* f ty+(1-y)t?)" dt

7 - -%
zf {7+(y+(7_y)12)22} 1{7+x(y+(7-y)t2)22} /dt.
0

We shall make use of the formula

, ’ W %
(4.4) f dt = ! arctan { x ( ab’—ah );
’ ’ 2 /b})% ‘

(a”+ %% )(a + btz}/ (a’(ab” — a \a’(a + bx2) /
where
a = 1+xyz2 = x(1-y)2?
a = 7+y22, b = (7—y)22

ab’ = ah = (7—x}(7—y)22, ath = 1+x22 .

’

We therefore get
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20 (127 e A Aty

= {(7—X)(7—V)(7+x22)}_yzarctan 32 ( (1= )2()__~y____7— }2 )(%
which is identical with (3.10). (1+x2%)(1+y2?) |

APPENDIX
5. We shall prove the following identity:
—~ . -
n r s
(5.1) PIRELIPL S (;’) e 3 (=1F( 7 ) day
n=0 r=0 s=0

o Z ()\)n ()(Zz))2 Cn(\, x,2)0,(N, y, 2],

where { Ch } { dp } are sequences of arbitrary complex numbers and

TR ML A VRS DL AN T

7
r=0 s=0

We may think of (4.1) as an identity between formal power series.
PROOF OF (5.1). The left-hand side of (4.1) is equal to

o~ .y "
(5.2) Z (—1)" e dex"ys Z -n—lg ('r’)(s )z".
r,s=0 n=0
The right-hand side of (5.1) is equal to

(1-z2)* Z %i-" (xyz)" Z (—)y;,")' Cnrl~x2)" E (—7%% dpsl—yz)S(1 = 2)7277S
n=0 r=0 ) s=0 )

7—2}_ Z z (—1 )r+s n\)n+r()\)n+s Cn+rdn+an ryn+szn+r+s”_2)-2n—r—s

nlrlsI N,
n=0 r,s=0
o0 min(r,s) rts—n
= _ A g )rts roSeq _ )r=s Z
= (1-2) 2;0 (=) (Nse,dox"y (1 - 2) :;o Py oy
Comparing this with (5.2), it is evident that it suffices to show that
) , N min{r,s) Srtsen
(Nn ~\~r-s
(63) Z )0 ) = outr =2 Z}) nllr— n)ifs — nli(N),
=
If we multiply both sides of (5.3) by x"y°, and sum over r, 5, we get
min(r,s)
(A )n n.n _ A z S
z (1+x)"(1+y)"z (1-2)° Z (Np(Ns —= (71— 2)*s nlfr —n)l(s —n)I(\),
n=0 r,5=0 n=0

_o Z (7\)n (Xy;)" Z (N+n)e(N+n)s (xz)" (yz)® _ (12 Z (>\)n

Is! +,
r.5=0 ris! (7 z}rs

71—z 71—

’XVZ)" ( 1- -z ) A""( 7——&2)_“ = (1T=2M1=(1+x)2SM1 = (1+y)2™>

(1-27"

[7 xyz_ ]—)‘: (7_2)’\{[1~(7+x)z] [7—(7+V)Z]—XVZ}_}\

(1—(1+x)2)(1—(1+y)z)

).
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Thus (5.3) is equivalent to
[1=(1+x)1+y)zl™ = (1= 2™ [1 = (14 x)2] [1 = (1+y)z] —xyz}™
and so to
(1—=z)[1—(T+x)(1+y)z] = [1—(1+x)z][1—(1+y)z] —xyz.
This equation is easily verified.
This completes the proof of (5.1).
The identity (5.1) contains numerous interesting special cases. In particular, taking

c _ (a)n - (b)n
n = 73 n -
(5.1) becomes (e)n ()
— (Nn n V’n‘ rl n\(@) r ‘ s(n\(bs
(5.6) _Zo o (D X ()
n= r=0 s=0
= (1=z P (_)‘I)_" -Q‘ZZ)T Cnlx,z)Dply,z),
om0 " 1=z
where now ) (\+n).(a)
_ *n)plalntr | ~xz r
Cn(X,Z) = ;0 A f-’/é')n+r ( 71—z >
(5-7) ©o
_ ()\+”)s(b}n+s / -yz \$
Onth2) = 3 —iidms | 75

This result was proved in an entirely different way by Meixner [5].
We now specialize (5.6) further by taking A=c =d. Thus (5.7) reduces to

Catiz) = Z () = e (10725 )T = =0 1=,

Doly,z) = (b1 —2)°7" (1= (1= y)2) 2" .

Therefore (5.6) reduces to

L (C)'n ng“ (— 7)r(n)(a}r E“ (— ”s( );b)/s s

n=0 r=

_ a+tb-c - -b . n\)n Xyz n
= (1= 2P0 (1) (1= (1 yh® 35 L ((1—(1—x}z}(7—(7~y}z}>

n=

This is the same as (2.1).
REFERENCES

1. Paul S. Bruckman, “An Interesting Sequence of Numbers Derived from Various Generating Functions,” The
Fibonacci Quarterly, Vol. 10, No. 2 (February 1972), pp. 169—181.

2. Paul S. Bruckman, “Some Generalizations Suggested by Gould's Systematic Treatment of Certain Binomial Iden-
tities,” The Fibonacci Quarterly, Vol. 11, No. 3 (October 1973), pp. 225—240.

3. L. Carlitz, “Some Generating Functions of Weisner,” Duke Math. Journal, Vol. 28 (1961), pp. 523-529

4. H.W. Gould, “Some Combinatorial Identities of Bruckman. A Systematic Treatment with Relation to the Older
Literature,”” The Fibanacci Quarterly, Vol. 10, No. 6 (December 1972), pp. 613—-627.

5. J. Meixner, ““Umformung gewisser Reihen, deren Glieder Produkte hypergeometrischer Funktionen sind,”
Deutsche Math., Vol. 6 (1942), pp. 341-489.

6. L. Weisner, “Group-Theoretic Origins of Certain Generating Functions,” Pacific Journal of Math., Vol. 5 (1955),
pp. 1033—-1039.

Yolokioioiok



FORMAL PROOF OF EQUIVALENCE OF TWO SOLUTIONS
OF THE GENERAL PASCAL RECURRENCE

HENRY W. GOULD
West Virginia University, Morgantown, West Virginia 26506

There have been numerous studies of the general Pascal recurrence relation
1 fix+1y+1)=fxy+1)—fixy) = 0
Defining
Axflx,y) = fix +1,y) - fix,y), Ayfixy) = fx, y+1)—fix,y),
E fix,y) = fix+1,v), Eyfix,y) = flx,y+1),
Milne-Thomson [8] notes that Eq. (1) may be recast in the form of the partial difference equation with constant
coefficients

{2) EyAxflxy}—flxy) = 0
for which one may write down the formal solution
(3) fxy) = (1+E;7 X oly),

where ¢(y/ is an arbitrary function. Hence Milne-Thomson finds the classical formal solution (finite series when x is
a positive integer)

) fixy) = 9. (’,j ) oty ~ k).
k=0
There is then also an alternative way to write such a formal series solution:
5) fooy) = 35 (%) oty —x+.
k=0

These are old and well-known results, easily found in other treatises on the calculus of finite differences. The method
of generating functions is used in [8] also and the results agree with the two possible series solutions we have quoted
above.

As for getting a nice, elegant, explicit formula for the general solution to such partial difference equations (and of
higher order), we would be remiss if we did not mention the two valuable papers of Carlitz [3] and [4]. Anyone
working with arrays of numbers ought to consult these papers for a close-hand study of the interesting way Carlitz
handles the equations, These papers deal with formulas for sums of powers of the natural numbers and the formulas
invalve Bernoulli and Stirling numbers as well as expansions of differential aperators.

Most recently, Eq. (1) has arisen in some interesting new work on partitions [1], [5]. Carlitz's solution of a recur-
rence in [5] has now attracted Hansraj Gupta [7] who has announced the following result:

Theovem, Letcln + 1, k) =c(n,k) +cln, k — 1), withefn,0) = aln), c(1,k} = b(k], n,k = 1, where afn) and bfk/
are arbitrary functions of n# and &, respectively. Then, explicitly,

n—~7 k=17 .
(6) c(n,k}=z(,C:Ha(n—rhz("r_’ )b(k—r}, k=1
r=k = '

This generalizes the solutions and formulas given in [1] and [5]. What we propose to do here is to show the equiva-
lence of Gupta's formuta (6) and the well-known formal series solution (4). We show that the one implies the other.
A simple combinatorial identity listed in [8] equivalent to the Vandermonde convelution {addition formula) is used
in the discussion.

We first need to reformulate Gupta's result in the notation of the present paper. In our notation, formula (6) becomes

x adl
{7) f(x,y}=Z(;:;)f(x—r,01+>:(’;)f(0,y—r},
~ w
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for integers x,y = 1.
In the steps below we need at one spot formula (3.4) from [6]:
B~y ) )
~frAg-r) = B+1
8) E_rka)( Yy ) (a+7+7>
r=c

We find then that assuming {(4)

X X %0 ) bd X
) LA M P P A R E DM Pah g

r=y r=y /=0
hod x-1 . , = x=1-j ‘
X S, ) e (107
j=0 r=y-1 j=0 r=y=-1
= ot (5 )= (5 ) e,
j=0 r=y
so that we have shown in fact
X co
(9) Z'(;:;)f(x—r,0)=z(f)d)(y—r).
r=y =y
Upon adding the trivial relation (clear from (4))
y-1 y-1 .
2;:‘ ( ’,‘)flﬂ,y—r) =2 () etr-r
r=0 r=0

to both sides of (9), we find that we have proved (7). Conversely, it is easy to see how to follow the steps in reverse
so that series {4) can be broken into two parts as specified in (7). Solving (1) in terms of an arbitrary function ¢ is
equivalent to setting up the two sequences f{x — r, 0) and #(0, y — r). We leave aside the discussion of convergence
guestions.

As a final observation, Cadogan [2] has shown how to solve the slight extension of (1): f(k,n) = pflk,n — 1) +
gftk— 1, n — 1), where p,q are arbitrary fixed constants. He interprets the resulting arrays in terms of arithmetic and
geometric sequences for certain choices of parameters. There is nothing new in this, but his paper is a worthwhile
pedagogical survey written at an elementary level. Similarly, there is nothing ‘“new"” in the present paper, but we have
spelled out the manipulations of our proof to show how one actually does the verification of equivalence. In a similar
way the reader may write out the same argument using (5) instead of (4). Of course, the equivalence of these with
Gupta's (6) has been shown here only when x,y are integers, and the reader must bear in mind that (4) and (5) are
more general than (6) because they hold in cases where x,y are not integers. The series manipulations leading to (9)

are easily justified because the series are really finite series, ( f ) = ( for example, when r > x, x being a non-negative

integer. !
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NOTE ON SOME GENERATING FUNCTIONS

L. CARLITZ*
Duke University, Durham, North Carolina 27706

1. Inarecent paper in this Quarterly, Bruckman [2] defined a sequence of positive integers B by means of

co

. k
(1.1) (1=x)"(14x)7% = 37 B X—
o 2k
This is equivalent to the recurrence
(1.2) By = By-q+(2k — 1)(2k — 2)Bj_> (k > 2), Bp=8B;=1.
Making use of (1.2) he showed that
X oo
x*/2 f -t x2k*1
(1.3) e e Vdu Z B TEs
0 k=0
and
s ) N, g2k
(1.4) (1—x<)  arctanx kz_% B el
Bateman [1] has discussed the polynomial g, (y,z) defined by
(1.5) (1+x) 2 (1=x) = 37 x"gnly, 2);
n=0
see also [3]. On the other hand the Jacobi polynomial [6, Ch. 16]
n
(o,8) _ a+n \[B+n\[{x—1 ki x+1\"k
(1.6) Pl (x)-Z(n_k)(k (=) ( =%2)
k=0
satisfies
(a-n,B-n) n___( x+ 7 )0‘ x=1_1\°
(1.7) ZP,, (x)z 1+ 5 Z (7+ 3 z)
n=0
and in particular, forx =0,
(1.8) > plenBnl (g)en = (14 52)%(1 - 52)® .
n=0
It follows from (1.1) and (1.8) that
(1.9 I By = 22kpf-rk1-k) gy = (_1)k g2k pl- 1Kk g

*I
We shall show that both (1.3) and (1.4) can be generalized considerably. We also obtain the following congruence
for B, :

*Supported in part by NSF Grant No. GP-17031.
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r
(1.10) 3 (-1 ( r ) BrssmBlrsim = 0 (mod rlm"),
s=0
where m and r are arbitrary positive integers.
It would be of interest to find a combinatorial interpretation of By .
2. The writer [4] has obtained the following bilinear generating function:

- nl . gng,_ gynnple-n~o-y-n) [ X+ 1\ p(6-n,~p-v-n) [ y+1
2.1) E) L = 17ty = 17w P e Z)P (y I )
-
= (1-w)/ P71 --xw)a(l-—yw)BF[ —a, By, AX=Iy = Thw
where as usual (1= xwl(T—yw]

Flzb;c; z) = Z (Zi"(f}])" n and (aly, = afa+1)-(a+n—1), (alp
n

0]
-

In particular forx=y=—1 and v = —a—(, Eq. (2.1) reduces to

(2.2) Z 2 B}n 4w nP(oz—n/f n)m)’p(ﬁ-n a—n)m} _ (7+W)a+[3/_-,: a, —B; —a—B; _ 4w

(1+w)?] .
It is convenient to replace @, 8 by —a, —@, so that (2.2) becomes
= -
23) D M grwrplentn) giplbnenn) g) < (14 w) 0 FE | a,Brarfr—
(a+B), 2
n=0 (1+ w}
Specializing further, we take 3= a + %, so that
n! 47" (~a=-n,-a~Y%-n) (~a=2%~-n,~o-n)
(2.4) E s 4P (0)P} (0)
= (1+w)2a%F | a,a+ % 20+, —2
. (1+ w)z.J
Next in formula (2) of [6, p. 661,
| Yha, a+ Bra—b+1; —3__ | = (1+2)?Flabra—b+1:2]
L (1+2)?
take a=2a, b =’ . We get .
(2.5) Flaarszars 4z 7 |- (1+2)2F[2a, ; 20+ %; 2] .
(1+2)?

Hence (2.4) becomes
2.6) Z T 4w Rl el plrectienecn) g = (14 w)FFl2a, % 2a+ tiwl
n

Since
PR 1) = (=1)" PP (x),
(2.6) may be written in the form

oo

(2.7) D0 ot 4w P (0) 2 < (1w FLza, 5 20 1y -w]
2/n
n=0

In particular, for a = %, it follows from (2.7) and (1.9) that

oo

2720y 2 -% _
,?::”'(3/2) BZ = (1—w) % F[1,5,:3/2; ~w] .



1975] NOTE ON SOME GENERATING FUNCTIONS 131

Replacing w by 22, this becomes

(2.8) L (2””), = 2(1-22)7F (1, 2, 3/2:-27) .
Since
i 2] _ (1/2)n 201 _ 2+t
ZF[1, %;:3/2: —z¢] = ;} (—1)7 (3/2}" n+ Z (-1)7 2—172—;—7_ = arctanz,
o

it is evident that (2.8) is the same as (1.4).
3. In(21)takex=~1, y =0, y=-a- 8. Since, by (1.6),

plmecmg) = (& ) ,
it is clear that (2.1) reduces to

z-‘ —a—-8), B) ( )Zn np(anﬁ—n)(w ) (7+w}°‘F[—a, B —a-p 7+W]
n E

Replacing a8 by —a, —f3, this becomes

- (a) - -
N n_on (-a-n,~B-n) = «
(3.1) E(H e A (0) = (1+w) F[aﬁa B; 7+w]
In particular, for ﬁ= %, we get
{a), n_n pl-a~-n,~%-n) _ - . . =2z 1
(3.2) Z i 2 (0) = (1-27F | a, #;a+ s 72 J
Fora=1, Eq. {3.2) becomes
(3.3) Z _ " B = (1-z)71F r 1, %:3/2: - 722 ]
neo 2"(3/2), L —Z

This is not the same as (1.3).
The right-hand side of (3.2) is equal to

= (a){H), camr = (a) (%), i (QFr)s s
;“:) rila+ %), (~22)7(1~2) Zé rifa+ %), (=2z) Zé T
Z = p

r (e
}: (a),z" EO: -2 T

Hence (3.2) implies

o oo n oo y r oo
272" pl-amn,-%-n) p; _ n P (B (%e)pt-22) 2"

2 0= 3 2" 20 =2 T ?_:5 T, 2
= n=r

n=0 n=0 r=0
so that
oo e r
z" (=ai=n,=Ye=n1) _ %z %(__i)_
(3.4) Z (G‘.‘—f yz}n Pn (0) = e E rifa+ Z’)r
n=0 r=0
For a=1, Eq. (3.4) reduces to (1.3) .
4, Put
(.1) (1-x)%(1+x)° = 3 cplaBi”

n=0
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Then

.00

Z Cm (a,ﬁ)cn(a/ﬁ)xmyn

m,n=0

i

exy)et8 (g Xty "‘( M)"
(1+xy) (1 “Xy) 7+7+Xy

(1+xy)*® Z ck(aﬂ)( 7+xy>

oo oo

5 Ck/as)z( Jesys 3o (@) Xy

I

k=0 s=0 r=0
- X B[ e
m,n=0 stt=m
k=s+t=n
it follows that
min({m,n)
(4.2) emlo,Blenla,B) = E ( m ;7—72t ) ( atpf— /tn —n +2t) Cmtn-2t(@B)
=0

The proof foliows Kaluza [6] ; see also [3].
Comparing (4.1) with (1.1), we have

(4.3) B = 2X-klek(—1,-%).
Thus (4.2) implies

min(m,n) —1
(4.4) BmBn = 3, (~1)02¢ |7 )(” >t! I (2m+2n -2t =2/ + 1)Bmen-zr -
+ e J\¢ j=0
p_

Form =1, Eq. (4.4) reduces to (1.2). It is not difficult to prove (4.4) by induction.
The writer has proved the following result [5].
Let f(n), g{n) denote polynemials in » with integral coefficients. Define v,, by means of

(4.5) Ups1 = Fnlup +gln)u,_q in > 1),
where

(4.6) ug = 1, uy = #0), g10) = 0.
Then v, satisfies the following congruence:

@.7 A%y, = A%y, =0 (modm'),
forall m > >0, r>1, where

,
= Z: (- 7)r—s( g )Un-fsmU{r—s}m .
s=0
Comparing (4.5) with
Bht1 = By +2n(2n +1)B,_y1 ,
it is clear that (4.6) holds. We have therefore

(4.8) Z( ”r—s | ) Bp+smBr-sim = 0 (mod m!r*1)72] ).
s=0

However a better result can be obtained. By (4.4) we have

(1=x)1=y)1+x)P(1+y)P = (1+xy —x —y)*1 +xy +x +y)°

[APR.
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Zr: (1) ‘\; ) BntsmBr-s)m = Z (_”r-s< g )Z (—1)t2¢ (n+tsm>((r——:')m )t!- tﬁ7

s=0

r

s=0 t ) /=0

. ¢ Zt t—1
< (2n +2rm — 2t — 2j + 1)-Bptrm-2¢ = E (-1) 5 Bptrm-2¢ 11 (2n+2rm =2t - 2j + 1)
" d I=0

,
.on -1y (1) s,

where

fis) = (n+sm—t+1)(lr—s)m—t+1) .

Clearly

fls) = ag+aysm + ---+a2t(5m}2t ,

where the a; are integers. Then

r , 2t
E (-1)" s( : ) f(s) =Z am? A0 = 0 (modrim”).
5=0 i=r
Since
ot t=1
Il (2n+2rm-2t-2j+1)
t! j=0

is integral, it follows at once that

-

©

.
Z (—-1)~° (: >B,,+sm8(,_s;m = 0 (modrim”).
s=0
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A GENERALIZED PASCAL'S TRIANGLE

C. K. WONG*fand T. W. MADDOCKS**
University of 1llinois, Urbana, lllineis 61801

1. INTRODUCTION

In the study of a combinatorial minimization problem related to multimodule computer memory organizations [5],
a triangle of numbers is constructed, which enjoys many of the pleasant properties of Pascal’s triangle [1,2]. These
numbers originate from counting a set of points in the k-dimensional Euclidean space.

In this paper we only list some of the properties which are similar to those associated with Pascal’s triangle. Other
properties will be the subject of further investigation.

2. r-SPHERES IN RECTILINEAR METRIC
Let

k
U,(k} = 3()(1, X2, xic)|Xi integers, i = 1,2,k and }: |xi| < r g
=1

The aim of this section is to obtain a formula for the cardinality |U,(k}| of the set U,(k).

