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INTRODUCTION

Cauchy gave a necessary condition for the convergence of an infinite
series,

S a);
k=1
namely, that the sequence (a(n)) converges to zero as 7 tends to infinity.
Olivier proved a variation of this theorem, which has, in a sense, gen-

erated more interest: Let (a(n)) be a monotonic nonincreasing sequence of
positive numbers, tending to zero, such that

13
Lin 3 a0
k=1
exists, then lim n *a(n) = 0.
N -+ o

For one thing, Olivier's theorem allows for extensions in several direc-

tions [4]. Niven and Zuckerman, for instance, have proved the following
theorem [5]:

Theorem 1: Let (a(ﬂ)) be a monotonic nonincreasing sequence of positive num-
bers. Then

[An]
(1) 1im Z a(k)
e k=n+1

exists for each A > 1, if and only if lim n *a(n) exists.

N+ oo
Clearly, Niven and Zuckerman's condition for the convergence of
(n cam))

is weaker than that of Olivier. On the other hand, they have given a neces-
sary and sufficient condition for the convergence of

[An]

Z‘ a(k)

k=n+1

In this paper, Olivier's theorem will be extended further in this same
direction. We consider a sequence of positive numbers (@(n)) (as yet unspe-
cified) and a monotonic nonincreasing sequence of positive numbers (a(n)),
such that

[An]
lim ——— a(k
Hm 56y, 4,400
exists for every A > 1. We will show that lin1ZLé%%%£L exists.
N+
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When @(n) =1, n =1, 2, 3, ..., the problem reduces to the case con-
sidered by Niven and Zuckerman. But more generally, as we will prove, (#(n))
can be any regularly varying sequence, i.e., any sequence of positive numbers
which satisfies

(2) %{239%%%§%l-= Y(A) for every A > 0,
where Y(A) = Ap, where the index p is real.

We summarize this result in Theorem 2.

Theorem 2: Let (#(n)) be a regularly varying sequence and let (a(n)) be a
monotonic nonincreasing sequence of positive numbers. Then

1 Rl
» B gy, 2 20 = FO)
=n+1l
exists for each A > 1, if and only if l1im E—Lgiﬁl-exists.
nre  B(n)
Proog: Let
1 [an]
HQ) = Lim #,() = lin W}(;;;dk).

For each integer m > A, let n = [m/A] in H,()\) and let » = m - [nA].
Since 0 =m - m/A A <m-n-<*X, we have m > nx = [n)]. Also,

OLr=m-[(nx] <m- (mx -1) <m- (m/x-1) =X + 1.

Since
(UrAl = n) ~a(nr]) ( (UnA] - n) *a(m)
B (1) 2 B2 = 7o)
and
[nA] + » < nh + A+ 1 m+ A+ 1 < m+ A +1
Al = n—mh -1-n—WA-1Dx~-1-n—m-Xx-1-m/\’
we have
mea@m) _mca(m ., 8x) [7A] + > . Blm/A]
5o - B B =T = I Tgim
m4+ X+ 1  H, () L om/AD)

“m-=-A-=-1-m/) @ (m)

Hence, by (2),

) Lim sup P00 < 2 Aot mQ) - (/0"
We assert that

. A(Am]) - A(Qun])
lin D) =2,

where A > 1, 4 > 0, and

[An]

A([Mn]) = Z a(k).

k=1
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It is sufficient to show
1 [Aun]
He gty & @t =0,
k=(lun])+1
since
[Aun]

A([Apn]) - A([un]) _ 1
B (un]) =By Gy 2

Clearly, by (2) and (4),

a(k).
k= (Alunl) +1

[Aun}

- l
FERTETTR)) 2 a

k=(Alunh+1
o 90nmn | vy | Dea(Dioe])
nve O([un]) (A [un]] @([)\[un]])

so our assertion is proved.

)

Therefore, we have
(5 HOAw) = HO)WP + H(w),
since

_ A - Aunl) | 9CunD) |, ACLunl) - A(n)
Hn (1) = b)) IO 1O) :

Interchanging Yy with A in (5) and manipulating the equations simultane-
ously, we have, if p # 0, H(u)/pu°® - 1 = H(AM)/X\° - 1 = 4, A a constant, which
implies

. HO HO DA
! = = . = °
G v DA Sl v U & R S S
or
HI
(6) oy = LA o0 _ gy,

If p =0, then H(Au) = H(A) + Hu). Since H(+) is monotonic increasing,
H(+) has a point of continuity and it is not hard to show H(+) is continuous
on [1,»]. Hence H(+) is of the form

(7 H(\) = H'(1) log A.
Since
. neam) , (U] - n) _ . nea)
#OD < 1im =560 7 = =D 1im ey

we have

'y = 1im 2 g ncaln)
H1Q) = dim 5 = e Ty

On the other hand, as a consequence of (4), we have
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L AGD = AR L . (= (/A1) . nea()
B () 2 lim sup " P

Therefore, from (6) and (7),

' R 2D = o1s n +an)
SR A VIV & N TN
Hence,
.onecam) _ o,
Hn =50y ~#'W-

We now prove the converse.

Definition: Let f(x) be a real valued, measurable function which satisties
1im LU2) _ ye
2 > oo f(:}c)

for every A > 0. Then f(x) is a regularly varying function of index p.
Every regularly varying function f(x) of. index p can be written as

8 F@) = 5@
where L(x) is regularly varying of index 0 (slowly varying). (See [2].)

Lemma 1: Let (#(n)) be a regularly varying sequence of index o, then the
function f(x) defined by

flx) = 8(lzD)
is a regularly varying function of index p.

Lemma 2: 1f L(x) is a slowly varying function, then for every [a,b], 0 < a <

b < o, the relation

. L)
T =1

holds uniformly with respect to x € [a,b].

Lemma 2, known as the Uniform Convergence Theorem for slowly varying
functions, has been proved by several persons. A nice proof is given in [1]
by Bojanic and Seneta. Lemma 1 is proved by the author in [3].

By hypothesis,

keaCk) _

1lim = (.

PRI 9]
Also, by (8), @#(k) can be written as
gy = K°L(k),
where L(k) is slowly varying. Therefore, (a(k)) can be written as
ak) = C(RYKPTIL(K),
where %32 c(k)y = C.

Consequently, for n sufficiently large,
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[An] [An]

(¢ - ©) ) L(k) -1 1
——  nmin kPl < a(k)
nP n<k<[in] L(m) k;+1 () k?_n:rl
[A
) L) -
< 5 max () s
where € > 0. " n<kslinl k=n+l
Clearly,
min LK) = min éﬁklﬁl
n<ksian) LOD ey L)
and
s !
max LK) = max L&)
nsk<iin] L) 1<y L)
By Lemmas 1 and 2, we have ]
. . L(k'n) _ T L(k'n)
LR T - b TR e TG
Therefore,
[An] [An] [An] [An]

(C - €) ko—l . 1 N ” 1 (C + ¢) -1
- = lim —— Y a(k) = 1im a(k) = ~~—— kPTL,
ne k§+1 nre 9 () /) e Q(n)kjé;l ) ne k=2;+1

On the other hand,
[An] p p
EP-1 A= Dn £ op 40
k=n+1 e
log A if p =20
Hence, letting € - 0, we have
A AP
[Anl g cn DI 040

1
lim —— a(k) = o
nee §(7) k;n:i,l l ¢ log A if p=0

and the converse is proved.

I am particularly grateful to Professor Ranko Bojanic for his sugges-—
tions and comments.
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A GENERALIZATION OF WYTHOFF'S GAME

V. E. HOGGATT, JR., MARJORIE BICKNELL-JOHNSON, and RICHARD SARSFIELD
San Jose State University, San Jose, CA 95192

Wythoff's game is a variation of Nim, a two-pile game in which each
player removes counters in turn until the winner takes the last counter. The
safe-pairs generated in the solution of Wythoff's game have many properties
interesting in themselves, and are related to the canonical Zeckendorf rep-
resentation of an integer using Fibonacci numbers. In Nim, the strategy is
related to expressing the numbers in each pile in binary notation, or repre-
senting them by powers of 2. Here, the generalized game provides number se-
quences related to the canonical Zeckendorf representation of integers using
Lucas numbers.

1. INTRODUCTION: WYTHOFF'S GAME

Wythoff's game is a two-pile game where each player in turn follows the
rules:

(1) At least one counter must be taken;

(2) Any number of counters may be removed from one pile;

(3) An equal number of counters may be removed from each pile;
(4) The winner takes the last counter.

The strategy is to control the number of counters in the two piles to have a
safe position, or one in which the other player cannot win. Wythoff devised
a set of "out of a hat" safe positions

(1’2) 5 (3,5)’ (4,7), (6,10)’ AR ] (an ’bn)’
It was reported by W. W. Rouse Ball [1l] that
a, = [nol and b, = [no0?] = a, + n,

where o is the Golden Section Ratio, o = (1 + V/5)/2, and [n] is the greatest
integer not exceeding n.

More recently, Nim games have been studied by Whinihan [2] and Schwenk
[3], who showed that the safe positions were found from the unique Zeckendorf
representation of an integer using Fibonacci numbers, but did not consider
properties of the number pairs themselves. Properties of Wythoff pairs have
been discussed by Horadam [4], Silber [5], [6], and Hoggatt and Hillman [7].

For completeness, we will list the first forty Wythoff pairs and some
of their properties that we will generalize. Also, we will denote the Fibo-
nacci numbers by F,, where F, = F, =1, F,,, = F,,; + F,, and the Lucas num-
bers by L,, L, = F,_; + F (See Table 1.)

n+1l"°

Generation of Wythoff pairs:

I. Begin with a; = 1. Always take b, = a, + n, and take q; as the
smallest integer not yet appearing in the table.

II. Let B = {bxn} and 4 = {a,}. Then 4 and B are disjoint sets whose
union is the set of positive integers, and 4 and B are self-generating. B is
generated by taking b; =2 and b,yq =b, +2 if n € B or bp41 =b, +3 if n € B.
A is generated by taking a; = 1 and a,,;=a, + 2 if n€ 4 or q,,;,=a, + 1 if

n&EA.

198
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TABLE 1
THE FIRST FORTY WYTHOFF PAIRS
n a, b, n a, ban n an bn n an ba
1 1 2 11 17 28 21 33 54 31 50 81
2 3 5 12 19 31 22 35 57 32 51 83
3 4 7 13 21 34 23 37 60 33 53 86
4 6 10 14 22 36 24 38 62 34 55 89
5 8 13 15 24 39 25 40 65 35 56 91
6 9 15 16 25 41 26 42 68 36 58 94
7 11 18 17 27 44 27 43 70 37 59 96
8 12 20 18 29 47 28 45 73 38 61 99
9 14 23 19 30 49 29 46 75 39 63 102
10 16 26 20 32 52 30 48 78 40 64 104

Properties of Wythoff pairs:

(1.1) a, +k = by

(1.2) An + bn = ay

(1.3) Qq, +1 =D,

(1.4) A, =1+ 8;Fy + 8,F, + +-+ + 8 F,, where §; € {0, 1}
(1.5) bu =2+ 8,F, + 8F5 + -++ + 8,F,, where §; € {0, 1}
(1.6) Qg 41 ~— %a, =2 and ap o1 — ap, =1

a.7) by +1 = ba, =3 and by 41 = by, =2

(1.8) a, = [na] and by = [no®]

2. GENERALIZED WYTHOFF NUMBERS

First, we construct a table of numbers which are generalizations of the
safe Wythoff pair numbers (a,,bn) of Section 1. We let 4, = 1, and take

B, = A, + d,, where d, # B, + 1

(that is, dy4+1=d, +1 when d, # By or d,,1=dn+2 when d, = By, and d; = 2).
Notice that before, b, = a, + n; here, we are removing any integer that is
expressible by By + 1. We let (= By,- 1. To find successive values of 4,,
we take 4, to be the smallest integer not yet used for 4;, B;, or C; in the
table. We shall find many applications of these numbers, and also show that
they are self-generating. In Table 2, we list the first twenty values.

We next derive some properties of the numbers 4,, B,, and C,. First,
A,, Bn, and C, can all be expressed in terms of the numbers a, and bn of the
Wythoff pairs from Section 1. Note that 4,, is even, and 4,;,; 1is odd, an
obvious corollary of Theorem 2.1.

Theorem 2.1:
(1) 4,
(ii) By =a,+ 2n =b, + n =a,, + 1+ n;
(iii) ¢, ap,+2n-1=0by, +n-1=aqa, +n.

2a, - n;
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TABLE 2
THE FIRST TWENTY GENERALIZED WYTHOFF NUMBERS

n 4, B, dn, C, n A, B, dn.  Cn
1 1 3 2 2 11 23 39 16 38
2 4 7 3 6 12 26 43 17 42
3 5 10 5 9 13 29 47 18 46
4 8 14 6 13 14 30 50 20 49
5 11 18 7 17 15 33 54 21 53
6 12 21 9 20 16 34 57 23 56
7 15 25 10 24 17 37 61 24 60
8 16 28 12 27 18 40 65 25 64
9 19 32 13 31 19 41 68 27 67
10 22 36 14 35 20 44 72 28 71

Proof of Theorem 2.1: TFirst, we prove (ii) and (iii). Consider the set of
integers {1, 2, 3, ..., Bn}, which contains n Bs and #n Cs, since Cy = B, - 1,
and J 4s, where A; = B, - 2. Since 4, B, and C are disjoint sets, B, is the
sum of the number of Bs, the number of (s, and the number of 4s, or,

B, =n+n+j=2n+4g,
C, =2n -1+ 4.
Note that
Ag, =Cp -1=38, -2, forn=1,2, 3, 4, 5.

n

Assume that 4, Cn - 1, or that the number of As less than B, is J = a,.
Ag, =Cp -1
Ag, + 1 =0Cn # 4, 4
Ag, +2=Crn+1=28,*% Aan+1
Ay, +3 =0, + 2

but 4, + 3 =4, ,,, since the 4s differ by 1 or 3 and they do not differ by
13 and C, + 2 =Cpy1 -l or ¢, +2 = C,4y1 - 2 since the Cs differ by 3 or 4.
If Ag 41 = Cper - 1 and ay + 1 = a,,,, we are through; this occurs only when

n =>b, by (L.6). If n # by, then n = aq;,. Note that the 4s differ by 1 or 3.
Since 4, + 3 = Ay 41, 4y + 3 # Ay, +1, since a, # by for any k. Thus,

Ay, + 1 =4y .-
Now, if 4, 11 = Cyyy — 2, then

Ag vy T 1 =0Chyy - 1.

But, n = a;, so a, +1=p0, =a,+1, so

Agv1 P 1 =4, +1 =4, =4, =4

Qs
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by (1.6), so that again A, ,, = C,,; - 1. Thus, by the axiom of mathematical

induction, J = a,, and we have established (ii) and (iii).
Now, we prove (i). Either Ay,; = 4, + 1 or A, ,,; = 4, + 3. From Table 2,
observe that 4; = 2a, - 1 and 4, = 2a, - 2. Assume that 4, = 2a, - k. When
k = b;, we have
Ak+l=Ak+l

(2ak—7<)+1

2(ap + 1) - (K + 1)

2001 - (kK + 1)

by (1.6). If k # by, then k = a;, and we have
Agypr = Ap +3

(2a; - k) + 3

2(a, +2) - (k + 1)

= 2a;,, - (kK + 1)

i

l

I

again by (1.6), establishing (i) by mathematical induction.
Following immediately from Theorem 2.1, and from its proof, we have
Theorem 2.2:
(1) Ap 4y -4, =1 and A, ., -4 =3
(ii) By .3 - By, =3 and B, - Bg, = 4
(1i1) Cp 41 - Cp, =3 and  Cg 41 - Cq, = 4
(iv) 4, =a, + 2n -2
() Ag, = Cn -1
Theorem 2.3:
By = [no/5], Cp = [na/5] - 1, and 4, = 2[nal - n,
where o = (1 + V/5)/2.
Proof: By Theorem 2.1 and property (1.8),
B, = a, + 2n = [na] + 2n = [n(o + 2)]
[n(5 + V5)/2] = [nov/5].

A, = 2a, - n = 2[nal - n.
Theorem 2.4:
(i) By + Bn # 4;
(i1) Cn + Cn # Cy
(iii) B, + C, # B;
(iv) 4dn + B # (5

Proog: (ii) was proved by A. P. Hillman [8] as follows. Let C, =a, + 2r - 1
and (3 =a, + 25 - 1. Then

Cp+Cs =a,+tag+2(+8) -2=0Chs+ (@p+ta, - ap,., - 1),

3
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but a, = [ra] and a, = [sa] and a,,; = [(» + s)a]. However
[x] + [y] = [x + y] = 0 or -1,
so that }

a, +as - ap,g -1 =-1o0r -2,
making
Cp +Cs = Cpypg -1 or Cp + Cs = Cpys = 2,

but members of the sequence {C;} have differences of 3 or 4 only, so
Cpyse = 1L #Cy, and Cpys - 2 # Cp, for any k.
The proof of (i) is similar:
B,+ B, =a,+ 2m+ a, + 2n

=a,+a,+ 2(m+ n)

I

Ay + anp + (bm+n - am+n) + (m + n)
(a, + a, - am+n) + (bm+n + (m + n))
(0 or -1) + B

m+n-*

Thus,

By + By = Buyn Or By + By = Bpyn = 1 = Cpyn,s
and

Bn + B, # A;, for any J.

Now, to prove (iii),
B, + C, = (am+ 2m) + (a, + 2n - 1)
=a, ta, + m+n) + m+mn) -1

An + an + Buyn = Apyn) + (m+n) - 1
(Gm + ay - am+n) + (bm+n + (m+ n) - 1)
(0 or -1) + Cpyp-

1]

Thus,
By + Cyp = Cpyn or By + Cyn =Cnyn-1=8 -2

m+n

-

but consecutive members of B; differ by 3 or by 4, so
Bpyn - 2 # Bj, and By + C,, # B;.
Lastly, to prove (iv), either

c -C; =3 or C

j+1 g -0 =4,

J+1
and
An # C;, A, # Bj, for any j.
If 4, # C; and 4, # C; + 1 = B;, then either
Am=0j—l or A,,,=C'j+2=Bj+l.
If A, =C; - 1, then
Aw + B, = C; = 1+ B,,
which equals
Cion =1 #Cr or C;up
If 4, = Bj + 1, then

- 2 # Cy, by the proof of (iii).
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A, +B, =B; + 1+ B,
which equals either

Biyn+1=Cian=-2#C, or Cop,+1#0,

J+n

by the proof of (i).
The proof of Theorem 2.4 gives us immediately three further statements
relating 4,, B,, and (,, the first three parts of Theorem 2.5.
Theorem 2.5
(1) Bp+ B, = Bpyn or B, + B, = Cpyn
(i) Cp+ Cp=Chyn—-1 or Cp+ Cp=Cpypn -2
(iii) By + Cp = Cpyp OF By + Cp = Cpypy - 1

(iv) A4, + 4, =4 or Ap,+ A, = A, in- 2

Proot of (Lv):

An+ 4, = 2a, - m+ 2a, - n
= 2bm - 3m + 2bn - 31
= 2bm + 2bn - 3(m + n)
= 2bm + 2bn - B(bm+n - am.m)
= (me + zbn - 2bm+n) - bm+n + 3am+n
= (2bm + 2bn = 2bnsn) = (Aman+ (m+ 1) + 3a,,,)
= (2bm + 2bn = 2bpin) + 20p4n - (m+ n)
= (0 or -2) + Ap,ns

so that
An + Ay = Apyy or A+ Ay = 4,,, - 2.

Finally, we can write some relationships between 4,, B,, and (, when the
subscripts are the same.
Theorem 2.6:

(1) Ap + Bn = 4,
(ii) A4, + Cp = Bg,
(ii1) A, + By + Cn = 0y
(iv) 4y, + Cn = Cy,

(v) By, + Bn = C,

n

Proog: Proof of (i):

= 2a, + (an - ap,) = 2a, - by =4,,.
Proof of (ii): Using (1.1), (1.3), (1.2), and Theorem 2.1,
Ap + Cp = 2a, ~-n+a, +2n -1
=2b,+a,-n-1
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=by+an-n+a,

2aﬂ + aa" = Ba,l

Proof of (diii):
A, + B, +C, =2a,-n+a, +2n+a, +2n -1
=a, + 3@, +n) -1
=a,+ 3br -1
= (a, + bn) + 2b, -1
=a, +2b, -1
= C

n

by (1.2) and Theorem 2.1.

