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It is known [5] that a n e c e s s a r y and sufficient condition for p to 
be p r ime is that for every na tu ra l number n 

(1) Q 5 [ | ] (modp) . 

where Txl denotes the g r e a t e s t in teger l ess than or equal to x. 
Indeed this r e su l t is equivalent to the congruence 

k k 
(1 - x) = 1 - x (mod p) 

as is evident from the genera t ing functions 

00 /nN 
(2) 

a n d 

CL 
lx < 1 (3) ^ I E J x = (1 - x) (1 - x ) 

n=k 
These r e su l t s and some extensions of (1) in a recen t paper [2 ] 

suggest that the re is m o r e than a casual re la t ion between the binomial 
coefficients and the b racke t function. In the p re sen t paper this r e l a -
tion is made evident by exhibiting an expansion of the binomial coef-
ficients in t e r m s of the bracke t function, and converse ly . These ex-
pansions give congruences equivalent to (1), and the expansions a r e a 
specia l case of a genera l invers ion t heo rem. In the cour se of the ana l -
ys i s we obtainnovel r e s u l t s concerning the composi t ions (ordered p a r -
ti t ions) of a na tu ra l number into re la t ive ly p r ime summands . Expan-
sions involving unordered par t i t ions a r e a l so developed. 

"'^Research supported by National Science Foundation Grant GP-482 . 
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242 BINOMIAL COEFFICIENTS, THE BRACKET FUNC- December 

The composi t ions (Zergl iederungen) of n into posi t ive summands 
a r e given as the solution of the Diophantine equation 

(4) & + a z + . . . + a k = n, (a ^ 1) 
whe reas the par t i t ions (Zerfallungen) of n into posi t ive summands 
a r e given by the same equation together with the r e s t r i c t i o n that 

1 < a, <- a 2 <_ . . . < a k . 
Thus the composi t ions of 4 into posit ive summands in all a r e : 

4; 3+1; 1+3; 2+2; 2+1+1; 1+2+1; 1+1+2; 1+1+1 + 1 . 
The par t i t ions a r e : 4; 1+3; 2+2; 1+1+2; 1+1+1+1 . 

Catalan [3] , [4] , [6 , Vol. 2, 114, 126] proved in 1838 tha t the 
equation 

(5) a, + a 0 + . . . + a. = n, (a. ^ 0) 
1 2 k 1 

has ( T_ 1 ) solut ions. He then observed in 1868 that equation (4) 

has (, , ) solut ions . In fact this follows by adding 1 to each summand 
in (5). A d i rec t proof of the enumera t ion is not difficult. Indeed (Cf. 
B a c h m a n n [ l , Vol. 2, 105-7] ; MacMahon [8, Vol. 1, 150-1] ; Riordan 
[ 1 0 , 124]) if C, (n) be the number of composi t ions of n into k p o s -
itive summands , then 

from which the r e su l t is evident. P . Paol i j_6, Vol. 2, 107] ant icipated 
Catalan in 1780. 

We may state this basic r e su l t in the enumera t ive form 

(6) 

a. > 1 
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The s imple identity 

(7) 1 ) = x ck<J> = 2 2
 x • 

j=k j=k a.l + . . . + a k = j 

a. * 1 
1 

With this expansion we a r e now in a posit ion to a s s e r t 
Theorem 1. 

(8) 
; ) 

n 
= 2 

j=k 
[f] 

a. + 

( a j , 

1 2 
• • • + a k = j 

. . . . a k ) = l 
Proof. The expansion is evident from (7). When we r e s t r i c t the solu-
tions of the equation a, + a~ + . . . + a, = j to those which a r e relatively-
p r i m e , it is evident that we may r e s t o r e the equali ty by counting how 
many mul t ip les of j t he re a r e , l ess than or equal to n, and this is 
p r e c i s e l y the meaning of [ n / j ] • 

A s imple example will i l l u s t r a t e . On the one hand, by (7) 

10 
= •£ y 1 = 1+3+6+10+15+21+28+36 = 120 . 

j=3 a x + a 2 + a 3 = j 

a. > 1 I 
However, not al l the par t i t ions of j a r e formed by re la t ive ly p r ime 
i n t e g e r s . These cases a r e 6 = 2 + 2 + 2; 8 = 2 + 2 + 4 = 2 + 4 + 2 = 4 + 2 
+2; 9 •= 3 + 3 + 3; .10 = 2 + 2 + 6 = 2 + 6 + 2 = 6 + 2 P+ 2 = 2 + 4 + 4 = 4 
+ 2 + 4 :* 4 + 4 + 2. Removing the common fac to rs , we could just as 
well have wr i t t en such solutions in the forms 3 = 1 + 1 + 1 ; 4 = 1 + 1 
+ 2 = 1 + 2 + 1 = 2 + 1 + 1 ; 3 = 1 + 1 + 1 ; 5 = 1 + 1 + 3 = 1 + 3 + 1 = 3 + 1 
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+ 1 = 1 + 2 + 2 = 2 + 1 + 2= 2 + 2 + 1, provided that we regroup and 

count multiplicities. This gives 

10̂  

3j 
= 3(1) + 2(3) + 2(6) + (10 - 1) + 15 + (21 - 3) + (28 - 1) + (36 - 6), 

J * a l + a 2 + a 3 = ^ 
(a, , a^, a.,) = 1 

We shall obtain expansion (8) by an entirely different approach 

later in this paper. 

For the sake of completeness we wish to show that Theorem 1 is 

equivalent to the following result due to J. Schroder [ 11]. Schroder 

proved the following Theorem 2. 

(9) L / , 2 i , ^ l ^ z " - - - + a k l " 
x ' (a^ a2, . . . , ak) = 1 . 

1 < a. fn-k+1 

As far as the writer has been able to determine, this is one of 

the very few expansions in the literature of the sort under discussion. 

Schroder proved the formula by an enumeration in k-dimensional space 

and an induction from k to k + 1. As for the equivalence of (9) and 

(8), we have 

2 [a^.". +aj= \ [kTFr] 2 l 

( a , . . . , a k ) = l K l £ j 2 n - k + l a. +. . . +a k=k+j-l 
1 ^ a. j£ n-k+1 (a,, . . . , a, ) = 1 

i v 1 k' 

1 5. j-k+1 1 n-k+lU J a +... +ak = j 

(a1, . . • , a
k ) = 1 

which is our relation (8) and the steps are reversible. 
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In view of Sch rode r ' s approach, it is of i n t e r e s t to make some 
r e m a r k s he re about lat t ice points . By a lat t ice point in k - space is 
meant a point (a , , a ? , . . . , a, ) where the coordinates a. a r e in te-
g e r s . If we view space from the origin (0, . . . , 0) and a s s u m e that 
the p r e sence of a point may block our view of points fur ther out along 
the same ray, then we may speak of visible lat t ice points . In o rde r for 
a point to be a visible lat t ice point it is n e c e s s a r y and sufficient that 
(a , , a~, . . . , a, ) = 1. Thus we may state the theorem of Schroder in 
the form of 
Theorem 3. Let V.(k) = the number of vis ible lat t ice points in k- space, 
seen from the origin, and lying on the hyperplane a, + a~ + . . . + a, 
= j + k - 1. Then 

V . ( k ) , y - j - , T 
J I k + j - 1 

n - 1 

= 1 V M J ^ T ] 

where V.(2) is the number of visible lat t ice points lying en t i re ly within 
the f i r s t quadrant and on the line x + y = j + 1. The success ive values 
of V.(2) (j = 1, 2, . . . ) h e r e a r e 1, 2, 2, 4, 2, 6, 4, 6, 4, 10, . . . 
and we always have in this case V.(2) < j , s ince the line segment in 
quest ion has just this many lat t ice points in a l l . 

In genera l we evidently have the es t ima te 
/j + k - 2 \ 

(11) V.(k) < 
J \ k - 1 

As other examples of Theorem 1 we have 

n E M S ] • ' E ] + ' K ] + » [ r ] t , » B ] + -
m+*m+»»B]+2°[?] + 3"[S]+56B] + ---
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Since the equation a, + a ? + . . . + a, = k, (a. > 1), has the sole 
solution 1 + 1 + . . . + 1 = k, we have from Theorem 1 the (equivalent) 
Coro l la ry 1. 

j=k+l 
where the n u m b e r - t h e o r e t i c function R (j) is defined by 

(13) Rk(j) = ^ 1 
ax + . . . + a k = j 

(a1? . . . , afc) = 1 

and is the number of composi t ions of j into k re la t ive ly p r i m e pos-
itive summands . 

In o rde r to re la te our expansion to congruence (1) we shall now 
study the a r i t hme t i c na ture of the function R, (j). 

F i r s t of all , it is easy to use (2), (8), and (3) in o rde r to develop 
a generat ing function for R (j). Indeed we have 

n k 00 / n \ CO n 

Trfp1 = 2 Lr = * x 2 LfJRk(j) 
( i x} n=kW n = k j=k 

I h!» S [f] »" 
j = k n=j 

*> x j 

2 VJ> 
j = k

 k " ( l - x ) ( l - x J ) 

and the lower summat ion index may be changed to j = 1 since R, (j) = 
0 if j < k. Thus we have es tabl i shed 
Theorem 4. The n u m b e r - t h e o r e t i c function R', (j) is the coefficient 
in the Lamber t s e r i e s 
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or, equivalentiy, 

(15) <£ Rk(j) -*?-. = | Ck(j),xJ . 
j=l ' " X j=k 

It may be of i n t e re s t to compare this r esu l t with the Lamber t 
s e r i e s for the Euler totient function (Cf. Knopp [7, 466-7] ): 

(16) ? «A(j) xJ 

j t i i - xJ (l - x r 

Now [7, 466-7] it is known that the Lamber t s e r i e s 

n 
% a x = » A x n 

n=l n=l 
is equivalent to the re la t ion 

n ^ d 
d | n 

and so we have from (15) that 

(17) Ck(n) = S Rk(d) . 
d | n 

We inver t this expansion by the Mobius invers ion theorem and so find 
Theorem 5. The number of composi t ions (ordered part i t ions) of the 
in teger n into k re la t ive ly p r ime positive summands is given by 

(18) R (n) = 2 C (d)M(n/d) = 2 ( J /* (n/d) -
d | n dIn x 

Therefore we a lso have Theorem 1 in the equivalent form: 
Theorem 6. 

• '• i t s *.C:1>°/d ' • 
j=k d j j x 

We have presen ted what seems a na tura l way to a r r i v e at re la t ion 
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(19), but we now give a very shor t der ivat ion on the bas is of a famous 
formula of E. Meisse l . F i r s t of all we note the genera l l emma 

(20) 2 2 f(d,j) = 2 2 f(d,j) 
j - x d | j d ^ x j - x 

d | j 

2 2 f(d,md) 
d < x m .̂ x /d 

valid for any n u m b e r - t h e o r e t i c function f(d, j) . 
Meisse l (1850 [6, Vol. 1, 441] proved that for al l r ea l x > 1 

(21) 2 [ 5 ] M m ) = 1 • 
m ^ x 

Thus we have 
• x 

and this gives us (more genera l ly than Theorem 6) 
Theorem 7. For any r e a l x ^ 1, and na tura l numbers k - 1, 

(22) = 1 r 5 K (j/d 

The a r i t hme t i ca l na ture of R, (n) is of i n t e re s t and in view of (12) 
the congruence (1) is evidently equivalent to 
Theorem 8. The congruence 

(23) Rk( n ) - ° ( m ° d k ) 

is t rue for al l na tura l number s n - k + 1 if and only if k is p r i m e . 
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Our proof will depend on some elementary results about the bi-
if 

nomial coefficients and the Mobius function. 
Now 

1, n = 1 
(24) 2 p(d) = 

, , (0, n > 1 
d |n v 

Therefore, if p is anyprime which divides each divisor d of n, then 

(1 , m = 1, 
- Ai(n/d)= 1 Mpm/pd') = 2 ^ ( m / d ' ) = < 

\A A I A\\ A\\ ' 0 ' m > !» 
p|d, d|n pd |pm d' |m 

or therefore 

{ 1, n = p 

p |d, d |n 

(25) y fi(n/d) = < 
1 ^ ' (.0, n > p . 

Now it is familiar that 

/d 1\ ( 0 (mod p), p/d , 
(26) ( ' H I 

\P " V I 1 (mod p), p |d , 

and so we have 

(d _ A ( 0 (mod p), for p/d, d !n, i .e . p J/n , 

]A(n/d) £< S /£-(n/d), for pld, d |n, i .e . pjn . 
P " V (d |n 

Thus in any case (p |n or p/n) we have by this and (25) that 

/ d - 1 \ 
(27) £ Mn/d) E 0 (mod p) 

d l n V P - 1 / 

for all integers n ^ p + 1 if p is a prime. 

As for the converse, suppose that R (n) = 0 (mod k) for all 
n - k + 1. Then, in virtue of (17) we should have 
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( 1 (mod k), n h + 1, if k | n , 
C, (n) = < . 

