Verner E. Hoggatt, Jr.
June 26, 1921- August 11, 1980

Founding Editor, e Fibonacci Quarterly

With the end of summer came the end of the life of our editor, whom many
of us loved and respected deeply. His passing has left a void that may never
be filled for those who knew him either as a man or as a researcher.

Dr. Hoggatt's life was marked by dedication to the study of the properties
of the Fibonacci sequence. His production and creativity were astounding.
He wrote more than 150 research papers, which have appeared in numerous pres—
tigious mathematics journals. He wrote a book on Fibonacci numbers, and was
the editor of three other books. In addition, he was commissioned to write an
article on Fibonacci numbers for the Encyclopaedia Britannica.

He guided 38 master's theses and one master's project, co~authored papers
with some of the outstanding mathematicians of the world, was an enthusiastic
conference speaker for mathematical societies several times each year, and the
organizer of approximately 25 Fibonacci research conferences in the San Fran-
cisco Bay Area.

Dr. Hoggatt, Brother Alfred Brousseau, and I. Dale Ruggles founded The
Fibonacci Association, and in 1963 he and Brother Alfred started The Fibonacct
Quarterly, of which Dr. Hoggatt had been the general editor for 18 years.

Dr. Hoggatt received his M.,A. under Dr. Howard Eves, and his Ph.D. under
Dr. Charles C. Clark at Oregon State University. For the past 27 years, he had
taught in the Mathematics Department at San Jose State University.

Even with as many as fifteen research projects going on at the same time,
teaching full time, editing the Quarterly, and helping his wife, Herta, raise
their family, Dr. Hoggatt always found the time to encourage his students and
discuss their problems. He always had a ready smile and a quick witty pun.

We loved him and shall miss him.

Marnjorndie Bicknetl-Johnson
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GENERALIZED FIBONACCI NUMBERS
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University of Santa Clara, Santa Clara, CA 95053
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The sequence of generalized Fibonacci numbers is composed of terms de-
rived from Pascal's triangle. The nth term of the sequence, u,, is equal to

the sum from 2 = 0 to 7 = 2FP =1 of the terms (n - (- Dp - 1), which

p+1 7
represent binomial coefficients.
In the left-—justified form of Pascal's triangle, u, equals the sum of

+p -
the (” g 1) term and the terms taken successively p units up and 1 unit

over. For p = 0, this generates the powers of 2. For p = 1, the resulting
sequence is the Fibonacci numbers.
The sequence for p = k, any given constant, begins as follows:

Ug Uy Uy e Up  Upyy Ukiro  Ugtz oo
1 1 2 ...k k+1 k+2 k+4 ...

The rest of the sequence can be generated using the recursion formula
Uy = Upoy F Uy gg- .
There are four important properties related to representations of inte-
gers which apply to the generalized Fibonacci sequence.
1. Completeness—Every positive integer N can be expressed as a sum of
distinct u, terms:
N=o,uy + 0,u, + 03Uy + *++ + au,, o; € {0, 1}.

2. Zeckendorf Form—Every positive integer N has a unique representa-
tion using a minimal number of u, terms a;oa;4; = 0 for 1 < 4 < k.

3. Second Canonical Form—In this form, any positive integer M which
contains u#, = 1 in its representation has this u; replaced by u, = 1. This
form is also unique for each positive integer.

4, Lexicographic Ordering—Both the Zeckendorf and Second Canonical
forms of representations are lexicographic orderings meaning that, when com-
paring two numbers M and N, M > N iff M has the larger coefficient for u;,
where u; is the first summand for which the representations of M and NV dif-
fer, going from highest to lowest.

The set of positive integers can be partitioned into X + 1 sets, using
representations in terms of generalized Fibonacci numbers. Since the se-
quence of generalized Fibonacci numbers is complete with respect to the pos-—
itive integers, each positive integer N is the sum of distinct u, terms.
The partitions are made according to the subscript on the smallest u, term
used in the Zeckendorf representation of an integer. 1If the subscript is
congruent to Z modulo (k+ 1), then that integer is an element of the set 4;.
Every integer is an element of one and only one set 4; for 1<7<k+1. The
notation 4;(n) denotes the nth element of the set A;, when the elements are
listed in natural order.

A;(n) =R + Unx +1)+7> Where R denotes the representation of N minus the
smallest summand.
can be rewritten using the recursion formula:

Unk+1) +4

U, = un_l + un_k_l.

Un+1)+i = UYm@x+D +i-1 T Un@k+D+i-+1) = YmEk+D+i-1 T Um-D@E+D +4<

= Ungrnsi-1 T Ymonx+n+i-1 T Km-nwan +1
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= Ungrn+i-1 T Um-vaern+i-1 T o0+ Uy
Thus, 4;(n) = %, 4q1y+: + R can be rewritten
A;(n) =u; +R', 1 <4<k +1.
R' is the rest of the representation of 4,(n), so

Ag () =y + 0y gty g + 0ty F Oy U e O

There are two mappings which are wuseful in discovering properties of
the partitioned integers. The first is f, which advances by 1 the subscripts
on the summands of N when NV is written in Second Canonical form. The second

mapping is f*, which performs the same function as f on N when J is written
in Zeckendorf form.

Ar(n) = uy + 0y U F 0 Ut Opu,.
s
A;(n) Ujpqr F Ogyqlhey + Oppoligy Fooe + 00, = 4;,,00.

By lexicographic ordering, 4,(n) is mapped by f onto the nth element of 4

% i+1°
2 <1< k.

A, () = uy + 0,1, + 01, +°° + oyu, in Second Canonical form.
f
Ay () = Uy + Opug Fagu, Frrt UL
which is an element of 4.

A1 (M) = Up g F O Uy, e Oty
f
s co e
Ak+1(”) Upyo + O‘k+2“k+a + + O ppgn

By the recursion formula, u, = %, y + Uy g1 Ugsn = Upey T Up-

5
A1 () Uy F Uy F Oty F + Oy

which is an element of 4,.

Since 4A,, Ay, ..., 4341 cover the positive integers, we have that every
integer n is mapped by f onto the set (4; U A; UA, U...U4,,,). By lexi-
cographic ordering, 7 is mapped onto the nth element of this set. Call this
set H,. Then n —I» H (n).

An element of the set H; is mapped forward onto

(AU 4, Ud; U oo U4y,

since each set except A, and Ay ,, map forward one set and these two map onto
A Call this second set H,: n I H, n) <L H,(n)

In general, ;

Hy(n) = (A U Ad;, Udgyrg U oo Udy,) () and Hn) = H; ,(n)

for 1l <1<k ~-2. For iz=k%k~ 2,
Hy,(n) = By () = (4 U 4y D). Hy_ () == 4, (n).

n LB ) o m,m) L H, ) I ) T A )

1

Now using the f* mapping,

f'*
Ay (n) = uy + oty F cor F Uy Uy F Oty F ot F OpUpey = 4,(0).
In general,
—_ .o a f*
A;(n) = ug + 0p g,y + + Oty = Ay (1)

Apar (M) = wppq + 0pyqlgyy + oo+ 0U, ., for 1< 4 < K.
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f* and f are the same mappings except when applied to elements of A, the
only elements whose Second Canonical and Zeckendorf forms are different.

W vl D DA, 4,0 D, ).

The mappings can be used to identify a further relationship between the
H; and A; sets. By (1) above, n is mapped by k successive applications of f

onto A, (n). Denote this
£
n—-- Al(n).

£ )

o= QU F U, t o F O, T Uy F Oy, tooe O, = A ().,

£ -
A () = uy FAylggg F o Ol = 4,(0).
n+Am = (@ +u) +oa,@, +u, )+ + o, Uy,
Using the recursion formula,
Uy = Uy T Uy 395 A + 1= uy +0,u s + o F o,y = A,().

By similar proofs, any element plus its image k steps forward in the
scheme described in (1) equals the element one step further in scheme (1).

(2) A, (n) +n=4,(n),
A;(n) + Hy_,(n) =.4,,,(n) for 2<i<k.

Here is an example of the representations, partitions, and mappings for
k = 3.
The sequence of u,'s for k = 3 begins as follows:
Uy  U; U,  Ug U, Us  Ug Uy ...
1 1 2 3 4 5 7 10 ...

L=y, —u, =1-= H (1)

2 =u, NEAN U, =3 = H1(2)

3=u, Tou, =4=H(@)

b =u, S ug =5 = Hy(4)

5=u, +u, —i+-ul +u, =1+5=6=H(5)

6 =u, + u, — u, tu, =1+7=28=H(6)
7=u, +u, > u, +u, =3+7=10=H(7)

8 =u, +u; > u, +u, =1+10 =11 = #,(8)
9=u, +u, > u, +u, =3+10 =13 =7 (9)
10 = uy +uy > u, +u, =4+ 10 = 14 = H,(10)

The other mappings described in scheme (1) are derived in a similar man-
ner. The array for kK = 3 from 1 < n < 10 follows:

n H, (1) H,(n) A, (1) A, (n) Ay () A, ()

1 1 1 1 2 3 4
2 3 4 5 7 10 14
3 4 5 6 9 13 18
4 5 6 8 12 17 23
5 6 8 11 16 22 30
6 8 11 15 21 29 40
7 10 14 19 26 36 50
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n H () H,(n) A () A, () Ay (n) A, (7))
8 11 15 20 28 39 54
9 13 18 24 33 46 64
10 14 19 25 35 49 68

Examining this array, it 1is soon apparent that the differences between
successive elements in a given set depend on which set the subscript belongs
to. Thus, it is necessary to add another layer of subscripts to discuss these
differences. We want to find a general description for

Aj(AiO’Z) + 1) - Aj(Ai(n)).

Denote this difference, AAj(Ai(n)), as Ag(d, 7).

The simplest case to start with is Ag(l, 2). The first step is to notice
that by applying lexicographic ordering to mapping scheme (1), we can see that
that number of integers NV < H, (n) must equal the number of elements of 4, that
are < 4,(n). The same idea applies to any two pairs of numbers an equal num-
ber of sets apart in the mapping scheme.

Since the number of integers N < H,(n) = H, (n), we have that #4, elements
S_Az(n) = Hl(n). Thus, the largest 4, element < A,(n) is A (H, ().

A,(n) = u, + agu, + oo+ Qpliy.
Since u, = 2,
Ay,(n) =1 =1+ agug + <+ +0,U, = U +0uU; + -+ +a,u,c .
Since we are dealing with integers, the closest two elements can be is 1 apart.
Thus 4,(n) - 1 is the largest element less than 4,, and since we know it is an
element of 4,, it must be 4,(H, (n)).

A, (H (m)) + 1 =4,(n).

The set H, excludes 4, elements, so A;(4,(n)) cannot equal any 4, (H;) ele-
ment. A]_(Az(ﬂ)) + 1 é Az.
Al(n) =uy +o,u, + o0+ Ol
Since u, =1,

Ay (n) + 1 =2 + ayu, + o0 + OQuliy.

We know that 4,(4,(n)) + 1 does not belong to 4,. Adding 1 to 4,(4,(n)) must
change the representation so that u, is not used. Since in the Zeckendorf form
and the Second Canonical form we are dealing with you cannot have terms in the
representation closer than k subscripts apart, 4;(4,(n)) + 1 cannot be an ele-
ment of Ag, Ay «-es Agy1. By process of elimination, 4;(4,(n)) + 1 is an ele-
ment of A;. By lexicographic ordering, it must be the next element after the
A, (n)th element.

(3) Ag(1l, 2) = 1.

Next we want to find Ag(l, 7) for 3 < 7 £ k. We know from mapping scheme
(1) that n —£» H,(n). Therefore, A;(n) —L» H,(4;(n)). But we also know from
the mapping scheme that 4, (n) -L+4;,,(n) for 2 < 7 < k, since f and f* are the
same mappings for these elements. Thus,
(4) H(A,(m) = 4;,, (), 2 <7 < k.

By lexicographic ordering and mapping scheme (1), #4, elements < 4; ,(n) =
#n's < Hy(n) = H,(n).

App1 (M) = Ugy + Ogyollign + "0 + Opliy.

Uppy = T+ 1 for 0K Z2< Kk, 50 4;,,(m) = 1 =7 + 0z, + <0 + Opthy € 40
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We know that there are H, (1) elements of A; < A;4; ). Therefore, the
largest 4; < ;41 () is 4;(H;(n)). We know that A;,,®) - 1 € 4;, and that
this is the closest any 2 integers can get. Therefore,

(5) A, (HL () +1 =4,,,(n), for 1 < 7 < k.

Equation (5) can be generalized further. By lexicographic ordering and
mapping scheme (1), #4, elements < 4, .(n) =#n's < H;(n) =H; n), for 1< i<k;
I<j<k=-1; 1<i+4< k+ 1. Thus the H (n)th element of A; 1s the largest one
i A1,+,j (n) - -

Aprg(n) =gy + 05 50Uy + o0+ Onlhn,
Uip; =1 +J for 12T+J<k+1, so
Ai+j(”) -J =i+ Ofpjri Uit g+ 1 T oo + Qpldy,
2 =u, for 1<i<k+1, so
Ai+j(n) —j € Ai'

By mapping scheme (1), the closest any 2 elements of 4; and 4;,; can be is j

units apart, so A;,;(n) - J is the largest A; element < A;,;(n). Thus,

(6) A M) +7 =4, ; () for 1<i<k; 1<j<k-1; 1<i+j<k+1.

Ay (H Ay, ()) + 1 = 4,(4,(0) + 1, by (4),

A (H (A4, ;) + 1 =4,(4;_1()) by (5).
TS (a) 404, ) + 1= 4, (4, ().

A (H;_4(m)) + 72 -3 =4;_,(n) by (6).
Hyy3 = (AU A; 1 UA4; UA; U - Ufy,,) by definition of H; (see P 291).
Thus 4;_,(n) € H;_3, and 4, (A 1(n)) +1 -3 €d; 1, say A;_1(E).

Ay(H; _, () +1 - 2 =4,(n) by (6).

Hi_o = A4, UA4; U - UAk+1) by definition of H, Thus A;_1(n) ¢ H;_,, and

Ay (A1 () +7/-—2¢A
Az(Ai--l(n)) +7-2=4; () +1¢A4,.
Ay (@) =u; +ozu; + coo + Opily.

Adding 1 to this particular 4;.; element must change the representation so
that a u; is not used. Since, in Zeckendorf and Second Canonical form, no two
summands can have subscripts closer than k units apart, 4;_,(¢)+1 cannot use
any summands from #,, %3, ... up to #%,,;. This means that 4;_,(¢) + 1 g 4,,
Ay, .. up to 4y,,. The-only remalnlng set is 4

From (a) above, 4 (4;(n)) + 1 =4,(4;_; (). ! 24, ) +7 - 2¢€ A,
and this must be the next A, element after Ay (4;(n)) by lexicographic order-
ing. Therefore

%) Ag(l,Z) =2 -1 for 3 <4 < k.

The next case we will examine is Ag(l, 1). Since n £ H,(n), from map-
ping scheme (1),
Ay (n) == Hy (4, ().
From (1), we also know that
4, () L4, ().
The only difference between the two mappings is that f maps u; =1 onto u, =1,
while f‘* maps u, = 1 onto u, = 2. Therefore, we know that

Hy (4, (n)) + 1 = 4,(n).
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But we also know that Al(Hl(n)) +1=4,n) by (5). Thus
(8) Al(Hl(n)) = Hl(Al(n))-

By (4), By (A; (")) = 4341 () for 2 <4 < k. H (4y,,(n)) is the only por-
tion of the F, set not identified as a particular A4;. H, = (4; U 4; U4, U ...
U dpyr)e Ags Ays ooy Ay are taken by H, (4, (n)) for 2< << k, and 4; (B, (n))
is taken by H, (4, (r)). Since the elements of each set 4, do not overlap,
Hy (4 4, (n)) must be an element of the only remaining portion of H: A @),
By lexicographic ordering, it must be the nth.

(9 B (A 1)) = 4, (4, (1)) .

Ay (B, (4, 0))) + 1 = 4, (4, (n)) by (5)
4, (4, (B, 1)) + 1 by (8).

Ay (A 1 (1)) By (5)
4, (4, (4, ())) + 1 by (9).

(4, U Ax41) = Hx-1, so the first line of each of the above two equations
defines 4, (Hy_, ().

(H1 U Az) = all the integers; thus, the second line of each of the above
two equations defines 4; (41 (n)) + 1.

Thus 4, (H,_, (1)) = 4,(4, (n)) + 1.

A (B,_ ) +k - 1=4_, 0 by (6).

It

A (H (4, D)) + 1

it

So
A4 ) + k=4,

Age1 (M) = Upyy F Opyolpan v Qpliy.

n).

Agpr (M) + 1 = uy + up g F O yolpen v F iy,

since 1 and k+ 1 are k units apart, making the combination of u, and u,
acceptable under Zeckendorf form.
Ak+1(n) + 1 ¢ A, since it has a u; in its represemntation. Thus

A4, M) +k+ 1€ 4,
and this must be the next 4, by lexicographic ordering.
(10) Ag(l, 1) =k + 1.

Finally, we examine Ag(l, k + 1). Ai1(H_1()) + (k - 1) = 4, (n) by (6).
Apyr1 () € Hyoqs 50 A1(Agy1(m)) + Kk = 1 € Ayg.

A4, (M) + k= A,(Hp_ 1 (m)) +k —= 1 = A4, (n) from the preceding argument
for Ag(1l, 1).

A (A1 () + k & Agy1, since 4; and Apyy are disjoint sets.

A (A1 (M) + k = Ap(¥) + 1. Since this 4z(£) + 1 is not an element of
Ay 415 1t can only be an 4; element from the restrictions imposed by Zeckendorf
form.

Al(Ak+1(n)) + k € A,, and it must be the next 4, by lexicographic order—
ing.
(11) Ag(i, kK + 1) = k.

Combining equations (3), (7), (10), and (11), we have that

Ag(l, 1) =k + 1,
Ag(l, 2) =12 -1, for 2 < 4 <k + 1.

Since u; =1 for 1 < © < k + 1, we can restate this as
Ag(l, 1) = Up g1
Ag(l, 7) = u; ;.
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Now we will use mathematical induction to prove what Ag(j, Z) is equal
to.
(12) Induction Hypothesis: Ag(j, 1) = up, s
Ag(F> 7)) = u
These differences apply for 1 < 4 < k + 1.
Equations (3), (7), (10), and (11) prove that the induction hypothesis is

P4g -2 for 2 <2<k + 1.

true for j = 1, establishing an induction basis.
Assume

(13) AgGns ©) = Uy pm_ps Tor 2 < 2 <k + 1.
(a) Apar (A () = 4,(H,(4,())) + 1 by (5).

A (A;))) + 1 = 4,(4,,, () + 1 by (4).
A (A1) + upymoy = A,(4;,,(n) + 1) by assumption (13), for 1 < 7 < k.
(b) A; () + 1 e H for 1 < 7 < k.
Since A,(H,(n)) + 1 =4 ., (n) by (5), Am(A£+1(n) + 1) + 1€ 4dpnyqe

Ap(H(A; () + 1 = 4,,.,(4;(n)) from (13a)
A4y, (1)) + 1.

Thus
Am+1(Ai(n)) = Am(Ai+1(ﬂ)) + 1.
Apr (A 00) +ug oy = A (A (1)) + ugyy g + 1
=4,(4,, () + 1) + 1 by (13).
Thus Am(Ai+1(n) +1) +1¢ Ay by 13b),
and by (5), Am+l(Ai(n)) * Uiimo1 € Ansre

This must be the next 4 s SO
m+
AgCm + 1, 2) =u; + m+ 1) = 2 =wu;, .

Thus far, assuming Ag(m, 7) = u has implied that

T+m-2
Ag(m + 1, ) = Uz meny-2» fOr 2 < 7 < K,

By mathematical induction, hypothesis (12) holds true for 2 < 7 < k.
Assume

(14) Ag(m, k + 1) = Upypn-y and Ag(m, 1) = ug,p.
Ay Ay o)) = A(H (A4, ())) + 1 by (5)
A,(4,(4,(n))) + 1 by (9).
A (A (A, M) + upy, = An(AL(4,()) + 1) by (14)
= A,(4,(4,(n) + 1)) by (3).
A, (A,(n)) + 1 e Hy, so A (4, (4,(n) + 1)) + 1 e 4, by (5.
Putting the last few statements together,

Apyr (s (M) + Upy € Apyrs
This must be the next 4 , , element by lexicographic ordering.
Aglm, k + 1) =

Since Ag(j, kK + 1) = Uy +j-1 was proved true for j=1 in (11), and assum-—
ing this statement true for j = m implies that it holds for j = m + 1, then,
by mathematical induction Ag(j, k + 1) = Uppj-1-

Ugynm-, Iimplies Aglm + 1, K+ 1) = up,, = U pm+1) -1 °
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For the final case, we want to prove that Ag(m, 1) = u, . implies that
Ag(m + 1, 1) = w00

Ay (A ) = 4,(H, (4,(0))) + 1 by (5) = 4,(4,(E,(n))) + 1 by (8),
Ap(A1{(HL())) + sy = An(A1(HL(n)) + 1) by (14) = 4,(4,(n)) by (5),
L4, () +u, = 4,(4,(n) + 1) by (13).
Since 4,(H,(m)) + 1 =4,,,(n) by (5), and 4,(n) + 1 € H,, then
A4, (n) + 1) + 1 €4, -
Combining the above statements,
Ay 1 (AL () Frip o+ Up € Apyq-
This must be the next A ,, element by lexicographic ordering.
Aglm + 1, 1) =y, + Up.
By the recursion formula, u, = Uy, T Uy gy Up, T U, = Uy ymip> SO
Agm + 1, 1) = w4y gy -
By mathematical induction, hypothesis (12) has been proved true.
Ag(d, 7) 2<71<k+1,
Ag(d, 1

Uirg-2>

uk+j9

for 1 < j <k + 1.
Arrays for k = 1, 2, and 4 follow to help illustrate the difference for-
mula Ag(<, j). The array for k = 3 can be found on pages 291-292 above.

k = 1: The sequence of u,'s generated for k=1 in Fibonacci numbers is:

Uy Uy U,  Us U, U U u, Ug oo
1 1 2 3 5 8 13 21 34 .

n Ay (1) Ay (1)

1 1 2

2 3 5

3 4 7

4 6 10

5 8 13

6 9 15

7 11 18

8 12 20

9 14 23

10 16 26

7 H () AL (n) A, (n) A, ()
1 1 1 2 3
2 3 4 6 9
3 4 5 { 12
4 5 7 11 16
5 7 10 15 22
6 9 13 19 28
7 10 14 21 31
8 12 17 25 37
9 13 18 27 40
10 14 20 30 44
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k =4 ;

Uy Uy U, Uz Uy,  Us Uy Uy Uy Ug es.

1 1 2 3 4 5 6 8 11 15 ...
n Hy(n) H,(n) Hy(n) A, (m) A,(n) 4,(n) A4,(n) Ag(n)
1 1 1 1 1 2 3 4 5
2 3 4 5 6 8 11 15 20
3 4 5 6 7 10 14 19 25
4 5 6 7 9 13 18 24 31
5 6 7 9 12 17 23 30 39
6 7 9 12 16 22 29 38 50
7 9 12 16 21 28 37 49 65
8 11 15 20 26 34 45 60 80
9 12 16 21 27 36 48 64 85
10 14 19 25 32 42 56 75 100

Another question suggested by these arrays is: Howmany elements of a set
Aj; are less than a given n? To find the answer, we need a function that in-
crements only when it passes an A; element. This function turns out to be the
third difference of terms in successive A; sets.

(15) #Aj's <n=28(,n = Ak+5—j(n) = 3Ak+q-j(”) + 3Ak+3-j(”) - Ak+2~j(n).

Proof: First, we need to define the sets Agsos Ax4qas and Ay, and show that
their properties are consistent with those of 4A;, 4,, ..., Ap4q-

Ay () L Hy (44 +1(n)) by mapping scheme (1).
H(4,,, () = A (4,(n)) by equation (9).
Appr (1) _iLQ'Al(AZ(n)) “l:*'Az(Az(ﬂ)) ‘iiﬁ'Ag(AQ(n)), using (1)

with the subscript 4, (n) instead of n.
A, (n) is mapped onto 4, ,, (n) by k applications of f*.

7
A, (n) =uy +0,uy, + ot Oy > Upy F Ol F ot O = Ay (1)
A (M) Upao T QU g 070 Oty S Uy Fu POt
=4,(4,(n)).

A, (n) = U Foa,u, +oees +oo,u,

Apar () = Upepq F Qpthgyy + 700 F Oy,
Ai(m) + Ap1 () = Uy + upyy oy WUy + Ugyo) + oo o Un +oUpy,)

=Up F Upyy FOU g F o Ay

by the recursion formula.

Ay (1) + Ags1 (1) = A1 (4, (n)). Relabel A1 (4, (1)) as Apy, (1) .

Since 4,(n) and 4z,,(n) are also k applications of f* apart in the map-
ping scheme, 4,(n) + 4;,,(n) = A,(4,(n)) by the recursion formula, since

Aier () =2 4, (4, (1)) .

Relabel 4,(4,(n)) = Ap,3(0).
similarly, A,(n) + A, ., (1) = A,(4,(n)) = A ,,(n).

Ag(k + 2, 2) = Ag(l, 2) + Dglk + 1, ©) = Uy + Uppgq = Ukt
for 2 <7 <k + 1.
Ag(k + 2, 1) = Ag(1, 1) + Ag(k + 1, 1) = up g + Uppyq = Upgan-

This result is consistent with formula (12) above.

Ag(k + 3, 2) = Ag(2, ©) + Ag(k + 2, ©) = u, + Uy, ;= Upyiqy for 27 < kK+1.
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Ag(k + 3, 1) = Ag(2, 1) + Mgk + 2, 1) = uy,, + Upppo = Upppge
Ag(k + 4’ 7:) = Ag(3’ 7;) + Ag(k + 3, 7:) = ui+1+uk+i+1=uk+i+2 for 25_7:5_7("“ 1.
Aglk + 4, 1) = Ag(3, 1) + Ag(k + 3, 1) = tppq + Uppys = Uppps -

Thus, equation (12) can be extended to cover 1 < j < k + 4:
Ag(Fs 1) = Uz, 2< 1<k +1,
Ag(Fs 1) = uy, ;e
Now function (15) is defined for all values of J and 7.
S5(Fs n) = #4;"s < n = Agys ;) = 3Apsu-; (0) + 34ks3-5 () = Akso-; (1) by (15).
To prove that 5(j, n) increments only when passing an 4; element, look at
5(F, n+1) -5, n) =45(F, n).

Upgs—gei~ Mrpo-jriT SUpyq_jus— Ugojpg for 2 <2 <k + 1.