Lemma 1. Let
. ,
Sj(k) = ; (x1,x2, -, X )|x; integers, i = 1,2, .-, k and Z |xi| = /; ,
=1

then

7, i-0,

lS(k}z - kyl j—1 k-i

a Z(;M}(‘k{—i—l)z L=,
=0

Proof. Note that the number of ways to place / nondistinct objects into & distinct cells is ( k Zj_"/ ) . (See [3].)
Consequently, the number of ways to place / nondistinct objects into & distinct cells such that none of them is empty
is k’ - ; }, In Sj(k), if we group together all points (x,,x,,--xx ) which have the same number of zero coordinates,
the result follows.

Theovem 1. .

(k) _ k r k~i
0= 32 () 2
=0

Proof. It follows from

r n
]U,(k)!=7+2 |SI.(k)| and E(;)=(Z:;)
=1 i=0

*On leave from IBM T.J. Watson Research Center, Yorktown Heights, N.Y. Supported in part by NSF GJ 31222,
**NSF Academic Year Institute University of lllinois Fellow in Mathematics, 1972-73.

tCurrent address: |.B.M. T.J. Watson Research Center, Yorktown Heights, N.Y. 10598.
134



APR. 1975 A GENERALIZED PASCAL'S TRIANGLE 135

The numbers |S(k)| and |U(k}| have the following geometric interpretation:

It suffices to mention the case k = 2 Partition the Euclidean plane into unit squares. Fix any square as the origin,
which will be called the 0% sphere. All squares which have at least one edge in common with the origin form the 75¢
sphere. All those with at least one edge in common with a square in the 7 sphere form the 27¢ sphere, and so on.

WO W
W

W
WN|W
-
N[ QN W
[0 1N [ N[ @)

Figure 1

The numbers in Fig. 1 indicate what spheres the squares are in. |S{2)| is then the number of squares comprising
the /* sphere i.e. its “surface area,” and |U,( | is the number of squares constituting the rt sphere and its interior,
i.e., its “volume.”

The generalization to k > 2 is clear.

3. A GENERALIZED PASCAL’S TRIANGLE

For simplicity, let us write My , for [U,(k)]. We then have the following observations:

Theorem 2, (i) Mg, = Mpk
r-1
(ii) Mk+1,r =2 2 Mk,j+Mk,r
j=0

(iii) Mi+1,r41 = Mice1,r+ Micr+1 + Mic r
Proof. (i) If k = r, then

k r ro, )

Micr = E ( f )(k:i )Zk—/ = Z( /'+kk—r )( r—j )Zr—j —Z( ;)(rl:/> 2 = Mk -
i=k-r =0 =0
Similarly for the case k < r.
k
i) ZZ Mij =9 (, )(k+’,_,.} okt
i=0
r-1 k . . . 0
ZZMk,/’LMk,r:(I(; )(k+r7 ) 2k+1+2[\ﬂ(k+;-/> 2 H"Z( )( 2 _j+( )(2>2
j=0 =1
k . 7, o .
=37 )(k:,)zk“az;[( Ve (0 (earon )2 f) ) 2
i=
k+1 s .
=3 (K7 o) 2 = s
=0

(iii) 1t follows directly from (ii).

Theorem 3. For k=0, 1,2 -, let
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tk-1)/2
> My, if k isodd,
=0
k/2
E Mk_z,",', if & is even.
=0

Sk =

Then

Sk+3 = Sk +Sk+1+S
fork=0,1,2 . k+3 = Ok TOk+1 T ok+2

In other words, they form a Tribonacci sequence.

Proof. It follows from (iii) of Theorem 2.
We can now construct a triangle of the numbers { My r }, kr=012 -.The n™" row consists of the numbers

{ Mp-i i } inthe orderof /=0, 7, 2, ---, n from left to right. The left diagonals thus consist of numbers with fixed r,

and the right diagonals numbers with fixed .

By (iii) of Theorem 2, each number in the n™ row is the sum of the three adjacent numbers in the (n - 7)%%and
(n - 2)" rows. For example, the number 25 in the 5N row is the sum of its three adjacent numbers 5, 7, 13 in the
3" and 4t rows. Therefore, instead of using the formula in Theorem 1, we can fill in a row by adding appropriate
numbers in the two preceding rows. Finally, by Thearem 3, the sums of the more gently sloping diagonals form the
Tribonacci sequence, 1, 1,2, 4,7, 13, 24, 44, 81, 149, ...

The first 10 rows of this generalized Pascal’s triangle is displayed below.

r=0 1

RO[‘JNS k=,k=0*\\,_" %/ 1 Tribonacci
L e,
3 : S e - %/N
4 — //4 1 /1/

5 1/9//25/25/9 1 =€
. f//// g -
6 11 41 63 41 11 1
7 e 19 129 61 13 1
8 14 85 231 321 231 85 15 1
9 1 17 13 377 681 681 377 13 171
Figure 2
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GENERALIZED FIBONACCI TILING

VERNER E. HOGGATT, JR.
San Jose State University, San Jose, California 95192
and
KRISHNASWAMI ALLADI*
Vivekananda College, Madras 600004, India

1. INTRODUCTION
One way to easily establish the validity of 2 o 5
Fi+F5++F5 = FpFpeg
is by use of a nice geometric argument as in Brother Alfred [1]. Thus by starting with two unit squares one can add a
whirling array of squares {see Fig. 1) with Fibonacci number sides since the area as in Fig. 1is
5%x8=F2+F3+F3+F2+FZ = FsF.

More generally, the rectangle has area F; F 7.

This result is classic, but a new twist was added by H. L. Holden [2]. The centers of the outwardly spirally squares
lie on two straight lines which are orthogonal. These two straight lines intersect in a point £, and the distances of the
centers of the squares from P sequentially are proportional to the Lucas numbers. Holden also contains an extension
to the generalized Fibanacci sequence with Hy = 1and H2 = p with Hpro = Hp+y + Hp. Thisresults in

H? +HZ +HE + -+ HZ = HoHper = Ho .
in another paper, we will discuss the situation with inwinding spirals.

2. THE FIRST GENERALIZATION

Our method here is different than that used by Holden [2], but ours offers a neater way to get the centers of the
squares, and we proceed principally hy generating functions. (See Fig. 2.) We first discuss the geometry.

1) P2 (0, x?)
2 1
5
¥ (0,0)
f P
P3(~x —xZ —1) Poll, =77 10x.0)
Figure 1 Figure 2

Start out with a unit square and make x copies. Then above that, make x copies of x-x squares. It is not difficult
to see that the edges are 7, x, x2+ 1, xS+ 2x, -, fnix), where f10(x) = Xfn+7(x) + f, (x), which are the Fibonacci
polynomials.

If we consider the matrix . -

o 1 !
[ 5]
asin Holdenand V= {x,7), Vo=(~1,x}), Va=(-x,—1), Vq=(1,—x) with
o 1
Vatr = Vg i——1 0}'
then N :

Theorem 1. Po o= Po_g+ Vyfyix).

*Fibonacci Scholar, Summer, 1974,
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Proof. The proof proceeds in four parts.
Scheme 1: Scheme 2:

Pn P,
xfo o
i Pn+1

P )
!"‘_— fn ""—" ""an+1"—’*

Pn = Proq # (-1,x)f, Prv1=Pnt (-x,~1)fn41

GENERALIZED FIBONACCI TILING

Scheme 3:

'Dn+1

Xfna2

4

e tr

P.n+2

+2—->‘

Pn+2 = Pni1 #(1,-x)fna2

Scheme 4:

[APR.

Prs3

)

k_— /(fn_‘.g“—)"

Pot3= Prsa # (X, 1)fne

These are the four critical turns in'the sequence of expanding the outward spiralling of squares.

As a consequence of Theorem 1, one can prove
Theorem 2.

n
Pn = Po+y Vifilx) .

Proof. a

Assume
n-1

P1 = (0, -1)+(x,1)-1 = (x,0).

n

Pn = Pt #Vafn = Po+ 3, Vifi+Valy = Po+ 3 Vif; .

=1

We are now ready to get on with the general theorem by means of generating functions.

=1

3. SOME NECESSARY IDENTITIES

Lemma 1.
A
1= (x2+2)+\*
Lemma 2.
x2+1) =22
1-22(x2+2)+2*
Lemma 3.

RN
1-22(x2+2)+2\*

Since these are straightforward, the proofs will be omitted.

n=0

n=0

= D a2
n=0

= Z Fan+3 (X2

=3 fonrrXINZT

We may now give a generating function for the x-components of the corners, where Pp, x denotes the x-coordinate

of the point P,
Theorem 3.

xA=22+23) 1

Z P,',X)\i =

=0
Proof. From

140202 +2)+2%

[N

n
P, = (0,—7)+Z Vifilx),

=1
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D PapNT = (04 xf N= 1202 = xfa\Z # £ 0N 4 xt5 N+ )/ (1= N
n=0

[xlf N =303 + £ 0% — ) — (N2 — £ NF + £NE — )] /(1 =N
o MrxA3)

14022 +2) +0\* EDN
Since £, and Py, are opposite corners of square 71, the x-coordinates of the centers £, are given by

(Pn,x Pt x M2 = Cnx -

- 2,53 = ,
N NUPaxt Pa iz = SR XASN AN %7 g

n=1 2A1=-N 700262420408 1T
and
S Corzn— Cn N = (LENZO=0Z 03] N N2
n=1 l ’ 214022 +2)+2%) 2 2
= 22+ 2)/2 - WoxxP+ 14+202)2
1+02x2+2)+2?
where

Cix =x/2 and Cox =X/2.

There are two further things to do. These differences clearly alternate in sign. To convert to regular differences all
the same sign, we change the minus sign to a plus in front of the even powered term and then replace 22 by 22
This results in the following theorem:

Theorem 4.

60 = NP+ 22+ Noxo® # 1 =22 )/2
1-Nx2+2)+2\*
Theorem 5. The generating function for the y-differences between alternate corners is
Nixlx/2) #2032 + 1 =22)[Ix2 +2)/2]
1-22(x2+2)+\*
Proof. For the y-differences one begins with

= . - 2.2 ,~3
Z Pl',y7\l - _7__7_)_\_ —1+ )\+)\X +)\
=0 AL 1eNZe2) Nt

and

e A2 AE

SN = L
§ SO 14022 +2)+\*

o . A r 2,253 [ 2.2 13
2 Ci,yN:EN(Pi,y*Pm,y}/Z:Vz; A ' 4 RENXTAN J e N 7‘”‘—5—’9—‘-—]5
! .

pu et T=N1 izt TN 16022 +2) 0
B O ek D S R Ny ) 5
2(1 -\ 14022 +2) +2%

Now to directly form the y-differences:
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IngE

(cl+2y"c/ y))\l+2 = (1-22) Z Ci, y?\ +C7,y N+ (2 y)\
7 =1

But, £7,, = -% and Cp, = x2/2 Thus,

i

i(ci+2y,ciy,7\i 7+>\ AN 1) W32 +3) 0% - 2°
i=1 ’ ’ 1+2\2(x? +2)+7\4
x)\3x2—7\4(x4+3x +2)— (x2+2)\°
2140212 +2) +2%)

From the diagrams it is clear that these differences are associated with odds and evens and on their respective lines
they alternate in sign. We wish the initial values to be positive.

M

|Cirzy = Ciy|N = - [’(—ﬁ»\x? + (NP #3x2+2) + (k2 + 2)(=22)° }
’ 1-22(x2+2)+\*
_ 3 %0/2) 032+ 1= N2 2+ 2)/2]
1-Nx2+2)+\*

TI.
~

o 2 oo
)_;_ Z fon (x) )\2n+7 ___2___ E fon+3 (x) )\2/7
n=0 n=0

1]

Recall that the x-differences

oo

= . . 2 d
ZI (=11 |Cix2,x = Cix|N = — X—*—;Z Eo fon (X271 +§ }_;) fon+3x)\2"
= n= n=

Thus, uniformly we see that the slopes of the lines through the centers are
Cn+2,y - Cn,y - x/2 - —X , oddn;
Cnizx=Cnx  _(x212)/2 x2+2

Cntzy =Cny _ (x2+2)/2 _x%+2 even n |

Cn+2,x - Cn,’x (X/Z) X

Thus, the centers lie on two straight lines which are orthogonal since the product of their slopes is —1. This con-
cludes the proof.

Tbeorem 6. The centers ;47 lie on a line with slope —x/(x? +2) and the centers Coj lie on a line with slope
(x +2)/x. These lines are orthogonal and intersect at the point (u,v), where

u = - and v=-2
x2+4 x2+4

X

Prooﬁ It is easy to show that the lines through C'; and C3, and through C5 and Cy, respectively, do meet in the
point (u,v) specified.

Theorem 7. {f Q is the point
X -2

x2+4 x?+4

then the center C,, is D, units from G, where

Lplx)Nx* +5x* +4
D, =

2(x% + 4)
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and £,,(x/ is the n” Lucas polynomial, £10x) = x, £2(x) = x? +2, and Ln+1(x) = xLplx) + £p-1(x).
Proof. Giventhat Cq1=(x/2, —1/2)and C2 = /2, x2/2), one can compute

0f = ( -5 _Z )2+( =2 1)2 X202 +2)% 0% _ xCa5x? v ax?
2+q 2 x2+4 2 2x? +4)]2 [2(x2 +4)] 2
D, = XSX* +bx* +4
2% +4)

It is also easy to verify that

D, = K +2NKX* +5x +4
2(x? +4)
Now consider the centers Cp,+2 and Cj,. The points lie on a line through
_x =2
. x%+4 ’x2+4 )
which separates them. The x and y differences from C,+2 and C,, are

2
_in'_Z_ falx)  and gfn(x},

respectively, for one line or

2
2)1 fn(x) and L_ZT_Z fnix),

respectively, for the second line. Thus the distance
I0n+.2 - Cn| = \/ETXT:”? fnt+1(x)/2

in any case.
There is an identity for Lucas polynomials (see [3], p. 82)

Lne1lX)# Lnaglx) = (X2 +4)fy(x).
Now, suppose
_ EnlxNXx* + 5x* +4

2x2 +4)

Dp

Then
l0n+2 —C,,\— Dp = Dptz
Fot1 (NK 557 14 Loli)X* +6x +4 _ Lpualx)x® +5x* +4
z 2662 + 4) 2x2 +4)
This concludes the proof of Theorem 7.
3. THESECOND GENERALIZATION

In the last section we considered the rectangle whose edges were 7, (x) and x7, (x), where

Fas2(x) = Xfpeqlx) +fp(x)
with
folx) = 0 and filx) = 1;

that is, the Fibonacci polynomials. Here we consider the sequence of polynomials such that

Urix) = 1, Uolx) = P, and Upsa(x) = xUprp(x) + Uplx),

141
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the generalized Fibonacci polynomials. We shall prove the following theorem.

Theorem 8.  If one starts with a 1xp rectangle and adds counter-clockwise rectangles p by px, -, Up, (x) by xUp(x),
then such squares in the whirling array have their centers on two straight lines with slopes —(x2 + 2)/x and x/(xZ + 2),
which are orthogonal.

P3(Ox(xp + 1))

x(xp+1)by (xp+1)
1

Po(0,0) Polxp +1,0)
p
xp
P1(1, —p)
Figure 3

Proof. To establish that the centerslie on two perpendicular straight lines we shall have to find the coordinates of
the vertices P,,. As before, we consider the rotation matrix

Y
and the sequence of vectors
Vi =(1,—x), V3= (x1), V%= (-1,x), Vi=(-x-1),
where V¥ = VX when n=m (mod 4).

We shall also need the following identities for Fibonacci and Lucas polynomials (see [3]):
Fn+2ic(X) = fo_ok(x) = £n(x)for(x)
ftu (X) + Fn-oi (X) = Fn(x)Lok(x)

Frt2k+1(X) + Foeok-1(x) = Ln(x)fop+1(x)
Fo+ak+1(X) = Fneok-1(x) = frx)Lop+1(x) .
It is then easy to establish, on lines similar to Theorem 1, that

(1 Pp = Pn-1+VpUn(x),

where the : U, } is the sequence of polynomials

(2) Uilx) = 1, Ual(x) = p, Unlx) = xUp_1(x) + Up-2(x).

One also recognizes from (2) that the U/, obey

(3) Un+1(x) = pfplx) +fp_q(x) ,

where the 7, (x) are the standard Fibonacci polynomials.
If P x and Py, ,, denote the x- and y- coordinates of £, one can establish from (1) that

Pont1x = (U — U3+ Usg =+ (=1)"ligper) + (—x)=Uz + Ug — - +(=1)"Uzp)
= A=1)" s 1 (I s1 () + (= 1) Xt (X)Ups1(x) = (=1)"Upsp(x)nqlx)
from which one can easily deduce that
Pont3x = (=)™ Wpialx)inlx),  Pan-1x = (=1)"" " Up(x)fn_al(x).

We also have
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P2n,x = [Us(x) = Uslx) + Usfx) — - + (_7)"'7U2n_7()(}]
~x[=Uz(x) + Uglx) = -+ (=1)"U2q (x)]
= (=1)" T b WU ) + (1) X (x)U 21 (x)
= (=1)"Tf (X )Up2(x)
which implies that
Ponsax = (=1) i1 (X)Upezix),
Pon-2x = (- 1)1 (c)Uprq(x).
Now, because the £, are the centers of the squares, we get
Cpn = (Pp+Pa_q)/2
and so we get
Con+3x = Cont1,x = (Pon+3,x * Pont2.x — Pon+1,x — Ponx /2
= Bl=1)" T Upia ) () # (= 1) 1 () 3 (x)
#(=1)" Uy (61 (6) # (=1)" (U2 (x)]

= L [t s20) # e 5y () = (0 )+ Fpe (o ()]

= LI ol M1 (x) = oo (D) # 24 5 = 72 ]

= L——;}i- [pr2n+7(X}+Xf2n(X}] = (—27),7 XU2n+2{X},

We have also
Con+2,x — C2nx = (P2n+2,x + P2n+1,x — P2n,x — P2n-1,x1/2
= Bl=1)"Far1 ) Unagle) + (=1)"Upry(x)p-q(x}
F(=1)"n (X)Ups2(x) + (=1)"Up (x)fp-2(x)]

= (;;l'_’ [lpfns2(x) + frpq (X))fnsq(x) + (pfn (x) + Foog (x))fn_1(x)
+(pfpt1(x) + Fn (X)) (x) + (pfr_q (x) + Fo_2(x))n2(x)]

= U ot e 01 l) + Fr (X)) + D ag () ) + - x))

2
+ff___2(x)+fﬁ_7(x)+fﬁ(x)+f§+1(x)]
= L—_;):’ [,Uf2n+2(X) +pf2n_2fx) +f2n+7(X)+f2n_3(X)]
= (—27}" [pLolx)fon(x) + £o(x)fan-1(x)] = {'_2“2 Colx)Uops1(x).

Now we shift our attention to the y-coordinates. From (1) we get
Pont1,y = (—x)Uq—Uz+ -+ (=1)"Uzp41)
—(~Us+Ug—Ug+ - +(-1)"Us,)
= (= 1) b1 WU p1 () + (= 1) Ty () U g ()

and = A=1)" U1 (g ealx).
Pont3y = (~1)"Un+2(x)fne3(x),

P.‘Zn—l,y = {—”nUn(X)fnﬂ'(X} .
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We also have
Pony = (~x)[U7(x) = U(x) + -+ (=1)""T Ugp_1(x)]
— [<Us(x) + Uglx) — - +(=1)" Uz, (x)]
= (=1)"XFn(x) Uy (x) + (—7)"+7f,, (X)Up+1(x)
(=1)"* £ (x)U 1 (x)

and
Pont2y = (=1)"fne1(x)Unlx),

Pan-2,y = (=1)"fn-1(x)Un-2(x).
From the above calculations, we find
02n+3,y - 02n+7,y = (P2n+3,y * P2n+2,y - P2n+7,y - P2n,y)/2
CZH+3,V - 02n+7,y = 72[(— 7)nUn+2(X}fn+3(X} + ("' I)nfn+1(X)Un(X}
F(=1)"Upr1 ()2 (x) +(=1)"F, (x)Un-1(x)]
= 2 (lptys1 )+ 62310
+ (pfn-1(x) + Tn-2(x)fn+1(x) + (0 (x) + Fa1(x))fn2(x)
+ (pf,,.g (x) + fro-3(x))f (x)]
( =1 i1 (N Epe306) + -1 (x)
+ pf,, (x)(fpt2(x) + fr_o(x)) + £ (x Nfr43(x) + Fr_3(x))
+ fpe2(x)fnr1(x) + Foeq (xX)fni2(x)]
= (" )" [pf2 1 (X)L2(x) + pf (x)L2(x)
+ f,, (x)ep (x)f3(x) + fon (x)]
= # L2(x)U2p+2(x).
Our final step is to find
02n+2y_ C2ny (P2n+2y+P2n+7 y~P2ny~P2n- y}/? /2[(—7)nf,,+7(A‘)U {x)
+(-1 )"+7Un+1(x)f,,+2(x) F(=1)"F (g () + (=1)" Uy ()01 (x)]

= =1 ” L ot (%) # Fy g (a2 3 = (5Frp() # - p (X)) )]
- (;’—’f— [y () Fy a2 (x) = Fral5)) + Fo g2 )z (x) = £ ()3 (x)]

_ (- 71 i
[,afn x)en (x)fa(x) + xfop_1(x)] = “—4—— xU2p+71(x).