K 1 0 (mod k), n > k + 1, if kjn , 
or , equivalently, 

r-r%-i rv» _ n 
k + 1 

Summing both sides from n = k + l to n = m we should then have 

I J - 1 = |E? | . i ( m o d k) for al l m ^ k + 1 , 

or that is 
' m / m \ 

/ J =• EL j (mod k) for al l m > k + 1 

But this can happen only when k = p r i m e as we know from our or iginal 
congruence (1) for which a s epa ra t e proof is known. 

As a m a t t e r of fact then, congruence (23) is a s imple consequence 
of (1). 

Table of Values of R,(n) 

1 

2 

3 

4 

5 

6 

7 
8 

9 

10 

11 

12 

13 

k 

1 

1 

2 

0 

1 

3 

0 

2 

1 

4 

0 

2 

3 

1 

5 

0 

4 

6 

4 

1 

6 

0 

2 

9 
10 

5 

1 

7 

0 

6 

15 

20 

15 

6 

1 

8 

0 

4 

18 

34 

35 

21 

7 
1 

9 
0 

6 

27 

56 

70 

56 

28 

8 

1 

10 

0 

4 

30 

80 

125 

126 

84 

36 

9 
1 

11 

0 

10 

45 

120 

210 

252 

210 

120 

45 

10 

1 

12 

0 

4 

42 

154 

325 

461 

462 

330 

165 

55 

11 

1 

13. . 

0 I 

12 

66 

220 

495 

792 

924 

792 

495 

220 

66 

12 

1 

. . . n 
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The numbers R, (n) form an in te res t ing modification of the fa-
m i l i a r P a s c a l a r r a y . We have from (18) the modified binomial theorem 
re la t ion 

(28) 2 R k ( n ) x k _ 1 = 2 / i (n/d)(x + l ) d _ 1 . 
k=l d | n 

In pa r t i cu la r , when x = 1 this sum r e p r e s e n t s the total number 
of composi t ions of n into re la t ive ly p r ime summands . These values , 
1, 1, 3, 6, 15, 27, 63, 120, 252, 495, 1023, 2010, 4095, . . . afford 
a check of the table . 

We note a few specia l values of R, (n): 

(29) R j p & ) = - ; s > 1, p = p r ime 

(30) Rk(pq) 

(31) R k (p 2 q) = 
fp q - I 

k - 1 

with s imi l a r formulas for other c a s e s . The expansion always contains 
as even number of binomial coefficients when n ~ 2 since R, (n) = 0 
for n ^ 2. 

It is of i n t e r e s t to t r ans l a t e (18) into t e r m s of Dir ichlet s e r i e s . 
It is eas i ly shown that the formal re la t ion involves Riemann ' s Zeta 
function and is 

(32) 1 C,(n) n" S = £ (s) 2 R,(n) n~ s 

n=1 n=1 

and this a l so follows from (17). 
Having found the expansion (19) of a binomial coefficient in t e r m s 

of the bracke t function, it is na tura l to look for an inve r se expansion. 
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P u t 

j=k J 

Then 
n 

= Ak(n) , 

s ince the inner summat ion is m e r e l y a well-known Kronecker delta . 
Thus an expansion inve r se to (19) is given by 

Theorem 9-

® - 1 (?) s <-"j-d O t a • 
j=k V j / d=k V d / 

Since A, (k) = 1 we have an analogy to (12) 
Coro l la ry 2. 

<*> t a - , - s . VJ> 
n n\ / n 

k /
 j = k + i v J 

where 

05, AkU) - j ,-DJ-1 Q [*] . 
d='k 

For A, (j) we next develop an expansion inve r se to (14). Indeed, 
we have from (35), (2), and (3) 

V « f e V = l <-l>d [I] l 0 ( ^ 00 
2 ~kv 

j=k d=k j=d 

= *-* f Kl ^ rdi x
d

 =
 x 

- \ L k J ' l - x k 

d=k 
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It is evident from (35) that A, (j) = 0 for j < k, so we have 

Theorem 10. The expansion inverse to (14) is 

k 
(36) W A ,;, / * \ " I v> (lis)' - ^ k" 

j=l 

Now it is evident that (14) and (36) imply a pair of orthogonal re-

lations involvingthe functions R, (j) and A, (j). By a routine calcula-

tion we find upon substitution of the one expansion into the other that 

we have 

Theorem 11. The numbers R, (j) and A, (j) satisfy the orthogonality 

relations 
n 

(37) 2 Rk(j)A.(n) = S k 

j=k 
and 

n 

(38) 2 Ak(j)R.(n) = S I • 
j=k 

Thus we have also established a general inversion theorem, of 
which (19) and (33) are special cases. We have 
Theorem 1Z. For any two sequences f(n, k), g(n, k) 

n 

(39) f(n,k) = 2 g(n,j)Rk(j) 

j=k 

if and only if 
n 

(40) g(n, k) = £ f(n,j)Ak(j) , 

j=k 

where R,(j) is given by (18) and A (j) by (35). 

An alternative form of (35) is easily gotten byway of the recurrence 

0 • 0 • Q 
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Indeed we find that 

Ak(n) = 2 (-1) 
j=k 

-J ('-'\ in J P " ̂  
but [j/k] - [(j-l)/k] = 1 or 0 accordingly as k | j or k / j , whence 
Theorem 13. 

(41) Ak(n) = 2 
k < j < n 

k | j 

(-D n - j • / n - l \ 

vj-l, 1 - m - n / k 

n-mk, 

1 

z 
3 

4 

5 

6 

7 

8 

9 
10 

11 

1Z 

13 

1 Z 

1 0 

1 

3 

0 

-Z 

1 

4 
_ _ 

4 

-3 

1 

Ta 

5 

0 

-8 
6 

-4 

1 

ble 

6 

0 

16 

-9 

10 

-5 

1 

of Values 

7 

0 

-32 

9 

-20 

15 

-6 

1 

8 

0 

64 

0 

36 

-35 
21 

-7 

1 

of Ak(n) 

9 

0 

-128 

-27 

-64 

70 

-56 

28 

-8 

1 

10 

0 

256 

81 

120 

-125 

126 

-84 

36 

-9 
1 

11 

0 

-512 

-162 

-240 

200 

-252 

210 

-120 

45 

-10 

1 

12 

0 

1024 

243 

496 

-255 

463 

-462 

330 

-165 

55 

-11 

1 

13. .n 

0 
-2048 

-243 

-952 

275 

-804 

924 

-792 

495 

-220 

66 

-12 

1 

The numbers A, (n) a lso form an in te res t ing modification of the 
P a s c a l a r r a y , and the companion to (28) is 
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n 
(42) 1 AR(n) x k - 1 2 (-1) n-J 

k=l j=l 

When x = 1 we r eca l l that 

J J 

* [fc] k - 1 

k=l 

1 [Q = 2 r ( k ) , where r (k) = £ 1 
k=l 

and so we have 

k=l d k 

255 

n 
S A,(n) = 1 (-1) 

n " J 

k= l j = l 

X r(k) 
k=l 

1 r(k) S (-1) n - j 

k=l J = k 

= • 1 (-1 
k=l 

n - 1 

= 2 (-1) 
k=o 

, n - k n - 1 

k - 1 
f ( k ) 

n - l - k n - 1 
r (k+l) 

This r e su l t is eas i ly inver ted, and we may state these formulas as 
Theorem 1.4. Fo r all in tegers n > 0, and r (k).= number of d iv i so rs 
of k, 

n+1 n 
(43) 1 A. (n+1) = 1 (-1) 

j=l k=0 

n - k r(k+1) = A r(x) 
,k / x, 1 x=l 

and inver se ly 

n , . k+1 ' n\ 
(44) r(n+l) = 2 1 1 2 A.(k+1) 

k=(Ak' j=l 
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The f i r s t few values of the sum (43) a r e 1, 1, - I , 2, - 5 , 13, -33 , 
80, -184, 402, -840, . . . F o r example, we have the following differ-
ence table: 

1 2 2 3 2 4 . . . r (n) 
1 0 1 - 1 2 

-1 1 - 2 3 
2 - 3 5 

-5 8 
13 

The a r i t hme t i ca l na ture of A, (n) is of i n t e r e s t . In view of (34) 
and (1) we evidently have a r e su l t analogous to (23). In fact we have 
Theorem 15. The congruence 

(45) Ak(n) ~ 0 (mod k) 

is t rue for al l na tu ra l number s n ^ k + 1 if and only if k is p r i m e . 
Indeed this congruence follows eas i ly from (1) since we have 

n 
Ak(n) = 2 ( - l ) n ' j 

= 1 (-Dn"J 

j=k 

ft] 
J \ (mod k) for al l n £ k 
, J if and only if k = p r i m e , 

n 
= 8 , E 0 (mod k) for al l n > k + 1. 

We should like next to r e t u r n to re la t ion (28) and give another 
congruence involving R, (n). It is known [6, Vol. 1, 84-86J that 

(46) 2 ii(d) a n / d = 0 (mod n) 
d | n 

for al l in tegers a ^ 1. In fact Gegenbauer showed that 

2 f(d) a n / d 2 
, I = 0 (mod n) whenever , l f(d) = 0 (mod n). 

Gauss proved (46) when a = p r i m e . Thus we have from (28) that 
n , . 

(47) a 1 R,(n) (a-1) = 0 (mod n), (a ^ 1, n > 1) 
k=l k 
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and in pa r t i cu la r this holds for a = Z. Thus the numbers Z, Z, 6, 1Z, 
30, 54, 126, Z40, 504, 990, Z046, 40Z0, 8190, . . . a r e , respec t ive ly , 
divisible by 1, Z, 3, 4, 5, . . . thereby affording a check of the column 
sums in the table of values of R, (n) given previously . 

It should be r e m a r k e d that any formula, s u c h a s (18), which gives 
the number of composi t ions of n into k re la t ive ly p r ime posit ive sum-
mands a l so solves the problem of counting how many composi t ions a r e 
possible when the summands have g rea t e s t common divisor g; for 
c l ea r ly if R1 (n, g) is this number , then 

( 0, gj'n, 
(48> R k < ^ = * 1 = Z , 1 = Rk(n/g),gk 

a 1 + . . 
( a x , . 

2 1 : 
. . +a, = n k 
. . , ak) = g 

V . . 
( b r . 

2 l 
. . + b k = n / g 
. . , b k ) = l 

Thus far we have r e s t r i c t e d out attention to composi t ions . It 
may there fore be of some in t e r e s t to consider the possibi l i ty of expan-
sion of a binomial coefficient in t e r m s of bracket functions and par t i t ions . 
Let 

(49) p(n, k) = 
1 £ b, < b < . . . < b, < n 

1 Z k b, + b 0 + . . . + b, = n 1 Z k 

so that p(n, k) is the number of par t i t ions of n into k posit ive sum-
m a n d s . Consider a typical par t i t ion n = b + . . . + b, . If 1 occurs 
a, t imes , 2 occur s a ? t i m e s , e t c . , then it is well known (e. g. Cf. 
[ 1 , Vol. 2, 10Z]) that we may r e s t a t e (49) in the form 

(50) p(n, k) = X 1 
a7 + Za>, + 3a0 + . . . + na = n 1 Z 3 n 
a, + an + . . . + a = k, a. > 0 1 Z n i 

We r e c a l l that if we form an a r r a n g e m e n t of k m a r k s ( c , c ? c , 
c „ c „ . . . ) , where c. occurs a, t imes , c^ occurs a0 t i m e s , e t c . , 4 3 ' 1 1 Z Z 
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with k = a, + . . . + a , a. > 0, then the total number of dis t inct such 1 . n l 
a r r a n g e m e n t s (permutat ions) which may be formed is enumera ted by 
the express ion 

k! 
a »a ' . . . a ! ' 1 2 n 

This express ion then enumera t e s the composi t ions of n into k 
posit ive summands cor responding to a given par t i t ion n = b, + b ? + . . . 
+ b, . It follows from this that we may change re la t ion (50) into an enum-
era t ion of composi t ions by introducing the above ra t io of fac tor ia ls (in-
stead of jus t counting 1 for each par t i t ion) . Thus we evidently have 
proved 
Theorem 16. For all na tura l numbers n and k 

(51) 

Again we may argue as we did in going from (6) to (7), whence 
we have es tabl ished 
Theorem 17. 

<«> 0= ^ ^ a la l ia . ! " 
W j = k aL + 2a 2 + 3a 3 + . . . + ja = j l 2 J 

a, + a~ + . . . + a. = k, a. > 0 1 2 j I 

We may next apply the same a rgument h e r e which we used to ob-
tain Theorem 1, which is to say that we may r e s t r i c t our at tent ion to 
re la t ive ly p r i m e summands , but have the same total enumera t ion of 
composi t ions , by introducing the bracket function. We evidently have 
Theorem 18. 