AS(Fs n)
DS(Gs m) = (Upya_jus = Uksoojei) = 2Qaan jis = Uke1-j+d)
t Uggrojas = Urogag)-
Using the recursion formula, AS(j, n) reduces to
Upjai™ 2y gagtUogey = Wosg ;= Uy ) = Uy j ~ Ui-g).
Looking at the series of u,'s, we find that the only time this function
=1 dis when 7 = j, so AS(J, n) = (U, — uy) - (U - uy) =1 -0=1,
This happens because u; = 7 for 1 < ¢ < k+1, and because, by the recur-
sion formula, u-; = 1 for -k < -Z < 0. Any other successive difference of 3
consecutive #; terms equals 1 - 1 =0 for 2 > j or 0 - 0 =0 for ¢ < j.
Thus, S(j, n) dincrements 1 iff #n € 4; for 2 < 2 <k + 1. Since 7 =1
has a distinct difference, that case has to be proved separately.
AS(Fs M) = Upgas—j = SUspau-j + SUogya_j ~ Upgso-yj
= (Uppes-5 ~ u2k+u—j) - 2(u2k+4-j + Uskag-z)
+ (Uoprs-j = Uokea-j)
= uk""—l»‘j - 27"k+3—j + '[/Lk+2_j
= (gyn-j = Yras-g) = (ys_; ~ Uy ;)
T Ms-g T Mooy

0 except for j = 1, when it équals 1.

Thus, S(j, n) increments 1 for ¢ = 1 only when J also = 1.

The function S(j, n) has been proved to be accurate to within a constant
by examining AS(j, n). If a constant were present at the end of the function,
it would cancel out in the incrementation process. To find out the value of
the constant, it is necessary to check S(j, 1) for 1 < j < k + 1.

A (1) =1, A4,(1) = 2, vouy Ay (1) =k + 1,
A (A,(1)) = 4, ,(1) = 4,(2) =k + 2,
A,(4,(1)) = 43,,,(1) = 4,(2) =k + 4,
As(A,(1)) = Ay (1) = A45(2) =k + 7.
These values were derived from the difference formula (12) above.
S(1, 1) = Ay (1) = 3gpa (1) + 345,,(1) = 4, (1)
=(k+7 -3(k+4) +3(k+2)-(k+1) =0,
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S5(2, 1) = A, (1) = 34,,,(1) +34,,,(1) - 4(1)
=(k+4) -3k+2)+3kk+1)-k=1,

5(3, 1) = A, ,(1) = 34, (1) + 345 (1) - 4, _,(1)
=(k+2) -3(k+1)+3Kk)-(k-1) =0,

Sy 1) = Ayyo ;= 3y (1) + 34,5 (1) = 4y, (D)
=(k+5-DN-(kk+4-ND+E+3-HD-(k+2-y
=0 for 4 < j<k+1.

Finally, S(1, n) = Ay, (n) = 34 .a(n) + 344 ,,(n) = A ,, (),

S(2, n) = Ages() = g, (n) + 344, () - 4, (n) - 1,

5> n) = Agys-;(0) - 3Ak+l+-j(”) + 3Ak+3-j(n) = Apyo_jgs
for 3 <4 <k+ 1.
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A NOTE ON TAKE-AWAY GAMES*

ROBERT J. EPP AND THOMAS S. FERGUSON
Department of Mathematics, UCLA, Los Angeles, CA 90024

1. SUMMARY

Schwenk [1] considers take-away games where the players alternately re-
move a positive number of counters from a single pile, the player removing the
last counter being the winner. . On his initial move, the player moving first
can remove at most a given number m of counters. On each subsequent move, a
player can remove at most f(n) counters, where n is the number of counters re-
moved by his opponent on the preceding move. 1In [1], Schwenk solves the case
when f(n) is nondecreasing and f(n) >7n. This solution is extended to the case
when f(n) is nondecreasing and f(1)>1.

2. THE WINNING REPRESENTATION

Let f(n) 21 be a nondecreasing function defining a take-away game. If a
player whose turn it is to move is confronted with a pile of n > 1 counters,
let L(n) be the minimal number of counters he must remove in order to assure
a win. Let L(0) = . Note that L(n) < n for n > 1 and that equality might
hold. Note also that removing X counters from a pile of # is a winning strat-

egy if and only if f(k) < L(n - k).
Theorem 2.1: Suppose f(k) < L(n - k); then kK = L(n) if and only if L(k) = k.

Proof: Suppose that L(k) < k. By removing L(k) counters from a pile of

counters, a player can then guarantee he will eventually remove the last of
the first k counters, and that he will do this by removing £ < k counters.
His opponent will than face a pile of n - k counters and be able to remove at

*Research partially supported by NSF Grant MCS 72-04591.
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most f(2) < f(k) < L(n-k) counters, implying the opponent cannot win. Thus,
removing L (k) < k counters is a winning strategy and k can be minimal winning,
i.e., L(n) =k, only if L (k) = k.

Conversely, if L (k) = k and a player removes fewer than X counters, his
opponent can eventually remove the last of the first kX counters. Since the
opponent will do this by removing % < X counters, and since

F) 2 f(&) <L - k),

we see that the opponent can win. Thus, if L(k) =k, then k is minimal winning
and . (n) = k.

The integers H such that L(H) =H form an increasing, possibly finite se-
quence f; satisfying the following theorems.

n
Theorem 2.2: 1If N = 21 ij and if f(HJ-i) < HJ.i+1 for 2 <n - 1, then
— iz

L(N) = HJ'{.

Prnoof: The theorem is true by definition when n = 1. Suppose the theorem is
true for »n and

n+1l

M=) H; , flH;)<H,  ,i<n.
i=1 °F : o

Then f(Hjl) < sz =LV - Hjl)' But since L(Hjl) = HJ;’ Theorem 2.1 gives

L) = Hj;’
completing the proof.

Theonem 2.3: Any positive integer NV can be written uniquely as

1

n
N=) H; , flH;)<H; ,i<n-Ll
ri=1 i T T+

Proof: TLet Hjl = L(N) and define

1-1 n

PR NN

Hji =L( _;HJk> Llntll ‘>_1H.71_ = N,
=1 1=

-1 7
FH; ) < L(N - Hj; - HJ-,> - L<IV -3 ij) =H;  fori<mn- L.
: k=1 ¢ k=1 ‘

Uniqueness follows easily from Theorem 2.2 and a simple induction.
The winning strategy for the game is now clear. Represent the number of
counters N as

Then

n
N =;ij with f(H; ) < H;  for i <m -1,
and remove Hji counters.
3. CALCULATION OF THE H;'s

To complete the picture, we have the following theorem on the calcula-
tion of the H;'s.

Thea&em\3.7: Hy =1 and if f(#;) > H;, then H,,, = H; + H,, where

If f(H;) < H;, the sequence H; is finite and H; is the final term.
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Prnoog: H, =1 is obvious. If f(#;) > H;, define H; + H, as in the statement
of the theorem. We must show that L(H; +H,) =H; +H,, and to do this, we
show that

Ff&)>L@E; +H, —k) for 1 <k < H; +H,.

First, if A, < k < H; +Hy, then k - H, < H;, and so
F&) > fk -8, >0(H; - (k -H,)) =L@HE; +H, - k).
If k = H,, then
F&) = f@Hy) >H; =L@H;) =LE; +H, - k).
If 1 < k < Hy, then f(k) > L(H, - k). But

n
HJL -k =ZH'74— with f(H'jl) < H']L
1

for 2 <m -1, and L(H, - k) =H; -
As a result,q'=

+1
7

H +H, -k =_21Hji + By,
=

and since H, is the smallest H; with f(#;) > H;, it follows that f(H; ) < H;.
Therefore, Theorem 2.2 gives L(H; + Hy - k) = H; =LH, - k) < f&).

We have just shown that L(H; + Hy) =H; + Hy. To show that H; + H, is
indeed the next term in the H; sequence, we need only show that

L(HJ- +k) <H; +k for 1 <k <H,.

But such a k can be represented as
n
k =Zlﬁji with f(H; ) < H;,  fori<mn -1,
i=
and since Hjn < H,, we have f(Hj,,) < H;. Hence,

n
L@H; + k) =L<Zﬁj, +HJ-> =H; <H +k
=1 !

by Theorem 2.2, and we have shown that H;,, = H; + H,.

Suppose now that f(H;) < H;, any positive integer N can be written as
N =k + mH; where k, m > 0 are integers and 0 < k < #;. But we can represent
k as

n
= . r] . < . L < -
k Z:l H; where f(H; ) HJi+1 for ¢ <mn -1,

and since f'(Hjn) < flH;) < H; the representation

p=3
_““‘“sz‘ +HJ-+HJ'+"' +HJ

=1
and Theorem 2.2 tells us that L(N) = Hj < Hj.
the theorem is proved.

It may be noted that take-away games with the last player losing may be

played with the same strategy but regarding the pile as having one less coun-
ter than is actually the case.

Thus, HJ. is the largest H; and
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ASSOCIATED STIRLING NUMBERS

F. T. HOWARD
Wake Forest University, Winston-Salem, NC 27109

1. INTRODUCTION
For » > 0, define the integers s,(n, k) and S,(n, k) by means of

(1.1) <1og(l -x)"t - zr:xi/’i)k ( i xj/j>k

=1 \j=r+1

©

k! Z s, (m, K)xz"/nt,

n=(r+1)k
o, k ad , k ]
(1.2) (e-'” —Zx‘b/i!> =< 3. ocJ/j!> =kl ) S.(, Kzn/nl.
=0 Jj=r+1l n=(r+1)k

We will call s,(n, k) the r-associated Stirling number of the first kind, and
Sy, k) the r-associated Stirling number of the second kind. The terminol-
ogy and notation are suggested by Comtet [6, pp. 221, 257]. When r = 0, we
have s, (n, k) = (-D)***s(n, k), where s(n, k) is the Stirling number of the
first kind, and S,(, k) = S, k) is the Stirling number of the second kind.
(In Comtet's notation this is true when r = 1.) If we define the polynomials
8y, () and S, ,(y) by means of

(1.3) exp(y i xj/j> = Z 8y ()T /Mt

j=r+1 n=0
(1.4 exp<y S wdlit) = 5@
J=r+1 n=0
it follows immediately that
[n/r+1]
(1.5) S n®) = D, 8.0, Py,
i=0
and [n/r+1] .
(1.6) S n@) = Y, S.(n, $Hyl.
j=0

Since the r-associated Stirling numbers of the second kind have appeared
in two recent papers [7] and [9], it may be of interest to examine their com-
binatorial significance, their history, and their basic properties. We do this
in §2, §3, and §4 for both the numbers of the first and second kind. Another
purpose of this paper is to show how all the results of two recently published
articles concerned with Stirling and Bell numbers, [7] and [16] can be gen-
eralized by the use of (1.2), (1.4), and (1.6). This is done in §5 and §6. To
the writer's knowledge, the r-associated Stirling numbers of the first kind
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have not been studied before. Since most of their properties and formulas are
analogous to those of the numbers of the second kind, it seems appropriate to
include them in this paper.

2. COMBINATORIAL SIGNIFICANCE

Let a,, a,, a3, ... be any strictly increasing sequence of positive inte-
gers. It follows from [12, Ch. 4] that the numbers #(n, k) and T(n, k) defined
by means of

(2.1) <ix“v’/aj>k
ic1

and
(2.2) <Zx“a’/(aj)!)k
i1

have the following combinatorial interpretation: %(n, k) is the number of per-
mutations of 1, 2, ..., n having exactly k cycles such that the number of ele-
ments in each cycle is equal to one of the a;; T(n, k) is the number of set
partitions of 1, 2, ..., n consisting of exactly k blocks (subsets) such that
the number of elements in each block is equal to one of the ag;. Furthermore,
if we define ¢,(y) and T, (y) by means of

(2.3) exp(yzm: xa"/ak>
k=1

and
(2.4) exp<yZ @ (az) !)
k=1

it follows that

k! 3 tn, K)x"/n!,

k!iiﬂ%n, K)xe™/nt
n=0

i: tn(y)x"/nt,
n=0

i

i T, (yx"/nt,
n=0

1

(2.5) ) = ) t0n. $y,

and J:O

(2.6) T, (@) =Y, T(n, Hyd.
j=0

Thus ©,(1) is the number of permutations of 1, 2, ..., n such that the number
of elements in each cycle is equal to one of the a;, and T, (1) is the number
of set partitions of 1, 2, ..., n such that the number of elements in each
block is equal to ome of the a;.

As Riordan [12, p. 74] points out, the presence or absence of cycles (or
blocks) of various lengths can easily be included in the generating functions
(2.1) and (2.2), though the mathematics required to obtain numerical results
may be very elaborate. There are many examples in the problems of [12, pp.
80-89]. Other interesting examples can be found in [1] and [3].

It is clear, then, that the r-associated Stirling numbers have the fol-
lowing interpretations:

The number s,(n, k) is equal to the number of permutations of 1, 2, ...,
n having exactly k cycles such that each cycle has at least r+ 1 elements. It
is understood that in any cycle the smallest element is written first. The
number s, ,(1) is equal to the number of permutations of 1, 2, ..., n such that
each cycle has at least r+ 1 elements. If we give a permutation with exactly
J cycles a "weight" of y7, then s, ,(y) is the sum of the weights of all the
permutations of 1, 2, ..., n such that each cycle has at least r+ 1 elements.

The number S5, (n, k) is equal to the number of set partitions of 1, 2, ...,
7 consisting of exactly X blocks such that each block contains at least r+ 1
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The number S, ,(1) is equal to the number of set partitions of 1, 2, ..., 7
such that each block has at least r + 1 elements. If we give a set partition
with exactly j blocks a weight of yJ, then Sy n(y) is the sum of the weights
of all the set partitions of 1, 2, ..., n such that each block has at least
r + 1 elements.

3. HISTORY OF THE »-ASSOCIATED STIRLING NUMBERS

The Stirling numbers of the first kind, s(n, k), and of the second kind,
S(n, k), were evidently first introduced in 1730 by James Stirling [13, pp. 8,
117. They are usually defined in the following way:

(3.1) (@) = 2@ =1) ... (-n+1) =) eln, Hal;
Ji=0

(3.2) a® =) S, ) @);.
i=o0

It is not the purpose of this paper to review the history or well-known prop-
erties of the Stirling numbers; there are many good references, including [6,
Ch. 5], [10, Ch. 4], and [12, pp. 32-38 and Ch. 4]. We are using the notation
of Riordan [12] for the Stirling numbers of the first and second kind.

The numbers s, (n, k) and 5, (n, k) were introduced in 1933-34 by Jordan
[11] and Ward [17]. Using different notations, these authors defined s, (n, J)
and §; (n, j) by means of

k
(3.3) stn, n - k) = (-1)¥ §:sl(Zk - g, k = j)(zkyi j)’
=0
k n
(3.4) S, n - k) = JZ:GSl(ZR = ds k- J)<27< ~ j)'

The purpose of these definitions was to prove that s(n, n - k) andS(n, n - k)
are both polynomials in n of degree 2k, and also to show how s(n, n - k) and
S(n, n - k) can be written as linear combinations of binomial coefficients.
Formulas (3.3) and (3.4) can also be useful in determining s(n, n - k) and
S(n, n - k) when #n is large and k is small. The generating functions (1.1)
and (1.2) were not given in[11] or [17]. This approach to g, (n, k) and S, (n, k)
is also discussed in [11,Ch. 4]. 1In [12,Ch. 4], the generating functions are
given, and the combinatorial interpretations are thoroughly discussed. It is
also shown that

k
(3.5) a0 1) = 30 (F)en G- dh k- ).

j=o0

k n .
(3.6) S(n, k) =;(j)sl<n~g,k—n>,
(3.7) s1(n+ 1, k) =nsy(n, k) +ns;(n - 1, k - 1),
(3.8) Sy(n+ 1, k) =kS (n, k) +nS,(n -1, k - 1).

Applications for s,;(n, k) and S;(n, k) have been found; see [1],[4], and [5],
for example. A good discussion of these numbers can also be found in [2].

The r-associated Stirling number of the second kind, for arbitrary r, was
apparently first defined and used by Tate and Goen [15] in 1958. They made
the following definition:
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(-1 (&)
.k, 1A1Q°

(3.9) G, (n, k) = (—1)knlzkl!k2!
where

r
A= AKys wees Kypy) =1 = 9 ik,
=0

QRys vuns k) = I1 GDFeve

Q::
=0
and the sum is over all k;, K,, ..., K,,, such that k; + k, + *-- + k., , =k,

1
and 0 < k, < k. For r = 0, (3.9) reduces to the familiar formula for S(n, k):
1 < k-g(k
(3.10) Golns 1) = 77 2 (3)d" = sty B
i=o0

Now by induction we can show that G,(n, k) = S,(n, k). It is true for r = 03
assume it is true for a fixed r. Then, by (1.2), we have

o o . k
E kts,, (s K)x"/n! =< Z 2?/dt - T (r + l)!>

n=(r+2)k j=r+1
LI . . Dkt o . \<
=2, <7;>("“k e+ DR REED R xﬂ/az>
i=0 j=r+1
k ©
=32 (7;)(—1)""-[@ + DR ) e,y D) DR =D
=0 m=0

By using (3.9) to rewrite G,(m, i) and then comparing coefficients of x", we
have G,,,(n, k) = 5,,,(n, k). For example, we have

J

(.11 5, (s k) = %i(—l)ﬁ(ﬁ)zo(fn) I = "
i=o m=

A formula equivalent to (3.11) was also proved by Carlitz [2].

The r-associated Stirling numbers of the second kind have appeared in
problems in [6, pp. 221-222] and [12, p. 102]. Recently, Enneking and Ahuja
[7] have used these numbers to extend earlier results of Uppuluriand Carpen-
ter [16] concerning the Bell numbers. In another recent paper the writer [9]
has shown the relationship of S,(n, k) to the numbers A, , defined by

@ -1 o
(3.12) (m’“/]@!)(ij/j!) =3 Ay nxtint.
n=0

j=r
The relationship is

(3.13) Ay = 2 (=21) 1S, (n + vj, )/ (n + 7)1,
J=1

The number A, , is the nth Bernoulli number.
Evidently, the r-associated Stirling numbers of the first kind have not
been studied, though they do appear in a problem in [6, pp. 256-257].

L, BASIC FORMULAS

In [7] and [9] formulas for S,(n, k) and the polynomials defined by (1.4)
and (1.6) were derived. The notation for S,(n, k) is d,(n, k) in [7] and
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b(r; n, k) in[9]. In this section we are concerned mainly with the analogous
formulas for the p-associated numbers of the first kind. The following form-
ulas have been proved:

(4.1) Sp(n+ 1, k) = kS,,(n, k) = <z>kgr(n -r, k-1),
with 5,(0, 0) = 1,

n!
(4.2) Sp (1, K) =:Z: Kluglu,! oo ug!?

the sum over all compositions (ordered partitions) u; +u,+ - + U, =mn, each

u; >r+1,

(4.3) Spon &) =ﬁ% %%1 n-rs @)

(4.4) CRO) =Z; ) S, i)

(4.5) g, (k) =§ %sﬂ - gra k- ),
(4.6) s, (n, k) =§% %%Sr_l(n - g, k- ),
4.7) Sy nar &) = y:g(?)%%

It should be noted that there are misprints in formulas (5.14) and (5.16) of
[9], which correspond to (4.7) and (4.4), respectively, in this paper. Also,
in the table following (5.11) in [9], the value of g(6, 2) is 10, not 0. We
also note that the Tate-Goen formula (3.9) can be proved inductively by means
of (4.6).

We now look at the analogous formulas for s,(n, k). First, we have the
recurrence

(4.8) s,(n + 1, k) =ns,(n, k) + N)ps,(n - r, k - 1),

where (n), =n(n - 1) ... m - » + 1) and 8,(0, 0) = 1, s,(n, 0) =0 if n # O.
We shall use a combinatorial argument to prove (4.8). In the permutations of
n + 1 elements which have k cycles, each cycle containing at least r + 1 ele-
ments, enumerated by s,(n + 1, k), element n + 1 is in some r + 1 cycle or it
is not. If it is not, it is inserted into one of the k cycles of n elements
enumerated by s,(n, k), and this can be done in n ways. If it is, there are

ways to choose the other »r elements of the » + 1 cycle, and since the
smallest element must be first, there are r! ways the elements can be arranged
in the cycle. Note that r! ?) = (n),. There are then n - r elements left to
be arranged in k - 1 cycles.

By comparing coefficients of x” on both sides of (1.1), we have

ni

-9 A TN

L]

where the sum is over all compositions u; + u, +-:++ 4 =n, each u; >r + 1.

This generalizes the formula for s(n, k) given in [10, p. 146, formula (5)].
Formulas analogous to (4.3)-(4.7) can be derived. From (1.3), we have
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:i:sr,n(y)x”/n! = exp(y}ilxj/%>exp(—yxr/r)

n=0 Jj=r

J

2: Sp_1, n@x"n!
n=0

Comparing coefficients of x”, we have

(-y)zrip=i/j1,
=0

(/2] _

(4.10) I DN G4 E R TCH LENI O
j=o

when f,(0) =1 and for J >0,

(4.11) Fr(rd) = (@) /r2r) (Br) ... (jr),

that is, f, () is the same as (rj)! with every rth term divided out. With a
similar argument, we have

[n/r]
(4.12) o) = Y (;Lj)fp @Y 50, s @)

J=0
It follows from (1.5), (4.10), and (4.12) that

k .
(4.13) 8.y 0 = 3 DI 2VF G,y - wds K - ),
and §=0 J

k
(4.14) 80es(s K = 2o (1)F o (n 7y K = ).

Jj=0

Equation (4.14) generalizes (3.5) and shows how to write s,_;(n, k) as a linear
combination of binomial coefficients. In fact it is not difficult to see from
(4.14) and (4.5) that, for ¥ > 0 and fixed r,

(4.15) rs, m+k,m) = (m+K)(em+k~-1) ... mR,(m),
and
(4.16) "8, (em+k, m) = (m+K)@m+k-1) ... ma, (m)

where Ry(m) and §,(m) are polynomials in m of degree k — 1. By differentiat-
ing (1.3) with respect to x and comparing coefficients of x%, we have

(4.17) o, na1 @) =YD )8, ;@)
=0

If we define the numbers dr,n by means of

Y -1 ©
(4.18) (= P/'r)< Zx%‘) = 2 du s
n=0

j=r
then it follows from [9, formulas 4.11 and 4.12] that

n

(4.19) dp =9, CDIF D0+ 20,1 s, (n + 2d, ),

Jj=1
4.200  d, ., =;,z:1 (% L) @D o+ ) eyt v D)

When r» = 1 in (4.16), we have
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(4.21) ~=[In(l - 217t =) d,  xn,
n=0
so that d; , = (-1)"b,, where b, is the Bernoulli number of the second kind

[10, pp. 265-287]. Thus, by (4.17) and (4.18), we have

(4.22) bp= Y D" [+, 17,0 + 4, 5
j=1
_ z An + 1 . _ . .
(4.23) b= 203 L)+ D1+ 4, D

It can also be proved [see 10, p. 267] that

n

(4.24) nib, =y s, K/ + 1).

k=0

We can compare formulas (4.22), (4.23), and (4.24) to similar formulas involv-
ing the ordinary Bernoulli numbers and the Stirling numbers of the second kind
[10, pp. 182, 219, and 599].

5. GENERALIZATION OF THE PAPER BY UPPULURI AND CARPENTER

In [16] Uppuluri and Carpenter defined a sequence C;, C;, C, ... by means

1° Y2
of

(5.1) exp(l - e® =y Czi/j1,
i=o0

and they derived some formulas involving the Cy and Bell numbers B, B,, ...,
defined by

(5.2) B, =9 S0, ).
i=1

In this section, we show how all the results of [16] can be extended by using
(1.4) and (1.6). 1In Propositions 5.1-5.10, which correspond to Propositions
1-10 in [16], we use the notation

(5.3) 5o, =5,

so clearly B, = S,(1) and C,, = S,(-1). We omit any proof which is obvious or
which is analogous to the corresponding proof in [16].

Proposition 5.1: S, (y) = e'yjz:ymmk/m!, k=0,1, 2,
m=0

Proposition 5.2: Equation (1.6) of this paper.

Proposition 5.3: Equation (4.7) of this paper.

n

Proposition 5.4 NS, () = D) (—1)”‘j<§>sj+l(y> = Y5, ().
i=0

Using Proposition 5.4 and S,(y) =y, we can compute S,(y), ..., S,(y) for
small values of n. For example, AS,(y) = yS,(y) = y?, so

S, (y) =8, () +8S,(y) =y +y?,
and
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il

5,4) =5,@) +A5, @) =5,@) +A%5, @) + A5, @)

o +y2) + @2 +y3) +y? =y + 3> +y°.

]

"
P/wpaéi/téon 5.5: kzo(;i)sk (y)Sn‘k(—y) =0,n =1, 2, ..., and So(y) =1,

n
Proposition 5.6: 5 (”.)sj (495,01 ;@) =ys>n =0, 1, 2,

i=o \J

Proposition 5.7: Same as Proposition 5.6.

Proposition 5.8: Let a; =S;{)/i!. Then

a, a, 0

CZZ Cll CZO .
(a) S,(=y) = (-1)"'n! |a, a, a, a,

an  dyy e a

= (-D*nlg,,
n-1

(b) (-1)"8, () =ntY (-D¥g, o 18, @)/ Kk + D1,
Proposition 5.9: o y 1 0

¥ y 1

Span () = Gy 2y oy 1
(6) (e (2

In Proposition 5.9, the element in the Zth row, jth colummn, for j < ¢, is

(52%)»

Proposition 5.10: - Yy 1 0 0 ... 0
Y y 2 0 .. 0
S (oy) = (D2 fp/2 w3 0

ylnt y/(n-1)1 y/0!
In Proposition 5.10, the element in the %th row, jth column, for j < %, is
yl G - DI

The proof of Proposition 10 in [16] is not given. A reference is given
to a formula of Ginsburg [8] for the Bell numbers, but unfortunately Ginsburg's
proof is obscure. Proposition 5.10 is easily proved, however, by multiplying
the k + lst row of the determinant in Proposition 5.9 by 1/k! and the k + lIst
column by k! (k =1, 2, ..., n).

The motivation given in [16] for studying the numbers C; defined by (5.1)
is the following: Define Bék) by
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n
(5.3) D DELCICHE R
Then i=1
BéO) = B,,
B"El) = Bn+1 = By
(2) -
By - Bn+2 - 2Bn+1’

(k)
n

and these equations lead to a search for a general expression for B in terms

of the Bell numbers Bn, Bn+1, cees B, . It is stated, though not actually
proved, that
ok
(k) _
(5.4) B® = Z(J) Bk g
Jj=0

We now generalize this result by defining Sék)(y) by

n

(5.5) 5 @) = dRs (. Dy,
and showing that le
*) - k
(5.6) 559 @) =3 (5)5: )84
i=o

For example,

SV W) = 5,,,¥) - yS, (¥,
52 (y) = Spea @) = 2yS, @) + W - S,y .

To prove (5.6), we start with (1.4) with r = 0. Differentiating » times
with respect to x, we have

o

(5.7) D™ exp y(e® - 1) =Y S ;@G

J=0

Now consider the numbers qém)(y) defined by
(5.8) (exp y(1 - e®))D exp y(e® - 1) = :E:‘7Sm y)x"/mt.
m=0
It follows from (1.4), (5.7), and (5.8) that
; k
ECIOED JENEHERS O (]
Jj=0

Now we show by induction that
(5.9) g @) =58 @)

For n = 1, we have, from (5.8),
ye® =9 qi™ ()x"/m!,
m=0

a®P @ =y =959 @.

Assume (5.9) holds for a fixed n, and also assume

n
D(n)exp y(e® - 1) = (exp y(e® - 1)):E:emis(n’ 1)y,
=1
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Then we have

(5.10) D" *Vexp y(e*-1) = (exp y(e®- 1))Ze”(¢5(n, ) + S(n, © - 1))yt
=1
n+1

= (exp y(e®- 1)) e®*s(n + 1, {)yt.