So, from the above results, we have
Con+3,y = Con+1,y _ (—1)"¢o(x)Usp+2(x)-2 _ L2 (x)
Con+3x = Can+1x 2-Ugps1(x)x(—1)" X

which tells us that the C,, for odd n lie on a line with slope (xZ +2)/2. We also find
Con+2,y = Con,y _ (—7)n+7XU2,,+7(X)-2 - X
Con+a,x — Conx  2.(- 1) e2(x)Uop+1(x) £2(x)

[APR.
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which tells. us that the C), for even n lie on a line with slope -—x/(x2+ 2). Further, since the products of the slopes is
—1, these lines are perpendicular. This proves Thearem 8.
From the above result it follows almost trivially that

Theorem 9. 1t O,, is the distance of Cp, from the point of intersection of the two lines of centers, then

_ LiIXN/x" +5x* + 4

Op
2(x2+4)
where the £%(x) are the generalized Lucas polynomials
Ly =p, L3 = xp+2, and Lpaolx) = xgjhpq(x)+L3(x).
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A LEAST INTEGER SEQUENCE INVESTIGATION

BROTHER ALFRED BROUSSEAU
St. Mary’s College, California 94575

In the fall semester of 1964, four students, Robert Lera, Ron Staszkow, Rod Arriaga, and Robert Martel began an
investigation along with their teacher, Brother Alfred Brousseau, of a problem that arose in connection with a Putnam
examination question. The problem was to prove that if

Pn+1 = lpn+Pn-1+Pn-21/Pn-3
produced an endless sequence of integers while the quantities p; remained less in absolute value than an upper bound
A, then the sequence must be periodic. The divergent idea that led to the research was this: How can one insure an
infinite sequence of integers from such a recursion formula? One quick answer was to use the greatest integer function.
Initially an investigation was begun on:
[ an*an-s J

an+1 =
L an-2
where the square brackets mean: ““take the greatest integer less than or equal to the quantity enclosed within the
brackets.” Very quickly, zero entered into the sequence with the result that there were mathematical complications

once it arrived at the denominator.
To avoid this problem, it was decided to try using ““the least integer function” instead of the greatest integer func-

tion. The notation adopted was:

Ix]*=n,
where n is the least integer greater than or equal to x. With this approach starting with three positive integers the
function:

gives terms that are always > 1.
The problem was enlarged by introducing two parameters, p and g, defining:
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an+1 = llpap +qan-1)/an-2]*.
For any given pair (p,g) we have a set of sequences determined by assigning any three initial positive integers
(a7, a2, az). We shall speak of these as the sequences belonging to (p,q/.
Our least integer function representation is actually equivalent to two inequality relations. Thus if
[A]* =B
the equivalent inequality statements are:
A<B and A >B-1,
where B is an integer.
A GENERAL PERSPECTIVE
Early in the work with sequences, when examining such cases as (1,1), (1,2), (2,1), (2,2), (2,3), (3,4), it was noted
that when p > g, only periodic sequences are found, whereas when p < g, there were also non-periodic sequences as
well. This became one of the general topics of the research. One theorem along these lines can be stated immediately.
Theorem. Every set of sequences (p,g) has at least one periodic sequence.
B‘aof Consider the sequence determined by the three quantities p + g, p +¢, p +g. The fourth term calculates
out as p +g. Thus this sequence will continue indefinitely with the single quantity p +¢.

SEQUENCES OF TYPE (1,1)
The general recursion relation for this type of sequence is:
an+1 = [lap +ap-qy)/an-2]*.
To explore this case it was found convenient to set up a table of the quantitiesa;, a2, a3 for all values a; < 6, (i = 1,2,3).
Starting with 1,1,1, for example, one obtains: 1,1,1,2,3,5,4,3,2,2,2,---. This was called a B sequence, the period being
of length one and consisting of the single number 2. :

Four distinct periods were found:

A - 4,221,2,2,43 (Length 8) B -2 (Length 1)
c - 1,3,14,2,6,2,4 (Length 8) D - 2,3 (Length 2)

It was demonstrated that these are the only four periods among sequences of type (1,1), the argument following
along these lines.

(1) Only a finite number of sequences all of whose elements are less than or equal to 6 lead to .

(2) Any sequence involving an element 1 leads to one of the periods A, B, or C.

(3) For a sequence determined by three elements none of which is 1 and at least one of which is greater than 6,

an element 1 will eventually appear in the sequence.
SEQUENCES OF TYPE (3,1)
Using starting numbers up to six, five periods were found:
A: 1,1,1,4,13,43,36,12,2,1,1,2,7,23,38,20,5. (Length 17)
B: 2,2,2,4,7,13,12,7,3,2,2,3,6,11,13,9,4. (Length 17)
c: 33,3,4,5,7,7,6,4. (Length 9)
D: 54. (Length 2)
E: 4. (Length1).
We arrived at no proof that these were all the periods in this case.
SEQUENCES OF PERIOD TWO IN (p,p), (o, p+ 1), and (p + 1, p)

An extensive investigation was made of the number of sequences of period two for these sets of sequences (21 pages).
In all these cases it was possible to arrive at a formula of some complexity for determining the number of such
sequences.

IMPOSSIBILITY OF VARIOUS PERIODS

Regardless of the values of p and g, it was shown by a detailed consideration of inequalities that it was impossible
to have a period of length three. Similarly, it was proved that there are no periods of length four or five. With six, the
work became quite complicated and as a result there was no demonstration of the impossibility of this case.

[Continued on Page 173.]



IDENTITIES RELATING THE NUMBER OF PARTITIONS
INTO AN EVEN AND ODD NUMBER OF PARTS

H.L. ALDER
University of California, Davis, California 95616
and
AMIN A. MUWAFI
American University of Beirut

1. INTRODUCTION

Ifi > 0andn > 1, let g (n) denote the number of partitions of n into an even number of parts, where eagh part
occurs at most / times and let g?(n) denote the number of partitions of 7 into an odd number of parts where each
part occurs at most/ times. |f/ >0, letg%(0) = 7 and g?(0) = 0. Fori =0 andn > 0, let A j{n) = gé(n) — qf(n).

Fori=17, itis well known [1] that

Afn) = (1)) it n=%(3j2%j) forsome j=0,1,2, -,

0 otherwise.
For/=3, Dean R. Hickerson [2] has proved that
(—1)" if n=%(G%+j) forsome j=0,1,2,-
Asfn) =3 g otherwise.
For/ an even number, Hickerson [2] has proved that

Ajfn) = (-1)"pf(n),

where pjf 9 (1) is the number of partitions of n into distinct odd parts which are not divisible by / + 7 and Ik dip)=1.

In this paper, we obtain formulae for A;(n) fori =5 and 7 in terms of the number of partitions into distinct parts
taken from certain sets. These formulae, Iike those above, will allow rapid calculation of A;(n) even for large values
of n without the need to determine either g¢ (n) or gf (n). They will also allow verification of aconjecture by Hick—
erson [3] that, for/=5and 7, A;(n) is nonnegative if n is even and nonpaositive if n is odd.

2. THEOREMS

Theorem 1. Agln) = (=1)" D a3 6ln - (3% £2j)),
Jj=0
where g3 6-(n} denotes the number of partitions of n into distinct parts each of which is congruent to 3 (modulo 6),
ng-(ﬂ) = 1, and where the sum extends over all integers j for which the arguments of the partition function are non-
negative.

Proof. The generating function for A/ is given by
Z A" = (1= x+x% = ot (=1) X )1 = xZ 4 x% = ot (~1)x 7)1 X3 xSt (1)x)
(1)
o (i+1)j
= H (1=xl#+x% — v (=1)xT) = TI 14 (1)1
j=1 i=1 1+x1

Therefore,

147
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s o 6 e 6i i o0 . )
2) 2 ; Aglnx" = 11 7"X.j = 1 ”_—)_(_l_)(L:_X_j_) =TI (1-x%)(1-xZ1)
=1 1+x! j=1 7_X2j j=1

n=0

= T (1-xST )7 = X615 )11 — xO1*6) T1 (1 xO1*3).

j=0 j=0
Applying Jacobi’s identity
3) 1 (1 = x2KithQyy _ ( 2kitk+8 )y 2Ki+2k | Z (1) x ki
j=0 -
/——OO
with k =3, =2, to the triple product in (2), we obtain
@) D Aslnk” E (~1) 5% n (1-x53) .
_ o

Since
M (71-x5%3) = Z (~1)% 8 glhix*
=0 k=0

we can write (3) as

D Astaik" = D0 ~1)xTR ) A Y (—nkqg{s(k)xk)
n=0

j=0 k=0

[\’]z

2o (=1 =1y 03220 o8 o — (37 £2)) z X"

ZiE
ZiE

3
]
[}

Mg

Z ( 7}/7—(3/ ‘/+2/)q36(”— (3] +2/)}}
j=0

n=0
But3j2 —j+2/=0 (mod 2). Hence

0

> Aslnx™ = ) g 2 (~1)"q3 6ln - (3 1‘2/))EX”
j=0

n=0 n=0

Equating coefficients on both sides, we obtain the theorem.

[APR.

To illustrate that Theorem 1 allows very rapid calculation of Ag(n), we consider the case n = 20, for which we have

A520) = 3 a§6(20 (3% +2)) | = a5 4(15)+q5g(12) = 2
/=0
all other terms in the sum being 0. This checks with
gg(20) — q2(20) = 236 -234 = 2,
obtained by computer.
Theorem 2.

Apln) = (=1)" D q3ln—(2%2j) ,
Jj=0

where q4(n} denotes the number of partitions of » into distinct parts, each of which is divisible by 4, g4 (0) =17, and

where the sum extends over all integers / for which the arguments of the partition function are nonnegative.

Proof. Using (1), we have
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2 o g o 4 .
S Aptai™ = T L= o LX)
‘ =1 1+x i1 74X

(5)

= TL (1 =X )1 xR0 k) T (1454
j=0 /=0
Applying Jacobi’s identity (3) with k =2, @ = 7, to the triple product in (5), we obtain
ST Aplaix™ = S0 =1V T (14 = [ 30 1 FH WS gtk
-0 jmmoo =0 =0 =0
(6)

= 2D =1V qGin— (27 £)) L.
n=0 { j=0

Equating coefficients on both sides, we obtain
Azln) =3, (~1)qdin~ (2% ).
v /___.0
Now forn =a (mod 4), 0 < a <3, and observing that qg(n) = 0 unless n is divisible by 4, we have
Azln) S (~1aSin— (2% 4)))

j<0
2*sj=almod 4)

]

17 2 -2 = -1 S S - (5P ).
=0 /=0
2j*+j=a(mod 4)
The formulae of Theorems 1 and 2 show that A;(n/) for /= 5 and 7 is nonnegative if n is even and nonpaositive if n is

odd.
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FIBONACCI AND RELATED SEQUENCES
IN PERIODIC TRIDIAGONAL MATRICES

D. H, LEHMER
University of California, Berkeley, California 94720

1. INTRODUCTION
Tridiagonal matrices are matrices like

b7 cy 0 0
a2 by ¢ 0O
() 0 a3z bz c3
0 0 ag bg c4
g 0 0 a5 bs c5
g 0 0 0 ag bg
and are made up of three diagonal sequences {a;}, {b;}, { z:,-} of reaf or complex numbers. They are of much use
in the numerical analysis of matrices. They also have interesting arithmetical properties being connected with the
theories of continued fractions, recurring sequences of the second order, and, in special cases, permutations, graph
theory, and partitions. We shall be considering two functions of such matrices, the determinant and the permanent.
By the permanent of the matrix

SO
(SIS RN

A= {ay
is meant the sum ’/ sn><n

perA = 231,'"/7)32,17(2) - an,w(n)
(n)

extending over all permutations
- ( 1, 2,-, n )
n(1), w(2), -, nln)
Thus the definition of the permanent is simpler than the corresponding definition of the determinant in that no
distinction is made between odd and even permutations. In spite of this apparent simplicity, permanents are usually

much more difficult than determinants in their computation and manipulation. For tridiagonal matrices, however,
determinants and permanents are not very different. In fact we see that

by cq
= +
per [ 2 bz] bibo +azcq

by ¢c7 0
per{ az b c2 = bybobz+aghzcy +azbico
0 az b3

and

and, in general, the permanent of the tridiagonal matrix based on {a,- } {b,- }, {c,} is equal to the determinant
of the matrix based on {—a,-}, {b,-}, i } Thus it is sufficient and simpler to consider the permanent function
of tridiagonal matrices. In fact we shall need only the method of expansion by minors in developing what follows.

2. STANDARDIZATION OF TRIDIAGONAL MATRICES
For our present purposes we make the assumption that the elements 4 on the main diagonal are all different from
zero. |t is therefore possible to divide the elements in each row by its main diagonal element. Thus we obtain a
matrix of the form

150
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1 ¢, 0 0 0 0
Az 1 C 0 0 0
0 Az 1 C3 0 0
2) 0 0 Ag 1 Cq 0
0 0 0 As 1 Cs
0 0 0 0 As 1

whose permanent (or determinant) is related to that of the original matrix (1) by the factor 6765 - bg. Our next
step towards standardization is to observe that the permanent of (2) is not a function of A5 and € but only of their
product A»C;. To see this, we expand the permanent by minors in the first column gbtaining

7 0 :
b2 0 o 1 ¢c30 071
Az 1 €3 0 0 As T Ca 0
per| 0 Ag 1 Cq 0 | +AxCyper| 4 4
0 0 As 1 Cs 0 As 1 L5
° 0 0 Ag 1

g 0 0 Ag 1
which is a function of A>C;. By induction, therefore, the permanent of such a matrix as (2) will depend only on
A2C1,A3C2, , Aplpay .

Hence, without loss of generality, we may assume that the £’s are all equal to 1 and by an obvious change in nota-
tion define the standard tridiagonal matrix by

7 1 0 0 0 g

a;p I 71 0 - 0 0

0 az 1 7 . 0 g

M=M, = Mylas, az, -, a7} =} 0 0 az 7 - 0 /)

We denote the permanent of this matrix M/ by
A=A, = Aplay, az, -, Qp-7) = perMplag, az, -, Gpeq)

We also adopt the conventigns
(3) Apg=1 and A;=20.

3. BASIC PROPERTIES

We begin with the basic recurrence for A .

Theorem 1. 1fn > 1,

Apfag, =, ap-7) = Dp-glag, -, ap-2) +ap-1 Ap-2(ay, -, an-3)

Proof This follows at once by expanding A, by minors of the elements of the last column of M, (ay, -, ap-1/
This recurrence is an efficient way of calculating successive A’s when the a's are given. It is clear from (4) that A,
is linear in each of its independent variables ay, -, @,—7. For future use we give Table 1 of A,,. We dbserve from
this table that A, is unaltered when its arguments are reversed. in general we have

Theorem 2. Apfag, ag, -, an 1) = Aplap.y, Ap-2, -, a1l

Proaf The theorem holds trivially forn =0, 7, 2. f true forn — 7 amd n — 2, (4) becomes

Aplag, ag, -+, ap-1) = Bp-glap-z, -+, a}+ap7Bp-2(an-3, -, az).

But the right-hand side is the result of expanding the permanent of M, (a,,-7, a,-2, -, @7/ by minors of eiements
of its first row. Hence the theorem is true for n and the induction is complete.
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Table 1
n Apfag, az, -+, ap-1)
-110
7
1
1+aq

g

1

2

3 |T+aq+ay
4 |1T+aj+ap+az+araz
5

Ttas+az+az+ag+araz+az0q+0a70g

5
6 7+Z aj+ a3z +axag+aza5+a10gq +A2a5+a705+A70305
=1
Since A, is linear in each variable a; one can ask what are the functions G; and A in
(5) Aplay, -, ap-1) = Gj+ Hja; (1 <j<n).

It is clear from (4) that when j=n — 7
Gp-1 = Ap-qlay, -, an-2), Hp-1 = An-2(‘17, -, Ap-3).
The general theorem is
Theorem 3. In (5),
Gj = Ap-jlajeg, -, ap-1)Ajlay, -, aj_q1)
Hj = Apjqlajrg, =, ap-1)Ajg(ayz, -, aji-2) .

Proof: This can be proved by expanding A, by minors of the elements of itsjth column and using Laplacian de-
velopment of these minors. However, a simpler proof is afforded by the introduction of the following generalized

permanents A - defined for K <r by
(6) Ak, = Aglag, az, ) = Dglargt1, Qp-k+2, ) Q1) = DglQrg, Qp2, =, Qprg+1).

In particular we have
Ak = Aklag, ag, -, ak-1).

Theorem 1 applied to these two equivalent definitions gives us the following useful relations.

) Ak = Ag-1,r+Opg+1DK-2,r

(8) Axr = Dg-1,r-1 +Qp1 Ag-2,r-2.

We claim now thatfor 0 < K < n

) Ay = AgnBp-k * Ap-k AK-1,nDn-K-1 -

In fact this is trivial when K =0 by (3) and (6) and when K = 7 it is a restatement of Thearem 1. To proceed induc-
tively for K to K + 7 we note that
Bp-k = Dpe(k+1) * An-(K+1)Dn-1-(K+1)
by Theorem 1. Substituting this into our induction hypothesis (9) we obtain
Ap = An_(K+1){AK,n +an-/<AK—1,n} *n-(K+1) AK,n An-1-(K+1) -
But by (7) the quantity in the braces in AKJ,,,,,. Hence our induction is complete. If nowwe put K=n—j andr=n

in (6) and (9) the theorem follows.
As a corollary we have
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3l plaq, ap, -, apq)
aaj = Aj__,f(],,, as, -, a‘j—Z)Aﬁ"j—7{a‘j+2; ., an_I)_

4. CONNECTION WITH CONTINUED FRACTIONS

The ratio of two A’s is the convergent of a continued fraction. More precisely we have

Theorem 4.

7+ |ﬂl az| Ap-7] _ Aplag, az, -+, ap-q)

ot
L7 Ap-rlaz, ag, -, ap-z)

+
|

Proof. By Theorems 2 and 1 we may write
An(ﬂ.’, ., a”_7) - An(an—L ., a7)
Ap-qlag, -, an1)  Dp_glan_g, -, az)

_ Bp-glapg, -, az)+a;Bp2(ap7, -, az) _ 1+ a;
An—7(an—1, tty a‘2} An_7 /An_z

Iterating this identity until we reach A; /Ag= 1, we obtain the theorem.
As an example, in case all the a's are equal to 1 we get the Fibonacci irrational

0 = %(1+5) = 7+|77|+|7”+---

whose successive convergents
1,2/1,3/2,5/3,8/5, -

are the ratios of consecutive Fibonacci numbers F,+7/F,. Hence
(10) Ap(1,1,1,, 1) = Fpsq

153

a fact which follows at once from (4). Conversely as soon as we have developed other formulas like (10) we can

evaluate other continued fractions of Ramanujan type given in Theorem 4.

5. PERMANENTS WITH PERIODIC ELEMENTS

We are now prepared to consider the case in which the elements a of A are periodic of period p so that a;., = a;.

We shall find that the permanents
As, A.<;+p, A.f;+2p,

constitute in this case a recurring series of the second order with constant coefficients depending only on p and the
values of a 7, ap, -+, ap but not depending on s. From this it will follow that A, is a linear combination of two Lu-

cas functions Uy, and Up+7, where h = [n/p] whose coefficients now depend on s = n — Aip. More precisely
Up = Un(PQ) = (a" —b")/(a~b),

where
P=a+h Q=ab
and
(11) Up=0 U;=1 Ux=P
and
(12) Up = PUp-7— QU .

We denote the nxn permanent based on the periodic a's by

Aplag, az, -, ap)
so that (10) becomes
Ap(i) = Fpeq .
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6. THECASEp=1
In this simple case we have

Theorem 5.
(13) Aplag) = Upsq(1, —az).

Proof. By (12),
Un+1(1,—ay) = Un(1,—az)+ayUp-1(1,-az) .
But by (4),
An(dy} = An_1(d7)+a7An_2(d7}

since ap,-7 =ay forall n
Hence both A, and Uj,+; satisfy the same recurrence. They also have the same starting values forn = —7 and n =
0. Hence the two functions coincide.

Corollary. Ap-g(a) = { (1+7%4a)" ~ (1-JT74a)"} /(2"/T+4a).
B’oof Referring to (13) we see that a and b are roots ofxZ —x—a=0 Examples of the Corollary are
Ap-1(0) = 1

Dpoq(=7) = Bél—g sin (mn/3)

Apr(3) = {27~ (=17} 3.
This last example leads, via Theorem 4, to
21, 2|, 2|, .. -
+ 2 =
7 7 +“ +|7 + 2

as is easily verified.