X 
a, + 2a? + 3a~ + . . . 
a, + a„ + . . . + a. = 1 2 n 

+ na = n n 
k, a. > 0 

a r : a ' . 
^2 

. . a ! 
n 

(53) 
n 

srni Li J 
j=k 

X k! 
a l * a2* * * a, + 2a~ + 3a~ + . . . + ja . = j 

a, + a~ + . . . + a. = k 
(a1? a2 , . . . , a ) = 1 

. a . ! 
J 
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It follows that the inner sum gives another way of express ing 
R (j), that i s , we conclude that 

(54) R, (n) k! 
K a, . a~ . . . . a . 

a, + 2an + 3a0 + . . . + na = n n 

1 2 3 n a, + a~ + . . . + a = k 1 2 n 
1' ^2 ' " ' * ' a-n ~ 

and of course the a r i t hme t i ca l p rope r t i e s we found for R (n) then ap-
ply to this summat ion a l so . Thus, a lso , in Theorem 12, our main in-
ve r s ion theorem, we have seve ra l ways of express ing the coefficients 
Rk(n) and A ^ n ) . 

Some fur ther consequences of Theorem 1 2 and the other expansions 
in this paper will be p r e sen t ed l a te r . 
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LETTER TO THE EDITOR 
B.G. BAUMGART 
Glencoe, Illinois 

D e a r S i r : 

In t h e a r t i c l e "On t h e P e r i o d i c i t y of t h e L a s t D i g i t s of t h e F i b -
o n a c c i N u m b e r s " Vol . 1 No . 4, i t w a s p r o v e d t h a t fo r n ^ 3 t he n - t h 
d i g i t ( f r o m the r i g h t ) h a d a p e r i o d of l „ 5 * 1 0 n t h u s a c c o u n t i n g for t h e 
o b s e r v a t i o n m a d e a t t h e U n i v e r s i t y of A l a s k a on a n I B M 1620; t h a t t h e 
l a s t F i b o n a c c i d i g i t c y c l e s e v e r y 60 n u m b e r s ; t he s e c o n d to l a s t d i g i t , 
e v e r y 300 n u m b e r s ; t h e t h i r d , e v e r y 1500; t h e f o u r t h , 15000; t h e fifth, 
150000 . 

I , too , h a v e o b s e r v e d t h e p e r i o d i c i t y of t h e l a s t F i b o n a c c i d i g i t s on 
a n I B M 709 a t N o r t h w e s t e r n U n i v e r s i t y ( b e f o r e d i s c o v e r i n g t h e F i b o n a c c i 
Q u a r t e r l y ) . H o w e v e r , I a l s o c o n s i d e r e d t h e s o c a l l e d : 

T r i b o n a c c i S e r i e s 

1, 1, 1, 3 , 5, 9, 17, 3 1 , 5 7 , 105 , 193 , 355 , 6 5 3 , 1 2 0 1 , 2209 , 4 0 6 3 , 7 4 7 3 . . . 
a n d found t h a t i t s l a s t d i g i t r e p e a t s e v e r y 31 n u m b e r s , i t s s e c o n d to 
l a s t d i g i t r e p e a t s e v e r y 620 n u m b e r s a n d i t s t h i r d t o l a s t d i g i t r e p e a t s 
e v e r y 6200 n u m b e r s ; 

T e t r a n a c c i S e r i e s 

1, 1, 1, 1, 4 , 7, 13 , 25 , 49 , 94, 1 8 1 , 349 , 6 7 3 , 1297 , 2500 , 4819 , 9 2 8 9 . . . 
a n d found t h a t t h e last: d i g i t r e p e a t s e v e r y 1560 n u m b e r s a s d o e s t h e 
s e c o n d to t h e l a s t d i g i t . T h a t i s t h e p e r i o d of t h e l a s t a n d t h e s e c o n d to 
the l a s t i s t h e s a m e , T h e p e r i o d of t he t h i r d to l a s t d i g i t i s 7800 a n d I 
b e l i e v e t h e p e r i o d of t h e f o u r t h to l a s t d i g i t i s a l s o 7800 bu t I c a n no t 
s a y fo r s u r e w i t h m y p r e s e n t r e s u l t s (I got a l l m y d a t a f r o m one p r o g r a m 
w h i c h t r u n c a t e d a t t h e f o u r t h d ig i t , a t the t i m e I w a s on ly t h i n k i n g a b o u t 
t h e v e r y l a s t d i g i t . H o w e v e r , i t w i l l be e a s y t o find ou t a n d I s h a l l do 
s o w h e n I g e t a c h a n c e . A c t u a l l y , t h i s s o r t of p r o b l e m i s a p r o g r a m -
m e r ' s d r e a m , b e c a u s e one m a y l o s e t he m o s t s i g n i f i c a n t p a r t of h i s 
c a l c u l a t i o n s w i t h i m p u n i t y . ) 

P e n t a n a c c i S e r i e s 
1, 1 , 1 , 1, 1, 5, 9, 17, 33 , 65 , 129, 2 5 3 , 497 , 977 , 1 9 2 1 , 3777 , 7425 , 1 4 5 9 7 . . . 

( C o n t i n u e d on p a g e 3 0 2 . ) 
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VERNER E. HOGGATT, JR. and MARJORIE BICKNELL 

San Jose State College, San Jose, California 

In t h i s p a p e r , m a t r i x m e t h o d s a r e u s e d to d e r i v e s o m e new-

f o u r t h p o w e r F i b o n a c c i i d e n t i t i e s . We le t S be t h e 5X5 m a t r i x w h i c h 

c o n t a i n s t he f i r s t f ive r o w s of P a s c a l . ' s t r i a n g l e b e n e a t h a n d on i t s 

s e c o n d a r y d i a g o n a l ; t h a t i s , 

0 0 0 0 1 

0 0 0 1 4 

0 0 1 3 6 

0 1 2 3 4 

1 1 1 1 1 

T h e r i g h t c o l u m n e l e m e n t s of S = ( s . . ) a r e g i v e n by 

'15 \i-lJ n n+1 i - 1, 2, . . . , 5. 

P r o o f i s by i n d u c t i o n . O b v i o u s l y , S h a s t h i s f o r m . S ince 

s n + 1 = (t..) = ss 1 1 , 

by d e f i n i t i o n of m a t r i x m u l t i p l i c a t i o n , 

t - F 4 
r l 5 n+1 ' 

t , c = 4 F 4 + 4 F F 3 
25 n+1 n n+1 4 F F 

n+1 n+2 ' 

tQ C = 6 F 4 + 1 2 F F 3 + 6 F 2 F 2 = 6 F 2 ( F 2 + 2 F F , , + F 2 ) 35 n+1 n n+1 n n+1 n+1 n+1 n n+1 n 

= 6 F 2 , F 2 , n+1 n+2 

t . K = 4 F 4 , . + 1 2 F F 3 + 1 2 F 2 F 2 , , + 4 F 3 F 45 n+1 n n+1 n n+I n n+1 

= 4 F , , ( F 3 , . + 3 F 2 , , F + 3 F , , F 2 + F 3 ) n+1 n+1 n+1 n n+1 n n 
4 4 t - - = ( F + F , . ) * = F , 9 . 55 n n+1 n+2 

4 F F , 
n+1 n+2 

261 
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Since only the recursion relation of the Fibonacci sequence was 

used above, we have almost immediately a matrix identity for general-

ized Fibonacci numbers. Let u be the nth member of the general-
n to 

ized Fibonacci sequence defined by u, = a, un = b, and u , , = u + u , . ^ J 1 2 n+1 n n-1 
Let U = (a..) be the column matrix defined by 

11 W ' 2 
By our earlier proof, we can write 

4 
Ul 

4 u l u 2 
, 2 2 
6 u l U 2 

3 
4 u l u 2 

5-i i-1 . , _ u, U~> , I = 1, 2, 

snu = sn 

L 

n+1 

4u , ,u i0 n+1 n+2 
, Z 2 6u u 

n+1 n+2 

4u -u 9 
n+1 n+2 

n+2 

U n+1 

By the Cayley-Hamilton Theorem, S must satisfy the matrix 

equation 

(1) Sn(S5 - 5S4 - 15S3 + 15S2 + 5S - I) = 0 . 

Consideration of Equation (1) leads us to the matrix equation 

( ! ' ) U ± c - 5U ^A - 15U , . + 15U ± 7 + 5 U x l - U = 0 n+5 n+4 n+3 n+2 n+1 n 

1 
where U is defined as the matrix S U. Since the elements in the n 
first rows of the matrices of Equation (!') must also satisfy the re-
cursion relation of (I1), we have the identity 

n+5 
4 4 4 4 

5(u ,A + 3u , Q - 3u , Q - u , , ) x n+4 n+3 n+2 n+1' 

Equation (1) can be rewritten as 

(S - I)5 = 25S2(S - I) . 

It can easily be shown by induction that 



1964 FROM PASCAL'S TRIANGLE 263 

( S - I ) 4 n + 1 = 2 5 n S 2 n ( S - I ) . 

We plan to invest igate 

(2) (S - I ) 4 n + 1 = 2 5 n S2 n(S - I) , 

(3) (S - i ) 4 n + 2 = Z5n S2 n(S - I ) 2 , 

(4) (S - i ) 4 n + 3
 = 2 5 n S2 n(S - I ) 3 , 

(5) (S - i ) 4 n + 4 = 2 5 n S2 n(S - I ) 4 , 

F r o m Equation (2), 

4n+l / 4 +]v 

S j ( S - I ) 4 n + 1 = 2 {~l)i l ) ^ = 2 5 n S2 n +J(S - I) . 
i=0 ^ i I 

Thus, equating e lements in the upper r ight co rne r of these m a t r i c e s , 

4 n + 1 /4 +l\ 
<2'> I ("1>i n Ff+j = 2 5 n < F L j + l - F2n+ j> = A j • 

i=0 

Similar ly , from Equations (3), (4), and (5), we obtain 

<3'> 2 ^ ^ ^ U = 2 5 n ( F 2n + j + 2- 2 F L + j + l + F L + j ) 
i=0 \ i / 

= A j + 1 - A. , 

J ^ 3 i / 4 n + 3 \ 4 n 4 4 4 4 , 
(4') 2 ^ H . F i + j = 2 5 ( F 2 n + j + 3 - 3 F 2 n + j + 2 + 3 F 2 n + j + l - F 2 n + j ) 

i-n \ 1 / i=0 

4n+4 
J+2 J+l J 

(5') Y ( - W 4 n + 4 W 4 = *5n(F4 -4F4 +6F4 

V> 2L ( M . / i+j * 2n+j+4 **2n+j+3 *2n+j+2 
i=0 \ 1 / 

4 4 
- 4F + F ) 

r 2n+j+l 2n+j; j+3 j+2 j+ l j 
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But, also from (2), 

/4n+5\ 4 4 4 

2 ^ H . F
1 + j = 2 5 <F2n+j+3 " F 2 n + j + 2 ) = 28,A. 

-i-n \ 1 / i=0 

so that we have the recursion relation 

(6) A. , A - 4A._L. + 6A. , 9 - 4A. , , + A. = 25 A. , 7 . 
v J+4 j+3 j+2 j+1 j j+2 

By use of well-known Fibonacci identities, we can rewrite Equa-

tions (2') and (4?) respectively to yield the following: 

4n+l ,. , -v 
. /4n+l\ 4 

2- ( _ 1 ) I „ ) Fi+j = 2 5 F2n+j-lF2n+j+2F2(2n+j)+l ' 
i=0 X X ' 

4 n + 3 . /4n+3 

i=0 X x 

Z (-1)M F4, . = 25n L7 , .L7 , . ,oF 
\ . / i+i 2n+i 2n+i+3 

i+j 2n+j 2n+j+3 2(2n+j)+3 

Equating elements in the first row of the column matrices formed by 

multiplying Equations (2) and (4) on the right by the matrix U, and 

taking u, = 1, u? = 3, we can rewrite Equations (2') and (41) to yield 

the identities 

4n+l 

i=0 
and 

4n+3 

K7 i / 4 n + I \ 4 
Z (-1) ( . L i + r 2 5 < 5 L 2n + j - l L 2n + j + 2 F 2(2n + j ) + l ' 

. /4n+3\ 4 

v ' \ • / i+j v 2n+j 2n+j+3 2(2n+j)+3' 
i=0 A 7 

for fourth powers of members of the Lucas sequence \L I . 

Returning to the recursion relation of Equation (6), we define 

4 4 4 4 4 G(j) = F , . ^ - 4F 1 1 ± , - 1 9 F \ . ^ - 4F ± . x l + F _,_. . w / n+j+4 n+j+3 n+j+2 n+j+1 n+j 

By (6), 
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25n(G(j+l) - G(j)) = A j + 4 - 4 A j + 3 - 19A j + 2 - 4A j + 1 + A. = 0 . 