=1
Multiplying both sides of (5.10) by exp y(l - e*) and comparing coefficients
of x, we see that q;fi(y) = Séﬁi(y).
6. GENERALIZATION OF THE PAPER BY ENNEKING AND AHUJA
In [7] Enneking and Ahuja defined a generalized Bell number by

(6.1) Bp(n) = 9 5.(n, §)s

i=0
and they were able to generalize some of the formulas in [16]. Note that
B,(n) = S8, ,(1).

By considering S, , (¥), we can extend each of the twelve properties in [7];
Properties 6.1-6.12 din this paper correspond to Properties 1-12 in [7]. We
omit any proof which is obvious or is analogous to the corresponding proof in

[77.

Property 6.1: Equation (1.4) of this paper.
Property 6.2: Equation (4.7) of this paper.
Property 6.3: Equation (4.3) of this paper.

Property 6.4: S, () = e ¥y y"m - y)"/m!.
m=0

Proof: We have, from (1.4),

©

251, @annt = oo Texp(ye®) = eﬁ(i(-y)ixi/ﬂ)(iz/"e”/m!>
n=0 i%0 m=10
e‘y(z ymimt Y (am) 7/ '><Z (=) iwt/i !>
m=0 J=0 =0

ey Zy"’/m! Z(m - y)x"/nt,
m=0 n=0

and Property 6.4 is proved when we compare coefficients of x”.
For Property 6.5, we need the following definition of H,(x):

(6.2) exp y(ex -1l -2 = s = x¥/pr!) = (exp y(e‘” - 1))Hp(11'7),
where -
(6.3) Ho(x) =3 ha at/il, v > 1.

=0

Throughout the remainder of this paper we will also continue to use the nota-
tion of (5.3).
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Propenty 6.5: Sr’n(y) = E: (7) hr,i(y)Sn_i(y), where

oo \*
r-1
hr,n+l(y) = _yz<§>hr,n—j(y)9 ho,n(y) =0 for »r > 0, hr,o(y) =1.
j=0

To generalize (5.5), we make the following definition:

(6.4) Sr(’ki y) = kasr(n, my".
m=1

k
k .
Propenty 6.6 5550 @) = 500w - 3(7) 35 (5) 5.

n+1

k i
Propenty 6.7: s+ () = P () - yZ(?—)S,ﬁ” W) -
J=0

Now we want to generalize (5.6); that is, we want to express Sﬁki(y) in

terms of the 5, , (y). For example,
n
55}% @) =5, . W - (p)ysp,n_p(y),
+ 1 -
S = 5y e @) - y[(” : ) + (Z)] 5, aron@) + yz(n - r><z>sp,n-2r<y)

- y(Z,Z;)Sr, n-r(y) .

il

<
Property 6.8: S0 =50 D a, (s Ky 25, panoo ;) where

4 i=0

Q.
o

a, (n, k, r) =1, aij(n, k, r) =0 if § =0 and 7 > O,

and .
a n, k+1, r) = aij(n + 1, k, ) - y(i) E a“m_k_l,j_l(n - r, m, 7).
m=k-1+4
When r = 0, we have
£ k
(6.5) S a,(, k, 0) = <7;)Si(‘y)’
i=0

independent of n for Z = 1, 2, ..., k. Letting » = 0 in Property 6.8, letting
7 =%+ 1, and summing on j, we have

K
3 *\ g
Sy, (1) = —y;<m>bm(-y),
which agrees with Proposition 5.3.
Now let
() - ,
(6.6) Wan @) = 9, DS,y Dy,

Jj=0

We shall use the notation Wéfi(y) = ng)(y).

r, n-r r, n-p

Property 6.9: 555 ) = 0,0, @ - D= (0)y (7000 +02,w).-
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Propenty 6.10: ) = 7P ) - (k + W @) - ykED o).

k

Property 6.11: WX () = Y w(ky 7y )85 @) s

=0

where the w(k, <, y) satisfy w(k, 0, y) = 1 and
wk+ 1, 2, y) =wk, 2, y) - (K +ywk, 7 - 1, y) - ykw(k - 1, 7 - 2, y).
For example,
WP @) =5, @ - yS, @),
W @) =5,,,@ - @y + DS, @ + %5, y).

It is noted in [7], without proof, that for y = 1 the w(k, 7, y) are the
coefficients of a special case of the Poisson-Charlier polynomials P, (x) [14,
p. 34]. These polynomials can be defined by

k
(6.7 P (x) =), pk, i, wak-?,
i=0
(6.8) pk, 1, u) = 9. (—1)j(7<.)uj'ks(k - g, k=1
i=o J

(This definition is slightly different from the one given by Szegd [14].) We
now show that when u =y,

(6.9) wk, i, y) =y*pk, i, y).

We prove (6.9) by showing that y*p(k, 7, y) satisfies the same recurrence
as w(k, Z, y). For convenience, in the proof we use the notation p(k, 7) =
ykp(k, 7, y). Then we have p(k, 0) = 1 and

1
p(k + 1, 7) = Z(-1)J‘<k ;’ 1>s(k +1 -4, k+1-12)yd
j=o :

. A x\ k . . ) . s
J};(J(—I)J[(j> +(j ~ 1):|[3(7<-J, k=2) - (k-g)s(k=-g,k +1-2)y?

-1
ple ) =3, D)ot - g1 ka1 - iy
i=o

1}

__"_jk-l) . N
ka%( 1)(j sk - g, k+1 - 1)yd.

Replacing (k ; 1) by ((7;) - (;{ : i), we have

plk + 1, ) = plk, 2) - yptk, 2 - 1) = kp(k, © = 1) = ykp(k = 1, 2 - 2).
This completes the proof of (6.9).
Now we want to express Wr(’k,i (y) in terms of the S, . (y). For example
P W) = 5, i@ = () 450, ner ),
PO @) = 5 n® = S @ = 5|("E )+ (D] Srnernn @

+ (Z) (7’1 ; Y’)yzsr, no2rY) -
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Property 6.12: 1,70 () = Z Zb (s Ky D5y ineio @)

=0 j=0

where the b, (n, k, r) satisfy b, ((n, k, r) =1, b,.(n, k, ) =0 for § = 0,
, k - 1, and J

blj(n,k +1,»r) = bij(n +1, kK, ) - kb, (n, k, r)

-1, 4

- (Z)y[bi_l,j_l(n -r, k, »)+kb;_, ; (n-r, k-1, )
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THE DIVISIBILITY PROPERTIES OF PRIMARY LUCAS RECURRENCES
WITH RESPECT TO PRIMES

LAWRENCE SOMER
U.S. Dept. of Agriculture, FSQS, Washington, D.C. 20250

1. INTRODUCTION

In this paper we will extend the results of D. D. Wall [12], John Vinson
[11], D. W. Robinson [9], and John H. Halton [3] concerning the divisibility
properties of the Fibonacci sequence to the general Lucas sequence

(@} - v/ (ry - r,).

In particular, we will improve their theorems for the Fibonacci sequence.
Their results are inconclusive for those primes for which

(5/p) = (-1/p) = 1,

where (x/p) is the Legendre symbol for the quadratic character of x with re-
spect to the prime p. We will obtain sharper results in these cases.
Let

€)) Uy, = AU,  + by,

where uy, #;, a, and b are integers, be an integral second-order linear recur-
rence. The integers ¢ and b will be called the parameters of the recurrence.
If u, =0 and u; =1, such a recurrence will be called a primary recurrence
(PR) and will be denoted by u(a, b). Associated with PR u(a, b) is its char-

acteristic polynomial

22 —ax -b =0

with roots r, and r, where r, + r, = a and r;r, = -b. Let
D=a’*+4b = (r, - 7,)?

be the discriminant of the characteristic polynomial. 1If D # O, then, by the
Binet formula

(2) u, = (@ - r)H/(x, - r,.

One other type of sequence will be of interest: the Lucas sequence v(a, b) in
which

(3) V,pp, = QU + bv,, vy, =2, v, =a.

n+l
As is well known, the Lucas sequence is given by the Binet formula
(4) v, = rl+ rl

To continue, we need the following definitions which are modeled after
the notation of Halton [3]. The letter p will always denote a rational prime.

Definition 1: v(a, b, p) is the numeric of the PR u(a, b) modulo p. It is
the number of nonrepeating terms modulo p.

Definition 2: w(a, b, p) is the period of the PR u(a, b) modulop. It is the
least positive integer k such that

Upsx = Up (mod p)
is true for all n > v(a, b, p).
Clearly, if v(a, b, p) = 0,

Upap,p= 0 and Uy pp+1 = 1 (mod p).

316
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Deginition 3: a(a, b, p) is the restricted period of the PR u(a, b) modulo p.
It is the least positive integer X such that

Uy = SU, (mod p)

for all n > v(a, b, p) and some nonzero residue s.  Then & = g(a, b, p) is
called the multiplier of the PR u(a,b). If u; = 0 (mod p) for k > v(a, b, p),
we say that s(a, b, p) = 0 by convention.

Deginition 4: B(a, b, p) is called the exponent of the multiplier s(a, b, p)
modulo p. It is clearly equal to

ula, b, p)/ola, b, p).

Deginition 5: 1In the PR u(a, b) the rankof apparition of p is the least posi-
tive integer, if it exists, such that u; Z 0 (mod p).

We will restrict our attention chiefly to the PR's u(a, b), because, as
we shall see, if b # 0, then for these sequences the rank of apparition of p
exists. By [10], primary recurrences are essentially the only recurrences hav-
ing this property.

2. PRELIMINARY RESULTS

The following well-known properties of Lucas sequences will be necessary
for out future proofs. Proofs of these results can be found in the papers of
Lucas [8] or Carmichael [2].

(5) In the PR u(a, b) suppose that b Z 0 (mod p) and that p # 2.
Then
up_(D/p) =0 ('[IlOd p)-
(6) Uppn = Py + Uy g -
(7 U - U, Uy, = (D), m > 1.
(8) v2 - Du? = 4(-b)".
(9 Uy, = Uyplp -
(10) If pfbD, then p is a divisor of the Lucas sequence v(a, b) if

and only if a(a, b, p) = 0 (mod 2) for the PR u(a, b). Then
the rank of apparition of p in v(a, b) is (1/2)ala, b, p).

The following two lemmas will determine the possible numerics v(a, b, p)
for the PR u(a, b) modulo p.

Lemma 1: In the PR u(a, b) if b # 0 (mod p), then v(a, b, p) = 0 and ala, b, p)
is also the rank of apparition of p. Also, if u;, = O (mod p), then

ala, bs p) k-
Further
alas b, p)|p - (D/p).

Proof: Since there are only p? possible pairs of consecutive terms (U, u@+1)
(mod p), some pair must repeat. Suppose that the pair (u,, Uy ,,) 1is the first
such pair to repeat modulo p and that k#+ 0. Letm=vulas b, p). Then,

Upyn = U and U gy = Upyy (mod p).
However, by the recurrence relation (1),

bup .4 = Uxsr — AUy
Since b Z 0 (mod p),

Uy g = (Uppq = auy) /b (mod p).
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Hence, the pair (u;_q» uk) repeats modulo p which is a contradiction if k#0.
Thus, the pair (uy, u;) = (0, 1) repeats modulo p. Hence, the numeric is 0
modulo p and the PR u(a, b) is purely periodic modulo p.

Now, let n = afa, b, p). As in the above argument,(uo, u;) is the first
pair (uk, U, ,,) such that

Upyn= S, and w .. = sy, (mod p)

for some residue s (mod p).
the fact that the PR wu(a, b) is purely periodic modulo p. The rest of the
lemma follows from (5).

Lemma 2: 1In the PR u(a, b), assume that b Z 0 (mod p).
(i) If g # 0 (mod p), then v(a, b, p) 1 and u,
(ii) If a = 0 (mod p), then v(a, b, p) = 2 and u,

Proof: This follows by simple verification.
3. RESULTS FOR SPECIAL CASES

a” ! (mod p), n > 1,
0 (mod p), n > 2.

H

For certain special classes of PR's, we can easily determine u(a, b, r),
ala, b, p), and s(a, b, p). Of course, if u(a, b, p) and a(a, b, p) are known
exactly, B(a, b, p) is immediately determined. Theorems 1-4 will discuss these
cases. The proofs follow by induction and direct verification.

Theonem 1: 1In the PR u(a, b), suppose that b = 0,
(i) If a # 0 (mod p), then u, = a®t, n > 1.
Further,

v(a, b, p) =1, ala, b, p) =1, u(a, b, p) = ordy(a), and s(a, b, p) =

for all primes p, where ordp(x) denotes the exponent of x modulo p.
(ii1) If a = 0 (mod p), then u, = 0, n > 2,
via, b, p) =2, ala, b, p) =1, ula, b, p) =1, and s(a, b, p) =
Theorem 2: 1In the PR u(a, b) let @ = 0 and b # 0 (mod p). Then
=b ,n>0.

U,, =0 and u

n 2n+1

Further,
v(a, b, p) =0, ola, b, p) =2, ula, b, p) = 2 ordp(h), and s(a, b, p)

Theorem 3: 1In the PR u(a, b) suppose that D=0, a # 0 (mod p),and b Z 0 (mod
p). Then

1]
o

u, =n(a/2)*"*, n > 0.
Further
ala, b, p) = p, wla, b, p) = p ordp(a/2), and s(a, b, p) = a/2.

Theorem 4: In the PR u(a, b) suppose that r,/r, is a root of unity. Let k be
the order of the root of unity. Let g, be a primitive kth root of unity.
(i) If k =1, then a=2N, b=-N, D =0, r; =N, r, =N, and r/r, = 1.
Theorem 3 characterizes the terms of this sequence.
(ii) If k =2, thena =0, b =N, D = 4V, r,=/W, r,=-/N, and r, /r,
-1. Theorem 2 characterizes the terms of this sequence.

(iii) If k =3, a =0, b=-N", D==-3N*, »,=-,N, v, = ~C3N, and r /7,

ol
*(v) If k=4, a=20, b=-202, D =42, r, =1+ DV, r,=(1 - DN,
and r,/r, = i where 7 = v=1.
(v) 1f k=6, a=23N,D5b
and », /r, = T

-3§%, D = -3N2, r; = -1Cs/3 , v, = 1C3(/3)N,

]
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Moreover, if k > 2, then

ala, b, p) =k, wla, b, p) = k ordy(s),

and

11

sgn(ak) (=(-b) */?) (mod p),

where sgn(x) denotes the sign of x. Furthermore, if n =gk + 2, 0 > » > k, and
k > 3, then

s(a, b, p) = s

u, = s%u, = (—l)qukur.

In Theorem 4, note that k = 1, 2, 3, 4, or 6 are the only possibilities
for k since these are the only orders of roots of unity that satisfy a quadra-
tic polynomial over the rationals.

Just as we treated the divisibility properties of certain special recur-
rences with respect to a general prime, we now consider the special case of the
prime 2 in the following theorem. We have already handled the cases where b =
0 or a =0 (mod 2) in Theorems 1 and 2.

Theorem 5: Consider the PR u(a, b). Suppose that 2[ab. Then V(a, b, 2) = 0,
ula, b, 2) =3, ofa, b, 2) =3, and s(a, b, 2) = 1. The reduced recurrence
modulo 2 is then

0, 1, 1, 0, 1, 1, ...) (mod 2).

L. GENERAL RESULTS

From this point on, p will always denote an odd prime unless otherwise spe-
cified. Theorem 6 gives criteria for determining u(a, b, p), a(a, b, p), and
s(a, b, p) for the general PR u(a, b). TFor the rest of the paper, D' will de-
note the square-free part of the discriminant D, and X will denote the algebraic
number field Q(/D'), where § as usual stands for the rationals.

Theornem 6: 1In the PR u(a, b), suppose that p‘bD. Let P be a prime ideal in
K dividing p. If (D/p) = 1, we will identify P with p.
(i) wu(a, b, p) is the least common multiple of the exponents of r, and

r, modulo P.

(ii) oafa, b, p) is the exponent of »r,/r, modulo P. If (D/p) = -1, then
a(a, b, p) is also the least positive integer n such that r, is congruent to a
rational integer modulo P.

(iii) 1If k = a(a, b, p), then s(a, b, p) Pf (mod P).

Proo4: Let R dencote the integers of X. Since b # 0 (mod p), neither r; nor
r, = 0 (mod p). Since R/P is a field of p or p2 elements, rl/rzis well-defined
modulo P. Further, since D = (r, - r2)2 70 (mod P), u, = (v, - r3)/(ry - 7,)
is also well-defined modulo P.

(i) Let n = uw(a, b, p). Then

U, = (rf - r;)/(rl - r,) =0 (mod p) = 0 (mod P)

"

and
Uyyq = 1 (mod p) = 1 (mod P).
Thus, r] = r}' (mod P). Hence,
Uper = (rf+1 - r;+1)/(r1 -r) = (ri(r) - PZ(PZ))/(Tl -r) = r; = 1 (mod P)
n — k

Thus, r{ = r} = 1 (mod P). Conversely, if rf = ryS =1 (mod P) for some posi-
tive integer k, then it follows that u, = 0 and u = 1 (mod p). Assertion
. k k+1
(i) now follows.
(ii) Now let =

ala, b, p). Then u,=(r{ - r5)/(r; - r,) = 0 (mod P).
This occurs only if »; =

r} (mod P). Dividing through by »}, we obtain
(r,/r,)" =1 (mod P).

n
1

Hence, a(a, b, p) is the exponent of rl/r2 modulo P.
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Further, if (D/p) = -1, then
o(r)) =rf=r, (mod P) and o(r}) = (rf)" = r? (mod P),

where o is the Frobenius automorphism of R/P. This follows, since r; and r,

are both roots of the irreducible polynomial modulo P, x2 - ax - b. Thus, if
ri = v} (mod P), we obtain

{pf)P = r: = rf (mod P).
Let Z, denote the finite field of p elements. Now,

R/P = 2,[VD'].
In ZP{/ET], the only solutions of the équation x? — 2 = 0 are those in Zp by
Fermat's theorem. Assertion (ii) now follows.
(iii) Let k = ala, b, p). Then

Upy, = 8a, b, p) (mod p) = s(a, b, p) (mod P).
By the proof of (ii), rf = rf (mod P). Thus,
(riGe) = rf@)) /(e - )

= Pf = sla, b, p) (mod P).

111

1 1
Uppr = <P§+ - P§+y)/(rl - 7,)

The proof is now complete.
Theorem 6, while definitive, is impractical for actually computing

wia, b, p), ala, b, p), and sfa, b, p).

We will develop more practical methods of determining these numbers, although
our results will not be as complete. The most easily applied of our methods
will use the quadratic character modulo p andpertain to certain special classes
of PR's. For sharper results, we will also utilize the less convenient 27" - ic
characters modulo p.

A good theory of the divisibility properties of the PR u(a, b) with re-
spect to p should give limitations for the restricted period modulo p. Given
the restricted period, one should then be able to determine exactly the expo~
nent of the multiplier modulo p and, consequently, the period modulo p. Fur-
ther, we should be able to specify the multiplier modulo p. This will be our
program from here on. As a first step toward fulfilling this project, we now
present Theorems 7 and 8. Theorem 7 is due to Wyler [14] and, in most cases,
determines y(a, b, p) when ofla, b, p) and ordp(-b) are known. Theorem 8 is
the author's application of Wyler's Theorem 7.

Theorem 7: Consider the PR u(a, D). Suppose b 7 0 (mod p). Let h=ordy(-b).
Suppose =2°h', where A’ is an odd integer. Let k=afa, b, p) = 29k, where
k' is an odd integer. Let F be the least common multiple of % and k.

(1) wufa, b, p) = H or 2H; Rla, b, p) = H/k or 2H/k.

(i1) 1If ¢ # d, then ufa, b, p)=2H. 1f ¢ =d > 0, then u(a, b, p) = H.

This theorem is complete in the sense that if ¢ = d = 0, then u{a, b, p)
may be either H or 2H. For example, look at the PR u(3, ~1). TFer all primes
p, ho=ordy(1) =1 =2°(D).

If p = 13, then k = a(3, -1, 13) = 7 = 2°(7). Further, H = [1, 7] = 7.
By dinspection, p(3, -1, 13) = 14 = 27,

If p = 29, then k = (3, -1, 29)=7. As before, # = 7. But now we have

u(3, -1, 29) = 7 = A.
Theorem §: Let p be an odd prime. Consider the PR u{a, b), where b # 0 (mod
py. Let h = ordp(-b). Suppose h = 2°h', where h' is an odd integer. Let
k = ala, b, p)=29k"’, where k' is an odd integer. Let H=[h, k], where [z, y]
is the least common multiple of x and y. Let s = s(a. b, p).
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(1) 8% = (-b)* (mod p).

(ii) 1If ¢ =d =0 and ula, b, p) = #, then s = (=) **M/2 (nod p).
(iii) If ¢ =d =0 and p(a, b, p) = 2H, then s = —(=b)*+M /2 (mod p).
(iv) If ¢ =d > 0, then s = =(-b)*/? (mod p).

(v) 1f d > ¢, then s = —~(-b) */2 (mod p).

(vi) If ¢ > d, then s = #»r, where r?>= (-b)* (mod p) and 0<r< (p-1)/2.

Further, both possibilities do in fact occur.

Proog:
(i) This follows immediately from (7), letting n = k.
(ii) Let ¢ = d = 0 and assume that u(a, b, p) = H. Then,

ordp(s) = B(a, b, p) = H/k = [h, k1/k.
Further, by (i),
82 = (-b)* (mod p).
Thus,

11

(=p) ®*PI2 or .= ~(-b)**P/2 (mod p).
In general, it is easy to see that if r is a positive integer,

ord,(-p)" = [k, r]/r.

S

Therefore,

ord,((-DY**W/2) = [n, (k + ) /2]/((k + 1) /2).
Suppose g = (h, k). Let h = gm and kK = gn, where (m, n) = 1. Then,
[, (k+ R)/21/((k + R)/2) = [gm, gim + n)/2]/(g(m + n)/2)
glm, (m +»n)/21/(g(m + n)/2).
Clearly, (m, m + n) = 1 and, a fortiori, (m, (m + n)/2) = 1. Hence,
glm, (m + n)/21/(g(m + n)/2) = (gn(m + n)/2)/(gm + n)/2) =m.

But,
[k, kK1/k = [gm, gnl/(gn) = gm/(gn) = m.
Thus,
ord,((-b) **M/2) = ord,(s) = m.
However, since m is odd,
ordp(—(—b)(k+M/2) = 2m.

Thus, s = (=b) **M/2 (pod ).

(iii)-(v) The proofs of these assertions are similar to that of (ii). 1In
calculating ordp(s) for (iv) and (v), we make use of Wyler's Theorem 7.

(vi) To see that both possibilities actually occur, consider s(1, 1, 13)
and s(1,1, 17).

Now, o(l, 1, 13) = 7 and ordlg(—l) =2, so ¢ > d. By inspection, we see

s(l, 1, 13) =8 > (13 - 1)/2 = 6 (mod 13).

Also, a(l, 1, 17) =9 and ord17(—1) = 2. Hence, ¢ > d. However, we now
find that

that

s(l, 1, 17) = 4 < (17 - 1)/2 = 8 (mod 17),
and we are done.

Unfortunately, Theorems 7 and 8 depend on knowing the highest power of 2
dividing a(a, b, p) and ordp(-b) to determine B(a, b, p) and u(a, b, p). Our
project will be to find classes of PR's (excluding the special cases already
treated) in which for almost all primes p the exponent of the multiplier mod-
ulo p, B(a, b, p), can be determined by knowing the residue class modulo m to
which a(a, b, p) belongs for some fixed positive integer m. In addition, we
would like a set of conditions, preferably involving the quadratic character
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modulo p, for determining a(a, b, p) modulo m without explicitly computing
ala, b, p).

By Theorem 7, these conditions can be satisfied if either

(i) ordp(—b)[m for a fixed positive integer m and for almost all primes
, OF

P (ii) 2H/o(a, b, p)lm for a fixed positive integer m and for almost all
primes p.

Now, condition (i) can be satisfied for almost all p iff b = #1. Thus,
we will consider the PR's u(a, 1) and u(a, -1). If b =1, then ord,(-b) = 2
for all odd primes p and, by Theorem 7, # = a(a, 1, p) or H = 2a(a, 1, p).
Hence, B(a, 1, p)|4 and B(a, 1, p) is largely determined if a(a, 1, p) is known
modulo 4. Similarly, if b -1, then B(a, -1, p) is largely determined if
a(a, -1, p) is known modulo

By Theorems 6 and 7, H
can be satisfied if

o

[ord,(r,/r,), ordp(-b)] . Hence, condition (ii)

(11) ry/r, = #b.

Since r,r, = -b, equation (l1) is equivalent to requiring that

(12) r,/r, = trr,.

Solving, we see that rg =1 or rg = -1. But, if r% = -1, then r, = +7 and

r, = ¥1. However, this case is already treated by Theorem 4(ii). If r: =1,
then », = *1. 1If r, = 1, then by Theorem 6 we see that B(a, b, p) = 1 always
no matter what a(a, b, p) is. If r, = -1, then Theorem 6 and a little analy-
sis shows that B(a, b, p)|2 and depends upon the residue class of o(a, b, p)
modulo 2. Note that if r, = 1, then

(13) r, =-b/r, =-b and a=r +r, =-b+ 1.
If r, = -1, then
(14) r, =b and a=b - 1.

1
Hence, we will also investigate the divisibility properties of the PR's

u(-b + 1, ») and u® -1, b).

From our preceding discussion, it will be very helpful if we can find
conditions to determine a(a, b, p) modulo 4. The following two lemmas and two
theorems determine the residue class of a(a, b, p) modulo 4 for a general PR

u(a, b).

Lemma 3: Let p be an odd prime. Consider the PRu(a, D). Suppose that p*bD.
(i) 1f ola, b, p) 1 (mod 2, then (-b/p) = 1.
(ii) If ala, b, p) 2 (mod 4), then (bD/p) = 1.
(iii) 1If ala, b, p) 0 (mod 4), then (bD/p) = (-b/p).

Proof: Firstly, note that by (8),

[T

(15) vZ - Du? = 4(-b)".
(1) Let k = ala, b, p) =1 (mod 2). By (15),
vy = 4(-b)* (mod p).

Since k = 1 (mod 2), this is possible only if (-b/p) = 1.
(ii) Let 2k = a(a, b, p). Then k = 1 (mod 2). By (10), v, =0 (mod p).
Then by (15),

-Duj = 4(-b)* (mod p).

If (-b/p) = 1, then clearly, (-D/p) = 1. 1f (-b/p)
since ¥k = 1 (mod 2). 1In both cases, (bD/p) = 1.

1]

-1, then (-D/p) = -1,
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(iii) TLet 2k = ala, b, p). Then ¥k = 0 (mod 2). By (10), v, =0 (mod p).
Then by (15),

—Dui = 4(=D)* (mod p).
Since k = 0 (mod 2), (-D/p) =1 in all cases. It follows that (bD/p) = (-b/p).

Theorem 9: Let p be an odd prime. Consider the PR u(a, b). Suppose plbD.
(1) 1If (-b/p) =1 and (bD/p) = -1, then a(a, b, p) 1 (mod 2).
(i1) 1f (-b/p) = -1 and (bD/p) = 1, then ala, b, p) = 2 (mod 4).
(iii) If (-b/p) = (bD/p) = -1, then ala, b, p) = 0 (mod 4).