7. THECASEp=2
This case is also relatively simple. We have
Theorem 6. Ap ((,:L;, (.12) =(1+a;+ ag}An_2(d7, [12) - a,azA,,_4(d7, dz}.
Proof. First suppose 7 is odd so that a,,-7 = ap. Then Theorem 1 gives
Ap = Ap-1+a28p-2 = Ap-2+a;Bp-3+a28p-2.
But Ap3=A0Ap2-0a2004.
Elimination of A3 gives the theorem for n odd. If n is even, we simply interchange the roles of a; and as.
The counterpart of Theorem 5 forp =2 is
Theorem 7. Aoplay, az) = Upri(1+ag+ap, aras) —azl,(1+a;+az, azay)
Azps1(a102) = Upsr(1+ag+az, azaz).
Proof. LetW, = Agpfay, az). By Theorem 6
W, = (1+a;+aWp1 —ajasWp_o
with
Wo=1 W;=2A»220as,a2)=1+ay.

But
Up+1(1+ag+as, ajaz) —axUn(1+a;+as azaz)
enjoys the same recurrence and the same initial conditions. This proves the first part of the Theorem. The second
part is proved in the same way.
We note that, unlike A, (ay, az), the function Ao, 17(Gy, az) is symmetric in az and as.
Examples of Theorem 7 are
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Aopspll, 1) = 2" Aop(0,7) = 27, Aguli, 0) = 2"
Aogns1(l,=1) = Fpez,  Dopli, i) = Fpaa, Agnl=1, 1) = Fyey

Dgpr1(cs, &%) = BIM1+(=1)"),  Agnlcs, &52) = (—1)"
A2n+7(—-(.:3 ,0.52) =n+li, Azn(——(,:J, ~P) = 1-nw

Aoy_gfi,—i) = 5%—2 sin (mn/3)
s 5 (242)" —(2-2)" S5 (242) (2 -J2)"

A2ﬂ-7(7/ 2) 2\/5 , Azn”, 2) 2
o = g2mi/3 o Z1+3i

2
7 2 7 2 - /5
tofle B e de- vz,

Inspection of the above examples shows them to behave exponentially, linearly or periodically as » — «, Thisis a
general fact, true of periodic a's of any periad length p.

Here

The last two results easily lead to

8. THE GENERAL PERIODIC CASE

We now take up the complicated general case of g > 3, although the theorems we are about to obtain hold forp =
1 and 2. For this purpose we enfarge the definition (6) of Ak r to include the cases K > r. That is, we define for the
periodic case

A rlar, az, -+, Gp) = Dglapfer1, Grtcs2, . Gpe1),
where the subscripts of the a's are to be interpreted modulo p. Thusifp =4,
A5,2(c'z7, as, a3, a4) = Asla_s, a-q, ag, a;) = Aslas, az, aq, ag)
A4,7(&7, az, az, C"L4/ = A4(a_2, a.yj, (10) = A4(CL2, as, (14)
Azolas, ag, az, aq) = Aglay, az) .

It is easily verified that . .

Ag 2fay, ap, ag, aq) = Bg3tardzg
which for K =5 and r = 2 is a particular case of (7). Formulas (7) and (8) are still true in general by Theorem 1.

Theorem 8. For G<s<p let
Alp,s) = Ap st asdpg57
Blp,s) = as(BpsDp-2s-1 — Bp-1,58p-1,5-1)

Thenifn=s (mod p),
Apep = Alp,s)&, — Blp,s)App .

where the argument in all the A's is ([17, as, -, ap).
Proof. Letn=ph+s 1fin () we set K = p and use the fact that a,,+; = as+; we get
(14) Aphts = Bp sBp(h-1)+s + UsBp-1,s Dp(a-1)+s-1 -
In the same way replacing n by n — p and setting K =p — 7 we have
(15) Ap(h-1)#s=1 = Dp-1,5-18p(h-2)ts + AsBDp-2,5-1Bp(h-2)#s-1 -
Beginning with (14) and continually applying (15) gives the following for A,
h-1

- h h-1
Aph+s = Ap,sAp (h=1)+s +Ap— 1,sAp— 15-1 Z CLsM { Ap—2,s-7 } r 7Ap(h—/.£—7)+s +Ap-7,sas { A/3—2,.9—1 ; Agg.
M=1
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h-1
(16) Ap- 7,SAp—7,S-7 E a'u{ Ap—2,s—7 } N-IAp(h—/J—IHS
=1
= Dppss — ApsA P INPIV PR U |
phts psBp(h-1)+s — AsBp-1,52s-1 | Bp-2,5-1
Next we multiply both sides of (16) by a;A .2 6.7 and add

h-1

asBp-7,58p-1,5-1 Ap th=1)+s
to both sides. If we subtract this result from (16) when 4 is replaced by A + 7 we get
Ap(h+1)+s - Ap,sAph+s = Qg {Ap—2,8-7 Aph+s - Ap,sAp—z,s—I Ap (h=1)}+s
* Dp-p5-1 Ap- 1,58p (a-1)4+s }

Collecting the coefficients of App+g and App-7)+ gives us the theorem.
Our next goal is to show that A(p,s/ and B(p,s) depend on p but not on s,

Theorem 9. Blp,s) = (-1)Pajaz -ap .

Proof. It will suffice to show that
(7 ApsBp-2,5-1—Dp-1DBp-1,5-1 = (= 1Pas_ras2 Qg—pt1 .
where the subscripts on the a's are to be taken modulo p, because then, by definition of B(p,s) we

Blp,s) = (—1)Pasasg Qept] = (—7)pa7a2--~ap.

[APR.

To prove (17) we note that it holds for p = 1 since the left member is —1 and the product of @'s is vacuous. Assum-

ing the result holds for p and noting that (7) gives

Lp+1,3 = Bps+UspLp-1,s
and

Ap,s—I - A,o— 1,51 = as—pAp,sAp-2,3—7 .
We have

Ap+7,sAp— 1,5-1 — Ap,sAp,s—I = —Ap,s [Ah,s—I - Ap— 7,s—1]
s plpgsBp-1,5-1
= —Qs—p [Ap,s A;9—2',5-1 - Ap- 1,5 Ap— 1,5- 1]

+
= (-1)P Ias—7as~2“'as—p+1as—p .
Hence (17) holds for g + 7 and the induction is complete.

Theorem 10. Alp,s) is not a function of s.
Proof. Using both (7) and (8) with k = p and r =5 and s = 7 we have
Alp,s) = Aps+ashposg = asAp-2,5-1+Bp-1,5-1+Us-18p-2,5-2

= a5_1Ap_2’s_2+Ap’s_7 = A(p,s— 1).
Hence Afp,s/ does not depend on s,

We can write
(18) Alps) = Alpp) = Py = P = Aplayg, -+, ap-1) +aplp_2lay, -, ap.2)
and
(19) 0p = Q= (-1)Pajay-—ap
and restate Theorem as follows
Theorem 11. Apip = PAp—QApp .

Armed with this information we can at once evaluate Ap(ay, -+, ap) as a linear combination of two consecutive

members of the Lucas sequence { Unm (P,G/f as follows.

Theorem 12.
(20) Appts = DgUp+1(P,Q) + (D prs— PAGJUR(P.Q).
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Proof. This relation holds for # = 0 and, since U2(P,Q) = P for h = 1. By Theorems 11 and 12 both sides enjoy
the same recurrence. Hence they coincide.

9. MIORE ON THE FUNCTION P
The function
P = Pylag, az, -, ap)
defined by (18) is not as simple as 2. We already know that

Py =1 and Po=1+ay+ay.
We can tabulate P, as follows

Table 2
p Pplaz, ap, -+, ap)
1711
2| 1+ag7+ay
3| 1+ay+az+az
4| 1+a;+az+az+aq+a;az+azay
5 3 2
5 7+E a/+Z a;Qj+2 +Z ajGj+3
i=1 i=1 i=1
6 5 2
6|1+ aj+ > ajaj— AjQje7 + Y, GiGj#20it4
i=1 i<j<6 =1 i=1

Further entries in this table are left to the curiosity of the reader. It will be observed that the entries cease to be
symmetric functions of the a’s with p = 4.

10. FIBONACCI-TYPE A’S

The permanent of a tridiagonal matrix with periodic a's will depend on Fibonacci numbers if we can make P = 7
and @ = —17 since
Un(l, =1) = Fp,.
For p = 3 this requires
Pz = 1+ay+as+az = 1, —-03 = azazaz = 1.
This means that the three a's are the roots any cubic equation of the form
(21) xZtex—1=0.
The simplest example is ¢ = 0 for which
a; =1 a2=w, a3=o.>2
or some other permutation of these. For this case Theorem 12 gives the examples
Agh(i, w, (J:) 2} = Fh+7 - wzF,,
A3h+1(i, w, C:)z) = Fper + 0.)2/:,7
A3h+2(i, w, (;)2} = ZFh+7 .
Another special case is that of ¢ = —2 in which the roots of (21) are —1 and the two Fibonacci irrationals, for
example

a; = 0, az = 0, az = —1.
For this choice we get
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Azn(6,0, —1) = Frep
A3h+1(é,y,—7.) = Fh+1_6Fh
A3h+2(9.,§,—7.) = (7+9}Fh+1.

The reader may wish to write such formulas for other permutations of 9, g, 1.
For p = 4 our requirement becomes
(22) Q7 +a2+a3+04+a7a3+ 0204 = 0, ajasazay = —1.
Examples are _
a;=i, azx=-1, az=—-, ag=1 a7=w, ag=4§H, a3=w2, ag = 0.

More general examples are

ay = Bl—t+/eF —4e), as = Blt+/t* +4€),
az = %l—t— /1?2 —4e), ag = Bt -/ +4€),
where ¢ is any real or complex parameter and e€=11In any case there are eight permutations of the four a's that
maintain (22). These are, in cycle notation
(1)(2)(3)(4), (1)(3)(24), (13)(2)(4), (13)(24)(12)(34), (14)(23), (1234), (1432).
With any one of these choices we have for A, = A,,(d,, az, as, d4)
Ayp = Fpeg—agqll+as)Fy
Bgp+1 = Fper—agagfp
Agp+z = (1+0a7)Fp+1 —agazaqfp
Agn+z = (1+ag+az)Fpiy .

Instead of forcing A, to involve the Fibonacci numbers we can make it a linear function of n by choosing P =2 and
Q = 1 because U, (2,1) = n.
For p = 3 the conditions become

(23) ar+az+az = 1, ajazaz = —1.
One obvious solution is to choose two of the a’s equal to 1 and the third —1. Thus we find
Aspll, 1,=1) = 2h+1, Agper(i, 1,-7) = 1, Azpeali, 1,—7) = 2h+2,  Azp(i, —1,1) = 1,
Agpe(l,=1,1)=20+1, Agnspli,—=1,1)=20+2, Agn(~1,1,1)=1, Dgner(~1,1,1)=1, Agneal-1,1,1)=0.
Another choice of a's satisfying (23) is any permutation of
-2¢os (2n/7), —2cos(4n/7), —2cos(6n/7).
The most general solutions of (23) are of course the roots of
x3—x%+ex+1=0
and this leads to the linear function
Azpss = As+ (Age3—Aghh.

The reader may have observed in the above that, of all the formulas for Ahp+s, the simplest is that fors=p — 1.
The reason for this phenomenon is to be seen by substituting s = —7 in Theorem 12. We obtain simply

App-1 = Bp-1Up(P,0).

Yolodotokoiok



A MAXIMUM VALUE FOR THE RANK OF APPARITION
OF INTEGERS IN RECURSIVE SEQUENCES

H.J. A.SALLE
Lahoratory of Medical Physics, University of Amsterdam, Herengracht 196, Holland

We define the sequence Rp, A7, R, - by the recursive relation
Rn+1 = afln+bRp_g

inwhichs = 7 or —7; a and the discriminant A = a2 +4b are positive integers. In addition, we have the initial
conditions Rp=0 and R; may be any positive integer. We now state the following:

Theorem. The rank of apparition of an integer 7 in the sequence R, R 7, B2, - does not exceed 2.
Proof First we observe that A7 divides all terms of the sequence. If the theorem holds for the sequence

o-fo B Ay
H7 ! HI ’ H,
then it apparently holds for the sequence Rg, A7, R2, ---. Therefore we may suppose in what follows, that R7 = 1.
Let M be a positive integer ax
M = pSipgz pg
Here p7, p2, -, px denote the different primes of M and a;, ap, -, ax their powers. To each p; (i = 1,2, -+, k) we
assign a number s; :
si=pi+1 if p; isoddand p;fA;
the minus sign is to be taken if A is a quadratic residue of p; and plus sign if it is a nonresidue

si=p;j if p; isoddand p;|A.
si=3 if p;=2 and A odd.
si=2 if p;=2 and A even.

. — — Qfe—
Let m be any common multiple of the numbers s, p%1 1, 5,052 1., sk,ukk " then M R . Inthe case that:m

constitutes the least common multiple of the mentioned numbers, the proof can be found in Carmichael [1]. From
the known property Rq‘| Rnq. n and g denote positive integers, it appears that m may be any common multiple (the
property R |Rpq can be found in Bachman [2]).

Now suppose that M contains only odd primes p7, p2, -, P Withp7 YA, p2 fA, -, px fA, then it is not diffi—
cult to verify that the product

_ _ ag~-1
0 Y AV
2 2 2
. - -1 . .
is a common multiple of the numbers s, p&t 7, skpzk and therefore ¥ |R,,, . It is easy to verify that
m _4
- << =
M 3

The extension is easily made to the case where M/ contains also odd primesg 7,92, -, go withgy |A, -, gg |A and
/or to the case where /M is even.
In the first case we form a common multiple by multiplying (1) with q‘?qui ~--qg’2 (the numbers §,, ---, B, con-
stitute the powers of g, , -+, go in M).
159
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In the second case we multiply (1) with 27 if A is even and with 3.2Y~7if A is odd (y is the power of 2 which is
contained in /). We now obtain
m < ;—M if A iseven
m < 2M if A isodd.
This completes the proof.
SOME EXAMPLES

1. The Fibonaccisequence: a = b =7 A =5 R;=F;=1
If M=27then p;=3 pp=7s0sy=4sp=8andm=2-
Therefore 27| Fyg (in fact ZIiF,).
If M=110=2"5"11 then m = 3.5-2- 12 = 150 so 110|F .
The only numbers having a rank of apparition equal to 2/ are 6, 30, 750, 750, -so 61 F,,, 30| F,,, 1501F,,,,
etc.
2. ThePell numbers: 0,1,2,5,12,29,70,---a =2 b =1 A =8.
The numbers 3, 9, 27, ---constitute the only numbers having a rank of apparition equal to ;LM. So 3‘,‘74, .9| R, .
etc.

= 16.

(NN
N[0

In the special case & = —7 the theorem can be strengthened. We use the same notation as before. First we prove the
following

Lemma. Let b=—1. If p; isan odd prime and p; /A then

pi|Rsizz
Proof, We suppose again #7 = 1. Next we introduce the auxiliary sequence Tg, 77, T2, --With Tpey=aT,~Tph-q
and the initial conditions Tgp=2 T; =a. The following properties apply: (Proof in Bachmann [2])

I Pi{’qs;
1. Pi| Ts;—2
W. Rz, = R, T, (n isa positive integer)
IV. Ta, = T2=2 (n isapositive integer) .
Take n = s;/2 in Hll and IV. From Il and IV it follows
pi{ Ts;/2 -
From | and 111 it then follows p; Bs; - This proves the lemma. Now let // be again an integer

L¢3
M = pixlp‘zxz "'pkk .

Further let m be the product of the numbers
; -1
) (sipi* /2
respectively s,-,u?"-7 i = 1,2, -, k), where we have to choose the first number if p; is an odd prime and pifA;
the second number if p; |A or p;=2. By Carmichael’s method it can be proved that again M‘Hm ;
It is easy to verify thatm < M if A is even and that m < S M if Ais odd. So we have found:
The rank of apparition does not exceed M if 5 = —7 and A is even.
The rank of apparition does not exceed %M ifb=—17and Ais odd.
EXAMPLES

PREAMBLE: The equation X2 — Y2 = 7 in which /V constitutes a positive integer, not a square, and X and Y are
integers. is called Pell’s equation. For given /V, an infinite number of pairs X and Y exist, which satisfy the equation.
If X, and Y, constitute the smallest positive solution, all solutions can be found from the recursive relations

Xn+1 = 2X7 X — Xp-q Yot1 = 2X1Yn = Yn-1
with initial conditions Xgp=1, Yp=0.
The sequence Yy, Y7, Yo, -+ does satisfy the conditions of the strengthened theorem.
EXAMPLE 1. Let ¥ =3, s0 X2 — 3Y2=7 then Xy=2, Yqy=1 A=12 Thesequence Yy, Yy, Yo, - consists



A MAXIMUM VALUE FOR THE RANK OF APPARITION 161

1975] OF INTEGERS IN RECURSIVE SEQUENCES

ofthenumberSU 1,4,15,56,209, - . \fM=110=2-5-11 thenm = 2 = 7—Q=3030 110\Y30. M =18 = =2.32

then m =2-3% = 18 50 78’Y,3
EXAMPLE 2. X2 -2Y2=1 thenX;=3, Y;=2, A =32
The sequence Yy, Yy, Y2, - consists of the numbers 0, 2, 12, 70, --- (which are Pell numbers with even subscript).

The rank of apparition of any number M is less than M.
REMARK

If b #+1 the theorem will generally not be valid; e.g., on takinga =4, b = 6, R; = 7 any number M containing the
factor 3 will not divide a member of the sequence.
REFERENCES
1. R.D. Carmichael, “On the Numerical Factors of the Arithmetic Forms a” fﬁ",”Annals of Mathematics, Vol. 15,

1913, pp. 30-48.
2. P. Bachmann, “Niedere Zahlentheorie," 28r Teil, Leipzig, Teubner, 1910.
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FIBONACCI AND LUCAS SUMS IN THE ~-NOMIAL TRIANGLE

V.E. HOGGATT, JR., and JOHN W. PHILLIPS
San Jose State University, San Jose, California 95192

ABSTRACT
Closed-form expressions not involving ¢, (p,r) are derived for
plr-1)
(1) E cn (p,r}fl',',',ﬁ(xl
n=0
plr-1)
(2) Z CnlD.r)%p i (x)
n=0
plr-1)
3) E enlo,r )(—1)"fyp ()
n=0
plr-1)
(4) D Calorl=1) g lx),
n=0

where cp, (p,r) is the coefficient of y” in the expansion of the r-nomial
(1+y+y2 4ty P 1 =234,  p=012-,

and 7, (x) and 2, (x/ are the Fibonacci and Lucas polynomials defined by
filx) = 1, falx) = x, falx) = xfp_1(x) +fo_2(x);

27(x) = x, 2o(x) = x2+2, Qulx) = Xp-1(x) #2p-2(x).

Fifty-four identities are derived which solve the problem for all cases except when both 4 amd m are odd; some
special cases are given for that last possible case. Since 7,(7)= F, and 2,(7) = L, the nt™h Fibonacci and Lucas num-
bers respectively, all of the identities derived here automatically hold for Fibonacci and Lucas numbers. Also, f,(2)
= P,, the n™ Pell number. These results may also be extended to apply to Chebychev polynomials of the first and
second kinds.

The entire text of this 51-page paper is available for $2.50 by writing the Managing Editor, Brother Alfred
Brousseau, St. Mary’s College, Moraga, California 94575.
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EXPONENTIAL MODULAR IDENTITY ELEMENTS
AND THE GENERALIZED LAST DIGIT PROBLEM

SAM LINDLE
University of Kentucky, Lexington, Kentucky 40506

INTRODUCTION

Led intuitively by the fact that the last digit of the positive integral powers of the non-negative integers repeat
every fourth power, we proceed to an analogous general result for the last z digits (for z a positive integer). To do
this we need first to define and build up some theory and properties for the orders and complete classes of Exponen-
tial Modular Identity Elements (EMIE). The last section then applies these..

1. EXPONENTIAL MODULAR IDENTITY ELEMENTS
Let n be a positive integer and let a be any z digit positive integer. Define:
Alz) = {a:a" = a (mod 107), forall n | .