Thus, G(j+1) - G(j) = 0, so that G(j) is a constant . Taking n = j = 0, 
G(j) = -6 , leading to an identi ty given by Zeitl in in [ l ] . If we redefine 
G(j) by replacing the Fibonacci numbers by the cor responding Lucas 
n u m b e r s , we find that G(j) = -150. Fu r the r , if we rep lace m e m b e r s 
of the Fibonacci sequence by the cor responding genera l ized Fibonacci 

2 
number , we obtain G(j) = -6D , where D is the c h a r a c t e r i s t i c of 
the sequence, 

D = U2 " U l " U1U2 " 

(See [2j and [3J for p r o p e r t i e s of the c h a r a c t e r i s t i c of F ibonacci - type 
sequences . ) 

Finally, we der ive another p rope r ty of the c h a r a c t e r i s t i c of a 
sequence. It is well-known that F 0 .«, = 3F~ ., - F 0 , and that ^ ? ? 2n+3 2n+l 2n- l 
F , ,T = F ,. + F . Define 2n+l n+1 n 

G(n) n+1 3F^ + F^ . n n-1 

Then, 

G(n+1) + G(n) F - 3F + F 
* 2n+3 -^2n+l * 2 n - l 

= 0 

so that G(n) - 1 ) 2 . That i s , 

( - D n 2 = F 2 
n+1 

3 F 2 + F 2 . n n-1 

For genera l ized Fibonacci number s , it can be shown by induc-
tion that 

R n U 

0 

0 

1 

0 

1 

1 

1 

2 

1 

n 2 
U l 

2 u l u 2 
2 

L u2 J 

n+1 
2u , , u 

n+1 n+2 

n+2 

The 3X3 m a t r i x R given above has been d i scussed in an e a r l i e r 
a r t i c l e [4] . F r o m the c h a r a c t e r i s t i c equation of R, we obtain 
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2 2 2 , 2 n u . 0 - Zu I O - Zu , , + u = 0 . n+3 n+Z n+1 n 

Rewri t ing and defining H(n), 

H(n) .= u , 9 - 3u , , + u = -u . „ ~ u ., + 3u . 0 = - H(n+1) . n+2 n+1 n n+3 n+1 n+2 v ' 

Thus, 

H(n) = ( - l A u * - 3 u l + u 0 ) = ( " 1 ) n 2 ( u 2 - u i " u i u 2 ^ = ( " 1 ) n + 1 2 D • 

where D is the c h a r a c t e r i s t i c of the sequence. That i s , 

. , > n l n 2 2 , 2 (-1) 2D = u ,, - 3u + u , n+1 n n~l 
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The Fibonacci sequence is defined r e c u r s i v e l y by the re la t ion-
ship F , = F + F . for n > 1, while Fn = F , = 1. The two mos t 

r n+1 n n-1 - 0 1 
common p rocedure s for express ing F as an explicit function of n 
a r e , r a t he r natura l ly , "finite" in na tu re . The f i rs t of these methods 
employs the pr inciple of finite induction, while the second involves 
the solution of a s imple finite difference equation. In the p r e sen t paper 
I wish to make an analytic a t tack on the problem employing in pa r t i cu -
lar the theory of r e s i d u e s . The use of such powerful weapons to solve 
such a s imple problem may seem r a the r absurd , but I am hopeful that 
the paper may se rve as an e l emen ta ry example of the analytic tech-
niques which have been employed so successful ly in at tacking very 
deep and difficult quest ions in the theory of numbers-. 

As is well known, the generat ing function of the Fibonacci num-
be r s is given by 

f(z) = l / ( l - z - z 2 ) =" £ F
n

z I 1 • 
n=0 

If we cons ider z to be a complex var iab le then f(z) is an analytic 
function whose only s ingular i t i es a r e s imple poles at the points 

r = (-1 +v1f)/2 and s = (-1 - Vlf)/2 . 
r and s, of cou r se , a r e the roots of the equation z^ + z - 1 = 0 . By 
Cauchy 's in tegra l theorem we have 

F = f(n)(0)/n! = * f 
n v " 2 TTI J 

f(z)dz 
n n+T C z 

where C is the c i r c l e |z | = 1/2. If \ is any c i r c l e with center at 
the or igin and radius g r e a t e r than | s ] then by Cauchy's res idue theorem 

(1) F = * f ^ # - (R,+R 7 ) 
x ' n 2 7r i J p n+1 1 2' 

267 
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F O R F n 

w h e r e R and R a r e the r e s i d u e s of f ( z ) / z a t t h e p o l e s r a n d 

s r e s p e c t i v e l y . 

Now 

R = l i m ( z - r ) f ( z ) / z n + 1 = l i s - r ) r n + 1 ) , 
z —4 r \ 7 
z —^ r 

a n d 

R 2 = l i m ( z - s ) f ( z ) / z n + i = -l/L-r)sn+l) . 

S i n c e r s = - 1 a n d r - s = V^5 we h a v e a f t e r s i m p l i f i c a t i o n 

(2) - ( R 1 + R 2 ) 1 (l + ^ 

V5 

n+1 1 _ v/f ^ n + 1 

If I i s t h e c i r c l e | z | = S t h e n , s i n c e onf""1 | f(z) | = —^ , 
, S - S - l 

w e h a v e 

(3) 
IT 1 «^-v 

f (z)dz 
2 7r i J—> n+1 

! " z 

2 TTS 

2 * S n + 1 ( S 2 - S - l ) S n ( S Z - S - l ) 

S i n c e S m a y be t a k e n a r b i t r a r i l y l a r g e we c o n c l u d e f r o m (1), 
(2), and (3) t h a t 

1 l ( \ + ^5 
n ^j 

n+1 1 - V 5 - W 1 

E d i t o r i a l No te : S i n c e r s = - 1 , t h e n 

r - ( n + l ) = , _ c X n+l 
a n d 

- (n+1) 
s v ' 

w h e r e 

/ \ n + 1 

1+ / i f 1 - / 5 * 
. s = — = — a n d - r = — « — 

XXXXXXXXXXXXXXX 



CONTINUED FRACTIONS OF FIBONACCI AND LUCAS RATIOS 
BROTHER U. ALFRED 

St. Mary's College, California 

The purpose of this a r t i c l e is to lay the groundwork for continued 
fract ion r ep re sen ta t i ons of Fibonacci and Lucas r a t i o s . We a s s u m e 
the genera l theory of such f ract ions to be known and re fe r the unfa-
m i l i a r or ru s ty r e a d e r to the ve ry readable work of C. D. Olds [ l ] . 
This p a p e r w i l l deal with ra t ios in which the Fibonacci and Lucas num-
b e r s en ter l inear ly since such r e su l t s a r e the s imples t and mos t funda-
menta l , being n e c e s s a r y for m o r e advanced developments . 

1. THE RATIO F / F 
n' n -a 

Two ca s e s may be dis t inguished depending on whether a is odd 
or even. 
Case 1. a = 2k-1 

F n / n - 2 k + l = L 2 k - 1 + F n - 4 k + 2 / F n - 2 k + l 

This devolves from the re la t ion: 

F n ~ F n - 4 k + 2 = L 2 k - 1 F n - 2 k + l 

The next pa r t i a l quotient r e s u l t s from the r e c i p r o c a l of the fract ion 
F ,. , J F 01 ,, and hence is again L01 . . Thus for odd a, al l n-4k+2/ n-2k+l ° 2k-1 
the pa r t i a l quotients a r e L 7 , , , the t e rmina t ion depending on the value 
of n modulo 2 k - 1 . 
Example . F j - . / F . . There will be six pa r t i a l quotients L (29) af ter 
which the re will be a r e m a i n d e r F c / F i o - T h i s l a t t e r g i v e s pa r t i a l 
quotients 28, 1, 4. Thus 

F 5 4 / F 4 7 = ( 2 9 6 ' 2 8 ' 1 ' 4 ) ' 

where the subscr ip t 6 adjacent to 29 indicates the number of t imes 29 
appea r s as a pa r t i a l quotient. 
Case 2. a = 2k 

It can be shown that 
269 
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Then 

F /F ? , = L-, - 1 + Fn~2k - Fn-4k 
ir n-Zk 2k F n l 

n-2k 

Fn-2k _ Fn-4k 
F - F F - F 

n-2k n-4k n-2k n-4k 

Next 

Fn-2k " Fn-4k . ' , Fn-4k " Fn-6k 
F A. L 2 k " L + — F - — r — 

n-4k. n-4k 
Thus, there is a repeating pattern. The first partial quotient is L ? , - l ; 

this is followed by (1, L?,-2) as a repeated pattern, the remainder 

after r such partial quotient pairs being 

Fn-2(r+l)k " Fn-2(r+2)k 
Fn-2(r+l)k 

Example. E4n/F~~ has a first partial quotient of LQ-1 = 46 followed 

by three sets (1, 45) and a remainder 

F - F *8 0 

Thus 

F40/ F32 = C 4 6 » ll>45)3> XJ 

which could also be represented [46, (1, 45)?, 1, 46J 

2. THE RATIO L /F 
n n-a 

Case 1. a odd 

F - L 9 
L / F = 5F - 1 + - 2 - * ? ™ 

n' n-a a F 
n-a 

where the relation 5F F = L + L _ has been used in arriving 
a n-a n n-2a to 

at this result. 
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Then 

F L o 
n - a , n-Za 

271 

F - L ' F - L 0 
n - a n-Za n -a n-Za 

Next 

F - L 9 L „ - F Q 
n -a n-Za ~ n-Za n-3a 

L-i ~ a LJ ~, 

n-Za n-Za 
where the re la t ion F L n = F + F 0 has been employed. 

a n-Za n -a n - i a r 7 

Then 
L 9 F -

n~Za - 1 . n -3a 

Fina l ly 

L 0 - F ^ L „ - F ~ 
n-Za n - i a n-Za n-3a 

L -» - F 0 l f 0 - L y l 
n-Za n - i a r „ 0 . n - i a n -4a 

= 5 F - Z + "F ~ a F Q 
n - i a n - i a 

The form of the r ema inde r is the same as that of the f i rs t r e m a i n d e r 
so that a cycle has been completed. In summary , the f i rs t t e r m is 
5F - I ; the cycle that is repea ted is 1, F -Z, 1, 5F -Z; the r e m a i n d e r a a a 
after r cycles i s : 

n- (Zr+l )a n-(Zr+Z)a 
F n - ( Z r + l ) a 

Example . 

L 8 6 / F ? 9 = [64, (1, 11, 1, 63)5 , 1,10,3] 

The ver i f icat ion of this development is shown below. 
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0 
1 

64 64 
65 

1 779 
844 

63 53951 
547 95 

1 6 56696 
7 11491 

63 454 80629 
461 92120 

1 5535 93949 
5997 86069 

63 3 83401 16296 
3 89399 02365 

1 46 66790 42311 
50 56189 44676 

63 3232 06725 56899 
3282 62915 01575 

1 39340 98790 74224 
42623 61705 75799 

63 27 24628 86253 49561 
27 67252 47959 25360 

0 303 97153 65846 03161 
939 58713 45497 34843 

L86 

1 
0 
1 
1 
12 
13 
831 
844 
10115 
10959 
7 00532 
7 11491 
85 26933 
92 38424 
5905 47645 
5997 86069 
71881 94404 
77879 80473 
49 78309 64203 
50 56189 44676 
605 96393 55639 
656 52583 00315 
41967 09122 75484 
42623 61705 75799 
4 68203 26180 33474 
14 47233 40246 76221 

F *79 
Case 2. 