Proof: This follows immediately from Lemma 3.
As we can see from Theorem 9, the only doubtful case occurs when

(-b/p) = (BD/p) = 1.

Lemma 4 and Theorem 10 give a new criterion for determining the restricted
period in some instances when (-b/p) = (bD/p) = 1.

It

Lemma 4: Let p be an odd prime. Consider the PR u(a, b). Suppose pka and
ala, b, p) =1 (mod 2). Then (-b/p) = 1. Let r® = -b, where 0<r< (p-1)/2.
Then

(16) (=2b + ar/p) =1 or (-2b - arlp).
where (~2b +-ar/p) denotes the Legendre symbol.

1,

Prood: By Lemma 3(i), we know that (-b/p) = 1. Let k

ala, b, p). By (6),

- 2 2 =
U, = bu&_l)/z + UGy o o 0 (mod p).
Hence, ) )
Ugsyso = Phg 1y, (mod p).
Thus,

Ugs1) /2 = UG -1y, (mod p).
Suppose that Ugsny /2 = Phx-1)/2 (mod p). Then

Ugssysz = gy sz T Plgeoay s = %G _ay 72+ Pl gy o

= (ar + Ddug .1y, (mod p).
Now, by (7),

_ 2 2
7"(2k+1)/2 = Ug -1y /o8E+3) /2 = PUG-1y 2 = (ar + P)uG 1y,
= (-ar - 2D)ud1yp = (-DYKD/2
= p*"1 (mod p).
Since k¥ - 1 is even, this implies that (~2b - ar/p) = 1.
Now suppose that Ug.1y,, T ~TUg-1)/2 (mod p). Continuing as before, we

obtain
r*¥"1 (mod p).

1

(—Zb + al”)u%k_l)/z

This similarly implies that (-2b + ar/p) = 1 and we are done.
In our statement of Lemma 4, note that

(-2b + ar)(-2b - ar) = bD.

Theorem 10: Consider the PR u(a, b). Let p be an odd prime. Suppose prD
and (-b/p) = 1. Let r be as in Lemma 4.
(1) If (-b/p)=(BD/p) = 1 and (-2b + ar/p) = (-2b - ar/p) = -1, then,
ala, b, p) = 0 or 2 (mod 4).
(ii) 1If (-b/p) = (bD/p) = (-2b + ar/p) = (-2b - ar/p) =1, then o(a, b, p)

can be congruent to 0, 1, 2, or 3 (mod 4).

Proog: This follows immediately from Lemma 4.
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The following examples in Table 1 from the Fibonacci sequence show the
completeness of Theorem 10. For the Fibonacci sequence,

a=b=1,D=5,bD =35, -2b+ar=-2+1%, and -2b - ar = -2 - 7.
TABLE 1

Examples from the Fibonacci Sequence in Which (-b/p) = bD/p) =1
-and a(a, b, p) Takes on All Possible Values Modulo 4

P (-b/p) (bD/p) (-2b + ar/p) (=2b - ar/p) o(l, 1, p) (mod &)
29 1 1 -1 -1 2
41 1 1 -1 -1 0
61 1 1 1 1 3
421 1 1 1 1 1
809 1 1 1 1 2
1601 1 1 1 1 0

By Theorems 9 and 10, we are so far unable to determine whether the re-
stricted period modulo p is even or odd only when

(-b/p) = (BD/p) = (-2b + ar/p) = (-2b - ar/p) = 1.

The next theorem will settle this case. We will use the notation [x/p], to
denote the 2" - ¢ character of x modulo p.

Theorem 11: Let p be an odd prime and suppose that p - (D/p) = 2%gq, where q
is an odd integer. Consider the PR u(a, b) and suppose that pJbD. Let P be
a prime ideal in K = @(/D). Then a(a, b, p) = 1 (mod 2) if and only if
Pfq = (-P)? (mod P).
If (D/p) =1, then afa, b, p) = 1 (mod 2) if and only if
[ry/plx_.1 = (D)7 (mod p).

Proof: This is proved by Morgan Ward [13] for the Fibonacci sequence in which
case b = 1. Our proof will be an immediate generalization of Ward's.
First we note that u; = 0 (mod p) if and only if

r2% = (-b)* (mod P).
This follows from the fact that

It

(Pik - (rlrz)k)/(rf(rl - Pz))

(T%k - (—b)k)/(rf(rl - 1r,)).

w = PPy = ) (i, - )

The result now follows easily.

Assume that afa, b, p) = 1 (mod 2). Then, up_(psp = O (mod p) by (5).
Further, by (6) it follows that umlun if mln. Thus, ©#g = 0 (mod p) since any
odd divisor of p - (D/p) must divide g. Thus, by our result earlier in this
proof,

r%q = (-p)? (mod P).

Conversely, if r%q = 0 (mod P), then ug = 0 (mod p) by the same result.
It thus follows that oaf(a, b, p) = 1 (mod 2). The last remark in the theorem
follows from the definition of [rl/p]k_l.

We will generalize the previous theorem in Theorem 12, which will deter-
mine when of(a, b, p) = 2™ (mod 2m+1y, First, we will have to prove the fol-
lowing lemma.
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Lemma 5: Consider the PR u(a, b). Let p be an odd prime. Suppose that p}bD.
Let kK = p - (D/p). Then

p!uk/z iff (-b/p) = 1.

Proo4: This was first proved by D.H. Lehmer [4]. Backstrom [1] also gives a
proof.

Theonem 12: Consider the PR u(a, b). Let p be an odd prime and suppose that.
p - (O/p) = 2%q, where q is an odd integer. Suppose p[bD. Let P be a prime
ideal in X dividing p.

(1) If (-b/p) = -1, then a(a, b, p) = 2% (mod 2**1).

(ii) If (-b/p) = 1, then ala, b, p) = 2™ (mod 2"*!), where 0 < m < k,if
and only if

2" = (p)?"7 (mod D).
but

r%mq F: (—b)2m-1q (mod P).

(iii) If (-b/p) = (D/p) = 1, then ala, b, p) = 2" (mod 2"*'), where 0 <

m < k,if and only if

[ry/p)y oy = (-£)?"7 (mod p),

2/l 2 (-B)¥" 79 (mod p).

but

Proof:

(i) This follows from Lemma 5, which implies that
aa, b, p)(p - @/p))/2.

(ii) First, m < k, since by Lemma 5,
ala, b, p)|(p - (@/p))/2.

Further, o(a, b, p) = 2" (mod 2"*') if and only if plu,n,, but plusme-1, . Now
apply the arguments of the preceding theorem, Theorem 11.

(iii) This follows from the definition of the 2" - Z¢ character modulo p
and part (ii).

Note, however, that the criteria of Theorems 11 and 12 are not really
simpler than direct verification that p is a divisor of some specified term of
{#,}. For example, in Theorem 11, we can show that a(a, b, p) = 1 (mod 2), if
we can show that p]uq, where g is the largest odd integer dividing p - (D/p).
This is equivalent to the criterion of Theorem 11. 1In the next section, we
will assume that b= 1. 1In this case, the criteria of Theorems 11 and 12 will
be easier to apply.

5. THE SPECIAL CASE b = #1

In this section we will obtain more complete results than those of Theo-
rems 7 and 8 for those particular PR's for which b = *1. We will first treat
the case in which » = 1 in the following theorems.

Theornem 13: Consider the PR u(a, 1). Let p be an odd prime. Suppose that
(D/p) # 0. 1f (-1/p) =1, let £ = /-1, where 0 < 2 < (p - 1)/2.

(i) Bla, 1, p) 1, 2, or 43 s(a, 1, p) = 1, -1, or #¢ (mod p).

(i1) Blas 1, p) 1 iff ala, 1, p) = 2 (mod 4) and u(a, 1, p) = 2 (mod

|| Il

4).

(iii) B(a, 1, p)
(iv) Bla, 1, p)

) 2 iff ala, 1, p) = 0 (mod 4) and ula, 1, p) = 0 (mod
8).

1]
1
[

4 iff ala, 1, p) =1 (mod 2) and u(a, 1, p) 4 (mod

8).



326 THE DIVISIBILITY PROPERTIES OF PRIMARY LUCAS RECURRENCES [Dec.

1l

(v) 1If (-1/p) = -1 and (a® + 4/p) = 1, then ala, 1, p)
B(CL: 1, p) = ]-s and U(a, 1, p) =2 (mOd 4)-
(vi) 1If (-1/p) = -1 and (a® + 4/p) = -1, then a(a, 1, p) = 0 (mod &),
B(a, 1, p) = 2, and u(a, 1, p) = 0 (mod 8).
(vii) If (-1/p) =1 and (a® + 4lp) = then a(a, 1, p)
Bla, 1, p) =4, and pla, 1, p) = 4 (mod 8).
(viii) If (-1/p) (a2 + 4/p) =1 and (-2 + ai/p) = (-2 - ai/p) = -
then a(a, 1, p) = 0 or (mod 4) and B(a, 1, p) =1 or 2.
(ix) If (-1/p) (a® + 4/p) = 1 and p = 5 (mod 8), then a(a, 1, p) Z 0
(mod 4) and B(a, 1, p) # 2.

Proo{:

2 (mod &),

1t

1 (mod 2),

I ]

(1) Apply Theorem 7. Since -b=-1, ord,(-b) = 2; hence, # = a(a, 1, p)
or # = 20(a, 1, p). Since B(a,1l,p) = H/o(a, 1, p) or B(a, 1, p)=2H/ala, 1, p),
B(a,1,p) =1, 2, or 4.
(ii)-(iv) These follow from Theorem 7.
(v)-(vii) These follow from Theorem 9.
(viii) This follows from Theorem 10.

(ix) Suppose P =5 (mod 8). Then I claim that a(a, 1, p) Z 0 (mod 4),
and, consequently, B(a, 1, p) # 2. Let k = a(a, 1, p), then by part (iii) of
this theorem,

= u(a, 1, p) = 0 (mod 8).

Since (a® + 4/p) = (D/p) = 1, Zklp-l by Theorem 6(i). But then p = 1 (mod 8),
which contradicts the fact that p = 5 (mod 8).

Theorem 14: Consider the PR u(a, 1). Let p be an odd prime such that (- 1/p)
= (D/p)=1. Let p-1 = 2%g, where q is an odd integer. Let €= (a, + ¢ /r—)/Z
be the fundamental unit in X = Q(/D'"), where D' is the square-free part of D.
Let € = -1/e. Consider further the PR u(a,, 1).
(1) W) =-1, r, = €™, and r, = - "= (®)™, where m = 1{mod 2) and
r, and r, correspond to the PR u(a, 1.
(ii) ala, 1, p)lala,, 1, p).
(iii) Either OL(a 1, p)_on(ao, 1, p) 21 (mod 2) or a(a, 1, p) = a(ay, 1, p)
(mod 4).
(iv) 1If [s:/p]k_1 =-1, then a(a, 1, p) =1 (mod 2), B(a, 1, p) = 4, and
H(a, 1, p) = 4 (mod 8).
(v) 1If [e/plx-1=1, then a(a, 1, p)
ula, 1, p) = 2 (mod 4).
(vi). If [e/ply_,# 1, then a(a, 1, p) = 0 (mod 4), B(a, 1, p) = 2, and
u(a, 1, p) = 0 (mod 8).

Proo{:

2 (mod 4), B(a, 1, p)

i
]

1, and

|

(i) Since N(»;) =r Pz = -1, it follows that N(e) = -1, », = €™, and
r, =-em= ()", where m =1 (mod 2).
(ii) First, we will see that € and € are roots of the characteristic
polynomial
x® - a,x -1 =0
associated with the PR u(a,, 1). Let

rl = (ay + Val +4)/2 and 1] = (q, - Vai + &)/2

be the roots of the characteristic polynomial. By definition of the fundamen-
tal unit €, it is easily seen that

ay = D'ct =-4.

Hence, /ag + 4 = c/D'. Thus,
= (ap + VDN /2 = r{ and € = (a; - ¢,¥D")/2 = »r].
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Now, by Theorem 6(ii), alays 1, p) is the exponent of e/t = -2 modulo p.
Similarly, a(a, 1, p) is the exponent of r,/r, = (-e2)" modulo p. It is now
easy to see that

(17) ala, 1, p) =alay, 1, p)/(ms alay, 1, p)).

Clearly, a(a, 1, p)lala,, 1, p).
(iii) Since m is odd, it is easy to see from (17) that (iii) holds.
(iv) By definitiom,

K-
= glo-1/287 L2 o g

111

(-1)7 (mod p).
1 (mod 2). By part (iii),

le/ply 1
By Theorem 11, it now follows that a(a,, 1, p)

1

ala, 1, p) = alay, 1, p) =1 (mod 2).

Therresult now follows by Theorem 13(iv).
(v) and (vi) The proofs of these parts are similar to that of part (iv).

The advantage of Theorem 14 is that it gives results for the infinite
number of PR's u(a, 1), for which the discriminants D all have the same square-
free part D', by analyzing only one PR u(a,, 1). When the 2" - Zc characters
modulo p in Theorem 14 are merely the quadratic characters, computations are
considerably easier. Further, when D' is a prime, we can make use of several
identities to calculate the quadratic characters. The following theorem dis-
cusses this in more detail.

Theotem 15: Consider the PR u(a, 1). Suppose that D', the square-free part
of D, is an odd prime. Let p be an odd prime. Suppose that

(-1/p) = (-1/D") = (p/D") = (D'/p) = 1.

Let €, = (a; + 01/57)/2 be the fundamental unit in K = @(/D7).
Let ¢, = (a, + ¢,/P)/2 be the fundamental unit in Q(/p).

Let D' =m§ + 4n? and p =m3 + 4nj.

Let §; = (m, + /D7y /2 and 8, = (m, +Vp)/2.

Let 7 = /-1.

(1) (e, /p) = 8,/p) = (ny + 2m,i/p) = (a; + 2i/p) = (mn, - m,n,/p)
(e,/D") = (8,/D") = (m, + 2n,2/D") = (a, +22/D")
= (myn, - myn,/D’).

(i1) If (e;/p) = 1 and p = 5 (mod 8), then

[l

ala, 1, p) = 2 (mod &), B(a, 1, p) =1, and ula, 1, p) = 2 (mod 4).
(iii) If (ey/p) = -1 and p = 5 (mod 8), then
alas, 1, p) =1 (mod 2), Bla, 1, p) = 4, and uCa, 1, p) = 4 (mod 8).

(iv) 1If (El/p) = -1 and p = 1 (mod 8), then

ala, 1, p) = 0 (mod 4), Bla, 1, p) = 2, and pla, 1, p) = 0 (mod 8).
(v) 1If (el/p) =1 and p = 9 (mod 16), then

ala, 1, p) 2 0 (mod &), B(a, 1, p) # 2, and u(a, 1, p) # 0 (wod 8).

Proo{:
(i) This is proved by Emma Lehmer in [6].
(ii) This follows from Theorem 14(v).
(iii) This follows from Theorem 14(iv).
(iv) and (v) These follow from Theorem 14(iv)-(vi).
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In the case of the Fibonacci sequence, ¢ = b = landD = D' = 5, which is
a prime. Further, the fundamental unit of §(/5) is €. = (1 + V/5)/2, and 5 can
be partitioned as
5 =12 + 4(1)2.

With these facts, we can easily apply the criteria of Theorem 15 to the Fibo-
nacci sequence. Wherever possible, we prefer to use the criteria of Theorems
13 and 15, since these involve only quadratic characters rather than the higher-
order 2 - Zc¢ characters used in Theorem 14. Theorems 13 and 15 suffice to de-
termine o (1, 1, p) (mod 4) and, consequently, B8(1, 1, p) for all odd primes p <
1,000 except p = 89, 401, 521, 761, 769, and 809. Further, we know from Theo-
rem 15(v) that nomne of B(1,1, 89), B(1, 1, 521), B(1l, 1, 761), or B(1, 1, 809)
are equal to 2.

There are additional rules to determine (g£5/p) in addition to those of
Theorem 15. These are given by Emma Lehmer [5], [6], and [7]. Suppose that
p =1 (mod 4) and (5/p) = 1. Then the prime p can be represented as

(18) p =m?> + n?,
where m = 1 (mod 4) and Bim or SIn. Another quadratic partition of p is
(19) p = c?® + 5d°%.

Further, if we express the fundamental unit of @(/p) as (f+gvp)/2, then either
5|f or 5|g. We then have the following criteria for determining (e5/p):

(20) (eg/p) =1 iff p = 1 (mod 20) and n = 0 (mod 5), or
p =9 (mod 20) and m = 0 (mod 5).

@n (es/p) = (=14,

(22) (e5/p) = 1 iff £= 0 (mod 5).

Now, suppose that p and g are both odd primes and that (-1/p) = (-1/q) =
(plq) = (q/p) = 1. Let €4 be the fundamental unit of §( p). Emma Lehmer [7]
has given an analogous rule to that of equation (21) to determine (g4/p) in
terms of the representability of p or 2p by the form

e? + qd*

in the cases q = 13,17, 37,41, 73, 97, 113, 137, 193, 313, 337, 457, and 577.
These results are applicable to Theorem 15 when D' = g.

We now treat the PR's for which b = -1 and |a| >
for which ]a] < 2 are treated in Theorem 4.

3. The PR's u(a, -1)

Theorem 16: Consider the PR u(a, -1). Let p be an odd prime. Suppose p)D.
(i) B(a, -1, p) =1 or 25 s(a, -1, p) = 1 or -1 (mod p).
(ii) 1If o(a, -1, p) = 0 (mod 2), then B(a, -1, p) = 2 and u(a, -1, p)
= 0 (mod 4).
(iii) If ola, -1, p) =1 (mod 2), then B(a, -1, p) may be 1 or 2, and
u(a, -1, p) may be congruent to 1 (mod 2) or 2 (mod 4).
(iv) If (2 - a/p) = (2 + a/p) = -1, then

ala, -1, p) =0 (mod 2), B(a, -1, p) = 2, and ula, -1, p) = 0 (mod 4).
(v) If (2 -al/p) =1 and (2 + a/p) = -1, then

ala, -1, p) =1 (mod 2), B(a, -1, p) = 2, and y(a, -1, p) = 2 (mod 4).
(vi) If (2 - alp) =-1and (2 + a/p) =1, then

ala, -1, p) =1 (mod 2), B(a, -1, p) = 1, and u(a, -1, p) = 1 (mod 2).
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Proof:

(i) By Theorem 7,
Bla, -1, p) = Hlala, -1, p) or Ba, -1, p) = 2H/ala, -1, p).

Since -p = 1, ordp(-b) =1, and # = ofa, -1, p). Thus, B(a, -1, p) =1 or 2.
(ii) and (iii) These follow from Theorem 7 and the comment following
Theorem 7.

(iv) This follows from part (ii) and Theorem 10(i).
(v) and (vi) First notice that in both cases,

4 - a®/p) = -1 = (bD/p).
Thus, by Theorem 9(i), a(a, -1, p) = 1 (mod 2). Now, let k = a(a, -1, p) =1
(mod 2). Then, by (6),

(23) Uy = ‘“&—1)/2 + “&+1)/2 = 0 (mod p).
Hence,
Un+1)/2 = -1/ (mod p).

First, suppose that Ug,q),, = Uk -1y /2 (mod p). Then,

Urs) sz = ~Y - + AUy, T (@ = Dty ,qy/, (mod p).
Then, by (7)’( +3)/2 (k-1) /2 (k+1) (k+1)
_ 2
”é+1)/2 = Ukes)/2 * Hr-1)/2 T ué+1)/2 - (@ - 1ﬁﬂk+m/2
= (2 - Aufany o = 1%V/2 = 1 (mod p).
Thus, Ul 1y ,, = 1/(2 = a) (mod p), and (2 - a/p) = 1. Now, by (6),
Uppr = vy ° Hr-1) )2 T Uiy T a3y
= '“&+1)/2 + (a - 1)“(27<+1)/2 = (a - 2)”(2k+1)/2
= (a~-2)/(2 -a) = -1 (mod p).
Thus, if a(a, -1, p) = 1 (mod 2) and Ugs1)/2 = UWr-1)/2 (mod p), then,

(2 -al/p) =1 and B(a, -1, p) = 2.
Now, suppose that Ugs1) /2 = U)o (mod p). Then,
Uirsyso = Ha-1)/2 T Wpanyye = @+ Dy gy, (mod p).

Further,

2 — — k- —

Uks1)/2 ~ Uk-1)/2 ° Yresysz = @+ Z)Méaq)/z = 1*-1/2 = 1 (mod p).
Then, ua+1)/2 = 1/(2 + a) (mod p), and (2 + a/p) = 1. Now,
= 2
Ukrr T Urer)/2 " M- /2 T ke /2 " Wres) /o T (@ + 2)ugi1y),
= (a+ 2)/(a+2) =1 (mod p).

1 (mod 2) and U(k+1)/2 = “U(x-1)/2 (mod p), then,
(2 4+afp) =1 and B(a, -1, p) = 1.

Parts (v) and (vi) now follow immediately.

11

Hence, if (a, -1, p)

Theorem 17: Consider the PR u(a, -1), where ]a > 3. Let p be an odd prime
such that (4 - a?/p) = (2 - a/p) = (2 +a/p) = 1. T Let £ = (ap + 00/17)/2 be
the fundamental unit of Q(V/D'). Suppose N(e) = -1. Consider the PR u(ao, 1).
Suppose a(ay, 1, p) = qu, where ¢ = 1 (mod 2).
(1) r, = (a+V/D)/2 =€", where m = 2°d, ¢ > 1, and d = 1 (mod 2).
(ii) Oﬁ(a, —15 p)l(x(ao5 l: p)'
(iii) If k = ¢, then (a, -1, p) = 1 (mod 2) and
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sla, -1, p) = s(ays 1, p) (mod p).

Further,

Bla, =1, p) =1 if alay, 1, p) = 2 (mod 4).

Moreover,

Blas =1, p) = 2 if ala,, 1, p) = 0 (mod 4).

(iv) If k > ¢, then ala, -1, p) 0 (mod 2) and B(a, -1, p) = 2.

(v) If k < ¢, then ala, -1, p) 1 (mod 2). If k =0 and ¢ =1, then
Blas -1, p) = 2. If ¢ # 1 and k < e, then B(a, -1, p) = 1.
Proo4:

(i) Since N(g) = -1, where ¢ is the fundamental unit, and

V(ry) =r,r, =-b =1,

e

it follows that r, =¢" where m is even.

(ii) Just as in the proof of Theorem 14(ii), we see that € and € are
the roots of the characteristic polynomial of the PR u(a,, 1). Again, just as
in equation (17) of the proof of Theorem 14(ii), it follows that

(24) ala, -1, p) = alay, 1, p)/(m, alay, 1, p)).

Clearly, afa, -1, p)l|alay, 1, p).

(iii) Since m and a(a,, 1, p) are both even and divisible by the same
power of 2, it follows from equation (24) that a(a, -1, p) = 1 (mod 2). Since
alags 1, p) =0 (mod 2), it follows from Theorem 13 that s(a,, 1, p) = #1 (mod
p). Now, by Theorem 6(iii),

(25) s(ay, 1, p) = 2@ 1P = +1 (mod p).
Also, by Theorem 6(iii),
(26) s(a, -1, P) = (Pl)a(afd,p) = (Em)awo’ldﬂl(mﬂﬂaml’p»(mod p)c

The last congruence follows by equation (24) in the proof of part (ii). How-
ever, since the same power of 2 divides both m and @(ao’]d p), it follows that

m/(m, ola,s 1, p))=r,
where » = 1 (mod 2). Hence,
s(a, -1, p) = [e*@LP]” = [s(ay, 1, P]7 = (1)
= %1 = s(a,, 1, p) (mod p).

]-5 p)9 B(as "']-: P) = B(aos ]-s p)- If oc(ao, l, p)E
p) = 1 by Theorem 13(ii). Consequently, B(a, -1, p)
(mod 4), then Blay, 1s p) = 2 = B(a, -1, p) by Theo-

Since s(a, -1, p) = s(a,,
2 (mod 4), then R(a,, 1,
= 1. If ala,, 1, p) =0
rem 13(iidi).

(iv) If k > ¢, it follows from equation (24) that a(a, -1, p) = 0 (mod
2). The result now follows from Theorem 16(ii).

(v) If k < ¢, it follows from equation (24) that a(a, -1, p) = 1 (mod
2). By (25) and (26),

(27) s(as -1, p) = [ Lo/ (molotp),

If k=0 and ¢=1, then gelao,1,p) = + /07 (mod p) and q(ao, 1, p) = 4 by Theorem
13(iv). Further,

mf(ms alays 1, p)) = 2 (mod 4),
since k¥ = 0 and ¢ = 1. Thus, by (27),
s(a, -1, p) = (/-1 = -1 (mod p),
and hence B(a, ~1, p) = 2.



1980] THE DIVISIBILITY PROPERTIES OF PRIMARY LUCAS RECURRENCES 331

Now, suppose ¢ # 1 and k < c.

If k = 0, then ¢ > 2 and
4lm/(my olays 1, p)).
+/=T (mod p), and by (27),
[Ea(ao,l,p)]m/('ﬂ,a(ao,l,p)) = (/D% = 1 (mod p).
If k # 0 and k < ¢, then,
2|m/(m, olay, 1, p)).
and Theorem 6(iii),

£%@0 1,p) = +1 (mod p).

Then, again, %@ 1,p)

s(a, -1, p)
Thus, B(a, -1, p) = 1.

m

il

Further, by Theorem 13

Thus, by (27),

1

s(a, [%@> 1P m/(mat@,lp) = (+1)2 = 1 (mod p).

_l’ p)

Therefore, B(ao, 1, p) =1, and we are done.

Note that in Theorem 17 we obtain results for the infinite number of PR's
u(a, -1) which have the same square-free part of the discriminant D' by con-
sidering only one PR u(a,, 1). Since b =1 for this PR, we are able to make
use of Theorems 13-15. Further, note that in Theorem 17 we are able to calcu-
late the exponent k for which a(a,, 1, p) = 2% (mod 2%*!) by Theorem 12. 1In
Theorem 18, we will consider the remaining case where N(g) = 1.

Theorem 18: Consider the PR u(a, -1). Let p be an odd prime such that

4 - a%*/p) = (2 - alp) = (2 +alp) = 1.

Let ¢ = (a, + ¢,/D")/2 be the fundamental of Q(VD').
Consider the PR u(a,, -1).

Suppose that N(g) = 1.
Suppose that a(a,, -1, p) = 2¥g, where g = 1 (mod

2).
(i) », = (@ +V/D)/2 = €™, wherem = 2°d, ¢ >0, and d = 1 (mod 2).
(i1) a(a, -1, p)lalass -1, p).
(iii) 1If k = ¢ and k > 1, then a(a, -1, p) = 1 (mod 2) and R(a, -1, p) =
2.
(iv) 1f k = ¢ = 0, then a(a, =1, p) = 1 (mod 2). If
s(ays -1, p) = €*7 = 1 (mod p),
then B(a, -1, p) = 1l; otherwise, B(a, -1, p) = 2.
(v) 1If k > ¢, then a(a, -1, p) = 0 (mod 2) and B(a, -1, p) = 2.
(vi) 1If k < ¢, then a(a, -1, p) = 1 (mod 2) and B(a, -1, p) = 1.
Proof:
(i) This follows since N(r;) = r;r, = 1 and € is the fundamental unit
of Q(/D").
(ii) It is easy to see that € and € are the roots of the characteristic
polynomial

2> —a@x+1=0

of the PR u(a,, -1). The rest of the proof follows as in the proofs of Theo-
rem 14(ii) and Theorem 17(ii).