Note that (iv) and (v) are just combinations of (i) with (iii), and (ii)
with (dii).

Notice that there are eighteen possible ways to add two of the 4s, Bs,
or Cs to obtain an Ay, Bj, or Ci;. Ap+ Ay = Ayyy or Ap + Ay = Apyn - 2, so
that Ap + An = Ax or A, + 4, = Bj or A, + 4, = C; for suitable k, j, and <.
Ay + By = Ay or Ay, + By = B; for suitable k and 4, but 4, + B, # (; for any
T. Ap + Cp = Ay or Ay + Cp = B; or Ay + Cy = C; for suitable values of k, j,
and 7 as readily found in Table 2. Since By + B, = Bpyn OT Bm+ Bn = Crins
solutions exist for By + Br = B; and By + By = C’i', but Bp + B, # 43 for any
k. Since By + Cpn = Cpyn ot By + Cyy = Cpyn — 1, solutions exist for Bn + Cy =
C; and for Bpm + Cn = Ay, but By + Cn # B; for any j. Lastly, Cn + Cpn = Cnan
- lorCpn+Cn=~Cnsn — 2, so it is possible to solve Cn + Cy = Ay and Cp, +
Cn = B;, but Cp + C, # C; for any <.

3. LUCAS REPRESENTATIONS OF THE NUMBERS 4,, Bn, AND Cj,

The numbers A4,, B,, and C, can be represented uniquely as sums of Lucas
numbers L,, where L, =2, L; =1, L, =3, and L,4+y; = Ly4+1 + L,. Since the
Lucas numbers 2, 1, 3, 4, 7, 11, ..., are complete, one could show that {4.},
{B»}, and {C,} cover the positive integers and are disjoint. See [9] and
[10]. We write 4 = {4,} = {1, 4, 5, 8, 11, ...}, numbers in the form

Ay, =1+ 8,L, + 8Ly + -++ + §,L,, §; € {0, 1}
in their natural order; and B = {B,} = {3, 7, 10, 14, 18, ...},
By =3+ 8,0, + 8,L, + --+ + 8,L,, §; € {0, 1}

in their natural order, and C = {C,} = {2, 6, 9, 13, 17, ...}, which are num-
bers of the form

Chn=2+4+8;Ly + 8,0, + -+ +8,L,, 6; € {0, 1}.

The union of 4,, Bn, and (C, is the set of positive integers, and the sets are
disjoint. One notes immediately that B, = C, + 1 because any choice of §s
in the set (' can be used in the set B so that, for each (C,, there is an ele-
ment of B which is one greater. Also, each 4, is one greater than a B; or
one less than a (;. Also, 4,s may be successive integers. A viable approach
is to let all the positive integers representable using 1, 3, 4, 7,... , in
Zeckendorf form be classified as having the lowest nonzero binary digit in

the even place 3 Lucas Zeckendorf , while 4 is in an odd 0J0]. This



19791 A GENERALIZATION OF WYTHOFF'S GAME 205

clearly makes 4 and B distinct sets, since the Zeckendorf representation is
unique. Set ( consists of the numbers which must use a 2, making ¢ distinct
from either 4 or B, since the positive integers have a distinct and unique
representation if no two consecutive Lucas numbers from {2, 1, 3, 4, 7, ...}

are used and Ly = 2 and L, = 3 are not to be used together in any representa-
tion.

¢=1{2,6,9, 13, 17, 20, ...}, are the positive integers that are not
representable by {1, 3, 4, 7, ...}, the Lucas numbers when Ly = 2 is deleted.
The sequence {B,} = {3, 7, 10, 14, ...} occurs in the solution to the Inter-

national Olympiad 1977, problem 2 [11], which states:

Given a sequence of real numbers such that the sum of seven consec-
utive terms is negative, and the sum of eleven consecutive terms is
positive, show that the sequence has a finite (less than 17) number
of terms. A solution with sixteen terms does exist:

5, -5, -13, 5, 5, 5, -13, 5, 5, -13, 5, 5, 5, -13, 5, 5
We note that -13 occurs at positions 3, 7, 10, 14,

We know that every positive integer has a Zeckendorf representation in

terms of 2, 1, 3, 4, 7, 11, ..., and a second canonical representation such
that P

A ——B,

where f* merely advances the subscripts on the Zeckendorf representation of
A4 (odd position) to a number from B (even position). One needs a result on
lexicographical ordering: If, in comparing the Lucas Zeckendorf representa-
tion of ¥ and N from the higher-ordered binary digits, the place where they
first differ has a one for M and a zero for N, then M > N. Clearly, under
f*, the lexicographical ordering is preserved.

Now, look at the positive integers, and below them write the number ob-
tained by shifting the Lucas subscripts by one upward:

n =1 2 3 5 6 7 8 9 10 11 12 13

T T A S A A O

3 1 4 10 8 11 14 12 15 18 21 19
-2 3 3 3 -2 3 3 -2 3 3 3 -2

i

£
Af 7':(”)

Note that the -2 occurs between n = (3 and n = (3 - 1; all the other differ-
ences Af*(n) = f*(n + 1) - f*(n) = 3. Now, of course, 1 * 3 so that normal-
ly the difference of the images of two successive integers is 3, but 2 + 1
and 1 -+ 3, so that those integers (% which require a 2 in their representa-
tion always lose 2 in the forward movement of the subscripts.

Now from the positive integers we remove B, +1, as this is an unpermit-
ted difference; these numbers 4, 8, 11, 15, 19, ..., are 4;s immediately after
a B,. Those 4,s remaining in the new set are the second 4, of each adjacent
pair. Since 4, ,, - 4, =1, it follows that

Ay, o1 # Bn + 1,

but rather

Ay oy = C; = 1.

The numbers 4, = B, + 1, 4, ,, = B; + 1, and other 4,s which are of the form

Bs + 1 are gone. Only 4 C. - 1 are left in the set, which is {5, 12,

b, +1 =4
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16, 23, 30, ...}, and they are in the set {B,- 4,} and also in {4,}. We now
wish to look at the fact that each (5 -2 has been removed whenever (, =1 re-
mains in the set. This opens up an interval difference of six in each case.
For instance,

3 5 6 = Cp, 10 12 13 =0,

{ | { { {

4 10 8 15 21 19
difference 6’/// \\\\\6

Now, without changing anything else, by giving each element of {5, 12,16, 23,
30, ..., Ay, 41> ...} an image which is five smaller. Each such number uses
a one, 1 = L,, in the Zeckendorf representation. Replace this L, by -L_;.
Now, regardless of whatever else is present in this Lucas representation,
formerly 1 =L, - L, = 3, but now 1 = -L_; + -2 = -L,, so that the difference
in images is 5.
*
AN

4y,

nt+l

f

Ab,,+1 —M-5
Now, all of the rest of the differences were 3 when the difference in the
objects was 1. The differences in the images were -2 only when the objects
were Cn, and Cn - 1. Now, with 1, 4, 8, 11, 15, ..., B, + 1, ., removed
(B, = 0), and each image of the object set {5, 12, 16, 23, 30, ..., Ap 41>
...} replaced by five less, we now find that if the object numbers differ by
1, their images differ by 3, and if the object numbers differ by two, the
image numbers differ by one. Thus, if from the object set M > N, then the
image of M is greater than the image of N under the mapping f of increasing
the Lucas number subscripts by one. This shows that the mapping from {A,} =
{Bn - 4u} into {4;} is such that An<—41+14n. Further, under f¥*, operating on
*
the Zeckendorf form, An—i~A»Bn because of the lexicographic mapping. Clearly,

f is not lexicographic over the positive integers but over the set {A,} where
{5, 12, 16, 30, ...} have been put into special canonical form.
We note that the set {A,} is all numbers of the form

Ap =2+ 8Ly + 8,0, + -
in their natural order, where §; € {0, 1}. Since

{Cn} = {2, 6, 9, 13, 17, ...}
cannot be made using {1, 3, 4, 7, 11, 18, ...}, it follows that

{cn + 2} = {4, 8, 11, 15, ...} = {B, + 1}
cannot be so represented. We have thrown these numbers out of the original
set of positive integers. What is left is the set so representable. Thus,
Ay, are the numbers of that form in natural order. The number 1 does not ap-

pear in {A,}. Now, if in {A,} we replace each Lucas number by one with the
next higher subscript, then we get all the numbers of the form
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1+ 8L, + 6,0 + 830, + -

in their natural order since we have carefully made the construction so num-
bers of the image set are out of their natural order. Thus,
f £*

Np —— 4, and A, — B,.

L. WYTHOFF'S LUCAS GAME

The Lucas generalization of Wythoff's game is a two-pile game for two
players with the following rules:

(1) At least one counter must be taken;

(2) Any number of counters may be taken from one pile;

(3) An equal number of counters may be taken from each pile;

(4) One counter may be taken from the smaller pile, and two
from the larger pile;

(5) All counters may be taken if the numbers of counters in
the two piles differ by one (hence, a win);

(6) The winner takes the last counter.

Let H be the pile on the left, and G on the right, so that (#,, G,) are
to be safe pairs.

Hﬁn = Aq, Gy, = Ba,
Hp = Ay, Gp, = Bp,
Hp, = Cq, Ge, = Ch,

n

where (a,, b,) is a safe pair for Wythoff's game, and 4,, B,, and (, are the
numbers of Section 2.

Now remember that (H,, ,G4, ) and (Hp, ,Gp, ) had all the differences except
numbers of the form B, + 1.

Cp, = Cq, =Bp+1=24
The only difference not in {G, - H,} is one; hence, Rule 5. The differences
in the Hs are 1, 2, or 3, and the differences in the Gs are 1, 3, or 4. It
is not difficult to see that the rules change a safe position into an unsafe
position.

Next, the problem is to prove that using the rules, an unsafe pair can
be made into a safe pair. Strategy to win the Wythoff-Lucas game follows.

Suppose you are left with (¢, d) which is an unsafe pair. Without loss
of generality, take ¢ < d.

1. 1If ¢ = H, and d > G, then choose s so that d - s = Gx. (Rule 2.)

If ¢ = Hy, and d < Gy and d - ¢ = Ay < Ay = Gy - C, where An appears in
the list of differences earlier, then choose s so that
d-s=c+0,-8=¢c-s8+ A7, =H,+A,=Gp. (Rule 3.)

3. If ¢ =Hy and d < G, and d - ¢ = Ay, < Ay but A, does not appear earlier
in the list of differences, that is, H, > Hi, then we need some results
before we can proceed.
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Lemma 1: Cp - Cq, =B, +1=G, -H
Proof: By Theorem 2.1,

Cp = Cq, = (abn + 2b, - 1) = (a,, + 2a, - 1)
= (an + by + 2bn = 1) - (aq, +1 + 2a, - 2)
=a, +3, -1-b, - 2a, +2

=a, +2Mb, -a,) +1

n

=a, +2n+1
= B, + 1.

Lemma Z: Gg - Hp, = B,, - Ap, = B,.

n

Proof: By Theorem 2.1,

By, = Ap, = a, + 2b, - (Zabn - b,)

n

= 3by, - ayp,

= 3b, - (a, + by
=2b, - a,

= 2(a, + n) - a,
=a, + 2n

=BVL

The original list of A, = G, - H, was steadily increasing functions of
n. However, with the insertion of G, - H; = A; = Bn + 1, the next higher

Gcn+1 - He o1 = GBW - Hg =B, -4, = By

by Lemma 2. Thus, if A, < Ay while H, > H,, this cannot be the case, except
when ¢ = H, = H; while d = G;, - 1. The proper response is to subtract one
from ¢ and subtract two from d to finish case 3; we also need Lemma 3, which
follows from Theorems 2.1 and 2.2:

Lemma 3: ¢ - 1==H, -1=0C, - 1=4, 3
d-2=G, -3=¢C, -3=0D58, _1-
The pair (Hy -1, Gg o -1) = (4 -1, an_l) is a safe pair which is obtained by
using Rule 4.
4. 1If ¢ = G, then if d > H,, choose s so that d - s = H,. (Rule 2.)
5. If ¢ =G, and d < Hy, follow the procedures of cases 2 and 3.
6. If ¢ =d - 1, then take all the counters by Rule 5.

Since G and Hy cover the integers, cases 1-6 give every possible choice of
cand d, ¢ # d. 1If ¢ = d, then take all the counters and hence win, by Rule
3.



1979] A GENERALIZATION OF WYTHOFF'S GAME 209

Some comment should be made about why each legal play from a safe pair

results in an unsafe pair. We begin with the safe pair (Hy, G,) and apply
each rule.

(a) If from (Hy, G;) we subtract s > O from either (Rule 2), then since

(Hy, Gy) are a related pair, changing either one without the other results in
an unsafe pair.

(b) 1If from (Hy, Gy) we subtract s > 0 from each (Rule 3), then the
difference Ay = G; - H, is preserved, but the difference Az is unique to the
safe pair; hence, changing H; and Gj but keeping the difference Ay the same
results in an unsafe pair.

(¢) To investigate Rule 4, we need some results on the differences of
the sequences H, and G, separately.

Lemma 4: The differences of the H, sequence are 1, 2, or 3:
(1) Hy 4y - Ho, = 25
(11) Hp 4, - Hp, = 13
(lll) HA; 1~ HAb,_ = 3;

(iv) Hy 4y - Hy = 1.

An

Proof: We refer to Theorem 2.1 and the results of Section 1 repeatedly.

(i) Hp w1 = Hp, = 4,  and ch = Cq,, 8O

Hyp o1 = Hy = A, = Ca, = (2a,, = Dba) - (ag, + 2a, - 1)
' = (2a +2b - b,) - by - 2a, + 2 = 2.

(ii) Hs, = 4, , so

HBn+l = HAa,,+1 = Aaa,,+1 = Aaa"+2 = Abn+1 = Abn +1,
and
ﬁ5n+1 - HBH = A, +1 -4, =1.
(iidi) th = Aab“ and H4h+1 = HAM+1 = Aab“ﬂ = Aabﬂ+l = Aab" + 3, so
HAbn+1 - HAZ:“ = 3.

(iv) Hy, 41 = He, = Ca

n

=a,, *2a, -1

n

(Bn = 1) +2a,-1=a, +am- 23

Hy, =4aq, =204, - da = 2(aq, +1 — 2) - aa,
=2a, -4 - (aq, +1)+1=2a - b, -3
=a, + (a,+by) -byp-3=aqa, +a - 3.

Thus,

E%J"+1 - Hg% = (abn +a, - 2) - (abn +a, - 3) =1.
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We now conclude that the G sequence does not have a difference of two;
in fact, the differences in the Gs are always 1, 3, or 4.

Lemma 5: Geo1 — Gy # 2 and
(1) Gcn+1 - Gc" =1
(i1) G¢, - Ge -1 33

(ii1) Gg 4y = G 41 = 33
4.

(iv) GAb“+l - GAM
Proof: By construction, the differences A, = B, -4, in natural order cover
all the positive integers except numbers of the form B, +1, but (d; , G, ) =
(C, Cb“) is such that Acn = B, + 1.

We now cite some obvious results (see Lemmas 1, 2, and 3).
Do, = By + 1, Dee1 =By, bp,oy =B, - 15

therefore,

DAe+1 = B¢, = -1, Dg = Dg -1 =2, and D¢ 4y = Dg 41 = 235
but

Amy1 - Ay = 1, otherwise.

(Gcn+1 - ch+1) - <Gcn - ch) = -1;
thus,
(1) Geo41 - Ge, = Ho pr - Hy - 1=1(2-1) =1.

n

Since He, - He,_1 = 3, (Gcn - Hp ) = (Ggoq - ch_l) = 2, making
(11) Gy, = Go,_1 = Hg, - Heoy + 2 = 3.
Next, Hp 41 = Hp, = He .5 — He wy =1, and A¢ 4o = Ag 41 = 2, so that

G’c"+z - Hpevo ~ (Gc,,+1 - ch+1) = 2,
or

Gcn+z - Gcn+1 - (ch+2 - ch+1) =2,
so that, finally,

(111) Go g = Go yy = (Howy = Hopy) +2 =142 =3,
The fourth case has A, ,; - A, = 1, which means that

Gay +1 = Hap 41 - (GAM -y, ) =1,
so that ’

Gay+1 = Gay = (Hyy w1 = Hyy ) =1,

by
making

(iV) GAb,.+l - GA = (HAb“+l - HAb,. ) +1=3+1=4.

b

The final conclusion is that no difference of Gs equals two, concluding
the proof of Lemma 5.
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We now can finish case (c), the investigation of Rule 4. The play of
subtracting one from H; and two from §; does leave an unsafe pair.

(d)y 1If (#4,, Gy) is a safe pair, then the difference between d; and Gy
is never one, so Rule 5 will not apply.

We have found that applying the rules to a safe pair always leads to an
unsafe pair.
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A MODIFICATION OF GOKA'S BINARY SEQUENCE
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ABSTRACT
Goka's binary sequence G = (9&)?21, where g; is a binary has been modi-

fied by replacing the binaries (g;) by matrices of the same order over the
binaries. We define, formulate, and discuss the properties of the nth inte-
gral from j of G by repeating in succession Melvyn B. Nathanson's formula for
I;G, the integral from j of ¢. The integral equation I;G =G has been solved.
We investigate the behavior of the decimated sequence, submatrix sequence,
sequence of integrals from j, and complementary sequence of the binary matrix
sequence (BMS) G in relation to G. An application of the binary sequence has
been described.

1. INTRODUCTION
Goka [1] has introduced the binary sequence G = <9i>:=1’ where g, = 0

or 1 and the addition is modulo 2. Nathanson [2] has discussed eventually
periodic binary sequences. In his paper he has formulated the wnth derivative
of G, D"7, and the integral from J of G, I;G.

In this paper we present a modification of the binary sequence G to the
binary matrix sequence by replacing the binary g, by a m X n matrix over the
binaries. All arithmetic of the binaries is done modulo 2, and the addition
of the binary matrices or binary matrix sequences is done componentwise. Not
surprisingly, we will find that all the results established in [2] hold good
for our BMS also. We generalize the integration formula for 7;G, where G is
a BMS, formulate I;G, the nth integral from j of G, and establish results
illustrating its properties. We study certain interesting properties of the
decimated sequence of G, the submatrix sequence of ¢, and the complement of
G in relation to their parent BMS ¢. 1In the final section, we show how to
apply the novel method of binary sequences to represent any sequence of in-
tegers. Just indicating whether a member is odd or even and using this method
we are able to determine whether

(p-+r-+l>, (p-+r>’ =0, 1, ..., n -1
r r

are odd or even when p = 2"g, where g is odd and 2"l << 27

2. NOTATIONS AND DEFINITIONS
Definition 1: A binary matrix sequence (BMS) is the infinite sequence

=3

¢ = <gi>i=1’
where (gi) are matrices of the same order over the binaries.
In what follows, we will use the following laws of addition modulo 2:
(i) 1 +0=0+1=1;
(i) 1 +1 =0+ 0 = 0.

212
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It is evident that, if k is a nonnegative integer,

@) = () er (o)

according as kK is odd or even. Addition of the binary matrices and, like-
wise, the BMSs is done componentwise, i.e., if

gi = <ars)’ gj = (blﬂs), 91- +9j = (ars +brs)-

Similarly, if

are two BMSs of the same order, then G + H = <gi + h.>

Notations :
(1)
(ii)

(iii)

(iv)

G = <9i>:=1 and H = <h¢>:=1

Z/)i=1"

0’ g’g’g

0 = a binary matrix in which every entry is 0 and is called
a binary null matrix.

0 = a binary matrix sequence in which every entry is 0 and
is called a constant null sequence.

g = a binary matrix in which every entry is 1.

g = a binary matrix sequence in which every entry is g.

The following results will be useful. If g, is a binary matrix and k is
a nonnegative integer, then

(1)
(i)

kg; = g; or 0 according as k is odd or even.

g; + g9; = 0 means g, = g; -

Definition 2:

(1)

(i1)

If g, and h; are two binary matrices of the same order with
g; + h; = g, then each is said to be the complement of the
other.

If G and H are two BMSs of the same order with G + H = g,
each sequence is said to be the complement of the other.

We use the notation 5;, G for the complements of g;» G, respectively,
and to write the complement, we simply change the binaries 0, 1 to 1, 0, re-

spectively.