Less formally, A(z) is the set of all z digit non-negative integers, each of which, when raised to any positive integral
powers, will end in itself. Term elements of A(z) Exponential Modular |dentity Elements (EMIE) of order z. Let

A =UA(Z)I

where the union is over all z € /* = { positive integers } A subclass of A all of whose elements have the same last
digit is termed a class. There are a countable infinity of orders but only four complete classes. (Complete, here,
means the class contains elements of every order.) The first ten orders and the four complete classes are:

z (Order) c (Complete Class)
{0,156} {0, 00, 000, 0000, - }
{ 00,01, 25,76 } {1, 01,001, 0001, - }
{ 000, 001, 625, 376 } {5, 25,625, 0625, - }
{ 0000, 0001, 0625, 9376 } {6, 76,376, 9376, - }
{ 00000, 00001, 90625, 09376 }

{ 000000, 000001, 890625, 109376 }

{ 0000000, 0000001, 2890625, 7109376 }

{ 00000000, 00000001, 12890625, 87109376 }

{ ooaoooooo, 000000001, 212890625, 787109376 }

{ 0000000000, 0000000001, 8212890625, 1787109376 }

Note that order and complete class uniquely determine an EMIE. Classes 1 and 2 are totally specified. Elements of
Class 2 are universal identity elements because any element of class 2 of the 2™ order when multiplied by any posi-
tive integer is congruent to the tast z digits of that pasitive integer modulo 10, Elements of all other classes are ex-
istential identities. Define ~ and 7 to be binary relations satisfying: a ~ b iffa and b are elements of the same complete
class; a 7 b iff a and b are elements of the same order. Since ~ and 7 satisfy the reflexive, symmetric and transitive
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properties, they are equivalence relations and the orders (complete classes) have union A and partition A into count-
ably infinite (4) mutually disjoint equivalence classes of cardinality 4 (aleph null). A is neither closed under addition
nor multiplication. Complete Class 1 is trivially closed under addition and multiplication and complete Class 2 under
multiplication only. The other complete classes and the orders are closed under neither operation. But since the clos-
ure property is necessary even for a semi-group, group theory doesn’t seem to be of any use here. Our integral speci-
fications designate us to number theory. From elementary number theory:

a2 = a (mod 10%) = a" = a (mod 107)

which obviously is useful since it allows us to deal only with squares, but is still quite insufficient. After introducing
notation, | present the most useful of the properties | have developed.

Notation: A(zc,n) is the ™ power of the EMIE of 27 order and complete classc. L(a,h,n) is the last a digits
of the n? power of 4. If n = 7, we may omit the n. Of course z ¢, n, a, b are positive integers. 4 can equal
0. aV= a=*N. I, 1,,1,, - represent arbitrary positive integers.

Property 1. Liz—1,Alzc)) = Alz—1,¢).

Proof. If this were not so then the last z — 7 digits of A(z,¢,2) would not equal the last z — 7 digits of A(zc/ and
so the last z digits of A(z,c,2) would not equal the last z digits of A(z,c). But this contradicts A(z,c/) being an ele—
ment of the 27 order so the property must be true.

Property 2. (a) L(z +kA(z,3,(20+ 1)10X)) = Alz+k,3)

(b) Liz+k+1,A(23,(20)10%)) = Alz+k+1,3),

wherez, ¢ k€ /+, z >k and in (a) 2 can be 0.
Proof. A(z+k,3)is EMIE, so

Alz+k3) = Alz+k3j10%) = (107 + A(2,3))+5 105 = 0+0+ - +0+Al2,3/10%)
= Alz,3,(20+ 1)10%) = L(z +kA(23,(20 + 1)10%)) (mod 1077 ),

where j = 20 + 7 and x is the appropriate nonnegative integer. (Note: Though x is unique for given z and &, it does
not make any difference whether we know what it is or not as far as this particular result goes.)

Also,
(107y + Alz,3))==m10% = 107" (ym)(--- 5) + Alz,3,m10%)

= A(2,3(20)10%) = L(z +k + 1,A(2,3,(20)10%))  (mod 107777

using the fact that m = 2¢ is even and y is the appropriate nonnegative integer.
Therefore
Alz+k3) = Lz +kA(23,(20+1)10%))  (mod 1077K) and  Alz+k+1,3) = Llz +k+1,A(23,(20)10%),
but the first pairare both z + k digit numbers and so are equal. Likewise the second pair are both z + k + 7 digit num-
bers and so are equal.
Property 3. (a) L(z+kAlz4,10K)) = Alz + k4)
(b) Liz +k + 1,A(z4,(50)10K)) = Alz +k +1,4),

where z > k.
Proof. Alz+k4)

Alz+k+13)

il

I

Alz +kA4j10%) = (107 + Al2,4))+% 10% = 0+ 0+ +0+A(z4,10%)
L(z+kA(z24,10%)) (mod 1077%)

i

$0
Alz +k4) = Liz +kA(z410%))
because they are both z + & digit figures.
Also,
Alz +k+1,4) = (10%x + Alz,4))+(50)10K = 0+ 0+ -+ 0 + (5010 107x(---6) + Alz,4,(52)10% )

= L(z+k+1)Alz4,(50)10%)) .

Th
" Alz+k+14) = Lz+k+1,Alz4, (5910%))

Property 4. 2/A(n,3,b) = 5/ A(n,4,6) = 0 (mod 107), where 7 <i<min (jn)= m.
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Proof. 21 AMn,38) = 294(n,3) = 2 L(n,A(1,3,10" " (20 + 1))).

(Using property 2@) withz= 7, k=n — 7). Butlets” = {22+ 1)10™7 then this is congruent to
Lin2'A(1,367) = Lin,10™ (27T 5°~M)) = 1(m,10™1) = 0 (mod 10™) = 0 (mod 107),

where 7 </ <m and /=27 52™ is a positive integer.

Also 5 4Mn4,b) = 57 Aln4) = 5 LinAl14k107 7)) = Lin5 A(1,4k101 7))

= L(n30M5g5”) = L(m,30™ 1) = Lim,10™17) = 0 (mod 10™) = 0 (mod 107),
where 7 <i<m; b7 = kit T —m, 17 =3my; 1 = 5/mgb",
2 20AMn36) = 5/AlnA4b) = 0 (mod 107).
Property 5. (a) Liz+k+j Al2,3,d)) = Alz+k+]3)
(b) Liz+k+], Alz4d)) = Alz +k +4),

where d = 027105 o' = 057105, 1 < k < z9jkzelt.

Proof. . .
Alz+k+3) = Alz +k+[3) = (10% + Alz3))xxd = ( 9, ) 10%x2Alz3,d - 2)

1052 ofd - 1)10%x2 Al2,3,d - 2)

i

(42, ) 10%xA (230~ 1)+ Alz.3,)

+ 10X 290107 A(2,3,d = 1)+ Alz,3,d) = 10771, + 107K (21 Al2,3,d — 1))12+ Al2,3,d),

since 2z + k >z + k + j and min [z} = j so by Property 4, 2jA/z,3,d— 7)=0{(mod 70j) therefore, Z/A(z,.’;’,d— 7)=
707 1. Hence, ‘
Alz+k+j3) = 0+0+A(23d) = L(z+k+jA(z,3d) (mod 10777 ),

Thus, Alz+k+j3) = L{z+k+]A(z34d)).
Also,

Alz+k+d) = Alz +k +j4d") = (1Fx+AZANsd = 0+0+40+ Mg———f’_“ 10752 4004, 2)
+ 10K 51107 xAlz 4,0~ 1)+ Alz dd) = 1072451+ 1077 (51 A(2,4,0" = 1))I1 + Alz4,0)
and by using Property 4 and 2z + k > z + k + j get -
Alz+k+jd) = Alz4d) = Llz+k+], Alz4d"))  (mod 107K}

Thus, Afz +k+j4) = Lz +k +] Alz4.d°))

Note that by placing /= 0,7 in each of these yields Properties 2(a) and 3(a). Property 6 is thus an extension of the
(a) parts of 2 and 3 made possible by using 4. [For the first part of 2 you must restrict further replacing all positive
integers ¢ by only the odd integers 22 + 1.1

Notation. 7(a,b/ is the ath digit from the end of the nonnegative integer b, F(b/ is the first digit of 5.

Property 6. L(7,2 nx + T(z + 1,A(2,4,2n)) = x, where x = F(A(z + 1,4)} and nz € 1" = T(z + 1Az + 1,4)).

Proof, Alz+ 1,4) = Afz+1,42n) = (10°x + A(z,4))x<2n = 0+ 0+ -+ 0+2n10°xA(z,4,2n — 1} + Alz,4,2n)
since 2z >z + 1 = 10°xn2(—-6) + Alz,42n) = 2xn107 + Alz,4,2n) = L(z + 1,2xn10% + A(z2,4,2n))
= 10°T(z + 1,2xn10% + Alz,4.2n}) + L{z,2xn10% + Afz,42n)) = 10°T(z + 1,2 xn10% + A(z,4,2n)
+L(z,Alz,4,2n)) = 10°T(z + 1,2 xn10% + A(z,4,2n)) + L(z,A(z,4))
= 107 T(z + 1,2xn 107 + A(z,4,2n)) + A (z,4)
FlA(z+1,4) = Tlz+ 1A(z+1,4)) = Tlz+1,10°T(z + 1,2xn10% + Alz,4,2n) + Alz,4}))
T(z+1,10°T(z + 1,2xn10% + A(z,4.2n)) + T(z + LA(2,4))} = T(z + 1,107 T(z + 1,2xn 107

+Alz4,2n)}} = Tlz + 1,2xn107 + A(z,4,2n)) = T(z + 1,10°2nT(z + 1,Alz + 1,4)) + Alz,4,2n)
Tlz+1,T(z+1A(z+ 1,4))10°2n + Tlz + 1,A(2,4,2n))) = L(2nT(z + 1,Alz + 1,4)) + Tlz + 1,Alz,4,2n))
L2nF(A(z + 1,4)) + Tlz + 1,A(2,4,2n))) = FlA(z + 14)})

%
]

i}
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replacing & for 2 in the above argument:
Property 6 (extended).
LIL(EL(Kk))nx + T(z + 1,A(z,4,kn))) = x,
where x = F(A(z + 1,4)) and

L6Lik)) = 4 1 if k=i (mod5), i=0,2 4 (even)
V5+i if k=i (mod5), i=1,3 (odd)
Note: Lk) =0,1,2345,6,7 8 org, L(6L(k)) = 0,6,2 8 40,6,2 8 or4
using k from 1 to 9 consecutively.
It is easy to see further that:
Property 6 (extended further).  L(L(6L(k)L(n))x + T(z + 1,A(z,4,kn)) = x,
where x = F(A(z + 1,4)) and
LIGL(KIL(n)) = L(6L(kn)) = { P kn =i (mod5) i=0,24
U5+ if kn =7 (mod 5), i=13
Property 6 (final). Liax + T(z+ 1,A(z,4,m)) = x,
h = F(A(z + 1,4)) and
where x = F(A(z + 14)] 8 a = L(6L(ag)Llag) ~Llag)) = L(6L(m)}i  for m = ajagag —ak
a=) i if m=1(mod5)i=u24
V5+/ if m=i(mod5) i=1,3

Property 7. L(L(5L(k))nx + T(z + 1,A(z,3,kn}))) = x,

wherex = F(A(z + 1,3)) and kn,z € /T and
L(5L(k)) = 5i,
where k=7 (mod2) and i=0o0r1.
Proof.
Alz+1,3) = Alz +1,3,kn) = (10°x + A(z,3)*xkn = kn(10%x)A(z,3,kn — 1) + A(z,3,kn) = knx10%(---5)
+Alz,3,kn) = 5L(kinx10% +A(2,3,kn) = L(5L(k))nx107 + A(z,3,kn)
= L(z+ 1,L(5L(k)Inx10% + A(z,3,kn)) = 10°T(z + 1,L(5L(k)Inx107 + A(z,3,kn))
+ L(z,L(5L(k))nx 107 + A(z,3,kn)).
Leta=L(5L(k)). Then L(zanx10% +A(z34n)) = L(z, A(z,3,kn)) = A(z,3) so
Alz+1,3) = 10°T(z + 1,anx 107 + A(z,3,kn)) + A(z,3).
Therefore
x=F(Alz+13))=T(z+1,A(z+1,3)) = T(z + 1,10 T(z + 1,anx10% + A(z,3,kn)) + Alz,3))
= Tfz + 1,10°T(z + 1,anx 107 + A(z,3,kn)) = T(z + 1,anx10% + A(z,3,kn)) = T(z + 1,a10°nF(A(z + 1,3)) + Alz,3,kn))
=T(z+1,10%anT(z + 1,A(z + 1,3)) + A(z2,3,kn)) = T(z + 1,10%anT(z + 1,A(z + 1,3)) + T(z + 1,A(2,3,kn)))
L(anT(z+ 1,A(z+1,3)) + T(z + 1,A(z,3,kn)) = L(anF(A(z+ 1,3)) + T(z + 1,A(z,3,kn))
Llanx + T(z + 1,A(z,3,kn))) = L(L(5L(k)Inx + T(z + 1,A(2,3,kn)))
[all congruences are modulo 10%*7] and
L(k) =012 345,67 8 or, L(5L(k)) = 0,50 50 5,0 5 0 0r5.

1}

= L(5L(k)) = 5i, where k= (mod2)

and / = Qor 1
Clearly, essentially repeating all steps for the generalized constant a2 we have
Property 7 (extended). Liax +T(z + 1,A(z3m))) = x = FlAlz +1,3)),

where
amz e If, m=ajas-ayx, a= L(5L(ag)L(as)--Llax)) = L(5L(m)),
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and

:fl) if m iseven =J,(0 if every a; (7 <i<k) isodd

2 | 5 if m isodd { 5 ifatleastonea; (7</i<k) iseven

Property 8 A(n,3) = A(i,32/ " m) (mod 10/), A(n,4) = A(i,4,5/ m) (mod 107),
Alj3) = A6,3,2™m) (mod 107),  A(j,4) = Al;4,5" " m) (mod 107),
where 7 <j<n. )
Proof. Letz=/, j=n—j k=0, ¢ =minProperty 5(a); then L(n,A(i3,2" " 'm) = Aln,3). So
. Aln,3) = Ali3,2""m) (mod 10")
forall n. In particular, A(j3) = A(i,3,2""'m) (mod 107), but A(n,3) = A(,3) (mod 107), Thus

Aln,3) = Ali,3,27m) (mod 107) and  A(},3) = A(i,3,2""'m) (mod 107),
where 7 </ <n. ) )
Likewise, using Property 5(b) we get A(n,4) = L(n,A(i45""'m). So A(n,4)=Ali,4,5""'m) (mod 10" ). Thus
Aln4) = A,357m) (mod 107) and  A(i45"m) = A(j4) (mod 107),
where 7 <j<n.

Property 9. (a) T(z+1,A(z+1,3))+T(z+1,A(z+1,4)) = 9
4
(b) D Alzi) = 107 +2
=1
(c) Alz,3)+Alz,4) = 107 + 1
(d) Alz,3)+Alz,4) = 10°+Alz,1) +Alz,2)
(e) Alz,3) +A(z4) = Alz, 1) +A(z,2) = 1 (mod 10%).

Uncompleted Proof. /F we assume for the moment that 9(a) is true then it is easy to show the rest. (I know 9(a) is
true at least for z = 7, 2, .-, 77 because of direct calculation but can’t prove it in general. Can the reader?) For we
know that L(1,A(z,3)) + L(1,A(z,4)) = 5+ 6= 11 and that A(z,1) = 0 and A(2,2) = 1 for all z. So for'z = 7 we have

Alz,3)+A(z4) = A(1,3)+A(1,4) = 5+6 = 11 = 107 +1 = 107 +1.
So (c) is true at least for z = 7. Now, assume (c) true for k — 7, then
Al2,3)+Alz4) = 107 T(z,Al(2,3)) + Llz = 1,A(2,3)) + 107 T(z,Alz,4)) + L(z — 1,A(z,4))
1071 (T(2,A(2,3)) + T(z,A(2,4))) + L(z — 1,A(z,3)) + L(z — 1,A(z,4))
= 10771(9) +Alz = 1,3) + Alz — 1,4) = 10777 (9)+ 107" +7 = 107 +1
s0 if (c) is true for z — 7 then it is true for z and so by induction we get (c): A(z,3) +A(z,4) = 10°+1 z< /T but,

Alz1)=0 and A(z2)=1 so
4
D Alzi) = Alz,1)+Al2,2) + Al2,3) + Alz4) = 0+1+107+1 = 107 +2,
i=1
which is (b). Also since A(z,7) + A(z,2) = 1, Alz,3) +Alz,4) = 107 +1 = 107 + Alz,1) + Alz,2) s0 A(z,3) + Alz,4)
=A(z1)+A(z2) = 1 mod (107), which are (d) and (e).
The largest order |'ve calculated is:

A1z = i 000000000000, 000000000007, 918212890625, 081787109376 } .

n

n

Note that:
Al12,1)+A(12,2) +A(12.3) + A(12,4) = 0+ 1+918212890625 + 81787109376 = 1072 +2
and
T(12,A(12,3) + T(12A(124)) = 9+0 = 9 and T(i+ 1L,A(123) +T(i+ 1,A(124)) = 9 i= 12, 11
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which means Property 9 is true for at least order 12. (Concluding Property 9 true for the 12" order concludes it true
for all lower orders.)
For minimum effort in finding further orders use:

L(z+1,A(z32)) = Alz+1,3) and L(2x+T(z+1A(z42)) = x = T(z+ 1,A(z+1,4)) = FlA(z +1,4)).

These are restrictions of Property 5 and 6, respectively. If | could prove Property 9, | could cut the work in half cal-
culating only the first of these. Each succeeding calculation of higher orders checks the lower ones. Further casting
out of nine’s and casting out of eleven’s are enormously timesaving checks which can be used on both the total prod-
uct and the partial products. Calculate only one of Classes 3 and 4 (Classes 1 and 2 are completely determined) then
use Property 9 and obtain easily the assumed, but unproved, value of the other. If the assumed value is true to the
appropriate of the two given equations, then all lower orders are found and proved true PLUS you at the same time
find and prove the next order of that class. You can now keep raising the order as long as you like and then repeat
the above process saving more time the longer you wait to repeat. (That is, as long as Property 9 does continue to
hold true—a high probability—you save. At any rate, you haven’t lost anything if it doesn’t work but you will have
practically halved the time if it does—and for large digits, believe me, it helps!!!) This method to a large extent, but
not quite, makes up for the lack of a solid proof of Property 9 for the particular problem of building up orders.

2. APPLICATIONS OF EMIE

Observe from the table below the repetitive sequence (listed to the left) of the last digits of a finite subset of the
set of nonnegative integers to all positive intearal powers. The bar means “‘repeated.”

X X2 X3 X4 X5 X6

1 1 1 1 1 1 1
2,4.8,6 2 4 8 16 32 64
39,71 3 9 27 81 243 729
46 4 16 64 256 1024 4096

5 5 25 125 625 3125 15625

6 6 36 216 1296 7776 46656
79,31 7 49 343 2401 16807 117649
84,26 8 64 512 4096 32768 262144
9.1 9 81 729 6561 59049 531441

0 10 100 1000 10000 100000 1000000

1 11 121 1331 14641 161051 1771561
24,86 12 144 1728 20736 248831 2985984
39,71 13 169 2197 28561 371293 4826809

Obviously, by knowing recursively the last digit for all X7, where x € {0,1,2,3,4,5,6,7,8,9} you can determine

all the last digits of all y”, where y € /7 U { 0 } and n €/*, Noting that column 5 repeats 1, 6 repeats 2, and so
on, it is logical to induce that the last digit of the positive integral powers of the nonnegative integers repeat every 4
powers. 0,1,5, and 6 repeat every time with themselves because they are EMIE of order one. 4 and 9 repeat every two
times on EMIE’s of 6 and 1, respectively. 2,3,7 and 8 repeat every four times on EMIE's of 6,1,1,6, respectively. |
shall now state and prove this induction aided by the EMIE background. Let L(7,a) = L(a).

Last Digit Property (LDP). XM — 1 (y™) (mod 10),
where

x =(10a+y);, me {1,2,3,4},' axdn+m e 1t and y = *} 0,1,23,4,506,7,8,9 }

Proof: XM = XM = (108 +y)*" (108 +y)T = y Ty

but y=0,1,2,.3 4567801950 y=0,+1,22,+45 soy? = 0,1,6 1,6 or s € A(7). Therefore,

y4nym = y4ym = yL(y4ym—1) = yL(y4)L(ym'7)
But

yL(y4) = @.0,1-1,2-6,3-1,4:6,5-5,6-6,7-1,8-6,9-1 = 0,1,2,3,4,56,7,89 = y.
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So continuing from above,
x5 = i y™ ) = Liy)Lly™ ") = Lly™) (mod 10)

Having proved LDP, it is only natural that one wonder whether there exists a similar theorem for the last z digits,
where z is a positive integer greater than or equal to two. Consider first the case of the last two digits and the num-
ber 2. (We shall use LzDPa to mean the Last z Digit Property of powers of a.)

76 if n>1and m=0
L2DP2 220m*m — {52 it n>1and m=1 (mod 70°)
L(22™) otherwise,
where m € {7,2, 20} , ne I,

Proof. 220 = (279)2 = (1024)2 = 242 = 76 = A(2.4) (mod 10%) so for n >
220m*m _ 12201 ,m _ 760 9m _ 76,9 = 75.9™ 4 2 = L(2,2’") (mod 102),

wherem #0,1; ifm=0andn > 1, 2207 = 75.294 0= 76: itm=1and n > 1, 220" = 75.27 + 27 = 52
if n =0, 2200%M = 2M — | (2 2M) (mod 102).