(iii)

(28)

Since kK = ¢

Just as in the proof of Theorem 17(ii), it follows that
OC(CZ, "ls p) = a(aoy _19 p)/(ms a(aos "1’ p))-

, it follows that a(a, -1, p) = 1 (mod 2). Since a(ap, -1, p) =0

(mod 2), it follows from Theorem 13(ii) that B(a,, -1, p) = 2 and s(a,, -1, p)

= -1 (mod p).

By (25) and (26), it follows that
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(29) sa, -1, p) = s(ay, -1, p) ™™ e@ 1.p)

—pm/(mat@, L) = _1 (mod p),

since kK = ¢. Thus, B(a, -1, p) = 2.

(iv) It follows just as in the proof of part (iii) that a(a, -1, p) = 1
(mod 2). By (29),
s(a, -1, p) = s(a;, -1, p) /(Moo 1P,
Since k = ¢ and s(a,, -1, p) = *1 (mod p) by Theorem 16, it follows that
S(aos -1, p) = S(Clo, -1, p) (mod p).
The rest follows from Theorem 6(iii).
(v) If k > e, it follows from (28) that a(a, -1, p) = 0 (mod 2). It

now follows from Theorem 16(ii) that B(a, -1, p) = 2.

(vi) If k < e, it follows from (28) that a(a, -1, p) = 1 (mod 2). By
(29),

s(a, -1, p) = s(a,, -1, p) "M@ 1.e)
Since k < ¢, m/(m, ala,, =1, p)) = 0 (mod 2). Since s(a,, -1, p) = *1 (mod p),
it now follows that
s(a, -1, p) = (#1)2 = 1 (mod p).

Thus, B(a, -1, p) = 1.

In Theorem 18, we are again able to calculate the exponent k for which
ala,, -1, p) = 2% (mod 2%¥*1) by Theorem 12. Theorem 18 just reduces the prob-
lem of finding the restricted period modulo p of a PR u(a, -1) for which b =
-1 to that of considering another PR u(a,, -1) for which also b = -1. However,
since »r, = €™, |a0] g_la%, and it is easier to work with the PR u(a,, -1) in-
stead of the PR u(a, -1).

6. THE SPECIAL CASE »r, = %1

In this section, we will conclude our paper by considering those PR's for
which one of the characteristic roots is *1. Theorems 19 and 20 will treat
these cases.

Theorem 19: Consider the PR u(-b + 1, b), where b # 0 and b # 1. Then r; =
-b, v, =1, and D= (b + 1)2. Let p be an odd prime such that b # 0 and b Z -1
(mod p). 1If (-b/p) =1, let r®* = -b (mod p), where 0 < » < (p -'1)/2.
(1) a(-b + 1, b, p) = ordp(-D).
(ii) B(-b + 1, b, p) = 1 always; s(-b + 1, b, p) = 1 (mod p) always.
(iii) If (-b/p) = -1 and p = 3 (mod 4), then

a(-b + 1, b, p) = u(-b + 1, b, p) = 2 (mod 4).
(iv) If (-b/p) = -1 and p = 1 (mod 4), then
a(-b + 1, b, p) =u(-b +1, b, p) =0 (mod 4).
(v) If (-b/p) =1 and p = 3 (mod 4), then
a(=b + 1, b, p) = u(-b + 1, b, p) = 1 (mod 2).
(vi) If (-b/p) =1, p =1 (mod 4), and
(-2b + (1 -~ BP)r/p) = (-2b - (1 = b)r/p) = -1,

then a(-b + 1, b, p) is congruent to 0 or 2 modulo 4.

(vii) Suppose that p-1 = qu, where g = 1 (mod 2). If (-b/p) = -1, then
a(-b + 1, b, p) = 2% (mod 2**'). 1f (-b/p) =1, then a(-b + 1, b, p) = 2"
(mod 2"*1), where 0 < m < k iff
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[-b/ply_, = 1 (mod p), but [-b/p] -1 (mod p).

kK-m+1 —
Further,
a(-b + 1, b, p) =1 (mod 2) iff [—b/p]k = 1 (mod p).
Proof:
(1) and (ii) Since a=-b+1, it easily follows that r, =-b and r,=1.
By Theorem 6(ii), it follows that

uw(-b + 1, b, p) = ordp(r&/rz) = ord,(-b).
Further, by Theorem 6(i),
(-b + 1, by, p) = [ordp(-b), ordp(1)] = ordy(-b).
The results now follow.
(iii)-(vi) These follow from Theorems 9 and 10.
(vii) This follows from Theorem 12 and Theorem 11.

Theorem 20: Consider the PR u(b-1, b), where b # 0 and b # -1. Then », = b,
r, = -1, and D= (b + 1)?. Let p be an odd prime such that b # 0 and b # -1
(mod p). Suppose p = qu, where k =1 (mod 2). If (-b/p) =1, let r? = -p

(mod p), where 0 < r < (p - 1)/2.
(i) G‘(b - 1, b’ p) Ordp(_b)e

(ii) B® -1, b, p) lor2; st -1,b, p)= £l (mod p)
(ii1) Tfa - 1, b, p) = 1 (mod 2), then B(h - 1, b, p) = 2.
If o - 1, b, p) = 0 (mod 2), then B - 1, b, p) = 1.

(iv) 1If (-b/p) = -1 and p = 3 (mod 4), then
ab -1, b, p) =u® -1, b, p) = 2 (mod 4).
(v) If (-b/p) = -1 and p = 1 (mod 4), then
a -1, b, p) =u® -1, b, p) = 0 (mod 4).
(vi) 1If (-b/p) =1 and p = 3 (mod 4), then
ab -1, b, p) =1 (mod 2) and u( - 1, b, p) = 2 (mod 4).

Hence, if p = 3 (mod 4), then u(» - 1, b, p) 2 (mod 4).
(vii) If (-b/p) =1, p =1 (mod 4), and

(=2b + (b - Dr/p) = (-2b - (b - Dr/p) = -1,

then a(® - 1, b, p) is congruent to 0 or 2 (mod 4). .
(viii) If (-b/p) = -1, then a(b - 1, b, p) = 2% (mod 2°*1).
If (-b/p) =1, then a(b - 1, b, p)= 2" (mod 2"*'),where 0 < m < %k

[-b/pl,_, = 1 (mod p), but [-D/ply_n+1 = -1 (mod p).
Further, a(b - 1, b, p) = 1 (mod 2) iff [—b/p]k = 1 (mod p).

Proog:
(i)-(iii) If a=b - 1, it follows that »;, = b and r, = -1. Now, by

Theorem 6(1), Wb - 1, by p) = [ordp(B), ordy(-1)7.
If ordp(p) = 0 (mod 4), then ordp(h) = ordp(-b) =u - 1, b, p).
If ordp(h) 2 (mod 4), then ordp(-p) = 1 (mod 2).

Thus,

iff

HE

ord,(p) = u - 1, b, p) = 2 * ord,(-b).

If ordp(p) = 1 (mod 2), then ordp(—b) = 2 (mod 4).
Hence, ‘

ordp(-p) = 2 « ordp(b) = u(b - 1, b, p).
Now, by Theorem 6(ii),

ab - 1, b, p) = ordy(r,/r,) = ordp(-b).
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Thus, by our above argument, if a(b - 1, b, p) = 0 (mod 2), then

ab -1, b, p) =u® -1, b, p), and B(® - 1, b, p) = 1.

If a(b - 1, b, p) =1 (mod 2), then

The

10.

11.

12.

13.

14.

w® -1, b, p) = 2a(b -1, b, p), and B(b - 1, b, p) = 2.

results of parts (i)-(iii) now follows.
(iv)-(vii) These follow from Theorems 9 and 10.
(viii) This follows from Theorems 11 and 12.
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MIXING PROPERTIES OF MIXED CHEBYSHEV POLYNOMIALS

CLARK KIiMBERL ING
University of Evansville, Evansville, Indiana 47702

The Chebyshev polynomials of the first kind, defined recursively by
to@) =1, t;(x) =2, t,(x) = 2xt,_;(x) - t,_,(x) forn =2, 3, ...,

or equivalently, by

1

t,(®) = cos(n cos™ ) form =0, 1, ...,

commute with one another under composition; that is

tm(tn(-’x;)) = tn(tm(x))-
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In [1], Adler and Rivlin use this well-known fact to prove that in an appro-

priate measure-theoretic setting the mappings ¢;, ¢,, ... are measure-preserv-

ing and the sequence {tl, tys ...} is strongly mixing. In another setting,

Johnson and Sklar [2] obtain related results. The purpose of the present note

is to establish results analogous to those in [1] for sequences involving not

only t,'s but also the Chebyshev polynomials of the second kind; these are de-
fined recursively by

u, (@) =1, ul(x)

or equivalently, by

2, u, (@) = 2ou, (@) =u,_,@) forn =2, 3, ...,

1

sin[(n + 1)cos™t z]

/1 - x?

Concerning compositions of Chebyshev polynomials of both kinds, we have
the following lemma from [3], where a trigonometric proof may be found.

u, (x) = forn =0, 1,

Lemma 1: Let {t,, t;, ...} and {uy, 1, ...} be the sequences of Chebyshev
Lemna 1 0 1 0 1

polynomials of the first and second kinds, respectively. Put u_;(x) = 0 and
define

Uy (x) = u, @)1 - 22> forn =0, 1,

Then for nonnegative m and n,

(1) tm(tn) = tmnﬂ
(2) Up(ty) = Unpsn-1°
m
1% Emnan for even m
(3) t,,,(‘zZn) = m-1
-1 *%,,,,, for oddm,

am
('1)2t(m+l)(n+1) for even m
(4) Un@y,) = m-1

m=1
(-1) % Tppimsn For odd m.

We introduce some notation:

T = the closed interval [-1, 1]
I'" = the closed interval [0, 7]

B = the family of Borel subsets of T
@' = the family of Borel subsets of I’
A = Legesgue measure on ®

A’ = Lebesgue measure on R’

Let py be the measure defined on ® by the Lebesgue integral

u@®) = >, BeE®.

Z./_dx_.
ﬂ-y\/l—xz
Rivlin [4] proves that each %, for m> 1 preserves the measure W; that is, the
inverse mapping t;ls which is an n-valued mapping (except at *1) from I’ onto

I, satisfies
u(£;1(®) = u@B), B € ®.

Using the same method of proof, we establish the following lemma.

Lemma 2a: Let %, = u,(x)/1 - 2®> for n =0, 1, ... . For odd n, the mapping
U, preserves the measure | on @.
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Proog: Let ¢ be the one-to-one measurable mapping of I onto I' defined by
o(x) = 86 = cos™! x,

and put v, = ¢(i,(¢"*)). Then, for odd n and

2k + D (2k + 3w _
2(71_’_1)ieﬁz(n_'_l),k—(),l,...,ﬂ—l,
we find
i B m
-(n+ 1) + 5, 0 <8 5o T D
(n+ 1)6 - gﬁjt—Lﬂy even k
v,(0) =
~(n + 1)0 +2—k—2i—3w, odd k
2n + 3 2n + D
-(n + 1)0 + 5 m, 0 1) <6 <.

An open subinterval of [0, T/2]or [7/2, 7] having length £ is the image under

v, of n + 1 subintervals of I' (on the horizontal axis in Figure 1) in case n

is odd, where each of these subintervals has length &/(n+1). It follows that
the mapping v, preserves the measure A’. Now, if -1 < a < b < 1, then

b ¢(a)
[ [,
e V1 - x? o (b)
so that U(B) = %A'(¢(B)) for B ¢ ®. Consequently (omitting parentheses),
— 2 — 2 el -1 2 _ 2.
w@t (B)) = AU B) = (G TIB) = A (0pTB) = SAT(9B) = u(B).

v, (8) v, (8)
m

[NIE]

. 41
Fig. 1. v, preserves A on [0, T]. Fig. 2. v, preserves A' on |0, 7;}.

-

For even 7, the result is not so simple, since in this case v, fails to
preserve A’ on all of I'. However, one may prove the following lemma with an
argument similar to that just given.

Lemma 2b: Let %,(x) = u,(x)/1 - * for n =0, 1, ... . For even 7, the map-
ping %, preserves the restriction of the measure U to the family of Borel sets

nﬂ'l, 1]. (See Figure 2.)

of the closed interval \icos"1 o
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Turning now to orthogonality of Chebyshev polynomials of both kinds, let
L?(I, B, y) denote the set of square p-integrable functions f which are u-
measurable on ®B:

1
/fz(sc)du(oc) < o,
-1

For f and g in L°(T, B, W, let {f, g)> denote the inner product

5 (1
T | F@g@dux),
-1
and let ||f|| denote the norm <f, f>¥2.

Lemma 3: tvLet {¢y, ¢y, ...} and {uy, 4y, ...} be the sequences of Chebyshev
polynomials of the first and second kinds, respectively. Put

Up(x) = 1u, @)Vl - 2% for n = 0, 1,

Then for nonnegative m and #,

0 m#n
(5) $tps tpy = 1 m=mn#0

2 m n =20
6 (s Tn> = { 0 min

0 m + n odd
(7N {Ups try = bim + 1)

m + n even
Tl m + 1)?% - n?]

Proof: Equations (5) and (6) are well known. Proof of (7) follows from

™ ki
/sin(m + 1)0 cos nB do = %/ [sin(m + 1 - n)® + sin(m + 1 + n)01d9,
0 0

where cos 6 = x.
Lemma 3 shows that the sequences

1 - —
{T_to, tys Ty, } and {uy, Uy, Uy, ...}
V2

are orthonormal over I, a well~known fact. It is well known, a fortiori, that
these are complete orthonormal sets in the space L2 (I, B, p); i.e., for each
f in L°(T, ®, 1) and € > 0, there exists a finite linear combination

s, (x) = Z aktk(m)
k=0

such that H f-sn H < ¢ [and similarly for the %, (x)'s].

Now let {F,} = {F,, Fys Fy, ...} denote the sequence
1 — _
7—;503 Urs Tps Uss
and let {G,} = {GU, Gys Gy ...} denote the sequence

{Uy, tys Uys by wunle

These are orthonormal sequences by Lemma 3. For f in L2(I, ®, W), we define
the F-Chebyshev series for f to be the series
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Z FeFr ()
k=0

where the coefficients f,, f;, ... aregiven by f; =<f, F;,>. Similarly, the
G-Chebyshev 'series for given g in L2(I, ®, yu) is defined by

z ngk(x)’
k=0

where g, =g, G;> for k =0, 1,

Lemma 4: 1f n is an odd positive integer and € > 0, then there exists a sum
of the form

m
8y (X) = 2: Doge 4 1%k 41 (E)
k=0

such that || ¢, - smH < eg. If n is an even nonnegative integer and € > O,
then there exists a sum of the form

m
Sn (@) = D aptyr
=0

such that || %, - s,| < e.

Proog: Suppose that n is an odd positive integer. It suffices, by the Riesz-
Fischer Theorem (see [5], p. 127) to show that the sequence T,,, , = {%,, ﬁék+1>

satisfies
2
2: T2k+1 < e
k=0
This is clearly the case, since, by (7),
. _ 8 k+1
2k+1 T o .
T [k + 2)? - n?]

Similarly, for even nonnegative n and Top = <ﬁg, t2k>, we have
4 n+1
T+ 1)% - 4k2

Theonem 1: The orthonormal sequences {F,} and {G,} for n = 0,1, ... are com~
plete in L2(I, ®, w.

Prnood: We deal first with {F,}. Suppose f € L2(I,®, u) and € > 0. Since

1
{—/—ito, t1s ty, }

is a complete orthonormal sequence in L2(I, =8, ) , we choose odd m and numbers
QAys Ays ---» Ay satisfying

Tok

< gf2.

m
-5 s
k=0
By Lemma 4, there exist sums Sp T Cpally o U, + e + cquuqk such that
m.

I apt, - axsell < €/m for k =1, 3, 5, ...,
Let @ = max{q, : k =1, 3, 5, ..., m} and put
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_ Q if ¢ is odd
97 19+ 1 if @ is even.
Put Crp = 0 for q, <p < gq;s k=1, 3,5, ..., m. Next, let
aey; + a,C,; + o0+ apey; for Jg=1,3,5, ..., ¢q
b; = {a; for even j < m
0 for even § > m.

Then,
” f- (boto + b1ﬁ1 +eee bqﬂq) ” i“ r- boto‘ ‘thl'bztz = Qglg= - _amtm”

+]]a1t1 - ay e Uyt t clqa;)”

+llagty - aj(ey,m +o 4 caqﬁﬁ)n +oee

+|Iamtm - a,le,u, ++--+ cmqﬂq)H < e

This proves completeness of the sequence {F,}. The proof for {G,} is quite
similar.

We wish to use all the foregoing results to prove that the sequences of
mappings {F;'}, {G:*}, and {%,'}, when applied to any B in ®, increasingly
homogenize or mix B throughout I. This vague description is made precise for
a u-preserving sequence of mappings {t,}by the notion that {1,} is a strongly
mixing sequence with respect to u if

. -1 _ B@Au®B)
(8) lim u[(t,"4) N B] = N6
for all 4 and B in ®.

Theotrem 2: The sequence of mappings {Fl, Fo, ...} is strongly mixing in
L?(I, ®, W) with respect to the measure .

Proof: To establish (8), it suffices to prove

9) Lin <F(F) s 9> = 5<Fs 1><g, 1D

for all f and g in L?(I, B, Y), since (9) is merely a restatement of (8) in
case f is the characteristic function of A and g is the characteristic func-
tion of B. [That is, f(xz) = 1 for x € 4 and f(x) = 0 for x ¢ A; similarly for
g and B.] First, assume f and g are terms of the sequence {Fy, F1,...}. Then
for some § > 0 and k > 0, with n > 1, Lemmas 1 and 3 show that

<f(Fn), Q> <FJ(Fn)3 Fk>

<tjn s Fk>

{toVZ, B>
(-l)j/z <tjn+js Fk>
<ﬁjn+n—1’ Ek>

d-1
(_1) 2 <ﬁjn+j+n’ Fk> j Odd, n odd

even, n even, jJ # 0
=0
even, n odd, j # O

L, S, Q, &,

odd, n even

1 0 # k = gn, J even, n even
V2 " 0 = j.= [ '

= (-1)‘7._1 k= + Dn, J even, n odd
(-1) 2 k=(+Dn+g, J odd, n odd

0 otherwise
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Thus,
%im(f(Fn), g>=0 for § >0,

and in this case (9) clearly holds. If j = 0, then (9) is satisfied by
<F(F,), g> =1 for all n > 1.

We have shown so far that (9) holds if f and g are both terms of the sequence
{Fy, F;, ...}. We continue now as in Rivlin [4, p. 171]: Suppose f and g are
any functions in £2(I, B, u) and let € > 0. By Theorem 1, there exist finite
linear combinations u and v of the mappings F, such that

(10) | F-ull<e? and | g-o|<e?.
We write

c

G s g> = KF 1><g, D
[KFED) = ulFn)s g = 0> + <0y FF) = u(B)> +<uFn), g = v)] +

@, 93 - Ja 15w, D]+ [ 3 150, 1 - kr <o, 1)

(71 + [K] + [L].
Since F, is measure perserving,
V@ = uw@E) | = [ F-ull and |u@d] = [u] .

(See, for example, [4,p. 169].) Thus, the Schwarz inequality with (10) shows
that ]Jf < je for some constant § > 0. For large enough 7, |K| < ¢ since the
theorem is already proved for u and v. Now

L= 2KF = u, 15Kg = v, 1> =<g, 1DXF - u, 1> =<f, 1>{g - v, DI,

so that |L| < 2¢ for some constant £ > 0, again by the Schwarz inequality and
(10). Thus |[C| < (1+j+A)e for large enough n, and this proves the theorem.

Is the sequence {G;, G,, ...} strongly mixing, too? This question is
presumptuous, since "strongly mixing" has been defined only for measure-pre-
serving (on I) mappings. However, while no single G, is measure-preserving on
all of I, Lemma 2b shows (7, to be measure-preserving on

- nm
[cos™ 2 1]
and since "strongly mixing" involves lim, we are led to the following defini-
. 7N+
tion:
A sequence of mappings {1,}, not necessarily measure-preserving on T,
is limit-strongly mixing if (8) holds for all f and g in L*(7, ®, U).

One may now prove the following two theorems, using Lemma 2b and a modifica-
tion of the proof of Theorem 2.

Theorem 3: The sequence {Gl, Gz,...} is limit-strongly mixing in L2(I, ®, W)
with respect to the measure yu.

Theroem 4:  The sequence {%,, u,, ...} is limit-strongly mixing in L*(I, B, W)
with respect to the measure .

Finally, we note that the mapping F,, for n > 1, is strongly mixing and,
therefore, ergodic in the sense given in [4, p. 169]. In the limiting sense
of Theorems 3 and 4 above, the same properties hold for the mappings G, and %,
for n > 1.
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ON THE CONVERGENCE OF ITERATED EXPONENTIATION—I

MICHAEL CREUTZ and R. M. STERNHEIMER*
Brookhaven National Laboratory, Upton, NY 11973

We have investigated the properties of the function f(x) = x*° with an
infinite number of z's in the region 0<x< e'/®. We have also defined a class
of functions F,(x) which are a generalization of f(x), and which exhibit the
property of '"dual convergence," i.e., convergence to different values of F,(x)
as n + o, depending upon whether n is even or odd.

An elementary exercise is to find a positive & satisfying

) 2 =2

when an infinite number of exponentiations is understood [1], [2]. The stan-
dard solution is to note that the exponent of the first x must be 2, and thus
x = V2. 1Indeed, the sequence f, defined by

2) fo =1
fn+1 = 2f"/2

does converge to 2 as n goes to infinity. Now consider the problem

z*" 1
x = =
(3) X 3

By analogy, one might assume that

_(1)3__1_
T=\3) 727

is the solution; however, this is too naive because the sequence f, defined by

(4) fo= ]
Fa
favr = (57)

does not converge.
The purpose of this article is to discuss some criteria for convergence
of sequences of the form

*This article was authored under contract EY-76-C-02-0016 with the U.S.
Department of Energy. Accordingly, the U.S. Government retains a nonexclusive,
royalty-free license to publish or reproduce the published form of this arti-
cle, or allow others to do so, for U.S. Government purposes.
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(5) o o=af

where g, is some given sequence of positive numbers. Applying these criteria
to the case where g, = «x for all Z, we will show convergence of the resulting
sequence for x in the range
Ly, @)
(2) ¢
1

where ¢ is the base of the natural logarithm. For x larger than e2, the se-
quence f, diverges to infinity, while for x in the range (0, ¢™°) the even and
odd sequences f, and f, ., both converge, but to different values. This
property of "dual convergence" occurs for many starting sequences g;» some of
which we will discuss briefly.

Before proceeding, we should comment on the order in which the exponen-
tiations of equation (5) are to be carried out. Rather than insert cumbersome
parentheses, we will understand throughout this paper that this expression is
to be evaluated "from the top down.'" More precisely g,_, is taken to the g,th
power, g,_., is taken to the resulting power, and so on. The only other simple
specification of the ordering of the exponentiations is "from the bottom up,"
but this merely reduces to g, raised to the product of the remaining g's.

It is convenient at this point to introduce a shorthand notation for ex-
pression of the form in equation (5). We thus write for.m > n,

o9

m .
(6) -_5 gj = ggn+l

n

A simple recursive definition of this quantity is

g,» no=m

(7 Eg =

m
expil E g;]-logg,p, m>n
=n

J +1

We now prove two theorems on the convergence of these sequences.

Theorem 1: 1If there exists a positive integer 7 such that for all j > 7 we

1 n
have 1 < g; < e®, then the sequence = g; converges as n > oo,
, J=1
Proof: When n > 7, we have .
(‘E.gJ>
i
n i
Lol .

consequently, we need only prove the theorem when all g, lie in the range

1 n
[1, ee]. In this case, &= g; is easily shown to be a monotonic increasing
J=1 n-1
s

n
function of any g,. This, in turn, implies = g; > E 955 i.e., we have an
i=1 i=1

increasing sequence. However, the sequence is also bounded because
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@) < () -

Now, by an elementary theorem [3], any bounded and monotonic sequence is con-
vergent.

(9 /s

W I =
=1l =

J

Theorem 2: 1If there exists a positive integer 7 such that for all Jg > 1 we
have 0 < g; < 1, then the even and odd sequences

2n 2n+1
Eg; and E g;
j=1 J‘=1

are both convergent as n - .

Proof: Again, we need only prove the theorem when all g; are in the range
[0,1]. Also, we need only consider the even sequence because the odd sequence
is merely g, raised to an even sequence. Now for x and y in the range [0, 1]
the quantity x¥% is a monotonic decreasing function of y. Using this induc-
tively on f,,, we find f,,is a monotonic decreasing function of g,,. If we
now replace g,, with

92n+2
g g2n+1 > gz
2n

we can conclude that

(10) fon+a < Fon-

However, f,, is always bounded below by zero. Thus, we again have a monotonic
bounded sequence which must converge.

With the help of these theorems we now return to the case g, = x inde-
pendent of 7. We state the result as a theorem.

Theorem 3: For positive z,

e 1
x converges as n > @ iff x lies in the interval [(é) N ee].

Il =

1
Proof: For x in the interval [1, ee], Theorem 1 immediately implies conver-
B 1

gence. For x larger than ¢ the sequence cannot converge because, if it did,
it would converge to a solution f of the equation (see [4])
(11) xf - £ =0.

1
Whenever x > ¢¢, the lefthand side of this equation is strictly positive for

all real f and the equation has no solution. The curves of & versus f as ob-
tained (see [2]) from equation (11) for f < e are shown in Figures 1 and 2,
which pertain to x > 1 and * < 1, respectively.

When & < 1 Theorem 2 applies and we have convergence of the even and odd
sequences. Both these sequences must converge to solutions f of the equation

(12) =z ~ f=o.

1\ . . .
We will now show that, for E) < x <1, this equation has only one solution

and therefore the even and odd sequences converge to the same number. Take
the derivative of the lefthand side of equation (12) with respect to f,

a

(13) ar

(' = = log?x » xf ez’ - 1.
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1.0 1 | 1 | | i | | | | | |
|.2 16 20 2.4 2.8 3.2
f (x)
Fig. 1. The variable x as a function of f(x), with f(x) defined by (11),
for values of f(x) in the region 1 < f(x) < e. The dashed part of
the curve to the right of f(x) = e is not meaningful.

1.0 T T R — | | I T I I

0.9~

T

0.8
0.7

0.6

x0.5+

0.4

I

T

0.3

I

0.2
O.1 -

0 | |
0 0.2 0.4 0.6 08 1.0 1.2
f (x)
Fig. 2. The variable x as a function of f(x), with f(.’x:) defined by (11)
for values of f(x) in the region 0 < f(x) < 1.
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Keeping x < 1 and maximizing the righthand side of (13) over f we obtain

d 1
14 G - -
(14) df(x < > loga - 1.
If the righthand side of this inequality is negative, i.e., when
1 e
(15) 1> e (1),
e

then the quantity z%’~ f is a monotonic decreasing function of f and can only
vanish at one point. This value of f is the number to which both the even and
odd sequences must converge.

n e
Finally we show by contradiction that = x cannot converge for x < (—;—) .
1
Assume it does converge to some number f which must satisfy (11). Define the
sequence €, by

(16) €, =f, - f.