]

1 1 10
Example: If g, ={0 1}, g, 0 0], then
0 0 ! 11

(1)

(11)

(iii)

<O 1
g. +g. = (0 1
¢ ! 11
1 1

39, = 0 1 =9;
0 0
0 0

8g, = (0 o) =0
0 O
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0 0
(iv) g, = {1 0
11

Deginition 3:

(i) 1If G = <gi>:—1 is a BMS, its derivative DG = <g%>? r where
- T
1

g, = g. *tg.

i i Z+1°

(ii) 1If G is a BMS, its nth derivative is defined recursively by
D"G = D(D"G).
Definition 4:
(i) 1If G = <gi>:=1 is a BMS, the integral from j of G is the BMS I;G
whose Zth term is

J-1

-1
Ddg,  if i >4
a4

(ii) If G is a BMS, the nth dintegral from j of G is the BMS I;G de-
fined recursively by {;G = {f(ﬁf—%ﬁ.

Definition 5:
(i) If G = <gi>:=1 is a BMS, the sequence of integrals from j of G

is defined as J = (I;G>:=0, where I;G = G.
(ii) The truncated sequence of integrals from J up to p is the infi-

nite sequence ¢, whose nth term is the truncated BMS

(IJ.”<91.>>5=1.

Definition 6: 1f G = <gi>?=1 is a BMS and d is a positive integer, the deci-
mated BMS G4 of (¢ is defined by

d_ (, \*
e = (Jkd>k=l'

Definition 7: G* is called a sequence of submatrices of a BMS &, and is ob-
tained by taking the submatrices of the same location from the binary matri-
ces of G.

Example :

0 1\ /1 1\ /0 1\ /0 0\ /1 1\ /1 0
IfG=<O 1), <o o>, (o 1), (o o>, (1 1>, <o 1),
0 1/ \o o/ \r o/ \o o/ \o 1/ \1 o
1 1\ /0 0\ /1 ©
(Gd>d= =<o o>, (o o>, (0 1),

0 0/ \o 0/ \1 0



19791 A MODIFICATION OF GOKA'S BINARY SEQUENCE 215

NN N N

obtained by taking second and third rows of the binary matrices of (.

Deginition 8: Eventual property of a BMS.

A BMS G = <gi):=1 is said to have an eventual property from J when it
it true for the BMS <gi>m

i=4"
SECTION 3

In this section, we establish certain theorems with regard to the inte-
grals from J of a BMS.

Theorem 1: 1If G = (91>¢=1 is a BMS, its nth integral from j is the BMS I;G
whose Zth term g,  ‘'is

j-1 _ -7

(1.1) E: <n i'fi 1)95 if 7 < g
s=1

(1.2) 0 if <71 <g4+mn
i -s -1

(1.3) Z( n—l)gs if £ >4 +n
sy

Proog:

Case (1.1): Let Z < j. Then 9: 0o the Zth term in IfG is

J-1 s Sp-1 83 52
E E E E E 1 gi+s—l'
s=1 \Sn-1=18,.,=1 s,=1 8§;=1

Upon using

I IRED Y R ]

o

Case (1.2): Let J <7 < j + n and ;;G = <9i,n> As

i=1"

i, =0, gj,z = gj+1,2 =0, gj,a = gj+1,3 = gj+2,3 =0,
and finally,
jon i+, T 952,07 T T Giunc1,, T 0
or, in brief,
;. = 01f j <1 <J + n.

Case (1.3): Let © > J + n. Here the formula can be established on par
with case (1.1) and the proof is therefore left to the reader.
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Conollary 1: 1If G = <g>f is a constant BMS,
— im

(1.4) (i) DG = ;)
(ii) ;;G = (gi,n>w , where 9; , 1is
(1.5) <n+j;i—39 if 1< g
(1.6) 0 if <1 <j+m
(1.7) (i;;j)g ifizi+n

Proof: (1.4) follows immediately from the definition of the operator D, and
(1.6) is a particular case of (1.2).

To prove (1.5), consider

j-1 .
s-1+n-1
S e P |

&l 4 -1
‘(s -1 +n —
;( n-1 ))‘7
Upon using
z + . + +p+1
S5 50 - (),
:<n+j—7,'—-1>g:<n+j—i—l>g

Iin Jg-1-1 n

>

Similarly, we prove (1.7).
Conollary 7:

(i) Lt I;G is eventually null from j. This follows from (1.6).

N+

(i1) Lt I7G =0.
N+ 1 ~

Theorem 2: The truncated sequence of integrals J, from J of a BMS G (+0) up
to j — 1 has a period 2", where 2" 1 + 1 < j < 2™ + 1.

. Py _ . ©
Proof: 1f I'°G = (gi’p>

and g, b T 9; for 7 < J with p in its lowest form
then '

i=1

g for 2 < g and n = 1, 2, 3, ...,

Ji,n+p = gLn
and hence it is sufficient to investigate the feasibility of

gi,p =gy S 7.

This will happen when

Jj-1 +s ; 1

D -7 - . .
) R e N R
s§=1

which is true when <g>€l>’ (g-fi>, . (F);i 13) are all even. The suitable
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value of p = 2"g, where g is odd and m is nonnegative with J < 2"+ 1. In
order that p is lowest, we set g = 1, j > 2"-1 4+ 1, and conclude that Jp up
to j - 1 of J is of period 2™, where 2”71 + 1 < j < 2™ + 1,

gonoﬂﬁa&y: If a BMS ¢ is eventually null from J, the sequence of integrals
from J of G is of period 2", where 2"°1 4+ 1 < 4 < 2™ + 1.

Exampfe: Choosing j = 5, consider

R N I N (I R O O
D DC Do a )

From our choice of j, 2”7 =4 and we find that Jp up to 4 of J has a period 4.

Theonem 3: 1f G = (g_)ll is a BMS and I;G = G, then ¢ = 0.
Proog: 1f I;G = G,

o

J-

(3.1) ;g% g, g; 1f—lz < g,
(3.2) g, =0 and g =g, if 1 >g.
8=
Upon setting 7 = J - 2, j - 3, ..., 1 in succession in (3.1), we find that
g, = 0, =1, 2, ..., J - 1;
upon setting 7 = J + 1, § + 2, ... in (3.2), we have

g, =0, T =4J+1,J+2,
Thus G = 0.

L. DECIMATED SEQUENCE, COMPLEMENTARY SEQUENCE,
AND SUBMATRIX SEQUENCE OF A BMS

Theonrem 4: If G is a BMS of eventual period P from J, and G* a sequence of
submatrices of G, then G* is of eventual period p from 7, where p|P and <, <
Jo-

Proog: 1If G is eventually periodic from j,, then G* should also be eventu-

ally periodic from j,. As the converse is not true, G?* could have eventual
period p, where p|P, from i, < j,.

Example: Consider

{0 GG G- 6001 6)

Here G has eventual period 2 from 7, = 3.

o (0 0 () 4 6) )

obtained by taking first and second rows has eventual period 1 from j, = 2.
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Coroflary: 1f a BMS G has eventual period p from j, where p is a prime, then
G* has eventual period p or 1 from ©, < J,.

Theonem 5: 1If G = (gi>:=1 is a BMS of eventual period p from Z,, then its

© 7
decimated sequence G4 = has eventual period from k, < —l+1
; Ira Jx=1 ; 0= d

p
Lo . ) (pad)
where 7| is the integral part of =

Prood: Consider G = <gkd>:=1' Here

9 = 9rg = Ixaryg TOT T 2 14

if

(k + 1)d = 7 + mp,
where 1, k, m are positive integers. Therefore, G¢ is periodic for kd > 7,
if Id = mp; i.e., I = mp/d. The lowest form of 7 = p/(p,d). Now, consider
the case d < ©,. The n-tuple (Ggs Gogs +++» Gng)» where nd < 2, < (n + 1)d
may include a part of the periodic cycle

(g(n+l)d’ Tns2ya> *0 o 9(n+1)d>
followed by some full cycles or vice versa. Hence, G4 is of eventual period

__P Lo
1= ) from k, f—[(j] + 1.

Theorem 6: If G is the complement of the BMS G, D"G = D"G.
Prook: As G+ G =g, D"G+D'G=D"g =0. Hence, DG = D'C.

5. AN APPLICATION OF THE BINARY SEQUENCE

r
Here we describe the binary sequence method to show that (p;; ) is odd

mﬂ(p+r+l

» > is alternately odd and even for r = 0, 1, 2, ..., n — 1 when

p = 2"g and 2"t <y < 2™ Let (ai>z=1 be a sequence of integers, and let
H= (hi>?=1 be an infinite sequence where h; = a;, if ¢ < n, and h; = 0 if
7 > n. Now we construct the binary sequence G = <gi>:=l where 9; = the bi-

nary 1 or O, according as h;, i.e., a;, is odd or even. As far as the odd
or even nature of the numbers is considered, we are fully justified in the
representation of # by the binary sequence (¢, because the integers strictly
obey the laws of addition modulo 2, viz.,

(i) the sum of two odd (or even) numbers is even, i.e.,
1+1=0+0=0,
(ii) the sum of an odd number and an even number is odd, i.e.,
1+0=0+1-=1.
Now we prove the following theorem.
Theorem 7: 1f m is a positive integer and p = 2"g, where g is odd, then

p+r
r

(7.1) (i) ( >, r=0,1, 2, ..., n - 1 are all odd,

and



19791 A MODIFICATION OF GOKA'S BINARY SEQUENCE 219

.. +r+1
(7.2) (ii) (p ” ), r=0,1, 2, ..., n -1 are alternately

odd and even, where 2" ' < 5 < 27,

Proog: We represent the sequence of the natural numbers up to 7 in reverse
order in the infinite sequence form

(7.3) A= (hi>:=1, where h; =n + 1 - 4 if 4 < n

and h; = 0 if 7 > n.

Now we represent H by the binary sequence
(101010...101000...) or (010101...01000...)

according as n is odd or even, where the binary 1 indicates that the corre-
sponding entry %4; in H is odd, the last appearing binary 1 being the nth en-
try in G.

It is evident that DYG¢ = D Py and I ” = H In the usual notation

( "$+p+l> if i <n

=17

I5+1H = (hi,p>» where h; , =

0 1if 7 > n.
The corresponding binary sequence IﬁllG is identical with G if
(p+l> <p+2> <p+n>
0/’ 1/ """ \n-1

are alternately odd and even.
We recall that DI;G = G [2]. Therefore,

p 14
DI 4G = DIp1(Tp11G) = 1,446
Now we differentiate I’+1G and find that
In+lu = (111...1000...)

in order that [ +1& = (¢, the last appearing binary 1 being the nth entry.

o

This represents In+lH = (hi,p-1>¢=1, where

(”‘/"TP> if 7 <n

n—1
hi,p~1 =
0 if 2 > n.

p+r .
It follows that s r»=90,1, 2, ..., n -1 are all odd. Similarly, we
find that

-2

1776 = (00...01000...)

representing ]ﬁ+lH and we have that <p-+§<—l), r=1,2, ..., n-1are all

*Here the definitions {fG and DYG for a BMS are extended to any even-
tually null infinite sequence of numbers.
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even. This is true when p = qu where m is a positive integer and g is odd

- +
and 2" ' < » < 2™, Now we conclude that (p ;P> is odd and (p-+p 1) s al-
ternately odd and even for » =0, 1, 2, ..., n - 1 where p = 2mq and 2771 <
n< 2™,

Remank 1: Care must be taken not to apply the results of Theorem 2 directly
in order to obtain the results of Theorem 5. Similarly, the properties of
the derivatives and the integrals of a BMS should not be applied directly to

Hin (7.3).
Remask 2: The authors earnestly hope that the reader will be able to find
further applications of the binary sequences of BMSs.
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RESTRICTED MULTIPARTITE COMPOSITIONS
LEONARD CARLITZ
Duke University, Durham, North Carolina 27706
1. INTRODUCTION
In [1] the writer discussed the number of compositions
(1.1) n=a +a, + " +aq

in positive (or nonnegative) integers subject to the restriction
(1.2) a; #a;y1 (=1, 2, ..., k- 1).

In [2] he considered the number of compositions (1.1) in nonnegative integers
such that

(1.3) a; £ a;., (modm) (2 =1, 2, ..., k-1),

where m is a fixed positive integer.
In the present paper we consider the number of multipartite compositions

(]_,4) nj=ajl+aj2+"'+ajk (J":l, 2, eo s t)
in nonnegative Qjs subject to

(1.5) a, +a;,; (=1,2, ..., k-1)

or

(1.6) a; 7a;,; (modm (£ =1, 2, vuu, k= 1)
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where a; denotes the vector (ali, a
integer.

Let c¢(m,k) denote the number of solutions of (1.4) and (1.5) and let
f(n,k) denote the number of solutions of (1.4) and (1.6), where n=:(nl, n
n4). We show in particular that

9pd e ap;) and m is a fixed positive

PR

(1.7) Zx:‘xsz x?fZe(n,k)zk
n X

5(1 Y G

i1 -2 -z e (- a))

and
UL PR
(1.8) > aiial xl* Y f(n,k)zk
n X
. -1
. w x i x? 2t
Lyveens ig=0 L+ altaxyz con it A

where

A= 2

(I -a2D@ -z =+ (1 -a) )

For simplicity, proofs are given for the case ¢ = 2, but the method ap-
plies to the general case.

SECTION 2

To simplify the notation, we consider the case t = 2 of (l.4); however,
the method applies equally well to the general case. Thus, let c¢(n,p,k) de-
note the number of solutions of

n=a, ta, + "+ oa
(2.1)
p=0>by +b, + " + Dby

in nonnegative a;, b; such that

7
(2.2) (agsby) # (@pi15D41) (z =1, 2, ..., k- 1)
let ¢(n,p) denote the corresponding enumerant when k is unrestricted. For
given nonnegative a, b, let cg,,5 (n, P, k) denote the number of solutions of
(2.1) and (2.2) with a; = a, by = b

Clearly

e(n,p,k) = Z Cap (DK
a,b

It is convenient to define c¢(n,p,k) and ¢, p (n,p,k), kK = 0, as follows:

1 (n=p=0)
(2.4) c(n,p,0) =

0 (otherwise)
and
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(1

(2.4)! Cap (Msp,0) = 1
0

(otherwi

nm=p=a=>b=0)

se).

It follows at once from the definitions that

(2.5) C’a,b (nspak) =

2: Cp, s (1

(r,s) # (a,b)

Note that (2.5) holds for

(2.6) Cap (Xsy,5k) =
and
(2.7) O (wsy,u,v) =

It follows from (2.4)

(2'8) Ca’b (ZJC,ZJ,O) =
and
(2.9) O, (x,y,u,v) =

In the next place, by

1

Ca,b (J;sy 9k)

k

7,
a

!

2

p=0
L
2 Cap (@YK
,b=0

—awp - bk -1 (k> 1).

= 1 except when n = p =a =5b = 0.
Generating functions CaJ,(x,y,k) and @k(x,y,u,v) are defined by

Cqp (Msp,k

b

that

{l (a=b =
.0 (otherwi
1.

(2.5) and (2.6), we have for k > 1,

> &y

n,p=0 (r,s) # (a,

X

aybz xnyp{z Cr,s (n,p,k - D-cap (n,p,k = 1)

n,p=0

aybz xnyp{@(”ap,k - ]-) - ca,b (”,P’k - 1)}-

“yb{C(x,y,k - 1) - Ca,b (x,y,k - l)} (k > 1),

=z
Hence, mp=0

(2.10) Cap (@y,k) =

where -

(2.11) Cla,y,k) = D, Coap (@,y,k) =

a,b=0

Thus, (2.10) yields

a, 0

so that, by (2.7), for k > 1,

(2.12) o, (x,y,u,v) =

1

Yx"y? (k> 0)
yuv? (k> 0).

0)

se)

I} (n-a,p-b,k—l)

r,s

b)

r,s

©

Z e(n,p,k)x"y?.

n,p =0

D Cap @oysk)u™? = Clyk - 1) D (@w)® ()P
b=

a,b=0

o

- Z F,p (@y,k = 1) (xu)? (yv)®

11
“au 1o v k-

a,b =0

1(90,24»1,1) - (Dk_l(xsy5xuayv)'

[Oct.

}
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Iteration gives

1 1
q)k (x,y,u,v) = 1 < 71 W@k_l(x;y’lsl)

1 1
- " ;’Dk_z(x,y,l,l) +0, _, @,y,xu,y’v)
I -2%u 1 - yv

(k > 2),
and generally
s Jj-1
-1
<Dk (‘r:y’uﬂj) =Z ( ) ; @k_j(x,y,l,l)
i=1 (1 - z%u) (1 - yv)
+ (—1)3®k_s(x,y,xsu,ysv) (k > s).
In particular, for s = k - 1, this becomes
k-1 Ji-1
(2.13) 0, @ysus0) = 9 L —0, _(@.y,1.1)
=1 (1 - z%w) (1 - yPv)
k-1 - k-1
+ (LT, (oLysak - tu,yt ).
We have
- 1
= b =
Oy (@aysus0) = D D o (s DEYPUVY = o
n,p=0 a,b
and (2.13) becomes
k Jj-1
_\ -1
(2.14) 0, (,ysusv) = O @y, 1,1 (k2 1),

i1 (1l -ztwQ - yiv)

In particular, for v = v = 1, (2.14) reduces to

K ;
(2.15) b, @uys1,1) + Y L)

o, (woy,l,1) =8, .
: k- kK,
Fa-aeha-gh ’

It follows from (2.15) that

3 (-1 =7
(2.16) Clxsy,z) = 41 + : o
;,Zl (I -2 -y

where C(x,y,2) is defined by (2.11).
Returning to (2.14), we have

© © _ J"lyj oo
D0, oy susv)k = 2: ( %) — 2:®k(x,y,l,l)zk,
k=1 i=1 (1 = 2% (1 - yov)i=0

and therefore ) .
= (=1)7 57

S0 -2wa -y
LS (-1)7z7
gzu—xﬁu—y%

(2.17) Z@k (x,y,u,v)zk =
k=1
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Note that the L.H.S. of (2.16) is

©

(2.16)' Z c(n,p,k)x"yPak

n,py k=0
the L.H.S. of (2.17) is

©

.17’ Z Cap (D sK)xyPu’ vhzk,
n,psa,b,k=0

Also, it can be shown (compare [1, §5]) that

©

(2.18) Z e(m,p)x"y?

n,p =0

©

=<1 _Z 2T @) + P =) = @A - ay) (7T
i=1 (1 -2 YA -22)a -y Ha -y

for [.r[ <4, ]y[ < A, where Azé—.

SECTION 3

We shall now discuss the problem of enumerating the multipartite compo-
sitions that satisfy (1.6). We again take ¢=2. Let f(n,p,k) denote the num-
ber of solutions of

n=a ta * - +a
(3.1)

P =by b, s+ by
in nonnegative q,, b, such that
(3'2) (as’bs) :Tf (a3+]_’bs+l) (mOd m) (S =1, 25 LI ) k - 1)'

Let f;, ; (msp>k), for 0 < 2 <m, 0 < j < m, denote the number of solutions of
(3.1) and (3.2) that also satisfy

(3.3) a, =i, b, =4 (mod m).

Finally, let f; . (n,p,k,a,b) denote the number of solutions of (3.1), (3.2),
and (3.3) w1tha1—a, by = b. Thus f, . (n,p,k,a,b) =0 unless a = 7, b = J
(mod m) .

It is convenient to extend the definitions to include the case k=0. We
define

(3(-14) f(”apso) = 67106;70’ f;,J(VZ,p,O) = 6i06j0f(7’l,p,0)

an

(3.5) fi 3 (nsps(]’a:b) = éaosbﬂfi J (n P> 0)'

Thus f(n,p,0) = 0 unless n =p = Ofl,(n,p0)=0 nlessn=p=i=j=0,
(npO,ab)—Ounlessn=p=7,=,j b=0

© It follows from the deflnltlon that

(3.6) F(n,p,k) = Z Fi 5 (0psk)

i,5=0
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m=1 n p
= Z fi ; (nspsksasb) n >0, p >0, k> 0).

2,j=0 a=0 b=0
Moreover, we have the recurrence

m=1

n p
fi’j (n’p’k’a’b) = Z Z Zfi',j' (n,p,k,a,b)

i1, 51=0 a=05b=0
3" # (<, 5)

[k >0, a=Z, b =g (mod m)].