L / F ir n - a 
L 

5F + a 
'n-2a 

where the re la t ion 5F F = L - L ~, has been used in the t r ans -
a n -a n n-Za 

format ion. Then 
F F 

n -a -̂  . n -3a 
- = F + 

L a L n -2a n-2a 
by vi r tue of the re la t ion F L n = F - F 0 . Thus the pa t t e rn is 

J a n-2a n-a n-3a 
(5F , F ) a a r 

with a r e m a i n d e r after r per iods of 

n - (2 r+ l ) a 
n - 2 r a 
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E x a m p l e . L / F _ = ( 5 F , F ) . w i t h a r e m a i n d e r of F / L ] - . 
T h u s 

L 7 9 / F ? 1 = [ (105, 2 1 ) 4 , 1 0 4 , 1 , 1 2 ] 

3 . T H E R A T I O F / L 
n ' n - a 

T h e a l g e b r a i s q u i t e s i m i l a r to t h a t in t he c a s e of L / F SO 
n ' n - a 

t h a t on ly t h e f i na l r e s u l t s w i l l be g i v e n . If a i s e v e n , t h e p a r t i a l 
q u o t i e n t s a r e g i v e n by 

( F , 5 F ) 
a a r 

w i t h a r e m a i n d e r of 

L n - ( 2 r + l ) a 

n - 2 r a 

If a i s odd, t h e r e i s a f i r s t p a r t i a l q u o t i e n t of F -1 fo l l owed by 

c y c l e s 

( 1 , 5 F a - 2 , 1, F a - 2 ) r 

w i t h a r e m a i n d e r of 

L n - ( 2 r + l ) a F n - ( 2 r + 2 ) a 
L n - ( 2 r + l ) a 

4 . T H E R A T I O L / L 
n ' n - a 

C a s e 1. a e v e n 

L / L . . = L - . - 1 + L " - 2 k ' L n - 4 k 
n ' n - 2 k 2k L._ n - 2 k 

t h e r e l a t i o n L - L 9 1 L 9 1 = - L ,, b e i n g u s e d in t he t r a n s f o r m a t i o n . 
n Zlc n— £KL n—TCJK 

T h e n 

n - 2 k - n - 4 k 
Ln-2k " Ln-4k Ln-2k " Ln-4k 

and L - L L L 
n-2k n-4k _ T ~ n-4k n-6k _ _ 2k £ — 

n-4k n-4k 
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Hence the pa t t e rn i s : L^, - 1 , (1, L-, ""2) with a r e m a i n d e r 

L n - 2 ( r + l ) k " L n -2( r+2)k 

Case 2. a odd 

L n - 2 ( r + l ) k 

n _ T + n-4k+2 
L n - 2 k + l 2 k " 1 L n - 2 k + l 

Thus the p r o c e s s is a repeat ing one, the r e m a i n d e r after r pa r t i a l 
quotients being 

L n - ( r + l ) ( 2 k - l ) 
L n - r ( 2 k - l ) 

5. GENERAL FIBONACCI SEQUENCE 

Let the sequence be taken in the s tandard form |_2j in which 

f = a, £? = b, a < b /2 

Then 

so that 

If k is odd, 

so that 

f = F , b + F „a n n -1 n-Z 

f F _b + F 0 a 
n n -1 n-Z f . F . . b + F 7 , a 

n -k n - l - k n -Z-k 

F / F . = L. + F 91 / F . n ' n -k k n-Zk' n -k 

f (F . - L. F . , )b + (F 7 - F L J a 
n , , n -1 k n - l - k n-Z n -Z-k k L, + f . k ' b F T , + a F ' 

n -k n - l - k n -Z-k 

- T + n " 2 k 

' L k + T n - k 
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Hence, t he r e i s a s e r i e s of pa r t i a l quotients (L, ) with a r e m a i n d e r 
K. r 

f n - ( r + l ) k 
f , n - r k 

Example . Using the s e r i e s (1, 4), 

f, / f = (L ) with a r e m a i n d e r f//f] o = 23/665 

Thus 

f62/f55 = I<29V 28> l>l6\ 
If k is even, 

f /f = L, - 1 +
f n - k " f n - 2 k 

n ' n - k 

Then 
n - k 

f v f 9V 
n-k _ , , n-Zk f ~£ ~ f Z~J 

n-k n-2k n -k n-2k 
f - f f -f 
n - k n-2k T -> • n-2k n-3k 

— r - — L k - * +• r n-2k n-2k 

so that the pa t t e rn is 

with a r e m a i n d e r 

L k - 1 , (1, L k - 2 ) r 

f n - ( r + l ) k " fn-( r+2)k 
f n - ( r + l ) k 

Example . ^03/^03 in the (1,4) s e r i e s . 

V f 8 3 =l122' <1'121)7] 

with a r e m a i n d e r 
f13 - f3 
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the la t te r yielding pa r t i a l quotients 1, 132. Thus 

WfS3 = [X22j (l>lZlh> l' 1 3 2 ] 
The verif icat ion of this expansion is shown below. 

122 
1 
121 
1 
121 
1 
121 
1 
121 
1 
121 
1 
121 
1 
121 
1 
132 

0 
1 
122 
123 
15005 
15128 
18 45493 
18 60621 
2269 80634 
2288 41255 
2 79167 72489 
2 81456 13744 
343 35360 35513 
346 16816 49257 
42229 70155 95610 
42575 86972 44867 
51 93909 93822 24517 
52 36485 80794 69384 
696410036 58721 83205 

1 
0 
1 
1 
122 
123 
15005 
15128 
18 45493 
18 60621 
2269 80634 
2288 41255 
2 79167 72489 
2 81456 13744 
343 35360 35513 
346 16816.49257 
42229 70155 95610 
42575 86972 44867 
56 62244 50519 18054 

Since fQ~ and f both have a factor of 5, these final quant i t ies dif-
fer from them by this factor . 

CONCLUSION 

The continued fract ion developments of the Fibonacci and Lucas 
ra t ios featured in this a r t i c l e a r e not only of i n t e r e s t in t hemse lves by 
the i r ma thema t i ca l p a t t e r n s . They provide a ready m e a n s of r ecog -
nizing Fibonacci and Lucas ra t ios that a r i s e in a t tempt ing to formula te 
laws for the continued fract ion developments of non- l inear r e l a t ions . 
This wider field offers many a challenge to the s e a r c h e r after addit ional 
re la t ions cha rac t e r i z ing the Fibonacci sequences . 
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A GENERALIZATION OF FIBONACCI NUMBERS 
V .C. HARRIS and CAROLYN C. STYLES 

San Diego State Col lege and San Diego Mesa Col lege, 
San Diego, Cal i fornia 

1. INTRODUCTION 

P r e s e n t e d h e r e is a genera l iza t ion of Fibonacci number s which 
is in t imate ly connected with the a r i thmet i c t r i ang le . It at once goes 
beyond and falls shor t of other genera l i za t ions . In section 2 the num-
be r s a r e defined and denoted by u(n; p, q) where p is a non-negat ive 
in teger and q is a posit ive in teger . The c h a r a c t e r i s t i c equation is 
shown to be 

(1 . 1) xP(x - l ) q - 1 = 0. 

The number s a r e r e p r e s e n t e d in the usual manner in t e r m s of powers 
of roots of the equation and ce r t a in ini t ial condit ions. In sect ion 3 c e r -
tain sums and p rope r t i e s involving sums a r e developed and in sect ion 
4 the re is made a beginning in the study of divisibi l i ty p r o p e r t i e s . 

The genera l iza t ion made h e r e may be compared with c h a r a c t e r -
i s t ic equations obtained in other genera l iza t ions : 

by Dickinson [2 J , x - x - 1 = 0 (a, c in tegers ) 

by Miles [4] , x - x - . . . - x - 1 = 0 (k in tegra l , ^ 2) 
r- -] r "t" 1 r >> 

by Raab [5 J , x - ax - b = 0 (a, b rea l ; r in tegra l , ^ 1) 
+1 n 

by Fe inberg [-8] , x - 2 x = 0, var ious posit ive in te-
i=0 gra l values of u, n. 

Genera l iza t ions by Basin [ l ] and Horadam [3J involve a l te r ing only the 
ini t ial conditions of the Fibonacci sequence. 

The number s studied he re a r e special ca ses of sums defined in 
Netto |_6J and Dickinson [2J and thei r definition and re la t ion to the a r i t h -
met ic t r iangle appear in Hochster |_7j . 

2. THE NUMBERS u(n; p, q) 

Let p and q be in tegers with p = 0 and q > 0. Then by defi-
nition the n- th genera l ized Fibonacci number of step p, q is 

277 
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n 

L'p+qJ 
(2. 1) u(n; p, q) = 1 fr 7 ̂  P \ , n > 1, u(0; p, q) = 1 

Here [x] denotes the g rea t e s t in teger z x. In pa r t i cu la r , 

u ( n - l ; 1, 1) = f (the n- th Fibonacci number) , n = 1, 2, . . . 

u(n; 0, 1) = 2 n 

When the definition is re la ted to the a r i thme t i c t r iangle one sees that 
u(n; p, q) is the sum of the t e r m in the f i r s t column and the n- th row 
(counting the top row as the z e r o - t h row) and the t e r m s obtained s t a r t -
ing from this t e r m by taking steps p, q - - that i s , p units up and q 
units to the r ight . 

It follows that 

u(0; p, q) = u ( l ; p, q) = . . . = u(p+q- l ; p, q) = 1, u(p+q; p, q) = 2 

If V is the backward difference opera tor , so that 

Vf(x) = f(x)-f(x-l) , 

then 

(2. 2) y q u(n; p, q) = u(n-p-q; p, q), n > p + q . 

F r o m p r o p e r t i e s of binomial coefficients and 

y q u(n; p, q) = yq~ y u ( n 5 P> <l) 

it follows that 

[n-p-ql 
L p+q J 

V
qu(n;p , q,=" 2 ( n - p 7 j - i p ) 

i=0 

= u(n - p - q; p, q) , n ^ p + q . 
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T h i s p r o v e s (2 . 2) . In t e r m s of f o r w a r d d i f f e r e n c e s t h i s i s 

y u ( n - q ; p , q) = u ( n - p - q ; p , q) , n > p + q . 

T h e c h a r a c t e r i s t i c e q u a t i o n a n d i n i t i a l c o n d i t i o n s c o n s e q u e n t l y a r e 

(2 . 3) x P ( x - l ) q - . 1 = 0 

u(n; p, q) = 1, n = 0, 1, , . . , p 4- q- 1. 

Le t 

p+q 
u(n; p, q) = S c. x . 

r 1 1 
i= l 

w h e r e x . , i = 1 , 2 , . . . , (p+q) a r e t he r o o t s of (2 . 3 ) . 

T h e d e r i v a t i v e of 

f(x) = x P ( x - l ) q - 1 i s f '(x) = p x P - ^ x - l ) 0 1 + q x P ( x - l ) q - 1 

= x P " 1 ( x - l ) q " 1 ( ( p + q ) x - p ) . 

S i n c e no r o o t of f '(x) i s a r o o t of f(x), i t fo l lows t h a t f(x) h a s no 

m u l t i p l e r o o t . H e n c e t he d e t e r m i n a n t of t he c o e f f i c i e n t s of 

p+q 
4-1 

2 c. x i = u(n; p , q) = 1, n = 0, . . . , p+q - 1 

i= l 

i s d i f f e r e n t f r o m z e r o . T h e s y s t e m c a n be s o l v e d by C r a m e r ' s r u l e 

w i t h V a n d e r m o n d i a n s ( a s i n s e v e r a l of t he r e f e r e n c e s ) . It r e s u l t s t h a t 

and 

c i = l / ( ( p + q ) x i - p) 

p+q n+1 
r n x . 

(2. 4) u(n; p, q) = X (p+q/x." -~p" ' n ^ °' l j 2 ' ' * ' 
i=l r 

T h e r e i s a p o s i t i v e r e a l r o o t x , > 1. T h i s fo l lows f r o m f( l ) < 0 

a n d f(2) = 0. S ince f '(x) 4 0 fo r x > 1 t h e r e i s no o t h e r r e a l r o o t 

> 1. A l s o | x , I e x c e e d s t he a b s o l u t e v a l u e of e a c h o t h e r r o o t . F o r if 

x- ^ x , i s a r o o t and |x~ ] ~ x , t h e n 
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| * P ( x 2 - l ) « |= | x 2 | P | x 2 - l | q > | x j P | x r l | ^ > 1 

s o t h a t ( 2 . 2 ) c a n n o t be s a t i s f i e d , a c o n t r a d i c t i o n . F r o m t h i s i t f o l l o w s 

( 2 . 5 ) l i m u < " + 1 : P » q > = X l 
x ' n~> co u ( n ; p , q) 1 

To s h o w t h i s , m e r e l y n o t e 

i • / 11 \ T u(n+l; p, q)/x1 

n»> co u(n; p, q) n->(X> " x / n+2 ~ 1 
r ^ u(n; p , q ) / x 1 

We r e m a r k t h a t if we c h o o s e i n i t i a l c o n d i t i o n s u (0 ; p , q) = 

u ( l ; p , q) = . . . = u ( p + q - 2 ; p , q) = 1, u ( p + q - l ; p , q) = p + q + 1 , t h e n we 

h a v e a s e q u e n c e (w(n; p , q ) ) s w h e r e 

p+q 

w(n; p , q) = 2 x_. , n = 0, 1, 2, . . . 

i= l 

M o r e o v e r , a c o n v e n i e n t f o r m fo r e x p r e s s i n g u(n, p , q) a r i s e s 

f r o m w r i t i n g t h e d i f f e r e n c e e q u a t i o n a s 

(2 . 6) u(n; p , q) = (^) u ( n - l ; p , q) - (^) u ( n - 2 ; p , q) + - . • . 

+ ( - l ) q ~ u ( n - q ; p , q) + u ( n - p - q ; p , q ) , n ^ p + q . 

