
FIBONACCI DRAWING BOARD 

COLONEL ROBERT'S. BEARD 

It is in o rde r to preface the work of the Fibonacci Drawing Board 
with something of the s to ry of our emblem, The Fibonacci Star . 

This s t a r of 21 s t a r s is a ref inement of the beautiful, s t a r - p e n t a -
g ram commonly used to r e p r e s e n t the heavenly bodies . 

That s t a r formed by the five diagonals of the regu la r pentagon 
was the emblem of the Pythagorean school, of philosophy and ma the -
m a t i c s . It was d i scovered by that organizat ion somewhere around 
500 B. C. It was probably the f i r s t emblem of any ma themat i ca l 
organizat ion. 

In t ime the pen tagram or pentacie became credi ted with the magic 
power of warding off witches and demons and of insur ing good heal th 
and good fortune somewhat akin to the power of the hex m a r k s of the 
Pennsylvania Dutch. 

Here a r e some per t inent quotations: 

"They had the i r c r y s t a l s I do know and r ings and virgin p a r c h -
ment and the i r deadman ' s skul ls . Their r a v e n ' s wings, the i r 
lights and pentac les with c h a r a c t e r s , " 3 . Johnson, Devil is an 
A s s . 

"His shoes were marked with c r o s s and shel l . Upon his b r e a s t 
a pentacie , " Scott Marmion. 

"Sketching with s lender pointed foot some figure like a wizard 
pen tagram on garden gravel , " Tennyson, The Brook. 

The un ive r sa l appeal of the pentagram to the imaginat ion is 
demons t ra t ed by i ts use in the design of the flags of many nations and 
a l so in i ts wide use as a symbol for hope, excel lence , outstanding 
pe r fo rmance , rank and author i ty . 

My United Nations flag design enci rc led a red c r o s s with a wrea th 
of pen tag rams on a white fie Id to symbolize world hope united around 
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our wil l ingness to help each other . No comment on how things a r e 
going. 

The rank of our top m i l i t a r y commande r s has been designated 
by pen tagram insignia ever since the Amer ican Revolution. 

"In 1780 Major Genera ls were o rde red to wear 'two epaulet tes 
with two s t a r s each, 'whi le Br igad ie r Genera ls had one s ta r , and la ter 
when the rank of Lieutenant Genera l was es tabl i shed for the Commander -
in-Chief, Washington, th ree s t a r s were p r e s c r i b e d for h im. This was 
the commencement of our rank insignia. " O r d e r s , Decorat ions and 
Insignia, Mi l i ta ry and Civil, Colonel Rober t E. Wyllie, G. P . Put -
n a m ' s Sons. 

World War I produced our f i r s t f o u r - s t a r genera l , while World 
War II furnished our top a d m i r a l s and genera l s with c lu s t e r s of five 
p e n t a g r a m s . 

No doubt the foreign devils a r e being kept away from our shores 
by the pentac les flashing on the uniforms of our mi l i t a ry l eade r s as 
they c i rcu la te around our g rea t Pentagon Building on the banks of the 
Po tomac . 

The ma thema t i c s of the Fibonacci Star will be d i scussed in p rope r 
o rde r at a la te r date . However, it might be mentioned he re that it is 
proport ioned in 10 success ive t e r m s of a Fibonacci s e r i e s , the powers 
of the golden section or golden mean . 

P e r h a p s you' l l to le ra te the windingup of this s to ry with the s e c -
ond v e r s e of Cowper ' s poem, "The Golden Mean, " which is a t r a n s l a -
tion from the Latin of Horace . 

"He that holds fast the golden mean 
And lives contentedly between 
The little and the grea t , 
Fee l s not the wants that pinch the poor 
Nor plagues that haunt the r ich m a n ' s door 
Embi t t e r ing all h is s t a te . " 

Have your penci ls sharpened next t ime and get ready to go to 
work. 

XXXXXXXXXXXXXXX 



ZECKENDORF'S THEOREM AND SOME APPUCATIONS 

J.L. BROWN, JR. 
Pennsylvania State University, State College, Pa. 

1. INTRODUCTION 
The subject theorem* due to E. Zeckendorf*- \ is one which de -

s e r v e s to be m o r e widely known, pa r t i cu l a r ly since the p rope r ty in-
volved in the theorem s ta tement is a p rope r ty which uniquely c h a r a c -
t e r i z e s the Fibonacci number s among all other sequences of posi t ive 
i n t e g e r s . Our purpose in this paper is to give a brief exposit ion of 
theorem with i ts proof, and to examine s eve ra l applicat ions and con-
sequences . 

Fo r the subsequent proof, it is convenient to define the Fibonacci 
, o « number s \\i l as follows: u, = 1, u_ = 2, u ., = u + u , for ] n\ , 1 2 n+1 n 11-1 

n 2 2. If we take ]F [ according to the m o r e common definition, w, F . = F , = 1 and F ,. = F + F . for n > 2, then u = F _,_. for 1 2 n+1 n n-1 n n+1 
n > 1. 

Zeckendorf ' s theorem essen t i a l ly s ta tes that eve ry posi t ive 
in teger can be r e p r e s e n t e d uniquely as a finite sum of dis t inct F ib -
onacci number s j u [, with the additional cons t ra in t that no two con-
secut ive Fibonacci number s appear in the r ep resen ta t ion of any p a r -
t i cu la r in teger . A formal s ta tement of the theorem and i ts proof fol-
low in sect ion 2, while sect ion 3 is concerned with applicat ions and 
a conve r se . 

2. ZECKENDORF'S THEOREM 
Theorem: Every posi t ive in teger N has one and only one r e p r e s e n -
tat ion in the form 

(1) N = 2 a.u. 

where each a. is a b inary digit and 

(2) «i«i+l = ° f o r i 2 l-
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164 ZECKENDORF'S THEOREM AND October 

(In the following, we shall reserve the subscripted variables a 
and p for binary digits, that i s , digits which have either the value 
zero or unit. ) 

The proof is accomplished with the aid of two lemmas: 
Lemma 1: u = 1 + u , + u 0 + . . .+ u, 0 , 

n n-1 n-3 1,2 

where ( u, if n is odd 

U l , 2 
u ? if n i s even. 

Proof: The elementary inductive verification of this identity i s left 
to the reader. 
Lemma 2: Representation of a positive integer in the form (1) with 
binary coefficients satisfying (2) i s unique. 
Proof: Assume 9 a positive integer N with two distinct represent 
tations of the required form, so that 

(3) N = S P^u. = J Piui 
1" 1 

with a . a . , , = /J. 0 . . i = 0 for i 1 1, and l l + l * i H i + i 

1 

Let k be the largest integer i such that a. ? &>\ then of the two 
quantities a and 0 , , one must be unity and the other zero. Assume 
without loss of generality that a = 1, 0 = 0, so that (3) becomes 

k k-1 
(4) 2 a.u. = 2 £.u, . 
* ' l i 1 1 

1 1 

But the left-hand side is >̂ u, since a, = 1, while the right-hand side 
satisf ies 

k-1 
2 
1 
2 ^ < V-l +uk-3 + - '- + u l , 2 = V1 ' 
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a contradic t ion. We conclude a. = Q. for all i > 1: that i s . the 
I Ki — ' 

r ep re sen ta t i on is unique. 
Proof of Theorem: 

It r e m a i n s to be shown that every posi t ive in teger N has a 
r ep re sen t a t i on in the form (1) with binary coefficients satisfying (2). 

We will p rove , by an induction on n, that 0 <. N < u impl ies 
n-1 

N = 2 <*.u. with a.a... = 0 for i > 1. 1 1 I l i - i — 
1 

The s ta tement is vacuuousiy t rue for n = 1 and is verified by in spec -
tion for n = 2 and n = 3. Now, a s s u m e the proposi t ion has been 
proved for n = 1, 2, . . . , k where k is some in teger _> 3; we wish to 
show the s ta tement mus t n e c e s s a r i l y be t rue for n = k+1, or equiva-
ientiy, that 0 £ N < u , , , impl ies 

k 
(5) N = 2 a.u. (<*.a.^. = 0 for i 2 1). 
* ' l i N l i+l 

1 
By the induction hypothes is , the r e su l t holds for N in the range 
0 < N < u, , so that we need only cons ider the case u, < N < u, , , . — k J k ~" k+1 
F o r this l a t te r c a s e , 

0 < N - u k < u k + 1 - u k = u ^ , 

and the induction hypothesis guaran tees binary coefficient fi. such that 

k-2 
N - u, = • Z 0.u. . (i3.i5.x l = 0 for i 2 : 1 ) -k 1 1 X H i p i+l — 

1 

Transpos ing the u, , we obtain 
k-2 

N = 2 0.u, + u i i k 
1 

so that the choices , a. = 8. for 1 5 i < k -2 , a. , = 0 and a. = 1, 
i Ki k-1 k 

yield a r ep resen ta t ion in the requ i red form (5). q. e. d. 
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3. APPLICATIONS AND A RELATED PROBLEM 
As our f i r s t application, we analyse the problem*- ->of d e t e r m i n -

ing the probabil i ty that at leas t two success ive "heads" will occur in 
n flips of a fair coin,. To invest igate this p roblem, we cons ider the 
complementa ry si tuation and ask for the number of ways in which a 
coin can be tossed n t imes without ever getting two heads in sequence . 
Clear ly , this number is equal to the number of dis t inct b inary s e -
quences (a

}» a
?t • • •> a ) o£ length n, where each a. is e i ther 1 

(heads) or 0 (tai ls) , with the additional cons t ra in t that a 1 is never fol-
lowed immedia te ly by another 1. This la t te r condition is concisely ex-
p r e s s e d by the r equ i r emen t ct-a-,, - 0 for i 2L 1> which, of c o u r s e , 
is exact ly the coefficient condition of the preceding sect ion. 

Let us t e r m a sequence of n binary digits an " a d m i s s i b l e " s e -
quence if it sa t isf ies the cons t ra in t a.a.., - 0 for i > 1; then, we 
wish to de t e rmine , as a function of n, the number of admiss ib le s e -
quences . 

To each admiss ib le sequence (#, , a?> . . • > a )> let us a s soc ia t e 
the number 

n 
2 a.u. 

l l 

i=l 

so that a one- to-one co r re spondence , 
n 

( a, t «2> • • • » or )-*-*-2 a i u i » 
1 

is es tabl i shed between admiss ib le sequences (of length n) and a subset 
of the posi t ive i n t ege r s . But, from the proof of Zeckendorf ' s theorem, 
we have that each in teger N satisfying 0 £ N < u , has one and 
only one r ep resen ta t ion in the form 

n 

i l 
1 
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with « . « . , , = 0 for i > 1, and c l ea r ly no in teger > u ,, can be 
l l r i — y ° - — n+1 

r e p r e s e n t e d in this form. Hence, the number of different i n t ege r s 
which can be r e p r e s e n t e d is equal to the number of in tegers in the set 
j 0, 1, 2, . . . , u , -1 I , or u . By our co r re spondence , the num-
ber of admiss ib le sequences of length n is therefore a l so u , , . Since 

n+1 
the total number of b inary sequences of length n is 2 , the p r o b -
abil i ty of not obtaining at leas t two success ive heads in n throws is_ 

U _L1 

n+1 
2 n 

or , equivalently, the r equ i r ed probabi l i ty of having at leas t two suc-
cess ive heads in n t o s s e s is 

2
 Un+1 

2 n 

A second applicat ion may be found in Whinihan's r ecen t paper1- J 

on de te rmin ing an optimum s t r a t egy for the game of Fibonacci Nim. 
In developing the s t ra tegy , the author in t roduces a rule for r e p r e -
senting an a r b i t r a r y in teger as a unique sum of dis t inct Fibonacci 
n u m b e r s , so that in the sequence of expansion coefficients, it is ' i m -
poss ib le for two l ' s to appea r . . . without at leas t one 0 separa t ing 
them. " As noted in an ed i tor ia l comment , this unique r ep re sen ta t ion 
p r o p e r t y is p r e c i s e l y the content of the Zeckendorf t heo rem. 

Lastly, we cons ider the unique r ep resen ta t ion p rope r ty in Zeck-
endorf ' s theorem and ask what other in teger sequences (if any), in ad-
dition to the Fibonacci sequence, enjoythe same p rope r ty . For c la r i ty , 
we define the p rope r ty in quest ion as follows: 
Definition: A sequence of posi t ive in tegers j v v is said to p o s s e s s 
the unique r ep re sen ta t ion p rope r ty (u. r . p . ) if and only if every pos i -
tive in teger N has a unique r ep resen ta t ion in the form 

(6) N = 2 <*.u. , 
1 1 

1 
where the a. a r e b inary digits satisfying 
(7) a. « = 0 for i > 1 . 

l l+l — 
The main theorem concerning u. r . p . sequences is due to D. E. [4] DaykinL J : 



168 ZECKENDORF'S THEOREM AND October 

Theorem (Daykin): If 5v [ is a sequence pos se s s ing the u. r . p . , 
then v is n e c e s s a r i l y inc reas ing and v = u for a i l n > 1. n J & n n — 

Thus, the Fibonacci sequence is the only sequence, i nc reas ing 
or o therwise , for which unique r ep re sen ta t ions in the form (6)-(7) a r e 
poss ib le for every posi t ive in teger . 

Daykin1 s t heo rem is ea sy to prove in the ca se of i nc reas ing v 
but is non- t r iv ia l for the genera l case in which the v ' s may appear 
in any o r d e r . The genera l r e su l t provides a complete conver se to 
Zeckendorf ' s t heo rem and a l so gives a concise cha rac t e r i za t i on of the 
Fibonacci sequence as being the only sequence pos se s s ing the unique 
r ep re sen ta t ion p rope r ty . 

A different, though re la ted , cha rac t e r i za t i on of the Fibonacci 
number s in t e r m s of "comple te" sequences has been given e a r l i e r by 

("5I 
the author1- J . Any sequence pos se s s ing the u. r . p . i s , a for t io r i , com-
plete ; that i s , eve ry posi t ive in teger may be wr i t t en as a sum of d i s -
t inct m e m b e r s of the sequence. Moreover , it can be shown that the 
delet ion of any single t e r m from a u. r . p . sequence r e n d e r s the r e -
maining sequence incomple te . The definition of comple teness , unlike 
that of the u. r . p . , is invar iant with r e s p e c t to a r e o r d e r i n g of the s e -
quence and m a y provide an a l t e rna te method of proving Daykin1 s 
t heo rem. The connection between comple teness and the unique r e p r e -
sentat ion p rope r ty wil l be the subject of a future pape r . 
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SYMMETRIC SEQUENTIAL MINIMAX SEARCH FOR A MAXIMUM 

LEATON T. OLIVER and DOUGLASS J. WILDE 
University of Texas, Austin, Texas 

1. INTRODUCTION 
Kiefer^ -« has given a sequential method for seeking the maximum 

of a unimodal (s ingle-peaked) function of one var iable in a finite in-
t e rva l . This p rocedure is min imax in the sense that no m a t t e r where 
the peak may happen to be, the final in te rva l within which the peak will 
be known with ce r ta in ty to lie will be as smal l as poss ib le . In this 
technique the last exper iment mus t be located as c losely as poss ib le 
to the exper imen t giving the g r ea t e s t value among those previous ly 
run. If this d i s tance e i s negligibly smal l , then Kiefer ' s p rocedure 
is indeed min imax . When on the other hand € cannot be neglected, 
which is often the case in p rac t i ca l p r o b l e m s , then Kiefer ' s method 
can be modified to give a sho r t e r final in te rva l of uncer ta in ty . 

Kiefer ' s or iginal technique is a s y m m e t r i c in the sense that the 
las t two exper imen t s a r e not located symmet r i ca l l y with r e spec t to 
each o ther . The modified p rocedure is s y m m e t r i c , since it p e r m i t s 
the last exper iment to be placed symmet r i ca l ly with r e spec t to the 
mos t effective previous exper iment . In the ex t r eme case when as 
many exper imen t s as poss ib le a r e run, the s y m m e t r i c technique gives 
a final in te rva l only two- th i rds as long as for the a s y m m e t r i c method. 
F o r m u l a e a r e given for the maximum number of expe r imen t s which 
can profitably be .performed for a finite resolut ion e . Analys is of 
them shows that the s y m m e t r i c method can occasional ly make use of 
at mos t one m o r e exper iment than the a s y m m e t r i c p rocedu re . 