This reduces- to
m-1
(3-7) fl,J (n;p :k,a’b) = Z fl

7, d"=0
@,d") # i, 9

y(n-a,p-b, k-1

g

[k >0, a=%, b=7J (mod m].

Corresponding to the enumerants, we define a number of generating func-
tions:

©

F'L',,j (x’y’z) = Z fi,j (nQP’k)Ccnyka
ns>psk=0

F(x,y,z) = Z fn,p,k)x"yPzk
n,p,k=0

o

Fy 5 (x,y,3,a,b) = Z f;; (apsk,a,b)ay?zk.
n,psk=0

Since

fo,0 (mopslsasb) = 8,48, [a = b =0 (mod m)]

f0,0 (n:p’()’asb) = Snadpb6no6p0’

it follows that

Fo,o (:y>25asD) = 840840 + %P2 + %P2 D, Fi ;(x,y,2)
(i,45)#(0,0)

[a =b =0 (mod m)].
Summing over g and b, we get

(3.8) FO,()(-'X?,‘Z];Z)
2 32

=1 + + Z Fi,j (x,y,52)
(1 =™ -yMm (1 - 2™ - y™ @,4)#0,0)

On the other hand, for (<,j) # (0,1) and a = Z, b = j (mod m), it follows
from (3.7) that

Py i (@y,z,a,0) = }: al, Pk Z I i n-a,p-=-5b, k-1)
n.ook @ha") = Gg) ’

-a. b -
%y }d i (@sy,3) .

3
GG #(i. )

I
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Hence, summing over g and b, we get

xylz

(3.9) F, o @sy,a) = Fy i (@:452)
’ (I -2™Q - y™arine g
[(Z,5) # (0,0)].

Since
Fil,j' (xyy,z) = F(-%‘,y,z) - Fi,j (x’yyz):

@437 # (2, 4)
(3.8) and (3.9) become

(l + & )FD,O(x,y,z)
(1 - xm)(l - ym)

3 g

=1+ + F(x,y,2)
(I =x™)( - y™ 1 -2z™ma=-y™
and
Ld
<1 + xy’z )Fi,j @,y ,2)
(I -x™m@ -yM
xtyiz

= F(x,y,2) (Z,3) # (0,0),
(1 -2 -y"

respectively. Hence,

2
_ m — m
Fo o@sy,2) =1 + d-z )(lz y7) F(x,y,2)
1+
(L =2 - ym
(3.10) o [(Z,) # (0,0)].
x4z
1 - m 1 - m
F, oo (@y,2) = ¢ & )(. 17 Fz,y,2)
’ 1+ x4y iz
(L =™ -y"
Summing over the m? equations in (3.10), we get
xtyiz
S G-ana -y
(3.11) 1 - :i: e F(x,y,3) = 1.
i,/=0 1 4 x'ylz

(I =-=zma-y"
For brevity, put

A= 2
(1 _ xn1)(1 _ ym>
so that (3.11) becomes
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m=-1 i.,d
(3.12) Y —x—Lﬁ'—A—— Fx,y,a) = 1.
i,5-0 1 + xtyiy
Let
m-1 Lo
(3.13) B, () =E, Oux,y) = [T (1 + 27yin);

i,J=0
clearly F, (A) is a polynomial in A of degree m?2. By logarithmic differentia-
tion
)\Pm’(k) _ m=1 2iyi
Pp(A) i,7=0 1 + xiyjk

Thus (3.12) becomes

B, (\) N
(3.14) F(x,Y,28) = 7=+ A= ,
where
(3.15) Qm(k) =P, (A) - PI(MN).

For example, for m = 2,

P,(N) =1+ (L +2)(+PA+ (@ +y+ 20y +xy + axy?))\?
+ay(l +x)(1 + y)>\3 + xzyZX“
Q,N) =1 - (x+y+ 20y +x?y +axy®)A?

- 2xy(l + x) (1 + y)A3 - 3x%.

SECTION 4

As in [2], the limiting case, m = « of f(n,p,k), is closely related to
c(n,p,k). We assume |x| < 1, |y| < 1, so that

3

A =
Q=™ -y™
Thus, (3.12) becomes

> Z (m—>oo),

©

(4.1) 1 - 2: __gﬁﬂié_f_ F*(x,y,3) =1,
Z,j=0 1 + x*yJz
where
F*(z,y,z) = lim F(x,y,z).
Now

f: ﬂciz!jz _ i Z (_l)s—lxisyjszs
ivje=0 1+ xfydz 70 s=1

= 2: (-1)° 1 58 .
s=1 (I =25 -y
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Hence, we may replace (4.1) by

©

(4.2) 1+ Y (1) 27 F*(o,y,s) = 1.

Comparing (4.2) with (2.16) and (2.16)', it follows at once that
(4.3) F*(nsp,k) = c(,p,k),
where f*(n,p,k) is the limiting case (m = ©) of f(n,p,k); (4.3) is of course
to be expected from the definitionms.
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THE RECURRENCE RELATION (r + 1)f. ., = xf + (K- r + 1)x°f, _,
F. P. SAYER

Department of Engineering Mathematics, Bristol University, England

1. INTRODUCTION

In a recent note, in [3], Worster conjectured, on the basis of computer
calculations, that for each positive integer k there exists an odd polynomial
Gox -1 (x) of degree 2k - 1 such that, for every zero a of the Bessel function
Jy (x)

/sz-l @) [J @) 1 dz = [a]; (a)12F.
0

The conjecture was extended and proved in [1] the extended result being: for
each positive k there exists an odd polynomial §(x),with nonnegative integer
coefficients and of degree k or k - 1 according to whether k is odd or even,
such that for every zero a of J (x)

(1.1) fQ(x) [, ) 1%de = (k - D) ![ad, @]1%.
0

If the factor (k - 1)! on the right-hand side is omitted, then the coeffi-
cients in @(x) are no longer integers. In addition, [l] also contained the
following generalization due to Hammersley: if F,, F;, G,, and G, are four
functions of x such that
dr, dr,
bam T @

and Fo(a) = GO(O) = 0, so that Fl(O) =0,

=G Fy,

then there exists @(x) depending only on G,» G, and K with the property
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r-1

(1.2) (k- DIF, (@)1 =/ Q@) [y () 1 dx.
0

As is observed in [1], Worster's extended conjecture corresponds to the case
Gy (x) = Gy (x)

Subsequently there has been some interest (see[2]) in the determination
of the coefficients occurring in the Worster polynomial @Q(x). 1In this paper
we show that by considering a certain recurrence relation, namely that given
in the title, the coefficients can be expressed as multiple sums. Also, we
show how to determine these multiple sums analytically and numerically. To
obtain the recurrence relation, which is central to the work, we first consi-
der an alternative proof to that given in [1] of Hammersley's generalization
of Worster's conjecture.

SECTION 2
We begin by defining the function ¢(x) by

k
O@) =Y f @F @Fy @),

r=0

where f (@), fi(x), ..., f; (x) is some sequence of functions which, for the
moment we leave unspecified. Differentiating the expression for ¢(x), and
omitting the argument x occurring in the various functions, we have

k

k- - k - k-r-1
6! = DALEFIT 5, R TREE T ¢ (- mFEETT DY
r=0
Since Gy Fj = -F, and F| = G,F;, we obtain

k rf
o = Z{f;’FsﬂFf—P— GPFUy-_lFZl(-y»—l + (k - P)F. G Fg+1~f 1’+1}.
0

r=0

This can be put in the alternative and more convenient form

+ (fk’ + fk_lGl)F0

We put f, = (k = 1)! and choose the functions f3, f3, ..., f, so that the co-
efficients of FOLk Y r=0,1, 2, ..., Kk = 1 vanish. It immediately follows
that f, = 0, while

(2.1) 4 D,y = Gl + (k=2 + Df, G} 7 =1, 2,00, k= L

The sequence of functions fy, fy, ..., f; is now completely defined, and it
clearly depends only on k, Gy, and G;. For r > 2, f;(O) = 0 since G4 (0) =0.
The expression for ¢’ reduces to

(2.2) o' = (f] + f_G)FS.

Integrating (2.2) with respect to x between O and a, we obtain, reinserting
arguments where appropriate,
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r+1

Tk @ a
[Z fr<x)F§<x)F§'r(x>] = j; G+ fk-lGl)ngx'
r=0 0

Using the properties of the various functions on the left-hand side of
this equation, we deduce

a
k
k - D1F*@) = / (F} + £, _,G)Fde.
0
Hence, the generalization stated in (2.2) follows immediately if we take
Qx) = fk' + fk_lGl.

If we define fk+1

Q@) = <k+1)f

k+1 °

by putting » = k in (2.1), then

Omitting the factor (k - 1)! occurring in (1.1) we see that the determination
of @(x) for the Worster problem is achieved by solving

fo=1, f, =0

(2.3) (r+ DFf,,, =xff + &k -r+ Dz®f, » 2 =1, 2, ..., k
zQ(x) = (k + DS,

The following are readily deduced:

ka? 27<x2 2282 y
fo =5 =37 =5 +3k(k—2)f~!
( L
(2.4) fs = 2_51<T-’)_C_+ {3.47<(7< —2) +2-4k(k - 3)}%
2“7{.’)&‘2 .’,C]*

fo = &1 +{3u42k(k—2) +2'42k(k‘3)+225k(k-—4)}g!—
6
+305k(k - 2) (k - D7

Thus, we can find the first four of the polynomials @(x). These correspond
to k = 2, 3, 4, and 5, respectively. We now proceed to establish a number of
results concerning the functions f,. From these, we deduce expressions for
the coefficients of the powers of x in @(x).

SECTION 3

It is first convenient to prove the following results for multiple sums

- n+1l n-2 n
3.1 Z 2 %q Z Z Agp + Zaq n+l
q=3 p=q+2 q=3 p=q+2
and
n-3 n-1 n+l -4 n=2 n

(3.2) Z Z %q Z Z Z Agpt +Z Z Tap,n+l:

q=3 P=q+2 4=p+2 G=3 p=q+2 g=p+2 g=3 p=9q+2

n-2 n. n—zg n+l n-1 s n+l L n-2
Z Z Agp = Z Zzaqp - aq,ml {Z Z }) zaqps - ZBaq,n+l'
p=q+ q-=

3

q=3 q=n-1
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When ¢ = n - 1, p can only take the value n+ 1, so that the above expression
reduces to

- n+1l n-2 - n+1 n-1
Z Z Aap =~ Ap_1,n+1 ~ zaq,ml Z L Agp ~ Zaf{,n+l'
q=3 p=q+2 q=3 q=3 p=g+2 q=3
Thus the result given in (3.1) now follows. To prove (3.2) we proceed simi-
larly.
n-u n-2 n n-u f?’l+l n+1l
=
5T am Y 212
g=3 p=q+2 2=p+2 q=3 p=q+2 p+2 L=n+1
n-u n-1 n+1l n-4 n-2
= Z Z Z Agpt ~ Z Z Agp,n+1
q=3 p=q+2 p= n 1) 2=p+2 q=3 p=q+2
n-4 n-1 n+1 n-u n-4 n-2
= aqu “Zaq,n-l,n+l_ Z Zaqp,n+l
q=3 p=q+2 L=p+2 q=3 q=3 p=q+2

since % can only take the value n + 1 when p = n - 1. Continuing, we have

n-4 n-2 n-3 n-1 n+l
Z z : Z Qgps = Z Z E ;aqu - An-3,m-1,+1 Z Ag,n-1,n+1
q=3 p=q+2 2=p+2 q=3 P=q+2 R=p+2
n-2
a
5 2 denn
(3.3) q=3 p=q+2
n-3 n-1 n+1 n-3 n- n-2
DD ID SENAED JENNIEE SR DRI
Q=3 p=q+2 L=p+2 q=3 q=3 p=q9+2

Using (3.1) with a4p,n+1 instead of agp and n replaced by n - 2 now leads us
directly to (3.2). The results given in (3.1) and (3.2) can be extended to
quadruple and higher-tuple sums. Thus, for quadruple sums the analogous re-
sult to (3.3) is

n-2

nz_f ’f Z 2”: Aqp g

q=3 p=q+2 =p+2 F=0+2

‘yg—‘5 n-3 n-1 n+1l n-6
= Z Z Z Z Aqpij =~ Apn-5,nm-3,n-1,n+1 ~ E :aq,n—3,n—1,n+1
9=3 p=q+2 L=p+2 j= m+2 =3

n-6 n-4% n-2

-6
Zaqp,n 1,n41 ~ ZJ Z Z Agph,n+1 -

q=3 p=q+2 q=3 p=q+2 L=p+2

If we now apply (3.1) and (3.2) to this equation, we obtain the result for the
quadruple sum. The general result for p-tuple sums can be written as follows:

n-2p+3  n-2p+5 n-2p+24+1 n+1 n-20+2 n-2p+u n-1p+21
.o e a .. =
4 _ . 2 . E 9,9, 4, 2 2 e E
q,=3 9,=4q,+2 =02 dp=qpt+2 4=3  d,=4q,+2 9;5q;,%2
(3.4) n n-2p+3 n-2p+5 n-1

v D dgqq, - DD D) 94,040 4y 1am 1

9p=qp-1*? =3 q,=q,+2 9p-17qp-2"
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The first of our results concerning the sequence of functions f,. is

(1)

(i1)

(i11)

(iv)

fops fop41> where » > 1, are even polynomials of degree 2r, the least
power in each being that of xz°. This can be readily established using
the recurrence relation in (2.3), the expressions in (2.4), and induc-
tion. Next, we prove:

71/*—1;{

the coefficient of x” in Frs is-tjj;~TYT, r

=1, 2, 3,

From the recurrence relation (2.3), we have that

2
x4 x“(k - r)
Frva = r + 2“+l t o

Hence we see, with the help of (i), that the term in x? in Frar will
arise from differentiating the term in x? in fr41 and multiplying by

x
r+ 2"

Assuming the result stated in (ii) is true for a specific r, then we
have that the coefficient of x? in f;+2 is
2k
(r + 2)!°
Thus, induction with the aid of (2.4) completes the proof.

The coefficient of z* in »41 18

r
THTTRA® ma DT e s,
q=3

From the recurrence relation, we observe that the term in z* in Fovs
arises from the term in x° in f. and the differentiation of the term
in 2% in fr+1. Assuming that (iii) is true for fixed », then we have
with the aid of (ii) that the coefficient of x" in f,,, is
r-2 r
(k - rm2 "k 4k s r-q959-3
+ k-qg+ D4 72
@+ 27! @ + 2)!2g3q( g+

which reduces to

»+1
A Hl-q,q -
G T LAk g+ DETT R
q=3

Noting the expression for f, in (2.4) we see that induction completes
our proof.

The coefficient of z® in wyp fOr > 5 is

¢ -2 L . o
YET%E"ITT Y. gk - g+ Dpk -p+ 16 ppra-2,

q=3 p=q+2

g-3

The recurrence formula shows that to obtain the term in x® in Foyo we
must consider the term in x* in f, and the result of differentiating
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r

the term in 2® in Fre1e If (iv) holds for a definite » then the coef-
ficient of x% in w42 18 seen, with the help of (iii), to be

k
S E OV CEP PR
r—2
6k
+mz_‘ Zq(k—q+l)p(k—p+l)6r Ppp-a- 22q 3
q=3 p=q+2
k ey r-1-g.g-3
=Tk - @+ Dak - g + 4 2
q=3
r -2 r B
- g+ -p+ - A
+3 ) qk =g+ Dplk - p + 1)6" RPN
g=3 p=q+2
If we take
agp = qlk = q + Dp(k - p + 1)6" T 7BP 772773

we find
ag,r+1 = qk = 2)(@ + Dgtk - q + 1)4r_1_q2q_3,

so that applying (3.1) with r instead of n we have the required coef-
ficient of x° in

r*+2:
k PR r+1-p,p-q-2,9-3
WZZq(k—q+l)p(k—p+l)6 4 2
3p q+2

Induction now completes our proof.

(v) The coefficient of x 2

)

When k is odd, we take <%>' and <~7£ - 1”)! to be generalized factorial

in f,,, » 23, is

2
functions. Use of the recurrence relation (2.3) yields
=T __pr 2 (k = 2r)

f2r+2 _2P+2f2r+1 + 2r + 2 Fow -
Noting (i), we see that it is the term

22 (k - 27) ¥

2r + 2 2r

which gives rise to the power 2?2**2 in f,, ., . Thus if (v) is correct
for fixed r, then the coefficient of x2r+2 in f is

2r +2

* - 21’><7>! <z§_>

(2r + 2)11!(% - r) (r + 1)! <— - r - 1)
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Once more induction, with the help of the expression for f¢ in (2.4),
completes our proof.

The coefficient of x?’ in py1r 352 [?-—;—-1—], r >5, ..., is given
by S(r,t) where

% r-&:&-u r—_gt‘+6 r-2%t+2742 r
Sr,t) CES L L Z 2q,q, q,.,@51)
7,=3 q,=q,+2 9,29, *2 992

and

t-1 t-1
i - .q9.-q._.-2
Garq, g, o) = @) T2 T [Tg (k- g + DI
2 t-1 i=1 j=2

From the given expression, it is evident that S(r,t) is a (£~ l)-tuple
sum. It is readily verified that (vi) reduces to (iv) when ¢ = 3.
Further, some elementary manipulation shows that:

)
S2r - 1,r) = kZ
rt ’2——1” !

so that (vi) also agrees with the result in (v). It is perhaps worth
noting that the g, in this latter case each take just ome value, viz.
g; =1+22 (Z=1,2, ..., » - 1). To prove (vi) we first show that
if for fixed r and ¢t the coefficients of x?? in f, and x?*~2 in f._;
are given, respectively, by S(»,t) and S(r - 1,£ - 1) then S(r + 1,%)
is the coefficient of x2% in fr+2. Using the recurrencerelation (2.3)
in the form

x kK -r+ 1

— ' 2{‘
fos2 —]1+2fr+1 7+ 2 LUy
we have that the coefficient of x?f in fpyp 18
2% k-»r+1
pz ) F gy e - L - D

which is equal to

k r—2t+4 r
m Z e Z aqlqz...th(l” + 1,2) +

q,=3 Gyo1™9s 22
r-2t+5 r-1
S Hagq, g, e - Lt - DG -1+ D@+

7,=3 Gy =9y 5t 2

Now
aqlqz qt_z,r+l(r + l,t)
q,-3 t=2
= 2" (I’+l)(7<-r’+l)llqj(k—qj+l)
t-2 J=1
x [T @H% % -2t - 2)" 717 ez
j=2

=(k -r»+ D@+ Da _Z(I’—l,t—l).

7,9, a4,
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Hence, using (3.4) with n replaced by r and p by ¢ -1 we can see that
(3.5) reduces to S(r + 1,£). As already observed, the formula shown
in (vi) correctly gives the coefficient of x°® in f¢, f7, fg» ..., and
also the coefficients of x® in fas 20 in fio0s 212 in f1,> etc. Hence
by the result just proved with 2¢ = r = 8 (vi) correctly gives the co-
efficient of x° in fy. Applying the result again with 2t =»r - 1 = 8,
we see that formula (vi) correctly gives the coefficient of x® in fj,.
Thus, continuing the process, we prove that formula (vi) is also cor-
rect for the coefficient of x2® in fi1s> f125 -+-- . The process is now
repeated, starting with 2¢ = r = 10. By this means, we successively
establish the formula for the coefficients of x%, 2'%, 212, etec.

From (2.3) we have x@(x) = (kK + 1)f,,1> so that it is now possible to
deduce a number of results concerning @(x). These are:
k-1

(k-1

the coefficient of x is
1 : k 3
3 . _ -q,59 -

that of 2 is (7 l)!giAQ(k g+ 14 7277, and

that of x?*-1 (¢ > 3) is the (¢ - 1)-tuple sum
1 K-2t+b4 k-2£+6 %
(k - 1! Z Z Z, g q, - a,., (K1)
q,=3 q,=7,*2 9, 1=dy_,*2
where
-1

t
Ggq, - q,, Kt) = @D T 2T [T g (k - q; + 1)

x T en™’
j=2

o
-

q9._,-2

d-1

In the next section we show how the multiple sums can be determined and
find them in certain cases.

SECTION 4

Referring to the end of the last section we see that the coefficient of
2% in Q(x) can be written as

ok-3
7?—:_IST-S(R)

where

k
4.1) Sk =Y gk = q+ 12" 7
We now put o
(4.2) S(k) = ks, (k) - 5,(%)
where .
(4.3) S, (k) =Y q2k 7

q=3

and
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k

(4.4) S, (k) =Y. qq - 12",
g=3

These series have the sums

(4.5) S, k) =28 -k -2

and .