3 . SUMS 

T h e o r e m 3 . 1. The r e l a t i o n 

n q - 1 

( 3 . 1) 1 u ( i ; p , q) = 1 ( - 1 ) 1 ( q : l ) u ( n + P + q - i ; P, q) - * l q 

i=0 i=0 

h o l d s , w h e r e 8 i s K r o n e e k e r ' s 5 and ( . ) = 1 i n t h e c a s 
lq x l ' 

q = 1, i = 0 . 
If (30 1) h o l d s fo r n, fo r q •> 2, t h e n 
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n+1 n 
2 u(i; p, q) = u(n+l; p, q) + u(i; p, q) 

i=0 i=0 

q 
= 2 (-1)1 (q

{) u(n+l+p+q-i; p, q) 
i=0 

q-1 
+ 2 (-1)1 (q\l) u(n+p+q-i; p, q) - § l q 

i=0 

q-1 
= 2 ( - I ) ' (q\l) u(n+l+p+q-i; p, q ) - g 

i=0 

Hence (3. 1) holds for n + 1. When n = 0, with q > 2, then (3. 1) be-
comes 

0 q-1 
2 U(i; p, q) = 2 (-1)1 ( q " . 1 )u(p+q-i ; p, q) - 8lq 

i=0 i=0 

q-1 
= u(p+q; p, q) + 2 (-1)1 (q\l) = 1 = u(0; p, q) 

i=l 

To complete the proof, we consider q = 1. Then 

u(i; p, 1) = u(p+l+i; p, 1) - u(p+i; p, 1) 

Hence 

n 
2 u(i; p, 1) = u(n+p+l; p, 1) - u(p; p, 1] 

i=0 
= u(n+p+l; p, 1) - 8ll . 
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Theorem 3. 2. 
m 

(3.2) X ( - l ^ u t i j p . q ) 

i=0 l -(- l )P+ q2q 

q-1 k 

S 2(-l)k(q)u(m+p+q-k;p,q) 
lk=0 j=0 

m+p 
+ ( - D m + P + q 2 q S ( - l ^ u ^ p . q ) 

i=m+l 

+ (-1) m " 1 2 q " 1 + ( - l ) 1 1 1 ^ ^ " 1 2q 

where £ = 0, p+q even, and *" = 1, p+q odd. 

Proof. Writing 

(-1)J u(m-j; p,q) = (-1 )m~J u(m+p+q-j; p, q) 

+ ( - l ) m ' j _ 1 (q) u(m+p+q-j~l; p, q) 

+ . . . + ( - l ) m + q (q) u(m+p-j; p,q) 

and summing for j = 0, 1, . . . , m gives for the sum S, 

q-1 k m-q 

S= X X (-l)k(q) u(m+p+q-k;p,q) + ( - l ) q 2 q 2 (-1 ) r u(m+p-r; p, q) 

k=0 j=0 r=0 

+ (_1 }m-l 2q- l 

q-1 k m+p 

= 2 2 (- l)k(q) u(m+p+q-k; p,q) + (- l)q 2q 2 (-1 ) r u(m+p-r; p, q) 

k=0 j=0 r=0 

m + p 
+ ( 1 ) m - l 2 q - l + ( _ 1 } q - l 2 q £ (-1 ) r

 u(m+p-r; p, q) 

r=m-q+l 

q-1 k m+p 

= 1 1 ( - l ) k ( q ) u(m+p+q-k; p,.q) + ( - l ) P + q 2q 2 (-l)™"1^!; p, q) 
k=0 j=0 i=0 

p+q-1 
+ (-l)™"1 z ^ 1 + (.D™+p+q-i 2q s ( . i ) 1

 u ( i ; p< q ) 

i=0 
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Solving for S, and noting 

P+q-i 
V / i \ i /• \ / 0 P+Cl even, ) 
2 (-1) u(i;p.q) = [l ^ Qdd J = 

i=0 
we get the r e su l t (3. 2). 

F r o m (3. 1) and (3. 2) we can obtain express ions yielding 

n n 
2 u(2i; p, q) and 2 u (2 i + 1; p, q) . 

i=0 i=0 

In the s imple r case where q = 1 , we find 

2n~p-fl 
n 2 

(3.3) 2 u(2i + 1; p, 1) = I (u(2n+p+2; p, 1) -1 + 2 u (2 i+T | ;p , l ) 
i=0 i=0 

and 

2n-p-T| 
n 2 

(3.4) 2 u ( 2 i ; p , l ) = i - [u(2n+p+2; p, 1) -1 - 2 u(2i+t]; p, 1)] 
i=0 i=0 

where 7] = 0 when p is even and rj = 1 when p is odd. In this case 
it is s imple r to s t a r t with 

u(2i+l; p, 1) = u(2i; p, 1) + u(2i-p; p, 1) , 2i > p 

= u(2i; p, 1) , 0 <L 2i < p 

and sum. We obtain in this way 

2n-p-t | 
n n 2 

(3.5) 2 u(2i+l; p, 1) = 2 u ( 2 i ; p , 1 ) + 2 u(2i + T); p, 1) . 
i=0 i=0 i=0 

Since we a lso can wr i te 
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2n+l 
2 u(i; p, 1) 
i=0 

n n 
(3.6) 2 u ( 2 i + l ; p , 1 ) + 2 u(2i; p, 1) = u(2n+p+2; p, 1) -1 

i=0 i=0 

by (3. 1), the r e s u l t s (3. 3) and (3. 4) follow by addition and subt rac t ion 
and solving for the sum. 

For p = 1 these r e su l t s reduce to the well-known re la t ions of 
Fibonacci number s : 

i= l 

(3. 2') X ( " ^ " " ^ i ^ n - l + { - 1 > n ~ 1 

i=l 

(3 .3 ' ) 2 f7. = U . , - 1 
s ' 2i 2n+l 

i=l 

(3 .4 ' ) 2 f9. 1 = f9 
x ' 2 i - l 2n 

i=l 
Theorem 3 . 3 . Let q = 1 and define u(i; p, 1) = 0 for i a negative 
in teger . Then 

p-1 
(3.7) u(n+m; p, l ) = u(n; p, l )u(m; p, 1) + 2 u ( n - l - i ; p, l )u(m-p+i ; p, 1) , 

i=0 

where n, m a r e anypos i t ive in tegers or z e r o . To prove this we note 
f i r s t that this is t rue for n any posi t ive in teger or ze ro and m = 0. 
For n any posi t ive in teger or z e ro and 0 < m = k ^ p we have 
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P- l 
u(n; p, l)u(k; p, 1) + X u ( n - l - i ; p, l )u(k-p+i; p, 1) 

i=0 

P - l 
= u(n; p, 1) + X u ( n - l - i ; p, 1) 

i=p-k 

n+k-p-1 
= u(n; p, 1) + X u(j; p, 1) 

j=n-p 

n+k-p-1 n -p -1 
= u(n; p, 1) + X u(j; p, 1) - X u(j; p, 1) 

j=0 j=0 

= u(n; p, 1) + u(n+k; p, 1) - u(n; p, 1) 

= u(n+k; p, 1) 

where the sums have been evaluated using (3. 1). Hence (3.7) is t rue 
for n any posit ive in teger or ze ro and m = 0, 1, . . . , p. For m = p+1 
we get 

p - l 
u(n; p, l )u(p+l; p, 1) + X u ( n - l - i ; p, l )u(p+l-p+i ; p, 1) 

i=0 

p - l 
= 2 u(n; p, 1) + X u ( n - l - i ; p, 1) 

i=0 

n 
= u(n; p, 1) + X u(j; p, 1) 

j=n-p 

= u(n+p+l; p, 1) • . 

Assume now, finally, that (3.7) is t rue for n any posit ive in te -
ger or z e r o and m = 0, . 1, . . . , p, . . . , k where k >L p+1. Then 
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p-1 
u(n+k-p; p, 1) = u(n; p, 1 )u(k-p; p, 1) + 2 u ( n - l - i ; p, l)u(k-2p+i; p, 1) 

i=0 

u(n+k; p, 1) = u(n; p9 l)u(k; p, 1) + 2 u ( n - l - i ; p, l )u(k-p+i; p, 1) 
i=0 

Hence 

u(n+k+l; p, 1) = u(n+k; p, 1) + u(n+k-p; p, 1) 

= u(n; p, 1) [u(k; p, 1) + u(k-p; p, 1)] 

p -1 
+ 2 u ( n - l - i ; p, 1) [u(k-p+i; p, 1) + u(k-2p;p, 1)] 

i=0 , 
p-1 

= u(n;p, l )u(k+l ;p , 1) + 2 u ( n - l - i ; p , 1) • 
i=0 

• u(k+l-p+i;p, 1) 

But this is (3. 7) with m = k+1 and the theorem is proved. 

For m = n, equation (3. 7) becomes 

2 
(3.8) u(2n;p, l ) = u2(n;p, 1 )+ u

2 (n-2 iL;p , l)+2 2 u(n- i ;p , 1 )u(n-(p+l )+i;p, 1), 
2 

i=l p odd 

and 

P 
7 

(3. 9) u(2n;p, 1) = u2(n;p, 1) + 2 2 u(n- i ;p , 1 )u(n-(p+l )+i ;p, 1), 
i=l p even. 

F o r m = n+1, equation (3.7) becomes 

p - i 
2 

3. 10) u(2n+l;p, 1) = u (n;p, 1) + 2 2 u(n-i ;p , l )u(n-p+i;p, 1), 
i=0 p odd 

and 
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(3. 11) u(2n+l;p, 1) = u2(n;p, 1) + u 2 (n- | ; p, 1) 

§-> 
+ 2 2 u(n-i;ps l)u(n-p+i;p, 1), 

i=0 p even 

When p = 1 equations (3. 7), (3.8) and (3. 10) reduce to the known 
re la t ionsh ips 

(3 .7 ' ) f _̂ T = f , . f ,_ + f f 
n+m + 1 n+1 m+1 n m 

(3. B') f , ^ = f2 + f2 

(3. 10') f9 = f2 + 2f f 

2n+l n+1 n 

, = f 2 + 2 f f . 2n n n n-1 

4. DIVISIBILITY PROPERTIES 

Theorem 4. 1. Any p + q consecut ive t e r m s a r e re la t ive ly p r i m e . 
The t e r m s u(0; p, q), . . . , u(p + q - 1; p, q) a r e all unity and 

so re la t ive ly p r i m e . Any p + q consecutive t e r m s containing one of 
these will have g r ea t e s t common divisor 1. Assume (u(n; p, q) , 
u(n + 1; p, q), . . . , u(n + p + q - I; p, q)) = d, where n > p + q - 1. 
Then because of (2. 2) it follows 

d | (u(n - 1; p, q), u(n; p, q), . . , , u(n + p + q - 2; p, q)). 

Success ive appl icat ions will show 

d | (u(p + q - 1; p5 q), u(p + q; p, q), . . . , u(2p + 2q - 2; p, q)) . 

This contains u(p + q - 1; p, q) so that d = 1 and the theorem follows. 

Theorem 4. 2. The leas t non-negat ive r e s idues modulo any posit ive 
in teger m of (u(n; p, q)} a r e per iodic with per iod P not exceeding 
m " . There is no p repe r iod . Each period begins with p + q t e r m s 
al l unity. 

There a r e m poss ib le leas t non-negat ive r e s idues modulo m 
for each u(n; p, q) and m possible a r r a n g e m e n t s of r e s idues in 
p + q consecutive t e r m s . Since by (2. 2) the res idue of u(n; p, q) 
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depends upon the r e s idues of the preceding p + q t e r m s , after m P q 

t e r m s at mos t the r e s idues m u s t repea t with a per iod P . Suppose 
u(n + p; p, q) is the f i r s t t e r m such that the r e s idues repea t and a s -
sume n > 0. Then 

u(n + P + j ; p, q) = u(n + j ; p, q) (mod m), j = 0, 1, . . . , p + q . 

In view of the r e c u r s i o n formula, this shows 

u(n - 1 + P; p, q) = u(n - 1; p, q) (mod m) , 

a contradict ion to the assumpt ion u(n + P; p, q) is the f i r s t t e r m such 
that the r e s idues repea t . Thus n = 0 and the re is no p repe r iod . 
Hence each per iod begins with p + q t e r m s each unity. 

As an example , we have r e s idues (mod 7) for u(n; 2, 1) 

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 
r l l l 2 3 4 6 2 6 5 0 6 4 4 3 0 4 0 0 4 4 4 

n 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 
r l 5 2 3 1 3 6 0 3 2 2 5 0 2 0 0 2 2 2 4 6 l 

n 44 45 46 47 48 49 50 51 52 53 54 55 56 
r 5 4 5 3 0 5 1 l 6 0 1 0 0 1 1 1 

Here P = 57. 

Theorem 4. 3 Any p r i m e divides infintely many u(n; p, q). If the 
per iod of the r e s idues (mod m) is P, then m divides each of 

u(P - 1 + P k; p, q), u (P - 2 + P k; p, q), . . . , u(P - p + P k; p, q), 
k = 0, 1, 2, . . . 

Since the r e s idues a r e per iod ic it is sufficient, to e s t ab l i sh the 
f i r s t pa r t of the theorem, to showthat a n y p r i m e divides one u(n; p, q). 
Let m be any given p r i m e or mult iple of any given p r i m e . Then with 
P the per iod, 

u(P; p, q) = u (P + 1; p, q) = . . . = u (P + p + q - 1; p, q) = 1 (mod m) . 
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F r o m the r e c u r s i o n formula, 

q 
u ( P - l ; P,q) = 2 (-1)1 (q

{) u(P - 1 + p + q - i; p, q) 
i=0 

q 
E X ( - I ) ' (]) 

i=0 

= 0 (mod m) 

Hence m |u(P - I; p, q). S imi la r ly for u(P - 2; p, q), . . . , u (P - p; p, q). 
In the prev ious example3 we note 7 |u(56; 2, 1), and 7 |u(55; 2, 1). 