P rob l em: Let y be a s ingle-valued function of x having a 
max imum y* at the unknown point x* somewhere in the in te rva l 
a £ x £ b . Suppose that in this in te rva l y is unimodal , i . e . , that 
a < x, < x ? ^ x* impl ies y(x, ) < y(x~), and x* £ x, < x <_b i m -
pl ies y(x, ) > y(x ). If observa t ions of y a r e taken at the k points 
x, < x < , , , < x , and if the g rea t e s t value of y is found at x. , 
then the unimodali ty impl ies that x. , < x* < x. , with the convention 
* Curren t ly at Stanford Univers i ty , Stanford, California. 
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that x = a and x. . , = b. Let o k+1 
(1) x. , , - x. = L, 

the length of the interval of uncertainty after k observations (L = L, 

= b-a). For k > 1, L, will become smaller as more measurements 
.K. 

are taken, and we wish to locate them in such a way that the length L 
of the final interval of uncertainty after n sequential observations 

will be as small as possible, no matter where x* actually happens to 
be. If jx I represents any sequence of n observations, then the 

minimax sequence 5 x* [ is the one which gives this smallest interval 
L*. Formally, n 

•/9X L*/L = min - max \h /L I 
( 2 ) n ° ( { x n } a i x ^ b ) ' n o t 

2. DISTINGUISHABILITY 
Even when the function is known to be unimodal it may not be 

possible to detect, in a physical problem, the difference between the 

outcomes of two measurements that are too close together. When this 

happens, the experimenter is unable to reduce the interval of uncer-

tainty, and one of the observations is useless. Thus in designing a 

sequential search technique one must take into account the minimum 

spacing e for which two outcomes are distinguishable. The smallest 

interval of uncertainty obtainable practically is therefore 2 e. 

(3) L = x . , , - x . , = (x. , - •- x.) - (x. - x . -.) = 2 €. 
n J+l J - l J t l y J J-17 

Although the resolution € is usually negligible compared to the ori-

ginal interval of uncertainty L , it is often a large fraction of the final 
o 

interval L if the search is at all efficient. n 
3. RESULTS OBTAINED BY NEGLECTING RESOLUTION 

Kiefer'- J has given a search procedure based on the Fibonacci 

sequence (1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, . . . ), where the nth 
Fibonacci number is given by 

(4) F = F. = 1; F = F . + F 9 for n = 2, 3, 
o 1 n n-1 n-2 
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One p laces the f i rs t two exper iments at d is tances L F ., / F from 
o n - 1 ' n 

one end of the or iginal in te rva l . By equations (1) and (4) the be t te r 
observa t ion will be a d is tance L F 0 / F from one end of the new 

o n - 3 / n 
in te rva l of uncer ta in ty , whose length will be L~ = L F _ / F . The 

J to 2 o n - 2 ' n 
thi rd observat ion is made symmet r i ca l l y with r e spec t to the one a l -
ready in the interval* i. e. , a d is tance L F 0 / F from the other 

7 o n - 3 ' n 
end. This p rocedure is continued until all but one exper iment has been 
run and the in te rva l of uncer ta in ty has length L , = L F _ / F = 2L / F . 

J & n-1 o Z' n o/ n 
The best observat ion will be exactly in the center of this interval , , be-
cause L F , / F = L / F = L T / 2 . Thus if the final observat ion 

o 1 n o' n n - 1 ' 
were placed symmet r i ca l ly it would be completely indist inguishable 
from the one a l ready in the in te rva l . It mus t therefore be located a 
dis tance e to one side or the other of the midpoint. Fo r this r eason 
we shal l call this a s y m m e t r i c min imax method. 

If the e x p e r i m e n t e r ' s luck i s bad he will be left with an in te rva l 
of uncer ta in ty of length 
(5) L* = L / F + e v ' n o' n 
The a s t e r i s k has been added to L because Kiefer has shown that 

n 
this in terva l is € -min imax among all non- randomized p r o c e d u r e s . 
If one randomizes the p lacement of the las t exper iment , the expected 
final in te rva l is slightly l ess 
(6) E iL* I = L F + e/Z v / j nf o n ' 
These r e su l t s were obtained essen t ia l ly by neglecting the resolut ion 
and minimaxing the other t e r m . Thus as t approaches ze ro L* 
approaches the t rue min imax length. 

A SHORTER INTERVAL 
By taking p roper account of the resolut ion € we can obtain a 

sho r t e r in te rva l of uncer ta in ty L**. In es tabl ishing this r e su l t we 
can avoid a long proof by using an in te rmedia te r e su l t of Johnson r e -
por ted in [ 3 ] . Johnson showed, in an independent a l t e rna te proof of 
Kiefer ' s resu l t , that the min imax p rocedure mus t be such that after k 
t r i a l s , 
(6r) L** = L | * z - L g ^ ; k = 2 , 3 , . . . , n 
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Both Kiefer and Johnson have demons t ra ted that the final two e x p e r i -
ments should be a d is tance € apa r t in the center of the remain ing 
in te rva l , whose length is L* , . Our p rocedure will be called s y m -
m e t r i c because it p r e s e r v e s this symmet ry . With this spacing, the 
final in te rva l is 

(7) L**. = L** , / 2 + e/2 
x ' n n - 1 ' ' 
Equations (6 ' )and(7) together give 

(8) L** = L** + L**_ = L** + (2L** - e) = 3L** - e 
n-2 n n-1 n n n 

By i te ra t ing the r e c u r s i o n re la t ion (6) we obtain 
(9) Lf * = F . x l L** - F , , € s ' k n-k+1 n n -k -1 

which can be proven readi ly by ma themat i ca l induction on the ind ices . 
When in pa r t i cu l a r k = 1, then 

L, = F L** - F 0e 1 n n n -2 

whence, s ince L = L . , o 1 

(10) L** = Lr / F + F 0 « / F 
n o' n n-2 ' n 

This in te rva l is sho r t e r than that of the a s y m m e t r i c technique by an 
amount 

(11) L* - L** = ( 1 - F , / F ) € = F . e/F 
* n n x n - 2 ' n n-1 ' n . 
As n becomes l a rge , the ra t io F , / F approaches (v/f>-l)/2 = 
0 .6 1 8 0 3 3 9 8 9 . . . [ l ] , [ 2 ] , [ 3 ] , and so the resolu t ion t e r m in the 
s y m m e t r i c method is only about 38% as la rge a s for the a s y m m e t r i c 
p rocedu re . 

4. PLACEMENT OF THE EXPERIMENTS 
Although we have given the final in te rva l obtainable by the sym-

m e t r i c min imax method, we have not yet desc r ibed how to locate the 
expe r imen t s . The s y m m e t r i c p rocedure is s im i l a r to the a s y m m e t r i c 
one in that each new exper iment is placed s y m m e t r i c a l l y with r e spec t 
to the observa t ion a l r eady in the remain ing in te rva l of uncer ta in ty . 
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Hence the technique is completely defined when the location of the f i r s t 
two exper imen t s is specified. This is accompl ished by noting that the 
in te rva l remain ing after these two expe r imen t s will be L*#, which i s , 
from equation (9), 

(12) L**; = F . L** - F Q € 
2 n-1 n n-3 • 

Equations (10) and (12) together give this length in t e r m s of L . 

(13) L** = [F , L + ( F 9 F . - F F J i , _ s ' 2 L n-1 o n-2 n-1 n n - 3 ' e J / F 
' n 

The coefficient of € can be r e a r r a n g e d 

F 7 F 1 - F F . = (F 9 + F - ) F 7 - (F , + F 9 ) F . = n-2 n-1 n n-3 n-2 n - 3 ' n-2 N n-1 n-2 n -3 
(14) , 

F - F F 
n-2 n-1 n-3 

so that it can be simplified by a r e su l t of Simson^- -> •- J 

(15) F 2
 7 - F , F . = ( - l ) n 

' n -2 n-1 n-3 

Equations (13), (14), and (15) together give the optimal p lacement of 
the f i r s t two exper imen t s 

(16) L** = F . L / F + ( - l ) n€/ F 
s ' 2 n-1 o' n ' n 
Thus for an odd number of exper iments the f i r s t pa i r is slightly c lo se r 
together than for a n a s y m m e t r i c s ea rch . Conversely when n is even 
they a r e slightly fa r ther apa r t . 

5. MAXIMUM NUMBER OF EXPERIMENTS 
The need for dis t inguishabi l i typuts an upper bound on the num-

ber of expe r imen t s that can be pe r fo rmed profitably. Let m be this 
max imum number for a s y m m e t r i c s ea rch . Equations (3) and (10) t o -
gether give 

L** = L / F + F 0 / F > 2 €, m o' m m - 2 ' m — 

from which one can show that 

x ' m+1 o' m+2 
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Thus if € is only one pe rcen t of L , the re is no advantage in p e r -
forming m o r e than nine exper imen t s because 89 = F, « < 1 0 0 < F , =144. 
When n is l a rge , Lucas ' re la t ion L J L J g i v e s approximate ly 

F ,=» ( 1 . 6 l 8 ) m + 2 / > ' T " , 
m + 1 • ' 

which can be used to obtain, from equation (17), 

(18) m < 4. 785 log (L /€) - 0. 328 

For an a s y m m e t r i c s e a r c h the final observat ion, which is a d i s -
tance e from the center , can be no c lose r than e to the end of the 
in te rva l . Hence the final a s y m m e t r i c in te rva l L* can be no sho r t e r 

J n 
than 3 € 
(19) L* > 3e , 

which is 50% longer than the l imit on L** for s y m m e t r i c s e a r c h . 
Equations (5) and (1 9) together give a l imit on the number m ' of a s y m -
m e t r i c exper imen t s that can be pe r fo rmed . 

(20) F , < L / 2 € < F ' 
x ' m ' ~ o/ m '+ l 
When L = lOOe, m' = 8, one less exper iment than for s y m m e t r i c 
s ea r ch . 

It is not always poss ib le for the s y m m e t r i c s e a r c h to employ 
m o r e exper imen t s than the a s y m m e t r i c scheme (when L = 12 e, 
m = m1 = 4). Moreover , the difference will never be m o r e than one 
exper iment , as can be seen by combining the equal i t ies (17) and (20) 
•with the definition (4) of the Fibonacci sequence. 

L 
2F , < F + F . = F ^ < — < 2F , x l , m - 1 m m - 1 m+1 ~ e m '+ l 

"whence 
F , < F , , , , m - 1 m '+ l 

F i < F f m - 1 — m1 
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It follows that 

(21) m - m 1 < 1 . 
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FIBONACCI NUMBERS FROM A DIFFERENTIAL EQUATION 

VERNER E. HOGGATT, JR. 
San Jose State College, San Jose, California 

In a c o u r s e in d i f f e r e n t i a l e q u a t i o n s , s o l v i n g 

^ T - a £ " y = ° (Y= 0; y ' = 1, x = .0) 
dx 

l e a d s to _,_ 
ax. Ax n 0 n n 

/ 1 X e - e ^ T a - p x 

" h " e a = (1 + / 5 ) / 2 and p = (1 - / 5 ) / 2 

bo th s a t i s f y t he a u x i l i a r y e q u a t i o n m ^ - m - 1 = 0. 

On t h e o t h e r hand , s o l v i n g t h i s s a m e p r o b l e m d i r e c t l y in in f in i t e 

s e r i e s of t he f o r m 

(2) v = S a x 
n n 

n=0 
l e a d s to the r e c u r r e n c e r e l a t i o n 

(n+2) (n+ l )a , 0 - ( n + l ) a , , - a = 0 , x , v ' n+2 n+ l n 

w i t h a n = 0, a , = 1. 

If we s e t a = u / n ! t h i s b e c o m e s n n ' 
u , ~ (n+2) u , , u 

/ i 9 \ / . i \ n + 2 n + l n n 

(n+2)(n+l ) -j—^ - ^ n , p - = 0 

0 , 
i i t i n t i n 

w i t h u n = 0 a n d u , = 1. 

T h u s 

w h e r e F i s the n th F i b o n a c c i n u m b e r . n 
S u b s t i t u t i n g t h e s e v a l u e s of u / n ! = a i n to (2) y i e l d s to n ' n 

o - F 
(3) y = 2 _ » x11 

n=0 ^ 

(n+2) 

n+2 

a = n 

r 
U XT 

n + l 
u 

n 
n! 

"(n 
-

: = 

L+1)1 

u 
n 

i 

= ( 

F / n ! i r 

C o n t i n u e d on p a g e 196 . 
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TERRENCE A. BRENNAN 
Lockheed Missi les and Space Co., Sunnyvale, Cal i fornia 

3 . T H E P M A T R I X — R E C U R S I O N R E L A T I O N S H I P S F O R 
P R O D U C T S A N D P O W E R S O F u . 

n 
A c o n v e n i e n t t e c h n i q u e [ 2 ] fo r g e n e r a t i n g s e v e r a l b a s i c F i b -

o n a c c i i d e n t i t i e s l i e s i n the u s e of the s e c o n d o r d e r m a t r i x 

( 3 . 1 ) P = 

The t e c h n i q u e i s b a s e d upon the f ac t t h a t the c h a r a c t e r i s t i c p o l y -

n o m i a l of P i s t h e c h a r a c t e r i s t i c p o l y n o m i a l of t h e s e c o n d - o r d e r 
r e c u r r e n t r e l a t i o n u , , = u + u , de f in ing the F i b o n a c c i s e q u e n c e , n+1 n n - 1 & n 

i . e . , 

( 3 . 2) | x l - P | = x 2 - x - 1 . 

F r o m (3 . 1) and (3 . 2) w e h a v e a t o n c e 

P 2 = P + I , i = / 1 0 

a n d 

P 

0 1 

n I \ / n - 1 n 

U U _L1 

\, n n+1 
We s h a l l s h o w t h a t t he m a t r i x P of ( 1 . I) p r o v i d e s a g e n e r a l i z a t i o n 

n r & 
of ( 3 . 1 ) r e l a t i v e to t he n - t h p o w e r s of u . . I n d e e d , ( 3 . 1 ) i s Q of 

( 1 . 1), a n d 4> (x) in (2 . 20) c o m p a r e s w i t h (3 . 2).. 

T h e o r e m I (due o r i g i n a l l y to J a r d e n [3 J ) 

L e t 

n 

"r 
b = n hJ 

j = l X 

be t h e e l e m e n t by e l e m e n t p r o d u c t of n (not n e c e s s a r i l y d i s t i n c t ) 

177 



178 F I B O N A C C I P O W E R S and P A S C A L ' S O c t o b e r 

s e q u e n c e s ] hr I e a c h of w h i c h s a t i s f y t he r e l a t i o n 

( 3 . 3 ) • h j , , = h j + h j . . 
r+1 r r - 1 

T h e n 5 b I s a t i s f i e s t he r e c u r r e n c e r e l a t i o n IM 
<t> {b} = 0 n ' 

f o r <t> d e f i ned in (2. 19) . n 

P r o o f . 

By v i r t u e of (2. 18) i t i s su f f i c i en t to show t h a t the d e t e r m i n a n t 

D { b } v a n i s h e s for n+1 c o n s e c u t i v e m e m b e r s of t he s e q u e n c e {b }. 

E x a m i n i n g D (a) we n o t e t h a t we c a n e x p r e s s t he e l e m e n t in t h e 

r - t h r o w and s - t h c o l u m n by 

n n ,t 
r+1 r + 1 1 r 0 

n + l - s s - 1 ,r / n 
u , , u , if s f 1 . 

r + 1 r 7 

H e n c e t he d e t e r m i n a n t i s z e r o for the s e q u e n c e | a ) if we c a n find a 

s o l u t i o n J A I w h i c h i s i n d e p e n d e n t of r a n d s a t i s f i e s 

n 
/o A\ n _ L n i ^ A n + l - s s - 1 
( 3 . 4 ) a , , = u , , a, + u aA + z A u , , u ; 
N r+1 r+1 1 r 0 s r+1 r 

s=2-
t h a t i s to s a y , s o m e m e t h o d of a n n i h i l a t i n g t h e f i r s t c o l u m n by a d d i n g 

a l i n e a r c o m b i n a t i o n of the r e m a i n i n g c o l u m n s . We t a k e 

( 3 . 5 ) a , , = b , , = n h J , , . 
^ ' r+1 r+1 r+1 

U s i n g the w e l l known f o r m u l a for g e n e r a l s e q u e n c e s of the type ( 3 . 3) 

n J_T = u _ L i n i + u nn r+1 r+1 1 r 0 

in ( 3 . 5 ) a n d e x p a n d i n g , we h a v e 
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n 
n 

j= i 

n 
h\ + un n 

1 r 
j= i 

hj + 

n 
2 

s = 2 

a , , = II (u MhJ t u hJJ , r+1 v r+1 1 r 0 ' 

. n TT l J _L n TT 1 J . v* TT n + l - S S - l a , , = u . , II rr, + u II h^ + 2 K u , , u r+1 r+1 1 r 0 s r+1 r 

C l e a r l y , H i s a c o m b i n a t i o n of the M and h? , and i n d e p e n d e n t of 

r . We h a v e s a t i s f i e d ( 3 . 4 ) a n d the p r o o f i s c o m p l e t e . 