L2DP3 3200*m _ 5 (23M)  (mod 102) .

Proof.
320 = (33189 = (27/69 = (29)39 = (41)(29)(9) = (41)(61) = (41)(-39) = ~(40° - 1) = ~40% + 1 =01 (mod 10%);

. 320ntm _ (3207 am) _ (p7)n(3m) = 3M = [(23™M) (mod 102)

if n > 1; obvious if n = 0.

L2DPa 47004m _ f76 it n>1 and m=0 (mod 10°)

\ L(2,4™) otherwise .

Proof 470 = 220 _ 76 (mod 102).
Therefore, if n > 1, m #0,
q70ntm _ zengm _ 76.4™M = 75.4M + 4™ = [(24™) (mod 102);

410n+m _ gm _ L(24™) (mod 702),'
470n+m = (4 70}” = 76" = 76 (mod 702}-

if n=20,
if n>1and m=10,

L2DP5 { 22 Z , (mod 10%).
Proof. 52=25,' ifn=2
= 5"252 = (25.5)5"3 = 25.5"3 = .. = 25.5""1) _ 25 (mod 102);

ifn=15"= 5’ = 5 (mod 102).
Another way: 520 = (52)7 = (25)7 = 25 5271 —5.25=25 for nel* 57 =5 (mod 102).
76 if n>1 and m=0

L2DP6 657*m — ! 56 i n>1 and m=1 (mod 702/
L(26M) otherwxse
Proof. 65 = (16)(36) = 262 - 10% = 76 ;

if m#0,1 and n>1,
657*M = 76"6™M = 76.6™ = 75.6™ + 6™

il

L(26™);
if m=0and n>17,
55n+m = (76)" = 76,
itm=1, n>1,
657*M = 76".6 = 76-6 = 56,

it n=0, 657 = 1(2,6™),

Since the proofs that follow immediately hereafter are completely analogous to the preceding ones, | will leave
them to the reader and merely state the results for reference. (I present them here even though | am also going to dis-
cuss a general last two digit property because we can in general get much more information about specific bases than
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we can about all bases. Also, it is illustrative in getting a good grasp to look back to the analogous occurrence in LDP
and the material just preceding.)

L2DP7 740*M — (2 7M) (mod 102).
L2DP8 820n+m - { 76 if m=0,n>1 (mod 702).
L(2.8™) otherwise
L2DP9 970n*m — 1 (29™) (mod 102).
10 if n=1
P10 n= 2
L2DP1 10 { 00 otherwise (M7 10%) .
L20P11 11700 M — 1 (2.11™) (mod 10%).
76 if n>1andm=0
L2DP12 1220n#m _ | 2),
| L(2,12™) otherwise fmod 167
L2DP13 13200*M — 1 (2.13™)  (mod 10%).
6 it m=0,n>1
L2DP14 14700*m _ 64 if m=1,n>1 (mod 10%).

L(2,14™) otherwise

| now hazard my best guesses as to the general L2P and LzP. These guesses come from knowledge of the above
stated results when the base is known and from the fact that having studied a moderately sized table | ‘have found no
contradictions as yet. | have found much affirmation at least for the concepts which lie at the heart of the property
(that in L2P we see repetition every 20 powers and in LzP we see it every 4.5%"1 powers). The particular side condi-
tions are more questionable. | present my guesses as an aid to those who want to research my guess and perhaps find
a solution. | present incomplete proofs in order to illustrate where in the proof | make assumptions | cannot prove.
Even so, | hope you will find them stimulating if only in providing the direction your approach should or could take.

L2P x20n#m _  4-5'n+m _ side conditions (mod 102).

= { L(2y™) otherwise
where plausible side conditions might be:

76 if 2|x, m=0 n=>1
50+y if 2|x, 4 m=1n>1
and x = (100a +y).
me §1,2,3,-,20}, ax20+tmelt, ye 10,1,2,-,91=4.
Incomplete Proof. /F we ignore side conditions and /F we assume y20 is EMIE of order 2 forally e { 0,1,-,99 } .
(We know this is true for y < 14. Anyone for computing the last 85 so we can discard this assumption? If you take

this approach, you can get L2D but try using it for L3D where y takes on 1000 values and so on. Eventually you
will have to stop. You will have gained some ground, but hopefully there is an easier way. | think so.) Now

x201HM _ (1005 + y)20n*m <, 200Fm _ (,20)0 m _ 6,20, m _ 4 (5,20),m = | (2,™) (mod 10°).

The last step can be made since we know what EMIE’s of order 2 are and what they do when multiplied by any of
all possible last 2 digits configurations. This is an exercise in computation that | will not present here.
The following property is presented on an even less sound basis than the previous one (L2P):

LP X4.5z‘7,,+m j side conditions
. _

V4
“ ) Llzy™) otherwise (mod 10°)

where plausible side conditions might be
Alz4) it m=0n>1 2|x
5107 +y it m=1,n>1 2|x 4k

and x = (10%a+y)
m= 41,23-,45""} ax45"Themert, yel01,23-,10°-1{=H".

incomplete Proof. /F we ignore side conditions, and /F we assume y4'5z_7 is EMIE of order z for all y € H’, then

H5NTm - .5z-1 5z~1 1 52~
X45 :(7023+y)**4.52 1ﬂ+m§y4 52 n+m=(y4 5z 1) ymEL(z,y4 52 I}VmEl.(Z,ym) (mod 702)
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(The last step would have to also be shown. For any particular value of z we can do a lot of computation as noted

in L2P above. However, | hope there is an easier way.)
| leave you at this open-ended point. | feel there is a lot of room for more research in both theory and applications

of EMIE. | append some numerical examples.
APPENDIX

EXAMPLES
228 = 56°4%4 _ 2% _ ¢ (mod 10)

12107 = 225441 _ 21 = 2 (mod 10)
36‘,487,6.9736’766’542 = 79797635(4)+2 = 72 =9 (mod 10)
2485737653 — 5137653 _ 5 (mod 10)

1927 = 954*7 = 97 = 9 (mod 10)

2148 = 236°4*4 _ 2% — 6 (mod 10)

31081 _ 320(54)+1 _ 31 _ g3 (mod 102)

4851085 _ g5100(10)485 _ 0585 _ 57542 g5 — 62521.85 = 625.85 = 125 (mod 10°)

10101010 3
2 376 (mod 10%)
= 081787109376 (mod 1072)

= A(1010" +7,4) (mod 1011019 +1))

IR

7

6
54°° = 0625 (mod 10%)
918212890625 (mod 1072)
= A(2(56") - 1,3) (mad 102(5® =),

i

Fekolootokk



LETTER TO THE EDITOR
February 15, 1974

Dear Dr. Hoggatt:

| have discovered the theorem below and was advised to forward it to you as being the most suitable publisher,
should it turn out to be original,
Consider the function

2n+-1) ("7 _5

4 L
Foln) = 1+ > 5(’4\’“5' (n-j)

=1 l 2 } =i+t

s

We make the convention that £, (7)=1 forall x.
Itiseasily established that for all ¢ the coefficient of x (A=1)
gives the coefficient of x™ in F,(n +2), and thus we have:

xFx(n)+ Fyln+1) = Fyln+2).

in Fy(n) added to the coefficient of x™ in F,(n+1)

F1(n) is the Fibonacci series.
Theorem. Any prime factor of F,(P), where P is prime,is congruent to # 7 or 0 (mod P). (We assume P #2 since
if P=2 the theorem is trivial.)

Lewmma 1. Forany ¢,
(e+1)e+2)- (20) = (2)(6) - (40— 2).
This is easily proved by induction.
Lemma 2. The coefficient of x% in F,(p) is congruent to the coefficient of x¥ in the binomial expansion of
( p-1
p+1 2
{x+ ( 7 )J (mod p),

where p is prime, and p #2.
Since p#2, p is odd and Fy(p) is of order

_q)ptT _ -
2ﬂ+(7; 3:<p27> in x

From Lemma 1 we have

(e+1)(e+2) - (20) _ (2)(6) - (42—2)
e/

ef
Thus (;7_:1>(L-_7_7>...{u_(g2_7})
p=lot 1))p=(0+2)) (p=20) _(20-202p-6) -~ (2p-149-2) o\ 2 J\ 2 _) | 2
o o o
(mod p). But

(-2)
2 = (2%1 ) (mod p)

and by Fermat's Theorem

(p-1)
( ptl ) =1 (mod p),

171
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moreover
(%
(:”—:——7 ) =1 (mod p)
since
p-1
+1 ( 2 )
( 2-4— ) = —1 (mod p)
would imply (p-1 h
el Ip
(1) 2 ‘=4( 2')5—7 (mod p)
4 .
or

7-p '

4(p_1—(7)) = —17 (mod p),

applying Fermat's thearem again, and this gives
20=1) = _1 (mod p)
which is absurd since p #2. Thus
(55

= (“L’f—’) 2 (mod p),

and so:

(5! (225 -o) (252 o)

(p—(2+1)(p—(2+2))(p—2¢) _ ( pt1
of 4

of
(mod p) which is equivalent to the lemma.

Lemma 3. F,(p) = +1 or 0 (mod p), where p isprimeand p #2.
From Lemma 2, it follows that ,
o-
(%)

Fy(p) = ( X+‘a—§—1‘) (mod p).

Thus by Fermat’s theorem, either
X = —(L’LZ ) mod p
in which case F,(p)=0 (mod p), or
{Fx(p}}z—l =0 (mod p)
in which case Fy(p)=+1 (mod p).
Lemma 4. {Fuln)}2 - {Fuln=1)} {Feln+1)} = —x™=1) forall n.
This is easily proved by induction on n using the relationship
xFy(n)+Fyln+1) = Fyln+2).
Lemma 5. When x # 0 (mod p), at least one of F, (p), F(p—1), Fx(p+1) iscongruentto 0 (mod p),
where p isprime and p #2.
It follows from Lemma 4, using Fermat's theorem, that
{Futo)}2 = { Fulp =11} - {Fxtp+1) } = 1 (mod p).
Thus if F,(p) #0 (mod p), by Lemma 3,
{Fx(p)}Z =1 (mod p)

{ Fxlo = 1)}{ Fxlp+ 1)} = 0 (mod p),

in which case

and the lemma follows.
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Now if x =0 (mod p), Fyln)=1(mod p) forall n, by the definition of F,(n).

If x £ 0 (mod p), from Lemma 5 there exists a number a such that F(a) = 0 (mod p), we assume that a is the
least such number, and @ > 7 since F, (7) = 7 for all x. It can be shown inductively that F, (n +a) = sFx(n) (mod p)
forall n, where s = F, (a+ 1) (mod p), and s £ 0 since s = 0 would imply Fy (a— 7)=0{mod p). Then if F(r)= 0
{mod p), there exists r” such that

r=r(modal, 0<r <a, and Fy(r)= 0 (modp).

By the definition of @, r” < a is absurd, therefore r’= a.
Let P be prime and p a prime factor of F,(P). Then

FylP) = 0 (modp) and x #0 (modp)
since, if x= 0 (modp), Fx(n) = 1 (mod p) forall n.
Thus P = 0 (mod a) and since P is prime, P=a. Let p” beeither p, p— 7, orp + 7, such that

Fy(p?) = 0 (mod p)

(from Lemma 3). Then p” is an integral multiple of P and the theorem follows.
| mentioned this result to Dr. P.M. Lee of York University and he has pointed out to me that Lemma 3 can be de-
rived from H. Siebeck’s work on recurring series (L.E. Dickson, History of the Theory of Numbers, p. 394f). Acol-
league of his has also discovered a non-elementary proof of the above theorem. . .
| am myself only an amateur mathematician, so | would ask you to excuse any resulting awkwardnesses in my pre-
sentation of this theorem and proof.
Yours faithfully,
Alexander G. Abercrombie
[Continued from Page 146.] Yololodolok

There is room for considerable work regarding possible lengths of periods. For various values of p and ¢ we found
periods of lengths: 1, 2, 8,9, 17, 25, 33, 35, 42, 43, 61, 69.
GENERALIZED PERIODS
For various sequence types, it is possible to arrive at generalized periods. Some examples are the following.
,p—1):20-2,20-3,2p-320—-2,2p,2p +2,2p + 3, 2p + 2, 2p, where p is large enough to make all quan-
tities positive.
(osp): 2p,20+2,2p, 20+ 1,20 — 1,20, 20 — 1, 2p + 1, where p >2.
p—-1,20+1,2p—12p+2, 2p,20+3 20, 2p +2, where p>2 and many others.
(p+1,p):2p0—1,20,20+2,20+4,2p+5,20+4,2p +2,2p, 20 — 1 fpr p > 3. (Period of length 9)
2p,2p+1,2p+52p+52p+5 2p+1,20,2p~3,2p~1,2p—1,2p+4,2p+4,2p+7,2p +3,
p+2,20—-32p—-220-32p+2,20+3,20+8,2p+7,20+4, 20 +4,2p - 1,20~ 1,2p -3,
for p > 24 (Reriod of length 26), and many others.
A schematic method was used which made the work of arriving at these results somewhat less laborious.
NON-PERIODIC SEQUENCES
In studying the sequences (3,4), non-periodic sequences of a quasi-periodic type were found. They have the pecul-
iar property that alternate terms form a regular pattern in groups of four, while the intermediate terms between these
pattern terms become unbounded. This situation arises in sequences (p,g) for which g is greater than p.

As an example of such a non-periodic sequence in the case (4,7) the sequence beginning with 1,3,4, follows:
1,3, 4,37,59, 124, 25, 17, 2,6, 3, 27, 22, 93, 20, 34, 3, 13, 3, 35, 13, 99, 14, 58, 4, 31, 3, 68, 9, 148, 12, 121, 4,
72, 3,129, 8, 312, 11, 279, 4, 179, 3, 317, 8, 751, 10, 663, 4, 466, 3, 819, 8, 1922, 10, 1687, 4, 1183, 3, 2074, 8,
4850, 10, 4249, 4, 2976, 3, 5211, 8, 12170, 10, ---.

Note the regular periodicidity of 3,8,10,4 with the sets of intermediate terms increasing as the sequence progresses.
The various types of non-periodic sequence for (4,7) are:

[Continued on Page 184.]



SIGNED 5-ADIC PARTITIONS

JAMES M. MANN
Louisiana State University, New Orleans, Louisiana 70122

INTRODUCTION

The common type of partition problem can be stated as follows: let S c A, given n =/, how many ways can we
write n=s7+s9+--+5, si<S? For instance, § might be the squares or the cubes, K might be fixed or not.
. This paper considers the question: given 5, how many ways can we write 71 =ag +azbh + agbz +otaph™, aj e
i 01-12-2 -,b—11-5%7 An algorithm is derived to answer this question. This algorithm produces for
each n a tree, for which questions of height and width are answered.

1. THE DECOMPOSITION ALGORITHM

1.1 Definition. Let & > 1 be fixed. A k-decomposition of n, k > 0, is a partition of n of theformn=ap+asb +
32b2 + o+ apb™, where each a; € {0, ,-1,2-2-,b—-11~-bh } and a; #0 for exactly k values of i, A de-
composition of n is a k-decomposition of n for some (unspecified) 4.

The number of k-decompositions of n will be denoted Ry (n). Clearly Rx(~n) = Ri(n), so WLOG we shall assume
thatn = 0.

1.2 ‘Theorem.

(a) Ry fbn) = Ryfn)

(b) fn=a (modb), a#0 andif k> 1, then

Ryln) = Hk_7'(n —al+By-yln—a+b)

7 it n=ab! forsomej> 171, some O<a<bh
g =4 ; ,

fe) 7(n) 1 0 if n#ab’ forany j, any a

(d) Ri(0) = 0 forall &

{e) If 0<a<b, then Refa)=1 forall k

Proof.

(a) Given any k-decompaosition of 7, multiplying the expression by & produces a k-decomposition of bn. S0 Ry (bn)
> Ry (n). Given any k-decompasition of bn, bn =ag +a; b + 32b2 + - tamh'™, clearly b|ag, so ag= 0 Di-
viding the expression by & produces a k-decomposition of 7. So R (n) = Ry (bn).

{b) Let n = a {mod b). Consider any k-decomposition of n, n=ap +azh+ - +amb™. n =ap (mod b); hence a =
a, (mod b). Thus eithera = ag or a = ag + b. That is, the first term of the decomposition is eithera ora — 4. The re—
maining k — 7 terms then are a (k—7)-decompaosition of n —a or of n — {a — b), respectively,

(c) Immediate from the definition,

{d) Assume false. Then for same & there is at least one k-decomposition of 0, 0= ap +asb + - +a,,6™. Place the
terms with a; < 0 on the left side of the expression. Then some integer has two distinet representations in base 5—
contradiction.

(e} Bifa) = Ryg-yla—a)+ By_y(a—a+bh) by part (b).

O+ Rp-7(1) by parts (d) and (a)

= Ryl —1)+Rp_o(1—1+8) = 0+Ry_o(1)
= Re(1)

1 by part (c).

]

Il

i
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This theorem enables us quickly to find Rg(n). Moreover, unwinding the algorithm, we can find the &-
decompositions.
Example 1. Let b = 4

R5(3) = R4(0)+Rq(4) = 0+ Ry(1) = R3(0)+ R3(4) = R3(1) = R2(0)+R2(4) = Ra(1)
= R1(0)+R1(4) = 1,

a result we know already. Unwinding the algorithm,
4=4 1=-3+4 4=-12+16 1=-3-12+16, 4 = —12—-48+64,
1=-3-12-48+64 4= —12-48-192+256,
= —1—-12-48-192+256 = —1 - 3-4-3-42_3.4%+ 1.4%

The pattern is clear, so from now on we shall use part (e) of the theorem and stop the algorithm whenever the argu-
ment 17 isless than 5. Moreaver, because of part (a), we shall consider only » such that & does not divide .
Example 2. Let H=3

R,(17)=R,(15)+ R,(18)= R,(5) + R,(2) = R,(3)+ R,(6) + R,(2)= R,(1) + R,(2) + R,(2)=1+1+1 = 3

Unwinding,

1=-2+3 2=-1+3 2=~-1-6+9
3=—-6+9 6=-3+9 18 = —-9-54+81
5=2-6+9 5=—-71-3+9 17 = —1-9-54+81
15 =6-18+27 15 = -3-9+27

17 =2+6—18+27 177=2-3-9+27

=2+2.3-2.3*+1.3°
Example 3. Let b = 2

Ry(11) = R,(10) +R,(12) = R,(5)+R,(3)

R.(4)+R (6)+R (2)+R, (4) = 1+0+1+1 = 3.

Unwinding,
4 =4 2=2 4 =4
=71+4 3=1+2 3 =-1+4
0 =2+8 12 =4+8 12=—-4+16

11 =1+2+8 11 = —-1+4+8 11=—-1-4+16
1.3. Each time & decreases by one, each term R, ( <) splits into at most two terms Ax.7( ) In completing the algo-
rithm, there are kK — 7 such steps. Hence Ry (n) < 2%7 < 2K for all n. We have the well known result
Theorem. {4 : /=0, 1,2, -} isa Sidon set. (See [2], pp. 124, 127.)
1.4Lemma. lfn=a, +a,b +a,hb* + -+ a,bh™ is any decomposition of 1, a,, #0, then a,,, > 0.
Proof. Ifa, <0, then

m-1 ) m~1 )
n=2 ab' tamh™ < (1" =b" = bT = 1" = —1
j=0 i=0

—a contradiction.
1.5 Definition. A k-decomposition of n is basic if (@) a,,, > 1, or if (b) a,_7 > 0 (or both).
Theorem. Let b"~7 < n <b". Then for any basic decompoaosition of n,

(@) i>h=a=20
(b) 0 <ap <1
(c) If ap =0 then ap-7 > 0

(d) If ap, = 7, then ap_7 = 0; and if a;b’ is the last non-zero term before a,,b’7 ,then a; < 0.
B‘oof. (a) By the lemma above, if a,,, 4" is the last non-zero term, a,;, > 0. Assume m > A.
Case 1. a,, > 1. Then
m m=1 .
n=y ap’ =Y (16" +26™ = p"+1 > b"
=0 =0
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—a contradiction.
Case 2. a,,=1 and a7 = 0. Then
m-2 )
n= 3 (1-b 0™+ p™ = 10T = 1) > 14 5™ 574 b0
=0

—a contradiction.

(b) By part {a), there are no terms in the decomposition after ahbh, so an > 0. Assumeap > 1. Then

h-1
n> Y (1-bjp'+ 24" = 145"
=0

—a contradiction.

{c) If a, = 0, then there are no terms afterah_1bh_7, s0ap-7> 0. Assumeap-7 =0. Then

h~2 .
n< D -1 =p"" g
=0

—a contradiction.