(4.6) 5,(k) = 72570 = k* - 3k - 4.

Hence

Sk = (2k - D2k Y+ k + 4,

giving the coefficient of z% as
21(—3 k-1
{27 (2k - T7) + k + .
It is perhaps worth noting that this expression vanishes for kX = 1 and 2.
Again referring to the end of Section 3, we see that the coefficient of
2% in Q(x) can be written as

2k—5 .
LT IN T T( )9
where (k - 1!
k-2 k . ,
HOEDY D kg - qlqg - DHEp - p(p -~ 1)}3*7F2P797%
=3 p=q+2
Putting
(4.7) T(k) = K*7, (k) ~ kI, (k) + T4(k),
then ko2
(4.8) T, (k) = 2; 2: pq3k—p2p—q—2
q=3p=q+2
k;z k
(4.9 T, () =), D lpalqg - 1) + gp(p - 1}3FTF2PTI0Y
q=3 p=q+2
and rer
(4.10) T,(k) = 2: E: g(g - Vp(p - 1)3kP2P~972,
q=3 p=qg+2

With the help of (3.1), (4.3), (4.4), and (4.8) to (4.10), we deduce
T,(k)y =37, (k -~ 1) + kS, (k - 2)

(4.11) T,(k) = 37,(k -~ 1) + k(k - 1)S,(k - 2) + kS,(k - 2)
T4 (k) 37, (k = 1) + k(k - 1)S,(k - 2).

Since T,(5) = 15, T5(5) = 90, and T3(5) = 120, these recurrence relations en-
able us, with the help of (4.5) and (4.6), to find T;(k), Ty(k), and T3 (k)
numerically, and hence, from (4.7), we can determine 7(k). We can also use
the recurrence relations to find analytical expressions for the 7;(k),Z =1,
2, 3. The method is the same in each instance. Therefore, we illustrate it
by considering 7, (X), then stating corresponding results for T, (k) and 73(k).
The method depends on recognizing that the recurrence relation (4.11) and the
condition Tl(S) = 15 can be satisfied by taking 7, (k) in the form

it

(4.12) To(k) = f3(R)3F + £ (028 + £ (),
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where fl(k), f2(k), and f3(k) are polynomials in k. It is perhaps worth em-
phasizing that once we have a solution for 7T, (k) it will be the solutionm.
Inspection suggests we write

(4.13) Ty (k) = a3% + (by + b1k)2F + ¢f + ek + e k2.
From (4.11) and (4.5), we have
ag3® + (by + b1K)2F + ¢y + eik + e,k

= ag3* + by + by(k - 1)2* + 3(ey + ey (k - 1)
+ ek - 1))2 + k@252 - k).
Comparing coefficients, we obtain

3 1

= s} = — 3
27 2 2:

b, =—%, by =- <2} =~:§—, and ¢y =3
while @, is indeterminate. To obtain a3 we can proceed in two ways. First,
we calculate g, from (4.13) by putting X=5 and noting that 7;(5) = 15. This
gives ay, = 1/2. Second, we observe that we can regard I,(k) as being defined
for all k by (4.5), (4.11), and T,(5) = 15; thus, determine T,(0) and so ob-
tain a, by putting k = 0 in (4.13). This is a somewhat easier procedure to
carry out computationally than the first. It is readily found that T,(4) =
7,(3) =0, T, (2) =7,(1) =1, and 7,(0) = 1/2,again giving us a, = 1/2. So,
1
2
Likewise, we find To(4) = T5(3) = T3(4) = T5(3) 0, T,(2) =3, T,(1) =2,
T,(0) = 3/4, T4(2) =2, T3(1) =1, and T4(0) = 1/3. Assuming appropriate
forms for T, (k) and T4(k), we obtain

(4.14) 7L (R) = 335 - (k + 3)25 1+ 2R + 3k + 3).

2
(4.15) 7, (k) = L3k (2K + 17K + 45)24 2+ KF 4 B+ 2L
and .,
(4.16) Ty(k) = %ﬁi“l— 7(k? + 5k + 12)2F°% + % + 2k°
+ 6k* + 11k + %3

so that the coefficient of z° is

2k—7

T 130K - 63k + 139) + 2FMIQk - D (k + 6)

+ 2k% + 17k + 39}.

We note that this last expression vanishes for k = 1, 2, 3, and 4.

We now proceed to find the coefficient of x7 in @(x). Since the proce-
dure is similar to that for finding the coefficient of x>, we merely state
the essential results. Suffix notation employed in the expression for the
coefficient of x?2t-1 (¢ > 3) is not used here; it is sufficient to write the
coefficient of z’ as

2k—7

* -1 X

where
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k-4 k-2 k
R(k) =z Z Z{kq -q(@ - DMHkp - pp - D}{kr

q=3 p=q+2 r=p+2 )
- -p-2 -q-
- p(r - 1)}4k"73r P 2P79

= kR, (k) - k’R, (k) + kRy(k) - R, (k).

Now
Ry(k) = 4Ry (k - 1) + kT, (k - 2)
R,(kK) = 4R, (k = 1) + k(k - )T, (k - 2) + kT, (k - 2)
Ry(k) = 4Ry(k = 1) + k(k - DT, (k - 2) + KT,(k - 2)
R,(k) = 4R, (k - 1) + k(k - NT,(k - 2).

We deduce, with the help of the results for T, k),
B (0) = =%, B,(0) = =3, B,(0) = -32, R, (0) = -7%.

Again, making appropriate choice of forms, we obtain

A k-3,,2 k¥ k* sk 2
Bi(k) = & =S5k +4) + 277 (kK? + 5k +8) - = -5 - F - 3
k-1
R (k) = %—4k - 37:—{2k2 + 35k + 132} + 257 "{4k® + 33k% + 125k + 192}
k" 3k° . 27k
R s
_ 1553 & _ .xf7k* | 145k | 517 K-t g0 3 2
Ry(k) = —=5= 4 3 { T+ 5 +-—§—} + 2577 {2k + 30Kk° + 173k
k5  3k* 35k%  57k? 139
+551k+812}-7_7——6—_7_21k— 9
R, G0 = 2220 gk - 130 5k-2qz boqk 4+ a4y 4 725NN 48R + 41K7
k® k5 8k 25k®  73k?
+118k+168)—'6——7-3— 3 T 4
_ 947k 506
36 27
so that the coefficient of x’ is
29 af s » . 1553k 16277 \ | . )
m[Aﬁ 127< - 42k° + 3 T j‘+3 (k + 8) (6k“ - 63k + 139

+ 32K 12k - 7)(2k% + 25k + 84) + 2k° + 27k?

RECILIN 20241

3 9

This expression vanishes when kK = 1,2, 3,4, 5, and 6. We could now proceed,
in a similar manner, to find the coefficient of z° and that of higher powers
in @(x). It is now evident that the details become increasingly complicated.
Hence, it 1is preferable to calculate the coefficient for a given power by
means of the appropriate recurrence relations. However, using the last of
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the three results occurring at the end of Section 3, it dis possible to de-
duce the coefficient of x*-! when k& is even. The coefficient is

k {1+3(k-2)+3-5(k—2)(k-4)
ko~ 1 2(k - 3) 2+ 4(k - 3)(k - 5)

3:5-7(k = 2)(k = &) (k = 6) }
2+he6(k-3)(k-5Gk-7) " "

the expression within the brackets terminating, since k is even.

+
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FIBONACCI RATIO IN A THERMODYNAMICAL CASE
JEAN-PIERRE GALLINAR

Departamento de Fisica, Universidad Simon Bolivar,
Aptdo. 80659, Caracas 108, Venezuela

Consider the thermodynamics of an infinite chain of alternately spaced
2N molecules of donors and acceptors (V - «), and assume there is an average
of one mobile electron per molecule (as is quite common for some one-dimen-
sional organic crystals [1, 2]).

+

FIGURE 1

Each molecule may contain a maximum of two such electrons and as the
temperature is raised two electrons may jump onto the same molecule. Because
electrons repel each other, it costs an energy Up or U, to put two electrons
on a molecule type D or type A, respectively; a common situation is that

Uy >> Us.

Under these conditions, it can cost almost no energy to have sites A doubly
occupied, while double occupancy of sites D is effectively eliminated.
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In the grand-canonical ensemble, the partition function Z of the elec-
trons can then be approximated by

(1) Z =",
where A = 3, 8,35 %, and 3, being the partition functions 'per molecule" of

type A and D, respectively. 1In terms of the fugacity [3], 2z and A can be ob-
tained easily, in fact,

(2) 2y 214224 2% =1+ 2)°
and
(3) z, £ 1+ 2a.

The three terms in (2) (in ascending powers of 2) correspond to zero occupan-—
cy, single occupancy (with spin up or down), and double occupancy (respec-—
tively) of sites A. In (3) there is no 2? term, because double occupancy of
sites D is effectively eliminated.

In the grand-canonical ensemble, the positive quantity 2z is determined
[3] by fixing the "average' number of particles (in this case, electrons).
Since we have an average of one electron per site, 2 will be determined by
the condition [3]

T
93

(4) = 2.

Substituting for A in terms of (2) and (3) and simplifying, (4) gives the
cubic equation

(5) (z+ 1)(*-2-1) =0
for z. Finally, the positive

1+ V5

(6) 2, = 5

The Fibonacci ratio is the only appropriate physical solution of (5) for the
fugacity 2. From the grand-partition function 7 and the numerical value of
As

(7) A= (14221 + 22) = z],

the thermodynamics [3] then easily follows.

In particular, the entropy S that arises from the number of possible
arrangements of the electrons in the chain is given by

(8) :i’= 5N 1n 2 ,
ks

where kz is Boltzmann's constant.
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ON GROUPS GENERATED BY THE SQUARES

H. S. SUN
California State University, Fresno, CA 93740

1. INTRODUCTION

It was known that the quaternion group and the octic group could not be
generated by the squares of any group [5, pp. 193-194]. A natural question
is which groups are generated by the squares of some groups. Clearly, groups
of odd order and simple groups are generated by their own squares. In this
paper, we show in a concrete manner that abelian groups are generated by the
squares of some groups, and we show that every group is contained in the set
of squares of some group. We give conditions for the dihedral and dicyclic
groups to be generated by the squares of some groups. Also we show that sev-
eral classes of nonabelian 2-groups cannotbe generated by the squares of any
group.

2. NOTATIONS AND DEFINITIONS

Throughout this paper, all groups considered are assumed to be finite.
For a group G, we let G? denote the set of squares, I(G) the group of inner-
automorphisms, 4(G) the group of automorphisms, Z(G) the center, 'Gl the or-
der of G, G' the commutator subgroup. For any subset S of G, <S> denotes the
subgroup generated by S. (G is called an S-group if it is generated by the
squares of some group L; to be more precise, there is a group L such that <>
is isomorphic to G.

3. CLASSES OF S-GROUPS

In a group of odd order, every element is a square; therefore, it is an
S—-group. A simple group is also an S-group since it is generated by its own
squares; for, if the set of squares generates a proper subgroup, it would be
a normal subgroup with abelian quotient. We next show that an abelian group
is an S-group.
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Theorem 3.1: An abelian group is an S-group.
Proof: Let G be an abelian group. Then
G =Hy X Hy X ««o X H,,

where the H; are cyclic groups. Let ]Hil = k;. The permutation group gene-
rated by the n circular permutations

(@11819 o i, s wees (@1Quy wee Ank,)s

where the a;; are lG| distinct symbols, is isomorphic to (. Let L be the
permutation group generated by the n circular permutations

(ay1a15 «-- a1k,b11b12 cee by )
(@p1G55 «ov Qox, Do1boy wee Dop,)s eees
(@p1Gpp ooe Aui, Dpibyy oov Dar,)s

where the bi;'s are |G| distinct symbols all different from the a;;'s. Then
clearly L? £ @G, and G is an S—-group.
Using the same technique, we can prove the following:

Theorem 3.2: Every group is contained in the set of squares of some group.
(See also [9].)

Proof: Let G be a group, and lét P be a permutation group on n symbols iso-
morphic to G. We will constructa permutation group L such that P is isomor-
phic to a subgroup in L.

Let ¢ be a permutation group isomorphic to P on 7 symbols distinct from
those of P. Let 7 be the isomorphism of P onto §. If each element x in P is
multiplied to Z(x) in ¢, we obtain a group

R = {xi(x) |z € P}

isomorphic to P. Clearly, each permutation in R is the square of a permuta-
tion in 27 symbols. Let L be the permutation group generated by the permu-
tations whose squares are in RA. Then R C 2.

Unfortunately, homomorphic images of S-groups need not be S-groups. If,
however, the kernel of the homomorphism is a characteristic subgroup of the
S-group, then the homomorphic image is also an S-group. To prove this, we
need the following lemma, which can be proved by straightforward set-inclu-
sion.

Lemma 3.1: Let N be a normal subgroup of G which is contained in <G®>. Then
GIM*> = L6*> /.

Theorem 3.3: Let G be an S-group, and let 6 be a homomorphism from G onto G
such that the kernel of 6 is a characteristic subgroup of &¢. Then, G is an
S—-group.

Proog: Let L be a group such that <L?> = G. Then, the kernel of 6, being a
characteristic subgroup of G, is normal in L. By the lemma,

{(L/kernel 0)2> = <I?>/kernel 6 = G/kernel 0,

which is isomorphic to G. Hence, G is an S-group.

As corollaries to Theorem 3.3, if G is an S-group, the quotient groups
of its center, i.e:, its group of inner-automorphisms, its Frattini subgroup,
and its Fitting subgroup, are all S-groups.
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Theorem 3.4: A nilpotent group is an S-group if and only if its Sylow 2-sub-
group is an S-group.

Proo4: Let G be a nilpotent group. Then G = T x H, where T is a 2-group and
H is a group of odd order. If T or H is trivial, then the Theorem is evi-
dent. Suppose T is an S-group, say <{F?> £ T, letting L = F x H, we have

(L% = G.

Conversely, let G be an S-group. 7T is a homomorphic image of G, with
kernel of the homomorphism being #. Since H is a characteristic subgroup, by
Theorem 3.3, 7 is an S-group.

L. DIHEDRAL AND DICYCLIC GROUPS

Theorem 4.1: A dihedral group Dn of order 2m is an S-group if and only if
the congruence 2 = -1 (mod m) has a solution.

Proog: D, has presentation
am"=b* =1, b tab = o .

If there were a group L such that <L*> = D,, there would have to be elements
¢ in I such that ¢? = a®b, for some Z. Form = 2, D, is abelian, hence is an
S-group. Form = 4, D, is not an S-group. For m # 1, 2, 4, {a) is a charac-
teristic subgroup of D,, hence normal in L. Therefore,

e tac = at,

but ) ]

(@*h) " ta(a’b) = a t,
so ] )

a™t = (@*b) ra@®h) = ¢ (e tac)e = e (at)e = at’.
t? = -1 (mod m) must have a solution.

Conversely, if t2 = -1 (mod m) has a solution ?,, we define the group
L = <{e,d) as follows:

e?m = d* =1, d7ed = cto.

Then clearly <{L?> is isomorphic to D,.

G. A. Miller stated [4, p. 152] that no dicyclic group can be generated
by the squares of any group. The following theorem gives counterexamples to
his statement [7]:

Theorem 4.2: A dicyclic group D(m) of order 4m is an S-group if and only if
£2 = -1 (mod 2m) has a solution.

Proof: For m = 2, D(m) is not an S-group. For m > 2, let D(m) have presen-
tation

a?m = p* =1, p? =a", b rab = a”* .
If there were a group L such that <L2> = D(m), there would have to be an ele-
ment ¢ in L with ¢? = q%b for some 7 =0, 1, 2, ..., 2m - 1. <(a)> is a char-
acteristic subgroup of D(m), hence normal in L. e *ae = gqf, for some ¢, but
(a?p) "tala®h) = a”'; therefore,

a’l = (@) tala*p) = e (e tae)e = ¢ tate = at’.

Thus, ¢2 = -1 (mod 2m) must have a solution.
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Conversely, if t2 = -1 (mod 2m) has a solution t,» we define the group
L =<e,d> by

d* = %", " =48 =1, d7ted = ¢t

Then clearly {L?> is isomorphic to D(m).

5. 2-GROUPS

Since a nilpotent group is an S-group if and only if its Sylow 2-subgroup
is an S-group, 2-groups are particularly important in the determination of
S—-groups.

Lemma 5.1: Let G be a 2-group, and let N be a normal subgroup of order 4.
Then the index of the centralizer of N, [G:C(V)], is at most 2.

Proo4: Since N is normal, for a in N, every conjugate of a is also in N.
The number of conjugates is either 1 or 2, because at least two of the ele-
ments of N are in Z(G). This means that, for every a in N, the index of its
centralizer, [G:C(a)], is at most 2. If N is cyclic, let a be its generator,
then C(a) = C(W). If N is not cyclic,

N = <a> x <b>, where |a| = |b| = 2.

Let a € Z2(G). 1If b ¢ Z(G), then C(N) = C(b), so [G:C(N)] is at most 2. If
b e 72(®) also, then C(WW) = G.-

Lemma 5.2: Let G be a 2-group, let N be an abelian normal subgroup of order
8 contained in <G?>. If N = <a)> x <bD, where a is an element of order 4 in
7({G*>), then N C Z(<G*>).

Proof: Let M be a subgroup of N of order 2 contained in Z(G). If M is not
contained in <a)», then

= <a,M> C 2(G) N LG*> C 72(<6%).

If M = {a®*>, then b, an element of order 2 in N, can only be conjugate to b
and ba?, and the index of C(b) is equal to the number of conjugates of b, so
[G:C(b)] is at most 2. Since C(b) contains <G>, b is in Z({G%D).

Theorem 5.1: A nonabelian 2-group with cyclic center is not an S-group.

Proof: By induction on the order of G; it is true for |G] = 2% [5, pp. 193-
194]. Suppose that G is a group of lowest order with cyclic center and that
there exists a 2-group I such that <I?> = G. Let {c)> be a subgroup of order
2 contained in G M Z(L). Then, by Lemma 3.1, <(L/<c>)2> = G/Ked. Z(G/LeD)
cannot be cyclic if G/<{¢> is nonabelian. If G/{¢) is abelian, then G/<{c)> =
7(G/{c>). Since (¢ is contained in Z(G), G/Z(G) is a homomorphic image of
G/Le>. G/Z(G) is never cyclic, so G/{c) is not cyclic. Thus, in any case,
Z(G/<{c>) is not cyclic.

Let EF be the largest elementary abelian 2-group contained in Z(G/{c)).
Since Z(G/{c>) is not cyclic, |E| is at least 4. F is a characteristic sub-
group of G/<e), therefore normal in L/{c>. There exist normal subgroups X,
W of L/{c)» of orders 2 and 4, respectively, such that ¥ C;ﬁ CE. Let M and
I be the normal subgroups of [ which are the preimages of ¥ and N under the
natural homorphism of [ onto L/{c)». Then,

|M| = 4, || =8, and <e> CM CUN.
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By Lemma 5.1, [L:C(M)] is at most 2, which means
G =<L*> Cc@), or M C 72(Q),

which is cylcic. Now N is abelian, N C GN CFE, which is noncyclic, so N is
noncyclic; M C NV, if M is cyclic, by Lemma 5.2, ¥ C Z(G), which contradicts
the assumption that Z(G) is cyclic.

Theorem 5.2: Let G be a nonabelian 2~group with commutator subgroup of index
4, Then G is not an S-group.

Proof: Suppose L is a 2-group with {L?) = ¢, G' nontrivial, and [G:G'] = 4.
Let N be a normal subgroup of I contained in G', with [G':N]=2 [3, p. 127].
Then L/N is a 2-group such that <(L/N)?> = G/N, by Lemma 3.1. But, (G/N)' =
G'/N is nontrivial, and the order of G/N,

[G:N] = [G:G"][G":N] = 8.

Thus, G/N is a nonabelian group of order 8 which cannot be an S-group. This
contradiction shows that ¢ is not an S-group.

Theorem 5.3: TLet ¢ be a nonabelian 2-group with <G> cyclic and [G:{(G®*>] =
4. Then G is not an S-group.