T h e o r e m I e s t a b l i s h e s t he r e c u r r e n c e f o r m u l a e </> l a } = 0 of 

(2 . 19) a s g e n e r a t o r s f o r t he n - t h p o w e r s a n d n - t h o r d e r p r o d u c t s of 

the s e q u e n c e h of (3 . 3), and in p a r t i c u l a r , p r o d u c t s of the F i b -

o n a c c i s e q u e n c e j u [ of (2. 2) . 

T h e r e r e m a i n s to be c o n s t r u c t e d the l ink b e t w e e n P and t h e s e 
n 

r e c u r r e n c e f o r m u l a e . We p r o v e 

T h e o r e m II 
n n 

P r o o f . 
S i n c e P of ( 1 . 1) i s r e l a t e d to Q of (2 . 6) by P = E Q T E ~ X 

, n x ' n x ' J n n 
w i t h E = E be ing a m a t r i x w i th o n e s on the c o u n t e r d i a g o n a l a n d 

z e r o s e l s e w h e r e , P and Q a r e s i m i l a r and h e n c e s a t i s f y t h e s a m e 
n n 3 

p o l y n o m i a l e q u a t i o n s . It i s su f f i c i en t t o show t h a t 4> (Q ) = 0. 
F i r s t , e a c h e l e m e n t of the m a t r i x B. . , . ( 2 . 4 ) i s an e l e m e n t 

n + 1 , I 
of a s e q u e n c e of the type 

n 

b = XI h J , de f ined in (2 . 8 ) . r r 

C o n s t r u c t t he s e q u e n c e b , b , , , . . . , b , by c h o o s i n g 

t he c o r r e s p o n d i n g e l e m e n t s f r o m the m a t r i x s e q u e n c e B , , ., 

B . , . . , , . . . , B . , . , . , . By T h e o r e m I, d> {b} = 0 . S ince th i s n + 1 , l + l n + l , i + n + l J ^nx 

i s t r u e for a n y e l e m e n t of B ., . i t i s t r u e fo r t he e n t i r e m a t r i x . 3 n + 1 , i 
We h a v e 
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(3.6) <t> {B} = 0 i d e n t i c a l l y . 

W r i t i n g out the s u m m a t i o n in (3 . 6) , 

n+1 
(3 .7) s ( - D r s rn+n B .. 

r L r J n + 1 , 
r=0 

n + 1 - r - i = 0 

T h e m a t r i x Q m a y be u s e d (as in (2. 5)) to shi f t t he i n d e x of B s o n J 

t h a t 

( 3 . 8 ) B + 1 + 1 - = B + . 0 Q n + 1 - r " i = B + . -Q^Q11*1-* . 
n + l , n + l - r - i n + 1 , 0 n n + 1 , 0 

U s i n g ( 3 . 8) in (3 . 7) we h a v e 

n+1 
r ^ [~n+ll ^ n + 1 - r 1 +. . Q - 1

 2 ( - D r S [n+1] Q n + 1 , 0 n r L r J = 0 . 
r=0 

Now B i s n e v e r s i n g u l a r , (2. 9), n o r i s Q, (2. 7), so t h a t 

n+1 
v r „ fn+l 1 ^ n + 1 - r 2 ( -D r s r [V]Q r 

r=0 
= 0 

w h i c h i s t o s a y , by (2. 20) , 

<t> (Q ) = 0 n n ' 

T h e o r e m II i s i m p l i e d m o r e d i r e c t l y by T h e o r e m I a f t e r h a v i n g 
r e s t a b l i s h e d the fo l lowing r e p r e s e n t a t i o n s for Q : 

Q 

i l 

i o 

r + l r 

u u , 
r r - 1 
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Q 

Q, 

1 l l 

2 1 0 

1 0 0 

1 1 1 1 

3 2 1 0 

3 1 0 0 

1 0 0 0 

r + 1 u . , u 
r + 1 r 

2u , , u u . , u . + u r+1 r r+1 r - 1 r 

u u , r r - 1 

" r + 1 
~ 2 J>u , , u r + 1 r 
3u , -, u r + 1 r 

2 
r + 1 r 

2 u u r r - 1 

2u u r r - 1 

r - 1 

r + 1 r 

u u . r r - 1 

3u u , r r - 1 

3u u , r r - 1 

* r - l 

e t c . , w h e r e the b o r d e r i n g e l e m e n t s of Q bu i ld up in the m a n n e r 

s u g g e s t e d by t h e s e c a s e s a n d the i n t e r n a l e l e m e n t s , w h i l e b e i n g m o r e 

c o m p l i c a t e d in s t r u c t u r e , n e v e r t h e l e s s a r e s u m s of n - t h o r d e r p r o -

d u c t s of u ' s . 

B e f o r e s t a t i n g t h e f i na l t h e o r e m we w i l l e x a m i n e the s p e c i a l 

c a s e u s e d e a r l i e r in t e r m s of w h a t we now know. We h a v e the two 

m a t r i c e s 

B , 

4 
2 

4 
3 

4 
4 

4 
5 
4 
6 

3 
u2 
3 

U3 

3 
u4 

3 
U5 

3 
u6 

Ul 

u2 

U3 

U4 

U5 

2 
U2 
2 

u3 

2 
u4 
2 

U5 

2 
u6 

2 
Ul 
2 

u2 

2 
u3 

2 
U4 

2 
u5 

u2 

u3 

u4 

u5 

u6 

3 
Ul 
3 

u2 

3 
U3 

3 
u4 

u5 

4 
ul 
4 

U2 

4 
u3 

4 
u4 

4 
u5 

( w h e r e t he i n d e x 1 on B i n d i c a t e s t he i n d i c e s of t h e f i r s t r ow) a n d 

1 1 1 1 1 

Q 
4 

6 

4 

1 

3 

3 

1 

0 

2 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 
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We have the polynomial 

(3.9) 

from (2.21) with n = 4 and the cor responding r e c u r s i o n re la t ion 

0(x) = x5 - (5x4 + 15x3 - 15x2 - 5x + 1) 

(3.10) b 4.R = ^b ,, + 15b ,- - 15b ,9 n+5 n+4 n+3 n+2 5b , , + b n+1 n 

which is sat isf ied by any sequence whose m e m b e r s a r e the e lement 
by e lement product of four Fibonacci sequences — in pa r t i cu la r it is 
sat isfied by the sequences formed by extending each column of B, 
ad infinitum, the index of each sequence inc reas ing downward. In view 
of this fact we cons t ruc t the m a t r i x 

( 3 . 1 1 ) E 

0 
0 

0 

0 

1 

1 

0 

0 

0 

- 5 

0 
1 

6 
0 

- 1 5 

0 

0 

1 

0 

15 

0 

0 

0 

1 

5 

whose obvious p roper ty is that of t r ans forming any column vector 

n+1 

n+2 

n+3 

n+4 

into 

n+1 

n+2 

n+3 

n+4 

n+5 

if the e lements of the vector satisfy the re la t ionship (3. 10). E has 
the p roper ty , then, that 

( 3 . 1 2 ) E B l = B 2 . 
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It is not difficult to show that the c h a r a c t e r i s t i c polynomial of (3. 11) 
is 

|x l - E | = 0 . (x) 

for 04(x) defined in (3. 9). Combining (3. 12) with the p rope r ty (2. 5) 
of Q 

B 2 = E Bx - BXQ , 

and B, is not s ingular , hence Q, and therefore P , is s imi l a r to, and 
has the same c h a r a c t e r i s t i c polynomial as E. 

The preceding example i l l u s t r a t e s the proof of the final 

Theorem III 
The (n+1) X (n+1) m a t r i x P of (1 .1) , formed by imbedding 

P a s c a l ' s t r iangle in a square ma t r i x , has the c h a r a c t e r i s t i c polynomial 

n+1 

(3.13) | x I - Q j = £• ( - l ) r ( - l ) r ( r - 1 ) / 2 [ n ^ ] x n + U r 

r=0 

where is a genera l ized "binomial coefficient" defined by 

rn"i _ n n-1 n- r+1 r n l 
L r J " u ^~VL , • • • u, ' LoJ u • u , «., 

• r r - 1 1 

= 1 

F u r t h e r m o r e , the polynomial (3.13) is the same polynomial which 
c h a r a c t e r i z e s the r e c u r s i o n re la t ion for the e lement by e lement p r o -
duct sequence of any n sequences each of which sa t is f ies the F i b -
onacci r e c u r r e n c e re la t ion u , , = u + u , . 

n+1 n n-1 
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THE GOLDEN CUBOID 

H. E. HUNTLEY 

The prob lem of finding the d imensions of a cuboid ( rec tangular 
paral le lopiped) of unit volume, having a diagonal 2 units in length leads 
to an in te res t ing resu l t . 

Suppose the Lengths of the edges a r e a, b and £. Then 

(1) a • b • c = 1 and (2 ) / (a2 + b 2 + c2) = 2 

If only the r a t ios of these lengths a r e requi red , we may, without 
loss of genera l i ty , wr i te b = 1, provided that a * c can have the value 

2 2 
unity and that a + c = 3 , Now it is evident from Fig. 1, which r e -
p r e s e n t s the base of the cuboid, that 
the max imum value of a ' c occurs j^j. . . ^ ^ - base 
when a = c = v3 /2 , so that a * c 
m a y h a v e any value from ze ro to 3/2. Fig. 1 

Substituting c = l / a from (1) in (2), we have 
2 1 4 2 

a + - 3 i. e. , a - 3a + 1 = 0, whence 
a 

2 3 + 1/5 . x n 2 
a = — ^ — = 1 + <P = <P- , 

so that a = <p , the Golden Section. The posi t ive solution of the equa-
tion x - x - 1 = 0 and the value of u / u , as n -^*o , where u is 

n n-1 n 
a m e m b e r of the Fibonacci Se r i e s . 

F r o m (1) it follows that c = <P , so that the r equ i red ra t ios a r e 
a:b:c = <p:l: <P~l. It is eas i ly verif ied that <^2 + l + ^ " 2 = 4 . 
Continued on page 240. 



A PARTIAL DIFFERENCE EQUATION RELATED TO THE FIBONACCI NUMBERS 

L. CARLITZ 

1. Consider the equation 

mn m - l , n m , n - l m - 2 , n m - l , n - l m , n - 2 

( i . i ) 

If we put 

(m > 2, n^L 2). 

(1 . 2) G(x, y) - ~ u m n x m yn 

m, n=0 

a n d 

(1.3) f(x, y) = 1-x-y-x + 3xy-y , 

it folLows from (1.1) that 

(1.4) f(x,y)G(x,y) = a + bx + cy , 

where a, b, c a r e cons tan ts . Indeed it is evident that 

t 1 - 5 ) a = uoo> b = u i o - u oo ' c = u o i - uoo 

Thus if u n n , u ] 0 , u n l , or equivalently a, b, c, a r e ass igned u is 
uniquely de te rmined for all non-negat ive in tegers m, n. We shaLi 
show that the genera l solution of (1.1) can be exp re s sed in t e r m s of 
Fibonacci n u m b e r s . 

Supported in pa r t by NSF grant G16485. 
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2. If we pu t 

(2.1) o = 1 ( 1 + • * ) , 5 = 1 ( 1 - • ? ) , 

i t i s e a s i l y v e r i f i e d t h a t 

(1 - a x - gy) ( l - fx - ay) = 1 - ( a + (J ) ( x + y) + a? ( x
2 + y 2 ) + ( « 2 + & 2 ) x y 

= 1 - x - y - x + i x y - y , 

s o t h a t 

(2. 2) f(x, y) = (1 - a x - fy ) ( l - |Jx - ay) . 

We now c o n s i d e r the c a s e 

(2. 3) a = 0, b = l , c = - l . 

T h e n 

x - y i_r_j L__I 
f(x, y) a - (5 [1 - a x - ?y 1 r- (5x - a y j 

£ { ( a x + g y ) n - ( Sx + ay)"1} 1 °° 
a - 0 

n=0 

1 ° ° , m + n w rri n n „ m . m n 
L _ 2 ( ^ )(a 9 - a 0 ) x y 

a ~ ($ n 

m , n=0 

If F d e n o t e s the s o l u t i o n of ( 1 . 1) a n d (2. 3) h o l d s , we h a v e 
m n t h e r e f o r e 

m „ n n m 
( 2 . 4 ) F = ( m + n ) a ff - « g 

nan m a - (5 

Now i t i s e v i d e n t f r o m ( 1 . 4) a n d (2. 3) t h a t 
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( 2 . 5 ) F = - F , F = 0 , 
m n n m nn 

s o t h a t i t w i l l suf f ice t o d e t e r m i n e F w h e n m > n . 
m n 

If a s usuaL we pu t 

n A n 
(2.6) F = A_.^J_ n o - f 

t h e n i t f o l lows f r o m (2. 4) t h a t 

( 2 . 7 ) F = ( - l ) n ( m + n ) F ( m > . n ) 
* ' m n % ' x m ' m - n s ' 

In v i e w of (2 . 5) , t h i s r e s u l t c a n be e x p r e s s e d in the fo l lowing 

f o r m : 

( 2 . 8 ) 77—i-r- = S ( -1) ( ) F (x y - x y ) 
* f(x, y) * ' * n m - n * J 7 

m > n 

We c a n a l s o e v a l u a t e 

( 2 . 9 ) • ( x f y ) = • x S ¥ m n ^ n 

m = l n=0 

I n d e e d , by (2 . 7) , w e h a v e 

©0 • o© 
/ \ v i i \ n n n v ,k+2n. „ k 
( x , y ) = S (-1) x y X ( n ) F k x 

n=0 k=0 

fT ,-, k °* / , . n ,k+2n* n n X F k x x ( -1) ( n ) x y 
k=0 n=0 

Now i t i s k n o w n t h a t 
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°° ,k+2nx n 1 / 2 \ k 

S ( ) x = ( —ZZZ 
n

 n N/T^4X" \ 1 + N/T^4X* 
n=0 N 

s o t h a t 

4 

T h i s r e d u c e s to 

( 2 . 1 0 ) • ( x , 

We h a v e a l s o 

>(x3 

y) 

• y ) 

= 

1 

> / l+4xy 

z 

v r l + 4 x y ( l -

k=0 

2, 
• z - z ) 

F k 

J 

/ 

u 
z = 

2x 

s / l -

1 + 

•4x 

2x 

v / l -

^ 
) 

• 4 x y 

(2.11) *(x,y) - *(y,x) = j g ^ 

It i s no t d i f f i cu l t t o v e r i f y t h a t 

T - i - = ( l + v / T + 4 £ y ) l - ^ l + 4 x y - 2 a x _ 
1- a z N " - 4 o x ( l - a x - (5y) ' 

s o t h a t 

1 - z - z 
- 11+ / l 4 y v l - l + x + 2 x - 2 x y + ( l ~ x ) y i - 4 x y 

2 " ( i 4 ^ ^ 4 x y ) 4xf(x, y) 

x + y - 2 x y + ( x - y ) \ /1 - 4 x y 
~ " 2f(x, y) 

It f o l l ows t h a t 

/ x I K 2(x-y) x-y 
* ( x , y ) - * ( y , x ) = 2 5 ^ = — ^ , 

i n a g r e e m e n t w i t h (2. 11) . 