(d) If ap, = 1, then by the definition of a basic decomposition ap_7 > 0. Assume ap_7 > 0. Then

h-2
n > 3 (1-bb"+ 16"+ 16" = 14"
i=0
—a contradiction. The same reasoning shows that if the next to last non-zero coefficientisaj, / < 5, then a; <0.
Corollary. Let it <n< bh, and let k > h. Then no k-decomposition of n is basic.
Proof. Every basic decomposition of n ends with ah_7bh_7 or with ah_zbh'z +0-6"1+ 16" In either case

there are at most # non-zero terms in the sum.

1.6 Theorem. Starting with Ry (a), 0 < a < b, the unwinding of the algorithm produces a basic decomposition of n
iffk=1

Proof. Start with a k-decomposition of a.

Case 1. k = 7. The reverse algorithm starts: x; = 4, then x = ab”, p > 1; thenxz = ab” + 2"

Case 1a.2 > 7 orp >'1. Then a’can be any integer such that 0 < |a’| < &.

Case th.a=p=1 Thenxz=5h+a" Ifa’ <0 x3 < h. But the forward algorithm stops as soon as the argument is
less than 5. So a” > 0. In either case there is a basic 2-decomposition of x3. The next step is to multiply by 49 for
some g > 1. Clearly the resulting 2-decomposition is basic. Then add 2”; the new 3-decompaosition is still basic. Con-
tinue until a basic decomposition of n is reached.

Case 2. k > 1. By the corollary above, sincea < b 7, no k-decomposition of a is basic. That is, the reverse algorithm
starts

, a=agtah+tamqg b 5™,
with ap,-7 < 0. Multiplying by 5° produces a non-basic k-decomposition. Then adding a” gives a non-basic (k+7)-

decomposition. Continue, ending with a non-basic decomposition of n.
1.7 Definition. Let B (n/ be the number of basic k-decompositions of 2. Let

Bln) = 3 Bkln).

k=1

Remark. Sincen <b” k>h— By (n) = 0 {corollary above), the sum is only finite,

Theorem, 1f 677 < p < 6" k> h, then Ry (n) = Rp(n) = Bln); and Bln) < 21,

Prooﬁ If kK > h, no k-decompaosition of n is basic. Thus the algorithm goes all the way: every end term is of the
form Rsfa), 0 < a < b, s > 1. Once all the a < b appear, no more decompasitions can appear. Each basic decomposi-
tion occurs from unwinding each 2 ;(a/, choaosing & < / so that s =7 when the a first appears. The inequality is from
1.3.
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2. THECASE 6=2

From the algorithm, we see that if neither » nor n + 7 is divisible by 5, then their k~-decompasitions differ only in
the first term. Therefore, for simplification we shall assume that 5 = 2, unless specifically stated otherwise. Of course,
we restrict n to be odd.

2.1 By the algorithm, Rg(n) = Rg-7ln = 1)+ Ry—y(n + 7). Letn —1=2Pxandn + 1= 2%, x and y odd. Note
that min (p,q) = 1 and that max (p,q) > 2, asn — 1 and n + 7 are consecutive even integers.

Befinition. Given x, y .odd, if there exists an (odd) » such that Ri(n) = R_q(x) + Re-1(y), writex =y =n, I
no such n exists, then x * y is undefined.

Remark. By the uniqueness of the algorithm,

{a) x *y =y *x if either exists, and

(b) X*y =uxy = {xy¢ = {uv}

2.2 Theorem Let y be given. if x > y, then x » y exists iff x =2’y + Torx =2’ y — f for some/ > 7, If so, then
xxy =2"Ty 17 or x*y = 271y _ 1 respectively.

Proof. By the algorithm, if x v is to exist, there must exist g, ¢ > 1 such that 2°x — 2% = #2. By thenote
above,p=Tandg>2 Sox~= 291 y+ 1. Leti=g— 1= 1 x =y is the odd integer between 2x and 29y, So

x *y = (B)[2x +29] = (B)[2(27y + 1) +27Ty] = 27T 4 1.

Coroliary. If GCD (x,y) > 1, then x =y does not exist. In particular, if y > 1, then y *y does not exist.

2.3 Theorem. 3 * 1= 35,7 } In all other cases, x =y is unique.

B’oof WLOG x = y. Ifx =y exists, x = 2'y + 1. lf x *y is not unique, then x must be expressible in two ways, i.e.,

x=2Py+7=2%_7
for some g, ¢ > 1. Then
29 — 2Py = 2, 29°T, _oP-1, = 4.
Since y divides the left side, y = 7. Thenp =T and g =2. So
x=211+41=3=2219-1, and xxy=2%7+1= xxy=2%1-1=7

2.4 Theorem. Given x > 3, there exist two y, y <x, such thatx =y exists,

B’oof, x=2yv £ 1Lsoy=(x—1)/2° andy = {x + 1)/29, y odd. These numbers are distinct unless (x — 7)/2°
=(x + 1)/ 29 1f so, then since x — 7, x + 7 are consecutive even numbers, both divisible by some power of 2, x = 3.

Corollary. If a « b exists, then the integersy, y <a = b, such that {2 *b/) #y existsarey =aand y = b.
Proof,' If a * b exists, WLOG a > b. Then a=2'h + 1. By the theorem, if (a * b) = y exists, then

axh)F1 _ (27 The )71 !2’*’1; 2”"“2}

y =

2P 2P O LI L

=ib 21} = {bal.
Remark, If 2 = b, by the Corollary of 2.2, a=h=17, andso y= 1.
2.5 Theorem. If x *y exists, then exactly one of { XY, X *y } is divisible by 3
Proof. 1 +1=3. Assume now WLOG thatx >y. Sox = 2y + 1 andx xy=2"Ty £ 1,
Case 1. Clearly if 3|y, 3 divides neither x norx *y.

3](2i+7y —2y), 3}2"y — a contradiction,

Case 3. Assume that 3 divides nejther x nor y. To show 3|x *y.
Case 3a. y = 7 (mod 3). Since 2' = (—1)' (mod 3,

x=2y+1=(-1)+1 (mod 3).
Since x £ 0 (mod 3), if i is even, we must use the +1, and if / is odd, we must use the —1. Then
xxy =221 = (1) £ 7 (mod3),  x+y =0 (mod3)

whether 7 is even or odd.



178 SIGNED 5-ADIC PARTITIONS [APR.

Case 3b. y=—7 (mod 3). Then )
x=(-1)"T+1 (mod 3).
If / is even, we use the —1; if / is odd, the +1. So
X ¥y = (—=1)"2 4 1 (mod 3) = 0 (mod 3)
in both cases.
2.6. The expression n=x =y can conveniently be expressed visually as

/"\y

X

If x or y > 1, itin turn can be written as a *-product. Each n has in this manner associated with it a tree. For exam-
ple, for n = 23, the tree is as in Fig. 1.

H(23) =5, W23) =7
Figure 1

Remark. Since x,y < x *y, the numbers decrease down the tree, and every chain ends with 1. The tree associated
with n, without integers at the nodes, with the longer chain always to the left at every node, will be denoted 7(n)..
2.7 Definition. If the length of the longest chain in the tree is 2, then the height of the tree, denoted H(n), is de-

fined'by H(n) =@ + 1. The number of branches of the tree (= number of times 1 appears) is the width of the tree,
denoted by W(n).

Lemma. Let n=x *y, x >y. Then

(a) Hin) = 1+HI(x)
(b) Win) = Wix)+Wly).
Proof. Obvious from the definition of T(n).

Theorem. Let 2”7 < n < 2", Then

(a) Hin) = h
(b) W(n) = B(n), the number of basic decompositions
(c) h < Win) < 27

Proof. (a) If h =1, H(1)=1;if h = 2, H(3) = 2. Assume that for all n < 2% the statement is true. Let 2% <n <
2%*1 The algorithm starts: Rsln)=Rs_1(n— 1)+ Rs_q(n+1).

Case 1.7 — 7 is divisible by 4. Then nn + 7 is not divisible by 4, s0 2% < n + 7 < 2%*1 251 < (n+ 7)/2 < 2K,
By the inductive hypothesis, H((n + 1)/ 2) = k. By the lemma, H(n) = k + 1.

Case 2. n + 1 is divisible by 4. Then 2K < n — 7 < 2K . 2KT (5 _ 1)/2 < 2K So H(n - 1)/2) = k: H(n) = k
+ 1.

(b) The algorithm produces the numbers at the nodes of the tree. As soon as a 1 appears, the branch
stops. Starting with R4(7), following each chain upwards produces each of the basic decompositions.

(c) The second inequality is the Theorem of 1.7, The first is obvious for n = 7, 3. Assume the first inequal-
ity is true for all n < 2K Let2% <n < 2K*T p=x *y forsome x >y, 2KT cx < 2K By the inductive hypothe-
sis, Wix) = k. So Win)=Wix)+Wly) =k + 1.

2.8 Lemma, Let0<t<2""7 todd. Then 7(2""7 +1) = T(2" — 1),

Proof, Ifh =2 thent =1 227 +7=3=22_7; theresult is automatically true. If # = 3, then ¢ = 7 or
3 257 +1=5and 2%~ 7=7 while 237 + 3= 7and 23 — 3= 5 We know T(5) = T(7).

Assume that the statement is true for all K <. Let ¢t be any odd number such that 0 < t < Zk. If 2K +¢=2K*T_ t,
then t=2K~7, since tisodd, t=k = 1.
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Case 1. ¢+ 7 isdivisible by 4. Then

Kpteg  2K+e-1
op 2

where 2P is the highest power of 2 that dividest + 7, 2 <p < k.

= Zk_p+t_t_7 » * Zk_7+t_:_7
2 2

gkt _y 22K _er1) 2K 1) =(2k—p+7_t_+_7_ ok _t=1)
2P 2 2P 2

ki =2

and

By the inductive hypothesis,

T (2"‘”#-*-7 )= r( okpt1 _t#1 )
2P 2P
and
k-1 ,t—11\ _ kK t—1
r(z +—2-—)—T(2 —7—>
Thus 772X +¢) and T(2k+7 — t) have the same right branch, the same left branch, and therefore are equal.
Case 2. t — 7 is divisible by 4. Interchange t — 7, ¢ + 7 in the above proof.

Theorem. If h > 3, there are 253 different trees of height A associated with the odd integers.

Proof. For h = 3, T(5) = T(7), so there is one tree of height 3. Let k > 3. To each x, 25T < x < 2% there exist
Y1 #y2. Vi <x, such that x xy; exists. Since Hly ;) # Hly2), Tlx «y;)# T(x xy2) Therefore the number of trees
ofh h‘gight k + 1 is at least twice the number of trees of height k. Hence the number of trees of height / is at least
277,

Between 2”7 and 2 there are 272 odd integers. By the lemma, each tree of height / is associated with at least
two integers. Hence the number of trees of height / is at most o3
2.9 Theorem. W21 +1)=m2" - 1) = h,; the minimum possible width of a tree of height / is attained.
Proof. 1th=3 W23 +1)=W(5)=3. Assume that W(2*"T + 1) =k.

2K =21 1)1
It follows that
W2k +1) = w2k T+ 1)+ (1) = k+1.

Since Win) = h it 277 < pn < 2”, the minimum width is attained. Lastly, by the lemma above, w2 - 1)=h.

Theorem. (a) The maximum width of any tree of height / is F,+7, where F; is the /th Fibonacci number.
(b) This width is attained for
n= 2" =13 h o,
and for
n= (5213 b2
Proof. For h=1, W(1)=1. Forh=2, W(3)=2 Forh=3, W(5) = W7) =3
(a) For each k, the maximum width is attained by at least two values of n. Call the smallest of these values g,
i.e., % Nk } = { 1,35 11, - } . Assume:
(1) Win;) = Fisq, i=12 -,k
(2) ng =ng-q *ng_o. The two inductive hypotheses are true for k = 3. By the Corollary of 2.4, ng »ng_7 =
n exists; so
Win) = W(nk) + W(nk_7} = Frr1+Fr=Freo.
T(n) has as its left branch the widest tree of height , as its right branch the widest tree of height k — 7.
Hence 7(n) is the widest tree of height k + 7, and there is only one such tree. Since » is the smaller inte-
ger whose tree has this width, n = ng+7.
(b) Claim: np, = 2np,—7 + (—1)". Statement is true for h = 2. Assume it is true for & = k. Then 2ng = 4ng_q +2(-1)%.
Using the algorithm, we can calculate ng 7 = ng «ng_q. Since 2Zny and 4ny_y differ by 2,
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Mierr = (B 2k + dng—q] = (B)[2np + 2ni — 2(=1)K] = 2np+ (-1)KFT
Claim proved. Assume
e = 2k+7+(_7}k
k 3
By the claim,

k+1 k k+2 k+1
fesq = (2 ;(—7) )+(_”k+7:2___+_(;7}

Lastly, if my, is the larger number such that W(myp, )= Fp4+4, by the Lemma of 2.8, my, +ny, = 214+ 2" 8o

h-1 h-1
my = 32" —np, = _5'_2___’;(_:7_)___

Theorem. If the base is b > 2, then W((b" — 1)/(b — 1))=2""1 that is, the maximum width attained is the maxi-
mum possible.
Proof. Itis clear that W(b + 1) = W(b + 2) = 2. Assume that W(m) = W(m + 1) = 25T where m = (6% - 1)/t - 1).

m s (m+1) = {bm+7,bm+2, e, bm + b — 7}
(from the obvious definition of x xy, { X ®y } has at least b - 7 elements.) So

k k+1
Wiom +1) = Wibm +2) = Wim) +Wim +1) = 2% and sm+1 =5 (=) +1 =251

Remark. Comparison of the preceding two theorems shows why the special case & = 2 is more interesting than the
general case. The trees for & = 2 are of special type: at any node the two sub-trees are always of unequal heights.
3. THE PROBLEM OF WIDTHS
3.1 Theorem. 2|W(n) iff 3|n.
Proof. W(1)=1and W(3) = 2. Assume the statement is true for all n < k. Consider W(k + 7). Let k+7=x xy.
Case 1. k + 7 is divisible by 3. By the Theorem of 2.5, neither x nor y is divisible by 3. By the inductive hypothe-
sis W(x) and W(y) are odd. Hence W(k + 1) = W(x) + W(y) is even.
Case 2. k + 1 is not divisible by 3. Then ane of x,y is. So W(k + 7) = even + odd = odd.
3.2. An interesting but unsolved question is the following: given w, find all (0dd) n such that W(n) = w.
If n > 2%, then H(n) > w, so W(n) > w (Theorem of 2.7). Thus all solutions n satisfy n < 2". At least one pair of
solutions always exists, because
w2l 1) = wi2v—1) = w
(first Theorem of 2.9). From the theorem above it appears that there should be fewer solutions for w even than for
w odd. An examination of a short table of solutions, found by the algorithm, shows little regularity.
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IDIOT'S ROULETTE REVISITED

ADA BOOTH
Palo Alte High School, Palo Alto, California

The winter 1973 issue of the California Mathematics Council Bulletin carried an article under the title ““Idiot’s
Roulette.” It discussed a counting-out puzzle, in which &/ people stand in a circle surrounding an executioner, who
goes around and around the circle, shooting every second person as he counts. The problem is to determine the
“safe’” position, X, as a function of /. That is—which will be the last person left, according to the original number-
ing? An intuitive solution was presented, developed by looking for patterns, and the author asked for further com-
ments on possible proofs.

The problem is a special case of a more general counting-out problem | had been playing with the previous fall,
although in a somewhat less bloodthirsty fashion, —and the analysis which provides an iterative solution for the gen-
eral case incidentally yields a closed-form solution for the special case where the countoff spacing = 2.

The general problem: Given A/ places around the circle and a countoff spacing = C, such that everthh place drops
out, the count continuing around the circle until only one place is left, —which of the numbers 1 to &/ will be the
last place L ?

Assume the count “1" starts with place number 1. A different starting point simply rotates the problem around the
circle, changing nothing essential. This seemingly trivial observation, however, provides a key to the analysis and solu-
tion of the problem. So let us consider what happens if we start the count at some other number, say atJ + 7 instead
of 1. This is equivalent to rotating the problem J places around the circle, so the game would end at L +J instead of
L, unless L +J > N, in which case the modular nature of our numbering makes the last place L +J — V.

Now return to the original problem. The count starts at place number 1, with countoff spacing € and /V people.
Call the solution for the last place winner Lp,. (For simplicity in the following discussion, we shall restrict ourselves
to the case where / > € — 2. See footnote 1 for more complete analysis.) L is a function of € and V. Now con-
sider the problem for the same countoff spacing £, but with one more person in the circle. After our first loser is
counted out at place C, this reduces to a circle of // places in which the count startsat £ + 7. So Lyy+7 = Ly + C, un-
less Lpy+C >N+ 1, in which case we have

Lysey = Ly+C—(N+1).

The table on the following page shows the situation, for example, for £ =2, and several values of /.

| shall now introduce some terminology which will help us develop an iterative solution for the general problem.
Noting that, for a given C, each time we add a place to the circle we add C to the old solution, write the solution in
the form Ly = CN — I, since some integer / certainly must exist which will make the statement true. (Example:
In the table, where C =2 and N =4, Ly =2(4) — 7, andl4=7. ForN =5,6,and 7 also, /py = 7. For V = 8, how-
ever, this is no longer true. /g = 75.)

1lf C = 1, the problem is trivial, with Ly = NV for all M. If C > 1, the general statement becomes:
/N + 1 J
N+ 1
For N > C — 2, Ty must be either 0 or 1, and the analysis in the article holds completely. For small N/, however,
some of the S values generated may not actually be used, with the general statement being: If /y =S,
IN+1 = Sk+Ty
For example, ifC=4, S= { 3,5,7,10,14, 19, 26, - } . h=8, =3 1,=S, =7, since

3+1
T =[4—~— =2.
N -]

Similarly, for C=7,8 = { 6,8,10,12,15,18,22,26,31,37, - } 1,=8,=6; 1,=S,=12;1,=S,=18;1,=S, =26 1,=S,=31.
181

Lyt = LN*+C—TnIN+1) and I+ = INFTNIN+#1), where Ty = [C——
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Lty {c =2

{7+2-8)

WO oo~ o =
w—a\nmwa|£

The problem now is to find the appropriate /5 such that Ly =CN — /5, where 7 <Ly <N,
We can restate the condition that £ - /y </ to obtain

In
Next look at the statements about Lppeg =CIN + 1) = Ipsq 0 If
2) Ly+C < N+1, Lysr= Ly+C = CN—Iy+C = CIN+1)—1p .

Thus, if Ly+C < N+1, Iyeg = iy, while if
(B) Ly+C >N+1, Lyey = Ly+C—(N+1) = CIN+1)—(Iy+N+1) and  Iyeg = In+N+1 .

Call § the set of distinct subtraction integers, where /py #/pr47, and let M be the set of (V/ + 7) values at which this
oceurs. Then we can restate, from (3), Sp+7 = Si + My, and also rewrite the inequality

Ly+C = CN—-S+C = CIN+1)-S¢ = CMy —Si > My

from which we obtain:

Sk
4 _2k_
(@) Me > =7
Similarly, rewriting (1) we have
Sk Sk
Mk-7<c—_—7, of Mk<0_7+]

Combining this statement with (4), we cbtain

Sk Sk
{5) Z;-_—7<Mk<[:_7+7,
which canbe solved in terms of the greatest integer function:

s
= | K 4+

(6) My =7 ] 7,

(where [x/ is defined as the greatest integer <x/.
For a circle where N = M places, then, our last place winner

L = CMy —(Sk+Mg).
Since Sg+7=Sk + My, we have the following iterative formula for subtraction integers:

g 2 -
(7) Sk+7 = Si+ lg——_k7] +71 = [C———fl Sk

+1.

To obtain a starting point for the set of S values, we note that, for ¥ = 7, L, = 7, whatever the value of £. Hence
7=C-S8;,and S; =C — 1. Given a particular £, we can generate a set of subtraction integers1. For example, for
c=3:

S;=2; Sger = [%skJ +1,
and the set of § values is
{247.11,17,.26,40,61, -}
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To apply the formula Ly =CN — S, we simply choose the proper Si so that?
T <Lly<WN.

(Uniqueness of S can be shown readily from the equivalent condition that (€ — 1)V < S¢ <CN.)
For the very special case of £ =2, the solution reduces neatly to a closed form, because

c

c-7° %"
an integer. We can show by mathematical induction that for £ =2,
Se=2%-1,
since
S;=C-1=2"-1,
and

Ske1 = 2Sk+1 =2(25—1)+71 = 2KT_7.
Therefore we can write:  If
(8) c=2 L=2N-(2%-17) and 7 <20-02K—1)<Wm.