Proo4: Use induction on the order of G. It is true for IG] = 2%, Assuming
the theorem for all 2-groups of order less than 2 , let ¢ be a nonabelian
group of order 2%, and let [G:<G*>] = 4 with <G*> cyclic. Suppose there is
an L with <I?> = (. We consider two cases with |G'| = 2 and |G'| > 2.

Let IG'| = 2. Then every noncentral element has just two conjugates,
i.e., for every x in G, [G:C(x)] £ 2. Hence,

nGC(;c) = 72(6) D L&,

Since [G:Z()] 2 4, 2(6) = LG*. By Theorem 5.1, G is not an S-group.

Now suppose ]G’{ > 2. Since <G2> is cyclic, let <G?> = {c>. Then Ic[ =
2"7%. Let a be the 2" 'th power of ¢. Then <{a)> is a characteristic subgroup
of order 2 in G, thus normal in L. Now <(L/<a>)2> = G/{a>. Since IG’| > 2,
G' is not contained in <a), so G/<{a)> is nonabelian. Moreover,

[G/<a>:{(G/KaM) D] = [G:<G*>] = 4.

Therefore, G/{a> is a nonabelian 2-group of order 2" ! with cyclic {(G/<{a})?>
of index 4. This contradicts the induction hypothesis.
Applying Theorems 5.1-5.3, we obtain the following theorems.

Theorem 5.4: Let G be a nonabelian 2-group whose center
7(6) = <a> x {b>, where |a| = 2", |b] = 2.

If Z(G) contains exactly one element which is not a square and is not in the
commutator subgroup, then & is not an S-group.

Proof: Let ¢ be the central element which is neither a square nor a com-
mutator. Then ¢ = b or a®h for some Z, so Z(G)/<e> = Z(G/<{c)) is cyclic.
{e> is a characteristic subgroup of G. Since ¢ ¢ G', (/{¢) is nonabelian.
By Theorem 5.1 G/{¢> is not an S-group; by Theorem 3.3 G is not an S-group.

An example of this is the group of order 16 with presentation g"=5b"=1,
b 'ab=a"'. Here, a®bh? is a central element which is not in G' and is not a
square, so the group is not an S-group [1l, p. 146].
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Theorem 5.5: Let G be a nonabelian 2-group with
G?> =<a> x <bD, where |a| = =, |p| = 2.

Suppose {G2> contains exactly one element ¢ which is not a square; also sup-
pose that either ¢ ¢ G' or [G'I > 2, and [G:G'] = 4. G is not an S-group.

The proof of this theorem is similar to that for Theorem 5.4. An ex-
ample is the group G of order 3, with presentation

at =p> = =3% =1, dtad = a,
d™ed = eb, ¢ tac = a”1,
where a? and b are central elements. Here

G =<6% =<a*,b>,

and the element a?b is not a square. By Theorem 5.5 G is not an S-group.
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A PRIMER ON STERN'S DIATOMIC SEQUENCE—TII

CHRISTINE GIULI
University of Santa Clara, Santa Clara, CA 95053
and
ROBERT GIULI
University of California, Santa Cruz, CA 96050

PART II: SPECIAL PROPERTIES

In 1929, D. H. Lehmer, at Brown University, presented a summary [1] of
discovered results concerning Stern's sequence. Also, in July 1967, some ad-
ditional results were reported by D. A. Lind [2]. In order to standardize
the results, we will define Stern's sequence to be s(Z,J) where

(1) s(£,0) =1, for < =0, 1, 2,
(2) s(0,j) =0, for §j =1, 2, 3,
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(3) smn,2k) = s(n,k), for n,k =1, 2, 3, ...
(4) sn,2k +1) =s(n - 1,k) +s(n - 1,k + 1).

A table follows:
STERN NUMBER TABLE

Column
Row|0O 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18
ofr1 o 0 0 OO OO OOOOUOOOUOTUOTUO OO
111 1 0 0 0 O OO OO O O OO UOUOOTU OSFO
211 2 1 1 0 0O 0O OOO OO OO OW OU OTU OU OO
341 3 2 3 1 2 1 1 0 O O O O O O O O O O
411 4 2 5 1 5 3 4 1 3 2 3 1 2 1 1 0 0 O
511 5 4 7 3 8 5 7 2 7 5 8 3 7 4 5 1 4 3
6 {1l 6 5 9 411 710 311 813 512 7 9 2 9 7
711 7 611 514 913 4 151118 7 17 10 13 3 14 11
8|1 8 713 617 11 16 5 19 14 23 9 22 13 17 4 19 15
9 (1 9 815 7201319 6 23 17 28 11 27 16 21 5 24 19
10 {1 10 917 8 23 1522 7 27 20 33 13 32 19 25 6 29 23
11 |1 11 10 19 9 26 17 25 8 31 23 38 15 37 22 29 7 34 27
12 {1 12 11 21 10 29 19 28 9 35 26 43 17 42 25 33 8 39 31
13 |1 13 12 23 11 32 21 31 10 39 29 48 19 47 28 37 9 44 35
14 |1 14 13 25 12 35 23 34 11 43 32 53 21 52 31 41 10 49 39
15 |1 15 14 27 13 38 25 37 12 47 35 58 23 57 34 45 11 54 43
16 11 16 15 29 14 41 27 40 13 51 38 63 25 62 37 49 12 59 47
17 |1 17 16 31 15 44 29 43 14 55 41 68 27 67 40 53 13 64 51
18 |1 18 17 33 16 47 31 46 15 59 44 73 29 72 43 57 14 69 55

The authors will attempt to move quickly through the propertiesof these
numbers without proof.

(1) The number of terms in row »n is 2" + 1.
(2) The sum of all terms in row #n is 3" + 1.
(3) The average value of all terms approaches (3/2)".
(4) The table is symmetric:
s(n,k) = s(n,2" + 2 - k) for 2" + 2 - k > 0.
(5) In three successive terms a, b, ¢, (a + ¢)/b is an integer.
(See Part I [3], Sections 4 and 11.)
(6) Given a, b, and ¢ again, then b occurs at
s(n -k, (a +c - Db)/2b). (See [3], Section 4.)
(7) Any two consecutive terms are relatively prime.
(See [3], Section 5.)
(8) Any ordered pair can only appear once in the table.
(See [3], Section 6.)
(9) If a/b = (k, kis Kzs +ves kys 7, 1), then a and D appear together
in line (k + k; + ky + o+ vk, +r,_; - 1).
(See [3], Section 10.)
(10) The number of times that an element k can appear in the row k - 1,
and all succeeding rows, is Euler's function 0(k).
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(11) "p" is a prime if and only if it appears exactly (p ~ 1) times in

line (p - 1).

(12) s(n,r) will appear again at locatioms s(n + k, 2%(» - 1) + 1) for

k=1, 2,3,

(13) 1If the sequence r,,r, occurs in row 7, r; > r,, the smallest ele-

ment in row n + k positioned between r; and r, is

s(n + k, 2%r) =1, + kr,.

(14) 1In any row, there are two equal terms greater than all others in

the row.
(15) For Fibonacci followers:

s(n,r) = Fyq, for v = (2" "+ 2+ {1 + (-1)"})/3 - 1,

and it is the largest element in the row.

(See [3], p. 65; notation changed to standard form.)

Not all of the discovered results are considered here,

remote connections to so many areas of number theory.
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SUMS OF PRODUCTS: AN EXTENSION

A. F. HORADAM
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The purpose of this note is to extend the results of Berzsenyi [1] and

Zeilberger [3] on sums of products.by using the generalized sequence

W, (a,bip,q)}

described by the author in [2], the notation of which will be assumed.

Equation (4.18) of [2, p. 173] tells us that

(1) W o oW st = Wan+t = eqn_lﬂ r—lUr+t—1'

Putting » — r = k and summing appropriately, we obtain

(2) ZWka+2r+t = ka+YWk+r+t+ eUr-lUNt—lZﬂk'
k=0 k=0 k=0

Values t =1, ¢t = 0 give, respectively,

and

n n n
(3 Z Wka +2r+1 L Wk+er+r+l + eUr—lUr qu’
k=0 k=0 ) k=0
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n
(4) Zwk kt—Zr Zwk+r+eU§'1qu'
k=0

If g = -1, then

z 1 if »n is even
k =
4) ké_oq {0 . ;

if »n is odd.

Using the Binet form for W, and U,, we find after calculation that (3)
and (4), under the restrictions (5), become, respectively,

1

n p(W,+n+1 %+1) - WoeW,.,q 1f n is even
(6) Z Wkwk+2 = 1
P T = (W2 - W2) if n is odd
p r+n+l r s
and
1
n p(Wr+nWr+n+1 WpWpi41) + WoW,, 1if n is even
7 Zwkwk+2r =31 )
k=0 p(k}+nW1+n+l Wy _1Wp) if »n is odd.

When p = 1, so that W, = H, (and U, = F,), (6) and (7) reduce to the
four formulas given by Berzsenyi[l]. That is, Berzsenyi's four formulas are
special cases of (1), i.e., of equation (4.18) of [2].

Zeilberger's theorem [3] then generalizes as follows:

Theornem: 1f {2z,} and {W,} are two generalized Fibonacci sequences, in which

g = -1, then
2: az;Z:H; =0

'LJ_
if and only if
n
P(z,w) = :E: aijziwj
7,520
vanishes on {(a,a), (a,R), (R,a), (B8,R)} where a,R are the roots of
z? - px -1 =0.

Zeilberger's example [3[ now refers to

n
1
(&) Z kak +2r+l T E(Zr+n+lwr+n+1 - Zr+1wr+1> +t ZoWapiy-
k=0

(In both [1] and [3], m is used instead of our r.)
Verification of the above results involves routine calculation. Diffi-
culties arise when g # -1.

REFERENCES

1. G. Berzsenyi. "Sums of Products of Generalized Fibonacci Numbers." The
Fibonacei Quarterly 13 (1975) :343-344.



250 A CONJECTURE IN GAME THEORY [Oct.

2. A. F. Horadam. 'Basic Properties of a Certain Generalized Sequence of
Numbers." The Fibonacci Quarterly 3 (1965):161-176.

3. D. Zeilberger. "Sums of Products Involving Fibonacci Sequences." The
Fibonacei Quarterly 15 (1977):155.

HH N

A CONJECTURE IN GAME THEORY

MURRAY HOCHBERG
Brooklyn College, Brooklyn, NY 11210

We consider a team composed of 7 players, with each member playing the
same r games, G;, Gy, ..., Gp. We assume that each game G; has two possible
outcomes, success and failure, and that the probability of success in game
qj is equal to p; for eagh player. We let X;; be equal to one (1) if'player
7 has a success in game j and let X;; be equal to zero (0) if player 7 has a
failure in game J. We assume throughout this paper that the random variables
Xij»2=1,2, ..., n, g =1, 2, ..., r are independent.

Let Sj, denote the total number of successes in the jth game. We define
the point-value of a team to be

Y, = min S, .
1<j<r
This means that the point-value of a team is equal to the minimum number of
successes in any particular game. Clearly,

Pis,,

m} = (”)Pm -p ) T m =0, 1, 2, e,
and " ’

(1) E[Y,]

n n-1
Y kp{¥, =k} = ) P{¥, >k}
k=0 k=0

n-1

D P(S1, > ks Spp > Ky wevs Sen > K}
k=0

n-1 »r

=Z HP{SJ‘VL > k}

k=04=1

=:Zl ﬁ \:: <Z)pjm(1 -p)

=0 J=1m=k+1

It follows from the definition of ¥, that the expected point-value for
a team is an increasing function of n, i.e.,
E[\Pn] i E[\yn-p]_]’ n = ]-’ 2: 3,

Since a team can add players in order to increase its expected point-value,
it seems reasonable to define the score to be the expected point-value per
player. Namely, we denote the score by

1
W, = Py E[Y,].
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Thus, from (1), we obtain

n-1 r n
1 m n-m
@ RPN LIDY (Z}pJ 1-p)" .

=0 j=lm=k+1

It is not obvious from (2) how the score varies as the number of players in-
creases. We now prove that W, is a strictly increasing function of 7 in the
special case r = 2 and p, = p,. We first prove three lemmas, which are also
of independent interest.

Lemma 1: Let a team be composed of j players, with each member playing the
same two games, G; and G,. Let the probability of success for each player in
both games G, and G, be equal and be denoted by p. Let u; = P{Slj = Szj},
for all positive integers J. Then

21
21 J, lp + qe*®|?7ds = uy,
where g = 1 - p.
Proof: Using the fact that

P{s;; =m} = <;7n>p’"(1 - ", m=0,1,2, ..., 4,0 =1, 2,

and the independence of the random variables S5;; and 5,;, we obtain

J 2 _
(3) w; =, [(;ZZ)] PP -, g =1, 2, 3,
m=0 i
J
We note that if f is the polynomial f(z) = 2: a,z™, then
s J m=0
(4) Eﬁ[ |£(e?®)|2de = > a2.
0 m=0

We now apply the binomial expansion and (4) to the function f(z) = (p + qz)j,
where J is a positive integer. The binomial expansion yields

Fz) = (@ +qa) = é[(g;)pmqj"ﬂzj'”,

and using (3) and (4), we obtain

(e

Lemma 2: Let r =2, p; =p,, and u; = P{Slj = Szj}, for all positive inte-

gers j. Then wu; < uj;_;.

21 J
1 i6 124
(5) ﬁolp+qeelsz9=z

m=0

Proo4: Since )

lp + ge®®|? <1, for 0 < 6 < 21
and ]

lp + ge*®|? < 1, for 0 < 6 < 2T,

the desired result follows from (5).
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Lemma 3: TLet u; = P{Slj = Szj}s for all positive integers J and let u, = 1.
Let dj =V - ¥, Jg=0,1,2, ..., and let ¥, = 0. Then

(6) E[d;] = u;p° + (1 - up)p.

Proog: Clearly, d; can assume only the values 0 and 1with the following
probabilities:

r{d; = 0}
P{d; = 1}

1 - [ujp2 + (1 - uppl,
ujpz + (1 - uy)p.

Since E[d;] = 0 « P{d;

0} +1 - P{dj = 1}, we obtain the desired result.

Theorem: Let a team be composed of n players, with each member playing the
same two games, (; and G,. Let the probability of success for each player in
both games G; and G, be equal and be denoted by p. Then

Wy < Wpers n =1, 2, 3, ...
Proog: Using the definition of W,, we obtain

Yor1 Y, 1
) Wnsr = Wy = EL@ +1 7?] T n(m + 1)

Eln@,,, -¥,) - ¥,1.

n-1

Using dj, as defined in Lemma 3, and noting that ¥, = 2:<ij, (7) reduces to

1 n-1 =0
Wn+l - Wn =mE|}7d” —JZ% dg]'

Using (6), we obtain

n-1
1
Wps1 — Wy = m[ﬂ(unpz + (1 - un)p) - Z (ujpz + (1 - uj)p)]-

Jj=0
Thus, to prove that W, < W,,;, it suffices to show that

n-1
(8) n(upp?® + (I = u,)p) —Z (up* + (1 = uyp) > 0.
i=0
Proving inequality (8) is equivalent to showing that
n-1 " '
(9) nun_z uj=zj(uj_uj_l) < 0.
ji=0 j=1

Since (9) follows from Lemma 2, we conclude that
Wy < Wpyp1s n =1, 2, 3, ...

It is the author's conjecture that in the general case discussed in the
beginning of this paper (r > 2 and p, not necessarily equal to p,) that W,
is a strictly increasing function of »n, too. The above proven theorem and
some elementary numerical computations suggest the truth of this statement,
but the author has not been able to supply a complete proof.

NN



THE CYCLE OF SIX

LOUIS W. SHAPIRO
Howard University, Washington, D.C. 20059

ABSTRACT

The purpose of this paper is to show thata certain automorphism has or-
der six when restricted to compositions considered as plane trees.

Part T is devoted to the proof of this and in Part II some applications
are given. 1In particular, a duality between various Fibonacci families is
discussed which also yields some interesting new settings for the Fibonacci
families. Some open questions are mentioned in Part III.

The author would like to thank both Bertrand Harper and Robert Donaghey
for helpful conversations.

PART |

It is well known that plane trees with n edges are equinumerous with
binary plane trees with n+ 1 end points. This correspondence was given in a
paper by DeBruijn and Morselt [1] in 1967. A modification yields an automor-
phism on the set of plane trees. Throughout this paper, plane trees will be
called trees.

We illustrate this automorphism, which we will denote A, as follows:

Since both 7 and A(T) have the same number of edges it follows that the num-
ber of distinct trees in the sequence 7, A(T), A%(T), A3(T), is at most

1 2n
C”_n+1(n>
since there are (), trees with n edges.

We give another illustration in Figure I-1. This particular example is
not chosen at random; in fact, it illustrates the cycle of six. In general,
it is extremely difficult, given a tree T, to predict the order n such that
A™(T) = T. Some work has been done on this problem (see [2]) but the central

problem remains untouched. This paper represents the first interesting spe-
cial case.

253
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\t\i/ A% (D)

FIGURE I-1

Any compositionof a number can easily be represented by a plane tree as
follows. If n=mn; +n, + -+« + n;, then the corresponding tree has only the
root as a branch point and the lengths of the branches from the root, going
left to right, are ny;, %5, ..., ny. For example,

2+2+3+1 <> i T

N

Theorem: 1f T represents a composition, then A%(T) also represents a compo-
sition and 4%(7) = T.

Proof: We will just trace through the six steps. The illustration is vital
for following this proof
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Let T be a composition. Since the only branch point is the root, we see
that as we are constructing A(7), all of the edges up from a vertex are ter-
minal except the rightmost.

Note next that 4% is defined as is 4 but from the right. For instance

3 \
AT L
: L

This shows that this 'terminal-edges-except—-for-the-rightmost-edge' condition
precisely yields the set A(7) where T is a composition.

Next we have that A*(T) consists of all trees such that all ~dges except
the leftmost up from a vertex are terminal.

From here it is not hard to see that 4°(T) is again a composition. So,
A% (7) must again be a composition and we only need show A°(T) = T.

Let us define As(T) as the dual composition of T.

Suppose n=ny +7n, + -+++n;, is the composition that T represents. Then,
A(T) has ' '

n, edges at the root

n, edges at height 2

n, edges at height k.

We construct 4% (T) by first taking a path of length n; starting at the root
and going up taking the rightmost branch at each node.

Eliminate these 7; edges and repeat the procedure to get 7. If elimi~-
nation disconnects the tree then operate on the upper component first. Con-
tinue this procedure to find paths of lengths n,, n,,

When computing A%(T), these paths each overlap by 1.

We wish to define a matrix D that will specify the A® automorphism ex-
actly. We illustrate this before giving the precise definitionmn:

11000
T<sn=2+2+3+1<>D,= 8
0

RN

How NN

1100
0111
0001

A3(T) is given by the column sums read in reverse, here 2 + 1 + 2 + 2 + 1.
Let n=n,+n,+ -+ +n; be a composition 7. Then, Dy is a k xn -k + 1
matrix with

i-1 1
LifQon -i+1<5<yn -i+1
dij k=1 k=1
0 otherwise.

Note that
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7

D2+ 1+2+2+1) =

[eNoNeNeN
O O\ = =
OH;\OO
e NeNe]

s

which is D(T) reflected about the 45° line passing through the middle of the
matrix. This situation holds in general.
Repeating this reflection twice yields the original matrix and thus

A% =A%) =T,

concluding the proof of the theorem.

PART 11: SOME APPLICATIONS TO FIBONACCI NUMBERS

The following results were contained in an exercise in a set of lecture
notes of R. Stanley.
The following sets are enumerated by the Fibonacci numbers.

A. All compositions of 7 where all parts are > 2.
B. All compositions of #n where all parts are equal to 1 or 2.
C. All compositions of 7 into odd parts.

These assertions are all easily verified by induction. We will add the
following:

D. All compositions, 7 = 73 + ¥, + «+« + My, where all n,. = 1.

E. All compositions, n = n3 + np + -+ + 7,5, where all n; =1 for
k+1<g < 2k.

F. All compositions, n = n, + n, + --+ + n, where n; > n; for 2 < J < 2,
-1)" = (-1)", and 21, + m > n + 2.

Of these, F is perhaps the most interesting. It also seems to be less triv-
ial to prove directly.

For the sake of brevity, we will ignore A(T) and A%(T) in this discus-
sion and go directly by way of the matrices from 7 to A*(T) leaving A(T) and
A%(T) to the diligent reader.