Of cou r se , 7 a l so divides other t e r m s , as the table ind ica tes . 
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EXPANSIONS OF IN TERMS OF AN INFINITE CONTINUED 
FRACTION WITH PREDICTABLE TERMS 

N.A. DRAIM 
Ventura, Cal i fornia 

(1) I r 1 - I + I . I + I . 1 + etc 
\L) 4 3 5 7 9 11 

4 4 4 4 4 T h e n , rr = 4 _ + - + _ + . . . e t c . 

W h e n c e , by i d e n t i t y of s u c c e s s i v e c o n v e r g e n t s , 4, 8 / 3 , 5 2 / 1 5 , 3 0 4 / 1 0 5 , 

e t c . , in t h e a b o v e s e r i e s , a n d in t h e fo l lowing e x p a n s i o n , we h a v e : 

2 + 25 
2 + 4 9 

2 + 81 
2 + e t c . 

A 4 9 25 49 , 
3 ' V 2 ' 2 ' C ' 

(2) Z - T - Z (-i)11"1 —4— . J°Uey 
x 4n -1 

<» 1 
= Z-. ^ ' ^ ( 2 n - l ) ( 2 n + l ) 

1 

•• n = 4<| 2 + F - 3 - 3^5 + <FT " T ^ + e t c -

_ l o ' 4 4 4 
" T " " T5" "35 FS e 

w h e n c e , by i d e n t i t y of s u c c e s s i v e c o n v e r g e n t s , 1 0 / 3 , 4 6 / 1 5 , 3 3 4 / 1 0 5 , 

2 9 4 6 / 9 4 5 , e t c . , i n t h e a b o v e s e r i e s and in t h e fo l lowing e x p a n s i o n , w e 
h a v e -j 

n = 3 + 3 + 12 
1 + 1 6 - 1 

"" 4 + 3 6 - 1 
4 + 6 4 - 1 

¥~+ e t c . 
1 12 1 6 - 1 3 6 - 1 ( 2 k ) 2 - l 

xxxxxxxxxxxxxxx 
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AN APPLICATION OF UNSMODULAR TRANSFORMATIONS 
DMITRI THORO 

San Jose State Col lege, San Jose, Cal i fornia 

1. INTRODUCTION 

The purpose of this paper is to invest igate the Diophantine equa-
tion 

2 2 
(1) f(x, y) = x - xy - y = A . 
In pa r t i cu la r , we will prove the following [_lj 

Theorem. Equation (1) has a solution in re la t ive ly p r ime in te-
ge r s x and y if and only if 

e / (i) A = .5 A' t 0, where e = 0 or 1 and 

(ii) if p is a p r i m e factor of A!, then 
p = 1 or -1 (mod 10). 

An application to Fibonacci numbers may be found in [2 J . 

2. TECHNIQUES 

Our p r i m a r y tool will be unimodular t r ans fo rmat ions 

x = a X + |8 Y 

y = y X + S Y 

with de te rminan t a § - j 8 y = ± l . 
If we define the product of two t r ans fo rmat ions in the cus tomary man-
ner , it is a s t ra ight forward p rocedure to verify that the set of all uni-
modular t r ans fo rmat ions fo rms a non-abei ian group. We shall make 
taci t use of this fact. 

For convenience, let us designate the b inary quadra t ic form 

ax + bxy + cy by [a, b, c ] . 

2 Note that the d i sc r iminan t b - 4ac is invar iant under a unimodular 
t r ans fo rmat ion (cf. analytic geometry: rotat ion of axes) . 

291 
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F i r s t we observe that 

(iii) if (a, y ) = 1, then f(a, y ) / 0 

since (a,y) = 1 impl ies a and y a r e both odd or of opposite par i ty , 
hence f ( a , y ) is odd; 

(iv) f ( l , 0 ) = 1; 

(v) if f ( a , y ) = A, then f(y, - a ) = - A. 

Thus in the following d i scuss ion we may, whenever it is convenient, 
a s s u m e A > 2. 

3. THE PROOF: PART I 

Suppose the Diophantine equation (1) has a solution in re la t ive ly 
p r i m e in tegers a and y : f ( a , y ) = A, ( a , y ) = 1. Since the g. c. d. 
of any two in tege r s a and y (not both zero) may be exp re s sed as a 
l inear combination of a and y , t he re exis t in tegers 0 and 8 such 
that a 8 - /?y = 1. 

Applying the unimodular t r ans fo rmat ion whose coefficient m a -
t r ix is 

to f (x, y) = [ l , - 1 , - l ] yields a new binary quadra t ic form [A, B, CJ . 
But the d i sc r iminan t s a r e invar iant under this t r ans format ion ; thus 
B 2 - 4AC = 5. 

Putt ing it another way, f(a, y) = A , where (a,y) - 1 impl ies 
the congruence 

(2) x 2 = 5 (mod 4A) 

is solvable. However, this congruence has a solution if and only if 
2 conditions (i) and (ii) a r e sat isf ied. Fo r any x, x = 0, 1, or 4 (mod 

2 
8). Therefore (2) has no solution if A is even. If A = 25A\ x = 5 2 (mod 100), whence x = 5t, which leads to the contradic t ion 5t = 1 
(mod 5). 

To complete this d iscuss ion , the r e a d e r should use the quadra t ic 
r ec ip roc i ty theorem (first proved by Gauss at the age of 18). In 
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2 

pa r t i cu l a r , we note that x = 5. (mod p) has a solution if and only if 
2 

x E p (mod 5) has a solution. 

4. THE PROOF: PART II 

To es tab l i sh the sufficiency of conditions (i) and (ii), we will 
show that the re exis t unimodular t r ans fo rmat ions T , T , . . . , T , 
H, and L such that 

T l T 2 T 3 
[ A j . B 1 ( C j — > [ A 2 , B 2 . C 2 ] — > [A3. B 3 . C 3 ] — > " " " 

T k H L 

—* [Ak+1> Bk+1' Ck+l] ~* [Ak+2> * W Ck+ 2] —>&.-!. -l] 

where A, = A (cf. (1)), B = B (a solution of the congruence (2)), 
A, ,, = ±1 is the f i r s t A. numer i ca l ly equal to unity, | B , , ~ j = 1, 
and the C. a r e de te rmined by the invar iance of the d i sc r iminan t . 

If T is the product of these t r ans fo rma t ions , 

T T 
[A, BV C j — * [ l , - 1 , - l ] or [ l , - 1 , - l ] * [ A , B j . C j 

= F(x, y). 

Thus if the coefficient m a t r i x of T is 

\ H 
•H \ 

F(1,0) = A impl ies f(t. , t~) = A. I . e . , the des i r ed solution of (1) is 
-1 s imply x = t , , y = t«. Moreover , since T is unimodular , t-i t . ~ 

tJi? - ±1 forces ( t ] , t^) = 1. 
A Useful Lemma. Given any two in tegers B and A / 0 , t he re 

ex is t s an in teger n such that 

| B + 2nA| - | A | . 

Proof. I fwe define g = [ | B | / 2 | A | ] and r = | B | - 2 JA jg,then the 
following flow char t exhibits n. (As usual "s—>t" m e a n s " rep lace 
s by t". ) 
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We may now define the (ma t r i ces of the) r equ i red t r a n s f o r m a -
t ions . Let 

T. = 
1 

fn. I 
1 

-1 0, 

where n. sa t i s f ies the inequali ty 

•B. + 2n.A ^ A. 
i i ' ' r 

Then it tu rns out that B. ,, = - B. + 2 n.A., A. , , 
i+l I l i l+l 

(B. i+ l - 5 ) /4A i . As 
previous ly mentioned, A, = A (given) and B, = B (a solution of (2)). 
Note that B mus t be odd; hence al l the B. a r e odd. Simi lar ly , al l 
the A. a r e odd. 

l 
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Choose 
H = 

so that h sa t is f ies 
B, ,, + 2h A, ,, 1 k+1 k+1 

Then B k + 2 = B k + 1 + 2h A k + I . Note that B k + 2 ^ 0 (since B R + , is 
odd); but A , , * = ± I (by definition), hence | B, ? | = 1. 

The r e a d e r may quickly es tab l i sh the inequali ty 

K+1 I < K l / 4 ' i= L2. •••>k • 
Since the A. can be shown to be odd, this es tab l i shes the exis tence of I 
A k + r 

Finally, L is chosen to be 

(o i) , (o - J , (i o) , o r (i o) 
according as the penul t imate form is 

[1, - 1 , -1] , [1, 1, - l ] , [ -1 / 1, 1] , or [ -1 , - 1 , 1] , 
r e spec t ive ly . 

Thus we have es tab l i shed the exis tence of the t r ans fo rma t ions 
TT j T?f . . . i T, , , , H, L and hence the des i r ed solution of (1). 

5. REMARKS 

We have, however , m o r e than an exis tence proof. The p roced-
u r e s developed in P a r t II of the proof const i tute an efficient a lgor i thm. 
The a lgor i thm was p r o g r a m m e d in FORTRAN successful ly . F o r 
) A - 4 , no m o r e than k+2 unimodular t r ans fo rmat ions a r e r equ i red 
to obtain a solution. 
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GENERALIZED BINOMIAL COEFFICIENTS 
ROSEANNA F. TORRETTO and J. ALLEN FUCHS* 

University of Santa Clara, Santa Clara, California 

We consider the genera l second o rde r r e c u r r e n c e re la t ion (r. r . ) 
(1) y = gy - hy , h / 0 . 

2 
Let a and b be the roots of the auxi l ia ry polynomial f(x) = x - gx + h 
of (1). Using the notation of the c l a s s i c paper [ l ] of E. Lucas, we let 
U and V be the solutions of (1) defined by U = (a - b ) /(a - b) n n , J n // \ / 
if a 4 b and U = na if a = b and by V = a + b . 

n J n 

In [3J , D. Ja rden defined general ized binomial coefficients by 

/ o x f m l m m - 1 m-j+1 r m l T 
(2) L j ] = — u l U 2 . . . u . J • LoJ = l • 
(We have changed Jarden1 s no ta t ion^ . ) to . I. ) If g = 2 and 

r m ] J u L J J / m \ 
h = I then U = n and . is the o rd inary binomial coefficient! . ) . 

n L J J J 
Ja rden showed that the product z of the n- th t e r m s of k - 1 

r n 
sequences satisfying (1) sa t is f ies the k- th o rde r r . r . (3) 

k • ' - L j ( j - l ) / 2 
j=o LJ. 

Zn+k-j 

The definition (2) of . for al l j and m with 0 £. j £. m obviously 
r e q u i r e s that U / 0 for n > 0 since otherwise (2) may involve di -
vision by ze ro . We cal l the r . r . (1) o rd ina ry if U / 0 for ai l n > 0 
and exceptional if U = 0 for some n > 0. In (7) and (8) below we 
give an a l te rna te definition of . which is valid in all c a s e s . In [2 J , 
D. H. Lehmer considered the exceptional r . r . 's (1) for which g = 
andforwhich f and h a r e re la t ive ly p r i m e . L e h m e r ' s paper is con-
cerned with divisibi l i ty p rope r t i e s of the sequences U and V. . 

It follows from h ^ 0 that a ^ 0 and b / 0. It is then c l ea r 
from the definition of U that (1) is exceptional if and only if a / b 
and a^ = b^ for some posit ive in teger p. If (1) is exceptional , a / b 
and so eve ry solution of (1) is of the form y = c , a + c ? b . Then 
>,c This work was supported by the Undergraduate R e s e a r c h Par t ic ipa t ion 

P r o g r a m of the National Science Foundation through G-21 681. The 
authors e x p r e s s thei r grat i tude to NSF and to Dr. A. P . Hillman, 
Dr. D. G. Mead, Mr. R. M. Gras s l , and Mr. J. A. E rbache r for 
much valuable a s s i s t a n c e . 
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n+p , ,n+p p, n . ,nv p £ ,, _ 
y . = c , a r + c n b = a r c , a + c„b ) = a^y for al l n. Conver-
'n+p 1 2 1 2 Jn 
sely, one eas i ly sees that y , = a y for all n and all solutions y 

1 J Jn+p Jn Jn 
of (1) impl ies that (1) is exceptional . 

We show below that the following four conditions a r e equivalent 
to each other and hence to (1) being ordinary: 

(a) Ei ther a = b or a 4 D f ° r al l n > 0. 
(b) Any solution y of (1) with two different t e r m s equal to ze ro 
is identical ly z e r o . 
(c) For al l k > 2 the r . r . (3) is the lowest o rde r r . r . sat isf ied 
by al l t e r m by t e r m products of k - 1 sequences satisfying (1). 
(d) Every solution of (3) is of the form 

(4) z = C l U k _ 1 + c 9 U k ~ 2 U x l + c . U k " 3 U 2
x l + . . . + c 1 U k : | , ' n I n 2 n n+1 3 n n+1 k n+1 

k -i j - 1 i. e. , the sequences U JU , 1 for j = 1, . . . , k form a bas is 
n n+1 

for the vector space of al l solutions of (3). 
We shall a l so es tab l i sh some ident i t ies involving the . : 

of which is the addition formula: 

,R_ * ( - i ) J r k l h ^ + 1 » / 2 u ^ . u +lr . . . . u ^ .y +lr . = 
(5) 2, x LjJ a ^ k - j a z +k- j a ^ k - j ' n + k - j 

j=0 
U i e . . U v y _ 

"1 k 
U l 8 " ' U k y n+ a i +. . . +a,„+ [k(k+l)/2] 

for y and U satisfying (1) and n and the a ' s any i n t e g e r s . 
If a ^ b, every solution of (1) is of the form y = c , a + c->b 

and the t e r m - b y - t e r m product of k - 1 sequences satisfying (1) is 
given by 

. / . . k - L n . . k - 2 - . n . , k -3 u 2 .n / u k - l x n 
(6) z n = c 1 ( a ) + c 2 (a b) + c.3(a b ) + . . . + ck(b ) 

We therefore let 

(7) fk(x) = (x - a k _ 1 ) ( x - a k " 2 b ) . . . (x - b k " l ) 

and define . so that m-° 
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(,l,j[k]hj«-l)/2xk-j . 