In the proof of Theorem 2 we showed the even and odd sequences are both mono-
tonic, and thus €, cannot vanish for finite n. The relation between €,,; and
€y, is

f+e
an Capy =@ " -

Expanding in powers of €, and using equation (11) gives
(18) €ae1 = €, log I+ 0(g}).

Consequently the sequence cannot converge if llog f[ > 1 which corresponds to
e
x < (é;) . This completes the proof of Theorem 3.

We now return to the case of general g; in equation (5). The above dis-
cussion of. g, = x shows that under the conditions of Theorem 2, the limits of
the even and odd sequences are not in general equal. The special role played

e
by (é) impels us to conjecture that the simple convergence of Theorem 1 may
e 1
be extended for g; in the range [(é) s eé], but we have no proof of this.

Note that neither Theorem 1 nor 2 needs any assumption of the existence of a
limit for g.; this suggests it might be amusing to study 9; alternately inside
and outside the above region.

In an informal report [5], we have studied several sequences where g; goes
to zero as J goes to infinity. In general upon iterated exponentiation these
give rise to dual convergent sequences in the sense of Theorem 2, the even and
odd sequences both converging to different numbers. As a particular example
take g, = J—‘?cz—, and consider é g, as a function of x. In Figure 3, we have

j=1
plotted this function versus & for n = 10 and 11. Increasing n further makes
no visually discernible difference between the curves; even 7 essentially re-
produce the n = 10 curve and odd n the n = 11 curve. Note the crossing points
at £ =1 and 4 where one of the g. is one and therefore the sequence converges
after a finite number of steps.

In [5] we have also considered the sequence resulting from g; = Jx. Here
e
Eﬂ93 converges as

g; goes to infinity as J does; nonetheless, the resulting
J



346 ON THE CONVERGENCE OF ITERATED EXPONENTIATION—I [Dec.

long as x is less than one. The amusing function resulting is piecewise con-
tinuous with discontinuities at & = z where k is any positive integer. Three

n
different values for = (xj) are obtained by taking x = % and x = %i € in the

i=1
limit of vanishing €.
5 T T T T T T T T
4 -
3+ ]
<
r
[T
2~ -
10
= (X/j9)
=l
I —
~ T
= (X/] 3 i
)=l
o I | I 1 I L | I
o} | 2 3 4

(x/7%) for m = 10 and n = 11, showing

BB

=

Fig. 3. The function F, (x) =

.

the dual convergence of F, (x). We note the "crossing points"
at x = 1 and x = 4, where the two functions are equal.
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THE NUMBER OF PERMUTATIONS WITH A GIVEN NUMBER OF SEQUENCES

L. CARLITZ
Duke University, Durham, N.C. 27706

1. Let P(n, s) denote the number of permutations of Z, = {1, 2, ..., n}
with s ascending or descending sequences. For example, the permutation 24315
has the ascending sequences 24, 15 and the descending sequence 431; the per-
mutation 613254 has ascending sequences 13, 25 and descending sequences 61,
32, 54. André proved that P(n, 8) satisfies the recurrence

(1.1) P(n+1, 8) = sP(n, 8)+2P(n, s-1)+ (n-s+1)P(n, s-2),
n>1)),

where P(0, s) = P(1, s) = 8,,,; for proof see Netto [3, pp. 105-112].
Using (1.1), the writer [1] obtained the generating function

bl N = _ _ 2 . 2
(1.2) Y3 -2)PES P+ 1, e)x" 0 = 1 -z (Vl x” + sin z) )
n=0 *

1 +x X - cos 3
8=0

However, an explicit formula for P(n, s) was not found.
In the present note, we obtain an explicit result, namely

n 3 _
P2n - 1, 2n - s = 2) =y (-1)"79279** (25 - DK, .M,

Js 8
=1
(1.3) .
P(2n, 2n - s = 1) = ) (D)7 270TYQNIK, My, i os
j=1
where
3 _ 1 & t 2j . o2n
Ky, ; -—(—25‘!'2(-1) £ )d -1
t=0
and

My ;o= g(-l)t<” p ‘7)(’; i} 725)
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2. Put y = csc’x. Then it is easily verified that (D = d/dx)
2

Dy = -2 csc“x cot x
D%y = -4 csc?x + 6 csc'x

D% = 8 csc?x cot x ~ 24 cscx cot x
D”y = 16 csc?x - 120 csc'x + 120 cscbzx.

Generally, we can put
E 7 .
2.1) D2y = E: (—1)"'Jan,-csc2ﬂx n>1.

‘ J
J=1

Differentiation of (2.1) gives

14
p-ly = 2: (~1)r-9+1 . 2jan’j csc¥ % cot z
i=1

DZny

n
E:;(—l)"'gan,j{4j2 csc?x cotx + 25 csc?t2x}
=1

n
:Z:(—l)”'jan,j{zj(Zj + Desc2P+2p - 452 csc?iz).
i=1i

Comparing this with

n+l

2n n-g+1 24
Dty = E i Ay, jCSC Jx,
i

we get the recurrence
(2.2) Anyy, 7 = (27 - 1)(Q2F - Da, ;_, + bd%a,,; (0> D).

It follows easily from (2.2) that Qp,; is divisible by (25 - 1)!. Thus,
if we put

(2.3) A, ; = (25 = 11D, s,
(2.2) becomes
.2

(2.4) buyr, 7 = bujo1+ 45°by ; (n > 1).
Now put
(2.5) : ba,; = 22" HE,
so that (2.4) reduces to
(2.6) ?n+1,j ﬂ?n,j-l +j2?n,j (”Z 1)-

The ?n,j are evidently positive integers. Table 1 was obtained by means

of (2.6).
The numbers Kﬁ,j are called the divided central differences of zero [2],
[5]. They are related to the X, ; of [2] by

2.7 Ku s = Kns, 5+
In the notation of divided central differences, we have
(2.8) Kpe = 829027 /(28)1,

where
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Table 1
G E 2 3 4 5
1 1
2 1 1
3 1 5 1
4 1 21 30 1
5 1 85 501 46 1
1 1
§f(x) = f‘(x + —2-) - f(a: - 7).
Thus,
1 & 25
T - = _1\¢ _ 2r
(2.9 Frs = 257 24D (%) - v,
which is equivalent to
o o
e x -1 1/2z _ ,-1/2)zy8
(2.10) 2 Eeo oy = yT® e /22y (5 > 1).

r=1

Substituting from (2.3) and (2.5) in (2.1), we get

(2.11) D?"~2¢sc?x = (-1)""9227-27 (25 - I)!?;,jcsczjx n>1).

n
j=1

Differentiation gives

n
(2.12) D¥"lesclx = =y (-1)"7922172 (25) 1K, sesc? g cot ¢ (n > 1).

i=1

349

3. Returning to the generating function (1.2), we take x = cos 2¢ and

replace z by 2z. Thus, the lefthand side becomes

® non N .
Z(sin 2¢)‘"2n'? S P+ 1, 8)cos™ °2¢.
n=0 ‘os8=0

The right-hand side is equal to
1 - cos 2¢ (sin 2¢ + sin 2z z _ sin®¢ <cos(z - ¢))2.
1 + cos 2¢ \cos 2¢ - cos 2z cos?p \sin(z - ¢)

Hence, we have

)

n

NN

2:(sin 2¢)—n25%_§:fxn + 1, 8)cos™ %2¢ = tan?d cos?®(z - ¢).
n=0 " 8=0

Replacing ¢ by -¢, this becomes
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n.

(3.1) Y 17 (sin 26" EES P + 1, s)cosn 024
n=0 =0

= tan?¢ csc?(z + ¢) - tan?¢.

By Taylor's theorem,

© n d”
csc?(z + ¢) = 5 m
—nl do

csc?o.
Hence, (3.1) yields

dn

(-1)"2"(sin 2¢)"":£:EKn + 1, s)cos™ %2¢ = tan?¢ e

=0

csc?d,

so that
n

(3.2) :E: P(n + 1, s)cos” %2¢ = (-1)"sin"*2¢ cos”"2¢é%;-csc2¢ n > 1).
8=0

Replacing n by 2n - 2 and making use of (2.11), we get

2n-2
(3.3) ), P(2n - 1, 8)cos™ 7722

8§=0

n
= sin?"¢ cos® *¢ E: (-1)*"J22m-27 (25 - 1)!?;,jcsc2j¢ n>1).
Jj=1

Similarly, by (2.12),
2n-1
(3.4) ) P(2n, 8)cos® * 129
8=0

n
= sin?"¢ cos?" *¢ }E:(—1)322""2j(Zj)!?;,jcsczj¢ (n>1).
i=1

We have, for 1 < j < nu,

227-27 gip2"=20 ¢ cos? ¢ = 2-j+2(1 - cos 2¢)"‘j(1 + cos 2¢)"°2

. n-j n-2 . 2
= 2"7+ZZ Z (_1)r<7’l N J)(" + )cos”+t2¢.
r=0 t=0
For » + t = 2n - 8 - 2, comparison with (3.3) gives

Pan - 1 o) = OG- 01 5 O (M ) P ):
r=0

j=1

Replacing s by 2n - s - 2, we have
n, j

S o (P2 2).

r=0

(3.5) PQn -1, 2n - s - 2) = 9, (-1)""7277%1(2j - 11X
j=1
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The corresponding result for P(2n, 2n - s - 1) is

(3.6) P(2n, 2n -8 - 1) = 3 (-1 9271 (2) 1%
J=1

S92

This completes the proof of the following theorem.

n, g

Theonem: TLet n > 1. The number of permutations of Z, with a given number of
sequences is determined by

P(2n -1, 2n - s - 2)

n
Zl (-1)"TT27R (25 = D) 1K, My, g,
£

(3.7) .
P(2n, 2n - s = 1) = 9, (-D)" 729 QNE, My, 5 6 s

j=1

where 25
ey — 1 t 2j . on
(3.8) Kn,j = ——-—"—E(—l) G-t
(2)! et t

and

i

(3.9) My i s = ;ii(‘1>t<n + j)(z - i)'

L., 1t follows from the definition that, for » > 1, P(n, 1) = 2. 1In the
first of (3.7), take s = 2n - 3. Then, by (3.9),

n-g .
_ rfn - g n - 2
M i, on-3 = Z D ( r )(Zn -r - 3)’

r=0

sothat 21 = r» -3<n-2,n-1<randj=0orl. SinceX,, =0, =
1, M = (-1)r-1, we get

P(n -1, 1) = (-1)*12 « (-1D)"" ! =2,

Similarly, by the second of (3.7), P(2n, 1) = 2.

A permutation of Z, with #» - 1 ascents and descents is either an up-down
or a down-up permutation. Since the number of up-down permutations is equal
to the number of down-up permutations, we have

(4.1) P(n, n-1) =24(n) (2> 2),
where A(n) is the number of up-down permutations of Z,. Hence, in applying

(3.7) to this case it is only necessary to take ¢ = 0. By equation (3.9), we

have M o = 0. Thus (3.7) implies

%, 1, 2n-3

n

AQ2n = 1) = ) (D725 - DK,
(4.2) ”
AQ2n) =) (D27, .
=1

André [3] proved that
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2n-1

AQ2n - 1) A tan x
;;; (2n - 1)!

(4.3) )
© n
Z A(2n) (JZC_n)‘_ = sec x.
n=0 :
On the other hand, in the notation of Norlund [4, Ch. 2],
had n xZn—l
tan @ = 3, (DCops oY
n=1
had n m2n
= -D'p. =
sec x ;g%( ) o (I T
where
n n Bn
Coog =2°(1 -2 )ET’

and B,, C, are the Bernouli and Euler numbers, respectively. Thus, by (4.3),

Azn—l = (_l)nC

B,
_ na2n 2 n
pey = (D277 - 22

(4.4)

]

A(2n) (—1)"E2n.
Therefore, by (4.2) and (4.4),

B " . . _
(4.5) 227 (1 - 22”)72;_ = ;(—1)J2‘J+1(2j - DK,
and 7=
n
(4.6) By = 3, (-D72792) 1K, .
Ji=1

The representation (4.5) may be compared with the following formula in
[2]:

r+1

(4.7) (20 + 1)B,, = ) (-7 (s - D1)?s7K,,, .
s=1

We remark that it is proved in [1] that
s
(4.8) P(n, n - 8) = 2: f;j(n)A(n +s-g) (1<s<mn)),
i=1

where the f;j(n) are polynomials in n that satisfy f_;(n) = 1 and
sfs+1’j(n) = fs,j(n + D -Mm-s+Dfy ;.0 = 2f; ;.,(n).
Thus, it would be of interest to evaluate the fsj(n).
REFERENCES

1. L. Carlitz. '"Enumeration of Permutations by Sequences.' The Fibonacci
Quarterly 16 (1978):259-268.

2. L. Carlitz & John Riordan. "The Divided Central Differences of Zero."
Canadian Journal of Mathematics 15 (1963):94-100.

3. E. Netto. [Lehrbuch der Combinatorik. Leipzig: Teubner, 1927.

4. N. E. Norlund. Vorlesungen uber Differenzenrechnung. Berlin: Springer,
1924.

5. J.F. Steffensen. Interpolation. Baltimore: Williams and Wilkens, 1927.

e HR



FOUR COMPOSITION IDENTITIES FOR CHEBYSHEV POLYNOMIALS

CLARK KIMBERL ING*
University of Evansville, Evansville, IN 47702

1. INTRODUCTION
Let {¢t,(x)},-o be the sequence of Chebyshev polynomials defined by
tox) =1, t1(x) = x, t,(x) = 2xt,_1(x) - ¢,_,(x) for n > 2.

These are often called Chebyshev polynomials of the first kind to distinguish
them from Chebyshev polynomials of the second kind, which are defined by

ug(x) =1, uy(x) = 2z, u,(@) = 20u, ;@) - u,_,«) for n > 2.

It is well known that any two Chebyshev polynomials of the first kind commute
under composition. Explicitly,

t, (t, (@) = t,(tn(x)) = t,,(x) for nonnegative m and n.

Similar identities involving Chebyshev polynomials of the second kind are not
well known. This paper offers three such identities, one for each of the ex-
pressions %, (u,(x)), t,(U,(x)), and u,(t,(x)), where U,(x) = u,(x)V/1 - 2.

Literature relating to the identity ¢,(%,) = t,(%,) shows that this com-
mutativity, also called permutability, is, among polynomials with coefficients
in a field of characteristic 0, a distinctive property of Chebyshev polynomi-
als of the first kind. For example, Bertram [1] shows that if p is a polyno-
mial of degree m> 1 which is permutable with some %, for n> 2, then p = ff,.
Another theorem (e.g., Kuczma [5, pp. 215-218] and Rivlin [6, pp. 160-1641)
characterizes the sequence {t,} as the only nontrivial semipermutable chain
(up to equivalence, as described below). Sections 3 and 4 of this paper deal
with analogous results for the functions u,.

We deal with the Chebyshev polynomials in slightly altered form. Assume
throughout that all numbers, including coefficients of all polynomials, lie in
a field of characteristic 0. With this in mind, the nonmonic polynomials Zn
and u, are altered as follows: define

Tolx, y) =2, Ti(x, y) =x, Ty(x, y) =xT,_1(x, y) - yT_,(x, y) for n > 2;
Ug(, y) = 0, Uy(x, y) =1, Uy(x, y) =xU,_,(x, y) - yU,_,(x, y) for n > 2.

In the sequel, the polynomials 7T, are regarded as Chebyshev polynomials of the
first kind, and the polynomials U, are regarded as Chebyshev polynomials of
the second kind. The connections with the polynomials ¢, and u, are simply

T,(x, 1) = 2t,(x/2) for n > 0 and U,(x, 1) =u,_,(x/2) for n > 1.

All the results obtained below for {7,} and {U,} carry over, as in Corollary
1,to{¢,} and {u,}. We also wish to carry over some results to certain poly-
nomials of number-theoretic interest, namely the generalized Lucas polynomials
Ln(x, y) and generalized Fibonacci polynomials F,(x, y), discussed in [4] and
elsewhere. TFor these, we have

T, (x> y) = L,(x, -y) and U, (x, y) = F,(x, ~y).

2. THE FOUR IDENTITIES

Consistent with the modification u,(x) of u,(x) already mentioned, we in-
troduce a modification of U,(x, y):

U, (zy y) = Up(x, y)hy - 22 for n > 0.

*Supported by a University of Evansville Alumni Research Fellowship.
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Although U, is not a polynomial for n > 1, it is convenient to say that
U,(x, y) has degree n in x. [The polynomial U,(x, y) has degree n - 1 in z.]
Generally, a function P(x, y)vS(x, y), where P(x, y) and S(x, y) are polyno-
mials of degrees n and 2k, respectively, in x, is regarded as a function of
degree n + k in x.

Deginition: Suppose P(x, y) and §(x, y) are functions of degrees m and n, re-
spectively, in x. The composite function P o @ is defined by

P o Q(xa y) = P[Q(xx y)» y"]-

Theorem 1: Suppose m and n are nonnegative integers. Then

(1 Ty o Tp(xs y) = Tun(x, y)
(2) Fm ° Tn (x’ y) = vmn(x’ y)
() T 7. ) { (-1 m/ZTm,, (x, y) for even m
3 m o Upy(x, y) = _

(-1)m-V/2F (x, y) for odd m
A _ (-1)""2/2G (x, y) for even m
(4) Un o Up(z, y) = -1 /2

(-1) Twn (2, y) for odd m.

Proof: It is easy to establish (as in [4]) that
T (z, y) = 2y ™?cos(m cos ™ x/2/y)

and

Un(x, y) = (4y - x2)~1/2 2y ™2sin(m cos™tx/2/y),
so that _

U (x, y) = 2y™?sin(m cos *x/2/y).
Then

/ -
Ty o T,(x, y) 2ym"/2cos[m cos™t 24" % cos (n_cos 1oc/2/_7}_)] =T (x, y)
mn ’ .

zy n/2
Similarly,
-1 2y™%cos(n cos™x/2/y)
n/2

T, o T,(x, y) = Zy"'"/zsin[m cos ] = Uy, (@, ¥).
Next, %y
Ty © Uy y) = 2y ™ ?cos[m cos™! sin(n cos™x/2/y)]
2y mnl200sim(n/2 - n cos™rx/2vy) ]
2y "2 [cos mw/2 cos(mm cos™tx/2vy)

+ sin mn/2 sin(m cos ‘z/2/y)1,

and from this, (3) clearly follows. Finally,
Up o Upx, y) = 2y ™/ ?sin[m cos™* sin(n cos™1x/2/y)]

2y mn/zsin[m(ﬂlz -n COS_lx/Z\/Z—J_)]
2y mn/2

- cos mmw/2 sin(m cos ™ xz/2Vy) 1,

[sin mm/2 cos(mn cos™‘x/2/y)

and this proves (4).

Conollary 1: Let {tntn=0 and {u,},-o be the sequences of (unaltered) Cheby-
shev polynomials of the first and second kinds, respectively. Put E_l(x) =0
and W,(x) = u,(x)/1 - 2° for n > 0. Then for nonnegative m and #,
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(n L (£, (@) = £y (@)

2n Un(tn (@) = U,y (@)

3" b (i ()) = { (-1 "2ty n@)  for evenm
(-1)-B/%  (x) for odd m

“n (i, () = { (-1) "2t pyn (@) For even m
(1) -D/2 o an(z) for odd m.

Proof: These identities come directly from Theorem 1 via the transformations

1 _ _
ta(@) = 37, (2x, 1) and %, (@) = 3,4, (22, 1) for n > 0.

We turn now to the problem of expressing (1)-(4) in terms of generalized
Lucas and Fibonacci polynomials. Corresponding to the functions U,(x, y) we
define

f;(x, y) = F,(x, y)/gﬁfi;jiy-for n >0,
noting that this equals iﬁ;(x, -y). Two lemmas are helpful.
Lemma Za: For 0 < m < m,
(5) Lp(@, Y)Ln(x, y) = Fp(xy PF, (@, ¥) = 2(-)"Lpnlx, ).
Proof: It is well known and easily shown by induction that

L,(x, y) = o +B" and F,(x, y) =a” - B",
where o + B = x and aB = -y. The desired identity now follows immediately.
Lemma 2b: For m > 0,
L,(ix, -y) = i{"L,(x, y) and F,(ix, -y) = 7"F,(x, y).

fﬁggﬁ} This is easily seen by induction, using the recurrence relation

Hy(z, y) = xH,_ (xs y) + yH, _, (@, y)

satisfied by both {L,} and {F,} for m > 2.
From (1) and the relation T,(x, -y) = L,(x, y) comes

TplLp(xs y)s (“1D)"y"] = Lpy (@5 ¥)»
so that
(1a) Dy L,(xs Y) = Ly, (x, y) for odd n.
But, for even n,m_z _— [g] ) [g]n
(6) L: = Qpoyly y" + Ayl Y - e+ (D agLny = Dy (s Y)s
where the a;'s are coefficients in the polynomial [ﬂ] [ﬂ]
T (x, y) =™ = a,_,x" 2y + a,_,x" "y - - + (1) Plg 2ty

here, £ = 0 if m is even and % = 1 if m is odd (see Lemma 2e). Adding

2a, _,I"7?y" + 2a, L77Cy 4+ ...

m=-2—"n -6

to both sides of (6) gives

(Ib) L, o L@, y) = Lp,(x, y) + 2(a, I 2y+a L7 Sy°" 4.+ a,L7y"")

m-2"n m-6_n
for even n, where
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0 if m= 2 mod 4
_ 1 if m= 3 mod 4 _ qfm =2
® 92 ifm= 0mod 4 t“l[ 4 ]+1'
3ifm=1 mod &4 »
Now from (2) and the relation U,(x, -y) = -iF,(x, y) comes
’Lﬁ_m[Ln(.’Xf, y)’ (-U"yn] = an(xs y)s
so that o _
(2a) F, ° L,(x, y) =F,  (x, y) for odd .

But for even n,

Fo (@ y) = iU,[0, (@, y), y”]
=F,lL,(x, ), "]
=VIn = &'F, (L, (s y)s y"]
by Lemma 2a. Thus, =BG s 90, 471,
&) Fo, @, y) =F, @, y){LZ'l = b, 4L, %y +Db, L%y
- eee + (_1)[MT—1]b£L:y[mT-l]n},
where the b;'s are the coefficients of the polynomial [Lzl]

Fm (x, y) =" + bm_sx”"ay + b,,,_sx'"'syz + o+ bty
here, £ = 0 if m is even and £ = 1 if m is odd (see Lemma 2e). Adding
D, @y y) By oIn y™ + b, L0 7y +..0)

to both sides of (7) gives
F,(, y)Fy © L@, y) =F,, @, y) + 2P, (@, y) B, sLn %y" + b, L0 "y?" +--2).
For n > 0, we divide both sides by Fn (x, y) and have

Fon (x5 Y) - ,
(2b) Fm ° Ln(x, y) = Fln(m + Z(bm-sL’,’: Syn +bm-7L2 7y3n
n s
+ oo +bBL:yt") for evenn > 0,
where
0 if m = 3 mod 4
_ )Y 1ifm= 0 mod 4 _[m—3]
5=92ifm=1mds ¢ FT=2 77— f+1
34ifm =2 mod 4
Identity (3) leads to
m
_ ("1)2L,,,n (x, ¥ for even m
(3) Tp[=iF, (x, y), (-1)"y"] = m+l
(-1) * 4F,, (x, y) for odd m.

For even n > 0, we apply Lemma 2b to find, without difficulty, that

= - L nn for even n and even m
(32) Ly © Fy {F for even n and odd m.

mn
For odd »n, suppose first that m is odd also. Then (8) with Lemma 2a gives
L lF, (xs y)s y"] =F,, (x, y).
As in the derivation of (1b), we add
2(a, _Fr 2y" + ap_oFn %y o+ -e0)

to both sides. This gives
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(3b) L, ° ?;(x, y) = F%n(x, y) + Z(am_zfz-Zyn + am_GFZ‘6y3n
+ «ee 4+ a,Fyt") for odd n and odd m,

where the a;'s, s, and ¢ are the same as for (1b).
Continuing with odd 7, suppose now that m is even. Using (8) and Lemma
2a, we find

(3¢) Lpe° F,(xs y) =L, (x, y) + 2(an,_.Fy 2y" + a,_¢Fn ty>"
+ .o + a,Fy?™) for odd n and even m,

where .the a;'s, s, and ¢ are the same as for (1b).
Identity (4) leads to

— _ (—1)?if;n(x, y) for even m
(9 U,[-iF, (x, ¥), (-1)"y"] = { m-1
(-1) * L,,(x, y) for odd m.

whence,

= = F, for even n and even m
(4a) F, o F = { mn

L, for even n and odd m.

For odd n, suppose first that m is odd also. Then (9) and Lemmas 2a and 2b
apply, and we find

L,.(x, y) = F,[E, (x, y), ~-y*] = VF} - 4y"F,[F,(x, y), -y"]

D@y ) (Fy™t = by o Fp °y™ + by _oF y?" = =e0).
At this point, we add 2L,(x, y) (bp_sFp >y + bp_,Fn 'y®" + +++) to both sides
and then divide both sides by L,(x, y), getting

Lpn s y) - _

ToGe gy 2 OnaFn Y b BT

+ oeee + bsf”yt") for odd » and odd m,

(4b) Fop o F (x, y) =

where the b;'s, s, and t are the same as for (2b).
Continuing with odd 7, suppose now that m is even. With the method which
is now familiar, we find
Fup (s ¥)

Fole gy T 2 Bnsfn Y ba T

+ eee + bsifyt") for odd m and even m,

(4c) F, o F (x,y) =
where the bk's, s, and t are the same as for (2b).

Table 1. Examples of Composites Involving Generalized
Lucas and Fibonacci Polynomials

From (1b) and (2b), for even n > O:

Ly, © Lyp= Ly, + 4" Fy ° Iy=F,, /Ty

L, © L,= Ly, + 6L,y" Fy ° Ly,=Fg,/F, + 2y*

Ly © L,= L,, + 8Liy" Fy, ° L,=F,,/F, + A4Ly"

Lg ° L,= Lg, + 10L3y" Fg ° L,= Fg,/F, + 6L2y"

Lg © L,= Ly, + 12L}y" + 4y°" Fg © L,= Fg,/F, + 8Ly»

L, ° L,= L,, + 4L y™ + 14L,y%" F, ° L,= F, [F, + 10L}y" + 2y°"
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Table 1—continued

From (3b) and (3c), for
Ly e Fg = an + GELy” L, °
Lg ° F, = Fg, + 10F y" L, °
L, o F, =F,, + l4Fy" + 14F’y" Lg ©
Ly © F, = F, + 18F/y” + 60F yn Ly ©
From (4b) and (4c), for
F, °F, = F, °
Fy ©F, =1L, /L, + 2y" F, °
Fg °F, = LSn/Ln + 6§fy” Fg oo
F, o F, = L,,/L, + 10E/y" + 2y°" Fg °
Fq ° F, = Lg,/L, + L4FSy™ + 20F2y°"  F , °
For m > 0, define
Vo2, ) =
and
Wn(Zy Y) = Vu(x, -Y),

where £ = 0 for even m and £ = 1 for odd m.

odd n > 1:
F, = L,, + 4y"
F, = L,, + 8F’y”
F, = L, + 12F}yn + 4y*"
F, = Ly, + 16Fty™ + 32F°y™"
odd n > 1:

= Zn/Ln

wn/In +  4E Y™
n/[’n + sfnayn
on!/Dn + 12Ey" + 8E,y°"
on/Ln + L6F/y" + 40F,y>"

3’1:” Ehj‘ Shjl Sh,dl !hjl
Il
A ) ) )

<rg>xm + (T)x"’—zy oo + <[m72]>302y [g]n

Lemma Z2c: Suppose m and 7 are nonnegative integers. Then

Ly (x, y) = .