Proposition 1: A and B are dual Fibonacci families (except for a subscript
shift).

Let n = n, +n, + +++ + n; where all v > 2. Then we obtain

2 "y

11...1

The column sums are either 1 or 2 with the first and last column sums always
equal to 1. Obviously the compositions of » with first and last parts equal
to 1 are bijective with all compositions of n - 2. Thus, A and B are essen-
tially dual families, one enumerated by {F,} and the other by {F,_,}.
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We next want to consider the dual of family C. We have
n=mn; +n, + -+ + 1 where each n; is odd.

For instance

3+14+5+1+1+7 «>

o

The column sums can be larger than 1 only in colummns 1, 3, 5, 7,
This is family D. This time C and D are exact duals and we have proved:

Proposition 2: C and D are dual Fibonacci families.
Proposition 3: E and F are dual Fibonacci families.

Since D and E are equinumerous, E is enumerated by the Fibonacci num—
bers. We need only show duality. Again we start by looking at an example:

l1l=n=14+1+3+2+1+1+1 so that k=3, 2k+1=7

11000

01000

01110

<« 00011

00001

00001

00001
The last column sum is at least k + 1, and this must be as large as any
other column sum because each of Mis Moy ..>My,; can contribute at most 1

to each column.
Note that the matrix D has 2k + 1 rows and #n — 2k columns. Thus if the
dual composition is

= * * .0 *
n=ny tn,; + + 1,

o= m

we have n} > k + 1 = 5

+ 1, or
2ny +m > n + 2, the specification for F.

PART 111

To conclude, we mention some open problems and include some related re-
marks.

1. For a tree T, what is the smallest positive integer kX such that Ak(T) =
T7? Even such simple questions as what information about T will guaran-
tee that k is even are unsolved.

2. How many compositions of »n with

n=mn, +n, + -+ +n, have n, > n, for all <?

A related question would specify also that » and k have the same parity.
The first few values are shown in the following table.
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1 2 3 5 8 14 24 43 77 130
with (-1)"7% =1 1 1 2 3 5 8 13 22 39 65
with (-)"" % =-1 |o 1 1 2 3 6 11 21 38 65

An answer to this question would be of interest in studying partitions.

3. If we specify that all end points of a tree be at height 2 then another
Fibonacci family is obtained. For instance, for n = 6, we obtain the
following five trees:

LY L

If we specify height 3 instead of height 2, we obtain the Tribonacci
numbers 1, 1, 1, 2, 4, 7, 13, 24, ... . 1If we specify(beight 3 or less
we obtain the sequence 1, 2, 5, 13, 34, 89, ... = {F,.0. If we knew
more about Question 1, we could do more with each of these families.
Each of these statements translates into statements about permutations

achievable with push down stacks. See Knuth [4] for definitions and
explanation.

How many permutations are achievable with a push down stack that holds
two elements where each time the stack is empty two elements are put in
(or the run ends)? The answer is F,_,, and is equivalent to our first
remark in this subsection.

4. What alterations can we make to get reasonably natural settings for the
Lucas numbers, the Tribonacci numbers, and the Pell numbers?

One way to obtain the Lucas numbers is to specify compositions
n=mn, +n, + -+ + n, where each n; is odd and »n, is 1 or 3.
The dual of this yields the compositions
n=ny +n, + 00+, withall n,; =1 and nyny # 1.

5. We have ignored A(T) and A?(T) throughout. However all the interpreta-
tions available for plane trees can be used. See for instance Gardner
[3] and the references there. As one example, consider elections where
votes are cast one at a time for candidates P and §. There are 2n vo-
ters, P never trails &, and at the end they tie. There are

1 (2n>
G=arT1\n
such elections possible. Let us add the condition that the last K votes
are for ¢ but that until then the election was almost monotonic in that
if P's lead was % votes, his lead would never be less than % - 1 there-
after, except for the last K votes. This is just the interpretation of

A(T) in Part I. Thus, we see that there are 2" ! such elections, since
an integer 7 has a total of 2"~! compositionms.
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PROFILE NUMBERS

ARNOLD L. ROSENBERG
IBM Thomas J. Watson Research Center, Yorktown Heights, NY 10598

ABSTRACT

We describe a family of numbers that arises in the study of balanced
search treesand that enjoys several properties similar to those of the bino-
mial coefficients.

1.  INTRODUCTION

In the course of a recent investigation [4] concerning balanced search
trees [2, Section 6.2.3], the following combinatorial problem arose. We en-
countered in the investigation a family {I}} of (2L + 1)-level binary trees,

L =1, 2, ...; the problem was to determine, as a function of [ and 7 € {0,
1, ..., 2L}, the number of nonleaf nodes at level 7 of the (2L + 1)-level
tree T;. (By convention, the root of T, is at level 0, the root's two sons

are at level 1, and so on.) The numbers solving this problem, which we call
profile numbers since, fixing L, the numbers yield the profile of the tree
T, [3], that is, the number of nodes at each level of T;, enjoy a number of
features that are strikingly similar to properties of binomial coefficients.
Foremost among these similarities are the generating recurrences and summa-
tion formulas of the two families of numbers. Let us denote by P(n,k), n > 1
and k > 0, the number of nonleaf nodes at level k of the tree 7T, , convention-
ally letting P(n,k) = 0 for all k > 2n; and let us denote by C(n,k), n > 1
and k > 0, the binomial coefficient, conventionally letting C(n,k) = 0 for
k > n. The well-known generating recurrence

Cn+ 1,k + 1) =Cn,k +1) + C(n,k), k>0
for the binomial coefficients is quite similar to the generating recurrence
(1) P(n+ 1,k + 1) = P(n,k) + 2P(n,k - 1), k>0

for profile numbers. Further, the simple closed-form solution of the well-
known summation

Y cnk) =27 -1

0<k<n

for binomial coefficients corresponds to the equally simple solution of the
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summation

(2) P(n,k) = 3" -1

0<k<2n

for our new family of numbers. Further examples of relations between these
two families of numbers will manifest themselves in the course of the devel-
opment. As an aid to the reader, we close this introductory section with a
portion of the triangle of numbers defined by the recurrence (1) with the
boundary conditions

P(n,0) =1 for alln > 1
(3) P(1,1) =1
P(n,l) =2 for alln > 1
P(1,k) =0 for all k > 1
o\ 1 2 3 4 5 6 7 8 9 10
0 1 1 1 1 1 1 1 1 1 1
1 1 2 2 2 2 2 2 2 2 2
2 3 4 i 4 4 4 4 4 4
3 2 7 8 8 8 8 8 8 8
%) 4 8 15 16 16 16 16 16 16
5 4 22 31 32 32 32 32 32
6 20 52 63 64 64 64 64
7 8 64 114 127 128 128 128
8 48 168 240 255 256 256
9 16 176 396 494 511 512
10 112 512 876 1004 1023

2. THE NUMBERS P(n,k)

Our goal in this section is to derive the basic properties of the pro-
file numbers. By describing the tree-oriented origins of the numbers, we
verify in Subsection A that they do indeed obey recurrence (1) with boundary
conditions (3). We then proceed in Subsection B to solve recurrence (1), ob-
taining an explicit expression for P(n,k) in terms of exponentials and bino-
mial coefficients. In Subsection C, we derive the generating recurrences for
individual rows and columns of the triangular array (4). These recurrences
permit us in Subsection D to derive the summation formula (2) for profile
~numbers. Finally, in Subsection E, we use the summation formula to determine
the so-called internal path length of the trees {7T;}, which determination was
one of the motivations for studying the profile numbers. Our investigation
will then have gone full circle.

In what follows, we shall refer often to binomial coefficients. These
references will be very much facilitated by the convention C(n,Z) = 0 when-
ever 7 < 0 or ¢ > n, which should always be understood.
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A. The Family {7} of Trees: The trees T, are specified recursivelyas fol-

lows. T, is the 3-leaf binary tree

and, for each I > 1, the tree 7;,; is obtained by appending a copy of the
tree T; to each of the three leaves of T, as in

L+1t

Ty

The fact that P(#,k) denotes, when k € {0, ..., 2n}, the number of nonleaf
nodes at 1level k of the tree 7T, renders obvious the validity of recurrence
(1) and boundary conditions (3) in addition to verifying the reasonableness
of the convention

P(n,k) = 0 whenever »n > 1 and k > 2u.

B. The Solution of Recurrence (1):
Theorem 1: For all n > 1 and all k > 0,

P(n,k) = 28" ) C(n,i).

0<7i<2n-k

The theorem asserts, in particular, that P(n,k) = 2¥ for all k < n, and
P(n,k) = 0 for all k > 2n.

Proof: We proceed by induction on' #n. The case n = 1 being validated by the
boundary conditions (3), we assume for induction that the theorem holds for
all n < m, and we consider an arbitrary number P(m,k).

If ¥k € {0, 1}, then the boundary conditions (3) assure us that

P(m,k) = 2K = 2k=n « 27 = 2K=" 3" ((n,d),
0<i<2n-k
which agrees with the theorem's assertion.
If kK > 1, then recurrence (1) and the inductive hypothesis yield

P(m,k) =P@m - 1,k = 1) + 2P(m - 1,k - 2)

=257 3 cm- 1,0 + 25 DL clm - 1,0)

0<i<2m-k-1 0Lj<2m~k
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25770 (m,0) + 25T D CGn - 1,4) + C@m - 1,4 - 1)

0<i<2m-k

2k=m Y c(m,i),

0<i<2m-k

which agrees with the theorem's assertion.

Since k was arbitrary, the induction is extended, and the theorem is
proved. O

C. The Triangle of Profile Numbers: Yet more of the relation between pro-
file numbers and binomial coefficients is discernible in the recurrences that
generate individual rows and columns of the triangle (4).

Theorem 2: For all n > 1 and all k > 0,

2P(n,k) - 25"t lom,k - n + 1)
Pn,k) + 28" Yo,k - n) + Cn + 1,k = n)}.

(a) P,k + 1)
(b) P + 1,k)

]

Proof: Recurrence (1) translates to the three recurrences
(5) P(n,k) = P(n - 1,k = 1) + 2P(n - 1,k - 2).
(6) Pn,k + 1) P(n - 1,k) + 2P(n - 1,k - 1).
7) P(n + 1,k) P(n,k - 1) + 2P(n,k - 2).

1]

I

Combining (5) and (6) leads, via Theorem 1, to the chain of equalities
P(n,k + 1) - 2P(n,k)
P(n - 1,k) - 4P(n - 1,k - 2)

= 2""‘“{ Dot -14) - Y, ¢k - 1,@')}
0

<i<22n-k -2 0<Z<2n -k

il

_zk—n+1{c(n -1,2n -k =-2) +Cn - 1,2n - k - 1)}

= 2" lomk -+ 1),

whence part (a) of the theorem.
Part (b) follows by direct calculation from recurrence (7) and Theorem 1:

P(n + 1,k) - P(n,k)
= P(n,k - 1) + 2P(n,k - 2) - P(n,k)

=2k—n—l{ Z Cn,i) + Z Cn,z2) - 2 Z C(n,i)}

0<Z<2n-k+1 0<i<2n-k+2 0<Z<2n-k

_ 2k—n—1{20(n’2n - k) +Cn,2n - k + 1)}
=2k " Yomk =n) +Cn + 1,k - n)}. O

D. The Summation Formula (2): Theorem 2(a) permits easy verification of the
summation formula for profile numbers.

_'Lheonem 3: For all n > 0, Z P(n,k) = 3" - 1.
0<k<2n
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Proof: Theorems 1 and 2(a) justify the individual equalities in the follow-

ing chain.
D PMm,k) =1+ P P,k +1)

O<k<2n 0<k<2n

]

1+2 ) (PG,k) - 25" "Cn,k = n + 1)),

0<k<2n
Thus, we have -

2" 7I0(m,g) - 1

[~
"o
D
kS
~
]

0<k<2n 0<j<2n-1

2%« (3/2)" -1

1]

3" - 1. 0

E. The Internal Path Lengths of the Trees {TL}: Theorems 2(a) and 3 greatly
facilitate the determination of the Znternal path length [1, Section 2.3.4.5]
I(L) of the tree T, of Section 2A, which is given by

1@ = ), kP@.K).

0<k<2L
Theorem 4: For all L > 0, I(L) = %—LBL -23F -1D.
Proog: I(I) = Y. KkP(L,k) = (k + P,k + 1)
1<k<2L+1 0<k<2L

A+B+C+D

1l

where

A=2 9, kP(L,k) = 2I(D);
0<k<2L

B=2 ) P,k =2(3"-1);
0<k<2L

c=- >, 2""e@k - L+ 1) =-3%
0<k<2L

D=- Y, k2*IHC(L,k - L+ 1)

0<k<2[L

- z (G +L - 1)29c@,5) = -503%~1 + 3L,
0<J<L

Combining terms yields the theorem.

We close by remarking that the quantity I(J) can be determined just as
easily from the recurrence

I(L) = 3I(L - 1) +—g— 3L - 4,

which is derived easily from the form of the trees {7T.}.
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A STUDY OF THE MAXIMAL VALUES IN
PASCAL'S QUADRINOMIAL TRIANGLE

CLAUDIA SMITH and VERNER E. HOGGATT, JR.
San Jose State University, San Jose, CA 95112

1. INTRODUCTION

‘In this paper we search for the generating function of the maximal val-
ues in Pascal's quadrinomial triangle. We challenge the reader to find this
function as well as a general formula for obtaining all generating functions
of the (H - L)/k sequences obtained from partition sums in Pascal's quadri-
nomial triangle.

Generalized Pascal triangles arise from the multinomial coefficients
obtained by the expansion of

QA+ +x2+ - +xi- Y j>2,n20,

where n denotes the row in each triangle. For j
ficients produce the following triangle:

4, the quadrinomial coef-

1

1 1 1 1

1 2 3 4 3 2 1

1 3 6 10 12 12 10 6 3 1

The partition sums are defined by

M
. — n
=9 : 0 < -
R DY N FEEFEE Y
=0
where
(G~ 1n-r
o [
the brackets [ ] denote the greatest integer function. To clarify, we give a
numerical example. Consider $(3,4,5,1). This denotes the partition sums in

the third row of the quadrinomial triangle, in which every fifth element is
added, beginning with the first column. Thus,

5(3,4,5,1) = 3 + 10 = 13.
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(Conventionally, the column of 1's at the far left is the Oth column and the
top row is the Oth row.)

In the nth row of the j-nomial triangle, the sum of the elements is j”.
This is expressed by

S(?’L,j,k,o) + S(?’Z,j,k,l) + M + S(n’j’k’k - l) = jn_
Let
S(n,d,k,0) = (G" + 4, /k

S(n,J,k,51) @+ B)/k ...
S(n,d.kk = 1) = (G* + Z,)/k.
Since 5(0,7,k,0) =1,
5(0,4,k,1) =0 ... 5(0,4,k,k = 1) =0,

we can solve for Ay, By, ..., Z, to get 4, = k-1, By = -1, ..., Z4 = -1,

Now a departure table can be formed with AO, BO,. . ZO as the Oth row.
Pascal's rule of addition is the simplest method for finding the successive
rows in each departure table. The departure table for six partitions in the
quadrinomial triangle appears below.

TABLE 1. SUMS OF SIX PARTITIONS IN THE QUADRINOMIAL TRIANGLE

5 -1 -1 -1 -1 -1
2 2 2 2 -4 =4
-4 -4 2 8 2 -4
2 -10 -10 2 8 8
20 8 -10 -16 -10 8

In particular, the (H - L)/k sequences defined as the difference of the
maximum and minimum value sequences in a departure table, divided by k par-
titions will be of prime importance. Table 2 is a table of the (¥ - L)/k
sequences for kK = 5 to k = 15 partitions.

TABLE 2. (H - L)/k SEQUENCES FOR X = 5 TO k = 15

k=5 6 7 8 9 10 11 12 13 14 15

11 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1
1 3 3 4 4 4 4 4 4 4 4
1 6 6 g8 10 11 12 12 12 12 12
1 9 14 24 30 36 39 42 43 44 44
1 18 31 56 85 105 125 135 145 149 153
I 27 70 160 246 340 404 468 503 538 553

The primary purpose of this paper is to share the progress that has been
made toward finding a generating function for the maximal values in Pascal's
quadrinomial triangle. The generating functions for the maximal values in
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the binomial and trinomial triangles are known. In the February 1979 issue
of The Fibonacci Quarterly, we showed that the limit of the generating func-
tions for the (H# - L)/k sequences was precisely the generating function for
the maximal values in the rows of the binomial and trinomial triangles. We
would like to establish this for the quadrinomial triangle as well.
2. GENERATING FUNCTIONS OF THE (¥ - I)/k SEQUENCES
IN THE QUADRINOMIAL TRIANGLE

As k dincreases, one sees the (H - L)/k sequences obtain more of the val-
ues of the sequence of central (maximal) values in the quadrinomial triangle.
For k = 14, we observe from Table 2 that the (H - L)/14 sequence contains the
first five values. We examined all even values of kX, up to k = 52. The
(H - L)/50 sequence has its first 17 values coinciding with the central val-
ues in the quadrinomial triangle. The (# - L)/50 sequence is

1, 1, 4, 12, 44, 155, 580, 2128, 8092, 30276, 116304,
440484, 1703636, 6506786, 25288120, 97181760, 379061020,
1463609338. ..

We observed that kX = 3m + 2 has m + 1 of the central values in the quadrino-
mial triangle.

In an attempt to discover a pattern for predicting all recurrence rela-
tions of the (H - L)/k sequences, we examined the recurrence relations for
the even partitions up to k = 48. These equations are displayed in Table 3.

As the reader can see, the size (both degree and coefficient) of the
equations grows rapidly. For example, in finding the recurrence equation in
the case with 48 partitions, we used the first 30 elements in the (H - L)/48
sequence. The last element has 17 digits, too large for accuracy in most
computers and calculators; thus, much computation was done by hand using the
pivotal element method. Even after examining so many cases, we were unable
to derive a general formula for predicting successive recurrence equations.
However, we discovered several patterns that enabled us to make accurate con—
jectures about most of the coefficients and the degree of the recurrence
equation.

We predict that for N = 8n, 8n + 2, or 8m + 4, the degree of the recur—
rence equation is 4m. TFor N = 8n + 6, the degree is 4m + 2.

The first coefficient is 1.

The second coefficient we predict to have the form -V for ¥ > 8. Adif-
ference of 2 1is observed between successive elements in the sequence of all
second coefficients for even partitions.

The third coefficient we predict to have the form IN(N- 11) for N > 14.
A second difference of 4 1is observed between successive elements in the se-
quence of third coefficients for even partitions. We show this below:

21 40 63 90 121 156 195 238 285 336 391 450 ..
19 12 23 31 35 39 43 47 51 55 59 .
4 4 4 4 4 4 4 4 4 4 .

The fourth coefficient can be found by making a table of third differ-
ences between successive elements in the sequence of fourth coefficients for
even partitions. This appears to be valid for ¥ > 20. The third difference
is 8. We show this below:
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N Recurrence Equation

4| @ 1 =0

6| x? 3 =0

8| x" 8x?> + 8 =20

10| =" 1022 + 5 =0

12| =* 1222 + 9 = 0

14 | «® 14t + 2122 - 7 =0

16 | «® 16x° + 402" - 3222 + 8 = 0

18| «® 182°% + 632 - 572> + 9 =0

20 { «® 20x® + 90xz" - 100x> + 25 = 0

22 | 20 - 222% 4+ 1212% - 176x* + 882% - 11 =0

24 | %2~ 242 + 1562% - 296x° + 225x% - 722 + 8 =0

26 | 2*2 = 26x'° + 195x° - 468x° + 455x% - 169x° + 13 = 0

28 | 222 - 2820 + 238z% - 700x° + 833z - 392z% + 49 = 0O

30 | x** -~ 30x*? + 285z - 1000x + 1440x - 903z + 230x% - 15 =0

32 | 2% = 320 4+ 3362 2 - 1376210 + 23762% - 1920x° + 736x% - 128x°
+8=0

34 | 2t = 342 + 39122 - 1836210 + 3757x° - 3740x® + 1819x" - 374x?
+17 =0

36 | 218 - 36x'% + 450xt? - 2388x'° + 5715xz% - 6804x® + 4059x* - 1080x?
+ 81 =0

38 | 2% - 38x1% + 613x% - 3040x? + 8398x'° - 11742x% + 8512x° - 3059zx"
+ 475x% -~ 19 = 0

40 | 22° - 40x%® + 580x%% - 3800x % + 11970x? - 19408x'° + 16860x°
- 7800x° + 1825x“ - 20022 + 8 =0

42 1 229 Z 42218 4+ 65125 — 4676x " + 16611x*? - 309122 + 31647x°
- 17937z% + 53342"% - 700x% + 21 = O

4h | 220 = 44z ® + 7262 - 5676z " + 2251727 - 47652x%° + 56628x°
- 38236x° + 14036z" - 2420x” + 121 = 0O

46 | 222 - 46x2° + 805x% - 6808x'5 + 29900x'" - 71346x1% + 97198x°
— 769122% + 34500x% - 8119xz* + 851xz? - 23 =0

48 | £2% - 48x%% + 888z2%° - 8080x'% + 38988z - 104064x'* + 160888x12

1473602 + 79329x2% - 24080x° + 3816x* - 288x% + 8 = 0
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100 176 296 468 700 1000 1376 1836 2388 ...
76 120 172 232 300 376 460 552 ...
44 52 60 68 76 84 92 .
8 8 8 8 8 8 .