3 . We n e x t t a k e t h e c a s e 

( 3 . 1) a = 2, b = c = - 1 . 
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Then 

J r 2 ^ = i jr- +1 ^ = ^ i (•*+ gy)n + (Jx+ «y) n l 
f (x, y) 1- ax- (5y 1- (5x- ay ( v *y' x* y' j 

n = 0 

c^? ,m+n. . m n . n mx m n 
2 ( m ) ( « ? + « & ) x y 

m, n=0 

Thus, if L denotes the solution of (1. 1) when (3. 1) holds, we have 
mn x ' \ / 

( 3 . 2) L = ( ) ( a g + a ft ) 
' m n m tf ' 

Also it is evident from (1. 4) and (3. 1) that 

(3.3) L = L 
mn nm 

so it will suffice to evaluate L when m > n. If we put 
mn 

(3.4) L = a n + g n 

x ' n 

it follows from (3.2) that 

(3.5) L = ( - D n ( m + n ) L (m> n) 
' mn m m-n 

By (3. 3) this result can be stated in the form 

/o /v 2-x-y 7 <*? . , x n . 2 n . n n 
( 3 . 6 ) T15ET5T = ( - 1 ) ( n ) x y 

n=0 
. nm+nXT . m n, n m. 

2 (-1) ( )L (x y +x y ). 
v m m-nv 7 ' • 

m > n 
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4. We now take 

( 4 . 1 ) a = 1, b = c = 0 

and Let G denote the so lu t ion of (1 . 1) in this c a s e . Thus it is 
m n ' clear that 

(4.2) 1 
Tfry) '-

e o 

- S 

m, n=0 

_ _ m n 
£ G x y 

m n J 

Compar ing th i s wi th 

o O 
x - y v TT m n 

T7—*-r = £ F x y 
f(x, y) m n J 

m , n=0 

w e get 
/ \ r- m n „ T - m n 
( x - y ) £ G x y = £ ' F x y , 
x 7 / m n / m n 3 

m , n=0 m , n=0 

s o that 

( 4 . 3 ) G , - G , = F (m > 1, n > 1) 
x ' m - l , n m , n - l m n ~ — 

It i s ev ident f r o m (4 . 2) that 

( 4 . 4 ) G = G 
* ' m n nm 

and 

( 4 . 5 ) G = G = F , . 
* ' m o om m+1 
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If m _> n it follows from (4. 3) and (2. 7) that 

G = F " ' - - n 

mn m-i+l , n+1 + ("1^ Fm~n+1 

Repeated applicat ion of this formula leads to 

(4.6) G = s ( ^ l ) r ( m + n + 1 ) F x , x l ( m > n ) 
m n \ / \ r / m + n - 2 r + l x - ' 

r=0 

By (4, 4) this r e su l t can be stated in the following form, 

_ _ , n r ,2n+l x „ n r 
S S (-1) ( .) F . _ ,. x y flxTW " l ; K r "' r 2 n - 2 r + l 

n^O r=0 

(4 .7) 

r ,m+n+l. „ , m n, n mx 
+ S • S (-1) ( ) F (x y +x y ) 

. x ' * r ' m+n-2r+ l 7 7 ' 
m > n r=0 

5. It is now ea sy to e x p r e s s the genera l solution of (1. 1) in t e r m s 
of F , L , G and there fore in t e r m s of F, and L, . As we 

mn m n m n k k 
have seen above, if the n u m b e r s u~~, u 1 n , u~, a r e ass igned, u 

GO 10 01 te mn 
is uniquely de te rmined for al l m, n >_ 0. Indeed we may put 

(5. 1) u = A F + BL + CG 
mn mn mn mn 

where A, B, C a r e independent of m, n. Then 

uoo = A F o o + B L oo + C Goo 

(5.2) I u1 Q = A F 1 0 + B L 1 0 + . C G 1 0 

U01 = A F 0 1 + B L 0 1 + C G 0 1 
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But by (2. 7), (3.5) , (4. 4) and (4. 5) 

F 0 0 = 0, L0Q = 2, G 0 0 = 1 

F 1 0 = l' L10 = l' G 10 = l 

F 01 = - 1 ' L01 = 1' G01 = 1 

Substituting these values in (5.2) we find that 

A = I ( u 1 0 " u01> 

(5.3) < B = u 0 0 - i ( u 1 0 + u 0 1 ) 

G = - u o o + u i o + u o i • 

Thus (5.1) becomes 

(5 .4) 
Umn = I ( U 10 ' U 0 1 ) F m n + ( u00 " I u 10 " I U 0 1 ) L m n 

+ < - u 0 0 + U 1 0 + U 0 1 ) G m n 

Final ly, making use of (2. 7), (3. 5) and (4. 6), we can e x p r e s s u 

explici t ly in t e r m s of F, and G, . 
6. It is of some i n t e r e s t to extend the solutions of (1 . 1) to a r b i t r a r y 
in tegra l values of m and n. In the f i r s t place we define F by 
means of 

m n n m 
(6.1) F = ( m + n ) « g " * g 

m n m a - ($ 

for al l in tegra l m* n., Now since 

( m ) = 0 (o < n £ m ) 

it follows that 
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(6.2) F = 0 (o < n < m) ; 

s i m i l a r l y we have 

(6. 3) F = 0 (o < m < n) . 
-rn, n x — ' 

Also s ince , by definition, 

{ ) = 0 (m > o, n > o) 

we have 

(6.4) F = 0 (m > o, n > o) 
x -m , -n 

On the other hand, since 

.m-nv . , Nm . n - 1 . , . 
( = ("1) ( (n > m) , 

it follows that 

(6.5) F = ( - l ) m + n ( n " 1 ) F , ( n > m ) ; 
v ' m , - n N ' v m ' m+n v ' 

s i m i l a r l y 

(6.6) F = - ( - l ) m + n ( m _ 1 ) F , (m > n) 
1 ' - m , n v n m+n 

Note that in ai l c a se s we have 

(6.7) F = - F 
* m n nm 

We r e m a r k that if we define 

(6.8) F = 
n a - 9 

for al l in tegra l n, then (6. 1) becomes 
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(6.9) F = ( - l ) n ( m + n ) F = - ( - l ) m ( m + n ) F 
mn m m-n m n-m 

It remains to show that F as defined by (6. 1) or (6. 9) does 
m n J \ i 

satisfy (1.1) for all m, n. We have 

F - F - F - F +3 F - F 
mn m - l , n m, n-1 m-2,n m-1,n-1 m, n-2 

n m+n n m + n - 1 
N ' x m m-n % m-1 ' m-n-1 

, . . vn .m+n~l, , , xn ,m+n-2. _ 
+ W { m >Fm-n+l ~ ^ < m-2 > F

m - n - 2 

n m+n-2 n m+n-2 
m-1 ' m-n x m ' m-n+2 

Now making use of 

F x l = F + F . , n+1 n n-1 

which holds for all integral n, we find that F satisfies (1.1). 
to mn 

The extension of L can be carried out in exactly the same 
mn J way. We define 

(6.10) L = ( - l ) n (m + n) L 
mn m m-n 

for all integral m, n, where 

(6 . i i ) L = « n + e n 

n 

for all integral n. 

As for G , we require that mn ^ 

(6. 12) G . - G • . = F 
m - l , n m, n-1 mn 

for all m, n. If n is negative we replace n by -n, so that (6. 12) 

becomes 
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G . - G , = F ' 
m - i , - n m , - n - l m , - n 

T h i s m a y be w r i t t e n a s 

G . = G ' - F 
m , - n - l m - l , - n m , - n 

w h i c h i m p l i e s 

n - l 

G = G - s F ^ . 
m , - n m - n , o m - r , - n + r - 1 

r = o 

We pu t ( c o m p a r e (4 . 5)) 

( 6 . 1 3 ) G n = G n = F ,_ 
mO Om m+1 

fo r a l l m ; i t f o l l o ws t h a t 

n - l 

(6 . 14) G = F - £ F , , , ( n > l ) 
m , - n m - n + 1 m - r , - n + r + 1 . x ' 

r = o 

S i m i l a r l y if m i s n e g a t i v e we ge t 
m - 1 

(6 . 15) G = F , . + s F , . (m > 1) 
- m , n n - m + 1 r - m + l , n - r — 

I n d e e d w e find t h a t G a s de f i ned by (6 . 15) s a t i s f i e s (6 . 12) fo r 
- m , n J \ * \ i 

a l l n . It c a n be v e r i f i e d e a s i l y t h a t 

( 6 . 1 6 ) G = G 
m n n m 

fo r a l l m , n . 

F i n a l l y we c a n s h o w t h a t G a s d e f i n e d by (4 . 6) , (6. 14) a n d 

(6 . 15) s a t i s f i e s ( 1 . 1 ) . We o m i t t he d e t a i l s of t h i s v e r i f i c a t i o n . 
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7 . We r e m a r k t h a t t h e d i f f e r e n c e e q u a t i o n ( 1 . 1) c a n be g e n e r a l i z e d 
i n a n o b v i o u s w a y . L e t a , (J be r o o t s of t he q u a d r a t i c e q u a t i o n 

(7 . 1) x 2 - px + q = 0 , 

w h e r e p , q a r e a r b i t r a r y n u m b e r s , a n d pu t 

2 2 2 
f(x, y) = ( l - « x - ( 5 y ) ( l - ( 3 x - ay ) = 1 - p(x+q) + q x + (p - 2 q ) x y + q y 

T h e n t h e g e n e r a l i z e d e q u a t i o n i s 

( 7 . 2 ) u - p u . - pu , + q u 0 
v ' m ? n r m - l , n m , n - 1 m - 2 , n 

2 
+ (p - 2 q ) u . T + q u 0 - 0 . 

\sr n/ m _ i > n _ i ^ m , n - 2 

T h e r e s u l t s o b t a i n e d a b o v e for ( 1 . 1 ) c a n be c a r r i e d o v e r w i t h o u t 

d i f f i cu l ty t o t h e m o r e g e n e r a l e q u a t i o n (7 . 2) . 

xxxxxxxxxxxxxxx 

C o n t i n u e d f r o m p a g e 176 . 

E q u a t i n g c o e f f i c i e n t s in (1) a n d (3), one o b t a i n s , t he B i n e t f o r m 

n a - (3 
If, on t he o t h e r h a n d we le t y = 2 , y '= 1; x = 0, e q u a t i o n ( l ) b e -

c o m e s _ oo _ n 
y e + e P = Z (a + p ) 

n=0 
The s e r i e s s o l u t i o n y i e l d s u n = 2 a n d u , = 1 so t h a t e q u a t i o n (3) b e c o m e s 

0 0 L n x n y = S 
y n=0 n: 

a n d one o b t a i n s T _ n , 0 n 
i-.n - a + p 

XXXXXXXXXXXXXXX 



LINEAR RECURRENCE RELATIONS - PART US 

JAMES A. JESKE 
San Jose State College, San Jose, California 

1. INTRODUCTION 
We continue our study to acquaint the beginner with l inear r e -

c u r r e n c e re la t ions and the method of generat ing functions for solving 
them (see a r t i c l e s in [ l ] and [ z ] ) . In this concluding a r t i c l e we shall 
cons ider r e c u r r e n c e re la t ions in which the re is m o r e than one inde-
pendent va r iab le . 

2. DEFINITION 
A pa r t i a l l inear r e c u r r e n c e re la t ion in two independent va r i ab le s 

m, n is as equation of the form 

k p 

i=0 j=0 
(2.1) S X a (m, n) y(m+i, n+j) = b(m, n) 

•where a., and b a r e given functions of the d i s c r e t e va r i ab les m 
and n over the set of non-negat ive i n t ege r s . P a r t i a l r e c u r r e n c e r e -
lations in th ree or m o r e independent va r iab les may be defined in a 
s i m i l a r way. 

If b(m, n) = 0, re la t ion (2. 1) is called homogeneous . The equa-
tion contains (k+l)(p+l) poss ib le t e r m s and. is said to be of o rde r k 
with r e s p e c t to m and of o rde r p with r e spec t to n. To solve c e r -
tain r e c u r r e n c e re la t ions we find it convenient to apply a genera t ing 
function t r a n s f o r m . 

3. A SERIES TRANSFORM 
The exponential generat ing function for the sequence { y(m, n)} , 

(m, n = 0, 1, 2, . . . ) is defined by the double infinite s e r i e s 

m n 
(3.1) Y(s , t ) = I 2 y(m,n) t ^ Lj-Y ( s , t ) = ~- 1 

m = 0 
1 

n= 0 

197 
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If t he s e r i e s ( 3 . 1) c o n v e r g e s w h e n | s | < a a n d | t | </3 s i m u l t a n e o u s l y , 

t h e n a l l of t h e d e r i v e d s e r i e s of ( 3 . 1) w i l l a l s o c o n v e r g e in t he s a m e 

r e g i o n . T h u s , we h a v e 

o o c o m _ l n 

BY ^ ^ , x s t 
-^~- 2 2 m y ( m , n 

(3 .2) 

a s ~ * y" 9 ' m ! n! 
m = l n=0 

o« cvt> m n 
2 2 y(m+l,n) m : n: 

m = 0 n=0 

a n d i t i s s e e n t h a t ( 8 Y / d s ) i s t he e x p o n e n t i a l g e n e r a t i n g func t ion of 

t h e s e q u e n c e y ( m + l , n ) . S i m i l a r l y , one e a s i l y o b t a i n s the e q u a t i o n s 

oo oo m n 
(3.3) 4 V = 2 2 y(m, n+1) ^ V 

d t ^ J ̂  m i n i 

m = 0 n=0 

a n d 
- 2 oo co m n 

< 3 - 4 > & £ = S . I y(m+l.n+l) ^ ^ . 
m = 0 n=0 

w h i c h f u r n i s h e x p o n e n t i a l g e n e r a t i n g f u n c t i o n s for t he s e q u e n c e s 

{ y ( m , n+1)} a n d { y ( m + l , n+1)} r e s p e c t i v e l y . In g e n e r a l , t he r e l a t i o n 

' i+j Y oo oo m n 
(3.5) YTTZr- 2 2 y(»+i.n+j) ^ - | r 

ds d r n n 
m = 0 n=0 

i s the e x p o n e n t i a l g e n e r a t i n g func t ion of t he s e q u e n c e { y ( m + i , n + j ) } . 

T h i s e q u a t i o n p e r m i t s u s t o t r a n s f o r m l i n e a r p a r t i a l r e c u r r e n c e r e -

l a t i o n s (2 . 1) w h e r e t he c o e f f i c i e n t s a. . (m, n) a r e a l l a s s u m e d to be 

c o n s t a n t s ( i . e . , no t a func t ion of m a n d n ) . If we t h e n m u l t i p l y bo th 
m n s t s i d e s of ( 2 . 1 ) by — r —r a n d s u m on m a n d n f r o m z e r o to in f in i ty , J m l n! J 

w e g e t the t r a n s f o r m e d e q u a t i o n 
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(3.6) 

where 

k P 

2 2 a. 
i=0 j=0 

ai+j Y 
~ij dsi atj = B(s , t ) , 

(3.7) 
&J &o 

B(s , t ) = 2 2 b(m,n) 
m = 0 n=0 

m n s t 

After the t r ans fo rmed equation is solved for Y, we then obtain the 
sequence { y(m, n) } e i ther from the re la t ion 

(3.8) y(m, n) a m + n Y 
a s

m a t n s = 0' 
t = o 

or by expanding the function Y(s3 t) in the form (3. 1). 
We i l l u s t r a t e the p rocedure with two simple examples in which 

b(m, n) = 0. 

4. EXAMPLES 
Consider , for ins tance , the pa r t i a l r e c u r r e n c e re la t ion 

(4.1) y ( m + l , n + l ) - y(m + l , n ) - y(m, n) = 0 

with the given conditions 

(4 .2) 
y(m, 0) = 0 
y(0,n) = 1 
y(m, n) = 0 

if m i 0 

if m < n 

The" t r ans fo rmed equation for (4. 1) is then 

(4.3) 2 
d Y aY 
as at as - Y = 0 
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with the conditions 

4.4) . Y(s, 0) = 1, Y(0,t) = e t . 

