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BRIAN ALSPACH and KATHERINE HEINRICH
Simon Fraser University, Burnaby, B.C., Canada V53 156

ABSTRACT

It has long been known that there exists a perfect magic cube of order n
where n # 3,5, 7, 2m, and 4m with m odd and m > 7. That they do not exist for
orders 2, 3, and 4 is not difficult to show. Recently, several authors have
constructed perfect magic cubes of order 7. We shall give a method for con-
structing perfect magic cubes of orders n = 4m with m odd and m > 7.

1. INTRODUCTION

A magic square of order n is an nx n arrangement of the integers 1,2, ...,
n? so that the sum of the integers in every row, column and the two main diag-
onals is n(n®+ 1)/2: the magic sum. Magic squares of orders 5 and 6 are shown
in Figure 1.

20 22 4 6 13 1 34 33 32 9 2
9 11 18 25 2 29 11 18 20 25 8
23 5 7 14 16 30 22 23 13 16 7
12 19 21 3 10 6 17 12 26 19 31
1 8 15 17 24 10 24 21 15 14 27
35 3 4 5 28 36

Fig. 1

It is a well-known and long established fact that there exists a magic square
of every order n, n # 2. For details of these constructions, the reader is re-
ferred to W. S. Andrews [2], Maurice Kraitchik [13], and W. W. Rouse Ball [6].

We can extend the concept of magic squares into three dimensions. A magic
cube of order n is an mxnxn arrangement of the integers 1,2, ..., n® so that
the sum of the integers in every row, column, file and space diagonal (of which
there are four) is n(n® + 1)/2: the magic sum. A magic cube of order 3 is ex-
hibited in Figure 2.

10 26 6 23 3 16 9 13 20

24 1 17 7 14 21 11 27 4

8 15 19 12 25 5 22 2 18
Fig. 2

Magic cubes can be constructed for every order n, n # 2 (see W. S. Andrews [2]).
A perfect magic cube of order m is a magic cube of order n with the additional
property that the sum of the integers in the main diagonals of every layer par-
allel to a face of the cube is also n(n3 + 1)/2. 1In 1939 Barkley Rosser and
R. J. Walker [15] showed that there exists a perfect magic cube of order n,
n+#3,5, 7, 2m, or 4m, m odd. In fact, they constructed diabolic magic cubes
of order n and showed that they exist only when n # 3, 5, 7, 2m, or 4m, m odd.
A diabolic (or pandiagonal) magic cube of order n is a magic cube of order n in
which the sum of the integers in every diagonal, both broken and unbroken, is
n(n® + 1)/2. Clearly, a diabolic magic cube is also a perfect magic cube. We
shall prove that there do not exist perfect magic cubes of orders 3 and 4.
These proofs are due to Lewis Myers, Jr. [9] and Richard Schroeppel [9]. Per=
fect magic cubes of order 7 are known to have been constructed by IanP. Howard,
Richard Schroeppel, Ernst G. Straus, and Bayard E. Wynne. 1In this paper, we
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98 PERFECT MAGIC CUBES OF ORDER km [April

shall present a construction for perfect magic cubes of orders n = 4m, m odd,
m > 7, leaving only the orders n = 5, 12, 20, and 2m for m odd to be resolved.
We remark here that Schroeppel has shown that if a perfect magic cube of order
5 exists, then its center must be 63.

2. DEFINITIONS and CONSTRUCTIONS

As far as possible, the definitions will be in accord with those given in
J. Dénes and A. D. Keedwell [7].

An nxnxn three-dimensional matrix comprising » files, each having n rows
and n columns, is called a cubic array of order n. We shall write this array
as 4 = (ax)»> L,J> k € {1,2, ..., n} where a;;x is the element in the <th row,
Jth column, and kth file of the array. When we write d;4p, j+s,k+t We mean for
the indices 7 + », §J + s, and Kk + ¢t to be calculated modulo # on the residues
1, 2, ..., n.

The set of #n elements {a;+ys, 7,42 % =1, 2, ..., n} constitutes a column;

{ai,j+2,68 & =1, 2, ..., n} constitutes a row; {a; ; x+g: 2L =1, 2, ..., n}
constitutes a file; and {a;4q, j4g0,2° 2 =15 2, o5 nky {@yyp 5 04008 2 =1,
2, veeondy dag jua, want 2 =15 2500, nd and {az4y, 5y aed =1, 2,...,n}

constitute the diagonals. Note that a diagonal is either broken or unbroken;
being unbroken if all n of its elements lie on a straight line. The unbroken
diagonals consist of the main diagonals, of which there are two in every layer
parallel to a face of the cube, and the four space diagonals.

We shall distinguish three types of layers in a cube. There are those with
fixed row, fixed column, or fixed file. The first we shall call the CF-layers,
the ith CF-layer consisting of the #n? elements {aijk: 1< gJ, k<n}. The sec-
one are the RF-layers in which the jth RF-layer consists of the n? elements
{a jx: 1<%, k<n}. And finally, the RC-layers, the kth consisting of the
elements {a;x: 1<, J < n}.

A cubic array of order n is called a Latin cube of order n if it has n dis-
tinct elements each repeated n” times and so arranged that in each layer paral-
lel to a face of the cube all n distinct elements appear, and each is repeated
exactly n times in that layer. In the case when each layer parallel to.a face
of the cube is a Latin square, we have what is called a permutation cube of
order n. From this point on; we shall be concerned only with Latin cubes (and
permutation cubes) based on the integers 1, 2, ..., #n.

Three Latin cubes of order n, 4 = (a;x), B = (bjx), and C = (c 1), are
said to be orthogonal if among the n3 ordered 3-tuples of elements (ajzs bijk,
e;jk) every distinct ordered 3-tuple involving the integers 1, 2, ..., 7 occurs
exactly once. Should 4, B, and C be orthogonal permutation cubes, they are said
to form a variational cube. We shall write D = (d;;;) whered ;;x = (@z5xs Dijis
e;jk) to be the cube obtained on superimposing the Latin cubes A4, B, and 'C and
will denote it by D = (4, B, ().

A cubic array of order » in which each of the integers 1, 2, ..., n° occurs
exactly once and in which the sum of the integers in every row, column, file,
and unbroken diagonal is n(n® + 1)/2 is called a perfect magic cube.

We shall give two methods for constructing perfect magic cubes. These
methods form the basis on which the perfect magic cubes of order n=4m, m odd,
m > 7, of Section 3 will be constructed.

Construction 1: Let A = (a;;x), B = (byx), and C = (c ;%) be three orthogonal
Latin cubes of order »n with the property that in each cube the sum of the inte-
gers in every row, column, file, and unbroken diagonal is n(n+ 1)/2. Then the
cube E = (e ;) where ey = n’(agx - 1) + n(bgx - 1) + (eg5, - 1)+ 1 is a per-
fect magic cube of order n. This is verified by checking that each of the in-
tegers 1, 2, ceusn® appears in F and that the sum of the integers in every row,
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column, file, and unbroken diagonal is n(n® + 1)/2. It is clear that each of
1, 2, ..., n° appears exactly once in F. We shall show that the sum of the in-
tegers in any row of E is n(n® + 1)/2. The remaining sums can be checked in a
similar manner.

n n
YoCigare = 0 @ogung m D) A0y s - D+ €y, - D FD)
4=1 L=1

n n n n

_ 2 2

=n Zai,j+1,k +”2bi,j+k,k + Zci,j+£,k - Z(” +n)
L=l £2=1 L2=1 £=1

M2 +n +DEnm +1)/2) -n®m® +n)
nm® + 1)/2.

]

Construction 2: Let A = @;jx) and B = (k) be perfect magic cubes of orders
m and n, respectively. Replace b;jx in B by the cube C = (Cpo4) where Cpg; =
Gpst +m3(b.;jk - 1). This results in a perfect magic cube ' = (¢ ;;;) of order
nm. Each of the integers

3
1,2, eoe,m®,m® +1,m® +2, ..., 2m%, ...,

w - 1m +1, B - m® +2, ..., nmd

appears exactly once in K. As in the first construction, we shall show that
the row sum in Z is nm ((um)3 + 1)/2; the remaining sums are similarly verified.

nm

m 7
— 3
Cu, v+, u "nzar,s+l,t +mzm (bi,j+l,k - D
2=1 =1 =1

]

mm@m® + 1)/2 +m* (i @® + 1)/2 - n)
mm (@) + 1) /2.

Tt will be seen in Theorem 3.6 that it is not necessary that A and B should
both be perfect magic cubes in order for E to be a perfect magic cube.

It

3. PERFECT MAGIC CUBES

The first result is stated without proof and is due to Barkley Rosser and
R. J. Walker [15].

Theorem 3.1: There exists a perfect magic cube of order n provided n # 3,5, 7,
2m, or 4m for m odd.ao

The following three theorems are the only known nonexistence results for
perfect magic cubes. For the first, the proof is trivial. The proof of the
second theorem is that of Lewis Myers, Jr. (see [9]) and of the third is that
of Richard Schroeppel (also see [9]).

Theorem 3.2: There is no perfect magic cube of order 2.o
Theonem 3.3: There is no perfect magic cube of order 3.

Proof: Let A = (a;;x) be a perfect magic cube of order 3; the magic sum is
42, The following equations must all hold:

Ay + Qoo Agar = Ayap F Qoo F gy = Gugp FGpyy Ay = 42

and Aryg Ayt g = Agyy T Agy Ay = 42,

But together these imply that Ayoy = 14 for Kk =1, 2, and 3, a contradiction.o
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Theorem 3.4: There is no perfect magic cube of order 4.

Prood: Let A = (a;jx) be a perfect magic cube of order 4; the magic sum is
130.

First, we shall show that in any layer of such a cube the sum of the four
corner elements is 130. Consider the kth RC-layer. The following equations
must hold in 4:

arik t Qi t Qi T Qiux = Arax * Ao * Az t Ayuk
=yt Ay tagy toay,y, =130,

Arue T Aoar T Aaor T Auax = G T Goup T g + Ay

= Ay t Ay, tayy ta,, = 130.
These imply that
4

L
2(allk + alhk + ahlk + auqk) + Z Zaijk =6-+130
j=1

et
and as v
"

3 iaijk = 4+ 130,

i=1g4=1
then J

@yqp F Ay Ay T Ay, = 1300

Since the same argument holds for any type of layer in the cube, we have that
the sum of the four corner elements in any layer is 130. A similar argument
shows that a;,, + a;,, + ay,; + @44, = 130. Thus we have

Arry Ay Ay F Ay, T Ay, Y, ta,, ta,,

= ayy1 + Ay F Ay + Ay = 130,
from which it follows that

A1yt Ayqy tay,, tag,, 20, ta,,) = 260,

and hence a,,, + a,,, =65. Similarly, we can show that a,,, + a,,; = 65. Com—
bining these two results, we have a;,; = a,,,, @ contradiction.o

Using an argument similar to that of Theorem 3.4 Schroeppel has shown that
if there exists a perfect magic cube of order 5 its center is 63.

For some time it was not generally known whether or not there existed a
perfect magic cube of order 7 but when, in 1976, Martin Gardner [9] asked for
such a cube, it appeared that they had been constructed without difficulty by
many authors including Schroeppel, Ian P. Howard, Ernst G. Straus, and Bayard
E. Wynne [17].

Theorem 3.5: There exists a perfect magic cube of order 7.

Proog: We shall construct a variational cube of order 7 from which a per-
fect magic cube of order 7 can be obtained via Construction 1. Let the three
cubes forming the variational cube be 4, B, and C; the first RC-layer of each
being shown in Figure 3. Complete A, B, and C using the defining relations
=aijk+]"b =bijk+]-

Di g, kel iy, k+1

and =cuyx t 2,

ci: Jr k+1
where the addition is modulo 7 on the residues 1, 2, ..., 7. Now, in 4 and B,
exchange the integers 4 and 7 throughout each cube. The variational cube of
order 7 now has the properties required by Construction 1 and so we can con-
struct a perfect magic cube of order 7. This can easily be checked.o
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1 4 7 3 6 2 5 1 6 4 2 7 5 3 1 3 5 7 2 4 6
6 2 5 1 4 7 3 4 2 7 5 3 1 6 7 2 4 6 1 3 5
4 7 3 6 2 5 1 75 3 1 6 4 2 6 1 3 5 7 2 4
2 51 4 7 3 6 31 6 4 2 7 5 5 7 2 4 6 1 3
7 3 6 2 5 1 4 6 4 2 7 5 3 1 4 6 1 3 5 7 2
51 4 7 3 6 2 2 7 5 3 1 6 4 3 5 7 2 4 6 1
3 6 2 5 1 4 7 5 3 1 6 4 2 7 2 4 6 1 3 5 7
Fig. 3

We shall now proceed to the main theorem.
Theosrem 3.6: There exists a perfect magic cube of. order 4m for m odd and m> 7.

Proog: We know that there exists a perfect magic cube of order m,m odd and
m>7. This follows from Theorems 3.1 and 3.5. Since there does not exist a
perfect magic cube of order 4 (Theorem 3.4), we cannot simply appeal to Con-
struction 2 and obtain the desired perfect magic cubes. However, we can use
Construction 2 and by a suitable arrangement of cubes of order 4 obtain a per-
fect magic cube of order 4m. The construction is as follows.

Let 4 = (aijk) be a perfect magic cube of order m, m odd and m > 7. Let
B = (b;;x) be a cubic array of order m in which each b;;x is some cubic array
D;;x of order 4 whose entries are ordered 3-tuples from the integers 1,2,3, 4
with every such 3-tuple appearing exactly once. The D;;x are to be chosen in
such a way that in the cubic array B the componentwise sum of the integers in
every row, column, file, and unbroken diagonal is (10m, 10m, 10m). It is now a
simple matter to produce a perfect magic cube of order 4 . In Dijk replace the
3-tuple (r, s, t) by the integer

(16(r = 1) +4(s = 1) + (£ - 1) + 1) +64(ay; - 1.

The cubic array E = (e;;x) of order 4m so constructed is, by considering Con-
structions 1 and 2, a perfect magic cube.

It remains then to determine the order 4 cubic arrays D ;;x.

Consider the four Latin cubes X;, X,, X3, and X, as shown in Figure 4 where
from left to right we have the first to the fourth RC-layers. It is not dif-
ficult to check that X;, X,, and X3 are orthogonal, as are X;, X,, and X,. We
shall write X% for the Latin cube X; in which the integers 1 and 4 have been
exchanged as have 2 and 3. Also (X;, X,, X;)' means that the cubic array (Xi,
X,, X3) has been rotated forward through 90° so that RC-layers have become CF-
layers, CF-layers have become RC-layers, and the roles of rows and files have
interchanged in RF-layers.

X+ 1 1 4 4 3 3 2 2 4 4 1 1 2 2 3 3
4 4 1 1 2 2 3 3 1 1 4 4 3 3 2 2
2 2 3 3 4 4 1 1 3 3 2 2 1 1 4 4
3 3 2 2 1 1 4 4 2 2 3 3 4 4 1 1
X,: 1 4 2 3 4 1 3 2 2 3 1 4 32 41
1 4 2 3 4 1 3 2 2 3 1 4 3 2 4 1
4 1 3 2 1 4 2 3 3 2 41 2 3 1 4
4 1 3 2 1 4 2 3 3 2 41 2 3 1 4
Xt 4 4 1 1 2 2 3 3 3 3 2 2 1 1 4 4
1 1 4 4 3 3 2 2 2 2 3 3 4 4 1 1
2 2 3 3 4 4 1 1 1 1 4 4 3 3 2 2
3 3 2 2 1 1 4 4 4 4 1 1 2 2 3 3

(continued)
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Xy: 3 3 2 2 1 1 4 4 4 4 1 1 2 2 3 3
2 2 3 3 4 4 1 1 1 1 4 4 3 3 2 2
1 1 4 4 3 3 2 2 2 2 3 3 4 4 1 1
4 4 1 1 2 2 3 3 3 3 2 2 1 1 4 4
Fig. 4
We can now define the cubic arrays Dijk’
1 m+l m+l =D mel me1 = Di,l,m = Di,m,m = (Xl, X, Xs)" L =2, 3, 00u,m =1
T2 72 T2 2
Dy,v,m =Dimm =D1,1,1 = D1, w1 = X1y Xo5 X3)
Dy oym-1 =Dy mei, mo1 = X%, Xy, XP)
Dy, 2,2 =Dy, mor,n = (Xys X5 X))
D3, 3,m-2 = Dy meo,m-2 = (x3%, Xf’ x3)
D3, 3,3 = D3, m-2,3 = (X3, X1, X3)
Di,m+1-i,i = Di,m+l—i,m+1—i = Di, iym+l-1 = Di,i,i = (X1, Xy, X3),
. m+ 3
=4, 5, ..., 5
Di,m+l—i,i = Di.m+1-i,m+l—i =D; i me1-2 = Di.i.i = (X%, X%, X%),
. m+5 m+ 7
1 = s s eees M.

2 2

In every CF-layer of B, except for the second and third, replace the remaining
b;;x in each unbroken diagonal by either

Dy = (Xys Xy, X3) or Dy = (X%, X5, X¥%)

so that in each diagonal there are (m - 1)/2 arrays (X,, X,, X;) and (m - 1)/2
arrays (X¥, X¥, X¥). In the second and third layers do the same but here there
are to be only (m - 3)/2 of each type of array as already three arrays in each
diagonal are determined. All remaining bijk are to be replaced by

D = Xy, X,5 X)),

We must now verify that in this cubic array the componentwise sum of the
integers in every row, column, file, and unbroken diagonal is (10m, 10m, 10m).

Since the sum of the integers in every row, column, and file of X; and X?,
=1, 2, 3, 4,is 10, then in B the componentwise sum of the integers in every
row, column, and file is (10m, 10m, 10m). Also, as the sum of the integers in
every unbroken diagonal in the RC-layers and RF-layers of X; and Xf, =1, 2,
3, 4,1is 10, and as (X;, X,, X;)’ does not occur on any of these unbroken diag-
onals in B, then the componentwise sum of the integers in these unbroken diag-
onals of B is (10m, 10m, 10m). So we now have only to check the sums on the
unbroken diagonals of the CF-layers and the sums on the four space diagonals
of B.

The unbroken diagonals in the CF-layers of B are D;11, Dip2s «v+5 Dip, and
Dimis Diym-1,25 ««+sDiipms z2=1, 2,...,m. Let us write Sr(Dijk) for the com-
ponentwise sum of the integers in the relevant diagonal in the rth CF-layer of
D We want to show that

ik

ijk

gk *

m m
ZSP(DLJJ) = ZSP(Di,m+l-j,j) = (10m, ]-0m3 lom)’ r = 1’ 29 3: 4.
Jj=1 J=1
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If 7 # 2, 3, then

m
2.5 Dy =
Jj=1

Also,

m
Zsr (Dzjj)
Jj=1

and

m
S5, Ds;.)
i=1

I

103

MRS, (s Xy X)) + 525, (GF, X5, X)) +6,((4y, 1,5 X3)")
2oL, 4, 12) + 25212, 16, 8) + (10, 10, 10) when » = 1
2-Llaz, 4, 8) + 2528, 16, 12) + (10, 10, 10) when » = 2
m=La12, 16, 12) + 2518, 4, 8) + (10, 10, 10) when r = 3
m-Lles, 16, 8) + L5112, 4, 12) + (10, 10, 10) when » = 4

(10m, 10m, 10m).

B35, (s Xps X)) + 2525, 0k, ¥,
+ 8. ((X5, X3, X%))
mo 3, 4, 12) + 15212, 16, 8) + G,
+
2-302, 4, 8 +223(8, 16, 12) +
+ (10,
= 312, 16, 12) + - 38, 4, 8) +
+
T-3s, 16, 8) + 15 312, 4, 12) +
.

(10m, 10m, 10m)

2
+ 5, ((X%, X%,

n . 312, 16, 8)

mo 3, 4, 12) +

m—
2

312, 4, 8) +ﬁ-;—3(8, 16, 12)

2

m - m

———2—3<12, 16, 12) + 38, 4, 8)

2

2

m=-3(s, 16, 8) + " =3(12, 4, 12)

(10m, 10m, 10m).

X%)) + 5, ((X,, X

+ + + + + + + o+

X5)) +5, (X2, Xy, X1))
+ 5, ((Xys X5 X3) ')

8, 8) + (16, 12, 12)
(10, 10, 10) when r 1
(4, 12, 12) + (16, 8, 8)
10, 10) when r 2
(16, 8, 12) + (4, 12, 8)
(10, 10, 10) when r 3
(16, 12, 8) + (4, 8, 12)
(10, 10, 10) when » = 4

M= 35, ((hys Xys X3)) + 526,000, X5, X9) + 52((X55 Xy, X))

2? Xa)')

(12, 8, 4) + (8, 12, 16)
(10, 10, 10) when r 1
(8, 12, 4) + (12, 8, 16)
(10, 10, 10) when » 2
(12, 12, 16) + (8, 8, 4)
(10, 10, 10) when » 3
(8, 8, 16) + (12, 12, 4)
(10, 10, 10) when r = 4
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Similarly, one can check that

m
252D msr-g,5) = (10m, 10m, 10m)
Jj=1

and so the componentwise sum of the integers in the unbroken diagonals in the

CF-layers of B is (10m, 10m, 10m).
The four space diagonals of B are

Diggs © =15 25 vuvsms Dy pyqog, go =1, 2, ..., my

Dm+1-i:i,i’ 1= 1’ 2’ cees M5 Dm+l—i,m+l—i,i’ i = 1, 2, eeey Me
Write S(D;;x) to be the sum of the integers in the relevant space diagonal of

Dijx. We want to show that

is(piii)
i=1

m m m
Z‘S(Di,m+1—i,i) = ZS(Di,m+l—i,m+1-i) = ZS(Di,i,m+1—1:)
i=1 =

t=1 i=1

(10m, 10m, 10m).

Consider each of the space diagonals in turn.

3 8Wss0) = S((Xys Xys X)) + Sy, X, X)) + S((Kys Xys X))
=1

3

+ I ; 35((X1, X,s X)) + M ; 33((;;1;, X%, X))

m - 3

(6,10, 14) + (10, 14, 6) + (14,6, 10) + >

(6,10, 14)

m -

3
> (14, 10, 6)

+

(10m, 10m, 10m)

m

S(Di,m+l—i,i) = S((Xl, Xz: Xs)) +S((X2; Xus X]_)) +S((X3’ Xl’ Xz))
1

i=
+ Bo 35000, 1,5 1)) + B30k, 1%, 1)

m -

3
5 (14, 10, 6)

n

(14,10, 6) + (10,6, 14) + (6, 14, 10) +

+ —’"—g——3-(6, 10, 14)

(10m, 10m, 10m)

S((Xys Xps X3)) + SCXE, X3 X)) + SCX%, X¥, X))

m
38D mer-time1-2)

=1
-3 -3 ‘
+ 528((Xys Xy, X)) + T5=8((F, X%, X%)
= (14,10, 14) + (10, 14, 6) + (6,6, 10) + > 314, 10, 14)
+ 3, 10, 6)

(10m, 10m, 10m)
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m
250; 5 mares) = S(Uas Xpu X3)) + SC(XE, Xa, X)) + 5%, X, XD)
=1

m=-3 Y m =3
+_'_2_S((1{1: Xg, Xg)) + 2 S((Xigs X’;f, X%‘))

m~ 3
2
m~ 3
2

(6,10, 6) + (10,6, 14) + (14, 14, 10) +

(6,10, 6)

+

(14, 10, 14)

(10m, 10m, 10m).

Thus we have found a way of arranging order 4 cubic arrays, in which each
of the ordered 3-tuples on 1, 2, 3, 4 appears exactly once, in an order m cubic
array B so that in B the componentwise sum of the integers in every row, col-
umn, file, and unbroken diagonal is (10m, 10m, 10m). Therefore, as previously
stated, we can construct a perfect magic cube of order 4mform odd and m > 7.1

4. EXTENSIONS AND PROBLEMS

We know now that there exists a perfect magic cube of order n provided »n #
3, 4, 5, 12, 20, 2m, for m odd, and that they do not exist when n = 2, 3, or 4.
So the question remaining is whether or not there exist perfect magic cubes of
orders n = 5, 12, 20, and 2m, for m odd and m > 3. It seems probable that such
cubes of orders 12 and 20 can be constructed along the lines of Theorem 3.6 us-
ing cubic arrays of orders 3 and 5 that are close to being perfect magic cubes
and arranging in them order 4 cubic arrays composed from X; and X}, 7 = 1, 2,
3,4, as before. Itmay also be possible that by arranging order 2 cubic arrays
in order m cubic arrays, m odd and m > 7, one can obtain perfect magic cubes of
order 2m. As for order 5, all we know is that if there is a perfect magic cube
of order 5 its center is 63.

A more recent problem in the study of magic cubes is that of extending them
into k dimensions. For details on this problem and the related problem of con-
structing variational cubes in k dimensions, the reader is referred to [1], [3],
(41, [51, [71, [81, [12], and [16].
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GENERATING FUNCTIONS FOR RECURRENCE RELATIONS

LEONARD E. FULLER
Kansas State University, Manhattan, KA 66506

1. INTRODUCTION

In a previous paper [3] the author gave explicit solutions for four recur-
rence relations. The first was a basic relation with special initial condi-
tions. The solution was shown to be related to the decompositions of the integer
n relative to the first m positive integers. The second basic relation then
restricted the first so that the solution was related to the decomposition of
7n relative to a subset of the first m positive integers. Then the initial con-
ditions for both were extended to any arbitrary values.

In the next section we shall give the generating functions for all four of
these cases, starting with the initial condition of highest index. We also
note the form of the function for arbitrary indices for the initial conditions.
Finally, we give a second function that generates all the initial conditions.

In Section 3 we give a simple example of the fourth kind of relation. We
determine the first few terms of this relation and then compute its generating
function. Then we consider relations given in [1] and [2] and determine their
generating functions.

2. THE BASIC GENERATING. FUNCTION

We shall consider a recurrence relation defined by

m
Gt = E:IEGt-si Gy_ps «++> G arbitrary.
8=1

For notation, we shall refer to its generating function as R,(G;x). The first
term generated will be G,. Later, we shall give a second function that will
start with G, _,.