W, ° Li(x, y) for
— W, ° Lf(x, y) for
Fn(x, y) =

Vi © L;(x, y) for
_ W, © ff(x, y) for
Fl(x, y) =

{ v, ° L;(x, y) for even n

odd 7,
even m and even n
even m and odd 7,

odd m and even n

V, ° F.(z, y) for odd m and odd 7;

in these formulas, after expansions on the right sides, each symbol of the

form I/ (or F{) is to be changes to L; (or F;). (This "symbolic substitution"

is discussed in Hoggatt and Lind [3].)

Proof: These are direct results of writing

L,(x, y) =a”+ B" and F,(x, y) =a” - B"

and applying the binomial formula, where a + 8 = x and af = -y.

Lemma 2d: Suppose m and n are nonnegative integers. Then

Lun(xs y¥)

{ T, ° L,(x, y) for even n

L, ° L,(x, y) for odd n

m
and

Tz, )

Foa@s ¥) { U, ° Ln(x, y) for even n > 0

F, ° L,(x, y) for odd n.
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Proof: Near (la) and (2a) these two are already proved. (They are restated
here for later convenience and as inverse formulas for the formulas in Lemma

2c. Tables of coefficients for these two formulas are found in Brousseau [2,
pp. 145-1501.)

Lemma Ze: For m > O,
p

- m m=gd = N m-25 5 . _ fm/2 for even m
Ly (s y) ;-; m - Zj( J )” y? with p (m - 1)/2 for odd m

where the summand on the right equals 2yP, by definition, in case j =p = m/2.
Also

q .
_ m-g-IN\_m-2i-1.7 . _ f(n=2)/2 for even m
F (x, y) ;Z% ( i >x y? with g (n - 1)/2 for odd m.
Proof: These well-known formulas are easily proved by induction.

The composite functions in Tablel can also be expressed as linear combi-
nations of terms of the form L;,y* or F;,y*k. To obtain such expressions, one
may use Table 1 with substitutions from Lemma 2c, or one may use Binet forms
(e.g., F, =" - B") and binomial expansions. These methods give the follow-
ing results.

For even 7, the coefficients ¢,_,. in the expression

J
Lm ° Ln = c'm[‘mn + Cm——zL(m—Z)nyn L cm-ZpL(m-Zp)nypn’

where p is as in Lemma 2e and for temporary convenience L;,Z 1 (instead of 2):

Table 2
I
m = 2 1 4 Formula: Cpogj =
3.0 1 6 ;
401 8 16 Z m (m—k—l)m—Zk
511 10 30 Lm = 2k k J-k
6 1 12 48 76
711 14 70 154 for 0 < j < p, where the
8 1 16 96 272 384 summand on the right = 2,
9 1 18 126 438 810 by definition, in case
10 | 1 20 160 660 1520 2004 % = m/2
(which occurs in c¢y,_op for
even m) .
For even n, the coefficients Crp_nj-1 in the expression
) o = - o s q
Fm Ln Om—lL(m-—l)n + cm—az’(m—’;})nyn + + am—Zq—lL(m—2q—1)n,y "

where g is as in Lemma 2e and for temporary convenience [, =1 (instead of 2):
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Table 3
am—l cm—':} cM—5 cm—7 cm—ﬁ
m= 2 1 Formula: ¢, ,. , =

3 1 3
4 1 5 J
5 1 7 13 Z(m - 772 - 1)(771 - Zkk— 1)
6 1 9 25 k=0 J -
7 1 11 41 63 .
8 | 1 13 61 129 for 0 <J <q.
9 1 15 85 231 321
10 1 17 113 377 681

For odd n > 1, the coefficients ¢,_,; in the expression

B {cmLmn + Cn-2lfn-ayny™ + o+ * CpoopLim-2p)nYP" for evenm > 0
Lo F, =

cmfmn + cm-ZF_(”'-Z)”yn T At cm-2pFEm—2p)nypn for odd m > 1

are precisely the same as in Table 2. Similarly, for odd n > 1, the coeffi-

cients ¢ . in the expression
m=-27-1

= =l n k7l qn

F oF _{cm-lF(m—l)n + Cam—BF(m-3)ny .-+ cm—Zq—lF(m-Zq-l)ny for even mz-z
m n

Cp-1bm-1yn + CnosDm-s)ny™ + -+ + Cr-2q-1Lm-24-1),y7" for odd m> 1.
are precisely the same as in Table 3.

Now let us recall (la), (2a), (3a), and (4a): For oddn > 1,
F ooL,=F,_ —and Lp° L, =DLn.;

for even n > 0,

_ Lpy for even m > 0 _ _ F,, for evenm > 0
L,e°F, = and F, ° F, =

m

F,, for oddm > 1 Ly for odd m > 1.

These four identities lead to identities for products of composites. For ex-
ample, suppose s and 0 are odd positive integers and ¢ and T are even nonneg-
ative integers. Then _ . .
F, o F, = Ly and F; ° Fiy = Lgq.
By identity (5) in [4], L34 Lgr = Let 4ot + Lst -or. Therefore,
F, ° ?t)(fc ° fT) =7
Ten identities are obtainable in this way. To facilitate listing them, we
make certain abbreviations. The identity just derived appears below in (10)
as

st+0T + Lst-OT'

(fs ° Ft)(fu ° fT) = Lﬁ + Ly, oeoe,
where the designation "oeoe" means "for odd s, even t, odd O, even T."
Table 4. Product-Composition Identities

Notation: s, t, 0, T are nonnegative integers and st > OT.
Also, § = st + 0T and Y = st - OT as in the example above.

(10) Ly + Ly, oeoe (11) ﬁg + Fy, oeoo

e TN(F. o T _ Fg — Fy, oeee = o FA(F o _ F—F\,,oeeo
(Fy © F,)(Fo © Fy) = F§+Fb,eeoe F o T Fo L) = ¥ 110 ceoo

Lg - Ly, eeee L* - Ly, eeeo
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Table 4.—continued

(12) Fh - 7§, oeoe (13) Ly - Ly, oeoo
= o T o T _ Ly + Ly, oeee = . T o _ Lag + Lb’ oeeo
(Fy © F)(Tg © Fr) 2% =~ Ly, eeoe Fo © F) (Lo o L) = Fg - Py, eeoo
Fg + Fs, eeee ?h +-?%, eeeo

(14) Ly = Ly, oeoe (15) F\, oeoo
_— o Ty = J) Fa + Fy, oeee o T R Fy, oeeo

(Ls Ft)(LO FT) - Fg - Fb’ eeoe (Ls Ft)(LO LT) eeoo
Ly + Ly, eeee Ly + Ly, eeeo

Lg - Ly, oooe
and eooe
Fn + ?L, ooee

and eoee

= . = . and eooo = o o T
(Fg © Ly)(Fy ° L) Ly - Ly, ooeo (Fy L)y ° Fy)

and eoeo

(18)
(Fy ° L) Ty © L)

fﬁ - fs, 0000 (19)
_ and eooo
Fﬁ + Fb’ 00eo

and eoeo

Lg - Ly, oooo
and eooo
Lg + Ly, ooeo
and eoeo

]
e A A~ i
4
s B
I+ 1
4
T T

(L ° L) (T, ° L)

(16) % Lg + Ly, 0ooo (17)

3. FUNCTIONS COMMUTING WITH T (x)

Bertram [l1] proves that, except for a possible factor -1, the only non-
constant polynomials that are permutable (i.e., commute) with nonlinear Cheby-
shev polynomials (of the first kind) are Chebyshev polynomials (of the first
kind). Here we obtain analogous results for Chebyshev polynomials of the sec-
ond kind. The same arguments give further analogous results for composites
involving one Chebyshev polynomial of each kind.

_There is no real loss in disregarding the symbol y in T,(x, y), Un(xs y)»
and U,(x, y) in this section. Accordingly, we write 7,(x) for T,(x, 1), U,(x)
for U,(x, 1), and U,(x) for U,(x, 1). Following the notation and arguments in
Bertram, if P and @ are functions, the substitution of @Q(x) for x in P(x) is
denoted either by P(Q(x)) or P(Q). Ordinary multiplication of functions is
given by juxtaposition, as in v4 - 220U,(x), or by brackets, as in A[P’]? and
4 - xz)[U;(x)] , in order to avoid confusion with the composition (i.e., sub-
stitution) operation.

Proofs in this section are abbreviated or omitted, but the interested
reader with[1] at hand should have no trouble writing out the proofs in full.
One must of course bear in mind the transformations already given between T,,
U,, and t,, Uy
Lemma 3a: Suppose P(x) satisfies the following differential equation for some
Esngivg'integer n:

(20) (4 = ) [P (x)]1?% = n?[4 - P2(x)].
If P(x) is of the form v4 - 22P(x), where P(x) is a polynomial, then
P(x) = #U,(x). [That is, P(x) = 27, (x).]

Lemma 3b: Suppose A(x), a polynomial of degree j > 0, and §(x) = V4 - 2°9(z),
where @(x) is a polynomial of degree m-1 > 1, satisfy the differential equa-
tion

(21) {A@) [ (x)17}? = [n74(Q(x))]12.

If P(x) = v4 :.xzp(x), whg;e P(x) is a polynomial of degree m-1 > 0, is per-
mutable with @(x), then P(x) satisfies the same differential equation with »
replaced by m.
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Proof: Let

¢ = {A[P'19}? - [ma®)1?,
and suppose ¢ # 0. The highest degree term of both {4[P']9}? and [m74A(P)]?

is .
1V 25 2. 25 L 2mg
-1)'m oyt A

so that the degree d of (¢ is strictly less than 2jm. We next prove that ¢ Z 0
also implies d = 2jm. Using (21), the commutativity, and the chain rule,
n2G@) = n* {A@ I[P (@1} - m¥n¥ [A(P@))]?
A[Q% [P (@]1% - m® [A(P)]2[Q'(P)1%
A2[PII%[Q'(P)1% - m¥ (A(P)1%[Q"(P) 1%
[Q'®) 1% {4%[P'1% - m¥ [4(P)]1%} = [@'(P)1%¢.
Equating degrees gives nd = d + 2j(n~- 1)m, so that d = 2jm since n # 1. This
contradiction shows that @ = 0, as desired.

Theorem 3: Let {U,},., be the sequence of (altered) Chebyshev polynomials of
the second kind. Suppose P is a polynomial of degree m - 1 > 0 such that the

functions
T, (x) = V4 - 2?U,(x) and P(x) = V4 - z2P(x)

are permutable for some positive integer n. Then P = U, if n is odd, and P =
U, if n is even.

Proof: First suppose n = 1. If m = 1 also, then the desired result is easily
obtained. TIf m > 1, then the method of proof of Theorem 6 below shows that
P = ty,. Now suppose n > 1. By  Lemma 3a, *U, are the only polynomials Y of
degree n - 1 > 1 which satisfy the differential equation

AP[Y']Y =t A2,
where Y(x) = V4 - 22¥(x) and A(x) = 4 - 2%. But the hypothesis that U,(P) =
P(U,) for m > 1, together with Lemma 3b implies that P satisfies this differ-
ential equation with »n replaced by m. Thus, taking square roots,
(4 - 2*)[P'(x)]? = n’[4 - P*(x)] or -n’[4 - P’ (x)].
2

The latter leads to m? + n®> = 0, which is impossible. Therefore, Lemma 3a ap-
plies, and P = ty,. If »n is odd, then U, is an even function, and P = U,; if
n is even, then U, is an odd function, and P = #U,.

Identities (2) and (3) show that U, and 7T, sometimes commute. Theorems
4 and 5 below tell precisely when this happens and also answer the following
questions: What polynomials § commute with a given U,? What functions of the
form v4 - x2P(x) commute with a given T, for n > 2? The proofs, which are
omitted, follow closely the arguments already used in this section.

Theorem 4: Suppose Q(x) is a polynomial of degree m > 2 and @Q(x) commutes with
U, (x) for some n > 1. Then m = 1 mod 4 and @Q(x) = T,(x). Moreover, if

QU,(x)) = -U,(Q(x)) for some n > 1,
then m = 3 mod 4 and P(x) = T, (x).
Theorem 5: Suppose P(x) is a polynomial of degree m - 1 > 0 and

P(x) = V4 - 2?P(x).

If P(x) commutes with T,(x) for some n > 2, then m = 1 mod 4 and P(x) = U,(x).
Moreover, if P(T,(x)) = -T,(P(x)) for some n > 2, then m = 3 mod 4 and P(x) =
Uy, (x) .
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L. SEMIPERMUTABLE CHAINS

Two functions f(x) and g(x) are defined in Kuczma [5,p. 215] to be semi-
permutable if there exists a function

Ke + L
d(x) =
such that Mz + I
(22) Flgx)) = alg(f(x))].
Two functions f(x) and v(x) are equivalent if there exists a function
(23) ¢(x) = rx + s, where » # 0,
such that

TP ()] = v(x).

Lemma 6a: Suppose ¢(x) and &{(x) are as just described and that (22) holds.
Then the functions

F(z) = ¢ f(p(x))] and GGx) = ¢ g(d(x))]
are semipermutable.

Proof: TFor ¥(x) =
we have

%%};}%%, where A =K - sM, B =L - N, C = M, and D = rl,

F(G(x))

97 o fog e @ =97t 08 o go fo )
=¥ o¢logofod@ =Y[EF@)I,

where the symbol o indicates composition.
Suppose I' is a sequence of positive integers and

P=1{p,(x)} and D = {d,(x)}

are sequences of functions indexed by I'. We define P to be an SP chain under
D if every pair of functions in the set

{p, (©)d, (x) :n e T}

are semipaermutable. This definition generalizes that for SP chains given in
[5], which is obtainable from the present definition in the case d,{(x) = 1 for
all positive integers n.

If P = {pn(x)}ner is an SP chain under D = {d,(x)},er and @ = {g,(@)}, et
is an SP chain under E = {e,(x)},.r> then P and @ are equivalent if there ex-
ists ¢(x) as in (23) such that

¢ p, (0))d,($(2))] = g, (x)e, (x) for all n in T.

Conoflary to Lemma éa: Suppose {u,(x)} is an SP chain under {d,(x)}and ¢(x) =
rr + s, where » # 0. Write

6P, (6(x))d(6(2))] as gu(x)e,(x).

[This is always possible, since we may choose ¢,(x) = 1 for all » in I'.] Then
{g,(®)} is an SP chain under {e,(x)}.

If T is the sequence of odd positive integers, and p,(x) is a polynomial
of degree n ~ 1 for each n in T, and P is an SP chain under D, then P is an
even SP chain under D. Similarly, if T is the sequence of even positive inte-
gers, and p,(x) is a polynomial of degree n - 1 for each n in I', and P is an
SP chain under D, then P is an odd SP chain under D. In particular, we define
a Chebyshev even chain by

Ip,(®)] = U,(x) and d,(x) =4 - x® forn =1, 3, 5, ...;
and a Chebyshev odd chain by the same symbols, for n =2, 4, 6, ... .
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Finally, if T is the sequence of all the positive integers, and p,(x) is
a polynomial of degree # - 1 for each#n in T', and P is an SP chain under D,
then P is a complete SP chain under D.

Lemma 6b: Suppose o, a, and e are nonzero, RZ # 4oy, F(x) = e/ox? + Bx + v,

and G(x) = vox? + Bx + y(ax? + bx + ¢). If F(x) and G(x) are semipermutable,
then F(x) and G(x) are equivalent [with the same ¢ in (23)], respectively, to
the functions

Uy (@) =vb - x*> and a,U,(x) = a,(x® - 1)/4 - 2°, where a} = 1.
Proog:
(24) [F(G(x))1% = e?[a’a’x® + (20%ab + aBa®)z® + (a?b% + 20”ac
+ 20B8ab + aya®)x® + (20%be  + aBb? + 20Bac + 2ayab)x®
+ (a?e? + 2aBbe + ayb? + 20vac)x® + (oBe? + 20Bbe)x
+ (oye? +v) + Blax? + bx + e)Vox? + Bz + y1,

and

(25) [XG(F(xz)) + L1% = K*[a*a?e®2® + 30°%Ba?efx®
+ alae’®(Ba + 20b)x*Vox? + Bx 4+ y + co*
+ 2KL( ) + L%,

where the expression indicated parenthetically after 2XL contains no nonzero
constant multiple of x*ox? + Bx + Y.
In (22), suppose M # 0. Then, squaring both sides of (22) and writing

(MG(F(x)) + F1?[F(G(=))1? = [KG(F(x)) + L],

the left side contains for its highest degree term a multiple of x2'?, whereas
the highest degree term on the right side is K?0*a?e%x®. Therefore, M = 0,
and there is no loss in assuming that ¢(x) is simply Kz + L.

Equating coefficients of x® and x5 in (24) and (25) gives X’a?e” = 1 and
ab = Ra. The assumption B? # 4ay keeps vox? + Bx + v from being a polynomial,
and this implies that the coefficient (0?Ba? + 2a’ab)e® in (25) equals 0; to-
gether with gb = Bg and o # 0, this means § = b = 0. Thus,

(26) [P(e(x))]1? = e?[a2a’x® + (202ac + aya?)z*

+ (a%e? + 2ayac)x? + aye® + v]
and

(27) [KG(F(x))+ L)% = K?[ae?z? + y(ae?+ 1) 1[ola?e "z + 20ae? (vae? + ¢)x?
+ (yaez4-e)2] + 2KIvo?e?x? + Y(uez+-1)(aaezx2 + yae? + e) + L%.

Again comparing coefficients, we see that either [ = 0 or ¢&2e2x24-y(uez-kl)
is a polynomial. The latter impliesae? = -1, which, by comparison of odd
powers of x, leads to L = 0.

Multiplying out the right side of (27) and again comparing coefficients
with (26), we find

(28) va(2oe? + 1) + 20e(l - 0e?) = 0,

29) alece(ae + 2ya) - (yae®? + ¢) (Bayae® + ac + 2vya) = 0,

(30) e?(l - ae® + a’e®) - a”e® + yae?(ae® + 1) (yae® + 2¢) = 0.
Evaluating (26) and (27) at z? = -y/o and equating them gives e? = x%c?, so

that e? = a%¢?. We now rewrite (28), (29), and (30) with g = ya and ae = ¢,
where |8] = 1:
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(31) 2¢%e - 28¢? - 28ce’q - qe = 0,
(32) Se®e? + (2ge® - 8)e® - 4gScle? - (38ge® + 2)qee - 2q2%e® =0,
(33) cle(c? - 1) + 8c?(1 - e*) + ge®(ce + 8)(qe? + 2¢) = 0.

If 26ce + 1 = 0, no g satisfies both (32) and (33). Therefore, 28ce + 1 # 0,
and in this case we find
_ 2¢%(ce - §)
9= 2(28ce + 1)

from (31) and substitute into (32) to obtain e?¢? = 1. TFor § = 1, we find

from ¢?¢? = 1 that ce = -1, since if ce = 1 then g = 0, contrary toy # 0 # a.
Simplifying the expression for g gives yae = 4c¢?. Also, from ae = Sc comes
ae? = -1. Similarly for § = -1, we determine ce = 1, yae=-4c?, and ae®=-1.

Now for ¢(x) = e/yx/2, it is easy to verify that
6P (0 (@))] = V4 - &P
and, using the fact yge® = 4§, that
0HG(0@)] = e (x® - DVh - 2.

Finally, it is easy to check directly that these two functions are semipermut-
able if and only if e? = *1, and this completes the proof.

Theorem 6: Every even SP chain under a constant sequence of the form

d,(x) = Vox® + Br + Y

is equivalent to a Chebyshev even chain {a,U,(x)}, ai =1,n =1, 3, 5,

Proof: Suppose {yis Y3s Ys5s «--} is an even SP chain under d(x) = dp(x) as
above. Let 7, (x) =y,(x)d(x). By Lemma.6b, we may assume that d(x) = v4 - x2.

Since every even polynomial y,(x) of degree n — 1 is a linear combination of
even U; (x)'s up to degree n - 1, we write

Y, @) = a,U, ) +Zbiﬁi(x), n>m>1,

=1
where b; = 0 for even Z. Suppose b, # 0. Then
(34) [y,(y,@)1% = (4 - F2(2))

m m 2
= {—aﬁl_/ﬁ(x) - Zanﬁn(x)Zbiﬁi (x) - [Zbiﬁi (x):| + 4}
i=1 i=1
and

m 2
(35) [Ky, (y,(x)) + L]? = KZ[aﬁn (T, @) + Y b,0,(T, (x))]
i=1

m
+ 2KL [anﬁn(ﬁl (x)) + Z b,U,; (U, (x) )] + L2.
i=1
The highest degree term on the right side of (34) is alxz®", while that on the
right side of (35) is (-1)?-1K2a2x?". Thus, K% = 1, so subtracting (35) from
(34) and using Lemma 2a [rewritten as T, (x)T,(x) + U,(x)U,(x) = 2T,_,(x) for
0<m<n],
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o
]

(7,7, )12 - [K,(F, @) +L12 = -a2T%(x) - 2a,9 5,0, @)7T; ()
i=1

- [Zbﬁi (x)}z +4 - {a,%:p,f (@) + 22,9 b;T, @)T; (@) + [ZbiTi (x):|2}
i=1 =1 i=1

- 2KL, [anTn (x) + ZbiTi (nc)] - I?

=1

-2 [P (@) + T2 @)1 - 24,9 b;[0,(@7; (x) + T, @)7T; @) ]
1=1

m 2 m m
_{[Z b,U,; (ac)] + [ZbiTi (x)}z} - 2KL|:anTn (x) + Zb,_-T,_. (x)]
i=1 i=1

i=1

- L% + 4.

Thus,

m m
(36) 0 = -4a? - 4a, § b,T,_;(x) - [2 E b% + 4 E bibjly_iCrﬂ
i ;

=1 l<i<jem
m
- ZKL[anTn (x) + ) bT; (x)] - L% + 4.
i=1

If I # 0, the right side of (36) is a polynomial of degree n. Therefore, L =
0. If b, # 0, the right side of (36) is a polynomial of degree n - 1, again a
contradiction. Therefore, m = 0, so that

v, (x) = a,U,(x) for n > 1,
and (36) shows that a2 = 1 for n > 1.
Lemma 7a: Suppose &, a, and ¢ are nonzero, B2 # 4oy,
F(x) = (ex + f)vax® + Bx + v and G(x) = (az® + ba® + cx + d)y/ax’® + Bx + .

If F(x) and G(x) are semipermutable, then F(x) and G(x) are equivalent [with
the same ¢ in (23)], respectively, to the functions

U,(@) = /b - 2> and a,0,(x) = a,(z® - 2)/4 - «?, where af = 1.
B&Qgﬁ: Write 4 = /&57*1'E5—17§'and B =ax® + bx? + cx + d, so that
F(x) = (ex + f)4 and G(x) = BA.
Direct computations show
(37 [F(G(x))1% = ae®G* (x) + (af® + 2Bef + ve®)G? (x)
+ [e2af + Be)G?(x) + F(Bf + 2ye)1BA

and
(38) [KG(F(x)) + L1% = K*[QgF%(x) + Q,F'(x) + -+ + Q,F(x) + @,]
+ 2KLG(F(x)) + L%,
where
Qg = 0"@2’ Q; = a(20b + Ba), )
Q¢ = 20ac + ab? + 2Bab + Yaz, Qs = 20ad + 20be + 2Bac + b + 2vab,
Q, = 20bd + ac? + 2Bad + 2Bbe + 2yac + Yb®, ,
9y = 20cd + 2Bbd + Be® + 2yad + 2ybe, Q, = ad? + 2Bed + 2vbd + ye©,
Q, = d(Bd + 2ye), Q, = yd*.
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Comparing coefficients of x'® in (37) and (38) gives a? = K?a%e®. 1In (38)
only the expression X?a(2ab + Ba)F’ (x) comtains a nonzero multiple of x'%4,
and (37) contains no such term. Specifically, (38) contains the term

K?alae” (2ab + Ba)xl34.

The condition B2 # 4oy keeps A from being a polynomial, and since kK203ae’ # O,
comparison with terms in (37) gives

(39) Ba = =20b.

In (37) only the expression e(20f + Be)G2(x)BA contains a nonzero multi-
ple of 214, and (38) contains no such term. Writing this expression as

e(2of + Be) (aa’x® + ) (ax® + ..)4,

we find by comparison with (37) that

(40) Be = -2af.
Since A is not a polynomial, the expression
(41) VA2 (ex + )2 + v + BA[PF?(x) + d + (aF%(z) + ¢) (ex + F)A]

for G(F(x)) in (38) cannot be of the form R(x) + Q(x)A for any polynomials R(x)
and @(x) unless perhaps B = 0. Thus, for B # 0, the expression (41) is lin-
early independent of the other terms in (38) and all those in (37), so that
L = 0. On the other hand, if B = 0, then b = f = 0 by (39) and (40). Then
(37) shows [F(G(x))] to be a polynomial, and (41) reduces to

Vod%elx?+ y[d + (ae’d’x® + c)exvox® + v].

For this to be a polynomial requires y = 0, contrary to R? # 4ay. Consequent—
ly, for B = 0, we still have L = 0.

Equation (40) shows that no multiple of xPA occurs in [F(G)]? for any
p > 3. Since only QSFS(x) in (38) contains such a multiple for p = 9, we have
Qs = 0. Because of this and the fact that Qng(x) alone in (38) contains a
multiple of x°4, we have Qs = 0. This leaves (38) with no multiple of 234, so
that the coefficient of %4 in (37), namely F(Bf + 2ye), must equal 0. If
f # 0, then eliminating e from Bf + 2ye = 0 and Be + 2af = 0 gives B2 = 4oy,
which is forbidden. Therefore, f = 0. By (40) and (39), B = b = 0 also.

For x, a root of ox? + Bx + Y

FIG(z,)] = F(0) = /Af =0 and G[F(xy)] = G(0) = /Ad;
0. The condition B% # 4oy implies v # 0. We sum-

since I = 0, we have /vyd
marize our findings:

(42) B=0,b=0,f=0,d=0,L=0,8, =0,@q, =0, g, =0.
These enable us to simplify (37) and (38) as follows:
(43) [F(G(x))]? = alae?x*® + 202a%e?(2ac + ya)xt"*

+ aa?e?(6a?c? + 8ayac + y*a®)x'?

+ 2aace’ (5ayac + 2y2a® + 2a%c¢? + ayac)xt®
+ ae?(6y2a®c? + 8ayac® + ae* + ya*)x®

+ ye? (4oyac® + 20%c¢? + 20ac + ya®)z®

+ yee? (aye® + 2ya + ae)z® + yielelr?;

(44) KZ[G(F(x))]Z = KZ{G,SCZZeale + l"al}aZ,YeleL} + a396(6,\{2a262
+ 20ac + ya?)xt? + a?ye® (4y%a®e® + 6boac + 3ya®)xl®
+ ae" (y*a?e" + boyZace? + 3yda?e? + a’e? + 2ayac)x®
+ ve" Qay2ace? + yia?e? + 202e? + bayac)ax®
+ yee? (ayce? + 2y2ae? + qe)x* + y2ele?x?}.
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Comparing coefficients of xls, xlu, ceas xz, in order, gives
(45) a? = a”e® [because of (52) below]
(46) 20¢ = ya

(47) 13a%e? = e"(3y%a%e? + 20ac)

(48) llaae = e* (v3a%e? + 6a%c?)