The fifth coefficient can be found by making a table of fourth differ-
ences between successive elements in the sequence of fifth coefficients for
even partitions. This appears to be valid for N > 26. The fourth difference
is 16. See Table 4.

TABLE 4. PREDICTING 5th, 6th, AND 7th COEFFICIENTS

455 833 1440 2376 3757 5715 8398 11970 16611 22517 29900 ...
378 607 936 1381 1958 2683 3572 4641 5906 7383 ...
229 329 445 577 725 889 1069 1265 1477 ...
100 116 132 148 164 180 196 212 ...
16 16 16 16 16 16 16 ...

1920 3740 6804 11742 19408 30912 47652 71346 104064 ...
1820 3064 4938 7666 11504 16740 23964 32718 ..
1244 1874 2728 3838 5236 6954 9024 ...
630 854 1110 1398 1718 2070 ..
224 256 288 320 352 ...
32 32 32 32 ...

8512 16860 31647 56628 97198 160888 257925 ...
8348 14787 24981 40570 63690 97037 ...
6439 10194 15589 23120 33347 .
3755 5395 7531 10227 ...
1640 2136 2696 .
496 560 ...
64 ..

3. GENERATING FUNCTIONS OF THE (E - L)/k SEQUENCES
IN A MULTINOMIAL TRIANGLE

We challenge the reader to finish this problem: to find the generating
functions of the (# - IL)/k sequences for all k in the quadrinomial triangle.
Then perhaps we could find the generating function of maximal values in Pas-
cal's quadrinomial triangle, and show that the limits of the (H - L)/k gene-
rating functions are precisely the generating function of maximal values.

This problem can be extended to examine the maximal values in Pascal's
pentanomial triangle and larger multinomial triangles. Again, the pursuer of
such an adventure will encounter numbers with up to 20 digits, in which the
accuracy of each digit matters in order to find recurrence equations.
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THE STUDY OF POSITIVE INTEGERS (a,b)
SUCH THAT ab +1 IS A SQUARE

PETER HEICHELHEIM
Peat Marwick and Partners, Toronto, Ontario, Canada

1. INTRODUCTION

A P-set will be defined asa set of positive integers such that if a and
b are two distinct elements of this set, ab + 1 is a square.

There are many examples of P-sets such as [2, 12] or [1, 3, 8, 120] and
even formulas such as

[n -1, n+1, 4n, &n(tn? - 1)]
or

my, n2 =14+ (m-1)(n - 12, nm + 2), dm@m? - mn + 2n - 1)?
+ 4(m? - m + 2n - 1)].

(See Cross [1].) However, none of these formulas are general.

More recently, there has been considerable work on P-sets with polyno-
mials (by Jones [2, 3]) and in connection with Fibonacci numbers (by Hoggatt
and Bergum [4]).

It is of interest to find out how much these sets can be extended by
adding new positive integers to the set; for example [2, 12] can be extended
to [2, 12, 420]. A P-set which cannot be extended will be called nonextend-
‘ible. One purpose of this article is to show that a nonextendible set must
have at least four members. Then it will be demonstrated that the number of
members of a P-set is finite. Finally, it will be shown that certain types
of five-member P-sets will be impossible.

2. EXTENDING P-SETS TO FOUR ELEMENTS

The proof that sets of one or two elements are extendible is very sim-
ple, for [N] can always be extended to [N, NV + 2] and [a, b] can be extended
to [a, b, a + b + 2x] where x> = gb + 1. (See Euler [5].)

Let [a, b, N] be members of a P-set. Then,

(1) ab + 1 = z?,
(2) all + 1 =y,
(3) BN + 1 = z2,
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Therefore,

(4) by?> - az® = b - a.
Let ¥ = by. Then,
(5) 7 - abz® =b(® - a).
Let the auxiliary Pell equation of (5) be
(6) m? - abn® =1
or
(7 m? - (x *- n® = 1.

The minimal positive solution of (7) is (x,1). -Hence all the solutions
of (7) are given by

m; + o In; = (x + Vx? - l)i, T =1, 2, 3, «..,
and all solutions of (5) are given by
(8) Y, + Vet =1z = (G, + Yok - lze) (@ + 2P - DT,
=0, 1,2, ...,

where (¥o,29) can take only a finite number of values, one of which must be
(b,1). (See Nagell [6].)

There is a one-to-one correspondence between the solutions (y;,z;) of
(4) and (y;,2;) of (5) where y; = by, because yﬁ = b(b - a + az3), and hence
Yy, is always an integer.

Theonem 1: Let

Ye = 1
9 W = ——.
Then
(10) Nlyy; +1 = (mjl; + njyizi)2 + 1 - n?.

Proof: From (8),

Y., .+ /2 - 1z

i+] i+

= (g, + /x* - lz;) (m; + /E?*:‘Inj).

Then Govjy =miyy + ;@ - Dag.

Hence byi+j = bmyy, + abn;z;.

Therefore Yiv; = MilYs + anjz;.

Hence Niv;= é(m;yf + 2amoniy a’nz% - 1), using (9).

Therefore Nyl ;7 + 1 = Jj(yf - D iyl + 2amniy,z, + a’nizi - 1) + 1
= i?(mjy; + Zamjnjziyz + [aznjz% -1 - mi]yf

- 2amin;zy, - anj[by% -b+al +1+d%»,

using (4),

Lo n 3 2,22 2 27,2
;E(mjyi + 2am nyzy; + latnia; - 1 - ms - abnj]yi

(continued)
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_ 2 _ 2.2 2
2amjnjziyi + abnj ani;+1+a )

L, 2 3 22,2 27,2
‘;;(mjyi + 2amingz y. + [a"niz; - 2m’ 1y ;

- 2amjnjziyi + m?) +1 - n?, using (6),

(m;N, + njyizi)z +1 - n?, using (9).

Theorem 2: The P-set [a, b, N;] can be extended to [a, b, N;, N;,,].

Proog: Now y., , =my, + any3; > y,.

Therefore Niyy > N, using (9).
Therefore N;,, is positive if N; is positive.
Also, if N, is an integer, y% = 1 mod a. Now,
2 _ .22 2
Y, =my; * 2amlnlyizi + a iz’

= (ab + l)yf mod a as m,
- 2
= y; mod a.
Therefore N;,; is an integer.
In fact, it can be shown by induction that if N; is a positive integer,
then so must be N;, ;.
Now as (ml,nl) = (x,1), then
N;N; y +1 = (xl; + yizi)2
and therefore [a, b, N;] can be extended to [a, b, N;, N;41]1.
A formula can be developed for N;,; from a, b, and N;; that is,

N;op =a+ b +N; + 2abl; + 2/(ab + 1)(ali; + 1) (bl; + 1).

3. FINITENESS OF P-SETS

There are no known P-sets of more than four members. However, it can be
proved that there are no infinite sets. 1In fact, given three members of the
set a, b, and ¢, it can be shown that all other members are bounded, for if

al + 1 =%, bV + 1 = y*, eV + 1 = z°, and t = ayz,

then abeli® + (ab + be + ca)lN> + (a + b + )N + 1 = ¢2.
Let H = max{abec, ab + be + ca, a + b + c}.

Now, as abelN® + (ab + be + ca)N®> + (a + b + )V + 1 has no squared lin-
ear factor in N, by Baker [7],

N < exp{(10°A)%°°}.

Until recently there was no way of knowing if a P-set was nonextendible
if it had four elements. However, in Baker and Davenport [8], it has been
proved that [1l, 3, 8, 120] cannot be extended. 1In fact, it has been shown
that [1, 3, 8] can only be extended to [1, 3, 8, 120]. There were calcula-
tions done to prove this that needed the aid of a computer. The method in
Baker and Davenport [8] would seem workable for checking if there are other
sets of four which are nonextendible.
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A recent adaptation of this method was given by Grinstead [9].

L. RESTRICTIONS ON EXTENDING FOUR-MEMBER P-SETS

First it should be noted that Baker and Davenport [8] (from their rela-
tionship (20) and Section 5) seem to indicate that any fifth member of a P-
set that is very large compared to the first four would have to satisfy some
very unusual conditions.

The following lemma and theorem give some limitations in the reverse
direction.

Lemma: x < g+ b if a > 0 and b > O.

Proo4: If © > a + b, then a®> + ab + b < 1, using (1). Therefore, a = 0 or
b = 0, which is not true.

Theonem 3: 1f 22 > j-1, then with the exception of j = 1, N;N;,;+1 is not

i Tz
a square. (l; is not equal to zero, as members of P-sets are defined to be

positive.)
Proof: Let L = mill; + n;y;2;. Suppose N;N;,; + 1 is a square. Now
L* - (L - 1)* =20 - 1.

Then
nf - 1220 -1 from (10) if J # 1.
Therefore
iji + YR
(11) LT B
iz
2
Now
byi + VEZEi = (by, + VEEEO)(mi + vabny)
implies
Y, = miy, +anz,
and
By = by, +myz,.
Let M = ¢ + /x° - 1. Then it can be shown that
me = =009 + 179
2
and
n; = —1——(Mj - M‘j).
2
2vxs - 1
2
i 1 J -dy2
Therefore —_ = WM - M )",
2 8(x? - 1)
Now
Y, Z%(Mi + M) e - M7
2/x? -~ 1
and
b g -7 Lo, -z
3; 2 ————M" - M"") + E(M + M),

2vx? - 1
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Then ) ] ) )
y,a; > Hb @ -2ty g 9B i g2
Ga? - 1 L(z® - 1)
+ %(Mi + M2+ —E - n?Y)
L/t - 1
- _jL{th_(Mzi - M2y 4 %(sz +u2iy
4yxs - 1
Therefore
., . a+ b (Mzi _ M—gi) + ~]. (Mzi + M'Zi)
jYi%e 8(x% - 1) 4yx? ~ 1
nz . ,
+ —L i - w)
8(x? - 1)

217 -2 2 -2 2z o
(a+b)w—_—M—l+zm(M S D B - u2y

7 - a7y W - U CER D)
+ 2/x2 - IM
@’ - )

(as x < a + b from the Lemma)

Wi _ oym2il o2t Sz _ oyt 7 _ g

R Vet

Now, if © > 0, it can be easily shown that
. 441

i M0 o A x> 1.
x? -1

Therefore YA o2t 2 o1 - M2 -1 > 0 > -yt

Hence ) »
n;y,&; yREtL M-&z+]) ] . ) . .
2 > - - >1 4if 22 +1>gor g - 1< 22,
i M? - M
2

Thus, Theorem 3 is proved, from (11l), as J > 1; therefore, 7 must be greater
than zero.

5. A PARTICULAR RATIONAL FIVE-MEMBER P-SET
BY EULER CANNOT BE INTEGER

It will now be shown what will happen if rationals are allowed. Suppose
the P-set [a, b, ¢, d] is extended to

{a, b, o, d, 4r + 2p(s + 1)
— (S - 1)2
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where a, b, ¢, and d are positive integers,
ec=2r+ta+b,d=\4bx(x+a)(x+D),
p=a+b+c+d, »=abc+ abd + acd + bed,
and s = abed.

Here, s can have a positive or negative value. This was first given by Euler
[5].
Theonem 4: 2% 20(8 j L
- (s = 1)
ways less than 1.

The following proof has been considerably shortened due to some sugges-
tions from Professor Jones.

is never a positive integer. In fact, it dis al-

Proof: Re—order a, b, ¢, and d such that a < b < e <d. If a=1 and b =
then ab + 1 = 3, which is not a square. Therefore b > 3, ¢ > 4, and d > 5.

Now 1,1, 1, 1 13 _1
abe  abd = acd = bed — 60 47

Therefore 4p < g. Also,

1 1 1 1 1
_ = 3 = = < =
ctptotgstl+sg

Therefore abe + abd + acd + bed < 2abed or r < 2s.

+

s(s + 1)
g + 28 T 1) 2
Hence 42+ 2P(s + 1) 2 _ 8> +17s
(s - 1)? (s = 1)? 2(s - 1)?
1 19 9
== +
272G -0 T e
1 19 9
< 5 + 116 + 3365 @ ° > 59
< 1.
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ABSORPTION SEQUENCES

FREDERICK STERN
San Jose State University, San Jose, CA 95192

1. INTRODUCTION

In the classical gambler's ruin problem, a gambler beginning with < dol-
lars, either wins or loses one dollar each play. The game ends when he has
lost all his initial money or has accumulated a(> ) dollars. The situation
can also be described as a simple random walk on the integers beginning at
with absorbing barriers at 0 and a. Let F,(Z,n) represent the number of dif-
ferent paths of exactly »n steps which begin at ©7 (¢ = 0,1, 2, ..., a) and end
with absorption at either 0 or a. TFor fixed values of a and Z, F,(Z,n) is a
sequence of nonnegative integers called an "absorption sequence." 1In other
words,‘F@(i,n) represents the number of different ways a gambler who begins
with 7 dollars can end his play using 7 one dollar bets.

2. A RECURRENCE RELATION WITH BOUNDARY CONDITIONS

Appropriate boundary conditions, suggested by the condition that the
random walk stops when it first hits either 0 or a are

F,(0,0) = F,(a,0) 1
F,(750) =0, 2=1, 2, ..., a-1
F,(0,n) = F,(a,n) =0, n 0.

I

A path which begins at 0 < 2 < ¢ must in one step go to either ¢-1 or <+ 1.
For this reason, we have a recurrence relation for the number of paths:

F,(i,n) =F, (¢ -1m~-1) +F, (it +1,m=-1),n>0, 0<7<a.
3. EXAMPLES OF RECURRENCE RELATIONS AND ABSORPTION SEQUENCES

TABLE 1. Fg(<,n)

N o 1 2 3 4 5 6 7 8 9 10 11 12
5 1 o o o OO o0 O0o 0O ©O0O 0 0 0 o0
4 o 1 o 1 1 2 3 5 8 13 21 34 55
3 o o 1 1 2 3 5 8 13 21 34 55 89
2 o o 1 1 2 3 5 8 13 21 34 55 89
1 o 1 o 1 1 2 3 5 8 13 21 34 55
0 1 o o o ©Oo O O0O OoO O 0 0 0 0

The entries in each row are the beginning of an absorption sequence.
Absorption at 0 or 5.

275
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TABLE 2. Fq(i,n)

\4

(]
ot
N
w
~
w
[@)
~

8 9 10 11 12

0 0 0 0 0
1 14 7 42 34
14 7 42 34 132
6 28 27 90 109
14 20 48 75 165
14 20 48 75 165
6 28 27 90 109
14 7 42 34 132
1 14 7 42 34
0 0 0 0 0

O —=NWPMPULIOoOY 0 \W
el NeoNoNoNeoNoNoN el
QO OO0, OO
O OFrROO~OFO
OCONOFFHFONOO
ONO W FHFWONO
QO UO O
oOunl=OwuUuUnY =L O

The entries in eqch row are the beginning of an absorption sequence.
Absorption at 0 or 9.

(@) Fy(l,m) = F3(2,m) = 1, n > 0.

() F,(1,2m) =0, F,(1,2m + 1).= 2", m > 0;
F,(2,2m) = 2", m > 0, F,(2,2m + 1) = 0, m > 0.

Il

(c) Let F, represent the well-known Fibonacci number sequence [1]:
Fy =1, F, =1, o, Fypy =F, +F,_
in general. We have
Fe(lym + 2) = Fe(2,m + 1) = F, (see Table 1)
Fe(l,n) = Fg(4,n), Fg(2,n) = F(3,n)
by symmetry.

By enumerating, see Table 1, it is easy to show that (assuming a = 5 and
omitting the subscript)

F(2,2) = F(2,3) =1
F(2,n + 1)

F(l,n) + F(3,n) (recurrence relation)

]

F(l,n) + F(2,n) (symmetry)

F(2,m - 1) + F(2,n) (boundary condition
for n > 1).

The sequence F(2,n) thus satisfies the initial conditions and recurrence re-
lation for the Fibonacci numbers. In the case of F3(l,n), the argument is
similar.

(d) Fq(1,2m) 0, F6(1,2m + 1) =3 »m>1, and F(1,1) = 1;
Fo(2,2m) =3" "% m> 1, Fo(2,2m + 1) = 0;
Fe(3,2m) =0, F,(3,2n + 1) =2 = 3”75, m > 1, and F,(3,1) = 0.

m-1

fi

1]
o
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(e) Let a = 9 and omit the subscript.
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F(1,1) =1, F(L,2) =0, F(1,3) =1

and

F(l,nm) = 3F(l,m - 2) + F(l,m - 3) -1, n > 3.
F(2,1) =0, F(2,2) =1, F(2,3) =0

and

F(2,n) =3F2,nm -2) +FQ2,;m -3) -1, n> 3.

F(3,1) =0, F(3,2) =0, F(3,3) =1

and

F(3,n) = 3F(3,n - 2) + F(3,m - 3), n > 3.

F(4,1) =0, F(4,2) =0, F(4,3) =0

and

F(4ym) = 3Fb,n - 2) + F(b,m - 3) +1, n > 3.

F(9 - 2,n) = F(i,n)

By enumeration, see
as well as the fact that

F(l1,4) =0,

The recurrence relations
assume they all hold for

F(l,n + 1)

[for 2 > 0, F(0,2) = 0.]
F(2,m + 1)

by symmetry.
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Table 2, the initial conditions can be seen to hold
(assuming a

9 and omitting the subscript)

F(2,4) =2, F(3,4) =0, and F(4,4) = 1.

therefore hold if n = 4.

a

It

]

general value of n.

F(O,m) + F(2,m) = F(2,n)

3F(2,m - 2) +F(2,m - 3) -1

(the induction
hypothesis)

3F(l,m = 1) +F(l,;m - 2) =1
Similarly,
= F(l,n) + F(3,n)

=3[F(l,n - 2) + FQ3,m - 2)] + F(l,n - 3)

+ F(3,m» = 3) = 1 (the induction
hypothesis)

=3FQ2,;m -1) +FQ2,n - 2) - 1.

In just the same way, it is easy to show that both F(3,n + 1) and F(4,n + 1)
satisfy, respectively, the stated recurrence relation.

(f) Assume g = 10 and omit the subscript.
F(1,2m) = 0, F(1,1) =1, F(1,3) =1, and

m-1

F(l,2m + 1) = 4P(L,2m - 1) = 3 F(1,2k = 1) = 1, m > 1.

k=1

F(2,2m - 1) =0, m>1, F(2,2) =1, F(2,4) =2, and

F(2,2m + 2)

m-1

k=1

4F(2,2m) - Z F(2,2k) - 2.

For an induction argument
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F(3,2m) = 0, m> 0, F(3,1) =0, F(3,3) =1, and

m-1
4F(3,2m - 1) ~ 2: F(3,2k = 1) -~ 1, m > 1.

F(3,2m + 1) =
k=1
F(h,2m + 1) =0, m > 0, F(4,2) = 0, F(4,4) =1, and
m~-1
Fb,2m + 2) = 4F(4,2m) - Y F(4,2k) + 1.
k=1
F(5,2m) =0, m > 0, F(5,1) = 0, F(5,3) = 0, and
m~1
F(5,2m + 1) = 4F(5,2m - 1) - }: F(5,2k - 1) + 2.
k=1

Fo,0 -<,m) =F (Gm), ¢ =1, 2, 3, 4, by symmetry.
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