Theonem 2.1: The generating function for the recurrence relation G, is as fol-

lows:
m=1 m m -1
R,(G; x) = (Go -+Z Z ran_sac"> (1 - erx")
s=1

n=1 8=n+1
o

To prove that this does generate G,, we set this equal to :E:an" and then

n=0
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multiply by the factor with the negative exponent. This gives

-1 o
6+ 3, 3 n0,em = Y Gat -3 Sn et
n=1g= n+1 8=1n=0

In the last summation, we replace n by n - s and transpose it to the left side
so that

m-1

GO+E Ean s X" +EZan sx”—sz"

n=1 g=n+1 e=1n=g

We now break the second sum at n = m and then interchange the orders of summa-
tion. We have

G, +Z ZrG x"+ZZan8x"+ E }:ans =20an".
&

n=1 s=n+1l n=1 8= n=m+1l s=1

Note that for the first sum, if n = m, there would be no second sum, so we can
combine the first three summations to give

G +ZZ nsxn=iann_
n=0

n=1s8=1

It remains only to observe that the inner sum on the left is just G,, so we have
the desired result.
We now specialize this result for the U, relation.

Conoflarny 2.2: The generating function for the relation

m
= ZPsUt—aﬁ Ui =< =Uy =0,0, =1,
g=1

is given by 1
m -
R,(U; x) = (1 -y rsx8> .
g=1

In Theorem 2.1 the double summation of the numerator is zero since all in-
itial conditions involved are zero. The other initial condition is 1, so the
first factor is 1.

An implication of this result is that the generating function for G, is ob-
tained from that of U, by multiplication by a polynomial of degree m - 1.

In [3] we generalized both the U, and the G, relations to the V, and the Z,
relations. This was accomplished by taking a subset 4 of the integers from 1
to m, including m. The solutions then were obtained by replacing »;, with 0 if
7 ¢ A. We shall do that for their generating functions.

Conollarny 2.3: The generating function for the relation

= Zpsvt_s; Vi =+ =V.p =0, Vo =1,

se€d
-1
r,x® .
s€d

This follows directly from Corollary 2.2 by replacing r, with 0 if 7 ¢ 4.
The most general recurrence relation is the H,. Its generating function is
given in the next corollary.

is given by

R,(V; ) = (1 -

Conoflorny 2.4: The recurrence relation
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Hy = ErsHt_s; Hy_ps +.+s Hy arbitrary,

8€ed

is given by a1
= -1
R, (H; x) = ([-]0 +Z E I'an_s.’B"><l - Z r'sx"‘> s

1

seld' n= seA

where A' is A with 1 deleted if 1 € A; otherwise A' = A.

For the proof of this, we first need to interchange the order of summation
in the numerator of the function of Theorem 2.1. Then we replace r;, with 0 for
i # A

The theorem together with the three corollaries start generating the given
relation with the initial condition of highest order. 1In all our cases, this
was the one with index 0. We can modify the notation to obtain a generating
function with any indices for the initial conditions.

Theonem 2.5: The recurrence relation

m

G, = E rs Gy _ g3 Gy4ps +++» Gpyp arbitrary,

s=1
has for its generating function
2m+1+p m m -1
(Gm+px"'+l’+ Z r, Gn_sx”> (1 - Z 1’st> .
n=m+1l+p s=n-m+1 g=1

This reduces to Theorem 2.1 when p = -m, as can be verified.
The only change we have for the U, and V, relations is to have as the num-

erator U,,,x"*? and V,,,x"*F, respectively. The change for the H, relation is

given in the next corollary.

Conoflarny 2.6: The recurrence relation
H, = 2 PoHy o3 Hl_p, cens H,,,+p arbitrary,
sed
has for its generating function
m+p+g-1 1
PRI SR SR <1 _grsxs> .
sed’ n=m+p+1 sed

Once more, this reduces to the result of Corollary 2.4 for p = -m.
If it were desired to generate all the initial conditions, the generating
function is given in the next theorem.

Theorem 2.7: A generating function for the relation

m
G, = E r3Gy_g3 Gryps -5 Gpyp arbitrary,
s=1

is given by n+p mip m-1-p N 1
n . n - 8
Z G,x E Z r,G, (& 1 erx .
n=1+p . n=2+4+p s=1 s=1

If we set this equal to Z G,x™ and clear the negative exponent, we hay~
n=1+ -

m+p m+P n-1-p

Z G,x™ = Z Z ryG,_ox" = i: G —zm: Zm: r, G,a™ts,

n=1+p n=2+p s=1 n=1+p s=1 n=1+4p
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To simplify this expression, we use the first term on the left to reduce
the first term on the right. We transpose the second sum on the right. Fur-
ther, we change the summation on »n by replacing n by n - s, and then break the
sum at » = m + p. This gives

m m+p m+p n-1+p m © ©
< E r.G,_ x" = Z E z'an_ax”> +E Z ryG,_x" = 2 G x™.
8

=1 n=1+8+p n=2+p s=1 s=1 n=m+1l+p n=m+l+p

If s =m in the first sum, we would have no second sum; thus we need sum
only tom - 1. It can be verified that these two summations are the same. Fi-
nally, interchanging the summation on the last term on the left will give the
right side from the definition of the G, relation.

For the U, and V, relations, this gives the same generating function we had
before.

3. EXAMPLES OF THE GENERATING FUNCTIONS

A simple example of an H, relation will illustrate the results of the last
section. Let A = {2, 5} som =5 and Hy = r,H,_, + rgH,_s with H_,, H_5, H_,,
H_,, Hy all arbitrary. It can be readily verified that the application of the
definition of the relation yields, for the first seven terms,

Hy = r,H_| + rH_,

2 = Py + rsH g
, = rgH_l +rrH  +rH
y = r3Hy + v, H o + poH_|
=p3H_ | +rirH_, +r,pH , +rH

2
+ 21’21/'5[']_1 + riH_,

5

[Sa RS S
1

o = T3l + rirgH
Hy, = riH_y + rirgH_, + rirsH_, + 2r,rsH, + r3H_5.

The generating function is given by

(Hy + r,H_jx + rg(H_yo + H_jo 2+ H_,x® + H_z*)) (1 - r,a® - rga®)™ .
For the corresponding V, relation, we have

= - _ _ 2 _ _ 3 -
VvV, =0,V,=r,, V=0, V, =r,, V. =7, V, = rys V7 =2r,r,.

The generating function that gives all the initial conditions has for its num-
erator

Hoo™ + H o™+ (H_, - r,H_Dx™? + (H;1 - rH_ Dzt + (H, - r,H_,).

We shall list the five relations given in [2] and the ome in [l, p. 4], and
note their generating functions below them.

1. Gk =2rG _, +8G,_,; G, = 0, G, =1

2(l - rx - sx?) ™t = ¢ + rx® + (% + s)x®
2. F =Fp_ +F_,3 F, =0, F =1
2(1 -2 - 22"t =z + x® + 2z° + 3x* + 5x° + 8x° + +--

(This is the famous Fibonacci sequence.)

3. My =rMy_, +sM_,; My =2, M, =r

(v + 2822) (L - rx - sx?)™t =r + (@® + 28)x® + -

or (2 - 20)(1 - 2 -~ 8x2)"Y = 2 + v + (* + 28)x® + .-
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4. Lk = Lk—l + Lk_z; LO = 2, Ll 1
(@ + 20°)(L - - 2®)™F = & + 30® + 4z’ + Tx* + .-
or Q-0 -2-22)"1=2+x+ 3% + 4x® + 72" + -

(This is the Lucas sequence.)

5. Uy =2lU_, +8Uy_,; Uy, Uy arbitrary
(U + Ugsx?)(l - v = sx?) ™t = Uz + (2Uy + sUy)x? + =+
or  (Uy + (Up-Ux)(l - v - sz®)™t = Uy + Upe + (2U, + sUy)x> + ==+
6. T, =rl,_y +s8l,_, - rsT,_4; Ty, T;, T, arbitrary
(T,x? + (8T, - rsTdx® - rsT x*) (1 - ro - sx® + rsx’)~"
= T,x2® + (v, + 8T, - rsTy)x® + -+
or (T, + (T, -rT)x + (T, — T, - sTy)x?) (1 - rx - sx? + r2x3) 71
=T, + Ty + T,x® + (T, + 8T, - v Tdax® + -+

From the solutions given in [2] and [1], it can be verified that we obtain
the terms generated above.

The generating function given in Section 2 can be used to generate terms of
any given recurrence relation. With specified values for the r; and the ini-
tial conditions, the problem becomes a division of one polynomial by another.
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THE RESIDUES OF n® MODULO p

LAWRENCE SOMER
U.S. Department of Agriculture, FSQS, Washington, D.C. 20250

SUMMARY
In this paper we investigate the residues of 7" (mod p), where 1 <7 < p-1
and p is an odd prime. We find new upper bounds for the number of distinct

residues of 7" (mod p) that can occur. We also give lower bounds for the num-
ber of quadratic nonresidues and primitive roots modulo p that do not appear
among the residues of n” (mod p). Further, we prove that given any arbitrarily
large positive integer M, there exist sets of primes {p;} and {g,}, both with
positive density in the set of primes, such that the congruences

=1 (mod p,), L <ax<p, -1 (¢D)
and

z® = -1 (mod ¢q;), 1 <x<q; -1 (2)

both have at least M solutions.
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1. INTRODUCTION

Roger Crocker [4] and [5] first examined the residues of n” modulo p. It
is clear that if = > 1, then the sequence {n”} reduced modulo p is periodic
with a period of p(p - 1). This follows from the facts that (p-1, p) = 1 and
that if

n, =n, (mod p) and n, = n, (mod p - 1),
then

nyt = ny? (mod p).

The following theorem shows that every residue appears among the residues of n”
modulo p, where 1 <% < p(p - 1), and counts the number of times a particular
residue occurs.

Theorem 1: Consider the residues of n” modulo p, where 1 <.n < p(p - 1). Then
the residue O appears p — 1 times. If » # 0 (mod p) and the exponent of r mod-
ulo p is d, then the number of times the residue r appears is

3 6@ - 1)/d"y. (3)

dld’'|p-1

P&oqﬁ: First, it is clear that the residue O appears p - 1 times. Now con-
sider any fixed nonzero residue n. It is raised to the various powers n + kp,
where 0 < k < p - 2. These powers form a complete residue system modulo p - 1.
Thus » is raised to each power m, where 1 < m < p - 1. Now, the congruence

n® = r (mod p) €))
is solvable for x if and only if
(p -1, Indn)|( -1, Ind r), (5)

where Ind a is the index of ¢ (mod p) with respect to a fixed primitive root.
This can occur only if

p'l p'l (6)
(p -1, Ind P)|[(p - 1, Ind n) ’
but
p'l =d

(p - 1, Ind »r)
is the exponent of »r (mod p) and

p-1 -
(p -1, Ind r) d’

is the exponent of 7 (mod p). Thus congruence (4) has solutians if and only if
d divides d'. It is evident that the number of solutions to (4) is then

(p - 1/d").

However, there are exactly ¢(d') residues belonging to the expondnt d’ (mod p).
The theorem now follows.

From here on, we restrict » so that 1 <»n < p - 1. Then not every nonzero
residue of p can appear among the residues of n” (mod p). This follows from
the fact that the residue 1 appears at least twice, since

121 and (p - 1)P"' =1 (mod p).

We shall now address ourselves to determining how many and what types of resi-
dues modulo p can appear among the residues of n” (mod p), where 1 <n <p - 1.



112 THE RESIDUES OF »n™ MODULO p [Apriil

2. A NEW UPPER BOUND FOR THE NUMBER OF DISTINCT RESIDUES OF n»

Let A(p) be the number of distinct residues of n"” (mod p), 1 <n <p - 1.
Roger Crocker [5] showed that

Vip - /2 < Alp) <p - 4.

We obtain a much better upper bound for A(p) in the following theorem.

Theorem 2: Let p be an odd prime. Let A(p) be the number of distinct residues
of n” (mod p), where 1 < n < p - 1. Then

A(P) < 3pl4 + Cy(e)p*/2*e

where € is any positive real number and C,(€) is a constant depending solely on
€.

To establish Theorem 2 we shall estimate the number N(p) of quadratic non-
residues not appearing among the residues of n” (mod p), where 1 <n <p - 1.
We will in fact show that

N(p) > plh + C,(e)p***® (7

where € is any positive real number and (,(e) is a constant dependent only on
€. It is easily seen that Theorem 2 then immediately follows.
The only way that n", 1 <7 < p - 1, can be a quadratic nonresidue is if =
is odd. However, if n is odd and 7 is a quadratic residue, then n” is not a
quadratic nonresidue of p. Let N,(p) be the number of odd quadratic residues
modulo p. Then
N(p) >V, (p), (8)

since the number of odd integers in the interval (0, p) and the number of quad-
ratic nonresidues are both equal to (p-1)/2. We refine inequality (8) by the
following lemma.

Lemma 1: Let p be an odd prime. Let 1 < #n < p - 1. Let N;(p) be the number of
integers in the interval (0, p) for which » is an odd quadratic residue modulo
p.
(i) At least N, (p) quadratic nonresidues do not appear among the residues of
n” (mod p). :
(ii) If p>5 and p =5 (mod 8 or p>7 and p = 7 (mod 8), then at least
N,(p) + 1 quadratic nonresidues (mod p) do not appear.

Proog: The proof of (i) follows from our discussion preceding the lemma.
To prove (ii), first assume p = 5 (mod 8). Then (p + 1)/2 and p - 2 are both
odd quadratic nonresidues. Now, using Euler's criterion
((p + 1)/2)(P+1)/2 = 1(P+l)/2/2(P+1)/2 = 1/(2)2(9-1)/2 = -1/2 (mod p). (9)
Also
(p - 2)P7% = (-2)P"*/(-2) = -1/2 (mod p). (10)

Thus the quadratic nonresidues ((p + 1)/2)P*V/2 and (p - 2)P"2? are identical.
Now n” can be a quadratic nonresidue only if »n is already a quadratic nonresi-
due (in fact odd) and two such residues repeat. Thus, by part (i), at least
Nl(p) + 1 residues do not appear among {n”} modulo p, where 1 < n < p - 1.

Now suppose p = 7 (mod 8). Then (3p - 1)/4 and p - 2 are both odd quad-
ratic nonresidues modulo p. Further,

(3p - 1)/4) (3p-1)/4 = _1/4(317—1)/’1‘ = _1/2(317—1)/2
-1/23€P=D/2*+ = _1/2 (mod p). (11)

Again,
(p - 2)P~2 = -1/2 (mod p). (12)
The result now follows as before.
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According to Lemma 1, we now need a determination of I, (p) to establish an
upper bound for A(p). Lemmas 2, 3, and 4 will provide this information.

Lemma 2: If p = 1 (mod 4), then N,(p) = (p - 1) /4.

Proof: Let r bea quadratic nonresidue modulo p. Then p-r is also a quad-
ratic nonresidue. But exactly one of p and p-2r is odd. Hence exactly half of
the (p - 1)/2 quadratic nonresidues of p are odd and N, (p) = (p - 1)/4.

Lemma 3: If p = 7 (mod 8), then N,(p) = (p - 1 - 2h(-p)) /4, where h(-p) is the
class number of the algebraic number field @(/-p).

Proogd: It is known (see [3]) that
h(-p) =V - T,

where V and T denote the number of quadratic residues and quadratic nonresidues
in the interval (0, p/2), respectively. To evaluate V - I, we will make use of
the sum of Legendre symbols

S= 2, (p).

0<n<p/2

We partition S in two different ways as

S =5 +85, =8"+ 38", (13)
where

S

1= Z (nlp), S, = 9, (n/p)

0<n<p/h p/h<n<p/2

s’ = Z (n/p), s" = Z (n/p).
O<n<p/2 0<n<p/2
n even n odd

It is known (see [2]) that S, = 0. Then
5 =8"+8"=(2/p) 9. (G/p) +8" = (1)8; + 8" =3, + 5,. (14)
0<j<plé

Hence S" = 5, = 0.

Now let V, and T, denote the number of odd quadratic residues and nonresi~
dues in (0, p/2), respectively. Let V. and Te be the number of even quadratic
residues and nonresidues in (0, p/2), respectively. Inspection shows that

Vo +To = (p+1)/4 and V, + T, = (p - 3)/4.

Since S" = 0,

Vo =Ty = (p + 1)/8. (15)
Further,
h(_p) =V -T= (U - To) + (Ve - Te) =V = Te . (]-6)
Also,
(p - N/ =Ve + Te (17

Solving (16) and (17) for 7., we obtain

Te = (p - 3 - 4n(-p))/8.
Finally, .
Ny(p) =Vo +Te =(p = 1 = 2h(-p)) /4,

since the number of odd quadratic residues in (p/2, pP) equals the number of
even quadratic monresidues in (0, p/2).
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Lemma 4: If p = 3 (mod 8), then N,(p) = (p - 1 + 6h(-p))/4.
Proo4: We shall use the same notation as in the proof of Lemma 3. By [3],
h(-p) = 1/3(V - T).

As in the proof of Lemma 3, we now evaluate the sum of Legendre symbols S.

§=58"+38"=(2/p) ), (Glp) + 58" = (-1)8,+8" = 5, +5,. (18)
0<j<pl4
However, it is known (see [2]) that S; = 0. Hence, S, = S8" =5 and S; = 5S'.
Examination shows that
Ve +Te = (p - 3)/4 and Vo, + T, = (p + 1) /4.
Since S' = 0,
Ve = Te

(» - 3)/8. (19)
Thus,
h(-p) = (1/3)(V - T) = (1/3)[(Vo = To) + (Ve = Te)] = (1/3) (Vo - Ty) (20)
and
p+1)/4 =V, +7T,.

Solving (20) and (21) for V,, we obtain
Vo = (12h(-p) + p + 1)/8.

Hence
Ny(p) =V, +Te = (p = 1 + 6h(-p))/4.

We utilize our results of Lemmas 1-4 in estimating N(p) in the following
theoremn.

Theorem 3: Let p be an odd prime. Let N(p) be the number of quadratic nonresi-
dues not appearing among the residues n”, where 1 < n < p - 1.

(1) N(@) > (p - 1)/4 if p = 1 (mod 8).
(ii) M) > (p +3)/4 if p > 5 and p = 5 (mod 8).
(iii) N(@) > (p - 1 + 6h(-p))/4 if p = 3 (mod 8).
(iv) N(p) > (p + 3 - 2a(-p))/4 if p > 7 and p = 7 (mod 8).

Proog: This follows from Lemmas 1-4.

T+ i

We are now ready for the proof of our main theorem.
Proog 04 Theorem 2: By Siegel's theorem [1],
h(-p) < Ca(e)p****

where € is a positive real number and (,(g) is a constant dependent solely on
€. Note that

A(p) <p-1-10H({p).

The theorem now follows from Theorem 3.

3. PRIMITIVE ROOTS NOT APPEARING AMONG THE RESIDUES OF n"

In Section 2 we determined lower bounds for the number of quadratic non-
residues not appearing among the residues of 7n” modulo p. In this section we
determine lower bounds for the number of primitive roots (mod p) that do not
appear among the residues of n” (mod p), where-1 < n < p - 1. Crocker [4] has
shown that n" can be congruent to a primitive root (mod p) only if (n, p-1) =
1, where 1 <n < p - 1. Using this criterion, we shall prove Theorem 4.

Theorem 4: Let p be an odd prime. Let 1 <n <p - 1.
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(i) At least one primitive root does not appear among the residues of n" (mod
p). '

(1i) If p = 1 (mod 8) or p = 3 (mod 8) and p > 3, then at least three primi-
tive roots do not appear among the residues of n” (mod p).

Proof of (4): Note that 1' is not congruent to a primitive root (mod p).
Now, n” can be congruent to a primitive root (mod p) only if (n, p - 1) = 1.
Certainly (1, p - 1) = 1. Hence at least one primitive root does not appear
among the residues of #n” (mod p), since n” can be a primitive root only if =
already is.

Proog o4 (44): Suppose p = 1 (mod 8). Then ((p + 1)/2, p - 1) = 1. But
((p + 1)/2)®*V/2 = 1/2 (mod p). (22)

However, (27%/p) = 1. Thus ((p + 1)/2)®*P/2 i5 not congruent to a primitive
root (mod p). Also, (p - 2, p-1) =1 and

(p - 2)P™2 = -1/2 (mod p). (23)

Again, ((-2)"Y/p) =1 and (p - 2)?72? is not congruent to a primitive root (mod
p). Hence at least three primitive roots do not appear.

Now suppose p = 3 (mod 8). As before, (p - 2, p - 1) =1, and (p - 2)p-2
is not congruent to a primitive root (mod p). Further, ((p + 1)/4, p - 1) =1
and

((p + 1)/6)P+D /% = _1/2 (mod p). (24)

However, ((-2)"'/p) = 1 and consequently ((p + 1)/4)“’“)/“ is not congruent to

a primitive root (mod p). Thus at least three primitive roots do not appear
among the residues of n” (mod p) if p = 3 (mod 8) and p > 3.

4. THE NUMBER OF TIMES THE RESIDUES 1 AND -1 APPEAR

Theorems 5and 6 in this section will show that there is no upper bound for
the number of times that the residues 1 or -1 can appear among the residues of
n® (mod p), 1 <n <p -1, where p is allowed to vary among all the primes.

Theorem 5: Let M be any positive integer. Let {p,} be the set of primes such
that

11

x® =1 (mod p,), (25)
where 1 < x < p, -1, has at least M solutions. Then {p.} has positive density
2p; b;

in the set of primes.

P)woﬁ: Let N

2%th power (mod p
ther,if 0 < kK < N
(mod p) and p = 1

=M -1. Let p =1 (mod 2") be a prime. Suppose that 2 is a
). Then, if 0 < Kk <N -1, 2% is a 2*th power (mod p). Fur-
-1, (p - 1)/2% is an even integer. Now, if x is a dth power
(mod d), then

z®PV/d = 1 (mod p).
Hence, if 0 < k <NV - 1,
((p - 1)/2K)p-D/2% = (L1 yp-D/2% jokyP-1/2% = 1/1 = 1 (mod p). (26)
Thus we now have M solutions to congruence (25); namely, 1 and (p - 1) /2% for
0<k<lN-1.
We now show that the set of primes p, such that p; = 1 (mod 2¥) and 2 is a

2¥th power (mod p) indeed has positive density ¢ in the set of primes. Let
be a primitive 2¥th root of unity. Let L be the algebraic number field

QM ©).
Let p = 1 (mod 2”) be a rational prime. Suppose that 2 is a 2¥th power (mod p).

i
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By Kummer's theorem, this occurs if and only if, in the field L, p splits com—

pletely in each of the subfields Q(z* - 21/2"), where 1 < k < 2%, Let P be a
prime ideal of [ dividing the principal ideal (p). Let Z, be the decomposition

field of P. Then Z, 2 Q(g* - 212" for 1 < k<2, since p splits completely
in each of these subfields. Hence Z, 2 (g, 21/2”) = [, the compositum of the

subfields Q(g* - 2172"y | where 1 < k < 2F, Let Dp be the decomposition group of
P. ThenDp = K1) for all prime ideals P dividing (p). Thus, by the Tchebotarev
density. theorem, the density

t = 1/[L:Q] = 1/2%7-2 = 1/2%4-% 5 0, @27

Theorem 6: Let M be any positive integer. Let {pi} be the set of primes such
that the congruence
-1 (mod p;), (28)

where 1 <& < p, -1, has at least M solutions. Then {p,} has positive density
in the set of primes.

x{t

Proof: Let N =M - 1. Let p be a prime and suppose that p = 1 (mod 2 - 3%)
and p = 7 (mod 8). Suppose further that both 2 and 3 are (2 ¢ 3¥)th powers (mod
p). Note that if p = 7 (mod 8), (2/p) =1, and it is possible that 2 is a
(2« 3"th power (mod p). Then, if 1 < k< N, 2+3% is a (2 3%)th power (mod
p). Moreover, if 1 < k< Ny (p - 1)/(2- 3%) is an odd integer. Hence, if 1 <
k<wm,

((p _ 1)/(2 . 3k))(p-1)/(2‘3k) = (_l)(p-l)/(Z'ak) /(2 .« 3 )(p—l)/(Z-S")
-1/1 -1 (mod p). (29)

Thus we now have M solutions to congruence (28).

I now claim that the set of primes {p;} such that p; =1 (mod 2+ 3 ), p, =
7 (mod 8), and both 2 and 3 are (2 3¥)th powers (mod p;) has positive density
% in the set of primes. Let ¢ be a primitive (4« 3%)th root of unity. Let L
be the algebraic number field

Q(g, 2M230 3213y,

Suppose that p is a rational prime and that p = 1 (mod 2+ 3¥) andp = 7 (mod 8).
Assume that both 2 and 3 are (2 + 3")th powers (mod p). Then, by Kummer's theo-
rem, p splits completely in each of the subfields

,Q(C2k R 21/(2~3")) and Q(CZk . 31/(2-3")),
where 1 < k < 2+ 3%, Hence p splits completely in
K = Q(g?, 2t (2031 [ 31 22300y,

the compositum of these subfields. Let P be a prime ideal in L dividing (p).
Then, if Zp is the decomposition field of P, Zp D K. Furthermore, since p = 7
(mod 8), (~1/p)=-1, and p does not split in the subfield Q/-I) of L. Conse-
quently, Zp, P Q(/-1). Let o be the automorphism of Gal (L/Q) such that

o(g) = -, (30)
G(21/(2:37)y o 9l/(2:3%)
and o(31/(213M)y = 3t/@3)

Then {0) is the subgroup of Gal (L/{) fixing K. It follows that the decomposi-
tion group D, = 0> for all prime ideals P dividing (p). By the Tchebotarev
density theorem, the density
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w=1/[L:Q] = 1/(8+3%-1y = 1/(8.3%¥-% > o, (31)

5. CONCLUDING REMARK

Further problems concerning the residues of n” (mod p), where 1 < n <p-1,
are obtaining better upper and lower bounds for the number of distinct residues
appearing among {m”} and determing estimates for the number of times that
residues other than *1 may occur.
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A GENERALIZATION OF A PROBLEM OF STOLARSKY

MARY E. GBUR
Texas A&M University, College Station, TX 77843

For fixed positive integer kK > 1, we set

/1,2
a, = [%] ___k_i___Zz{__ii,

a real number with completely periodic continued fraction expansion and period
of length one. For all integers n > 1, we use f, (n) to denote the nearest in-
teger to nay. x
Using this notation, we define an array (bi,}) as follows. The first row
has
(k) (k k .
b =1 and by = £ ) _)), for all j > 2.
After inductively setting b&f{to'be the smallest integer that has not occurred
in a previous row, we define the remainder of the Zth row by
b = £, (1), for all j§ > 2.