(49) 4lo%e" + 20ac = y'a?e® + 24alye’e* + 5ale?e?
(50) 5ae? + 2a = boyee® + Soce®

(51) ac®+ 2a = Soce?

(52) K* = 1.

Subtracting (51) from (50) gives

(53) c? = vye*.

Eliminating o from (46) and (47) gives

(54) 13¢2 = ye" (3ye? + 1).
Eliminating ¢? from (53) and (54) gives

(55) ve? = 4.

With (45), (53), and (55) in mind, we now discern four possibilities for
given g and e:

(56) o = -ae and c = -2e
(57) a = ae and c = =2e
(58) a = —ael and e = 2e

(59) a = ae’ and c = 2e.

For (56), we have
F(x) = x4 - ae’x? and G(x) = e Y (ax® + ex)/b - ae’z?.

For ¢(x) = z//ae® we find that ¢ [F(¢(x))] = »/4 - z° and, using the assump-
tion ¢ = -2e¢, that
¢MG((@))] = (e7*x® - 24 - 2”.

It is easily checked directly that these two functions are semipermutable iff
6 =
e® = 1.
Direct checking for semipermutability further shows that (57) gives F and

G respectively equivalent to U, and U,, while (58) and (59) give functions

respectively equivalent to U, and -U, as desired.

Theonem 7: Every odd SP chain under a constant sequence of the form
d,(x) = Yox? + Bx + v

is equivalent to a Chebyshev odd chain {a,U,(x)}, a? =1, n=2, 4, 6,

Proog: Suppose {y,, Yy, ...} is an odd SP chain under d(x) = dn(x) as above.
Let 7, (x) =y, (x)d(x). By Lemma 7a, we may assume that d(x) 4 - x%. Since
every odd polynomial y, (x) of degree m — 1 is a linear combination of odd
U;(x)'s up to degree n - 1, we write

7,@) = a,U, () + 9 b U@, n>m>1,

=1
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where b; = 0 for odd ¢. The rest of the proof follows that of Theorem 6
exactly,

Theorem 8: Suppose d(x) = vox® + Bx + y where o # 0 and B2 # 4ay. There ex-
ists no complete SP chain under D.

Proog: Referring to the definitions given just before Lemma 6b, if such a
chain {p, (x), p,(x), ...} exists, then the chain {p,(x), py(x), ...} is an even
SP chain. The proof of Lemma 6b shows that we may assume ®(x) = Kx + [ in
(22) and oo = -1 and B = 0. Thus, we write

P, (@) = a/-x® +y and P,(x) = (bx + c)/-z® +y
where g, b, and y are nonzero. Writing out the assumption
[B,(7,@)1? = [Xp,(P, @) + L12,

we find the term 2K%a’bex?v/-x? + y on the right side and all other terms in
this equation linearly independent of this term. Thus ¢ = 0, so that

(p,(p,@))1? = a’b’z* - ya®b’x® + ya®.
It is easily checked that L = 0, so that
[Kp, (P, (®)) + L1* = -a*b?K*x* + ya®b’K? (2a* - 1)x?
+ K*v2a?b%(1 - a?).

Comparison of coefficients of x" gives a?k? = -1, which along with comparison
of coefficients of 2 implies X2 = -1. But this leads to a contradiction,
since comparison of constant terms gives 1 = yb? (X% + 1).
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DEFINITIONS
The Fibonacci numbers F, and the Lucas numbers I, satisfy

Fopy =Foyy +Fyy Fy =0, F, =1 and L,,, =Ly, +Lns Ly =2, L, = 1.
Also, a and b designate the roots (1 + v5)/2 and (1 - V/5)/2, respectively, of

2 -2 -1 =0.

n+2 n+1

PROBLEMS PROPOSED IN THIS ISSUE
B-436 Proposed by Sahib Singh, Clarion State College, Clarion, PA.

Find an appropriate expression for the nth term of the following sequence
and also find the sum of the first » terms:

4, 2, 10, 20, 58, 146, 388, 1010,

B-437 pProposed by G. Iommi Amunategui, Universidad Catdlica de Valparaiso,
Valparaiso, Chile.

Let [m, n] = mm(m + n)/2 for positive integers m and n. Show that:
(a) m+1, nlimy,n +2]m+ 2, n+ 1] = [m, n + 11[m+ 2, nl[m+ 1, n + 2].

() Y Im+1-k, k] =mGm + 1)*(m + 2)/12.
k=1

(We note that part (a) is the Hoggatt-Hansell '"Star of David'" property for the
[m, n].)
B-438 pProposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA.

Let n and w be integers with w odd. Prove or disprove the proposed iden-
tity ,

FowFnsw = 2LuFnynFnoy + By yFy_ o, = (Lyy, = 20,)F, .

B-439 pProposed by A. P. Hillman, University of New Mexico, Albuquerque, NM.

Can the proposed identity of B-438 be proved by mere verification for a
finite set of ordered pairs (n, w)? If so, how few pairs suffice?

B-440 Proposed by Jeffrey Shallit, University of California, Berkeley, CA.

(a) Let n = x2 + yz, with x and y integersnot both zero. Prove that
there is a nonnegative integer k such that n = 2¥ (mod 2k+2y
(b) If n = 2¥(mod 2%¥*?), must # be a sum of two squares?

B-441 Proposed by Jeffrey Shallit, University of.California, Berkeley, CA.

A base-b palindrome is a positive integer whose base-b representation
reads the same forward and backward. Prove that the sum of the reciprocals of
all base-b palindromes converges for any given integer b > 2.

370
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SOLUTIONS
GCD Not LCM
B-412 Proposed by Phil Mana, Albuquerque, NM.
Find the least common multiple of the integers in the infinite set
{2° - 2,3%° -3,4% -4, ..., n% =n, ...}.
Solution by Sahib Singh, Clarion College, Clarion, PA.

The least common multiple is infinite because every positive integer n is
to be its factor. If we want the greatest common divisor of the members of
the set, we note that

n=-n=um-1DE+1DE+DE +1) = & -n)@E" +1).
Since n(n - 1)(n + 1) = 0 (mod 6) and #° - n = 0 (mod 5), we conclude that

n? = n = 0 (mod 30) for n 2, 3,

By examining the first two terms of the set, we see that the greatest common
divisor is 30.

Also solved by Paul. S. Bruckman, Lawrence Somer, and the proposer.
Counting Equilateral Triangles
B-413 Proposed by Herta T. Freitag, Roanoke, VA.
For every positive integer =, let U, consist of the points J + ke?"/3 in
the Argand plane with
jedfo, 1,2, ..., n} and ke {0, 1, ..., 5.

Let T(n) be the number of equilateral triangles whose vertices are subsets of
U,. For example, T(l) =1, 7(2) = 5, and T(3) = 13.

(a) Obtain a formula for T(n).
(b) Find all n for which T(n) is an integral multiple of 2n + 1.

Solution by W.O. J. Moser, McGill University, Montreal, P.Q., Canada.

For the problem as given, T(3) is 15 and not 13 as stated in the problem.
The difference may be accounted for by the triangles {[2, 2], [1, 0], [3, 11}
and {[1, 11, [2, O], [3, 21}, where [J, k] denotes J + ke?"*/3 | The proposer
probably meant to count only the triangles with a side parallel to the real
axis. The intended problem is the same as Problem 889, Math. Mag. 47 (1974),
solution <bid. 47 (1974):289-91, where other references are given.

Using the following well-known result one can count various sets of ver-
tices forming equilateral triangles in U,:

Lemma: Let m and » be integers, m > 0, » > 1, The number of ordered r-tuples
(@y> +..» ay) of nonnegative integers a; satisfying a, + -+ +a, =m is

(m + r - 1)
r -1 ’
Triples of the form
{4, k1, [4 - %, k1, [4..k + 21}, {4, k1, [4, k - 2], [J + <, K]},
g+, kK1, Id, k + 21, [ - %, k - 2]},
{[j - i’ k]s [j:v k - 7:]: [:7 +7:3 k+7:]}

all form equilateral triangles.
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Let A,(n) for s = 1,2, 3, 4 denote the numbers of triples in U of these
forms in the order listed. Geometrically, one sees easily that A;(n) = A, (n).
Since [j, k] e U, if and only if j and k are integers with 0 <k<g<mn,
(n) is the number of ordered triples (<, j, k) of nonnegative. 1ntegers sat-
Jsfylng l1<iand k+71<j<n. lettingx=72-1,y =k, a=§ -1 -k, and
w=mn - j, we see that A (n) is the set of ordered quadruples (x, y, 2z, w) of

nt 2) by the

nonnegative integers with x + y + 2 +w=#n - 1; hence, 4,(n) = ( 3

lemma. Other types of triangles may be enumerated similarly.
The answer for the intended problem is

T(n) = [n(2n + 1D(n + 2) - 6,1/8,

with 6, = 0 for n» even and 6, =1 for n odd. Hence, (2n + l)lT(n) iff »n is
even.

Also solved by Paul S. Bruckman and the proposer.
B~-414 proposed by Herta T. Freitag, Roanoke, VA.
Let
n SN
S, = Ln+5 + <2>Ln+2 - 2: <2)Li - 1L
=2

Determine all »n in {2, 3, 4, ...} for which S, is (a) prime; (b) odd.
Solution by Paul S. Bruckman, Concord, CA.

Note that

n+1 n n+1
A5, = Sn+1 =5, = Lpyy +< 2 )Ln+3 - <2)Ln+2 - ( 2 )Ln+1

n+1 n
Lpyy + {( 2 ) - (2>}Ln+2 = Lypy Tl

(n+ 1)L, = Nlpssg-

Hence, S, = nL, 4

§,=IL,+0L, -0, -11=29+7 -3 - 11 = 22;

+ ¢, for some constant ¢. Now

but also,
S, =2L.+c=2+11 +c¢c = 22+ c.

Hence, ¢ = 0. Therefore,

(1) s

Clearly, since n and [,,, are each integers greater than 1 (for n > 2),
S, 1s never prime. 1In order for S, to be odd, both n and L,,,; must be odd.
Now 1, is even iff 3]n as is readily seen by inspection of the first few val-
ues (mod 2) of the Lucas sequence. Hence, I is odd {iff 3*n. It follows
that S, is odd iff n = %1 (mod 6).

=nl,, 4> n =2, 3, 4,

n

n+3

Also solved by Bob Prielipp, Sahib Singh, and the proposer.

PROPOSALS TABLED

No solutions to problem B-415 were received. The problem was restated by
the Elementary Problems Editor in a form not equivalent to the original prob-
lem.

No solutions to problem B-416 were received.
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Not a Bracket Function

B-417 proposed by R. M. Grassl and P. L. Mana, University of New Mexico,
Albuquerque, NM

Here let [x] be the greatest integer in x. Also, let f(n) be defined by
£0) =1=fFf1), f(2) =2, f(3) = 3,
fn) = fn - &) + [1 + (n/2) + n?2/12)] for n e {4, 5, 6, ...}.
Do there exist rational numbers a, b, ¢, and d such that
fn) = [a + bn -+ en? + dn’]?

Solution by Paul S. Bruckman, Concord, CA.

and

We first prove the following:
n f2m) = 12n® + 15w + 6n + 1, n = 0, 1, 2,

Let S denote the set of all nonnegative integers n for which (1) is true.
Since f(0) = 1, it is clear that 0 € 5. WNow f(12n + 12) - f(12n)

2

: : 16 2
= Z (f(12n + 4k + 4) - F(12n + 47<)) = E (1 + 6n + 2k + 2 + I:ﬁ(3n+7<+ 1)])

0 k=0

=
"

<3 + 6n + 2k + [—g—{%z + 6n(k +.1) + (k + 1)2}])

M

x
)
o

{(3 + 6m + 2k + 12n% + 8n(k + 1))} + [4/3]1 + [16/3] + 12

M

=
o

2
=145+ 12 +-ji:{3 + lhn + 120% + (8n + 2)k}
k=0

= 3(12n°% + .14n + 3) + 3(8n + 2) + 18, or

(2) f(12(n + 1)) - F(120) = 36n + 66n + 33.
Suppose n £ S. Then
f(lz(n + 1)) 1272% + 15n% + 6m + 1 + 36n> + 66n + 33

1213 + 51n% + 72n + 34

12 + D3+ 15n + 1)? + 6(m + 1) + 1.

Hence, n € S = (n + 1) € §. By dinduction, (1) is proved.
Now, suppose that for all n > 0,

(3) fn) = [a+ bn + cen® + dn’]
for some rational a, b, @, and d independent of n. Then
_ fn) =a+bn+cen® +di® +e,,
where e, = 0(n) as n + », In particular, substituting 12n for #n:
(4) F(12n) = a + 12bn + lbsen® + 1728dn° + e ,,.

By comparison of (1) and (4), it follows that 12b = 6, l44c = 15, 17284 = 12,
i.e.,

(5) b =1/2 = 72]144, ¢ = 15/144, d

1/144,
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Hence, »
(6) fn) = ["3 + li’zz + 7y a], n=0,1, 2,
Note that
. F(5) = £(1) + [1 + 5/2 + 25/12] =1 4+ 1 + [55/12] = 6,
an

F(9) = £(5) + [1 + 9/2 + 81/12]
Setting » = 0 in (6) yields:

6 + 1 + [45/4] = 18.

f@) =1 = [al;
however, setting n = 9 in (6) yields:
f(9) = 18 = [18 + a],

which implies [a] = 0. This contradiction establishes that the supposition in
(3) is false.

Also solved by the proposers.

N
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PROBLEMS PROPOSED IN THIS [ISSUE
H-320 Proposed by Paul §. Bruckman, Concord, CA.

Let
z(s) = 25371“3, Re(s) > 1, the Riemann Zeta function.
Also, let net
n
H, = E: k', n=1, 2,3, ..., the harmonic sequence.
Show that k=l

o

4y
> — = w0,

n=1
H-321 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA.
Establish the identity

6 6
Fsz+1l+r + FS - (ler + Lsr + [’L‘Lr - 1) (Fn+12r + Fn+2r)
+ ([’201' + LlGr + Lur + 3)(Fr§+10r + Fne-%-ur)
. 6 6
- (Lzur = Lyop * hypp 2L8r - 1)(Fn+8r + Eh+er)

3
2
40(-1" [172,, .
=1

SOLUTIONS
A Dawn

H-294 proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA.
(Vol. 16, No. 6, December 1978)

Fraluate Fopsn Fonts Flonts Frupsr Fravas
Frprs Fionss Foes10 _F28r+1u F36r+18

A= 1Fonss  Flanag Foort1s Fuopeor Tsupsar

P RETTrEY Fyontao “Foening T7om 436

Fiomss F3Or+15 F50r+25 F7Or+35 F90r+45

375
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Solution by the proposer.

After simplification,

1 1 1 1 1

L2r+1 _L6r+3 L10r+5 _Llhr+7 L18r+9
A= F2P+1F6r+3F10r+5Flur+7F18r+9 Lhr+2 L12r+6 L20r+10 Dognsrn LDaenste

L6r+3 —L18r+9 L30r+15 _L42r+21 L54r+27

Lsr+u Lzur+12 L40r+20 Lsersos L72r+3e

- bl
- F2r+1F61’+3b101’+5F14r+'7F18r+9(L6r+3 + L21’+1)(L10r+5 - L2r+l)

° (L14p+7 + Lzr+1)(518r+9 - Lzr+1)(L10r+5 + L6r+3)(L14r+7 - Lsp+3)
N (L18r+9 + L6r+3)(L14r+7 + L10r+5)(L18r+9 - L10r+5)(L18r+9 + Llur+7)

]

5 " 4 3 3 2 2
510 ,
F2r+lFHr+2F6r+3F8r+HF1Or+5F12r+6Flur+7 1er+eF18r+9

_ el054a4 b 53 @3 2 o2 _
=5 FwF2wF3thwﬂ5wF6wF7wF8wF9w’ where w = 2r + 1.
More ldentities

H-295 Proposed by G. Wulczyn, Bucknell University, Lewisburg, PA.
(Vol. 17, No. 1, February 1979)

Establish the identities

2 2 _ k+13
4 (@ Fliser+s = Ferspenfiaonss = GO F i lon i Disir s
an
2 2 - k+153
(b) E%E%+6r = Boverfiron = =1 Forlion Dy pyp -
Solution by the proposer.
2 2
(a) F%Fk+er+3 ~ Fversnlisorit

]

1 2k +127+6 2k +127+6 k
Tp {(ak - RO PRIIITTE 4 @RI g (1yE

(uk+8r+u - Bk+er+4)[qzk+ur+z 4 p2krur+z 2(_1)k]}

BPH2 4 9g12PH6 )

(—1)k+1 {uk—ur—z(a15r+s - 2

5/5
_ Bk-nr-2(615p+e 4 QRL2THE _ ophr+2 1)}

(-Dk*? Yp -2 hp+2 by 42 3 k-tp -2 phr+2 yp +2 3
= S (R M S D M T - BRI E o (BT

= (_;‘)/l;_-’—l {ak—’+r_2

0(2r+1(0(,2r+1 + 62r+1)(a2r+1)3(u2r+1 - BZZ’+1>3

+ Bk+ur+2(u2r+1 + 2T ALY (2L Bzr+1)3}

]

k+143
(-1) b2r+1L2r+1Lk+ur+z'

52 . 2
(b) FLEk+er - E%+BPF%+2P

1 k _ pk 2k +12r 2k +12r gy kL
Sg{m B {a +8 + 2(-1)**™
(ok*er Bk+er)[a2k+ur + g2kter 4 2("1)k+1]}
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(G D LA ST 127 4 k-t
=—5/_5_——{0L (o - 20, +20Lr—-1)_6‘1"(6151"_2612r+2841"_1)}
= (“l)k+1 {ak—kr (OLL*T _ 1)3(0(,1*1, + 1) _ Bk—“r(Blﬂ' 1)3(841' + 1)
5/5 B j
= (_1)k+l k+ur 2r _ 2rN3 2r 2r k+ur 2r 2ry 3 2r 2r
v T G b N CE e I R CE LY

(_l)k+1F3 I T,

2r2p

It

k+ur”®
Also solved by P. Bruckman.

Bracket Your Answer

H-296 Proposed by C. Kimberling, University of Evansville, Evansville, IN.
(Vol. 17, No. 1, February 1979)

Suppose x and y are positive real numbers. Find the least positive in-

teger n for which
| &L l‘_ I L I
n + Y n

where [2] denotes the greatest integer less than or equal to z.

Partial solution by the proposer.

Solution forn the Special Case y = 1:

m?> +m - 1

IA

2
L (m +%) -x if m? < x

L+/m+ 1?2 -z ifm?> +m<ax<m? +2m

Then the least positive integer » satisfying [n ‘f_ 1] = [%] is given by

Letm = [V/x] and 4 =

_fm-1+4 if 4 is an integer
n= m+ [4] otherwise.

Proof: First suppose m® < x <m’ +m - 1, where m = [Vx]. Let L = - m”,
Then writing kK =n - m gives

x _ _m2+L_m_k+k2+L
n m+k m+k m+ K -
Similarly )
x k+1D°+1L
n+1_m—k_1+m+ +1 -
. . (k+ D2+ . . .
The least k satisfying mrEk+ 1 > 1 is easily found to satisfy
1 1)?
> = =) -
k > 7+ <m+2> x.
Thus, for
1 1)\?2 . . )
—§+ m+§ - x if this is an integer

1 + (m + l)2 - & oth i
5 5 otherwise

. 1 -\ 2
we find thatk<—2—+ (m+7> -x=%+/m—L+%, so that

ot
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1y 1
(k-3) <n-p+g ama B2
Consequently, [%] =m - k. Furthermore, if

(k+ D2 +1

m+ k + 1 22

x ) L - i
then T+ >m -k + 1, contrary to PP < L < k. This shows that
(k + D?+L _,
m+k+1

x
so that [1 ¥ n] =m - K.

If n! < n, then for m =m+ k' we have k' < k; by definition of X this
implies

k' + 1?2+
m+ k' + 1 <1
so that
_* . S A r ikl_i_lli_t;g % 1
T35 =" k Lt T and T+ 7| < k' -1
12
On the other hand, ﬁ%‘= m - k' + %T:f%ﬁg’ so that [i%- >m-k' This shows

Now suppose m? +m < x < m* + 2m, where again m = [/x]. Let
I =x-m>-m and k =mn -m.

An argument analogous to that above shows that the least k for which

(5] - i)

Jim + 1D -2 if this is an integer
) g

R
1 +-{¢(m + 1)? - m:] otherwise.

The solution stated above now follows from kX = n - m.

is given by

Note: 1t appears likely that for any y, at least for any positive integer Yy,
the solution can be written in the form {x/j] + 1, where J is an integer.

Also solved by C.B. A. Peck.
The Limit

H-297 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, CA.
(Vol. 17, No. 1, February 1979)

Let P, =P, =1, B, () =P, ,(A) = \P,_,(}). Show

1P O)/B0) = (=TT AN/ = 506, "

where C, is the nth Catalan number. Note that the coefficients of P, (}) lie
along the rising diagonals of Pascal's triangle with alternating signs.

Solution by Paul S. Bruckman, Concord, CA.
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The characteristic polynomial of the P,'s is x’-x2 4+ X = (z - u)(x - v),
where

w=u() =21+ /T &N, v = p(A) = U - /TN,
It follows readily from the initial conditions that
B,V = @t - o™ DY/ w-v),n=0,1, 2, ...

Although it is not stated in the problem, we assume that I)\[ < 1/4, to
avoid possible problems of convergence. Being acquainted to some degree with
the proposer of the problem, it is nearly safe to say that he did not intend
the problem to involve a rigorous treatment with A ranging over all admissible
values, but rather a formal result valid for "nice" values of A. Moreover, we
assume A is real,

Let », =P, _;(W\)/P,(}), and f(A) =u(d)/v()). Since uv = A,

FOY =u?/x = (@ -N/x=u)/x - 1.
Also

£ () = (un - vty @ -ty o @ oL fTo 1
v{@/v)™ -1} (T - 1)

If we consider the graph of f, we see that the graph has asymptotes at
A =0 and at f = -1; however, the latter asymptote is approached only as A —+
-o, and we exclude this possibility, by hypothesis. If A > 0, clearly u > v,
Tflx <0, thenu >1, v <0, and f < -1. It follows that, if |A| < 1/4, then
fl > 1.

Hence, r = 1lim r, exists and
n+w

1 - V1 = 4)
2\ ’

Now, by the binomial theorem,

i (12 . ; < -3 ()
(1 - 4)) 1/2 _ Z( )(_Z;)\) (provided I)\I < 1/4) = nzx-:o(n )>‘ .

n
n=0

Integrating with respect to A, we see that

2n)
1/2 _ (7’1 n+l
(-1/2) (1 - 4)) c +7;) n+l>\ , for some comstant c.

)
Setting A = 0, we find that ¢ = -1/2. Also, observe that C,, , = ” Z T the
(n + 1)th Catalan number. Therefore,

r=r0) =9, C,\". Q.E.D.

Also solved by the proposer. n=0
The Big Six

H-298 Proposed by L. Kuipers, Mollens, Valais, Switzerland.
(Vol. 17, No. 1, February 1979)

Prove:
(1) PS4y = 3F5 o+ SFSFP = 3F F° - F° = (-1)",n=0,1, ..

(ii) F§,¢ - l4Fp, o - 90F;, ., + 350F%, . - 90FS, , - 14FS . + F§
= (_l)nSOs n = 0, 1, seasy

(iii) F,,o - 13F,, o + 41F;, , - 41F°,

n+5 n+ b

0
>

6 6
+ 1375, - F

3 n+l

= 40 +%(1 + (-1)")80 (mod 144).
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Solution by L. Carlitz, Duke University, Durham, NC.
(1) Let P(x, y) = x® - 32y + 5x%y% - 3xy® - y®.
fied that P(y + =z, y) = -P(y, 2).
In this identity, take y =F,, 2 = F . This gives

n-1
P(F,,,» F,) = -PF,, ) (n=1,2,3, ...

It is easily veri-.

1
Thus, n

F) = (-1)'P(1, 0).

P(Fyyys F,) = (-D"P(F, F,
Since P(l, 0) = 1, we get

P(F a1 Fp) = (- n* m=0,1,2, ...,
as asserted.

(ii) Put

Fr @ -Z 10" =0, 1, 2, ...).

It has been proved (L. Carlitz, "Generating Functions for Powers of Certain
Sequences of Numbers,' Duke Math. Journal 29 (1962):521-537; see also Riordan,
""Generating Functions for Powers of Fibonacci Numbers," Duke Math. Journal 29
(1962):5-12) that

U, (x)
(*) f & = D, (x)°
where k+:‘L 2)1/1(11+1)Fk+1Fk Y Tk-rt2
D, (x) = r=%(—1f” FF, .. T x”

and
o
Up@) = 9 Upsd (k =1, 2, 3, ...)
J=0

can be computed recursively by means of
Ukarsg = FjarlUe,y + CDIE_ ;0
For kK = 6, we find that

Dg(x) = 1 - 13x - 104x> + 260x3 + 260z" - 104x° - 13x® + x7

k,d-1°

and
U, (@) =1 - 12z - 532" + 53xz° + 12¢" - x°.
Moreover, it can be verified that

Dg(x) = (1 + 2)(1 - lbx - 90x? + 350x® - 90x* - l4x® + x°)
and
Ug(@) = (1 +2)(1 - 13z - 402” + 93z° - 8lz") + 80x°.

Thus, taking k = 6 in (*), we have

Ug ()
(1 - l4x - 90z2 + 350z° - 90x* - 14z + xG)Z Py @ 755
80zx°
= _ - 2 - &
=1 - 13z - 402” + 93° - 8la* + 57
=1 - 13z - 40x? + 93z° - 8la* + soZ( 1) " *s,
n=0
Comparing coefficients of x"*5, we get
6 6 6 6 6 6
FS, . = 14F; o = 90Fp . + 350F;, , - 90F,,, - 14F, , + F,

= (-1)"80 (n=0,1, 2, ...).
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(iii) We have
1 - lbx - 9022 + 350x° - 90z* - 14x° + z©

= (1 - 2)(1 - 13z + 41x? - 412° + 132" - %)
so that

(mod 144),

De(x) = (1 - 2*)(1 - 13z + 4lx® - 4lx® + 13z - 2°) (mod 144).

It follows that

2 3 4 5\ N 6 Ue @)
n =
(1 - 13% + 41x® - 41z° + 13x* - x )2g%p;+lx =i
_1 - 1lx - 64x® - 11x° + "
B 1+
402"
= - - 2 3 I
=1 122 - 52x2 + 41x T+ (mod 144).
Comparing coefficients of x"*°, we get
6 6 6 6 6 6
Fn+6 - 13Fn+5 + 41Fn+'+ - 41Fn+3 + 13Frz+2 - Fn+1

= (-1)"40 (mod 144) (m =0, 1, 2, ...).

Also solved by P. Bruckman, G. Wulczyn, D. Zeitlin, and the proposer.

FHHHH
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