By rewriting the inequality in (8) we can obtain an explicit solution for k in terms of /. We have

2_1+1 <o ;
hence 2% <2N, and k <7+ logo N. We Also have

N < N+2K—7;
therefore N/ <2X — 7,and N <2k Thus logo NV < k. Combining the inequalities:

9) logo N < k < T+logoN, so k= 1+ [logoN] .
An explicit formula can therefere be written for L.
(10) L= 2w — (27009 N] _ 1) = 142y — 2ll0s:N] )

and the roulette player can avoid the executioner if he quickly counts how many share his possible fate and uses his
fingers to calculate powers of 2! 3

2I tried a number of computer runs to obtain M. and Sy sets for various values of C. The resulting sequences of num--
bers looked hauntingly familiar, as though they ought to be expressible in some more elegant form. It might be in-
teresting to follow up on this.

3This paper also provides a solution for the Population Explosion problem of Brother Alfred Brousseau, The Fibon-
acci Quarterly, Vol. 6, No. 1 (February 1968), pp. 58—59.

Jodcdoiololok
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[Continued from Page 173.]
112929 221515 331010 4488

5-5-6-6 1-2-29-15 1-15-29-2 1-3-29-10
1-10-29-3 1-4-29-8 1-8-29-4 1-5-29-6
1-6-29-5 2-3-15-10 2-10-15-3 2-4-15-8
2-8-15-4 2-5-15-6 2-6-15-5 3-4-10-8
3-8-10-4 3-5-10-6 3-6-10-5 4-5-8-6
4-6-8-5

For any given values of p and g, it is not difficult to determine all such non-periodic sequence types.
A MODIFIED TYPE OF SEQUENCE
The students created another type of sequence in which the multipliers interchange their position from one step to

the next. Thus for 7;(2,1) where the multipliers are 2 and 1 and then 1 and 2, starting with 2,5,7, the next term is
[(2 *7+5)/2]* = 10; the following term is [(1 * 10 + 2 * 7)/5] * = 5, etc. The periods for 77 (2,1) were found to be:

A: 3,3,2,3354,5 E: 2424 /: 42,436,463

B: 3,333, F: 4343 - J:5,1,6,3,15,6,12,2

€: 32335553 G: 2525 K: 5353

D: 23243534 H: 31,339,793 L:6,15,2,12,6,153
M: 34,34

It should be noted that a period 3,4,3,4 in this setup is not the same as a period 4,3,4,3. Evidently this opens up
another broad area for investigation.
CONCLUSION

The purpose of reporting this research is in the first instance to offer a model of cooperative effort where teacher
and students work on a problem of unknown potential, Secondly, we feel that we have just scratched the surface and
wish to apen up the many possibilities to interested parties, especially people who have access to computer time.

Just a few of the points for investigation may be indicated.

(1) A major conjecture to be proved: For sequences of type (p,q), if p > g, all sequences are periodic; for se-

quences with p <g, some sequences are periodicand some non-periodic of the type mentioned in this summary.

(2) Additional work on possible and non-possible period lengths.

(3) Determining the lengths of periods for given values of p and q.

{4} In the case of periodic sequences, finding upper bounds for the values of terms in the periods.

(5) Arriving at additional generalized sequences for other values of p and g than (p,0), (p+1,p), (0, p + 1).

(6) Modifying the work to include more terms in the numerator with a corresponding number of multipliers.

(7) Studying the least integer functions which involve non-linear combinations of the previous terms.

NOTE

The complete report of which this article is a summary consists of 54 pages. [t may be obtained for $2.50 by writ-
ing the Managing Editor, Brother Alfred Brousseau, St. Mary's College, Moraga, California 94575.

Inickioiokok



ADVANCED PROBLEMS AND SOLUTIONS

Edited by
RAYMOND E. WHITNEY
Lock Haven State College, L ock Haven, Pennsylvania 17745

Send all communications concerning Advanced Problems and Solutions to Raymond E. Whitney, Mathematics
Department, Lock Haven State College, Lock Haven, Pennsylvania 17745. This department especially welcomes
problems believed to be new or extending old results. Proposers should submit solutions or other information that
will assist the editor. To facilitate their consideration, solutions should be submitted on'separate signed sheets within
to months after publication of the problem.

H-249 Proposed by F. D. Parker, St. Lawrence University, Canton, New York,
Find an explicit formula for the coefficients of the Maclaurin series for
bo#byx + -+ byxX

T+ax + ﬁx2
H-250 Proposed by L. Carlitz, Duke University, Durham, North Carolina.

Show that if
Aln)Fp+q7+Bin)F, = Cln) n=2012-),

where the F,, are the Fibonacci numbers and A(n), B(n), C(n) are polynomials, then
Afn) = B(n) = Cln) = 0.
H-251 Proposed by P. Bruckman, University of Illinois at Chicago, Chicago, lllinois.
Prove the identity:

S i X7
?:: x)g]? pmg ™
(X)g = (1=x)1=x2) - (1=x"), (x)g=1.
SOLUTIONS
SOME SUM

H-219 Proposed by Paul Bruckman, University of lllinois, Urbana, Illinois.

where

Prove the identity
n n
n(x n Jj X—n _ X
(1) (,,)E (7)-2h=2-30 (%) .
i=0 i=0
where

(x ) _xlx=1)(x=2)Ax—i+1)
i il

(x) not necessarily an integer.

Solution and generalization by H. Gould, West Virginia University, Morgantown, West Virginia.
We shall obtain the slightly more general formula
185
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(1 r-v"(;;)ﬁn: (—7}k(2)(7+t}kﬁ=2n<l):>tk_

k=0 k=0
Examination of Bruckman's formula suggests that the formula can be found fromthe partial fraction expansion
n
\ -1
k| n X - [ x*tn
g S eMz) - ()
k=0

which is formula (1.41) in my book, Combinatorial Identities (a standardized set of tables listing 500 binomial coef-
ficient summations, revised edition, published by the author, Morgantown, W. Va., 1972). This is a familiar and well-
known formula. Besides (2) we shall need below the formula

—X — k [ x+k—1
( p ) = (1) ( k )
the binomial theorem, and simple operations on series.
We make a straightforward attack on the left-hand side of (1) and find

() 2 5 (1 )2 S (1)e
k=0 0

=
f{;( )t’Z( 1/"(,¢ ;)’;:Z=§r—n/’(j)tl§:( 71"("‘/)){ A=t
n n—i
T ) ES ()
S5 () e
‘ iln\j[n—x—1 -1 Z n-j(n\,n5{n—x-—1 -1
=§(-7)(/.)t( n—j) =§(—7; (j)t ("3 )
Therefore, ! !
() £ o (3 Y 22 ()5 w3 (5]
-(2) (751 "’é P Rl ) e (%)(—7)"(,’;)'72 P e
j= j=
=f:(,,f,-)t”"'=zn:(jf)tf,
j=0 ‘ j=0

as desired to show. Bruckman’s formula (1) occurs when ¢ = 7, and formula (2) occurs when ¢ = 0. Thus (2) is not
only used to prove (1) but is a special case of it.
We may rewrite (1) in the form

@ S (g ) - e (1)) e

k=0 J=
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Recall the simple, well known inversion pair

n
fin) = 35 (~1%( 7)ot
k=0
if and only if

gln) = Z (-1 (7)1

and we see that (3) inverts to give

(@) Enj(z)

k=0

( ) };( )"(7+t)"

Now, however, the power series expansion of (7 +t)” is unigue, so that the coefficient of t/in (4) must be precisely
( 'I’ ) , so that we have evidently proved

)2 (1(8) 5= (1)

for all real x. This formula is actually just a special case of (4.1) in Combinatorial |dentities which occurs when we
setz = n there and replace x by x — 7. However (5) is an interesting way to express this case.
Many other interesting sums can be found from (1). Thus by taking ™ derivatives we have at once the identity

(6) (f, )kf; (—7)""‘(;)( f)muk"’;:zz z" (;:)(lr()tk_’,

which will express other relations in Combinatorial Identities in different ways. For t = 0, Eq. (6) yields nothing
more than a variant of (2) again.
[See also Paul Bruckman, Problem H-219, The Fibonacci Quarterly, Vol. 11, No. 2 (April 1973), p. 185.]

Also solved by G. Lord, P. Tracy, L. Carlitz, and the Proposer.
ON Q
H-220 Proposed by L. Carlitz, Duke University, Durham, North Carolina.
Show that

=

k k il
z_+_=§oa__qz

Y

k=‘; (z},+7(az/,+1 !

where
(z)p = (1=2)(1=qz) (1-q"2), (z)g= 1.

Solution by the Proposer.
It is well known that

where

Thus
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kK i o

2‘ az k l:k+rl r 2 L on Y l' n ‘\ k
< = = z a .
(Z)k+7 - Z |k

k=0 k=0 r=0 n=0 k=0

On the other hand,

rrZZr =N .r, . 2r Crts s°° T+l
Z(z) %;”"ZLS}EL/}“

r+1(az)rsq pourd o
had " 2 > n - - 2
n r+s r+j ) o et r* _ n k n n—k r
DY RN S EalaED IELD DD M N R
n=0 2rtstj=n - n=0 k=0 r=0 ~
Hence it remains to show that
. r
S0 nln—k1 » _ 7 n 7
Li’” AL
=0 =~ T ’ B h
or what is the same thing
k
* ST mArn) 2 [ m+n
) e -]
r=0 ah
This can be proved rapidly as follows. We recall that
n
(1+2)(1+qz) ~(1+q"2) = Z { '; l q%r(r-”z’.
r=0 =~
Then
mtn m n )
+ Yok (K~ T, %r(r- Yos (s~
Z ]_mkn] g ok lk=1) jk _ }: L/;n g%r(r=1) (g yyr Z ‘-: ]q sls=1) 5
k=0 r=0 h s=0 =

The coefficient of 2”7 on the right is equal to

n
“ml[ n7) %r(r-1)+nr+%s(s-1) _ Em T n'l, %rlr-1)+nr+%(n-r)(n-r-1)
Z{r”'s_;q rir rt+%s -Z‘r]':’]q rir r r)(n-r

rts=n = - r=0
n 1 2
=q/zn(n—I) [rrn”'lz-\qr ]
r=0 o

This proves (*).
CONGRUENCE FOR F,, AND L,

H-221 Proposed by L. Carlitz, Duke University, Durham, North Carolina.
Let p =2m + 1 be an odd prime, p #5. Show that if m is even then

Frp = 0 (mod p) (( 5) = +7\>

Fm+7 = 0 (mod p) (( ) -1

|
>:+7)
)=~

|

If m is odd then
Ly = 0 (mod p) ((

Lty = 0 (mod p) ((

SIGRSTES
i}
I
<
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where ( g ) is the Legendre symbol.

Solution by the Proposer.
Put n n
Fo=STh . Ln=def

wherea+f3 = 1, af=-1
Recall the identities
5Fm,F, (m even)
* 7 = mim+1
) Lom+r =1 z Lnlmes  (modd) .
Since L, = 7 (mod p), it follows that
FmFm+1 = 0 (madp) (m even)
{Lmlm+1 = 0 (modp) (m odd) .
1. Letm be even. Since (F, Fm+7) =1, it follows that either F,, or Fppp7 =0 (mod p) but not both, Since
Fm = 0 (mod p) < a®™ = 1 (mod p)
and
Fm+1 = 0 (mod p) < a?m2 - (mad p),
we must show that

gap‘75 1 (mod p) ((g) =+7)

«P*" = -1 (mod p) (( g) -7\)

Now when ( % \ =+1, p=nmn’, wherew, 7' are primes in the quadratic field @(\/5 ). Since
' N(n) = N(n’) = p

and a is a unit of the field we have
a” ! = 1(m), aP! = 1(m)

and therefore a®~7 = 7 (mod p).

On the other hand if ( % ) =— 1, premains a prime in @(\/5 ). Since
) Y%(p-1)
aP = ( 1+2\/§ )p 143 2p N/ 7_2\/"7 (mod p),

it is clear that a® =B (mod p), so that a®*" =aB = —1 (mod p).
2. Now let m be odd. Since (L,y,, Lyy+7) = 1, it follows from (*) that either L, or L,;,+7 =0 (mod p) but not both.

Si
nee Ly =0 (modp) < a®™ = 1 (mod p)

and
Lm+7 = 0 (mod p) = a®™*2 = _1 (modp),

it suffices to show that

" =1 (modp) ((g—‘} = +7\)
" =1 (mod p) ((g ) = -7

However the proof of these congruences for m even applies also when m is odd.
This completes the proof.
REMARK. We have incidentally proved that

; " =1 (mod p) (( g ) = +7\)
aP*" =1 (mod p) ((g- )=-1

The first of these congruences is immediate but the second is less obvious.
Yolofotoiotok



ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
A.P. HILLMAN
University of New Mexico, Albuquerque, New Mexico 87131

Send all communications regarding Elementary Problems to Professor A.P. Hillman; 709 Solano Dr., S.E.;
Albuquerque, New Mexico 87108. Each solution or problem should be on a separate sheet (or sheets). Preference
will be given to those typed with double spacing in the format used below. Solutions should be received within four
months of the publication date.

DEFINITIONS
The Fibonacci numbers £, and the Lucas numbers L, satisfy
Fpnio2 = Fpe1tF,, Fo=0 F; =1 and Lpo=Lpr1+Ll,, Lo=2 L;=1
PROBLEMS PROPOSED IN THIS ISSUE
B-304 Proposed by Sidney Kravitz, Dover, New Jersey.

According to W. Hope-Jones, “The Bee and the Pentagon,” The Mathematical Gazette, Vol. X, No. 150, 1921
(Reprinted Vol. LV, No. 392, March 1971, Page 220), the female bee has two parents but the male bee has a mother
only. Prove that if we go back n generations for a female bee she will have F,, male ancestors in that generation and
Fp+7 female ancestors, making a total of F,+2 ancestors.

B-305 Proposed by Frank Higgins, North Central College, Naperville, Illinais.
Prove that

n
Fgn =L2n 9 Loptak-2 -
k=1

B-306 Proposed by Frank Higgins, North Central College, Naperville, lllinais.

Prove that
n

Fgnt1—1=Lan D Lon+ak-1 -
k=1
B-307 Proposed by Verner E. Haggatt, Jr., California State University, San Jose, Califarnia.

Let
n
(1+x+x%)" = a,,,0+a,,’1x+a,,,2x2+

(where, of course, a,, 4 =0 for k > 2n). Also let

A, = Z anaj, Bn = Z ang4j+1, Cn = Z an4j+2. Dp = Z an,4j+3 -
j=0 =0 j=0 =0
Find and prove the relationship of A, B, C,, and 0, to each other. In: particular, show the relationships among
these four sums for n = 333.
B-308 Proposed by Phil Mana, Albuguerque, New Mexico.
(a) Let ¢, = cos (n6) and find the integers a and b such thatc,, =ac,_; +bc,_2forn=2,3, .
190
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(b) Let r be a real number such that cos (rm) = p/g, with p and g relatively prime positive integers and g not in
1,2,4,8, . Prove that r is not rational.

B-309 Corrected Version of B-284.

Let 22 = xz + y and let k, m, and n be nonnegative integers. Prove that:

(a) 2" =pp, (x,y)z + @, (x,y), where p,, and g, are polynomialsin x and y with integer coefficients and p,, has degree
n—"Tinxforn>0.

(b) There are polynomials r, s, and ¢, not all identically zero and with integer coefficients, such that

X rix,y) + 2Mstx,y) + 2" tlx,y) = 0 .
SOLUTIONS
THE EDITOR’'S DIGITS
B-280 Proposed by Maxey Brooke, Sweeney, Texas.

Identify A, E, G, H,J, N, 0, R, T, V/ as the ten distinct digits such that the following holds with the dots denoting
some seven-digit number and ¢ representing zero:

VERNER

-RopodJR
HOGGATT

Solution by Paul S. Bruckman, University of Illinois, Chicago Circle Campus.
The unigue solution to the problem is the following:
971471
X 7
6800297
—1000031

5800266
i.e., we have:
AEGHJNORTV
2705348169

Proof. Let the product VERNER x E be denoted by P in this discussion, and let the first digit of P be denoted by
Y. Since P is a 7-digit number, and VERNER is a 6-digit number, then £ > 2. Since R and A are both at least 1, their
total must be at least 3 (since B #H); hence, E >4 and Y >3.

Since R + T = ER (mod 10), we initially obtain 39 possibilities for £, 7, A with £ > 4. Taking into account the
possible values of J, we are left with 26 possibilities for £, 7, R, J.

Now Y < £ — 7 (since V < 9); moreover, since H > 1, we must have B < £ — 2. Taking this requirement into ac-
count, we further reduce the list to only 13 possibilities. By a slightly tedious but manageable process of elimina-
tion, we conclude the result indicated above.

Also salved by John W. Milsom, C..B. A. Peck, Richard D. Plotz, and the Proposer.
ONES FOR TEE
B-281 Proposed by Verner E. Hoggatt, Jr., San Jose State University, San Jose, Califcrnia.

Let 7, =n(n + 1)/2. Find a positive integer 4 such that for all positive integersm, T7,, ., = 77 - 7, where the sub-
script on the left side has m 1's as the digits in base 6 and the right side has m 1's as the digits in base 62.

Solution by Graham Lord, Temple University, Philadelphia, Pennsylvania.

More will be shown to be true. Suppose the base on the right side is the positive integer ¢, instead of 2. The equal-
ity form = 1 is automatically satisfied and form =2is (7 +b)(2+b)=2(1 +c),i.e.,,3b +b*=2c. For m=3 the
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resulting equation is
(1+b+b2)(2+h+b*) = 2(1+c+c?).

These last two equations in b and ¢ force b =2b + 3 and hence b = 3 (since it is a positive integer), and ¢ = b2 = 9,
Finally as (3™ — 7)(3™ + 1) = (3°™ — 1) then T,,.__,, in base 3, equals 77 - 7, in base 9,for all positive integers
greater than 2.

Also solved by Paul S. Bruckman, Herta T. Freitag, C.B.A. Peck, Bob Prielipp, Paul Smith, Gregory Wulczyn, and
the Proposer.
LUCAS RIGHT TRIANGLES

B-282 Proposed by Herta T. Freitag, Roanoke, Virginia.
Characterize geometrically the triangles that have
Lp+2lp-1, 2Lpt1ln, and  2Lzp+Lop+q

as the lengths of the three sides.
Solution by Bob Prielipp, The University of Wisconsin, Oshkosh, Wisconsin.

Since
[2L2n + L2n+1]2 = [L2n * L2n+2]2 = [Ln-ll-n+1 +3(-1)"+ Lplps2 +3(__7)n+1]2

(see the Solution to Problem B-256, p. 221, The Fibonacci Quarterly, April 1974)
2
=[Lpqlper# LnLn+2]2 = [Lp-q+ Ln)l-n+1+/-§]2’_= [L£+7 * /-}21] = [ZLn+7Ln]2+ [L£+7 - Lﬁjz

= 2Lpe1lnl? # MLpe1 + Lollper = Lo)l2 = 2Lpseln]? +[Lpsaln-1]2 ,
the triangles are right triangles.

Also solved by Richard Blazej, Paul S. Bruckman, Wray G. Brady, C.B.A. Peck, Gregory Wulczyn, and the Proposer.
RATIONAL APPROXIMATION OF COS 7/6 AND SIN 7/6
B-283 Praposed by Phil Mana, University of New Mexico, Albuguerque, New Mexico.

Find the ordered triple (a, b, ¢/ of positive integers with a*> + b2 = ¢2, 3 odd, ¢ < 1000, and ¢/ as close to 2 as
possible. [This approximates the sides of a 30°, 60°, 90° triangle with a Pythagorean triple.]

Solution by Paul Smith, University of Victaria, Victoria, B.C., Canada.

It is clearly sufficient to find a triple of the form (u? — v?, 2uv, u* +v?), with u, v of opposite parity. We must
then find the minimum value for ¢ + v* < 1000 of
u* +v?
.2 TEaA|

u? - 3
u* -v?

If lu? — 3v? l = 2 then v, v are of the same parity and a is even. Hence, if |u2 -3 > 1,

u -3t -3 3
ur-vr |7 |ur v | 1000
For u? +v* < 1000 the Pellian equation |u* — 3v?| = 1 has solutions (uv) = (2,1), (74), (26, 15). The solution
(26, 15) yields the triple (457, 780, 907) which is best possible, since
|z _gor) 1 3
. 4571 451 1000 °
Also solved by Paul S. Bruckman, Gregory Wulczyn, and the Proposer.
CORRECTED AND REINSERTED
Problem B-284 has been corrected and reinserted as B-309 above.
VERY SLIGHT VARIATION ON A PREVIOUS PROBLEM
B-285 Proposed by Barry Wolk, University of Manitoba, Winnipeg, Manitoba, Canada.
Show that [n/2]

Frtni1)/ Fi = Z (_7)r(k—1} (nr—r) Lz—2r )
k=0

Solution by C.B.A. Peck, State College, Pennsylvania.

This was H-135, Part Il and was proved by induction on n in The Fibonacci Quarterly, Vol. 7, No. 5, p. 519. (The
exponent of —1 in that problem has + instead of —, but (-1)%=1)
Also solved by P.S. Bruckman and the Proposer. Jokdcdodoiok
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