K. Stolarsky [4] developed this array for kX = 1, showed that each positive
integer occurs exactly once in the array, and proved that any three consecutive
entries of each row satisfy the Fibonaceci recursion. The latter result can be
viewed as a generalization of a result of V. E. Hoggatt, Jr. [3, Theorem III].
In Theorem 1, we prove an analogous result for general k.

Theorem 1: Each positive integer occurs exactly once in the array (béf}). More-
over, the rows of the array satisfy

(%) (k) (%) . .
bi,j+2 = kbi,j+l + bi,j’ for all 7z, J > 1.
Prood: By construction, each positive integer occurs at least once. For
m # n we have |(n - m)ak[ > 1 and so f,(m) # fp(n). Since the first column en-

try is the smallest in any row, every positive integer occurs exactly once.
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Since 3

(k) (k
bisier = Fx (i Fe1) = f (F BN,
it suffices to show that f (fy (m) =kfy (m) + m, for all m > 1. For any m > 1,
fi (m) = ma; + r for some |r| < 1/2. Hence

L
Zak

This implies that f) (f, (m)) = kf, (m) + m, completing the proof.

1
Ar < 2°

N

(ap - K)f(m) = ;%(mak +r) =m +-§%, where

For all integers © > 1, we set
(k) _ (k) (k)
bi.o - bi,z - kbi,l'

For k = 1, Stolarsky [4] considered the sequence {bé}%}of differences and asked

whether or not the sequence was a subset of the union of the first and second
columns of (bé}é). The following theorem shows that, for X > 2, no analogous
result can hold.

Theonem 2: For k > 2, every positive integer occurs at least k - 1 times in the
sequence of differences. For k = 1, D is a difference if and only if D occurs
twice in the sequence {f;(n) - n}.

Proof: Fix k > 1. If we append the difference bﬁf% to the beginning of the
7th row of the array, this new augmented array contains (with the same multi-
plicity) all the elements of the sequence with general term f, (n) - kn; that is,
the nearest integer to n(ajx - k).

Since ay - k < 1/k, every positive integer must occur at least X times in
the sequence {f}(n) -~ kn}. On the other hand, in Theorem 1 we showed that the
unaugmented array contains each positive integer exactly once. Therefore, for
k > 2, every positive integer occurs at least k - 1 times in {b{¥}}.

From a; - 1 > 1/2, we know that any integer can occur at most twice in the
sequence {f,(n) - n}. Then, since {bf}}} is the modification of {fy(n) - n}
obtained by deleting one copy of the set of positive integers, D is a differ-
ence for k = 1 if and only if D occurs twice in {fy(n) - n}.

J. C. Butcher [1] and M. D. Hendy [2] have independently proved Stolarsky's
conjecture and also have shown that the sequence of differences, for kK =1, is
exactly the union of the first and second columns. In the remainder of this
note we give another proof of these facts.

The following is an extension of Lemma 1 in [1].

Lemma 1: For any positive integers %, k, J + 1,

1 (k) (k) 1
= < (b - P i1
2a,, 2ay,

Proog: By definition of béki, the left inequality holds for § = 0. Also,
since b}fg is the nearest integer of b;kiak, we have

(%) (k)| _ (%) (y 1) _ (k) (k) s
by oar = bia| = ap|bs o - bi,lak =ap|byy = by ag| <

proving the right inequality for § = O.
From the recursion formula to Theorem 1 we obtain
(k) (k) (k) (k)
bi,jak = bi e = arbi e = axbiGan) -
Therefore, the lemma follows by induction from our verification for j = 0.

We henceforth only consider XK = 1. Therefore, we suppress the index k and

let a = a, = l~%%£5 for the remainder of this paper.
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Deginition: Let D be a positive integer. We call D early if either D = b, , or
D =b;, , for some ¢ > 1. D is called late if D =D for some 7 > 1, 7 > 3.

The following corollary is a consequence of Lemma 1 and Theorem 1.

i,
Conollany: Let D be a positive integer. Then D is early if and only if
. 1
- > .
m%nID na| 55
D is late if and only if
1
2a’
where each minimum is taken over the set of integers.

min|D - na| <

Proog: By Theorem 1 there exist Z, § > 1 for which D=b;, ;. By definition,

bi,j+1 is the nearest integer to Da. Therefore, from Lemma 1,
1
—_— .. - .. = mi —
o |b;, 5a bl’J+1| m%nlDa n| < PR ¢))

Since D is an integer,

min|Da - n] = min]D(a - 1) - nl -1 min|D - nal.
n n a n
Hence, (1) implies that
- < minlD - na| < % s
20971 " 2a9 -2

completing the proof.

Lemma 2: For any three (two) consecutive integers, at most two (at least ome)
are differences. Also, if both N * 1 are not differences, then both N - 2 and
N - 3 are differences.

Proof: First, we suppose that the three consecutive integers N, N + 1 are
differences. Then by Theorem 2 there exists an integer b for which

é.+.% >N -1 and b+5 + %-< N+ 2;
that is, a a
b+5 3 b .3

- =< < =4 =
a 2 v a + 2°
which contradicts a < 5/3. Since g > 3/2, the alternative statement follows
similarly from Theorem 3.

By the alternative statements, if neither N *# 1 is a difference, then both
N and N - 2 are differences. Therefore, if N - 3 were to occur only once we

would contradict a > 8/5.
Theorem 3: D is a difference if and only if D is early.

Proof: We suppose, on the contrary, that there exists a smallest integer D
for which the theorem fails.

First, we assume that D is early but not a difference. By Lemma 2, D - 1
must be a difference and, by our assumption on D, is therefore early. Let na
be the smallest multiple of a greater than D - 1. Since both D - 1 and D are
early and ¢ = 1 + 1/a, the corollary implies that

1

1
D—1+—22<na<D—Z.‘ (2)

Hence

1
| (0 -2) -~ (n - Da <5
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and so, by the corollary, D - 2 is late. From our assumption on D, we thus
obtain that D - 2 is not a difference. Because neither D nor D - 2 is a dif-
ference, by Lemma 2 both D - 3 and D - 4 are differences; thus D - 3 and D - 4
are early, and (2) implies that

1 1

D-[}'i'z <(ﬂ-2)a<D—3-z.

Combining this with (2) and successively manipulating, we obtain

5 9 _ 1 1 a,1
DHrza-g=D-b4+2atgz<ma<D-352=D-5+73
a 1 5 9
na+-2-—7<D<na——2—a+-2-s
a_, ,1_1_D_ 5.9 _ 9
n+1- F=n + 5~ g < 2 <n 5 + 2g = + Sa 7. (3)

On the other hand, by Theorem 2 there exists an integer b for which

—2—+%—<D—2 andb;—5+%>D+l;
that is,
b-D+2a<Da-D=2<p-p+5-2
2 a 2
Comparing this with (3), we have
a a 9 5
- %< - - £ - 7> - .
n+1 5 b-D+5 5 and n + 54 7>b =D + 543

that is, the integer b - d satisfies

n-4<pb-D<n-7+2a<mn-3,
a contradiction.
Therefore, D is a late difference. By the corollary there exists an inte-
ger n for which 1
|na - | < .
2a
Hence
1
|(n - Da - (@ - 1)] > =
and, by the corollary, D - 1 is early and so is a difference. Since D - 1 and
D are both differences, Lemma 2 implies that D - 2 cannot be a difference and

so is late. Therefore,

1

[(‘)’L— a - (D—Z)I <?a—.

Combining this with the previous inequality
1
[na - D| < 25
we have
1 1
- = 17 - —
D 5 < nag <D 2 + %q + a.

We manipulate this to get the following two sets of inequalities:
5 D a

n -4+ 79 < a-< n+1l- 5 (4)
and
D—4+L<D-——l——2a<(n—2)a<D—2+L-a=D—3——l—-

2a 2a 2a 2a°
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The latter implies that both D - 3 and D - 4 are early and so, by assumption,
are differences. Therefore, by Theorem 2 there exists an integer b for which

é—+-% >D -4 and b+38 +-% <D+ 1;
that is, a a
b-p+8-2<2cp_p+a
2 a 2

Comparing this with (4), we obtain
n-8<n-4-2a<hb-D<n-17,

which is contrary to the fact that b - D and n are integers.
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INITIAL DIGITS IN NUMBER THEORY
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INTRODUCTION

It has been observed empirically by various authors (cf. Raimi [5] and his
references) that the numbers in "random'" tables of physical or other data tend
to begin with low digits more frequently than one might on first consideration
expect. In fact, in place of the plausible-looking frequency of 1/9, it is
found that for the numbers with first significant digit equal to

ae{l, 2, ..., 9}

in any particular table the observed proportion is often approximately equal to

loglo(l +-§>.

A variety of explanations have been put forward for this surprising phenomenon.

Although more general cases have also been considered, most people might
agree that it should suffice to consider only sets of positive integers, since
empirical data are normally listed in terms of finite lists of numbers with
finite decimal expansions (for which the signs or positions of decimal points
are immaterial here). On accepting this simplification, the common tendency
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would probably then be to seek an explanation in terms of the concept of natu-
ral density of a set T of positive integers, i.e.,

1
Hog 2, L
n<x,ne’l

Unfortunately, this density simply does not exist for the immediately relevant
set N(a) of all positive integers beginning with the digit a as above, and this
fact seems to have led both to a search for alternative explanations and to a
certain amount of controversy as to what should actually constitute a satisfac-
tory "explanation." Ignoring the latter difficulty for the moment (regarding
which some further comments are offered in Section 3 below), the situation may
be summarized by noting that various explanations have been suggested in terms
of extensions of the density concepts that do exist and take tne experimentally
observed value of log,,(l1+1/a) for the set N(a); the most general and convin-
cing of such approaches is perhaps that of Cohen [1].

The main purpose of this note is to add to these explanations by showing
that the same type of initial-digit phenomenon occurs in a variety of number-
theoretical situations. A notable investigation of this phenomenon of specific
number-theoretical interest is that of Whitney [7] regarging the set P of all
prime numbers. Whitney employs perhaps the most commonly used extension of
the density concept, logarithmic (or Dirichlet) density, and this will also be
used below. His discussion uses a corollary of one of the deeper forms of the
Prime Number Theorem.

Here, using only elementary methods, it will be shown that, for quite a
wide class of sets T of positive integers possessing a natural density, the
subset T(a) = TNV(a) has the relative logarithmic density log,,(l1+1/a) in T.
More generally, for quite a wide class of arithmetical functions, f, the loga-
rithmic average value of f over all positive integers compared with that over
N(a) is shown to be weighted in the ratio l:log,,(l+1/a). 1In the actual dis-
cussion below, 10 is replaced by an arbitrary base g > 2, and a is replaced by
an arbitrary initial sequence a,, a,, ..., a, of digits a;¢ {0, 1, ..., g - 1}
with a; # 0.

1. LOGARITHMIC AVERAGES AND DENSITIES

In order to cover a variety of specific examples of arithmetical functions
and sets of positive integers in a fairly wide setting, first consider any
fixed integers g > 2 and

A=a,g" 7t +a,q"" + o+ oa,,

with a; € {0, 1, ..., ¢ - 1} and a; # 0. Let N(A) denote the set of all posi-
tive integers whose canonical g-adic expansions begin with the sequence of di-
gits a;5, a,s «..5 an. We first wish to present the following theorem.

Theorem 1.1: Let f denote a nonnegative, real-valued function of the positive
integers such that

2: f(n) = BxS + 0(z™ as x + o,

n<x

where B, 6, and 1n are constants with 0 < §, n < §. Then

1
Z+ o 1ngnim,n€N(A)f ) A

Before proving Theorem 1.1, we need the following lemma.
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Lemma 1.2: Under the hypothesis of Theorem 1.1, there exists a constant Y = Y,
such that

> Ffn=¢ = 8B log @ + v + 0(x®-") as x + .

nix

Proof: This lemma is actually a special case of a result discussed in [3,
p. 86]. However, for the reader's convenience, we outline a direct proof here.

Let
F(x) = 3 f(n).

n<x

Then by partial summation (cf. [2, Theorem 421]), one obtains

2 Fn ™t = @)=t + a/ F()t™"1dt
nie 1 .
= [B.’L‘G + O(x”)]x“‘S + 6/ [Btﬁ + o(tﬂ)]t-ﬁ—ldt
1
=B + 8B log o + I(x) + 0(x"-9%),
where L
I(x) = 6(/—/ >[F(t) - B¢ "tdt
1 x

I - O</ tn-d'ldt) =7 - O(xn-d),

for some constant I. The lemma follows, with v =B + I.

Proof of Theorem 1.7: In order to deduce Theorem 1.1, first consider
xm = (4 + 1)g™.

By Lemma 1.2 (using the convention that Aq° — 1 be replaced by 1 if 4 =1), we
have

m

fnyn=s 2: fnyn-s

n< &, nel(4) t=0 Aq*<n(4 +1)q*

m t _
=368 1og A+ 1a7 =1, g tm-anl,
t=0 Aqt - 1

Thus

m
- (All)qt"]-
§ = PGSR S SN By g |
f(n)n 6Btéolog P— (D

& 1 1
S§B Z{log(l + —A—> + log(l - m)

t=0
1
- 1og(1 - ZE;>} + 0(1)

(m + 1)6B log(l + %) +0(1),

n<a,, ncN(A)

since (for ¢ > 1),
m

f log(l - -l;) = Y 0(gt) = 0(1).
t=1 cq

t=1

Now let &,_; < & < x,. Then log x~mlogqg as m, & - *, and [for g(n) >07,

gy < Y g < Y g

n<x, _1>neN(4) n<x,nelN(4) n<xnsnel(4)
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The asymptotic formula implies that

. 1 -8 log(l + 1/4) ( 1
lim nyn-° = 6B —=2>——+"—=-=6B 1 1+-=),
rzro lOg X ngm,;eN(A)f( ) log g 08q A

and Theorem 1.1 is proved.
We say that a function fof positive integers has mean-value (respectively,
logarithmic mean-value) o over a set T of positive integers if and only if

o=lins Y £

<respectively, o im L 2: ilﬁl>.

]
H

It is shown by Wintner [8, p. 52] that the existence of the logarithmic mean-
value over a set T follows from that of the mean-value over T and the values
are equal. The converse is false. Applying Theorem 1.1, we have

Conoflary 1.3: Let f denote a nonnegative, real-valued function that possesses
the mean-value B over all positive integers in the strong sense that there ex-
ists a constant n < 1 such that

Y. fn) =Bz + 0(z") as @ + .

n<x

Then f possesses the logarithmic mean-value B log, (1 + 1/4) over N(4).
A subset S of a set T of positive integers is said to have the relative
logarithmic density A in T if and only if

A = lim 1 =\,
x"“’(nixi,:nES n)/(nsm,zneT >

If the function f of Corollary 1.3 is replaced by the characteristic function
of the set T in the set N of all natural numbers, we obtain

S|

Conoflary 1.4: Let T denote a set of positive integers having natural density
B in the strong sense that there exists a constant N < 1 such that

> 1 =Br+0(") as x + .
n<x,nel
Then the set T(4) = TNN(A) has the relative logarithmic density log,(1 + 1/4)
in T.

2. APPLICATIONS TO SPECIFIC SETS AND FUNCTIONS

In addition to the set N of all natural numbers, the following natural ex-
amples of sets T satisfying the hypothesis and hence the conclusion of Corol-
lary 1.4 may be noted:

(2.1) Let T,,, denote the arithmetical progression

r,r+myr+2m, ... (0<r<m.

L 1= % 1=[§—-r;—1—’]=%+0(1)asx+oo.

n<x,nel, » r+km<x

Then clearly

(2.2) Given any integer k > 2, let N[k] denote the set of all k-free positive
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integers, i.e., integers not divisible by any kth power »k # 1. (Thus Ny is
the familiar set of all square-free numbers.) Then it is known (see,e.g., [3,
p. 108]) that

1 + O(xllk) as x > o,

n<x, nely,

=L _
z (k)

() =Y nok.
n=1

(2.3) Let Tp,px = Tm,r N Ny), where Ty , and N;; are the sets defined above.
If m, r are coprime, it is known (see, e.g., [4, p. 112]) that as x - o,

E 1 = z n (1 - p-k)—l + O(xl/k),

n<x, nel, . mg (K) prime p|m

where

where ¢ (k) is as before.

Many naturally occurring arithmetical functions f satisfy the hypothesis
and hence the conclusion of Corollary 1.3. Out of examples of such functions
treated in books, we mention only two:

(2.4) Let r(n) denote the number of lattice points (a, b) such that a? + b? =
n. Then (see, e.g., [2, Theorem 339]),

2: p(n) = mx + 0(x*?) as x + .

n<x

(2.5) Let a(n) denote the total number of nonisomorphic abelian groups of fi-
nite order n. A theorem of Erdos and Szekeres (see, e.g., [3, p. 117]) states
that

Ea(n) = mﬁ z(k) + 0(x*?) as x + .
k=2

n<e

Next we mention a few examples of concrete arithmetical. functions f satis-
fying the slightly more general hypothesis of Theorem 1.1:

(2.6) The Euler function

dp(n) = E 1

r<n(r,n)=1
has the property that

Zq)(n) =~'€—+0(w log x) as & + ©

nix

(see, e.g., [2, Theorem 330]).

3 2
m

(2.7) The divisor-sum function

o(n) = 2.,d

has the property that d|n

2: o(n) = %?ﬂzxz + 0(x log x) as x +

n<ax
(cf. [2, Theorem 324]).
(2.8) Given any positive integer k, let Z}ﬁr denote the set of all kth powers

of numbers in the arithmetical progression T, , of (2.1). Then,

1= 2. L=lat* o),

n<xz,nelpy n<xl*, net, ,
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by (2.1). Thus Theorem 1.1 applies to the characteristic function of the set
Tk, in N.

Finally, it may be remarked that the applicability of Theorem 1.1 carries
over to the restrictions to T, , of arithmetical functions of the above kinds,
when m, r are coprime. (For preliminary theorems that make such applications

possible, see, e.g., [3, Ch. 9], [4, Ch. II], and Smith [6].)

3. MSCIENTTFIC" VERSUS MATHEMATICAL EXPLANATIONS

In [5] Raimi expresses some reservations about purely mathematical explana-
tions of the initial-digit phenomenon in numerical tables of empirical data and
calls for a more "scientific" discussion (e.g., in terms of statistical distri-
bution functions). However, in this direction, general agreement does not seem
to have been reached or even to be imminent. By way of contrast, even if it is
theoretically correct to have done so, one might query whether such a problem
would ever have been seriously raised in practice if it had not been for the
nonexistence of certain desired natural densities.

For, suppose that a detailed examination of '"random'" tables of numerical
data was found to show that, in most cases, approximately 1/10 of the numbers
considered end in a particular digit b € {0, 1, ..., 9}, or approximately 10
of them end in a particular sequence of digits b1= bz, c...b {0, 1,...,9}.
In view of the elementary example (2.1) above, surely very few people would be
surprised by this or be led to call seriously for a "scientific'" explanation,
even though it is theoretically as legitimate to do so here as in the original
problem.

Although the nonexistence of natural densities does on first consideration
seem to lend an element of confusion to the initial-digit problem, the preced-
ing remarks suggest that (unless overwhelming experimental evidence® warrants
otherwise) it is perhaps nevertheless adequate for most purposes to accept an
explanation in terms of one or more reasonable mathematical substitutes for
natural density. In showing the quite widespread nature of this phenomenon in
number theory, the earlier theorem and various mathematical examples perhaps
lend further weight to this suggestion. After all, what can be scientifically
interesting about the purely numerological properties of a list of street ad-
dresses, or areas of rivers, and so on?
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*The status of Raimi's anomalous population data PP(m) [5, p. 522] is dif-
ficult to evaluate without further investigation, but his anomalous data V(n)
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FIBONACCI NUMBERS AND STOPPING TIMES

ROBERT CHEN and ALAN ZAME
University of Miami, Coral Gables, FL 33124

For each integer k > 2, let {a,, ;) and {b,,x} be two sequences of integers
defined by au,x =0 for allm =1, ..., k-1, a3 ¢ =1, and

for all n > Kk bl’k = 0, and

1
. g, xbn- ik

-
bn,k = Ay,k + '
;=
for all n > 2.
Let {Y,} be the fair coin-tossing sequence, i.e.,

1
P(Y; =0) = 5= P(Y; = 1)
for all j =1, 2,..., and Y, Y,5 «.. are independent. With respect to the se-

5
quence {Y,}, for each integer k > 1, let {R,,x} and {N,,x} be two sequences of
stopping times defined by

Ry (Y1, Yy, o.u) = dnf {m|¥y = <o+ = Y,_54y = O},
= o if no such m exists, and for all n > 2,
Ry 1x(Yys ¥y, «..) =dinf {m|m>R,_, , +kand ¥, = «++ =Y, ;.. = 0},

= o if no such m exists; N, 3 =Ry, and Ny, = Ry,x - R,_q, 3 for all n > 2.
In this note, we shall prove the following interesting theorems.

Theosem 1: For each integer k > 2,
An,x = Z"P(Nl’k =n) and by,x = 2"P(R,, = n for some integer m > 1).
Theorem 2: For each integer kK > 2,
bu,x = 2b,_1, +1 or 2b, , , -1 or 2b,_ .,

according as n = mk or mk + 1 or mk + j for some integers m > 1 and §j = 2, 3,
cees kK= 1.
H]

Theonem 3: For each integer k > 2, let

W = 92 a,, = EW, ),
then n=1
Bug,x = 127 + 2% = 2}/wy and  Daag,x = 29 7H{2%*L - 2}/,

for alln > 1 and j =1, 2, ..., K = 1.
We start with the following elementary lemmas.

Lemma 1: For each integer kK > 1, let
0, (1) = E(tNy,z) if E([t[Ny ) <
then

E=!
x
—~
o
N
[}
N
N[ ok
A
\k‘
P
=
1
M=
ot
S
N ok

)‘7} for all -1 < t < 1.
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Proo4: For k = 1, it is well known that

ner = (2) [ - (3)]

for all ¢ in [-1,1]. For k > 2, it is easy to see that Nl,k’=N1,k-1*'Z’ where
Z is a random variable such that

P(Z=1)=P@=1+10,,) =%

and Z is independent of Ny t_.,. Hence
t - 1
0 (2) = 510, (£) + 0, (£) }

for all -2 < t < 2. Therefore, for each integer k > 1,

0, (t) = <§> /{1 B zk: (5)}

for all -1 < ¢ < 1. J=1

Lemma 2: For each integer k > 2, let

G (B) =Y tha,
for all ¢ such that m=1

o

E ltlnan,k < =
then n=1

1 1
Gk(t) = 3,(2t) for all-§ <t < E—and k> 2.

Proog: Since a, 3 =0 for alln =1, 2, ..., k - 1, ap,x = 1, and

k
An, k = Zan—j,k
for all n > k, J=1

Go(8) = Y thayy = tF+ Y tEY tlany =t + ) G (D).
n=k i=1 i=1

n=k

k
G (2) = tk/{l - th}
J=1

for all kK > 2 and all ¢ such that

z:ltlnan‘k < .
n=1

Since ap,x < 2" for all » > 1 and all k > 2, G, (¢) exists for all-w% < t<
By Lemma 1, we have

Therefore,

1
>
1

Gy (t) = 0,(2t) for all ¢ in the interval <~5, %) and all k > 2.

For each integer k > 1, let uy 3 = 1, and for all n > 1, let

Up,x = PRy, = n for some integer m > 1}

P{V,,x = n}. Since {¥,} is a sequence of i.i.d. random variables,

and f;’k
1, it is easy to see that

and Uy, %

ihon

n
Un,kx = 9, Fi x%n-j x fOr all 7 2 1 and all k > 1.
Jj=1

Hence we have the following theorem.
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Theorem 1': For each integer k > 2, 2"u, ; = 2"P{R,,x = n for some integer m >
1} = by, and 2"f, ; = 2"P{V, , = n} = a,x for all n > 1.

Let 4 = {(w,, wz,...,wn)lwi =0or1lforalli=1,2,...,7nand w; =1 #

Wiy = *°r =W, = 0 for some j = n - JK and some integer J > 1}.

Let B = {(vy, Uys vees U,_1)|v; =0 0r 1 for all 2 =1, 2, ..., n - 1 and
Vi, =1 # v; = s+ =v, ; =0 for some j = n - Jk for some integer J > 1}.

Lemma 3: For each integer k > 2,
2"y = 2%y g 1 ot 2Mu, o -1 or 2Mu,.; 4

according as n = mk or mk + 1 or mk + § for some integers m > 1 and j = 2, 3,
cees k- 1.

Proog: By the definition of {un,x}, for each integer k > 2,

the number of elements in 4

2"Un, k
and
2"‘1un_1’k = the number of elements in B.

(i) If n = mk for some integer m > 1, then (0, Uy, Uy, eeus U, 1) and (1, vy,
Vos eoes Up-1) are in 4 if (U1, V2s eees Un-1) is in B, and (0, O, ..., 0), n-
tuple, is also in 4 even (0, O, ..., 0), (n - l)-tuple, is not in B. Hence the
number of elements in 4 > 2 ¢ the number of elements in B + 1. Since each ele-
ment (Wy, Wys «o0s W,) in A such that w; # w;,, for some 1 < j < 7n-1 is a form
of (0, V3, Vys «ves U, ;) or a form of (1, Vys Vpys eoes vn_l) for some element
(V15 VUps eees Vy_q) in B. Hence the number of elements in A < 2+ the number of

elements in B + 1. Therefore, the number of elements in 4 = 2 » the number of
elements in B + 1.
(ii) If n = mk + 1 for some integer m > 1, then (0, Vi, Vss ees, Vy-1) and (1,

Vis Ups eves Upo1) are in A if (U3, Vs s Vy_y) is din B and vy # Vj4, for
some 1 < j <#7n-2and (1, 0, 0,...,0), n-tuple, is also in 4 [(0, O, ..., 0),
(n - 1)-tuple, is in B]. Hence the number of elements in 4 > 2 - the number of
elements in B - 1. Since each element (W;, Wys ..., W,) in A such that w; #
w;4, for some 2 < j<n -1 is a form of (0, vy, Vps .., VUy-y) oOr a form of
(1, Vys Vyy eees Vyoy) for some element (Vy, Vyy ..., Vp.3y) in B. Hence the
number of elements in A < 2 ¢ the number of elements in B - 1. Therefore, the
number of elements in 4 = 2 ¢ the number of elements in B - 1.