Now, a pa r t i cu l a r solution of (4. 3) is 

(4.5) Y(s , t ) = e y IQ(2 s/~iF) , 

where In(z) is the modified Besse l function of the f i r s t kind defined 
by 

(4.6) I0(z) = 2 i i ^ ) . 
n ( m - ) 

m=0 x ' 

We can obtain the sequence {y(m, n)} by expanding (4 .5) . Thus, 

DO m n 
Y(s,t) = e* 2 -S 

(4 .7) 

v tJ
 v £ t 

z V * 7T 
j=0 m=0 

Letting n = m+j, we then have 

oo m m oo n - m , 
*<"•'> = 2 ^ — ~ > 2 ^ n T T nT 

n ( m ) 
(4.8) • m = 0 n = m 

oo m o& ^n 
* mi ^ \ m / n! 

m=0 n=m 

Hence, from (3. 1) it is c l ea r that 

(4.9) y (m,n) = ( ^ ) , (m = 0, 1, . . . , n) 

= 0 , n < m , 
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which s imply r e p r e s e n t s the e lements of P a s c a l ' s t r iangle (that i s , the 
binomial coefficients). 

As a second example , we take the pa r t i a l r e c u r r e n c e re la t ion 

(4.10) y ( m + l , n + l ) - y(m, n+1) - y(m, n) = 0 

with the conditions 

(4.11) y(0,n) = F n ; y(m,0) = F m , 

where F denotes the nth Fibonacci number . Trans format ion of n 
equation (4. 10) yields 

(4.12) 

with the conditions 

aZ Y dY 
ds at " at Y = 0 

(4.13) 

where 

Y(s,0) = - £ 
x/5 

Y(0, t) = 
V5 

sa, s a ? 
e - e 

ta , t a ? 
e - e 

tl - U l + y F ) > az = H 1 - ^ ) 
The solution of equation (4. 12) i s 

1 
(4.15) Y(s , t ) = 

75 

a (t+s) a (t+s) 
e - e 

Now, employing the inve r se t r ans fo rm (3. 8) yields 

(4.16) y(m,n) 
a m + n Y "• 

a m _,n 
as at 

s=0 
t=0 >/§" \ 

m+n m + n , 

a l - a 2 
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which is the solution of (4. 10) and r e p r e s e n t s a Fibonacci a r r a y shown 
in the following table 

V ° \ 
0 

1 

| 2 

3 

4 

5 

0 

0 

1 

1 

2 

3 

5 

1 

1 

1 

2 

3 

5 

8 

2 

1 

2 

3 

5 

8 

13 

3 

2 

3 

5 

8 

13 

21 

4 

3 

5 

8 

13 

21 

34 

5 

5 

8 

13 

21 

34 

55 

Fibonacci a r r a y s of higher d imension can a lso be obtained. These 
involve the solutions of pa r t i a l r e c u r r e n c e re la t ions in th ree or m o r e 
independent va r i ab l e s . 

5. CONCLUDING REMARKS 
The above examples involved the solution of two pa r t i a l r e c u r -

rence re la t ions having only constant coefficients. R e c u r r e n c e r e l a -
tions with polynomial coefficients may a lso be t r ans fo rmed by the 
method of genera t ing functions. For ins tance , it is easy to show that 
the r e c u r r e n c e re la t ion 

k P 

(5.1) 2 2 ( a + m/3 + n y ) y(m+i, n+j) = b(m, n) , 
i=0 j=0 

having l inear coefficients, can be t r ans fo rmed to the equation 

(5.2) 2 2 (a +0 4>+Y +) • f * Y = B(s,t) , 
i=0 j=0 z 
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where B(s, t) is given by (3.7), and 0 and ^ are the differential 
operators 

(5.3) += s £ , *= t ft . 

I wish to thank Prof. Paul F. Byrd for his many helpful sug-
gestions during the preparation of this article and the two previous 
ones. 
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ASSOCIATIVITY AND THE GOLDEN SECTION 

H. W. GOULD 
West Virginia University, Morgantown, West Virginia 

E. T. Bell, A functional equation in arithmetic, Trans. Amer. 

Math. Soc. , 39(1936), 341-344, gave a discussion of some matters 

suggested by the functional equation of associativity 

<p(x, <p(y, z)) = <p(<p(x, y), z) . 

As a prelude, Bell noted the following theorem. 

THEOREM 1. The only polynomial solutions of <p(x, <p{y, z))=<p(<p(x, y), z) 

in the domain of complex numbers are the unsymmetric solutions 

<p(x, y) = x, <p(x, y) = y, and the symmetric solution 

<p(x, y) = a + b(x + y) + cxy , 
Z 

in which a, b, c, are any constants such that b - b - ac = 0. 

It is amusing to note a special case. The operation defined by 

x * y = 1 + b(x + y) + xy 

is associative only if b = j ( ± \T$) • 

XXXXXXXXXXXXXXX 



ADVANCED PROBLEMS AND SOLUTIONS 

Edited by VERNER E. HOGGATT, JR. 
San Jose State College, San Jose, California 

Send all communications concerning Advanced Problems and 

SoLutions to Verner E. Hoggatt, Jr . , Mathematics Department, San 

Jose State College, San Jose, California. This department especially 

welcomes problems believed to be new or extending old results. Pro-

posers should submit solutions or other information that will assist 

the editor. To facilitate their consideration, solutions should be 

submitted on separate signed sheets within two months after publication 

of the problems. 

H - 4 1 Proposed by Robert A. Laird, New Orleans, La. 

Find rational integers, x, and positive integers, m, so that 

2 2 
N = x - m and M = x + m 

are rational squares. There are no solutions for m = 1, Z, 3, 4 but 

m = 5 is historically interesting. 

H - 4 2 Proposed by J.D.E. Konhauser, State College, Pa. 

A set of nine integers having the property that no two pairs have 

the same sum is the set consisting of the nine consecutive Fibonacci 

numbers, 1, 2, 3, 5, 8, 1 3, 21, 34, 55 with total sum 142. Starting with 1, 

and annexing at each step the smallest positive integer which pro-

duces a set with the stated property yields the set 1, 2, 3, 5, 8, 13, 21, 

30, 39 with sum 122. Is this the best result? Can a set with lower 

total sum be found? 

H - 4 3 ' Proposed by H.W. Gould, West Virginia University, Morgantown, West Va. 

Let _ 

<P (x) = 2 x m n , 

n=l 

where F. is the j-th Fibonacci number, find 

lim (x) 
x-»l - log (1-x) 

See special case m = 2 in Revista Matematica Hispano-Americana (2) 
204 
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9 (1934) 2 2 3 - 2 2 5 p r o b l e m 115 . 

H - 4 4 Proposed by V.E. Hoggatt, Jr., San Jose State College, San Jose, Calif. 

Let u = q a n d u, = p , and u = u , , + u , t h e n the u a r e 
o 1 n+2 n+1 n n 

c a l l e d g e n e r a l i z e d F i b o n a c c i n u m b e r s . 

(1) Show u = p F + q F , 
n r n ^ n - 1 

(2) Show, t h a t if 

V 9 , , = u + u , , and V 9 = u , , - u , , 2n+l n n+1 2n n+1 n - 1 

t h e n V a r e a l s o g e n e r a l i z e d F i b o n a c c i n u m b e r s . n & 

H - 4 5 Proposed by R.L. Graham, Bell Telephone Labs., Murray Hill, N.J. 

P r o v e 
n p q r 

2 1 2 1 FZ
s = F ^ + 2 - i ( 2 n 2 + 8 n + l l - 3 ( - l ) n ) . , 

p=0 q=0 r=0 s = 0 

w h e r e F i s the n th F i b o n a c c i n u m b e r . n 

S O L U T I O N S 
W A R D ' S LAST T H E O R E M 

H - 2 4 Proposed by the late Morgan Ward, California Institute of Technology, 
Pasadena, California 

Le t $ (x) = x + x 2 / 2 + . . . + x n / n , a n d le t k(x) = k (x) = ( x P _ l - l ) / p , n \-> 
w h e r e p i s an odd p r i m e g r e a t e r t h a n 5. (The func t ion k(x) i s 

c a l l e d t he " q u o t i e n t of F e r m a t " in the l i t e r a t u r e . ) Le t P = P be the 

r a n k of a p p a r i t i o n of p in the s e q u e n c e 0, 1, 1, 2, 3, 5, . . . , F , ( so 

P 1 3 = 7, P ? = 8 a n d so on) . 
T h e n 2 

F.p = 0 m o d p 

if a n d only if 

? V - l ) / 2 ( 5 / 9 ) = 2 k ( 3 / 2 ) m o d p . 

Solution by L. Carlitz, Duke University, Durham, N.C. 

F n " a-0 ' ° 2 ' P 2— • 
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• P P 
Then the condition F p = 0 (mod p), p > 5, is equivalent to a = ft 
(mod p), or what is the same thing 

2 P 
(*) ( - a ) = l ( m o d p ) . 

We now t r ea t separa te ly the two cases 

(i) ( |) = + 1, (ii) ( |) = - 1 , 
P P 

where (5/p) is the Legendre symbol. 
In the f i r s t case we have 5 = n n ' , where n, nl a r e p r i m e s of 

the quadrat ic field R(\/5). It follows that P | p - 1 . Then c lea r ly 

P 
( - a 2 ) •= 1 (mod pZ)^~Zl(- a 2 ) p _ 1 = 1 (mod p2) . 

We therefore cons ider a ^ -a (mod p ). Since 

a p = a (mod p ) < j3 " : = (3 (mod p ) , 

it will suffice to consider 

a
2 P + 0 2 P . 3 (mod p2) . 

Now 

Since 

we get 

i(P-D 

: 2 P + / 3 2 p = _ | ^ ^ p ) 3 p - 2 r 5 r 
2 r = 0 

^r(p-l) 
= A • 3P + -L 2 (P ) 3P"2r 5r 

2 p 2 p * ^2r' 
r=l 

(£) = - £ (modp2) , 

i(p-D 
a 2 P + / 3 2 P = 2 ( | ) P - P ( | ) P 2 7(1)" 

r=l 

H 2 ( | ) P - ^E <£ (|) (mod P
2 ) . 

z 2 i (p - i ) v 
2<P" 



1964 ADVANCED PROBLEMS AND SOLUTIONS 207 

Therefore a p + |3 P = 3 (mod p ) is equivalent to 

3 5 3 P 
f </>, (f) E 2(|) - 3 

i,(p-l) V 2 -
^ P " 1 -1 

3 
= 3k(y) (mod p) 

This comple tes the proof in case (i). 
I n c a s e (ii) we have a = /3 (mod p) so that a & = - 1 . This 

impl ies 
2 P+l (- a ) = 1 (mod p) 

Since ( - a ) ^ 1 , compar i son with (*) shows that P | p+l , P+(p - l ) . 
Thus we may consider a " - /3 (mod p ). Since 

a "^ = j8 (mod p )^Z?j3 P = fl (mod p ) 

it suffices to cons ider 

aZp
 + [3Zp - a2 - ^ ( m o d p 2 ) . 

Hence the proof is completed as in case (i). 
Also solved by John Halton whose solution will appear in a paper to he 
published later in the Fibonacci Quarterly journal 

CORRECTED PROBLEM AND SOLUTION 

H - 2 5 Proposed by Joseph Erbacker and John A. Fuchs, University of Santa Clara, 
and F.D. Parker, Suny, Buffalo, N.Y. 

Prove : 
D = a. . = 36. for al l n . 

n ' • i j ' 

where ~ 
a i j -~ F n+i+j -2 ( i ' J = 1 ' 2 ' 3 ' 4 ) • 

Solution by C. R. Wall, Ft. Worth, Texas 

Since F 3 - 3 F 3 - 6 F 3 + 3 F 3 + F 3 = 0 , 
n+4 n+3 n+2 n+1 n 

it follows that D ., can be obtained from D by column opera t ions n+1 n J ^ 
;hat leave 
set n = 0. 

that leave the de te rminan t invar iant . Thus D =-D ,, . To evaluate 
n n+1 
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Also solved by the proposers 

NO S O L U T I O N S 

H - 2 6 Proposed by Leonard Carlitz, Duke University, Durham, N.C. 

LetR, = (b ), where b 
k r s ' r s such that 

s-1 

( k i l - s j > t h e n s h o w Rk=(a
r s) 

_ v [r. - l W k + l - r \ k+2- r - s+ j r + s - 2 - 2 j j 
" r s - 2 I j i l B - i - j ) F

n - 1 F n Fn+1 
j=0 X . X / 

G E N E R A T I N G F U N C T I O N S A N D C O N V O L U T I O N 

H - 2 7 Proposed by Harlan L. Umansky, Emerson High School, Union City, N.J. 

Show t h a t 

k - 2 

F f c = S ( - l ) J + 1 F . F 3 k . 3 . + ( - l ) k F k _ 3 ) k > 4 

j = l 

Solution by V.E. Hoggatt, Jr., San Jose State College, San Jose, Calif. 

The generat ing functions below a r e eas i ly verif ied 

9 2 3 oo 
x-2x - x _ ^ -j-,3 n 

ZTTT - 3 " z F n x l - 3 x - 6 x +3x~+x n 

n=0 

- CO 
2 x = 2 F , xn 

l » 4 x - x ~ 
n=0 

S F xn 
i 2 
1-x-x A 

n=0 

i j . 2 n 

1+X-X ~ 
n=0 

1 F ( - l ) n + 1 x n 
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T h u s 

* <*k-(* F3k*kY * ^ ( - D ^ x ^ + J Fk(-l>k+1xk 

k=0 \ k = 0 / \ k = 0 / k=0 

s o t h a t , u s i n g C a u c h y p r o d u c t of s e r i e s , and e q u a t i n g c o e f f i c i e n t s , 

one o b t a i n s -, 
^ i+1 w+1 

F7 = 2 ' (-1) F . F - . • + ( - ! ) F , 
k i 3 k - 3 i v k 

i=0 
k-2 

= 2 ( - 1 ) i + l F i F 3 k . 3 i
 + ( - 1 ) k ! 2 F k - l - F k i 

i= l 

k-2 

i 3k-3i x ' k-3 = 1 ( ~ l ) i + 1 F . F . , - . + ( - l ) k F 

i= l 

Also solved by C.R. Wall and the proposer. 

A F I B O N A C C I B E A U T Y 

H - 2 8 Proposed by H.W. Gould, West Virginia University, Morgantown, W. Va, 

L e t C. ( r >r i ) be t h e n u m b e r of n u m b e r s , t o t he b a s e r ( r > 2) 

w i t h a t m o s t n d i g i t s , a n d t h e s u m of t h e d i g i t s e q u a l to j . 

Sum the s e r i e s : 

^ _ . x j , rn-n-j 2 C ( r , n ) a J b J . 

j=0 

Solution by John H. Halton, University of Colorado, Boulder, Colorado, 
and Leonard Carlitz, Duke University, Durham, N.C. 

L e t vI1~l / \ N + _ N 1 + - ' ' + N 1 
S n ( r . a . b ) = ' X C . ( r . n ) a V n - n - J = b < r " l ) n 1 ( j ) ° 

j=0 n=0 

w h e r e ? , 
N = N +N, r + N 0 r +. . . +N ', r , 0 5 N. £ r - 1 . o 1 2 n - 1 i 



210 ADVANCED PROBLEMS AND SOLUTIONS October 

Then 
r - 1 r - 1 r - 1 N +N. +. . . N . 

/ i \ / \ o 1 n - 1 
s n = b ( r " 1 ) n 2 2 . . . 2 (*) 

N =0 N =0 N =0 
o 1 n-1 

n-1 ( r - 1 ) n Y V 

If 
r r 

a = |(1 +/5), b = i(l -75), then 2_ZJL = F r , 

the Fibonacci number . In that case , 

s n ( r , i d + y s ) , ±(1-^)) = F ; . 

Also solved by the proposer. 

XXXXXXXXXXXXXXX ' 

A DIGIT MUSES* 

Oh! 
4 
2B 
No ze ro 
In the world of math! 
Would that I were like that g rea t 
Built into the s t ruc tu re of the un iverse and a r t 
The ideal of ideals dividing a l l things in propor t ions of gold —- a paragon! 

Bro ther U. Alfred 

This poem has the dist inct ion that the number of syl lables in each 
line p roceeds by the sequence: 1, 1, 2, 3, 5, 8, 13, 21 . 