(iii) If n = mk + § for some integers m > 1 and 2 < § < k-1, then (0, vy, V,,
cees Up_g)and (1, Uy, Vgs eoey V,.p)arein A if and only if (Vy, Uy, cees Vy_1)
is in B. Therefore, the number of elements in A = 2« the number of elements in
B.

By (i), (ii), and (iii), the proof of Lemma 3 is now complete.

Theonem 2': For each integer k > 2,
box =2byoq,x +1 or 2b,.5 4% =1 or 2b, ;4

according as n = mk or mk + 1 or mk + j for some integersm > 1 and j = 2, 3,
s k=1
o .

Proof: By Theorem 1’ and Lemma 3.
For each integer kK > 1, let
W = B{ ) = EnP(Nl,k =n) = Z”‘fn,k'
n=1 n=1

By Theorem 17,
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Wy = ZnZ'"an’k for each integer k > 2.
ne=l
k k=1 J
(—;—) = Zun_j’k(%) for all n > k and k > 1,
i=0

Since

k-1 :
1)k , 1Y/
(3)" - 3m 2wnsnlz) -
pe

By the Renewal Theorem (see [l, p. 330]), we have

(%)k = {E(Nl'k)}-léié(%)j for all k > 1.

- - k
= = = - [ = gk+1
Wy = B, 0} = D nfu -nz-:lnz "a ;:12'7 = gk+l _ o

n=1

Hence

Theonem 3': For each integer k > 2, let

My =Zn2'”an,k = 2k*l _ 2,
n=1

Bui, 1 = {2™ + 2% = 2}/u, and Dusjy

for all integers m > 1 and Jr=1, 2, ..., K = 1.

then .
2J-1{2mk+1 _ 2}/117(

Proog: By the definition of {bn,x}s bx,x = 1. Hence, by Theorem 2', Theo-
rem 3’ holds when m=1. Suppose that Theorem 3’ holds form =1, 2, ..., M - 1
and j =1, 2, ..., K = 1, where M is an integer > 2. Now, let m = M, then, by
Theorem 2',

= Zka-l,k +1

2k-1{oM-DE+1 _ o} po4 1 = (2MF - 2K 4 2K+l _ oy
= (2% 4 2k = 2y /u,,

Mk, k

since Y, = 2%*1 - 2,

ka+l.k = Zka.k -1 = (2Mk+l + 2k+1 _ 4)/pk -1 = (ZMk+l - 2)/.“’(.

Puksjok = 29 byper, o = 2971 @M*Y - 2) g, for all § =2, 3, ..., k - L.

Hence Theorem 3’ holds for m =M and § =1, 2, ..., Kk = 1. Therefore, Theorem
3" holds for allm > 1 and j =1, 2, ..., kK - 1.

Cornollary to Theorem 3': For each integer k > 2,

Umk, k = uk'l {1 + gmk+k 2-mk+1} = (2k+1 -~ 2)-1{1 + g-mk+k _ 2-mk+1}
and
Unk+jrx = Het {1 = 27m = (2k*1 = 2)"1{] - 2-mK}

for all integers m > 1 and j =1, 2, ..., K - 1.
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A NON-FIBONACCI SEARCH PLAN WITH FIBONACCI-LIKE RESULTS
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Texas Instruments Incorporated, Dallas, TX

ABSTRACT

This article describes a nondeterministic search plan, hereinafter called
the mid-point technique. While not optimal in the minimax sense, the plan of-
fers several possible advantages over the Fibonacci technique. Further, the
expected value of the reduction ratio at each stage is identical to the reduc-
tion ratio achieved by the minimax optimal Fibonacci method.

INTRODUCT ION

Search techniques often use the minimax criterion as the assumed measure
of effectiveness. As a result of Kiefer's pioneering work [4] demonstrating
the minimax optimality of the Fibonacci search technique, a number of authors
have focused attention on this particular search method. See, for instance,
(11, [31, [51, [6], [7], and [8].

Unfortunately, in the authors' opinions, there are three disadvantages as-
sociated with the Fibonacci technique. First, the plan requires that the final
reduction ratio be specified prior to beginning the search. Second, the Fibo-
nacci search is one of the more complex unimodal sequential search techniques
available, and this complexity may cause some potential users to avoid the Fi-
bonacci technique in favor of a simpler method such as the dichotomous search
or the golden section search [6]. Finally, if there is an upper bound on the
number of experiments permitted, it may be impossible to achieve the required
reduction ratio, i.e., the Fibonacci method does not provide the user with the
option to gamble.

On a more fundamental level, the minimax criterion of optimality itself is
open to challenge. The extremely pessimistic and jaundiced view of nature in-
herent within the minimax criterion may not represent a desirable framework
from which to view the search procedure. While possibly valid for cases of
warfare or for investors with extreme risk aversion, the minimax assumption of
a malevolent opponent capable of altering the probabilities inherent within any
gamble should be looked at with some skepticism. Murphy's Law notwithstanding,
it is not reasonable to assume that all gambles taken by the searcher will
necessarily be losing ones.

ASSUMPTIONS OF THE MID-POINT TECHNIQUE

The mid-point technique utilizes five assumptions. The first four are read-
ily recognizable as being common ones often employed in search procedures. The
fifth represents a significant departure from the minimax optimal Fibonacci
method.

1. The response variable (y) is a function of the independent variable (x)
and has a maximum (y*) at x = x*. The purpose of the search is to determine or
approximate the value of x*.

2. The function is unimodal; that is, given two experiments x; and x, with
x; < £,, let their outcomes by y, and y,, respectively. Then x, < x* implies
Y, < Y, and x; >x* implies y, > y,.

3. The minimum separation distance (g) between experiments is negligible.

4. The original interval of uncertainty for x can be scaled to [0, 1].
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5. A priori, any given interval of finite length is assumed to have the
same probability of containing &* as any other interval of the same length
(where both intervals lie within the remaining interval of uncertainty).

MECHANICS OF THE MID-POINT TECHNIQUE

The first experiment, x,, is placed at the center of the interval, and the
second experiment, x,, is placed at £ (the minimum possible separation) to the
right of x;. If y, > y,, the interval [x,, 1] is dropped from further consid-
eration. Ify, > y,, the interval [O, xl] is discarded. Under the assumptions
of unimodality and negligible separation distance, this will necessarily reduce
the interval of uncertainty to one-half of its original length. The third ex-
periment, x4, is then placed at the center of the remaining interval. The
third experiment will either halve the interval of uncertainty or reduce it by
€ (the distance between x; and x,). Under assumption 5, each of these mutually
exclusive and exhaustive events is assumed to occur with probability 0.5. 1In
the former case, the fourth experiment is again placed at the center of the re-
maining interval of uncertainty with the outcome of x, determining whether or
not the remaining interval is significantly reduced. For the latter case (x;
having negligible effect on the reduction ratio), x, is placed a distance of €
from x;, and the fourth experiment necessarily reduces the interval of uncer-
tainty to one-half its pervious length.

Figure 1 represents two of the six possible sets of experimental outcomes
leading to a reduction ratio of 4.

CASE I CASE I

EXPT. 1
o]

€ £
EXPT. 2 .//////////LJ , L ///////J .
0 XX, 1 0 X 1
Y,<Y, § XX Y<Yy; X<Xx1
R=2 R=2
i /J\EJ
/11774, 7747947477 )
EXPT. 3 § XX, X, 31 0 XX, X, 1
V<Y, X<X<Xq V> Y, 5 X,<X =1
R=4 R=2
JQQZQQZQLJ__JiLZQ
£
EXPT. 4 0 XX, XoX, 1

Y, <Yy X=X<X4

. R=4
Fig. 1

This search procedure continues until either a satisfactory reduction ratio
has been attained or until the maximum number of experiments permitted has been
run.
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MODELING THE MID-POINT SEARCH TECHNIQUE

Each experiment of the mid-point technique results in exactly one of two
possible outcomes: (1) the remaining interval of uncertainty is significantly
reduced (by half), or (2) the interval of uncertainty is not significantly re-
duced. Clearly x; (by itself) has no effect, while the result of x, necessar-—
ily reduced the original interval by half. For n > 3, if x, is placed in the
center of the remaining interval, it will significantly reduce the interval
(with probability 0.5) or it will fail to do so (also with probability 0.5).
If, however, x, is placed a distance € from x,_;, it will significantly reduce
the interval (with probability 1) or will fail to do so (with probability 0).

It is thus natural to describe each experimental outcome as resulting in
either a "success'" (a significant reduction of the interval of uncertainty) or
a "failure" (no significant reduction achieved). Further, the probabilities
for achieving success or failure on each experimental trial depend exclusively
on where the experiment is placed (either in the center of the remaining inter-
val, or a distance € from the last experiment), where placement depends upon
the information derived from the previous experiment.

This suggests the use of a Markov chain to model the process (see Figure

2). Transition to State O represents a success in the terminology described
above, while a transition to State 1 represents a failure.

q p q

P =
. 1 0
() (U
J _ _ 1 q
I ™= TP (l + q’ 1+ q)
Fig. 2

The first two transitions of the chain are deterministic. The first experi-
ment results in the occurrence of State 1 and the second experiment results in
State O with a probability of 1. 1In this particular application, p = g = 0.5.
States 0 and 1 form an irreducible recurrent set. The process of interest is
the return times to State 0, which clearly forms a renewal process.

In terms of the mid-point technique, each transition of the Markov chain
represents one experiment. The result of the first experiment necessarily re-—
sults in a failure, that is, the chain making the transition to State 1 (with
probability 1). Since the second experiment is placed at a distance € from x,,
the result of x, is necessarily a success, that is, the chain making the tran-
sition from State 1 to State O (also with probability 1). This first visit to
State 0 is called the first renewal, and the first visit and all subsequent re-—
turns to State O result in a halving of the remaining interval of uncertainty.
Equivalently, each time the chain undergoes a renewal, the reduction ratio is
effectively doubled.

Obtaining the probability mass function for the number of renewals in a
fixed number of transitions is a relatively straightforward matter (see Appen-
di%). From this mass function, the exact probability for the number of renew-
als can be computed. If the random variable N, represents the number of visits
to State 0 after n transitions of the chain, then the reduction ratio R, after
7n transitions (experiments) is simply expressed as R, = 2™, Since the proba-
bility mass function for N, has been completely specified, this also specifies
the mass function for the various values that the random variable R, takes.
From this, the expected value of R, immediately follows.

Table 1 lists the expected value of the reduction ratio after »n transitions
or experiments, for values of n ranging from one to ten. Readers of this jour-
nal will immediately recognize the Fibonacci sequence.
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Table 1

Number of  Number of Equivalent Probability Expected Value
Experiments Renewals Reduction Ratio of Occurrence of Reduction Ratio

0 0 1 1.0 1
1 0 1 1.0 1
2 1 2 1.0 2
3 1 2 0.5 3
2 4 0.5
4 2 4 0.75 5
3 8 0.25
5 2 4 0.25
3 8 0.625 8
4 16 0.125
6 3 8 0.500
4 16 0.4375 13
5 32 0.0625
7 3 8 0.125
4 16 0.5625 ”1
5 32 0.28125
6 64 0.03125
8 4 16 0.3125
5 32 0.500 3
6 64 0.171875
7 128 0.015625
9 4 16 0.0625
5 32 0.4375
6 64 0.390625 55
7 128 0.1015625
8 256 0.0078125
10 5 32 0.1875
6 64 0.46875
7 128 0.28125 89
8 256 0.05859375
9 512 0.00390625

ADVANTAGES OF THE MID-POINT TECHNIQUE

1. When a search point, x;, falls sufficiently close to x*, the subsequent
experiments, X;,x will all be successes with consequent rapid convergence. As
an extreme example, the case where x* is located at the center of the original
interval of uncertainty can be considered. In this case, x* will lie in the
interval [x;, x,]. For x, and all subsequent experiments, the interval of un-
certainty will be halved.

2., In many situations involving a direct search, the marginal cost of addi-
tional experiments is constant,while the marginal value of information rapidly
decreases with the time required to obtain the information. The expected profit
of the search under these circumstances may be larger when using the mid-point
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technique than when using the Fibonacci method. For example, if a reduction
ratio of at least 30 is required and if the cost of placing experiments is $10
per experiment while revenues are [100 - 0.1n?], the Fibonacci search requires
9 experiments and gives a profit of $1.90. The mid-point technique has an ex-
pected profit of $13.50 and requires 6 to 10 experiments.

3. If the desired reduction ratio must be accomplished within a specified
number of search points, the Fibonacci search may be incapable of meeting the
requirement. Under this circumstance, a rational choice is to gamble and the
mid-point technique does allow gambling, although it does not insure a winning
gamble.

4. The mid-point technique is easier to use than the Fibonacci search.

ACKNOWLEDGMENT

The authors are grateful to Dr. Richard Feldman for his valuable assistance
in dealing with the probabilistic aspects of the problem.

REFERENCES

1. M. Avriel & D. J. Wilde. '"Optimality Proof for the Symmetric Fibonacci
Search Technique." The Fibonacci Quarterly 4 (1966):265-269.

2. E. Cinlar. Introduction to Stochastic Processes. Englewood Cliffs, N.J.:
Prentice-Hall, Inc., 1975. Pp. 283-292,

3. S. M. Johnson. '"Best Exploration for Maximum Is Fibonaccian." The Rand
Corporation, RM-1590, 1955.

4, J. Kiefer. '"Sequential Minimax Search for a Minimum." Proc. Amer. Math.
Soc. 4 (1953):502-506.

5. L. T. Oliver & D. J. Wilde. '"Symmetric Sequential Minimax Search for an

Optimum." The Fibonacci Quarterly 2 (1964):169-175.

6. D. J. Wilde. Optimum Seeking Methods. Englewood Cliffs, N.J.: Prentice-
Hall, Inc., 1964. Pp. 24-50.

7. D. J. Wilde & C. S. Beightler. Foundations of Optimization.  Englewood
Cliffs, N.J.: Prentice-Hall, Inc., 1967. Pp. 236-242,

8. C. Witzgall. "Fibonacci Search with Arbitrary First Evaluation." The Fi-
bonacei Quarterly 10 (1972):113-146.

APPENDIX

The first two transitions of the Markov chain are strictly deterministic.
The chain goes to State 1 and then to State 0O (all with probability 1). There-
fore, for the purposes of this analysis, we can ignore the first two transi-
tions and take State 0 (our remewal state) as the initial state of the chain.
Diagrammatically, the chain appears as in Figure 2.

Let N(t) be the number of renewals in [0, t] where t represents time, and
let m be the number of transitions that occur in this interval. If each tran-
sition is assumed to require one time unit, then m is the integer part of ¢.
We are interested in the probability distribution for the number of renewals in
a finite number of transitions, i.e., P{N(t) = k} for the various values of k.
Counting the initial state of the chain as a renewal, the total number of re-
newals is clearly equal to one plus the number of returns to State 0.

Let f(*) be the probability mass function of inter-renewal times. Then

f(1) =p and f(2) = q. .
Let fX¥(k + n) be the probability of obtaining the kth return, the (k + 1)th

renewal, on the (k + n)th transition for n = 0, 1, ..., k. Note that f* is the
k-fold convolution of f(°). A little algebra quickly reveals that

Fk+n) = (ﬁ)pk'”q” for m =0, 1, ..., k.
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For purposes of algebraic simplicity, let m = kK + n. Then
Frm) = (m K k)p?‘k"”q”"k; m==ky k+1, ..., 2k,

where fk(m) is the probability of obtaining the kth return on the mth transi-
tion. Similarly,

. FEtm) = (m 7_< ; i 1)p2k'”"2q”"k+1; m=k -1, Ky vuv, 2k = 2.
et

F*(t)

DoFKmy m=k, k+1, ..., 2.

mL ¥

Note that F¥ is the probability of obtaining the kth return, the (kX + 1)th re-
newal, at or prior to time ¢, where the maximum value of m is the largest inte-
ger less than or equal to ¢. It follows immediately that

Fr(t) = PN(t) > k + 1}.
Similarly,
PRl = 30 f*hm) = PUN(E) > k).
mst
With F* and F¢-% completely specified as above, and using
P{N(t) = k} = FF-1(t) - F*(%)

(see [2, Ch. 9]), the distribution of N(%) can be determined.
Algebraic manipulation and simplification results in the following:

P{N(t) = k} = Fk-1(¢) - F¥(¢)

0; t<k-1
pk-t; k-1<t<k
k-1 - 2k k|, -2 k-1 k
= P +mz=:kp -mqm_[p—q(m—k+l>n(m—k)];k3t<2k—2
2 k 2k-m_m-k
1-';((m_k>p s 2k - 2 <t < 2k
0; t > 2k

where [t] is the integer part of t.

A short computer program was written in FORTRAN to calculate these proba-
bilities as well as the mean, variance, standard deviation, and skew for the
number of renewals and its equivalent reduction ratio. The number of transi-
tions was varied from one to twenty in increments of one. The program was com-
piled and executed under WATFIV and run on an AMDAHL 470/V6 computer in well
under 0.5 seconds. Copies of this program are available on request.

Wk H
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CONGRUENCES FOR BELL AND TANGENT NUMBERS

IRA GESSEL
Massachusetts Institute of Technology, Cambridge, MA 02139

7. INTRODUCTION
The Bell numbers B, defined by

= x" sy
2 By = e
and the tangent numbers 7, defined by
2. n
E: ﬂfg— = tan &
n!
n=0

are of considerable importance in combinatorics, and possess interesting number-
theoretic properties. In this paper we show that for each positive integer n,

there exist integers a,, ays ..., a,_; and by, b,, ..., b,_; such that for all
m > 0,

Bron ¥y 1By t s taB, = 0 (mod n!)
and VS b, 1 Thopoy * oo + D0, 71 20 (mod (n - 1)!n!).

Moreover, the moduli in these congruences are best possible. The method
can be applied to many other integer sequences defined by exponential generat-
ing functions, and we use it to obtain congruences for the derangement numbers
and the numbers defined by the generating functions e®*®/2 and (2 - &%)~ 1.

2. THE METHOD

A Hurwitz series [5] is a formal power series of the form

i .

a, s
1

o ni

where the a, are integers. We will use without further comment the fact that
Hurwitz series are closed under multiplication, and that if f and g are Hurwitz
series and g(0) = 0, then the composition fo g is a Hurwitz series. In parti-
cular, gk/k! is a Hurwitz series for any nonnegative integer X. We will work
with Hurwitz series in two variables, that is, series of the form

2 GmnyT 4T

m,n=0

where the apm, are integers. The properties of these series that we will need
follow from those for Hurwitz series in one variable.

The exact procedure we follow will vary from series to series, but the gen-
eral outline is as follows: The kth derivative of the Hurwitz series

i x? . hd "
F@ =) anir is F®O@ =3 anay
n=0 n=0

Our goal is to find some linear combination with integral coefficients of

F@ s F1x)s vees FO()
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all of whose coefficients are divisible by n! (or in some cases a larger num-
ber). To do this we use Taylor's theorem

= K
fla +y) = kZo £ @

We then make the substitution y = g(z) and multiply by some series h(z) to get
® k
R@fle + @] = 3 O @B

If h(z) and g(z) are chosen appropriately, the coefficient of ~——z" on the
n
left will be integral. Then the coefficient of —-§T-on the right is divisible
by n!, and we obtain the desired congruence.

3. BELL NUMBERS
We define the exponential polynomials ¢,(t) by

2. on(®fy = T,
n=0 :
Thus
¢,(1) = B, and ¢,(t) = D 5, ktk,

k=0

where S(n, k) is the Stirling number of the second kind. We will obtain a con-
gruence for the exponential polynomials that for ¢ = 1 reduces to the desired
Bell number congruence.

We set "
f(x) = et(ez-l) = y;(bn(t)'z_'
Then
Fle +y) =exp [t - 1)] = exp [t(e® - 1) + t(e¥ - 1)e®]

1]

flz) exp [t(e¥ - D)e*].
Now set y = log(l + 3). We then have

0 k
Z f'(k)(x)[lOg%l! + )] - f(m)etzex_

k=0
Multiplying both sides by e-*#, we obtain
Z f(k)(x)e_tz[log(l + Z)] = f'(x)etz(e -1) E z”t”f'(x)(e - 1) (1)
Now define polynomials D, (%) by
- +
e tz [log(l Z)] an’ (t)n' (2)

[Note that D, , (¢) = 1.] Then the left side of (1) is

Y FRO@ YD (2 = a e Z}Dn K (E) i (E) - (3
k=0 n=0 :

m,n=0
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Since

[105(1 + z) 1% E: s(n, k)

where s(n, k) is the Stirling number of the first kind, we have the explicit
formula

() = 30 (-1 (%)etn - 3. 0t (4)
Since i=0
(em - 1) ZS(m s
we have men
I CHERD Ly S 4 Z( )s<m S ROTHON
m=0

hence the right side of (1) is

= nan S /m o .

IR J;)(j)soﬂ Fs Mo (). (5)

m n
Equating coefficients of %T'%T in (3) and (5) we have

Proposition 1: For all m, n > 0,

m

D Dy (D0 (0) = n17 3 (T)Sm = G, m)e; (1),
k=0 J

=
where

Doy (8) = _Z( DI (%)etn - 4, Red.

Now let D, i = D, x(1). Setting ¢ = 1 in Proposition 1, we obtain
Proposition 2: For m, n > 0,

n m
D DniBusr =t 2 (5)S0n = G, mB;, 6)
k=0

Jj=0

Dy, 1. = Z( DU LICEEAEOR

A recurrence for the numbers D, ; is easily obtained. From (2), we have

where

2": D kg’j_ _ g-allog( + z)]k
7,
hence n=k " «

D(uy 2) =), Dby = e™*(1 + 2)*. 7
From (7), we obtain nzk
gélwu, ) = —e~3(1 + 2)* +ue-?(1 + z)*7 1,

thus

(1+z) Mu,@ -(1 + 2)D(u, 2) + ub(u, 2)

= (W -1-2)Dw, z). (8)
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Z?‘L

1 in (8), we have

Equating coefficients of uk

Dpsr,x =Dp,x-1 = 0+ 1)Dy g — nDy_q 4 for m, k>0,

with Dy, o = 1 and D,,; =0 for Kk > n or kK < 0. Here are the first few values
of Dy, x:

Table 1

k 0 1 2 3 4 5 6 7
n
0 1
1 -1 1
2 1 -3 1
3 -1 8 -6 1
4 1 =24 29 -10 1
5 -1 89 -145 75 -15 1
6 1 -415 814 =545 160 ~-21 1
7 -1 2372 -5243 4179 -1575 301 -28 1

Thus the first few instances of (6) yield
Bpis t By + Bp =0 (mod 2)
Bn+sz + 2Bpy1 — Bp = 0 (mod 6)
Bnsy — 10Bpy3 + 5B, + B = 0 (mod 24).
If we set

n
D, () = Y D, xuk,
k=0

then from (7) we have "

D, =3 D)@,

j=0

where (W); = u(u - 1) ... (0 = § + 1). It can be shown that for prime p, D,(u)
satisfies the congruence Dp4+p(u) = (P - u = 1)Dy(u) (mod p). In particular,

Dp(u) = uP =y - 1 (mod p), and we recover Touchard's congruence [8]
Bn+p = Bn + Bn+l (mOd p).

Touchard later [9] 'found the congruence

Byp = 2B,y - 2Bp +p + 5= 0 (mod p?),
which is a special case of
Busap = 2Bypsr = 2Buyp + Buyy + 2B, + (p + 1)B = 0 (mod ),

but these congruences do not seem to follow from Proposition 2.
We now show that in a certain sense the congruence obtained from Proposi-
tion 2 cannot be improved.

Proposition 3: Let Ay, A1, A,, ... be a sequence of integers and let ag, a,,
...» a, be integers such that

< 4 _J0 if 0<m<n
kz::)aknﬁ—k_[vifm:n .

n
Let by, bys ..., b, be integers such that zz:bkAm+k is divisible by R for all
m > 0. Then R divides b,N. k=0
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Proog: Let .,
S =) a;bjA, s
Since i,§ =0
n n
S =Zai[z bin+J]’
R divides S. But t=0  9=0

n n
S = bj a; Az i = b,.N.
Jj=0 =0

Conollary: 1f for some integers by, by, ..., b,_,, we have
B +b B 4+ e + boBm =0 (moed R) for allm > 0,

m+n n=-1"m+n-1
then R divides nl.

Proof: Since S(n, k) = 0 if n < k and S(n, n) = 1, the right side of (6) is
zero for 0 < m < n and n! for m = n. Thus Proposition 3 applies, with b, = 1.

For other Bell number congruences to composite module, see Barsky [1] and
Radoux [7].

4. TANGENT NUMBERS

We have

tan x + tan ¥y
1 - tan x tan y

tan(x + y) = = tan x + sec?x tan" 'z tan™y.
Yy Y
n=1

Now set y = arctan z. Then

tan(x + arctan 2) = tan x + :E:z" sec’x tan” 'z, 9)
=1
and by Taylor's theorem, "
Ll k
rct k4
tan(x + arctan z) = Z tan(k)x-g—a—c—;'n—l—, (10)
k=0 :

where tan®x = Z— tan =x.
dxk

Now let us define integers 7(n, k) and t(n, k) by

tankx . xzn (arctan x)* xn
_—7<!— = EkT(TL, k)%—'- and —-—?'—‘—— = Ekt(n, k)-—-n!.
n= ne

Tables of T(n, k) and t(n, k) can be found in Comtet [3, pp. 259-260]. Note
that

d_ rankz _ sec? tan® "1z
dx k! (k - 1)1°

S0

- = ™
sec’x tan" "tz = (n - 1)! :Z: T(m + 1, n>ﬁT for n > 1.
m=n=-1

Then from (9) and (10), we have

© "L‘m Zn n
Z E,—E—,Zt(ﬂ,k)ﬂ’mk
k=0

m,n=0

o e
tan x +Z Z%z”m(n - DITm + 1, n).
m=1 n=0

xm n
Then by equating coefficients of ;F-ET-we have

Proposifion 4: For m > 0, n > 1,
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n
St T, =nl( - DIT(m+ 1, n). (11)
k=0

From Proposition 4, we obtain the congruence

Dt K)Tpyy =0 (mod nl(n - 1)1).
k=0

The first few instances are

T,oo =0 (mod 2)
Tnes = 2T, .1 = 0 (mod 12)

Toyy — 8T,,, = 0 (mod 144)
T,ys — 20T + 24T = 0 (mod 2880)

m+3 m+1

T, .o — 40T, ,, + 184T,,, = 0 (mod 86400).

Note that the right side of (11) is zero form < »n - 1 and n!(n - 1)! for
m=mn -1, Proposition 3 does not apply directly, but if we observe that

t(n, 0) = 0 for n > 0,

and write TJ for T,,,, then (11) becomes

n-1
Doty K+ DTy =nln - DT+ 1, n),
k=0

to which Proposition 3 applies: if for some integers bl, b

Tpon + b, T, + .o + DT

m+n m+l =

23 +ees b, 1, we have

0 (mod R) for all m > O,

+n -1
then R divides n!(n - 1)!.

Proposition 3 does not preclude the possibility that a better congruence
may hold with m > M replacing m > 0, for some M. 1In fact, this is the case,
since the tangent numbers are eventually divisible by large powers of 2; more
precisely, x tan x/2 is a Hurwitz series with odd coefficients (the Genocchi
numbers).

5. OTHER NUMBERS

We give here congruences for other sequences of combinatorial interest,
omitting some of the details of their derivation.
The numbers g, defined by

S0, - en
n=0

count ''preferential arrangements'" or ordered partitions of a set. They have
been studied by Touchard [8], Gross [4], and others.
If we set G(x) = (2 - e®) ", then

y 2" - et

Gl +y) = e . (12)
n=0 (2 - e’)”+1
Substituting y = -log(l - 2z) in (12), we have
Y non
Glx - log(1 - 2)] = (1 - 2)). 2z . (13)
n=0(2 - e”)"+1
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Proceeding as before, we obtain from (13) the congruence

n
e, Kgy, =0 (mod 2" 'nt), m > 0, (14)
k=0

where e¢(n, k) = [s(n, k)l is the unsigned Stirling number of the first kind,

= an _ [-log(l - 2)]*
2:¢2(n, k)n T
n=0
The first few instances of (14) are
Imez ¥ ey = 0 (mod 4)
Ines T 39mss t 29,1 = 0 (mod 24)
Imern T 0gpn,s + 11g,,, + 6g,,, = 0 (mod 192).

The derangement numbers d(n) may be defined by

= " e
Zd(”)n_v T -
n=0

It will be convenient to consider the more general numbers d(n, s) defined by

-

Dy (x) = Zd(n, s) (1 T

Then
-

D _ e ey - -y afn+ts -1 e~* (15
s @+ y) 1 -x° [1-y/-2)]° © ;g%y ( n )(1 - g)nts (1)

Multiplying both sides of (15) by e¥ and equating coefficients, we obtain

i(;) d(m + k, 8)

k=0

n!(” + 2. l)d(m, "+ s). (16)

In particular, we find from (16) that for prime p,
dm + p, 8) +d(m, s) =0 (mod p).
The numbers ¢ defined by
o xn
T(x) =, typr = @

n=0

x2
x+ 5

have been studied by Chowla, Herstein, and Moore [2], Moser and Wyman [6], and
others, and count partitions of a set into blocks of size one and two. We have
T(x +y) = T(x)T(y)e®¥; hence
T(y) T(x + y) = T(x)e®*Y. (17)
Let 2
_y-%.

W(y) =Y wly =T 7" = e .
n=0

Then from (17) we obtain "
n m
5 (2)onrts < 1 (2w
k=0

where we take t, = 0 for n < 0. We note that (18) satisfies the hypothesis of
Proposition 3, so we obtain here a best possible congruence.
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The numbers w, have been studied by Moser and Wyman [6]. From the differ-
ential equation W'(y) = -=(1 + y)W(y), we obtain the recurrence
Wypy = _(wn + m’)n—l)’
from which the w, are easily computed. The first few instances of (18) are
t

m+l T tm = mtm—l

m
tm+2 - 2tm+1 = z(z)tm-z
m
tmes = 3Cpas + 2t = 6(3)tm_3
m
8tper = 2tp = 24(4)@"_4.
A natural question 1is: To what series does this method apply? 1In other
words, we want to characterize those Hurwitz series f(x) for which there exist

Hurwitz series h(2) and g(2), with #(0) = 1, g(0) = 0,and g'(0) = 1, such that
for all m, n > 0, the coefficient of (x™/m!)z" in h(2)flx + g(2)] is integral.

t

m+ b4

- 4t

+

m+3
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A QUADRATIC PROPERTY OF CERTAIN LINEARLY RECURRENT SEQUENCES
JULIO R. BASTIDA and M. J. DeLEON
Florida Atlantic University, Boca Raton, FL 33431
In [1] one of the authors proved the following result.

Let u be a real number such that u > 1, and let {Z,},,o be a sequence
of nonnegative real numbers such that

= 2 2 2 2
xz, ., = ux, + Y(u? - D) (x; = xg) + (2, = ux))

for every n > 0. Then
Lpyp = 2UT, 4y = Tp

for every n > 0; and, in particular, if u, xy, x; are integers, then
%, is an integer for every n > O.
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In this note we shall show that, under certain conditionms, the preceding
result admits a converse.
We begin with the following general preliminary proposition.

Proposition: Let R be a commutative ring with unit element; let ¢, # ¢ R, and
define a polynomial f e R[X, Y] by
F(X, ¥) = tX* - 2uXy + Y2,
1f {r,},,, is a sequence of elements of R such that
r

= 2uPn+1 - tr

n+2 n

for every n > 0, then
Flr,s rpp) = (2, 7y)
for every n > 0.

Proof: We shall prove this result by induction. The conclusion holds iden-—
tically for n = 0. Assume now that it holds for some n > 0. Then

- B 2
F@, iy Puyp) = ”rn+1 2Ury 1 Ppyy T Tpyy

trZ, . = 2ur,,,QQur,,., - tr,) + QQur,,, - tr,)”

]

n+l

H]

t(tr - 2ur,r,,, + Pn+1)
tf(2ys Tpyn)

Lt (ry s rl)

_ t"+1f(ro, r),

which shows that the conclusion also holds for m + 1. &

13

This proposition can be applied in some familiar particular cases:
If we take
R=¢@, t =-1, u=1/2,

we find that the Fibonacci and Lucas sequences satisfy

2 2 n
Fn+1 - Fn+an - F, = (._1)

2 2 _ n+1l
Ln+1 - Ln+1 n = L= 5(-1)

for every n > 0.
And if we take
R=2,t=-1, u=1,

we also find that the Pell sequence satisfies
p2 _ -2p P - P2=(-1)"

n+1l n+l"n
for every n > 0.

We are now in a position to state and prove our result.
Theorem: Let t, u be real numbers such that
t2 =1 and u > max(t, 0),
and let {xn}nzo be a sequence of real numbers such that

x, > max(ux,, (£/u)x,, 0)

1
and satisfying
Xy, = 2ux, ., - Ty

for every n > 0. We then have:

(1) ux > max(tx,, 0) for every n > 0; and
n+l n
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(i1) =,,, = ux, + Y(W? - t)(xk - t"x2) + t"(z, - ux,)? for every n > 0.
Proog: We shall prove (i) by induction. Our assumptions clearly imply that

the stated inequality holds when n = 0. Now suppose that ux, ,, > max(tx,, 0)

for some n > 0. As the given conditions om ¢, u imply that u > 0 and u? > ¢,

we first deduce that x,,, > 0, and then that

= u(2ux, , - tx,)

Uy 4

= ulx .. + u(ux - tx,) > ulx,,, > max(tx,,., 0),

n+1 n+1l n+1l

as required.
Since x; - ux, > 0, it is clear that, in order to prove (ii), we need only
consider the case where n > 0. 1In view of the proposition, we have

2 5 _ - 2
twl_, - 2ux,_,x, + x5 = "M () - 2uxym, + x?).

Since t? = 1, we also have

x| - 2tum, @, + tah = tU(twd - 2umgx, + xi),
and hence
2 = 2 n+l .2 n 7,2,
=2tuxe, _,x, +o, ;= -tz + 0wy - 28%ux gz, + tTal;

it then follows that
(e, - tx, )% = u'z] - 2bum, 0, + 25y
5= teh + el 4 ttad - 2tMum x,
= (U - )@ - t"xd) + tM(w, - uxy)?.
By virtue of (i), we now conclude that

Tpyr = 2UT, = LT,y

Uty + (U, - tx, ;)
ux, + v (ux, - tx, )?
ue, + V(W - b)) (@2 - t"xl) + th(xy - uxy)?,

which is what was needed. B

Applying this theorem to the three special sequences considered above, we
obtain the following formulas for every »n > 0:

Fo., =%, +/5F2 + 4(~-1)")

n+l

Ln+-1 = li([’m + ‘/5[’31 + 20(_1)n+1)

Py = B + /287 + (D",

These formulas, of course, can also be derived directly from the quadratic
equalities established previously.
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THE DETERMINATION OF CERTAIN FIELDS OF INVARIANTS

JULIO R. BASTIDA
Florida Atlantic University, Boca Raton, FL 33431

It is often difficult to determine Galois groups and their fields of invar-
iants by elementary methods. The objective of this note is to illustrate how
some basic considerations on fields and polynomials can be used to determine
the fields of invariants of certain groups of field automorphisms.

We shall be concerned with a field X and the field K(X) of rational func-
tions in one variable. The Galois group of K(X) over K will be denoted by

Gal(X(X)/K);

for every subgroup I' of Gal(X(X)/K), the field of invariants of I will be de-
noted by
Inv(T).

For each u ¢ K - {0}, let p, denote the K-automorphism of X(X) such that
X + uX; and for each u € K, let 1, denote the K-automorphism of K(X) such that
X>u+X.

Now we are in a position to state and prove the following assertions.

A. If M is an infinite subgroup of the multiplicative group of nonzero el-
ements of K, then the mapping u + p, from M to Gal(X(X)/K) is an injective group
homomorphism, and X is the field of invariants of its image.

B. If 4 is an infinite subgroup of the ‘additive group of K, then the map-
ping u +~ 1, from A to Gal(K(X)/K) is an injective group homomorphism, and X is
the field of invariants of its image.

A quick proof of these assertions can be obtained from the following two
results: (1) K(X) is a finite algebraic extension of each of its subfields
properly containing K; and (2) Artin's theorem on the field of invariants of
a finite group of field automorphisms. These results are discussed in [1, p.
158] and [2, p. 69], respectively. We shall now prove A and B by using only
very elementary properties of polynomials.

In the discussion that follows, we shall consider an element Y of X(X) not
belonging to K, and write it in the form Y= f(X)/g(X), where f(X) and g(X) are
relatively prime polynomials in K[X]. Put m=deg(f(X)) and n=deg(g(X)); then
write

FO =Y a;x* and g =Y bix?,
=0 i=0

i
where @y, dys sees Aps Pos D1y «ovs bn € K and ay # 0 # bn.

Proof of A: 1f wu, v € M, then (uv)X = u(vX), whence p,, = p,p,. It fol-
lows that the mapping u - p, from M to Gal(X(X)/K) is a group homomorphism. Its
injectivity is evident: indeed, if u € 4 and p, is the identity mapping on
K(X), then X = p,(X) = uX, which implies that u = 1.

Let ' denote the image of this homomorphism. We shall now prove that the
condition Y € Inv(I') leads to a contradiction.

Now assume that Y e Inv(I'). Then, for every u € M, we have Y = p, (¥), which
means that

FXO/gX) = 0,(FX))/0,gX)) = fFuX)/gux),

and, hence, f(X)guX) = f(uX)g(X); since f(X) and g(X) are relatively prime in
K[X], and since
deg(f (X)) =m = deg(f(uX))
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and deg(g(X)) =n = deg(guX)),
it now follows that

fwx) = u"f(X) and gwX) = u"gX),
which means that um-taq; = a; for 0 < © < m and u" 9b; = b; for 0 < § < n.

If 0< 7 <mand a #0, then u™-%=1 for every u € M; hence, every element
of M is an (m - 7)th root of unity in XK. As M is infinite, this is impossible.
Similarly, the conditions 0 < j < n and b; # O imply an absurd conclusion. We
conclude that g; = 0 = p; for 0 < 2 <mand 0 < 4 < n.

Consequently, we have f(X) = a,X" and g(X) = b,X". If we put ¢ = a,/b, and
r=m-mn, then ¢ € K -~ {0} and Y = ¢X”; since Y ¢ K, we see that r # 0. For
every u € M, we now have

eX? =Y = p,() = cuX)" = cu™X7,
which implies that u* = 1. Thus, every element of M is an ]rith root of unity
in K. This contradicts the infiniteness of M, and completes the proof of A.
Proog o4 B: If u, v ¢ A, then
uw+v) +X=u+ v +X),

which implies that T, 4, = T4Ty. Thus the mapping u + T, from 4 to Gal(X(X) /K)
is a group homomorphism. To verify that it is injective, note that if u € 4
and T, is the identity mapping on XK(X), then X = 1,(X) = u + X, whence u = 0.
Let A denote the image of this homomorphism. Assume, by way of contradic-
tion, that Y € Inv(A). For each u € 4, we have Y = 1,(Y), which implies that

F/g&X) = 1, (F&) /1, @&) = fu + X)/gu + X),
and hence
FXDgw +X) = fu + XHgX);
taking into account that f(X) and g(X) are relatively prime in K[X], and that
deg(F (X)) deg(f(u + X))

and deg(g (X)) deg(g(u + X)),
we conclude that

]
]

m

n

fu+X) = FfX) and gu +X) = gX).

It now follows that f(u) = f(0) = qy and g(u) = g(0) = b, for every u e 4.
This means that every element of 4 is a root of the polynomials f(X) - a, and
g(X) - by, which is incompatible with the assumption that M is infinite. This
completes the proof of B.
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FIBONACCI NUMBER IDENTITIES FROM ALGEBRAIC UNITS

CONSTANTINE KLIORYS
Pennsylvania State University, Sharon, PA 16146

1. INTRODUCTION

In several recent papers L. Bernstein [1], [2] introduced a method of oper-
ating with units in cubic algebraic number fields to obtain combinatorial iden~
tities. In this paper we construct kth degree (k > 2) algebraic fields with
the special property that certain units have Fibonaccinumbers for coefficients.
By operating with these units we will obtain our main result, an infinite class
of identities for the Fibonacci numbers. The main result is given in Theorem 1
and illustrated in Figure 1.

2.  MAIN RESULT

Theonem 1: For each posotive integer kX let A be a (2k - 1) x (2k - 1) determi-
nant, 4; = det(aij), see Figure 1, where a;; is given by

-D"Mp, L, if © =g and § < k
D"F . + (-D)**F,, if £ =G and j§ > & )
o= .. . > 1.
@ig -D"F, 1 if 2 =45 -k and 7 < Kk ( D
or 7 =4 +kand 7 > k
0 otherwise

For kK = 1, we define A, to be the middie entry in Figure 1, i.e.,

Al = Fn+2 - Fn+l'
Then, for all k > 1, we have F, = |4;].
(_1)n+1Fn+2 O ¢cessrecseconccnan L) (_1)nFn+l Q *ccr-- sasascas e eg oo 0
0 :
(-1 Fs .
0
: . (~1)"Fpyq
A =0 covnnneennnnnens 0 (_1)”Fn+l+(_1)”+1pn+2 D eovveovsosocanancanons 0
(—l)nFn+1
0
0
Q scrrreccnencasans 0 (_l)nFn+l Q sccvmemnee 0 (_l)nFn+1 + (“1)n+an+2

Fig. 1 (2k - ljx (2k - 1) Determinant
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Proof: Throughout the entire ensuing discussion, k willbe a fixed positive
integer. Consider the following 2k recursion formulas with the accompanying 2k
initial conditions. For each fixed j, § =0, 1, ..., 2k - 1, let

a;(n + 2k) = aj(n + k) + a;(n) (n > 0) (1)
and
aj(n) - { 1 ifn=yg (2)
0 otherwise.

In particular, for Kk = §j = 1, we obtain

al(n + 2) = al(n + 1) + a; () (n > 0)
and
al(O) =0, a,(1) =1,

that 1is, {al(n)}:=1-is the Fibonacci sequence. In general, one can verify that
for any fixed Kk and any j, § = 0, 1, ..., 2k ~ 1, the nonzero terms of the se-
quence {aj(n)}::’:1 are the Fibonacci numbers. More precisely, from (1) and (2)
one can obtain the equations:

aj(k =1 +kn) =0if j #2k-1o0or k-1
a1k =1+ kn) =F, _, (3)
azk_l(k -1+ kn) =F,.
Now consider the algebraic number field @ (W) where w* =1 + wk., We claim
that the nonnegative powers of w are given by the equation
wh = a () +a, (W + e+ ay, WL, (4)
where the aj(n), 0< 4 <2k -1, satisfy (1) and (2). From (4) we obtain
W=, ) +ag(w +a, w + e+ (g, ) +a,, )k
+ e +oa,, , Wk, (5)

Comparison of the coefficients in (4) and (5) yields the following 2k equations:
ag(n + 1) Ocay(m) +0-a,(m) + <+ + 1°ay,_,0)
al(n + 1) 1e ao(n) + 0- al(n) + e +0- azk_l(n)
a,n+1) =0+aq,(n) +1-a,®n +--- +0-a,,
: (6)
a,(n + 1) Ocaqy(m) +0ca,(n) +--- +1eaq_, @ +--- +1°a, ,0)

]

azk_l(n + 1) =0- ao(n) + 0- al(n) + e + 1 azk_z(n) +0- azk_l(n).

This system of equations can be written more simply in matrix form as follows.
Let C be the coefficient matrix of the aj(n). Explicitly, C = (cij) is a (2k)
by (2k) matrix, where

C1,ax =1

Crae1,2k = 1
ey =1if i =1+
e = 0 otherwise.

iJ
Let T, denote the following column matrix:
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a, (n)
T, = : (n > 0) ®)
D1 (M)
The system (6) can now be written as
T, ., =CT,.

More generally, if I denotes the identity matrix, then

T, = IT,
T, .= T,
: (8)
= 2k
Tn+2k = T
The characteristic equation of C is found to be
det(C - M) = A% - A -1 =0. ©)

The Hamilton-Cayley theorem states that every square matrix satisfies its char-
acteristic equation. Hence,

¢k _ck_ 1
(c* - c*-nr, =0,

and from (8)
Tn+2k = Tn+k + Tn° (10)
From (7) and (10) we have
%M+M)HWn+b+%MLj=m.”,%—L

Thus (1) of our claim is established. The initial conditions for (10) can be
obtained from (4) and are given by the 2k column matrices

Tj = (til)’ Jg=0,1, ..., 2k - 1,

where
I R T A A i
b = {\0 otherwise ~ 0, 1, ..., 2k - 1. (11)

From (7) we have that t,, = a;(n). Hence, a;(n) = 1 if and only if =g =mn,
and (2) is established, thus completing the proof of our claim.
From w@?*~1 - »p*k-1) = 1, we see that

-1 2k -1

wl=w k-1,

-w
If we denote the negative powers of w by
W™ = by(n) + by (Mw + +c+ + by w7t (n > 0), (12)

then by calculations analogous to those used for the coefficients of the posi-
tive powers of w, we obtain the following results. The coefficients satisfy
the recursion formulas,

bi(n + 2k) =b;(n) - b;(n+ k), 5 =0, 1, ..., 2k = L.

The initial conditions that are not zero are given by



152 FIBONACC! NUMBER IDENTITIES FROM ALGEBRAIC UNITS [(April

bo(o) =1
bo(k) = -1

bj(k - 4) = -1 ~ )

bJ—J(zk—j)=2 Jg=1,2, ..., k-1, .
bj(j) =1 j:k’

bj(2k - j) =1 ~ i

b;(Bk—j)=_1_ =k+1, .., 2k - 1,

The result analogous to (3) is given by
bk = 1+ kn) = (-1)"*'F,,,
brii(k = 1 + kn) (-D"F, .1 (14)
bi(k - 1 + kn) =0, if j#1or k + 1.

If we employ {4), (12), and (14), then omitting the argument (kK - 1 + kn) from
the a; and b;, we can write
k=1+kn,-(k-1+kn)

[}

1 =w

wk+1) .

1

.. 2k -1
(a, + aw + +a,, W )(blw + b

k+1
Multiplying out the right-hand side and comparing coefficients, we obtain the
2k equations:

1

Ay _1Dyyr a1 (By + b)) =1
aghy + ayby,, =0
by + a1y, =0

° . .

A-oby + Ay _pbyyy =0

Ay By + Bryy) + ay_ By + 2b ) =0
ko1 T A (By + Byy) =0

A brsy + Gy by + byyy) =0

agyb

®

O obyar + Aoy (by + byyy) = 0.

We will consider the a,, ..., d,;_; as the unknowns and solve for a,,_; by Cra-
mer's rule. If we denote the coefficient matrix by D and use (3) and (l4) to
replace bl, bk+1, and @,y ., then Cramer's rule yields

Ay
B = *3ac
We will complete the proof of the theorem by showing that det D = *1.
The norm of e = blw + bk+lwk+1 is given by the determinant of the matrix
whose entries are the coefficients of wd, j =0, ..., 2k -= 1, in the following
equations:

- k+1
e =bw + by, W
— 2 k+2
ew = b,w* + b, w
k-1

ew bryr + (by + by Jwk (continued)
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by 4 (b, + by, )wk*t (15)

ewk

2k-1

ew by + bryq + (by + 2Dy, )Wk,

The norm of ¢ is *1 since e = w ®*~2**" and » is a unit. We observe, however,
that D is just the transpose of the matrix from which the norm of e was calcu-
lated. Hence, det D = *1, and our theorem is proved.

As a concluding note we remark that, if k = 2, then the theorem yields—
with the appropriate choice of the plus/minus signs—the identity

Fo = (-D)"™ 2+ 2(-D"F, FZ + (-1)"*F2 . (16)
This can also be verified as follows: Replace Fypyp by Fyy + Fppq in (16) and
simplify to obtain

Fn2+l - Fn+1Fn - Fnz = (—l)n' (17)
Finally, compare (17) with the known [6, p. 57] identity
Fn—an+1 - Fn2 = ('l)n
to complete the verification of (16).
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POINTS AT MUTUAL INTEGRAL DISTANCES IN S”"
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In radio-astronomy circles, it is sometimes jokingly speculated whether it
is possible to place infinitely many in-phase, nonaligned antennas in a plane
(say, vertical dipoles in a horizontal plane). Geometrically, this means plac-
ing infinitely many nonaligned points in R?, with integral pairwise distances;
and naturally the mathematician wants to generalize to R® and R™. In R® there
is still a physical meaning for acoustic radiators, but not for electromagnetic
radiators, since none exists with a spherical symmetry radiation pattern (for
more serious questions on antenna configurations, see [2]).

A slightly different problem is that of placing a receiving antenna in a
point P, where it receives in phase from transmitting antennas placed in non-~
aligned coplanar points 4;, 4,, ... (in phase with each other); geometrically,
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this means that the distances A;4; are integral, and that all the differences
PA;-PA; are also integral. We shall prove that the first question has a nega-
tive answer, and that only finitely many P's satisfy the second condition.

Our proof of these facts, set out in Paragraph 1, is only the first step in
an inductive demonstration (given in Sections 1 to 4) of the following

Theorem: 1In a Euclidean space of dimension 7 > 2 there exist only finite sets
of noncollinear points all of whose mutual distances are integers.

If in all the reasoning used in Paragraphs 1-4 to prove the theorem, one
requires that m be a positive real number rather than a positive integer, then
one obtains the following result.

Theonem (bis): 1If one places n + 1 antennas in phase at the vertices of a non-
degenerate (n+ l)-hedron in a Euclidean space of dimension n > 2, then the set
of points of the space from which the signals are received in phase is a finite
set.

Remark: Two antennas are in phase if their distance is a multiple of the wave-
length; a point P receives in phase from two antennas A and B if the differ-
ences AP-BP is a multiple of the wavelength.

The last section describes two methods (one due to Euler) to construct sys-
tems of points in the plane with integral mutual distances.

By PQ we denote, as usual, the distance between the points P and . The
phrase "points at integral distance" will be abbreviated to "points at ID."

1. Let O and 4 be two points of the plane having distance OA = a, an integer.
We show that the points of the plane for which OP and AP are both integers must
all lie on a distinct hyperbolas (one of which is degenerate). As our coordi-
nate system, we take the orthogonal axes with O as origin and the line through
0 and A as x-axis. Let P be a point at ID from O and from A, assume P # 0, 4,
and set OP =m > 0, AP = m - k with m and k integers.

Note that by the triangle inequality we have AP < OA + OPand OP < OA + AP,
which imply that -a < k < ga. It is immediate that P lies on the hyperbola QA

with foci at 0 and 4 defined by the equation

(@ - k) (x - al2)® - k*y? = (kK*/4) (a® - k*); (1)
its center is A’ = (a/2, 0), and its axes are the lines y = 0 and x = a/2. It
intersects the x-axis at the points with abscissas & = a/2 * k/2. We conclude
that any point that has integral distance from both 0 and 4 must lie on one of
the hyperbolas @;, @,5 «..5 Qq-

Note that for X = 0 and k = %a,
Eq. (1) defines a degenerate parab-
ola, and that there are a+ 1 curves k=0
in all. However, all of the curves
will be hyperbolas, exactly a in k=a~-1

/
.

number, if we take (x-a/2)y = 0 as
@,. See Figure 1.
Now let Bbe a point at distance
OB = b from O and noncollinear with [e) A
O and A. Repeating the discussion
above for A we find that the points
at integral distance from O and from
B all must lie on b hyperbolas @,,
B,s ++.5 Bp. All these hyperbolas
have as center the midpoint B' of
the segment OB and as axes the line Fig. 1

=
Il
Q

Y

R
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through 0 and B and the line through B’ perpendicular to it. Hence it is clear
that none of these hyperbolas coincides with any @;, since they have different
sets of axes. The possible points at integral distance from O, 4, and B are
found in the union with respect to Z and j of the @;N®;, and hence are in num-
ber at most 4ab.