XXXXXXXXXXXXXXX 



FURTHER COMMENTS ON THE PERIODICITY OF THE DIGITS 
OF THE FIBONACCI SEQUENCE 

RICHARD L. HEIMER 
Airborne Instrument Laboratory, Deer Park, New York 

In the Fibonacci Quar te r ly , Volume 1, Number 4, Dov Ja rden 
showed that the last d > 3 digits of the Fibonacci numbers repea t 
every 15 • 10 t i m e s . He a l so commented on Stephen P . Ge l l e r ' s 
announcement of the per iodic i ty of the f i r s t th ree digi ts . Summar iz ing 
these r e s u l t s , we find that the digits of the Fibonacci s e r i e s , 0, 1, 
1, 2, 3, 5 repea t as follows: 

Table I 
Units Tens 

1 2 3 4 5 d 
Repeti t ion Per iod 60 300 1500 1. 5 x l 0 4 1. 5 x l 0 5 1 . 5 x l 0 d 

What a roused my i n t e r e s t in the sequence of repet i t ion per iods 
was that the repet i t ion per iods of the tens and hundreds digits were 
five t imes the value of the repet i t ion per iods of the units and tens digit 
respec t ive ly , while the remain ing repet i t ion per iods i nc reased by a 
factor of ten. Also I was in te res ted in poss ib le d iscover ing any 
governing re la t ionships which caused 60 to be the per iodic i ty of the 
units digit as well as a factor of subsequent pe r iods . Believing that 
number sys t ems with different bases (i. e. , Binary, Terna ry , e tc . ) 
would a l so display these per iodic qual i t ies , I proceeded to genera te 
Fibonacci s e r i e s in these bases , and in the course of so doing, d i s -
covered fur ther significant per iodic p r o p e r t i e s of these sequences . 

The units and tens digits were genera ted from Base 2 thru 
Base 1 6 while the th i rd and fourth(hundreds and thousands) were der ived 
only where it was p rac t i ca l to do so. These r e s u l t s a r e shown in 
Table II which tabula tes the per iodic i ty of the digits in the var ious 
bases as well a s the cor responding multiplying fac tors which show 
the re la t ionship between the repet i t ion per iods of the digits in a given 
base . 

211 
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Table II 

MULTIPLYING FACTOR 
BASE REPETITION PERIOD OF DIGIT R D R R 

i _ A -A 
R D R D 

1 UZ U?> 
24 2 2 2 

3 -. 3 
4 4 
5 
6 
7 
8 
9 

,15,000 5 5 10 
11 

1 12 
13 

7 
15 

4 

The f i r s t conclusion which may be drawn from this table is that 
the multiplying fac tors a r e e i ther the number base or a ra t ional f r ac -
tion thereof and that: 

(1) R D = A B • F ' B D 

Where: R n is the per iodic i ty of the D— digit. 

A R is the repet i t ion per iod of the units digit divided by 
the base B. 

F is a ra t ional fract ion. 

2 

3 

4 

5 

6 
7 

8 

9 
10 

11 

12 

13 

14 

15 

16 

3 

8 

6 
20 

24 

16 

12 

24 

60 

10 

24 

28 

48 

40 

24 

6 
24 

24 

100 

144 

112 

96 
216 

300 

110 

24 

364 

336 

600 

96 

12 

72 

96 

1500 

288 

A further observat ion r evea l s that for a given digit: 
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The product of two bases is a third base whose per iodic i ty is 
the product of the repet i t ion per iods of the or iginal two bases 
or a ra t ional fraction thereof. 

Formula t ing this , we have for a given digit: 

(2) R B • Rf i = K R B 
x y xy 

Where K is a ra t iona l fract ion. As an example of this note 
that for units digit: 

(3) R R = 3, R = 8 , R R • R R = 3- 8 = 24 = R 
B 2 B 3 B 2 B 3 B 2 - 3 

It a l so may be seen that in the dec imal sys tem: 

R^ = 60 = R^ = R^ X R^ = 20' 3 = 60 
B 10 B 5 ' 2 B 5 B 2 

This of cou r se only par t i a l ly sa t is f ies my unders tanding of the 
na ture of the dec imal base units digit repeat ing every 60 Fibonacci 
n u m b e r s . 

While generat ing these sequences another significant r e su l t oc-
c u r r e d which is the re la t ionship of the digits within a given repet i t ion 
cycle . This re la t ionship is bes t indicated by way of i l lus t ra t ion . Re-
gard the uni ts , t ens , and hundreds digits of the Fibonacci sequence in 
t h e b a s e 3 : [(000, 001, 001, 002, 010, 012, 022, 111) (210, 021, 001, 
022, 100, 122, 222, 121) (120, 011, 201, 212, 120, 102, 222, 101)] 
I (100, 201 . . . . . . ) . The pa ren theses a r e d rawnaround the repeat ing 
units digit which occur at in t e rva l s of 8. The b racke t s a r e drawn 
after an in te rva l of 24. 

Note what happens if the tens digit only is wr i t t en in 3 hor izonta l 
groups of 8 (8 being the per iodic i ty of the digit preceding the tens digit, 
the uni ts digit) . 

0 0 0 0 1 1 2 U 
< £ ! 2 0 2 0 2 2 2 . 
<H^2 1 0 1 2 0 2 0 

Difference: 1 2 0 2 2 1 0 1 
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The difference between neighboring ve r t i ca l t e r m s is indicated 
next to the heading of "DIFFERENCE. " Note that the differences a r e 
a Fibonacci type sequence where any t e r m after the f i r s t two is the sum 
of the previous two in that base . 

This re la t ionship has held for al l the sequences in al l the bases 
that I have invest igated. Assuming that it holds general ly , the r e -
maining hundreds digit sequence of the base 3 example may be gen-
e ra t ed as follows: 
Step 1: Calculate the digit des i r ed (hundreds) for one per iod (24) 

of the preceding digit ( tens). Now calcula te two m o r e 
t e r m s (25 and 26). List the f i r s t group hor izonta l ly and 
the two subsequent t e r m s on the 2nd line under the f i r s t 
two t e r m s of the f i r s t l ine. (See I l lus t ra t ion I. ) 

Step 2: On top of this calcula te the difference of the f i r s t two se t s 
of ve r t i ca l t e r m s (see I l lus t ra t ion I). 

Step 3: Beginning with these two differences genera te a Fibonacci 
sequence in that base (see I l lus t ra t ion I). 

Step 4: Using the genera ted differences , ve r t i ca l ly fill in the r e -
maining t e r m s of the digital sequence as follows: 

I l lus t ra t ion I 
Step 3N X 

1 2 0 2 2 1 0 1 1 2 0 2 2 1 0 1 1 2 0 2 2 1 0 1 

fo~o" 
i z\ 
2 1 

00 0 0 0 1 2 0 0 0 1 1 2 1 1 0 2 2 1 1 2 lj 

loTTl 0 2 0 2 0 2 0 2 2 2 2 2 2 1 0 2 221 

0 1 1 2 0 0 1 1 0 1 2 0 2 0 0 1 2 0 2 0 2 0| 

Differences: 
Step 2 —* 

Step 1 —• 

Step 4 ^ 

Between Step 1 and Step 4 we have complete ly specified one p e r -
iod of the hundreds digit without making 72 th ree digit additions which 
this would normal ly r e q u i r e . This method a l so provides quick p r e -
diction of f ract ional multiplying fac tors mentioned e a r l i e r . 

I am repor t ing these comments in hope that someone may fur-
ther develop these thoughts in this fascinating sub-sub-f ie ld of F i b -
onacci sequences . 

xxxxxxxxxxxxxxx 



THE VANISHING SQUARE 

B.B. SHARPE 
State University of New York at Buffalo 

This well-known puzzle: 

5 8 

1 A 
3 B 

C 3 D ] 

3 

5 

B 

A 

8 

C 

3 | 
D 

3 5 
involves Fibonacci numbers and suggests a formula: 

JF. .F . ,, - F.F. I = F, . 1 i-1 i + l I i ' 1 

(Absolute value, since 3x8 - 5><5 = -1 but 5X13 - 8x8 = +.1) Adding 
and subtracting F. , F.: 6 i-1 I 

F. . F . . . - F. , F. + F. ,F . - F.F. l-l i+l i-l i i-l i i i 

F. ,(F. , . - F.) + F.(F. , - F.) i-l i+l r iv i-l i' 

F F i-l i-l F.F. _ 
I I-Z 

Repeating the process with F. nF. • 
r . * i-2 i-l 

F. , F . . - F. 9 F . . + F. , F . . - F.F. , i-l i-l i-2 i-l i-2 i-l I i-2 

F. ,(F. , - F. 9) + F. ,(F. , - F.) i-lx i-l i-2' i-2x i-l r 

F F i-l i-3 F F i-2 i-2 

After a finite number of steps, the smallest subscript becomes 1, and: 

F 3 F 1 " F 2 F 2 ° r F 2 F 2 " F 3 F 1 ° r ± F l • 

xxxxxxxxxxxxxxx 
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EXPLORING FIBONACCI MAGIC SQUARES 

BROTHER U. ALFRED 
St. Mary's College, California 

Magic squa res have long had a s t rong appeal to people m a t h e -
mat ica l ly inclined — a n d s o h a v e Fibonacci n u m b e r s . When we put the 
two ideas together , what do we get: ha rmony or conflict? 

Just to make the problem perfect ly c lea r , the two concepts in-
volved will be del imited as p r ec i s e ly as poss ible for the purpose of 
this invest igat ion. A magic square will be cons idered as a square 
a r r a y of dis t inct posi t ive in t ege r s such that the sums of al l rows and 
columns as well as of the two main diagonals is the s a m e . A com-
mon example of a t h r e e - b y - t h r e e magic square i s : 

' 6 7 2 

1 5 9 

8 3 4 

By Fibonacci number s we shall unders tand the posit ive e lements 
of the sequence: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, Again let it be 
noted that the e lements of the magic square mus t be dis t inct i n t ege r s 
so that, for example , it would not be allowable to use 1 twice on the 
plea that it is two different Fibonacci n u m b e r s . 

Two poss ib i l i t i es p r e s e n t t hemse lves : (1) Ei ther i twi l l be pos -
sible to c r ea t e one or m o r e magic squares with the Fibonacci num-
b e r s ; or (2) It will be poss ib le to prove that no such magic squa res 
may be formed. 

The invest igat ion m a y b e genera l ized in var ious ways; (1) If we 
allow both posi t ive and negative in t ege r s ; (2) If we take as e l emen t s 
the t e r m s of the genera l ized Fibonacci sequence: a, b, a+b, a+2b, 
2a+3b, e tc . 

The r e su l t s of this explorat ion will be published in the Februairy 
1963 i s sue of the Fibonacci Quar t e r ly . 

XXXXXXXXXXXXXXX 
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ON FIBONACCI RESIDUES 

JOHN H. HALTON 
University of Colorado, Boulder, Colorado 

In a recent note ("Exploring Fibonacci Residues" Fib. Quart. 2 

(1964) 1: 4Z)? Brother Alfred asks whether one or other of the least 

positive andnegative residues, when one Fibonacci number is divided 

by another, is always itself a Fibonacci number. 

The answer is YES, as is shown by the following somewhat more 

detailed result. 

THEOREM. If m •> 1 and n > 3 are integers, and if A 

and - B are the least positive and negative residues when F is 

divided by F , then at least one of A and B is itself a Fibonacci n 
number F , where k and s are unique integers such that s = 0 if 

n divides m, and otherwise 

(1) m = 2kn + r, k > G, 0 < | r | < n, s = | r | . 

Proof. It is well-known that F is divisible by F if and 
m n 

only if either m is divisible by n or n = 2. Thus if n > 3 and n 
divides m, the theorem holds, since FQ = 0. If n does not divide 

m, we can find k and r uniquely by (1). Well-known identities now 

show that 
2k 

(2) F = F91 x = 2 (lk) F h F 2 ^ " h F ,, = F 2 ^ F (mod F ) x ' m 2kn+r ^ \h / n n-1 r+h n-1 r n' 
h-0 

and 

(3) Fn?i = Fn-2Fn + ( - 1 ) n S ("I)" <*»od F J • 

Therefore we see that 

(4) F m s ( - l ) k n F r = ( - l ) ^ ^ - 1 F_ r = ± F s ( m o d F n ) . 

Since the Fibonacci sequence is strictly increasing for values of the 

index greater than one, F < F , so that ± F is the least positive 

or negative residue of F modulo F ; that is, F = A or B. 6 m n s 
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To complete the t r e a t m e n t of Bro ther Alf red 's question, it m u s t 
be noted that, if n = 1 or 2, F = 1 and so divides F , yielding 
a res idue of F 
re la t ion 

0 And if m or n is negat ive, the we 11-known 

F _ t = (-I)*"1 F t 

which was used in the der iva t ion of (4), shows that the res idue is s t i l l 
± F . 

xxxxxxxxxxxxxxx 

NOTICE TO ALL SUBSCRIBERS! 1 ! 
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The Pos t Office Depar tment , r a the r than forwarding magaz ines mai led 
th i rd c l a s s , sends them d i rec t ly to the dead - l e t t e r office. Unless the 
a d d r e s s e e specifically r eques t s the Fibonacci Quar t e r ly be forwarded 
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CORRECTED FACTORIZATIONS OF FIBONACCI NUMBERS 

DAVID M. BLOOM 
Universi ty of Massachusetts 

Krai tchik ' s table of fac tors of the Fibonacci num ber s (Recherches 
sur la Theor ie des Nombres , " p . 77-79) contains at l eas t two e r r o r s , 
as follows: 

th 

n 

57 

67 

(u denotes n n 
u n 

365,435, 296, 162 

44, 945,570, 212,853 

Fibonacci number , 

Krai tchik1 s 
Fac to r iza t ion 

2-37- 113-4371901 

p r i m e 

as in Kraitchik) 

Cor r ec t 
Fac to r i za t ion 

2- 37- 113-797-54833 

269*116849-1429913 

Note: in the factor iza t ion of \icn) 191' 54833 = 43701901, not 4371901) 
Have these e r r o r s been pointed out e l s e w h e r e ? 



PROPORTIONS IN MUSIC 

HUGONORDEN 
Boston University, Boston, Mass. 

The sys temat ic organizat ion of a mus i ca l composi t ion within a 
p r e - d e t e r m i n e d t ime span by means of the lower number s of the F ib-
onacci and Lucas s e r i e s , singly or in combination, is common p r a c -
t ice indeed. It s eems that the m o r e profound the composer , the 
s t r i c t e r is,his applicat ion of these propor t ions in the mus ica l s t r u c t u r e . 

A neat ly contr ived example is found in the f i rs t fugue in The 
Art of the Fugue by Johann Sebast ian Bach. The formal and themat ic 
m a t e r i a l s can be l is ted quite s imply as follows: 

number of m e a s u r e s = 78 (13 x 6) 
number of en t r i e s = 1 1 

Of the 11 en t r i e s of the subject and answer , 9 begin on ei ther 
"D" (the tonic) or MA" (the dominant), while 2 begin on " E n . These 2 
en t r i e s that begin on the note " E " define the form of the composi t ion. 
The f i rs t , en t ry No. 8, occurs at m e a s u r e 40, thereby beginning the 
la t te r half of the 7 8 - m e a s u r e t ime span; while the second, en t ry No. 
9, comes at m e a s u r e 49? thus announcing the s t a r t of the 5/13 por -
tion of the 8/13 + 5/13 (48 + 30) division. This formally significant 
pa i r of en t r i e s is ass igned to the Tenor and Soprano p a r t s , respec t ive ly . 

The total number of 11 e n t r i e s , however , is d i s t r ibu ted within 
the t ime span as follows: 

before the middle after the middle 
( m e a s u r e s 1-39) (measu re s 40-78) 

3 : 4 1 : 3 

Answers Subjects Subjects Answers 
3 : 4 1 : 2 ' 

begin begin begin begin 
on "D" on "A" on "A" on " E " 
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The fugue is given in full on the tv/o following pages . Both the 
m e a s u r e s and en t r i e s a r e numbered and the type and s ta r t ing note of 
each ent ry is indicated so that the r e a d e r can follow the plan of the 
composi t ion. As s eve ra l r ecord ings of this mus ic a r e avai lables it 
should be easy to exper ience this t ime span ut i l izat ion audibly. 