2. We now give the proof of the theorem stated in the introduction for the
case of a space of dimension 3, since the proof still has an intuitive geomet-
ric meaning that sheds light on the more general situation.

Let X be a set of points in the space that are noncollinear and mutually
at ID. We wish to show that X has finite cardinality.

If the points of X all lie in a plane, we are already done. Otherwise, X
contains four noncoplanar points O, 4, B, and (. We set OA = a, OB = b, and
0C = ¢. We fix an orthogonal coordinate system having origin at O, the line 04
as x—axis, and the plane determined by OAB as xy plane. With an argument sim-
ilar to that used in the case of the plane, one sees immediately that the points
P at ID from O and A, and thus in particular the points of the set X, must all
lie on the a + 1 quadrics S;,; defined by the equations

Spx: (@ - kKD (x - a/2)? - kK*y* - k*z* = (K*/4)(@® - k*), k=0, 1, ..., a.

If 0 < k < a, the quadric S;,; is an elliptic hyperboloid of revolution around
the line OA; the point A’ (midpoint of the segment OA) is its center, and each
plane of the pencil through OA is a plane of symmetry; among these there is the
xy plane. For kK = 0 the quadric S,4,, is the plane x = a/2 (counted twice), and
for k = a the real points of S,,, are the real points of the line that passes
through O and 4.

The points at ID from O and B are all to be found on the b + 1 quadrics
Sp,p with i =0, 1,...,b. For 0 < h < b, the quadric Sp,; is an elliptic hy-
perboloid of revolution around the line OB; its center is at B' (the midpoint
of the segment OB), and it has as planes of symmetry all the planes of the pen-
cil through the axis of revolution, among which there is the xy plane. For h =
0 the quadric Sp,p is a double plane; for 7 = b the real points of Sy, ;, are the
real points on the axis of revolution.

By analogy, the points at ID from O and C are found on ¢ + 1 quadrics S¢,,
with 2 =0, 1, ..., ¢. For 0 < & < ¢, the quadrics S¢,; are elliptic hyperbo-
loids of revolution around the line OC, and they certainly do not have the xy
plane as a plane of symmetry. For £ = 0 the quadric S;,, is the plane through
C' (midpoint of the segment OC) which is orthogonal to the line OC, this plane
being counted twice. For & = ¢ the real points of the quadric S, , are the
points of the line OC.

Since the points of X are at ID from 4, B, (, and O, we have

X CU(S,, N S5,,N 8¢, ) for k=0, ..., a; h=0, ..., by =0, ..., c.

Now if one of the three quadrics that appear in Sz, x NSz, 4, NS¢, is degenerate
(k =0, a, or h=0,b, or £ =0, ¢), it is clear that the real points of the
intersection either are finitely many or lie in a plane. Therefore, the points
of X contained in the intersection are finitely many. If none of those quad-
rics is degenerate, let Yy, , be the real intersection of S5, , with Sz 4, with
k and & fixed.

In view of the facts that the S, ; and Sp,; are real quadrics, that there
are no real lines contained in them, and that we are considering only the real
points of the intersection, there are only two possible cases to discuss:

@&. Yy, has real points and is irreducible.

Y, , splits into two nondegenerate conics with real points.

In case b, a conic being a plane curve, we see that there can be onlya finite
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number of points of the set X which lie on vy, hr\Sc . for every . 1In case a,
if we show that Yy, n cannot lie entirely on any S; 4, then v, , NS¢, , is a fi-
nite set of points for each %, and that will complete our proof

So suppose that Yy, ; is irreducible. Since S¢, ¢ is not symmetric with re-
spect to the xy plane, we can write its equation in the form

(oxx + By + 8)z + F(x, y, 5%) = 0, with a, B, § not all O.

A simple calculation shows that the pairs of points symmetric with respect to
the xy plane and which lie on the quadric are either in the xy plane itself or
in the plane ox + By + § = 0. Since Yy, ;, is symmetric with respect to the xy
plane, were it contained entirely in S, , it would have to be contained in one
of the two planes just mentioned. But, a quadric does not contain irreducible
plane quartic curves.

3. In R” the proof is similar and is based on induction on the dimension 7 of
the space. Here we give only a sketch of the demonstration.
Let X be a set of points in R” that are all mutually at ID.

a., 1t is evident that the points that have integral distance from a point
0 and from another point P are located on a finite number (equal to OP + 1) of
quadrics Sp 5 with k = l,...,0P. The quadrics Sp,x for 0 < k < OP are hy-
perboloids: for kK = 0 the real points of Sp , span an R"~ 1. fork = OP the real
points of Sp ,p are the points of the line passing through O and P.

b. 1If X does not contain n+ 1 independent points, it follows that XCRr-t
and the induction holds. Otherwise, let O, Py eons Py be » + 1 independent
points of X. We fix a cartesian coordinate system with origin at O and the

first m — 1 coordinate axes in the R""' determined by O, Pl, eees Pn_l.

¢, TFrom a it follows that the points of X are contained in the union (with
respect to the k;) of the intersection (with respect to 7) of the quadrics

Sp. 4, obtained from the pairs of points OP,, OP,, ..., OF,. We can write
n OF; -1 the points of X that come from the intersections in
X C f] l] Sp.x, ] Y which a quadric is degenerate, that is, for k; = O,
i=1 i o OP,L-.

If an Sp,,i, is degenerate, it is immediate that the intersection either con-
sists of a finite set of points or is contained in an R"~ 1, so that its contri-
bution to the cardinality of X is a finite number of points.

d. We consider the real intersection of n - 1 nondegenerate quadrics
N s, ., with k = (ky, «.., k,_1) fixed.
i=1

This is either a finite set of points or else is a curve y, of order 2" with
real points and symmetric with respect to the hyperplane x, = 0, since all the
quadrics that appear in the intersection possess this symmetry.

e. We intersect the curve Y, with a quadric Spn,kn(kn =1, ..., 0P, = 1).
This last quadric is certainly not symmetric with respect to the hyperplane
x, = 0.

4. If v, is irreducible, it cannot lie entirely on any Sp , i, (the proof
is analogous to the case n = 3). Hence, the real intersection is a finite set
of points. 1If vy, is reducible and 'YkFNSP k, 1is not a finite set, then an ir-
reducible component ¥, of the curve v, lles in Sp , x,» and the order of Yk is
less than the order of y,.
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g. 1f no. point of X lies on —Y"k, the proof is finished. Otherwise, let
P,,, be a point of ¥ lying on the curve ¥,. In this case, it is required that
the other -points of X also be at integral distance from P,,.» and, hence, that
they lie in the intersection of Yy with the OF,,, + 1 quadrics § (kn+1 =
0, 1, ooy OP4q).

We can Immediately exclude the case in which the quadrics are degenerate
(see ¢). Now, either the real intersection 7%FWSP+1,kMJ is a finite set of
points for every k,,, =1, ..., 0P,,, -1, in which case the proof is already
completed, or the real intersection of 7% with a quadric is a curve whose order
is lower than that of ¥,. '

By repeating the procedure outlined in g, we shall surely stop after a fi-
nite number of steps, because we find that the real intersection either is a
finite set of points, or it contains no points of X, or it is a curve of order
at most » — 1. In this last case it is known that the curve must lie in a sub-
space of dimension at most n - 1, and, hence, in particular, XCR" Y,

Poriskner

4. We now give another demonstration of the result of Paragraph 1, which does
not, however, give any idea of how the possible points must be distributed in
the plane.

Given a triangle OAB in the plane, we fix a system of coordinates as in
Paragraph 1. Let OA = a, OB = b, and OC = ¢, and let ¢ = angle A0OB. We wish
to find the points of the plane at integral distance from the vertices of the
triangle. Let P be such a point, and set OP = m, AP =m ~ k, and BP =m - h,
with m a positive integer and %, k integers. By the triangle inequality (see
Paragraph 1), we have ‘k\ < a, lh] < b, and, hence, if we denote the integral
part of a by o and the integral part of b by B, we see that k can take only the
values 0, *1, ..., *ta, and # only the values 0, *1, ..., *8. The coordinates
x, Yy of P are solutions of the system of equations:

2% + y? = m?
(@=-a?+y® = m-k* (2)
(x ~bcose)2+ (y -Db sine)? = (m-h)?.

Substituting m®> in place of xz-kyz in each of the last two equations one finds

a® - k% km
z =32 4+ =
2a a
_ bt - hm__ cos e x
Y= b siny ' b sinv sin ¢

which shows that for every integral triple (k, %, m) there is a point (x, ¥).
Now, the first equation of (2) gives a second-degree, nonidentical equation in
m, whose coefficients are functions of h, k, a, b, cos ¢, sin ¢. (If a, b, and
AB are integers, cos ¢ is rational and m is an integral solution of a diophan-
tine equation.) Since as k and % vary one obtains (2a+ 1) (28+1) such equa-
tions, we find at most 2(2a+ 1) (28+ 1) integral values for m and a like number
of points at ID from the vertices of the triangle.

The generalization to R" is analogous. Hence, we may state the following

Theonem: Given an n + l-hedron in R" with vertices O, Py Pyy wees Pys then
there are at most

2 [1Qo; + 1)
=1

points of R” that have integral distance from the vertices of the n+ l-hedron;
here o, is the integral part of OF;.
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5. At this point, it is natural to ask if for any given integer » there is a
configuration of »n points of the plane that are mutually at ID. The answer is
affirmative, and here we give a first method to construct such configurations.

Euler gave a construction (recorded, naturally, by Dickson) of polygons
having sides, chords, and area all rational numbers, inscribed in a circle of
radius R = 1: one selects n "Heron angles" 0y, Qs ..., Oy, that is, angles
with rational sine and cosine, whose sum is less than T, and then, having fixed
a point P, on the circumference of the circle with center at O and radius R=1,
one places P, on the circumference in a way such that PyOP; = 20,; then P, so
that P,0P, =20,; and so on. It is evident that the sides are PyP; = 2R sin 0O,
eees P, P, = 2R sin 03, «.., PPy = 2R sin(ay, + o, ++++ + 0,), that the chords
are P, P; = 2R sin(a;4, ++++ + 0 ) for ¢ < j, and that the area is

A = (R/2) (PyP, cos 0y + P;P, cos O, + -+« + PPy cOS Oy, 41)3

here 0,4; = T— (a; +-+++ a,) is obviously a Heron angle. By the addition for-
mula for the sine and the cosine, all sides and chords are rational numbers,
and so is the area.

Set t; = tan(0;/2) = p;/q, with p,, g, relatively prime integers. Then

sina; = 2p,q,/(p +q2) and cos o, = (q5 - P/ @ + D).

Hence, it is clear that it suffices to take a circle with radius
- 2 2
4R = i[l (p; +a3)

in order to obtaina similar polygon with sides and chords all integral numbers.
Let us see how it is possible to "improve" on the construction of Euler.

Let PyP, ... P, be a polygon, with rational sides and chords, inscribed in a

circumference with center 0 and radius R, not necessarily rational. Set

P’ﬁ—lOPi = 20(,,: (7: =1, vo.y 7’1—).

Since the angle P, P, ,P, = 0;, 0; is an angle of the rational-sided triangle

P; 1P;P;,,; hence, cos a; is rational, and also
tan®(a;/2) = (1 - cos a;)/(1 + cos a;)
is a rational number, for 7 =1, 2, ..., n (here P,oy1 =Pg). Set
tan(o;/2) = (p,/q,)d:"?

with d; a positive square-free integer and p., g, integers for each 7. Since
P;_,P; is rational, we must have R = ¢;d? with ¢; rational (£ = 1, ..., n).
But then d; =d, = -+ =d, = d. 1In conclusion, we must have

tan(a;/2) = (p, /q;)d"? and R = cd/?

with ¢ rational.

Conversely, consider a circle of radius R = ¢ , with ¢ rational and d a
square~free integer; it is then possible to inscribe in it a polygon P, ... F,,
for any given »n, with rational sides and chords. To achieve this, just select
angles a; such that

dl/z

o, +++* +0a,<m and tan(o;/2) = (pi/qi)dl/2 (p; » q, integers),
and recall that

P,P; = 2R sin(oy,, + +++ + ;) for ¢ < j.

Hence, we have established the following theorem.
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Theorem: A necessary and sufficient condition in order that a circle of radius
R may circumscribe a polygon with rational sides and chords is that R = ed/2,
with ¢ rational and d a square-free positive integer. The area of the polygon
is rational if and only if d = 1.

6. Another method ("the kite") for constructing a configuration of 2n + 3 non-
collinear points mutually at ID, with #» fixed in advance, is the following.
One selects n Pythagorean triples x;, y;, 3;, that is, integral solutions to
the equation 2% + y2 = z%. Let

n
a = n xy, by = yjnxi, e; = zjﬂxi.
i=1 idg i#]
For each ©, we have a®> + b3 = c,%. Fix a point O in the plane, and let 4 be a
point at distance g from O.

One can place n points P, ..., Py on the line
through O perpendicular to O4, with P; at distance
b; from O. Let A' be the point symmetric to A with
respect to O and let €, ..., &, be the points sym-
metric to Py, ..., P, (see Figure 2). The points
O, Ay, Py, ..., P, A", @5 ..., &, are 2n + 3 non-
collinear points of the plane mutually at ID, and
more precisely,

P, P; =Q,@; = |bi - by|
AP.,: =AQ7: =A'Pi =A'Q_£ =Cyzs

OP,,: =0Qi=bi’ OA = 0A' = a. Fig. 2

Remark: 1t is not necessary that the angle P;04 be a right angle. It must,
however, be an angle ¢ with cos ¢ = p/q € @. Then one has sin ¢ = d1/2/q with
d a positive integer. Let O, A, and P be as in Figure 3, a, b, ¢ are integral
solutions of the equation

z? + y? - 23y cos ¢ = z2. (4)
Set
X=xcos¢ -y xz = Y/sin ¢ = Yq/d*?
Y=2x sine so that {y = Y cos ¢/sin ¢ - X = Yp/d*/? - X
Z =3 2 =12
Equation (4) becomes
X* +y? =22, (3
and then .
X =h* -k
Y = 2hkd?
7 = h% + k2d
are the solutions of (5) as % and k range over Z (the ring of integers);hence,
x = 2hkq
y = 2hkp - (h* - k*d)
z = h% + k%d

are integral solutions of (4), as % and k range over Z.
Having selected 7 solutions of (4), by picking 7 pairs
(h, k), the kite method outlined at the beginning of this
section supplies n + 2 noncollinear points mutually at
ID (see Figure 3).
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MEANS, CIRCLES, RIGHT TRIANGLES, AND THE FIBONACCI RATIO

ROBERT SCHOEN
University of Illinois, Urbana IL 61801

In looking for a convenient way to graph the arithmetic mean (AM), the geo-
metric mean (GM), and the harmonic mean (HM) of two positive numbers, I came
across a connection between Kepler's "two great treasures'" of geometry, the
Pythagorean Theorem and the Golden Ratio, as well as several attractive geomet-—
ric patterns.

Let us take a and b as the two positive numbers to be averaged and let

a+b =k. (L
The three means are defined as
AM(a,b)=“J2’b=§ (2)
GM(a, b) = (3
2ab b
MM(a, b) = a—-a_i_—? = g%—. (4)

To graph the three means, recall that a perpendicular line from a point on
a circle to a diameter of the circle is the mean proportional (i.e., geometric
mean) of the two segments of the diameter created by the line. In Figure 1,
diameter AB, of length kK, is composed of line segment AD = a and line segment
DB = b. The perpendicular DE is the geometric mean. When O is the center of
the circle, the AM is equal to any radius, e.g., 40 and OB. To find the har-
monic mean, we proceed in the following manner. Construct a perpendicular to
the diameter at the center O of height equal to DF, say line OP. Next, con-
struct the perpendicular bisector of AP that meets diameter AB at C. Let @ be
the center of a circle passing through A, B, and point C on AB. Since OP is
the geometric mean of 40 and OC, we have OC = 2ab/k, and thus the desired HM is

line segment OC.

A g O D C B

Fig. 1 Constructing the Arithmetic, Geometric, and Harmonic Means
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Now, what if points D and C in Figure 1 were the same point? The graph is
shown in Figure 2, and it can be seen that

AC = = AM + HM = K 4 2aB, 5)
2 k
Replacing b by k -~ g and solving for a in terms of Kk, we have
L1*i5, _9
a = A k = 2k (6)
and
k
b = — 7
202 €)]

where ¢ = %(1 + /5) is the Golden Ratio. The difference between a and b is
k/¢. 1In Figure 2, the AM remains %k, but

k
HM = = (8)
and 2¢
oM = K (9
2/¢

In right triangle POC,
- - 2 2 2
PC? = 0p? +002=GMZ+HMz=——k2+7-$—=k2——~——(q> +21)=&—=AM2, (10)
4o 4o 4o 4

since ¢> - ¢ - 1 = 0. Hence, PC is equal to the AM and right triangle POC has
sides whose lengths can be expressed in terms of the. Golden Ratio.

A 0 [o] B

Fig. 2 The Arithmetic, Geometric, and Harmonic Means of Fibonacci
Related Numbers Forming a Right Triangle

Since AM is larger than HM and GM, the AM must be the hypotenuse of a right
triangle whose sides are AM, HM, and GM. Using the Pythagorean Theorem for
that right triangle, we have AM? = HM? + GM? or

a + b\? 4a?b?
= + ab. (11)
( 2 ) (a + b)? -

Clearing of fractions and solving for a in terms of b, we obtain

a =bv/9 + 4/5.

But 9 + 4/5 = (2 + V/5)? = ($°)?, hence
a = bod. (12)
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Therefore, the arithmetic, harmonic, and geometric means of positive numbers a
and b can form the sides of a right triangle if and only if a = b¢®. When b =
1, the hypotenuse of that right triangle is ¢%, and the legs are ¢3& and ¢.
Sequences of such triangles and a discussion of their relationships to Fibonacci
sequences can be found in [1].

Expanding upon Figure 2, using the same values for a and b (i.e., from Egs.
(6) and (7)), we have the elegant picture of Figure 3. The diameters of both
inner circles lie on AB and are of length g = AM + HM = %¢k. Line segment FC
is twice the harmonic mean (or k/¢), PR is twice the geometric mean, and FP, FR,
CP, and CR are equal to the arithmetic mean. The ratio of the areaof each in-
ner circle to the area of the outer circle is ¢?/4. The ratio of the area of
the overlap between the two inner circles to the area of each inner circle is
[2w/7 + 4/ﬂ¢”5], while the ratio of the area of the overlap to the area of the
outer circle is [w¢2/2ﬂ - l/ﬂ¢2£], where tan w = 2¢1'5, with v measured in ra-
dians. While those latter ratios are a bit complex, the image of Figure 3 re-
mains one of unity and harmony.

Fig. 3 A Harmonious Blending of Means
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A LIMITED ARITHMETIC ON SIMPLE CONTINUED FRACTIONS—III

CALVIN T. LONG
Washington State University, Pullman, WA 99163

1. INTRODUCTION

The simple continueq fraction expansions of rational multiples of quadratic
surds of the form [a, b] and [a, b, ¢] where the notation is that of Hardy and
Wright [1, Ch. 10] were studied in some detail in the first two papers [2] and
[3] in this series. Of course, for a = b = ¢ = 1, the results concerned the
golden ratio, (1 + /3)/2,and the Fibonacci and Lucas numbers since, as is well
known, (1 + v/5)/2 = [1] and the nth convergent to this fraction is Foo1/Fy
where F, denotes the nth Fibonacci number.

In this paper, we consider the simple continued fraction expansions of
powers of the surd & = [a@] and of some related surds. We also consider the
special case (1 + /5)/2= [i] since statements can be made about this surd that
are not true in the more general case.

2. PRELIMINARY CONSIDERATIONS
Let a be a positive integer and let the integral sequences

{fn}nz_() and {gn}nzo

be defined as follows:

f0=0’ f1=1’ fn=afn-1+fn—2:n22’ (1)
and
go = 2,9, =a, g, =ag,., +g9,_,,n>2. (2)
These difference equations are easily solved to give
n n
Fu = §__:_§_, n >0, (3)
va* + 4
and .
g, =" +%", n>0, (4)
where

£ = (a+v/a® + 4)/2 and T = (a-Va* + 4)/2

are the two irrational roots of the equation
z? - ax -1 =0. (5)
0f course, these results are entirely analogous to those for the Fibonacci
and Lucas sequences, {F,} and {L,}, and many of the Fibonacciand Lucas results
translate immediately into corresponding results for {f,} and ign}. For exam-—
ple, if we solve (3) and (4) for f, and g, in terms of g£" and £", we obtain

g, + fkfaz + 4

£ = 5 (6)
and gn _ fn /az + 4 ‘
g = 5 . (7N

Also, since

EE = 1,

it follows that

a+Va® +4 a-Va®+4 _a® - (@ +4) _ _
2 2

A

g% - @ + WFf;
-D" = gT" = 7 (®
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and also that
n
€”=%§ﬂ (9
We exhibit the first few terms of {f,}and {g,} in the following table and note
that both sequences are strictly increasing for n > 2.

ni{0]1 2 3 4 5

£l 0]1 a a® +1 a® + 2a a* + 3a® +1

g, 2lala®*+2|a®+3a|a* +4a® + 2| a® + 5a° + 5a

The following lemmas, of some interest in their own right, will prove use-
ful in obtaining the main results.

Lemma 1: For m > 1,
(a) [f,,Va* + 4] =g,, - 1,
(b)  [faon-1va® + 4] = gop -
Proog of (a): By (8),
(a2 + q)fén = g%n -4 > ggn - 2g2n +1
since 2g,, - 1 > 4 for n > 1. Therefore,
Fopva® +4>g, -1 (10)
for n > 1. On the other hand
Gon > gon = b = (@ + O,
an > f2n'a2 + 4 (11)

for all n. But (10) and (11) together imply that

[f,,Ya® + 4] =g, -1

so that

for n > 1 as claimed.
Proof of (b): Again by (8),
(az + 4)f.;n—l = ggn-l + 4

so that
fzn-l‘az +4 = /bin—l +4>g,, - (12)

Also, for n > 1,

Ggp-r T 1)? = gén—l +29,,., + 1> g%n—l +4 = (a® + 4)fgn-l

Gopy + 1> on_l/a2 + 4, (13)

so that

Thus, from (12) and (13),
(Fop-r/a® + 41 = g,, 4
and the proof is complete.
Lemma 2: TFor n > 1,
(a) [g,,va® + 4] = (@® + &) f,,,
(b) [g,,.1/a® + 4] = (@ + ©)f,,_ , - 1.
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Proof: The argument here is quite similar to that for Lemma 1 and is thus
omitted.

3. THE GENERAL CASE

The first two theorems give the simple continued fraction expansions of &"

and £7.
Theorem 3: For n > 1,
2n-1 _
(a) & = 9,01
2n _ _ _
(b) &" =1g, -1, 1,49, - 2I.
Proof: Since it is well known that [g,, ,] converges, we may set

1

T = [9211-1:I = an—l +E'

Thus,

x? -xg, | -1=0

and hence, using (8) and (6),
an—l + gin—l + 4 ngL—_l + f2n-l a2 + 4

x = 2 = 2

-1
= L;2271 ,

and this proves (a). Also, set

. ° _ 1
y=lg, -2 =1+ Ty
so that
¥* (g = 2) = yY(gy, - 2) - 1=0.
Then,

gpp = 2+ /(g2n - 2)%2 + 4(g,, = 2) g, -2+ Vgin -4
vy = 2092, = 2) B 2(g5, = 2)

and, again using (8) and (6),

. . 1 2(9271 - 2)
g,, =151, 9,,-21=g,, ~1+2=9g, -1+ —
2n 2n 2n Yy 2n gzn -2+ g;n _ 4
g2n + gin -4 g2n +f2n a2 + 4

_ = = 2n
2 2 &

as claimed.
Theorem 4: For m > 1,
(@) T 1 =[-1, 1, g,y = Ls gpy_1ls
(b) EZn = [0, 92n - 19 19 92n - 2]-
Proof: From (9) we have immediately that
‘g‘Zn = 1 and ”§2n—1 P 1 .
E‘Zn an-l

Since £%" = [gon = 1s i, gz; - 2] from the preceding theorem, it follows that
T2 = [0, 9on — 15 1, g,, — 2] as claimed. We also have from the preceding
theorem that

€2n—1 = [gz.n._l]

so that 1

an— 1

= [0’ gz.n-l]‘
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But it is well known that if o is real, a = [ag, a1, A3, ...] and ay > 1, then
-a = [-(a, + 1D, 1, a, -1, a,, ...]. Thus, it follows that

Fan-1 _ 1 .
gt =~ g1 =I[-1, 1, 9,, ., -1 9,,.,]

and the proof is complete.
Recall that two real numbers o and B are said to be equivalent if there
exist integers A, B, C, and D such that |4D - BC| = 1 and

_AB + B
“=Te+ 0D

We indicate this equivalency by writing o ~ B. Recall too that a ~ § if and
only if the simple continued fraction expansions of o and B are identical from
some point on. With this in mind we state the following corollary, which fol-
lows immediately from the two preceding theorems.

Conollany 5: 1f n is any positive integer, then £" ~ E",

Noting the form of the surds

g, + fpva® + 4 g, - f,/a® + 4

g 5 and E" = 5 :

it seemed reasonable also to investigate the simple continued fraction expan-
sions of surds of the form

ag, t f,/a®> + 4 af, t g va* + 4

2 3 2 E]

and so on. It turned out to be impossible to give explicit general expansions
of these surds valid for all a, m, and n, but it was possible to obtain the
following more modest results.

Theonem 6: Let a be as above and let m, n, and » be positive integers with
m=r=0 (mod 3) or mr # 0 (mod 3) if a is odd. Also, let {u,} be either of
the sequences {f,} or {g,} and similarly for {v,} and {w,}. Then

AUy + W Va? + 4 av, + w,/a® + 4

2 2
and
au, + w,/a* + 4 av, - w/a® + 4
2 - 2 )

Proof: We first note that, if a is odd, f;, = g, = 0 (mod 2) if n = 0 (mod
3) and f, 2 g9, =1 (mod 2) if n # 0 (mod 3). Thus Uy * v, = 0 (mod 2) if and
only if m = » = 0 (mod 3) or mr Z 0 (mod 3). To show the first equivalence,
let A =1, B=a(up - v»)/2, C =0, and D = 1. Then B is an integer, since
either a or u, - v, is divisible by 2 by the above. Moreover,

av, + w,Ya® + 4 av, +w,/a® + 4  au, - vy)

A - 5 *B 1~ 5 + 5
avy + w,Ya® + 4 avy + w,va’ + 4
c - . +D 0 - 5 +1

au,, + wn¢a2 + 4

2 5
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and this shows the first equivalence claimed, since [4D - BC[ = 1. Since the
proof of the second equivalence is the same, it is omitted here.

Corollary 7: 1If m and n are positive integers, then the surds in the following
two sets are equivalent:

afy + g,/a" + 4 af, - g /a® + 4

(a) 5 , 5 ,
ag, + g,/a* + 4 ag, - g va* + 4
2 2
and ag, + f,/a* + 4 ag, - f/a" + 4
(b) 3 , 5 ,
af, + f/a® + 4 af, - f/a® + 4
2 ’ 2 ‘

Proog: The first of the above equivalences follows immediately from the
second equivalence in Theorem 6 by setting r =m, u, = f,,, and w, = g, and the
others are obtained similarly.

Theorem §: Let a be as above and let m > 0 and n > 2 denote integers. Also,
let ¢ = af, + (a* + 4)f, and y = ag, + (@* + 4)f,. Then

af, +g,/a" + 4 ag, + g,/a® + 4

3 = [ags @ys +ees ap] and 3 = [bys Qys soes Ayl
where the vector (a;, a,s «.., d,.;) is symmetric and
ay = 2a, - af, = 2by, - ag,.
Also
_af‘m+(a2+4)f'n—b_x_b . _agm+(a2+4)fn—a_y_c
%o = 2 STy e T 2 52
where
b=04if n = x = 0 (mod 2),
b 1 if x = 1 (mod 2),
b=2ifn-1=Z2 =0 (mod 2),
e 0if n=y =0 (mod 2),
c=11if y =1 (mod 2), and
c=2ifn-1=y =0 (mod 2).

Proof: Let v = (af, + gn/az + 4)/2, Then, by Lemma 2,

|:afm + g, /a? + 1 i:afm + [g,/a® + 4}1'
[v]l =

i

%o ) 2
[afm + (a® + 4)fn]
s n even, n > 2
2
[afm + (a® + &)Ff, - 1]
s, n odd, n > 2
2
af, + (@ + 4)f, - b
= 5 s

where it is clear that
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b=0if n = x = 0 (med 2),
b=14if x =1 (mod 2), and
b=24ifn-1=%x =0 (mod 2).

A

Thus g, is as claimed. Moreover, 0
it follows that

vV —a, <1, so if we set v; = 1/(v - a;),

v, > 1. (14)
Taking conjugates, we have that
v, = L = = (15)
af, - gu./a® + 4  af, + @* +8)f, -b (@ +8&Ff, - b +g,/a® + 4
2 - 2
and it is clear that
-1 <V, <0, (16)

since g and n are both positive. But (14) and (16) together show that v; is
reduced and so, by [4, p. 101], for example, has a purely periodic simple con-

tinued fraction expansion [a;, a,, ..., ap]. Thus
af, + gn/az + 4 . .
Vo= 5 = [ay, vi] =1ay, a;s ays s Ayl (17)

On the other hand, again by [4, p. 93],

-51- = [Gps Gp_ys oees Gyl (18)
But then 1
L @+ - b+ g/t 4
-3 = 5
af, + gva* + 4 af, + £, @ +4) ~b 2af,
= 3 + 3 )

v +a0 - afm = [Zao - afm’ als azs see al/’]-

Comparing (18) and (19), we immediately have that 2a, - afy, = ap, G; = Gu_4,
Gy = Up_ps es+5 Qp_q1 = ay. This completes the proof for v. The proof for U =
(ag,, + g,/a® + 4)/2 is similar and is omitted.

The following theorem is similar to Theorem 8 and is stated without proof.

Theorem 9: Let a be as above and let m > 0 and n > 2 denote integers. Also,
let x = af, +g, and y = ag, + g,. Then

af, + fu/a* + 4 . ag, + f,/a* + 4

5 = [cys Cys +v+» Cpl and 3 = [dys Cys =evs Cpl

where the vector (¢;, C,5 «.., Cp-,) 1is symmetric and

ey = 2ey ~- af, = 2dy - agy.
Also
af, +g, - b % - b y ag, + 9, - ¢ y-c
o = 2 STz % T 2 T2

where

b=04ifn-1=x=0 (mod 2),

b=14if x = 1 (mod 2),

b=2dif n=Zx =0 (mod 2),
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e=0ifn-1=Zy =0 (mod 2),
c=11if y = 1 (mod 2), and
e=21if n =y = 0 (mod 2),

Theorem 10: Let m, n, and a denote positive integers and let {u,} and {v,} be
as in Theorem 6. Also, let

au, + v,/a® + 4

5 = [ags dys «vvs dpl.

(a) 1f a, > 1, then
7
aup - v,Ya” + 4
2

(b) If @, =1, then

=[-ay +aum -1, 1, a = 1, @,y «ovs dp, ;1.

AUy = v Va" + &
2
Proof of (a): Let n = (aum + v,/a® + 4)/2. Then by hypothesis,

N = [ags dys oevs Gl

= [~a, + aun - 1, a, + 1, a ey Aps Ay, Ayl

P

and
1 . .
T =[a,, ..., az, a; 1.
n - a
But then . .
[-ag +aupm = 1, 1, ay = 1, Qyy eeey Qpy Q1]
=-a, +aup - 1 + L i
1+ 1
a, -1+ T
1 -a
n-ao 1
= aum -1
aum - uy/a® + b
- 2
as claimed.
Proof o4 (b): If a, = 1, the above analysis still holds except that a; - 1

= 0, so that we no longer have a simple continued fraction. But then, we im-
mediately have that

QU - v,/a’ + 4

7 = [=ay + aupm = 1, 1, 0, dyy vues Ay ]

= [“CZD + au, — 1, 1, 0, a23 Cl3, vees dps al’ a2]

, Floag, «ovs ays a)s az]

[~a, + aum - 1, a
and the proof is complete.

Interestingly, it appears that the integer r in the above results is always
even but we have not been able to show this. Also, while it first seemed that
r was bounded for all a, m, and n, this now appears not to be the case. For
example, if @ = 4 and we consider the related surd, f, + gn/g, r is sometimes
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quite large and appears to grow with » without bound. On the other hand, if
a =2, and we consider the related surds, f, + gn/f'and Im + 9,72, it can no
doubt be shown that r equals 2or 4 according as n is even or odd, and that for
fm *+ f,Y2 and In T+ f;%i} r equals lor 2 as n is odd or even.

4, SPECIAL RESULTS WHEN a = 1
Of course, all the preceding theorems hold when a = 1, in which case

E=(1+V5/2, f, =F,, and g, = L,

for all n. On the other hand, in this special case, far more specific results
can be obtained as the following theorems show. Note especially that through-
out the remainder of the paper we use m and kK to denote a positive integer and
a nonnegative integer, respectively.

Theonem 11: 1If 3Xm and n = 2 + 6Kk or 4 + 6k, or if 3|m and n = 6 + 6k, then

Fp + Ln‘/g Fn + 5F, .
= F,, 5F,

2 2
and Ly + L,Y5 |Lnm+5F, | .
5 = 5 Fns 5Fy|.

Prood: It is immediate from the hypotheses and Theorem 8 that

Fy + L,V/5 | F, + 5F, .
5 = > 5 Qis sees Qp

and that Ly + Lp/5  [L, + 5B,
2 = 2 s Ay es dp
Let
X = 1
[T S
n
Then 5F, + x

x®> + 5F,x - 5 = 0,

and, since x is clearly positive and 5F3 + 4 = L2 is a special case of (8),

-5F, + Y/25F2 + 20  -5F, + L,/5
x = 5 = 5 B

But then,
[Fm + 5F, : -j] F, + 5F, -5F + L,/5 F + L,/5
a5 s ns 9 =

2 2 + 2 = 2 3

and similarly,

L, + 5F, . . Ly + L,/5
T Fus S| =

as claimed.

Theorem 12: 1f 3f/m and n = 5 + 6k or 7 + 6k, or if 3|m and n = 3 + 6k, then
F+L/‘ F, + 5L, .
slan'_zs )

Ly + L/5 [L + 5F, - 2

and

,i)Fn_zs SSFn—]
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Proof: Again it is immediate from the hypotheses and Theorem 8 that

F, + L,/5 [F,,, + 58, - 2 J
= r

5 5 5 Qys eees A

and that

L,+1L,/5 |L,+5E -2 .
5 = 5 s s eees Gple.

Then, since n is odd, we have from Theorem 3 of [2] that

. . L, + L,/5
@=1[1,F -2,1, 5, -2] =——p— -1 +1
Thus,
E, + 5F, - 2 ) Fp + 5F, - 2
—— L, Fy =2, 1, 5F - 2[=———— 4z
Fp + 5F, =2 L, +Ly5-2L,  +2
= 2 * 2
Fnp + 58, = 2 =5F, + L,/5 + 2
= 2 + 2
Fn + L,V5
. Tz
Similarly,
Ly + 5F, — 2 . Lp+ L,V5
——— L, B -2, 1, 5B - 2| = ——5—

and the proof is complete.

Theorem 13: If 3|m and n = 6 + 6k or 9 + 6k, or if 3|m and n = 4 + 6k, 5 + 6K,
7 + 6k, or 8 + 6k, then

F, + L,/5 L+ L,/5 )
-———2————=[a0, al, ...,ap] and __i——=[b°’ al, ---,ar]
with ay = (F, + 5F, - 1)/2, by = (Im + 5F, - 1)/2, ayp = 5F, - 1, and where the
vector (dy, ..., An_;) is symmetric.
Proo4: This is an immediate consequence of Theorem 8.

The only surds of the form (F, + Ln/g)/Z and (L, + Ln/g)/Z not treated by
the above theorems are when 3*m and » = 1 or 3, and when 3im and n = 1 or 2.
For these cases, the results are as follows.

Theorem 14:
(a) If SXm, then

2

P, +0,/5 [F, +1 |
= 2 3 1 s
Ly +0,Y/5 |Lp +1 |
= 2 3 l 9
+
2

2
F, + L,/5 |F,

=

2
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and =
Ly + L5 |Lp+7 | ;
5 = 7> 1, 34, 1, .
(b) 1f 3|m, then
F, +LV/5 [E, +2 )
2 = s 8’ 2 B
L, +Ly5 [r,+2 . .
2 = s 8’ 2 )
Fp +L,/5 [E, +6 )
7 = 2’29194’1’2569
and L, +L,/5 [L,+6 )
> = 5 s 2, 1, 4, 1, 2, 6.
Theorem 15:
(a) If 3/m and n = 4 + 6k or n = 8 + 6k, or if 3|m and n = 6 + 6k, then
Fon -L,/5 |F, - F, -2 ..
2 = 3 ,1’Fn'1’5Fn’Fns
and Ly = L5 [Ln-F, -2 o
5 = 5 , 1, F, =1, 58,, F,|.
(b) If 3fmand n =5 + 6k or 7 + 6k, or if 3|m and n = 9 + 6k, then
F, - L,/5 [F, - 5, . .
5 = 5 Fy = 1, 1, 5F, = 2, 1, F, - 2/,
and Ly - L,/5 |[L, - 58, ) .
5 = s F, = 1, 1, 5F, - 2, 1, F, - 2[.
(c) Let (Fy + Ln/5)/2 = [ay, dy5s +--5 dpl as is always the case from Theorem 8.
If 3,fmandn=6+6k, or if 3]mandn=4+6kor8+6k, then
F, - L,5 |Fpn~5F, -1
3 = 3 s Gy + 1y dys vy Aps Ays Ay,
and Ly = L,/5  [Ln - 58,-1
5 = 5 ,a2+1, Ags sees Qps Ays Ayl
L
And if 3fm and n = 9 + 6k, or if 3|m and n = 5 + 6k or 7 + 6k, then
F, - L,/5 F, - 58, -1 . .
5 = 5 s 1, al—l, Qys eees Aps A
and Lp - Ly/5 [Lp-5F, -1
7 = 3 s 1, al—l, Ays wves Qyps Agfe
The preceding theorem omits the cases when n = 1,2, or 3. These cases are

treated in the following result, which is also stated without proof.

Theorem 16:
(a) 1f 3fm, then
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(b)
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and

1f 3|m, then

and

By ~0,/5 [E, -3 :

2 = 2 k] 2’ 1 s
L, -10,/5 [, -3 .

2 = 2 s 2’ ]- L]
B, - L,/5 [E, -7 X

5 =|l—— 6, 1
Iy - LV5 [Ln -7

7 |7z %!
Fp -1/5 [F, -9

3 =T 3
Lp=1L/5 [Ly-9

2 - 7 3
Fp = LY5 |Fp -4

7 |7 L7
Lp-L,/5 [L, -4

2 - 7 b7
By -L/5 [F, -8

2 - 7 - bl
Lm-1vV5 [L,-8

2

5 == 1. 1
F, - 5,/5 [F, - 10

2 = 2 3 1’
Lyp-12,5 [Ly- 10

2 - 7 1

We close with two theorems which give

&, * F,V/5)/2 for all positive integers m and 7.

stated without proof.
Theorem 17
(a) If 3)m and n

E. + F,/5

1 + 6k or 5 + 6k, or if 3[m and 7

m
and 2

F, + L, .
2 > Ln

L + F,/5
5 =

(b) If 3Jm and n
F, + F,/5

2 + 6k or 4 + 6k, or if 3]m and »n

2
and

2

1, 8, éJ.

the expansions for (F,
Again, these

3 + 6k, then

6 + 6k, then

(Pt D, -2
’]-:Ln—z

173

+ F,/5)/2 and
theorems are
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L,+FY5 |Lp+L,-2 | .
= s 1, L, - 2].

2 2
(¢) Let (B, + F,V/5)/2 = [ag, ay» «-.5 a 1. If 3fmand n = 3 + 6k or 6 + 6K,
or if 3|m and n = 2 + 6 + 6k, 5 + 6k, or 7 + 6k, then

k
Ln
s Gys sees Ay ys Ly = 1

Ly + E, /‘ L, + 1L,

m

5 , dl, vees Gy ys Ly - 1]

and the vector (al, N ar_l) is symmetric.

(d) 1f 3|m, then
Fp +FV5 |Fp+2
= , 8, 2

and

2 2
and
Ly +FY5 |L,+2 i3
> = 5 . 8, 2].
Theorem 18
(a) 1f 3Jm and n = 5 + 6k or 7 + 6k, or if 3|m and n = 3 + 6k, then
F, - F,Y5 |F, - L,~-2 ]
5 = 5 » 1, L, -1, L,
and - _
L, - F/5 |Ly-1I,-2 ]
5 = | 5 , 1, L, -1, L,i.
(b) If 3/m and n = 2 + 6k or 4 + 6k, or if 3|m and n = 6 + 6k, then
L Em/g }% - Ly . . T
5 = 5—s Ly =1, 1, L, -2
and - -
L,-FV5 |L,-1L, . .
5 = 5~ Ly = 1, 1, 1,/ -2
(e) Let )
(Fy + F,/5)/2 = [ag, dys +ees Gyl
and let

(L + Ly/5) 12 = [Bgs Qys eens apl.
If BXm and n = 3 + 6k, or if 3]m and n# = 5 + 6k or 7 + 6k, then
E, = L,/5

5 =lay —ap, -1, a, + 1, aGgs «ees Qs ays a,l

and

—————=1[by —ap -1, a, + 1, Ays ey Aus ays dyl.
2 2 3 1

If 3fm and n = 6 + 6k or if 3|m and n = 4 + 6k or 8 + 6k, then
E, - L,/5

———=lag - ar -1, 1, 1, dys e aps 4]

and
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L, - L,/5
————=1Iby ~a, -1, 1, 1, &, ..., a,, &,].
(d} 1If 3)m, then
F, = F5 [F, -3 .
> = 5 2, 1
and -
L,,,—Fl/s‘_ Lp=-3 .
3 = > 2, 1}.
If 3|m, then
F, ~F/5 FE, -F,y/5 [F, -4 ..
2 - 2 - 2 » ls 79 2:8
and
Ly=FV5 F, -Fy5 [L,-4 L
2 = 2 = 2 913 79 2:8
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BENFORD'S LAW FOR FIBONACCI AND LUCAS NUMBERS

LAWRENCE C. WASHINGTON
University of Maryland, College Park, MD 20742

Benford's law states that the probability that a random decimal begins (on
the left) with the digit p is log,,(p + 1)/p. Recent computations by J. Wlod-
arski [3] and W. G. Brady [1] show that the Fibonacci and Lucas numbers tend to
obey both this law and its natural extension: the probability that a random
decimal in base b begins with p is logp(p + 1)/p. By wusing the fact that the
terms of the Fibonacci and Lucas sequences have exponential growth, we prove
the following result.

Theonrem: The Fibonacci and Lucas numbers obey the extended Benford's law. More
precisely, let b > 2 and let p satisfy 1 < p < b - 1. Let 4p(/N) be the number
of Fibonacci (or Lucas) numbers F, (or L,) with n < N and whose first digit in
base b is p. Then
, 1 + 1
Lim 4, @) = Togy(B).

Proof: We give the proof for the Fibonacci sequence. The proof for the
Lucas sequence is similar.

Throughout the proof, log will mean log,. Also, {x> = x - [#] will denote
the fractional part of x.

Let o = %(1 + /5), so F, = (a* - (-a)"")//5. We first need the following:

Lemma: The sequence {{n log a)};.; is uniformly distributed mod 1.
R— N
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Recall that a sequence {a,} of real numbers satisfying 0 < an < 1 is uni-
formly distributed mod 1 if for every pair of numbers ¢, d with 0 < e < d<1
we have

1lim %(number of g, withn < Nand ¢ < a, <d) =d - c.
N> :

In other words, the fraction of g, in the interval [e, d) is d - c.

Sinceno power of o is an integer it is easy to see that log o is irrational
(otherwise b™" = o, so a” = b™, which is integral). 1In fact, log a is tran-
scendental, but we shall not need this rather deep fact.

A famous theorem of Weyl [2] states the following: If B is irrational, then
the sequence {{nR>} is uniformly distributed mod 1. Letting B = log o, we ob-
tain the lemma.

We now continue with the proof of the theorem. Let € > 0 be small. Let p
satisfy 1 < p < b - 1. With the above notation, let

c=1log /5 +logp+e, d=1log /5 + log(p + 1) - €.

Then [¢, d) is an interval of length log(2~§—l) — 2e. Therefore, the fraction

of n such that {n log o) lies in [e, d) is 1og(?—§—l) - 2¢. For uniformity of

exposition, we have used the convention that all intervals are considered mod
1, so an interval such as [0.7, 1.2) is to be considered as the union of the
two intervals [0.7, 1) and [0, 0.2). This technicality occurs only when d is
greater than 1 and we leave it to the reader to check that our argument may be
extended to cover this case. In particular, the interval [¢, d) may be broken
into two parts and each part may be treated separately.

Let m = [n log a] = integer part of n log a. If

log V5 + logp + € < <n log ad =n log a - m,
then .
pb' b* < an/V/5.
If n, hence m, is sufficiently large, then
" - ()"
V5 n’
since p® > 1 and ]u'"l < 1. Similarly, if <n log o> < d and »n is large, then
F, < (p + L)b".

But these last two inequalities simply state that F, in base b begins with the
digit p. Therefore, we have shown that if n is large and {(n log a) lies in
[e, d) then F, begins with p. Therefore, the fraction of n such that F, begins

with p is at least
logeaé;J? - 2¢.

Since €> 0 was arbitrary, we find that this fraction is at least log(p + 1)/p.
However, this is true for each ps and

log(%) + log(%) + e+ log<54?—f) = 1.

Therefore, the fraction with first digit p can be no larger than log(p + 1)/p;
otherwise, these fractions would have sum greater than 1. Thus, the answer is

exactly log(p + 1)/p and the proof of the theorem is complete.
Finally, we will mention one technicality that we have ignored in the above

pb" < pb"p® - 1<

proof. Since we do not know a priori that lim %u4p(N) exists, it is slightly
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inaccurate to discuss the fraction of F with first digit p. HoWever, what we
proved was that 1lim inf %Ap oy = log(B;—l). By the remark at the end of the
proof, it is then easy to see that it is impossible to have lim sup —]-]\L?AP(N)

+
greater than log(Lpl> for any p. Therefore, lim sup = lim inf and the limit
exists.
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A SIMPLE DERIVATION OF A FORMULA FOR 2k’
k=1

RASUL A. KHAN
Case Western Reserve University, Cleveland, OH 44106

The formula for
n

Zkr (r and n being positive integers)
k=1

is known (see Barnard & Child [1] and Jordan [2]). However, most undergraduate
texts in algebra and calculus give these formulas only for r =1, 2, and 3.
Perhaps the reason is that the known formula for general dintegral r is a bit
involved and requires some background in the theory of polynomials and Bernoulli
numbers. In this note we give a very simple derivation of this formula and no
background beyond the knowledge of binomial theorem (integral power) and some
elementary facts from calculus are needed. Consequently, the author hopes that
the general formula can be exposed to undergraduates at some proper level.

Let
5. (m) = )K",
k=1

where r = 0, 1, ..., n =1, 2, ..., and note that S;(n) = n. 1In order to find
a formula for S,(n), we use the following identity: For any integer k we have

k
/ w7 = (L - (K - D)
k-1
1 r (r f l)(_l)r+2—jkj
r+ 1 J;) J
2: aj(r)kj,
70

where a; (r) = (—l)r”'j(lﬂ:; 1)/(10 + 1). Hence,
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k=1
k n r
Z/ x¥dx = / x¥dx = Zaj(r)Sj(n),
k=1 Jk-1 0 i=o0
and
nr+1 r
(1 P =J;)aj(r)sj ).
Since a,(r) = 1, it follows from (1) that
r+1 r-1
(2) 5, ) ==

prasr aj(r)Sg(n).
j=0

[April

The numbers aj(r) can be easily evaluated. Here we list some of the aj(r)'s:

ao(l) = —-;—
1
a,(2) =35 a,(2) = -1
a,(3) = -%,aﬁ3)=1,a2@)= -%
a,(4) = é3 a, (4) = -1, a,(4) =2, a,(4) =-2
a,(5) = '“%, a; (5) =1, a,(5) = —ng, az(5) = %§3 a, (6) = -

a,(6) = T, a, (6)

Using (2) we obtain

;]

N

Sl(ﬂ) =£22__+%= ?’Z(?’L2+ 1)
s, (n) = g;__ (%._ ”(”é+ 1)) _nn+ 12(2n + 1)
n
S,m =2 - (_%+ n(n2+ 1) _%n(n + 1)6(2n + 1)) _ (n(n2+ 1)

Continuing in this fashion we obtain

Sy(m) =nm+ 1)(2n + 1)(3n® + 3n - 1)/30
Sg(n) =n*(n + 1)*(2n* + 2n - 1)/12
S () =nmn + 1)(2n + 1) (3n* + 6n’=-3n - 1)/42.

However, such evaluations get messy with higher values of r.

1, a,(6) = 3, a;(6) = -5, a,(6) =5, as(6) = -3, etc.

An integral for-

mula for S,(n) is known (cf. Barnard & Child [1]), but its evaluation depends
on Bernoulli numbers. We derive this formula from (2) with an advantage that
the required Bernoulli numbers satisfy a simple recurrence relation in terms of

a;(r) which is a by-product of our derivation.

Treating 7 as a continuous variable and differentiating (2) with respect to

n we have

r-1
3 Sg(n) =n” - a; (r)57(n),

ds; (n) =0

’ =
where S}(n) T
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Since S; (n) - S;(n-1) = nJ, one obtains
81 (n) =ind 1 4 Sl(n - 1) =
=j71j_l + i - I CA +4 19-1 4+ S;(O).

Clearly, S (0) is the coefficient of » in S (n), and writing B = 51(0), where
By, =1 and Sy(n) = n, we obtain /

n
%) 81y = G kI 4 B; =55, (n) + B;.
k=1
From (3) and (4) we obtain
r-1 r-1
51y =n” =3 Ga;(@)s;_,(n) - Y a; (2)B;.
Jj=0 Jj=0

It is easy to verify that

Jaj@) =ra;_,(r - 1),

and hence
r-1
Sl (n) =nt —Zraj_l(r - DS, () - Za (r)B;
(5) = r[”? - 2 a;( - S (n)] - E a; (r)B;.
j=0 j=0
Thus it follows from (2) and (5) that
(6) S (n) =rS,.,(n) + By,
where o1
(7 B, = -3,a;(®)B,;, By =1
j=0
The relation (6) immediately leads to
(8) S,(m) = r/Sr-l(n)dn +71 B,.

The numbers B, (r = 0, 1, .) are Bernoulli numbers and can be generated from
(7), and starting with S, (n) = 1 one obtains S, (1) from (8) for any desired r.
Note that the relation (7) for Bernoulli numbers is a by-product of our deriva-
tion of (8) from (2). Consequently, no background in the theory of polynomials
and Bernoulli numbers is needed to arrive at (8). Moreover, (7) and (8) together
make it possible to evaluate Sy(n) for any r, or one can use (8) to get an ex-
plicit expression for S,.(n) (see Barnmard & Child [1]).

To illustrate the preceding, from the list of g;(») and (7) we easily ob-
tain
1 _1

1 1
By =1, B, =3, By, =4 By =0, B, =—35, B, =0, By = 5, ...,
2 6

and since Sy(n) = n, it follows from (8) that

2
= n_nr ,n
S, (n) /ndn+2 2+2,
S, (n) =2/<ﬁ+£dn+ﬁ=”_3+ﬁ+ﬁ. ete
2 2 6 3 2 6 )
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Finally, we note the following interesting fact. Since

_ 1
a, () i1ﬂ+1

and

S() (7’[) N,
it follows from (2) that
' Sp(n) = 8, (MP,_, (),

where P,_,(n) is a polynomial in n of degree r - 1.
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A NOTE ON THE POLYGONAL NUMBERS

SHIRO ANDO
Hosel University, Koganei-shi, 184 Japan

1. INTRODUCTION

Polygonal numbers of order X (kK = 3, 4, 5, ...) are the numbers
1
(1) Py =5l(k = 2)n* = (k- &)n] (n =1, 2, 3, ...).
If k = 4, they are reduced to the square numbers. It is clear that there
are an infinite number of square numbers which are at a time the sum and dif-

ference and the product of such numbers, from the identity

(4m? + 1) = (4m)® + (4m* - 1)?