XXXXXXXXXXXXXXX 

The Fibonacci Associa t ion invites Educational Insti tutions to ap-
ply for Academic Membersh ip in the Associa t ion. The min imum 
subscr ip t ion fee is $25 annually. (Academic Members will r e -
ceive two copies of each i s sue and will have their names l is ted 
in the Journa l . ) 

REMARKS ON A SECOND ORDER 
RECURRING SEQUENCE 

JOHN BRILLHART 
University of San Francisco, San Francisco, Calif. 

Among the second o rde r r e c u r r i n g sequences , the degenera te 
2 sequence U = n -n -1 is of some in t e r e s t . In fact, we can observe 

the following specia l p rope r ty among the m o r e unusual p r o p e r t i e s such 
sequences have: 

u u xi = U 2 - 1 • n n+1 n^ L 

P r 0 0 f : U „ U _ , = [ n 2 - n - l ] [ ( n + l ) 2 - ( n + l ) - l ] 
n n+1 

= ( n 2 - n - l ) ( n 2 + n - l ) 

n -1) -n 

= ( n 2 - l ) 2 - ( n 2 - l ) - l 

U 2-1 n^ L 

In what way this p rope r ty can be genera l ized r e m a i n s to be seen. 

XXXXXXXXXXXXXXX 
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FUGJl I 
a 4 voci. 

Andante con mot©, 
oto J 4 

J.S.Bach. 

MIDDLE 
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NEW SLANTS 

MARK FEINBERG 

"The P y r a m i d " 
P a s c a l ' s Tr iangle is given by the coefficients of the binomial 

expansion (a+b) . The coefficients of a t r inomia l expansion (a+b+c)n 

take the shape of a t h ree -d imens iona l pyramid: 

(1) a + b + c 

(2) 

(3) 

a + b + c 
2 2 Z 

a + 2ab + 2ac + b + 2bc + c 

. a + b + c 

a + 3a b + 3a c + 3ab + 6abc + 3ac + b + 3b c + 3bc + c 

lc 1c2 

la lb 2ac 2bc 
2 2 

row one la 2ab lb 

lc3 

3ac 3bc 

6abc 

3a c 3b c 

la 3a b 3ab lb 

Projecting this pyramid onto a plane: 

| I • i • • I I 

. - . i . - . . , . . i 1 i I 1 I I I I 
I I i 1 I I I ! i I I I I I 3 l ! i 3 1 i I 
I i l I i l I l 2 l l 2 l I i I ! I 6 I i I I 
1 7 1 7 1 7 1 l x l l 2 l 1 , 1 s l 3 l 1 I I 3 1 -I 
' l a XI 1 § 1 l 1 J 2 1 h ^ I I I 1 I I I I I 

I 1 1 2 1 31 2 1 1 1 J i 4 _ l l X J ^ l i ^ 4 ^ I 
r o w two I 1 I 3 I 6 17 I 6 1 3 I 1 I 

1 
row one 

row th ree 
And a r r ang ing thus: 
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1 
1 1 1 
1 2 3 2 1 
1 3 6 7 6 3 1 
1 4 1 0 1 6 1 9 1 6 1 0 4 1 

Each number is the sum of the one above it and two to the left of 
that. 

Adding diagonals of this t r iangle gives the Tr ibonacci s e r i e s 
(1, 1, 2, 4, 7, 13, 24, 44. . . ) 1 . The convergent of this sequence fits the 
equation 

X = 1 + 1 + ^ . 

1 1 2 4 7 13 24 44 81 1-49 
/ / / / / / / / / / 

> ' - ' / < / / ' ' '' ' 
' ' / ' / / / ' / / 

A A i ' / / / , / 
' ' / / / / / / / 

, , 1 2 3 2 1 / ,, / ' ' / ' / ' 7 / / 
•' 1 3 6 7 > 3 l 
, , 1 4 10 16 19 16 10 4 1 

' / •{ 5' 1 5 ' 30 45 51 45 30 15 5 1 
/ / ' / / 

/ /I 6 X 21 5 0 ' 90 126 . . . 
/ ' / ' , ' 
/ X Iy 28 77 161 . . . 

/ ' / / , 
/ 1 8 36 112 . . . 

/ / / 
/ , \ 9 45... 

/ "New Slan ts" 
/ 

Summing diagonals of P a s c a l ' s Tr iangle obtained by going a c r o s s 
one column and up one row gives the Fibonacci s e r i e s . 2 . Its conver -
gent, "phi, " fits the equation 

x = l + x • 
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A 

1 1 
' / 

/ 

VS. 
X s S / 

' A' y y i 

2 3 5 8 . . 
s / / ' 

s , , , ' 
s / 

/ / 
/ / 

/ 

/ 
/ 

1 ' • 
A 

A'' 5 

/ 
¥ 6 4 

10 10 

Going across one column and up two rows on the same triangle 

gives 

1, 1, 1, 2, 3, 4, 6, 9, 13, 19, 28, 41, 60, 88 . . . 

This series ' convergent, 1.46... , fits 

X = 1 + 
1 

11 1 2 3 4 69 

/ ' / / / / / 
1 2 / 1 / 

/ / / / / / 
1 / 3 / 3 1 

/ / / / / 
1 , 4 ' / 6 4 1 

/ / / / 
,1 /5 10 10 5 1 

' / / / 
l / 6 15 20 . . . 

/ / 
1 7 21 . . . 

/ 
Going across one column and up three rows gives 
1, 1, 1, 1, 2, 3, 4, 5, 7, 10, 14, 19, 26 . . . 

Its convergent, 1. 38 . . . , fits 

X = 1 + 
1 

X~ 
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In the t r iangle of the 3-D expansion, going a c r o s s one column 
and up one row gives the Tr ibonacci s e r i e s . 

Going a c r o s s one column and up two rows gives 

1, 1, 1, 2, 3, 5, 8, 12, 19, 30, 47, 7 4 . . . 

which converges upon 1. 57 . . . and fits 

X = 1 + \ ' + \ 
YT YT 

Going a c r o s s one column and up three rows gives 

1, 1, 1, 1, 2, 3, 4, 6, 9, 13, 18, 26, 38, 55 . . . 

which converges upon 1. 44 . . . and fits 

/ 
/ 

/ 
/ 

/ 1 

X 
- x3 x^ 

1. .1 1 2 . 3 8 12 
/ 

19 30 47 74 

(1 

(?6) 

m ; //f7£•• /' ^8j 

/ / / 

112 
156 

161 

3 
16 
51 

126 
266 

1 
10 
45 

141 

4 1 
30 . . . 
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A table can be made from the expansion (a+b+c+d) so that 
each number is the sum of the one above it and the th ree to the left of 
that. 

1 

1 

1 

1 

1 

2 

3 

1 

3 

6 

1 

4 

10 

3 

12 

2 

12 

1 

10 

Going a c r o s s one column and up one row gives a s e r i e s whose 
convergent fits 

,*K 

-? 
X X^ X * 

Going a c r o s s one column and up two rows gives 

/ 
/ I 

X = 1 + - 1 + J L ^ 
X X X 

Going a c r o s s one column and up th ree rows gives 

/ 
/ 

/ 
/ 1 

X = 1 + -1 + 4 + -1 
X X X7 

Thus a genera l convergent formula is der ived for diagonal s e r -
ies by letting " n " equal the number of t e r m s in the expansion, and 
letting "u" equal the number of rows up: 

X = 1 + - i - + — L - T- , JT-
u u 2u (n- l )u 

I -A., -A.-. -A. i 
! 1 2 . . . n-1 

/ 
C-

/ 

1 
+ 

1 
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FIBONACCI AND PASCAL 

WALTER W. HORNER 
Pittsburg, Pa. 

The purpose of this note is to point out a connection between the 

Fibonacci sequence and rows of Pascal's triangle. It is known that 

\(^")- (^r; 
Expanding by the binomial theorem and collecting terms we get 

(?) + ( ; ) s + ( ? ) 5 ! + - ( ? ) 5 M ; ) 5 4 + -

*5 

F = n 

But 

Therefore 

F n 

,n-l (?)+ (°)+o+ e ) + ( ; ) + -
(?) + G) " G ) * 2 + ( ? ) * 3 * (?) s4 + -

" C ) + © + G) + 0)+ © + -
As for the Lucas sequence it is known that 

L 
1 + ^ \ n 1 V5\n 

n \ 2 / \ 2 

Expanding as above and collecting terms and remembering that 2 

is also equal to r , j + |^J + (5) + (7) + ( 9 ) + ~ " ~ w e Set 

.2 , /n\ r3 , /n\ r4 

n - 1 

L = n 
© • © » • © * ' • © » * • © » * • 
© • © • © + © + © • -

Note the exchange of binomial coefficients in the two formulas. Nu-
merical examples: To find F? we look in row 7 of Pascal's Triangle 

13 

= 29 

and find 
7 + 35 
1 + 21 

S imi la r ly for the 7th 

1 + 2 1 • 
7 + 3 5 

• 5 + 21 • 5 2 + 1 • 5 3 832 
+ 35 + 7 " 6 4 

Lucas number 

5 + 35 • 5 2 + 7 • 5 3 1856 
+ 21 + 1 " 64 

xxxxxxxxxxxxxxx 
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ON THE INFINITUDE OF FIBONACCI PSEUDO-PRIMES 

EMMALEHMER 
University of California; Berkeley, California 

A F e r m a t p s e u d o - p r i m e is usual ly defined to be a composi te 
number m which sa t is f ies the F e r m a t congruence 

(1) a -1 = 0(mod m) , (a, m) = 1 

thus showing that the converse of F e r m a t 1 s t heo rem does not hold 
without fur ther conditions on m . Hardy and Wright (Theory of Num-
b e r s , p . 72) show that t he re a r e infinitely many composi te n u m b e r s m 
which satisfy (1). 

The Lucas congruence for Fibonacci n u m b e r s which can be 
thought of as a genera l iza t ion of the F o r m a t ' s congruence (I) s t a t e s 

(2) U _ £ O(modm) , (m, 10) = 1 
m 

where U = U , + U ~, U~ = 0, U, = 1 a r e the Fibonacci n u m b e r s n n-1 n -2 • 0 1 
and € = 1 if m = 10n±l, while € =.-1 if m = 10m ± 3. Con-m m 
gruence (2) holds for m a p r i m e . We next show that it a l so holds 
for an infinitude of composi te n u m b e r s , which we cal l F ibonacci 
p s e u d o - p r i m e s . Let p > 5 be a p r i m e , and let m = tL, = U V , 
where V is the s e r i e s Vn = 2, V ' = 1, V = V , + V 9 . Hence n 0 1 n n-1 n- 2 
m is compos i te . Also m is odd since the only even Fibonacci num-
b e r s have subsc r ip t s which a r e mul t ip les of 3 and p f- 3. F r o m 
the known expansions 

i ( p _ 1 ) / 2 I p \ 5 k 

k=0 
(3) 

2 
(P"1) / 2

 / p v 

k=0 

it follows, since a l l the binomial coefficients a r e divisible by p, that 
229 
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U = 5 . = e (mod p) 
P P 

V = 1 (mod p) 
P 

Hence m = UL = £ (mod p) and, s ince ' U~ is odd, 2p divides 2p p x ri > 2p c 

m - f , hence U~ divides U . It r e m a i n s to show that 
ep 2p m - £ p 

t ~ € or that m = p (mod 10). Taking (3) modulo 5 we have 

4P~X U V = ( -1 ) P " 1 UU = U0 = p (mod 5), and 
P P 2 P ^P 

since m = U? and p a r e both odd (p f- 3) we have m = p(mod 10) Zp 
or € = € and the r e su l t follows. p m 

xxxxxxxxxxxxxxx 
TWO VERY SPECIAL NUMBERS 

J. A. H. HUNTER 
Toronto, Ontario 

Stimulated by my der iva t ion of the two 17-digit au tomorphic num-
b e r s (Recrea t ional Mathemat ics Magazine, No. 14), Mr . R. A. F a i r b a i r n 
of Willowdale, Ontario, has der ived the two, 100-digit au tomorph ics . 

The labor involved in this t r emendous t ask would de te r m o s t 
en thus ias t s , s ince the r e s u l t s were achieved (and of course checked) 
using no help other than a s imple desk adding machine . 

An automorphic nurnber is dist inguished by having i t s square end 
with the number itself. 

The two 100-digit automorphic n u m b e r s , never before published 
so far a s I know, a r e : 

3, 953, 007, 319, 108, 169, 802, 938, 509, 890, 062, 166, 
509, 580, 863, 811 , 000, 557, 423, 423, 230, 896, 109, 

004, 106, 619, 977, 392, 256, 259, 918, 212, 890, 625 
and 

6, 046, 992, 680, 8 9 1 , 830, 197, 061 , 490, 109, 937, 833, 
490, 419, 136, 188, 999, 442, 576, 576, 769, 103, 890, 

995, 893, 380, 022, 607, 743, 740, 081 , 787, 109, 376 



ELEMENTARY PROBLEMS AND SOLUTIONS ' 

Edited by A.P. HILLMAN 
University of Santa Clara, Santa Clara, California 

Send all communicat ions regard ing E l e m e n t a r y P r o b l e m s and 
Solutions to P r o f e s s o r A. P . Hil lman, Mathemat ics Depar tment , Uni-
v e r s i t y of Santa Clara , Santa Clara , California. Any prob lem be-
lieved to be new in the a r e a of r e c u r r e n t sequences and any new ap -
p roaches to exis t ing p rob lems will be welcomed. The p ropose r should 
submit each p rob lem with solution in legible form, p re fe rab ly typed 
in double spacing with name and a d d r e s s of the p ropose r as a heading. 

Solutions to p rob l ems l is ted below should be submit ted on s e -
p a r a t e signed sheets within two months of publication. 

B - 4 4 Proposed by Douglas Lind, Falls Church, Virginia 

Prove that for every posi t ive in teger k the re a r e no m o r e than 
k k+1 

n Fibonacci n u m b e r s between n and n 
B - 4 5 Proposed by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Let H be the n - th genera l ized Fibonacci number , i . e . , let n 
H, and H~ be a r b i t r a r y and H , = H , , + H for n > 0. Show 1 2 J n+2 n+1 n 

that nHx + ( n - l ) H 2 + (n-2)H3+. . . +Hn = H n + 4 - ( n + 2 ) H 2 - H 1 . 

B - 4 6 Proposed by C.A. Church, Jr., Duke University, Durham, North Carolina 

Evaluate the n - th o rde r de te rminan t 

D = n 

a+b ab 

1 a+b 

0 1 

0 0 

0 0 

ab 0 

a+b ab 

1 a+b 
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B - 4 7 Proposed by Barry Litvack, University of Michigan, Ann Arbor, Michigan 

Prove that for eve ry posi t ive in teger k the re a r e k consecut ive 
Fibonacci n u m b er s each of which is composi te . 

] 3 - 4 g Proposed by H.H. Ferns, University, of Victoria, Victoria, British Columbia, Canada 

Prove that 

r — 1 I r 
I -2 F if r is an even posi t ive in teger 

r ( r - 1 ) / 2 
2 F -2(5) ' if r is an odd posi t ive in teger , 

2 <-2>\>Fk = 
k=i 

where F 10 = F ., + F (F . = F» = 1) and find the cor responding sum n+2 n+1 n 1 2 * & 

in which the F, a r e rep laced by the Lucas n u m b e r s L, . 

B - 4 9 Proposed by Anton Qlaser, Pennsylvania State University, Abington, Pennsylvania 

Let <p r e p r e s e n t the Letter "oh". 
Given that T, W,«£, L, V, P , and TW<£ a r e 
Fivonacci n u m b e r s , solve the c ryp ta r i thm 
in the base 14, introducing the digits 
a> /3 > d > and S in base 14 for 10, 11, 
12, and 13 in base 10. 