I

8m"* + 4m? + 1)% - (8m* + 4m?)?,

and since there are an infinite number of composite numbers of the form 4m2+1
(for example, if m = 5j + 1, &m®>+ 1 is divisible by 5).

Sierpinski [1] proved that there are an infinite number of triangular num-
bers (k = 3) which are at a time the sum and the difference and the product of
such numbers.

For kK = 5, Hansen [2] proved that there are an infinite number of P,,s that
can be expressed as the sum and the difference of such numbers.

O'Donnell [3] proved a similar result for X = 6, and conjectured that there
will be a similar result for the general case. , ‘ :

In this paper it will be shown that their method of proof is valid for the
general case, proving the following theorem.

b (mod 2), and

1

Theonem: Let a and b be given integers such that g # 0 and «
let

2) Ay = San? +bn) (=1, 2, 3, ...).
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There are an infinite number of 4,'s which can be expressed as the sum and the
difference of the numbers of the same type.

2. PROOF OF THE THEOREM

If a < 0, we obtain 'a set of integers whose elements are the negatives of
the elements in the set obtained by using -a and -b instead of g and b. Hence
we can assume g > 0 in the following.

Let

3 By = A, - Ay, = gla(r - r?) + brl,

where 7 and ¥ are positive integers, # > », and r is odd unless a is even.
Lemma 1: For

(4) m = ars + r,

where s is a positive integer such that
(5) a’s + 2a > —1;—,

the equation
(6) Am =B, = An - An—r

is satisfied by the integer

(7 n = —;—s[r’(azs + 2a) + b] + r.

Proog: Solving

%[arz (as + 1)2 + br(as + 1)] = %[a(an - r2) + br]

for n, we have (7).

For any integer c, e?

= ¢ (mod 2), so that
s[r(a®s + 2a) + b] = ra?s?® + 2ars + bs = ras + as
= (r + 1)as = 0 (mod 2),
by the conditions for r and a, which ensures that n is an integer, and the lemma
is proved.
For m and n of Lemma 1,

(8) Ap = An + Ayp.

In order to find a number of this type which is equal to some Bp, let s =
art, for any positive integer ¢ such that

(9 a*r?t + b > 0.

Then (5) is satisfied and from (4) and (7) we have
(10) ' m = a’r?*t + »r,

(1) n o= aru ‘+ r,

where

(12) u = %t[r(aart + 2a) + b]

is an integer such that u > s by the condition (9).
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From Lemma 1, using u in place of s, for the integer
(13) p = Sulr(a®u + 2a) + bl + 7,
we have A, = Bp. This equation, together with equation (8), provides the fol-

lowing lemma, from which we can easily establish the theorem.

Lemma 2: Let a, r, and t be positive integers, where r is odd unless a is even
and the condition (9) is satisfied. Then, m, n, u, and p, which are given by
(10), (11), (12), and (13), respectively, are also positive integers, and

Ap = Ay +Ap_p = Ap — Ap_ 1.

3. THE CASE OF POLYGONAL NUMBERS

The result for the polygonal numbers of order k is given for
a=k-2, b=-(k-4

in Lemma 2. 1In this case, condition (9) is always satisfied for any positive
integer t.

Example 1: TFor » = 1, we have

Pox =Pmirx +Pu_1,x =Pp,k _Pp—l,k’

where

m=(k - 2)°t + 1,
and =(k - 2u+1,

p =-%u[(k - 2)%u + k] +1
for

u = t[(k - 2)°t + k].

Let Ty, €45 Pns H,, and S, denote Py, y for k=3, 4, 5, 6, and 7, respec-
tively. Then we have

=17 + T

Ti(po43ty+1 t+1 Lre3r) T tp
h . 3 2
werep—S(t + 6t° + 15¢° + 18t) + 1,

Qotzanser = Dups1 T @op2rue™ @p ~ @poys

where p = 32t% + 32¢% + 16¢% + 4t + 1,

P§(81t2+15t)+1 =Py T P§(81t1+15t) =B, - P,_;;
where p = S(6561¢" + 2430t% + 49557 + 508) + 1,
Hisstz +12e41 = Higesr T Hipgezan0s = Hp - Hp—l’

where p = 8192¢" + 1536¢% + 168£% + 9t + 1,
Sie2stz +3sty+1 = Sose+1 T Sieosez 4asn= Sp ~ Spo1s

where p =.%(390625t“ + 43750¢° + 2975t + 98t) + 1.
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Example 2: For the case r = 3, ¢t = 1, we have

m=9(k - 2)* + 3,

n =3k - 2)u+ 3,
and 1

p = Eu[3(k - 2)%2u + 5k - 8] + 3,
where

u =-%(9k3 - 54k% + 113k - 80).

For kK = 6, it gives

H =H + H =H - H s
3591 147 3588 2148916 2148913

which is not covered by Theorem 2 of O'Donnell [3].
The generalized relation in Lemma 2, however, does not yield all such rela-
tions. For instance, the relation
Hys = Hyg + Hyy = Hygq = Hyyg

cannot be deduced from our Lemma 2.

4, ACKNOWLEDGMENT

The author would like to thank Professor G. E. Bergum for correcting some
errors and for suggesting a few improvements to this note.

REFERENCES

1. W. Sierpinski. "Un théoréme sur les nombres triangulaires." FElemente der
Mathematik 23 (1968):31-32.

2. R. T. Hansen. "Arithmetic of Pentagonal Numbers.'" The Fibonacei Quarterly
8 (1970):83-87.

3. W. J. 0'Donnell. "Two Theorems Concerning Hexagonal Numbers." The Fibo-
nacel Quarterly 17 (1979):77-79.

bt



184 [April

ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
A. P. HILLMAN

University of New Mexico, Albuquerque, NM 87131

Please send all communications regarding ELEMENTARY PROBLEMS AND SOLUTIONS
to PROFESSOR A. P. HILLMAN, 709 Solano Dr., S.E., Albuguerque, NM 87108. Each
solution or problem should be on a separate sheet (or sheets). Preference will
be given to those typed with double spacing in the format used below. Solutions
should be received within four months of the publication date.

DEFINITIONS

The Fibonacci numbers F, and Lucas numbers L, satisfy

Foyog =Fpyq +Fys Fp =0, Fy =1
and
Ln+2 = Ln+1 +L,, L0 =2, Ll =1,
Also, a and b designate the roots (1 + V/5)/2 and (1 - V/5)/2, respectively, of
2-x-1=0.

x
PROBLEMS PROPOSED IN THIS [ISSUE
B-448 Pproposed by Herta T. Freitag, Roanoke, VA
Prove that, for all positive integers ¢,

2t
E:lFsiﬂLsi = 0 (mod 5).

i=
B-449 proposed by Herta T. Freitag, Roanoke, VA

Prove that, for all positive integers ¢,

2t
S D L, 20 (mod 7).

=1
B-450 Proposed by Lawrence Somer, Washington, D.C.
Let the sequence {#,},., be defined by H, =F,, +F, ...

(a) Show that 5 is a quadratic residue modulo H, for n > 0.
(b) Does H, satisfy a recursion relation of the form H,,, = ¢H,,, + dH,,
with ¢ and d constants? If so, what is the relation?

B-451 Proposed by Keats A. Pullen, Jr., Kingsville, MD

Let k,m, and p be positive integers with p an odd prime. Show that in base
2p the units digit of m*®-D*l jg the same as the units digit of m.

B-452 proposed by P. L. Mana, Albuquerque, NM

Let ¢4 + cx + ¢,x? ++++ be the Maclaurin expansion for [1-ax)(1-bx)]"?,
where g # b. Find the rational function whose Maclaurin expansion is

2 2 2,2 4 ...
¢y T cix + crx” +
and use this to obtain the generating functions for F? and LZ.
B-453 Proposed by Paul S. Bruckman, Concord, CA

Solve in integers r, s, ¢t with 0 < » < g < ¢ the Fifibonacci Diophantine
equation
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E}; + E}a = Fa

and the analogous Lulucas equation in which each F is replaced by an L.
SOLUTIONS

Counting Hands

B-424 Proposed by Richard M. Grassl, University of New Mexico, Albuguerque, NM

0f the 23) possible 5-card poker hands, how many form a:

(i) full house?
(ii) flush?
(iii) straight?

Solution by Paul S. Bruckman, Concord, CA

(1) The two denominations represented in a full house may be chosen in
2(2?) ways, the coefficient "2" reflecting the fact that the three-of-a-kind
may appear in either of two ways. The individual cards for these denominations
can be chosen in (g (g ways. Thus, the total number of possible full houses
is 2(L3)(4)(%) 3,744
1is 2 32-9 .

(ii) The suit represented in a flush may be chosen in 4 ways, and the 5
cards of the flush in that suit may be chosen in (ﬂf) ways. Hence, the total
number of possible flushes (including '"straight flushes") is 4(%?) = 5,148.

(iii) With the ace being either high or low, there are 10 different ways
to choose the denominations appearing in a straight. With each of these ways,
there are 4° choices for the individual cards. Thus, the total number of pos-
sible straights (including "straight flushes") is 10 4% = 10,240.

NOTE: Since the total number of possible straight flushes is 10 - 4 = 40, the
answers to (ii) and (iii) above excluding straight flushes would be reduced by
40, and so would equal 5,108 and 10,200, respectively.

Also solved by JohnW. Milsom, Bob Prielipp, CharlesB. Shields, Lawrence Somer,
Gregory Wulczyn, and the proposer.

Average in a Fixed Rank
B-425 pProposed by Richard M. Grassl, University of New Mexico, Albuquerque, NM

Let ¥ and # be positive integers with k < n, and let S comsist of all k-

tuples X = (x;, €,5 ..., &) with each x; an integer and
1<x;, <xy < o0v <33 < 1.
For j =1, 2, ..., k, find the average value x; of x; over all X in S.

Solution by Graham Lord, Université Laval, Québec, Canada

The number of k-tuples X in which x; =m is (?::})(Z::?), [Choose the j~1
smaller integers from among the first m- 1 natural numbers and the k- j larger
ones from among m+ 1, ..., n.] Evidently the total number of k-tuples,

e,

m=g
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is simply the number of k-subsets from {1, 2, ..., n}, that is

= - S e G)
N a et (st 3531114

m+l=g+1

-5 (3)/0)

_dnt1)
kK+1°

Also solved by Paul S. Bruckman and the proposer.

n
(k)' Hence,

8
<,
"

Fibonacci Pythagorean Triples
B-426 Proposed by Herta T. Frietag, Roanoke, VA

Is (FnFn+3)2 + (2Fn+1Fn+2)2a perfect square for all positive integers #,
i.e., are there integers ¢, such that (&, Foas 2Fn+1Fn+2, cn‘) is always a Py-
thagorean triple?

Solution by Bob Prielipp, University of Wisconsin-Oshkosh, WI

The answer to the question posed above is "yes" and ¢, = F,,,;. To estab-
lish this result, we observe that

_ @2 2
FoFusy = (Fpyo - n+1)(Fn+2 + Fn+l) =Fuys = Fuea

so
2 . 2 _ 2 2 y2 2 2
(ByFrag)™ + (2F, (1 Fpyp)™ = (Fl, = F )" +4F L F 7
= 2 2 N2 _ @2
- (Fn+2 +Fn+1) _F2n+3'
] X i 2 2 _ -
[The last equality follows from the fact that F, + FS=F, ., for each non

negative integer n.]

Also solved by Paul S. Bruckman, M. J. DeLeon, A.F. Horadam, Graham Lord, John W.
Milsom, A.G. Shannon, Charles B.Shields, Sahib Singh, Lawrence Somer, M. Wach-
tel, Gregory Wulczyn, and the proposer.

NOTE: Each of Horadam and Shannon pointed out that both B~402 and B-426 are
special cases of general equation (2.2)' in A. F. Horadam: '"Special Properties
of the Sequence W (a, b, p, q)," The Fibonacci Quarterly 5 (1967):425.

Closed Form, Ingeniously

B-427 pProposed by Phil Mana, Albuquerque, NM

n
Establish a closed form for E k(k) n- k).
&= 2 3

Solution by Graham Lord, Université Laval , Québec, Canada

n-3 , _ n- _
Seen(39-F0057
3 e :Z;:: (k ;" 1)(” ; k) - (” Z 1) (continuéd)

The sum
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(Y- (1) -2 (1)

NOTE: As shown in my solution to B-425, 2:(2)(7£;m> counts the number of sub-
- .

sets of a + b + 1 elements chosen from a set of n+ 1 elements: this latter sum

equals ntl

d a+b+ 1)
Also solved by Paul S. Bruckman, Bob Prielipp, Sahib Singh, Gregory Wulczyn, and
the proposer.

Closed Form, Industriously
B-428 Pproposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA
For odd positive integers w, establish a closed form for
S Y-
k=0
Solution by Bob Prielipp, University of Wisconsin-Oshkosh, WI
Since F; = (a? - b7)//5 [where a = (1 +V5)/2 and b = (1 - V/5)/2],

28 4 1 1288 25 + 1
kz: ( Sk )Fiﬂw -5 Z(Sk )(a2n+zkw _ 2(_l)n+kw + b2n+2kw)
=0
=-é[a2"(l + a2w)23+1 _ 2(_1)71(1 + (_l)W)ZS'f-l
+ b2M(1 + b2¥)28+1) (by the Binomial Theorem)

_ %{aZn(l + g20)28 1 4 p2n(] 4 pRVY28+1]

(because w is odd)

- %[a2n+as+l)w(a—w4_am)25+1_+b2n+(28+1)w(b*w_+bw)23+1]
_ é_[a2n+(23+l)w(aw_bw)23+l + p2nt@etu v _ quy28 41y
- %[ (q2r+@s+Du | pant@stDuy gu _ puy28+1y

= SSF F23+1.

2n+(2s+w  w

Also solved by Paul S. Bruckman, A. G. Shannon, and the proposer.

Yes, When Boiled Down
B-429 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA
Is the function
Fnu+10r + an_ (Lgp + Lyy = l)(an+Br + Fnb’+2r) + (L].Zr = Lg, * 2)(Fnl++er + Fn‘++ur)
independent of n? Here » and r are integers.

Solution by Paul S. Bruckman, Concord, CA and
Sahib Singh, Clarion State College, Clarion, PA, independently
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Yes. It boils down to
2 o2
12F L F 7,

or to
12(Ly 5, = 2Lg, = Dy, + 4)/25.
(The steps were deleted by the Elementary Problems editor.)

Also solved by Bob Prielipp and the proposer.

NN
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ADVANCED PROBLEMS AND SOLUTIONS

Edited by
) RAYMOND E. WHITNEY
Lock Haven State College, Lock Haven, PA 17745

Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS
to RAYMOND E. WHITNEY, Mathematics Department, Lock Haven State College, Lock
Haven, PA 17745. This department especially welcomes problems believed to be
new or extending old results. Proposers should submit solutions or other in-
formation that will assist the editor. To facilitate their consideration, the
solutions should be submitted on separate signed sheets within two months after
publication of the problems.

PROBLEMS PROPOSED IN THIS ISSUE
H-327 Proposed by James F. Peters, St. John's University, Collegeville, MN

The sequence
1,3,4,6,8,9,11,12,14,16,17,19,21,22,24,25,27,29,30,32,34,35,

was introduced by D. E. Thoro [Advanced Problem H-12, The Fibonacci Quarterly 1
(1963):54]. Dubbed "A curious sequence,'" the following is a slightly modified
version of the defining relation for this sequence suggested by the Editor (The
Fibonacei Quarterly 1 (1963):50):
1f
Ty =1,7, =3,7,=4,T,=6,T, =8, T, =9, T, =11, T, =12,

then
Toper = 13m + Ty, where Kk > 0, m =1, 2, 3, ... .
Assume
Fo=1,F, =1, F, , =F, +F,_,
and
Ly=2,L,=1,17L,,, ==L, +L,_,

and verify the following identities:
1) 7, ., =F,,, - 2, where n > 6.

For example,

T, , =Tg=11=F, -2
T@-z Ty, =19 =Fg -2
etc.

(2) Zﬂ—z - TFn_z_2 = F,, where n > 6.

(3) T@—z =F,,, - 2+1L,_,,, where n > 15.

H-328 Proposed by Verner E. Hoggatt, Jr.

Let 6 be a positive irrational number such that 1/6 + 1/67+t =1 (g >1an
integer) Further, let

Ay = [n6], By = [n69*1], and ¢, = [n67].
Prove: (a) Acn+ 1 =8,
(b) Acn+1 -4, =2
Am+1_Am=1 (m#ck for anyk>0)
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(¢) B, - n is the number of A;'s less than B,.
H-329 Proposed by Leonard Carlitz, Duke University, Durham, NC

Show that, for s and ¢ nonnegative integers,

s+t-k

(1) e~xzk;§—f(§)(7;) = ; k(s -xk)!(t -kt

More generally, show that

2) e'““?%(k 5 %) - z ol 1)

@ =HE0 L) - T Tml )

SOLUTIONS

and

Determined

H-302 Proposed by George Berzsenyil, Lamar University, Beaumont, TX
(Vol. 17, No. 3, October 1979) ’

Let ¢ be a constant and define the sequence (a,) bya,=1, a;, =2, and a, =
+ ca,_, for n > 2. Determine the sequence {b,> for which

- kf:o (z)bk .

2a,_,

Solution by the proposer.

The equation a, =

\_/

bk determines the sequence <{b,> uniquely as it is
’\

easily seen by letting # = 0,1, 2, ... in succession and solving the resulting
equalities recursively for O’bl’ b .. . The first few values are thus found
to be

b,=1,b, =1,b,=c+1,b, =c+1,b, = (c+ D23, ... .

We will prove that the sequence <bn> defined by b, =b,,,, = (¢ + 1)" satisfies
the given equation and envoke its unicity to solve the problem.

The generating functions A(x) and B(x) for the sequences {a,)» and <b,>, re-
spectively, are easily shown to be

Ax) = S S B(z) = lr=x
1 - 2x - cx? 1 - 2% - ox?

Therefore, utilizing Hoggatt's approach [The Fibonacci Quarterly 9 (1971):122],
one finds

i: i ( )bkx 1 i x;bn<1 -

n=0 k=0

]
8
N—"
B
|
s
—
+
—
1
8

Il
—
I
8
Q
8
3
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implying the desired relationship between the sequences <a,> and <{b»)>.

Also solved by P. Bruckman, P. Byrd, D. Russell, and A. Shannon.

Zeta

H-303 Proposed by Paul Bruckman, Concord, CA
(Vol. 17, No. 3, October 1979)

If 0 < s <1, and n is any positive integer, let

n

) H,(s) =D k™°,
k=1
and
nl-s
(2) en(s) = 1 - g - Hn(S).

Prove that %im 0,(8) exists, and find this limit.

Solution by the proposer.

The following is Formula 23.2.9 in Handbook of Mathematical Functions, ed.
by M. Abramowitz and I. A. Stegun. Ninth Printing. (Washington, D.C.: National
Bureau of Standards, Nov. 1970 [with corrections]), p. 807:

n )
(3) g(e) =2 Kk° + (s - 1)t - 8/ T2l g, n=1,2, .58 # 1,
k=1 no ozttt Re (s) > 0,
where ¢ is the Riemann zeta function. If we let
(4) . I, (s) =[£_:_[_-’C_]dx,
’ n xa+1

we see that formula (3) reduces to
(5) ~z(8) = 6,(8) + 8I,(s).
Note from (4) that I,(s) > 0. Moreover,

® dx 1

8+1 s’
X sn

I,(s8) <

Hence, lim s7,(8) = 1lim n~® = 0. We thus see from (5) that
7 >0

n -+

(6) lim 8,(s) = -t (s).
Since C(8) is defined for 0 < s < 1, this is the solution to the problem.

Like Fibonacci-1ike Sum

H-305 Proposed by Martin Schechter, Swarthmore College, Swarthmore, PA
(Vol. 17, No. 3, October 1979)

For fixed positive integers m and n, define a Fibonacci-like sequence as
follows:
mSy_, + Sy_, if k is even,
S, =1, 8, =m S =
nSy_, + 5., if k is odd.

(Note that for m = n = 1, one obtains the Fibonacci numbers.)
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(a)

(b)

Partial

(a)
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Show the Fibonacci-like property holds that if j divides k then S; di-
vides S; and in fact that (S;, S,) =S where ( , ) = g.c.d.

q,7)
Show that the sequences obtained

when [m = 1, n = 4] and when [m =1, n = 8],
respectively, have only the element 1 in common.
solution by the proposer.

It is convenient first to define a sequence of polynomials {Qk}:, where
€, 1s a polynomial of k commuting variables, as follows:

QQ = 19 Ql(al) = al’

and
Qrlays vovs ap) = aply_1ays eoes ag_1) + @ ,(ays vovs ag_y)-
It is easy to show by induction that for § =1, ..., kK = 1, @, has the
expansion:
Qk(al’ ey ak) = Qj(ala sees aj)Qk—j(aj+l’ ceey ak)
- Qj—1(a1’ cees aj_l)Qk_j_l(aj+2, cees Gg)e
Note that Sk = Qk_lOﬂ, Ny My Ny wuw)
k-1

Associated to S is the sequence Sy, which is obtained by interchanging
the roles of m and n. The sequences S; and S5, are easily shown to sat-—
isfy the relations:

Sy =5, if k is odd,

nSy = mS; if k is even.

Note that if J is odd, S; = (mm + 1)5;_, + nS;_,.
It follows from this equation, by induction, that if j is odd, then
(S5, m) = 1. It is also clear that for any s (Sj5 S541) = 1.
Using the above polynomials, we may readily establish:
p S; 415 - ; +'£G§%_j-1 if J is even,
k= —
Sj+1Sk—j + Sjsk—j-l if j is Odd.
An easy induction argument now shows that j|k implies 5;|Sy.
Finally, an indirect argument using induction shows that

(Sgs 52) = Sq,r) -

Late Acknowfedgment: H-281 solved by J. Shallit, H-283 solved by J. La Grange.

AN
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Leslie Miller
M.G. Monzingo
F.J. Ossiander
E.D. Robinson
F.G. Rothwell
J.A. Schumaker
D. Singmaster
John Sjoberg
C.C. Styles
M.N.S. Swamy
L. Taylor

*D. Thoro

H.L. Umansky
R. Vogel
Marcellus Waddill
*L.A. Walker
J.E. Walton
R.E. Whitney
E.L. Yang

R.K. McConnell, Jr.

THE BAKER STORE EQUIPMENT

COMPANY
Cleveland, Ohio

CALIFORNIA STATE POLY UNIVERSITY,

POMONA
Pomona, California

CALIFORNIA STATE UNIVERSITY,

SACRAMENTO
Sacramento, California

INDIANA UNIVERSITY
Bloomington, Indiana

ORION ENTERPRISES
Cicero, Illinois

REED COLLEGE
Portland, Oregon

INSTITUTIONAL MEMBERS

SCIENTIFIC ENGINEERING
INSTRUMENTS, INC.
Sparks, Nevada

SONOMA STATE UNIVERSITY
Rohnert Park, California

TRI STATE UNIVERSITY
Angola, Indiana

UNIVERSITY OF SANTA CLARA
Santa Clara, California

UNIVERSITY OF SCRANTON
Scranton, Pennsylvania

UNIVERSITY OF TORONTO
Toronto, Canada

- WASHINGTON STATE UNIVERSITY

Pullman, Washington

SAN JOSE STATE UNIVERSITY
San Jose, California

JOVE STATISTICAL TYPING SERVICE

2088 Orestes Way
CAMPBELL, CALIFORNIA 95008



- BOOKS AVAILABLE THROUGH THE FIBONACCI ASSOCIATION

Title Price*

INTRODUCTION TO FIBONACCI DISCOVERY by Brother Alfred

Brousseau. Fibonacci Association (FA), 1965 ...viiennereeenn § 2.25
A PRIMER FOR THE FIBONACCI NUMBERS. Edited by :
Marjorie Bicknell & Verner E. Hoggatt, Jr. FA, 1972 ........ 15.00
FIBONACCI AND LUCAS NUMBERS by Verner E. Hoggatt, Jr.

B P 0 5.00
LINEAR RECURSTON AND FIBONACCI SEQUENCES by Brother

Alfred Brousseau. FA, 1971 ..iuuiiinrieninnoennnsanscvononns 2.25
FIBONACCI'S PROBLEM BOOK. Edited by Marjorie Bicknell

& Verner E. Hoggatt, Jr. FA, 1974 .......... PR 8.50
FIBONACCI AND RELATED NUMBER THEORETIC TABLES. Edited

by Brother Alfred Brousseau. FA, 1972 ...iiiveiecnnenacaonnns 14.00
‘NUMBER THEORY TABLES. Edited by Brother Alfred

Brousseau. FA, 1973 ...t erieeeccenecoreoencoecaenasnnonnns 18.75

THE THEORY OF SIMPLY PERIODIC NUMERICAL FUNCTIONS by
Edouard Lucas. Translated from the French by Sidney

Kravitz, edited by Douglas Lind. TFA, 1969 .....eoveveivrninan 6.00
RECURRING SEQUENCES by Dov Jarden. Third, enlarged

edition. Riveon Lematematika, Israel, 1973 ... ceencnnesnes 10.00
TABLES OF FIBONACCT ENTRY POINTS (Part I). Edited and

annotated by Brother Alfred Brousseau. FA, 1965 ............ 3.00
TABLES OF FIBONACCI ENTRY POINTS (Pant II). Edited and

annotated by Brother Alfred Brousseau. FA, 1965 ............ 2.50

A COLLECTION OF MANUSCRIPTS RELATED TO THE FIBONACCI

SEQUENCE: 18TH ANNIVERSERY VOLUME. Edited by

Verner E. Hoggatt, Jr., & Marjorie Bicknell-Johnson ......... 20.00
*Prices, subject to change, include postage and handling for areas
within U.S. domestic mail limits and for surface mail to international
addresses. Please write for airmail postage rates to international
addresses.

Send your orders to The Fibonacci Association, University of Santa
Clara, Santa Clara CA 95053,U.S.A. Please make check or money order
payable to The Fibonacci Association. All fees are quoted in U.S.
currency rates.

Effective August 1, 1980