TW0 
IS 

THE 
0NLY 
EVEN 

PRIME 

B - 5 0 Proposed by Douglas Lind, Falls Church, Virginia 

Prove that 

j=0 

2 F 2 - ( n ) F . 
J 3 3 

- F 2 . 
n 

B - 5 1 Proposed by Douglas Lind, Falls Church, Virginia 

Let <f> (n) be the Eule r totient and let <f> (n) be defined by 
<f>l(n) = 0 (n), <f> k + 1 ( n ) = <j> [^k(n)] . P rove that 0 n ( F ) = 1, where F 
i s the n - th Fibonacci number . 
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SOLUTIONS 

A PERIODIC R E C U R R E N T S E Q U E N C E 

B - 3 0 Proposed by V.E. Hoggatt, Jr., San Jose State College, San Jose, California 

Find the mil l ionth t e r m of the sequence a given that 

a, = 1 , a-, = 1, and a ,~ = a ., - a for n > 1 1 2 n+2 n+1 n 

Solution by J.A.H. Hunter, Toronto, Ontario, Canada 

It i s s imple to show that a has a per iod of 6, with: 

a 6k+4 = a6k+5 = " 1 ' 
10 = 4(mod 6), hence the mil l ionth t e r m mus t be - 1 . 

Also solved by Charles R. Wall, Texas Christian University, Ft. Worth, Texas; 
John H. Halton, University of Colorado, Boulder, Colorado; J.L. Brown, Jr., 
Pennsylvania State University, State College, Pennsylvania; Vassili Daiev, Sea 
Cliff, L.I., N.Y.; George Ledin, Jr., San Francisco, California; Ronald 
Weinshenk, San Jose State College, San Jose, California; Dermott A. Breault, 
Sylvania—A.R.L., Waltham, Mass.; David E. Zitarelli, Temple University, 
Philadelphia, Pennyslvania; B. Litvack, University of Michigan, Ann Arbor, 
Michigan; and the proposer. 

SUMS OF CONSECUTIVE FIBONACCI NUMBERS 

B - 3 1 Proposed by Douglas Lind, Falls Church, Virginia 

If n is even, show that the suni of Zn consecut ive Fibonacci 
n u m b e r s is divisible by F . 

J n 
Solution by Roseanna Torretto, University of Santa Clara, Santa Clara, California 

Let T be the sum F , , + . . . + F ,., of 2n consecut ive 
a+1 a+2n 

Fibonacci n u m b e r s . Let S = F , + F~ + . . . + F . It is well known 
n 1 2 n that S = F ,~ - 1. Hence n n+2 

a+2n n ~ a+2n+2 a+2 
e 

Since F , - F = L F for p even (see I. D. Ruggles , Some 
q+p q-p q P F && 

Fibonacci Resul t s using Fibonacc i -Type Sequences , this Quar t e r ly , 
Vol. 1, No. 2, p . 77), T = L , , - F as de s i r ed . * r ' a+n+2 n 
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Also solved by J.L. Boriun, Jr., Pennsylvania State University, State College, 
Pennsylvania; B. hitvack, University of Michigan, Ann Arbor, Michigan; John 
H. Halton, University of Colorado, Boulder, Colorado; Charles R. Wall, Texas 
Christian University, Ft. Worth, Texas; and the proposer. 

A C O N G R U E N C E R E L A T I O N 

B - 3 2 Proposed by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Show t h a t n L = F ( m o d 5 ) . n nx ' 

Solution by John Allen Fuchs, University of Santa Clara, California 

I t f o l l o w s f r o m b a s i c r e s u l t s on h o m o g e n e o u s l i n e a r d i f f e r e n c e 

e q u a t i o n s t h a t t he s e q u e n c e Y = n L - F s a t i s f i e s ^ . ^ n n n 

(1) Y , A = 2Y , - + Y , 9 - 2Y , , - Y , 
x ' n+4 n+3 n+2 n+1 n 

2 2 
i . e . , (E - E - 1) Y = 0 w i t h t he o p e r a t o r E de f ined a s i n J a m e s A., 
J e s k e , L i n e a r R e c u r r e n c e R e l a t i o n s — P a r t I, t h i s Q u a r t e r l y , Vo l . 1, 

N o . 2 . The d e s i r e d r e s u l t now fo l l ows by t r i a l fo r n = 1, 2, 3, a n d 4 

a n d m a t h e m a t i c a l i n d u c t i o n u s i n g (1). 

Also solved by John H. Halton, University of Colorado, Boulder' Colorado; 
J.L. Brown, Jr., Pennsylvania Slate University, State College, Pennsylvania; 
Douglas Lind, Falls Church, Virginia; and the proposer. 

T E R M B Y T E R M S U M S 

B - 3 3 Proposed by John A. Fuchs, University of Santa Clara, Santa Clara, California 

L e t u , v , . . „ , w be s e q u e n c e s e a c h s a t i s f y i n g t he s e c o n d n n n ^ J O . 
o r d e r r e c u r r e n c e f o r m u l a 

y , r» = g y • i + n y ( n - i ) > 
J n + 2 & / n + l J n N ' 

w h e r e g a n d h a r e c o n s t a n t s . L e t a, b , . . . , c be c o n s t a n t s . 
Show t h a t 

a u + bv + . . . + cw = 0 n n n 

i s t r u e for a l l p o s i t i v e i n t e g r a l v a l u e s of n if i t i s t r u e fo r n = 1 a n d 

n = 2 . 
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Solution by B. Litvack, University of Michigan, Ann Arbor, Michigan; Jchn H. 
Halton, University of Colorado, Boulder, Colorado; and the proposer. 

S u p p o s e t h a t 

(1) a u + bv + . . . + cw = 0 
n n n 

fo r n = 1 a n d n = 2 . M u l t i p l y i n g the f i r s t c a s e by h a n d the s e c o n d 

by g, w e s e e t h a t 

a h u , + bhv , + . . . + chw = 0 , 

a g u 2 + b g v 2 + . . . + c g w 2 = 0 . 

A d d i n g , w e o b t a i n 

au~ + bv« + . . . + cw» 

s i n c e u , v , . . . , w a i l s a t i s f y n n n J 

y n + 2 = ^ y n + 1 + h y n . 

R e p e a t i n g t h e p r o c e s s ( o r , m o r e f o r m a l l y , u s i n g m a t h e m a t i c a l i n d u c -

t ion) w e v e r i f y t h a t (1) h o l d s for a l l n if i t h o l d s for n = 1 , 2 . 

A l s o s o l v e d 

J A R D E N P R O D U C T S 

Proposed by G.L. Alexanderson, University of Santa Clara, Santa Clara, 
California 

L e t u a n d v be a n y two s e q u e n c e s s a t i s f y i n g t h e s e c o n d -

o r d e r r e c u r r e n c e f o r m u l a 

<x> y n + 2 = *yn+1
 + h v 

w h e r e g a n d h a r e c o n s t a n t s . Show t h a t t h e s e q u e n c e of p r o d u c t s 
w = u v s a t i s f i e s a t h i r d - o r d e r r e c u r r e n c e f o r m u l a n n n 

(2> y n + 3 = a y n + 2 + b y n + l + C y n 

a n d f ind a, b , a n d c a s f u n c t i o n s of g a n d h . 
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Solution by the proposer. 

Let r and s be the roots of the auxiliary polynomial x -gx-h 
of (1). We assume r j> s; the case r = s has the same result. Now 

n, n n. n , . 2.n. . %n, . 2.n 
u n = C l l r + C 1 2 S ' V c 2 1 r + C 2 2 S ' a n d s o V c l ( r ) + c 2 ( r s ) + c 3 ( s ) ' 
Hence the auxiliary polynomial of (2) is 

x -ax -6x-c=(x-r ) (x-rs ) (x-s ) = |_x -(r +s )x+(rs) J (x-rs) = 

[x 2 - (g 2 +2h)x+h 2 ] (x+h)^x3-(g2+h)x2-(g2+h)hx+h3 . 

2 2 3 
Now a=g +h, b=(g +h)h, and c=-h 

Also solved by John H. Halton, University of Colorado, Boulder, Colorado; and 
Charles R. Wall, Texas Christian University, Ft. Worth, Texas. This problem 
is a special case of formulas of D. Jarden, Recurring Sequences, Riveon 
Lematematika, Jerusalem (Israel), 1958, p. 43. 
This problem is a special case of formulas of D. Jarden, Recurring 
Sequences, Riveon Lematematika, Jerusalem (Israel), 1958, p. 43. 

AN ALTERNATING BINOMIAL TRANSFORM 

B - 3 5 Proposed by J. L. Brown, Jr., Pennsylvania State University, University Park, 
* Pennsylvania 

Prove that 

k=l 

for r an odd positive integer and generalize. 

Solution by H. H. Ferns, University of Victoria, Victoria, British Columbia, 
Canada 

We have the Binet formula 

n A n 
q - P F 

where • - . 
1 + v ? , a 1 - V5 

a = - and p = 
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Thus 

1 - a = £ or 1 - /3 = a . 

Now 

r - 1 

k=l 

.•-©^•©(•W-o&rt 
• • • • • <-"'-' G - ' D ^ 1 - ) 

\ | - G > +©«2-G)«3*--+<-1»r~'(,!1>,r"1 

Let r be an odd positive integer. Then 

r-1 

. 2 ( - i ) k © F k = ^ { f ( 1 - a ) r - 1 + a r ] + C l - ( 1 - 0 ) r - ^ r ] / 
k=l 5 

= I - [ J 3 r - 1 + -a r + l - a r - 3 r ] 

= 0 . 

Let r be an even positive integer. Then 

r-1 

= I [ 0 r - 1 - a r + i - a r + $ . r ] 

2 H)kfflFk- I{[(i - )r - i - «rJ + Ci. - a -*)* +0']} 

-2 

-2F 

( ^ ) 
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For Lucas number s it can be shown by analogous methods that 

r-1 

Z m*" (JK • { 
k=l ^ 

if r i s even 

2 - 2L if r i s odd. r 

Also solved by John H. Halton, University of Colorado, Boulder, Colorado; 
Douglas Lind, Falls Church, Virginia; Charles R. Wall, Texas Christinn 
University, Ft. Worth, Texas; and the proposer. 

THE P E L L S E Q U E N C E 
B - 3 6 Proposed by Roseanna Torretto, University of Santa Clara, Santa Clara, 

California 

The sequence 1, 2, 5, 12, 29, 70, . . . is defined by c, = 1, 
c 0 = 2, and c . = 2c ,,. + c for a l l n 2 1. P rove that c_ is an 

2 n+2 n+1 n 5m 
in tegra l mult iple of 29 for a l l posi t ive in t ege r s m . 
Solution by Douglas Lind, Falls Church, Virginia 

Since c_ = 29, the solution follows at once from the m o r e gen-
e r a l fact that for the above defined sequence, 

(1) c | c . x ' m ' nm 

We shal l p rove this m o r e gene ra l a s s e r t i o n following N. N. Vorobyov 
(The Fibonacci Numbers , Heath, 1963). 

We need f i r s t e s tab l i sh that 

( 2 ) Cn+k = C n - l C k + CnCk+l ' 

Proof i s by induction on k. The c a s e s k = 1, k = 2 a r e eas i ly shown 
t r u e . We then a s s u m e (2) t rue for k and k + 1. Hence 

{ 3 ) cn+k = C n - l C k + CnCk+l * 

( 4 ) Cn+k+l = C n- l C k+l + C n C k - 2 ' 

Multiplying (4) by two and adding to (3), we obtain 

Cn+k+2 = C n - l C k+2 + C n°k+3" ' 

complet ing the induction s tep and proving (2). 
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We now prove the genera l a s s e r t i o n (1) by induction using (2). 
(1) is obviously t rue for n = l . Nowassume c is divisible by c , 

nm 3 m9 

n 2l 1 and cons ider c, , , v . By (2), 
(n+l)m J \ t> • 

(n+l)m "" nm-1 m nm m+1 

The f i r s t t e r m on the r ight is divisible by c , and by the induction 
hypothes is so is the las t t e r m . Applying the fundamental t heo rem of 
a r i t h m e t i c , so a l so m u s t be c, I1X . This comple tes the induction 

(n+l)m ^ 
s tep and the proof of (1). 
Also solved by B. Litvack, University of Michigan, Ann Arbor, Michigan; 
Charles R. Wall, Texas Christian University, Ft. Worth, Texas; John H. Halton, 
University of Colorado, Boulder, Colorado; Dermott A. Breault, Sylvania A.R.L., 
Waltham, Mass.; J.A.H. Hunter, Toronto, Ontario, Canada; H.H. Ferns, 
University of Victoria, Victoria, British Columbia, Canada; J.L. Brown, Jr., 
Pennsylvania State University, State College, Pennsylvania; and the proposer. 

HARMONIC DIVISION 
B - 3 7 Proposed by Brother U. Alfred, St. Mary's College, California 

Given a line with a point of or igin O and four posi t ive posi t ions 
A, B, C, and D with r e s p e c t to O. If the line segments OA, OB, OC, 
and OD cor respond respec t ive ly to four consecut ive Fibonacci num-
b e r s F , F , , , F • , F l o , de t e rmine for which set(s) of Fibonacci 

n n+1 n+2 n+3 
n u m b e r s the points A, B, C, and D a r e in s imple ha rmon ic r a t io , i. e. , 

AB AD , 
BC DC ' 

Solution by John H. Halton, University of Colorado, Boulder, Colorado 

O, A, B, C, D a r e five consecut ive points on a l ine, with OA=F , 
OB=F „ , OC=F , , , OD=F ^ . Thus AB=F X l - F =F . , BC=F , n+1 n+2 n+3 n+1 n n-1 n+2 
- F n = F , AD= F ^ . - F = (F ,-, + F ,, ) - (F , 9 - F ,, ) = 2F ,, , n+1 n n+3 n * n+2 n+1 ' x n+2 n+1' n+1 
DC=F 0 - F ^ = - F ^ . Thus AD/DC = -2 , and AB/BC =F , / F . n -2 n+3 n+1 ' n-L n 
If B a n d D divide A and C harmonica l ly , (AB/BC)(AD/DC) = - 1 . That 
i s , F T / F = ^r. This occu r s p r e c i s e l y once, for posi t ive n, when n - 1 ' n 2 * 
n=3, and never for negative n. The only set of points i s the re fore 
that in which OA=F3=2, OB=F4=3, OC=F5=5, OD=F6=8. 
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Ed i to r i a l note. Let R =F , / F . It is weLL known and eas i ly 
n n - 1 ' n ' 

proved that R 2 > R 4 > R, > . . . R > R > R 3 . This shows that the n 
for which R is unique. 

Also solved by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 
and the proposer. 

XXXXXXXXXXXXXXX 

Continued from page 184. 
Moreover , these a r e the d imensions of the cuboid of unit vol-

ume, for ip x 1 x<p 
H 

• 1 _ = 1, 

A 

-1 

S ? ' \ ' 1 
1 I 
1 1 
1 1 
1 1 

T 
'/ 

F 

D 
Fig. 2 

Cer ta in other p r o p e r t i e s of the Golden Cuboid m a y be noted. 
It i s c l ea r from Fig. 2 that the ra t ios of the a r e a s of the faces 
AE:AC:CE = «p:l:«p"l. 
The total surface a r e a of the cuboid is 3( <p + 1 + fP"1) = 6*P 

1. 
a r e : 
2. 
3. Four of the six faces of the cuboid a r e Gold Rectangles , e . g . , 
CE (Fig. 3) 
4. Each of the four diagonals of the cuboid is inclined to the base at 
an angle of 30 °. 
5. The ra t io of the a r e a of the sphere c i r c u m s c r i b i n g the cuboid to 
that of the cuboid is 27r-.3<P. 

One fur ther point i s of i n t e r e s t . 
6. It i s wel l known that, if a square CK i s cut off from the Golden 
Rectangle CE (Fig. 3), the s ides of the remain ing rec tang le LE a r e 
a l so in the ra t io <p:l. And of cou r se the d i ssec t ion m a y be repea ted 
unti l the rec tangle size approaches that of a point, which i s the i n t e r -
sect ion of BF and KE. 

It i s not so wel l known that, if two cuboids of square c r o s s s e c -
tion (<?-•*" x <P~*) a r e cut from the Golden Cuboid (broken l ines , F ig . 2), 
the edge lengths of the remain ing cuboid a r e in the s ame ra t io a s those 
of the or ig ina l cuboid, viz . , 1: V"1: <p~2 = <p:l: <P~^, so that this a l so i s 
a Golden Cuboid, ^p-3 t imes the s ize of the or ig ina l . 

The repet i t ion of the decapitat ion p r o c e s s will lead to an indef-
initely sma l l Golden Cuboid located about a fixed point. The location 
of this point i s left as an e x e r c i s e to# the r e a d e r . 

XXXXXXXXXXXXXXX 