The I . J defined by (8) is a genera l iza t ion of the 1 .\ of L. Car l i tz [4] 

(8) fk(x) = £ 

fined by (8) Is 
defined by 

k 
(I - t ) ( l - q t ) . . . ( l - q ^ t ) = 2 <-l)JqJ(J-1) /2 {̂  } ^ . 

j=o 
See especia l ly formulas (60 3) through (6. 16) of [4] . ) 
Then f (x) is the auxi l ia ry polynomial for the r . r . (3). The lowest 

K. 

orde r r . r . satisfied by the z of (6) is (3) if and only if the numbers 
k-1 k-2 k-1 n 

a , a b, . . . , b a r e dis t inct . Since a 7= 0 and b ^ 0, this is 
equivalent to a / bJ for j = 1, . . . , k - 1 . Hence condition (c) is 
equivalent to (a) for a / b. 

If a = b, every solution of (1) is given by y = (c, + c ? n)a , the 
t e r m - b y - t e r m product of k-1 sequences satisfying (1) is of the form 

(9) z n - (Cj + c 2 n + . . . + c k n k " 1 ) ( a k " 1 ) n , 

and (3) is the lowest o rde r r . r . satisfied by al l the z of form (9). 
Thus (c) and (a) a r e equivalent in this case too. It i s a lso eas i ly seen 
that h = a and . =( . \ aJ "^ when a = b. 
Lemma. 

A solution y of (1) that is not identical ly ze ro has y = 0 for 
two different values of n if and only if a / b and the re is a posit ive 
integer p such that a^ = b . 
Proof. 

F i r s t let a = b. Then y = (c, + c0n)a . If y = 0 = y with 
*n 1. 2 ' 7u yv 

u / v, then (c, + c_u)a = 0 = (c-. + c?v)a . Since a f- 0, it follows 
that c, + c ? u = 0 = c, +c ? v , c~(u - v) = 0, and so c? ~ 0. Then c, = 0 
and v - 0 for al l n„ n 

Now let a •£• b. Then y = c , a + c n b . I f y = 0 = y with 
' n 1 2 Ju Jv 

u > v, c , a + c ? b = 0 = c , a + c-b , and the re exis ts a non- t r iv ia l 
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solution for the c ' s if and only if the de te rminant a b - b a = 0 . 
U - V U - V 

This is equivalent to a = b 
This shows that (a) and (b) a r e equivalent. 

Coro l la ry . 
If v and w a r e solutions of (1) and v = w for two values n n n n 

of n, then v = w for al l n. n n 
This follows from the l emma and the fact that v - w is a lso 

n n 
a solution of (1). 

We next consider condition (d). F i r s t let (1) be o rd inary . Let 
z be the t e r m - b y - t e r m product of k - 1 solutions of (1). If we can 
find constants c , , . . . , c, such that (4) holds for n = 1, 2, . . . , k 

k-i i-1 then the r . r . (3), which is satisfied by the sequences U U J ,, and 
7 n n+1 

z , will make (4) hold for all n, Such c 's can be found if the k by k 
n k-i i-1 

de te rminan t D with d.. = U. Ur . , is not z e r o . Since (1) is ord inary , 
ij i i+ l k - 1 

each of U, , U9, . . . , U, is not ze ro and we can factor U. out of 
the e lements of the i - th row of D thus obtaining the Vandermonde de-
t e rminan t E with e. . = (U. , , / U . r " . Then E, and hence D, is not 

ij i+ l / r 
z e ro if and only if the ra t ios U. , , / U . a r e dis t inct . It is eas i ly seen 
that U , , / U = U + 1 / U if and only if a 8 " 1 = b S _ t \ This shows that 
(a) impl ies (d). 

If (1) is exceptional , a, = b p for some p > 0 and so U , / 
U = U , , / U . Then for k > p, the de te rminan t D is ze ro since 

n+p n+1' n ^ k-i ' 1 
it has propor t iona l rows . It follows that one of the sequences U U J , , 
is a l inear combination of the o the r s , f i r s t for 1 I n i k and then, 
using (3), for al l n. This impl ies that the re is a solution of (3) not of 
the form (4) and so (d) impl ies (a). 

We now go back to (7) and note that ab = h. Therefore we can 
wr i t e 

f k + 2(x) = [ ( x - a k + 1 ) ( x - b k + 1 ) ] [ ( x - a k b ) . . . ( x - a b k ) ] 

(x-bk_1h)J 

, . , I" 2 . k + l , , k + l , , , k + l ] [ \ k - l , w k - 2 , , , f, ?(x) = Ix -(a +b ) + h J |_(x-a h)(x-a bh) 

(10) f k + 2 (x) = h k ( x 2 - V k + 1 x + h k + 1 ) fk(x/h) , 
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where V is the genera l Lucas sequence a + b . Fo rmula (10) i m -
pl ies the following: 

(iz) f2m = n ( ^ - v ^ . ^ - U h 2 - 1 ) . 
j=l 

m 
( 1 3 ) f 2m+l = ( x " h m ) n ( x 2 - V 2 . h m - J + h 2 m ) . 

j=l 

We next prove identi ty (5) when (1) is o rd ina ry by induction on k. 
When k = 1, (5) becomes 
(1 4) U , , y , , - hU y = y , ,, . 

a + l 7 n + l a ' n 7n+a+l 
We consider n to be a constant and let a be the running index. Then 
both s ides of (14) satisfy ( l ) and they a r e equal to one another for a = 0 
and a = -1 since U , = - l / h , U = 0, and U, = 1. Hence (14) holds 
for al l a (and all n) by the Coro l l a ry . 

Now we a s s u m e that (5) holds for k = m - 1 and show that this 
impl ies (5) for k = m . We cons ider a, , . - . . , a , and n t o b e c o n -^ ' 1 m - 1 
s tants and let a be the running index. Both s ides of (5) satisfy (1). 
When a = 0 , (5) becomes U t imes the identi ty for k = m - 1 with m m J 

each a. rep laced by 1 + a.. When a = -m, (5) reduces to U 
j ^ J m m 

t imes the identi ty for k = m - 1 using the eas i ly es tab l i shed fact that 
U = -U h . Hence (5) is t rue for two values of a and thus t rue -n n m 
for al l values by the Coro l la ry . 

We now turn to identity (5) in the exceptional ca se . F r o m sym-
m e t r i c function theory and the definitions (7) and (8), it follows that for 
fixed h the . a r e polynomials in g. For fixed values of y and 
y1 and h, the two sides of (5) a r e then continuous functions of g. 
Thus (5) for complex number s g and h that make (1) exceptional 
can be es tabl ished by having g approach g (while h is fixed at h ) 
through values for which ( l ) i s o rd inary . A sufficient condition for (1) 
to be o rd ina ry is that | a | f- | b | . Any point (gn, h ) is a l imit of 
points (g, hn) satisfying this sufficient condition for (1) to be o rd inary . 



1964 G E N E R A L I Z E D B I N O M I A L C O E F F I C I E N T S 301 

A p u r e l y a l g e b r a i c p r o o f of i d e n t i t y (5) i n the e x c e p t i o n a l c a s e 

c a n a l s o be g i v e n , 

F i n a l l y we c o n s i d e r t he . w h e n ( l ) i s e x c e p t i o n a l a n d g a n d h 
Q Q L J J | I | | 

a r e bo th r e a l . S ince a F = b^ for s o m e p > 0, | a | = | b | . S i n c e a ^b 
2 t h i s m e a n s t h a t a = - b , g = 0, a n d h = - a if a and b a r e r e a l . In 

t h i s c a s e 

c t \ / 2 , , 2 m - l . m - . x , 2 , 2 m . m , . , xmx 
f 2 m ( x ) = ( x ) > f 2 m + l ( x ) = ( x " } ( x " ( ~ h ) ] > 

a n d i t c a n t h e n be s h o w n t h a t 

fZml _ , 2 j ( m - j ) / m \ [ 2 m l __ n 

L^jJ " v j j ' Uj-iJ = ° ' 

if? - i$ 
If a a n d b a r e c o m p l e x , w e c a n l e t a = pe a n d b = pe w i t h 
h = p a n d p > 0 . T h e n a p = b ^ i m p l i e s t h a t pQ = - p $ + 2mrr a n d 

h e n c e 0 i s a r a t i o n a l m u l t i p l e m y r / p of n. L e t m / p = c / d w i t h c 

a n d d r e l a t i v e l y p r i m e a n d d > 0. T h e n a /p a n d b / p a r e d - t h 

r o o t s of 1 if c i s e v e n a n d d - t h r o o t s of - 1 if c i s odd . T h e r o o t s 

a ~^b^~ of f, (x) a r e now of t he f o r m p " e* ~ " J ' 1 . If k > d, 

t h e s e r o o t s r e p e a t i n b l o c k s of d a s j v a r i e s f r o m 1 to k. L e t 

k = qd + r w i t h q a n d r i n t e g e r s a n d 0 ^ r < d. T h e n 

(15) f1(x)= (-l)C q rpq d rf ([-1 ]CVpqd)["*d-(~l>C(k~1)p(k"1)<flq • 
ic r »-

Now le t j = q ' d + r ! w i t h qf a n d r ! i n t e g e r s a n d 0 ^ r ' < d. It t h e n 

f o l l o w s f r o m (15) t h a t 

[k] = (-i)VQ,)[r
r,] 

w h e r e e = q ' ( d + c r + cqd + c + 1) + c q r ' a n d 

2f = d 2 [qqf - ( q ' ) 2 ] + d ( q r • + q f r - 2 q , r ! 
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(Continued from page 260. ) 
the las t digit r epea t s on a per iod of 781, the second to las t digit has a 
per iod of 3900, and the 

Hexanacci Ser ies 
1, 1, 1, 1, 1, 1, 6, 11, 21, 41, 81, 161, 321, 636, 1261, 2501, 4961, 9841. . . 

the last digit as can eas i ly be seen above r epea t s on a per iod of 7, the 
sequence being: 

61111116111111611111161111116.. . 
the second to las t digit however has the somewhat l a rge r per iod of 7280. 

Finally, for somet ime , I have wanted to apply these observa t ions 
on the per iodic i ty of the last digits to some other Fibonacci p r o b l e m s . 
So far, I have only the somewhat lame observat ion that the P r i m e -
F ibonacc i -Number Density (that is the ra t io between the number of F ib -
onacci number s which a r e p r ime below a given number n and that 
number n) is less than x This observat ion fol-

4/15 f dx/ ln x . 

i 
lows from the theorem that if a Fibonacci number is p r ime , then i ts 
subscr ip t is p r i m e . Thus if a l l Fibonacci number s with p r i m e sub-
sc r ip t s we re p r i m e the densi ty would be EuLer's famous express ion 

x 
TT(YI) - J d x / l n x . 

2 
However, a good number of Fibonacci Numbers a r e not p r ime but do 
have p r ime subsc r ip t s , some of these number s can now be excluded 
from the p r i m e - d e n s i t y cons idera t ions because eve ry p r ime g r e a t e r 
than 3 mus t end in a 1, 3,? 7, or 9 and can be exp re s sed as 6x±l . Now 
consider the sequence of the last digit of the Fibonacci s e r i e s : 

1 2 3 4 5 6 7 8 9 10 1 1 1 2 13 14 15 16 17 18 19 20 
T ~ l 2 3 5 8 3 1 ¥ ~ 3 9 4 3 7 0 7 7 4 1 5 

21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
~~E I 7 8 5 3 8 1 9~~0 9 9~~8 7 5 2 7 9 6 5" 

41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 
1 6 7 3 0 3 3 6 T~B I~~9 3 2 5 7 2 9 I 0" 

(Continued on page 31 3„ ) 



ADVANCED PROBLEMS AND SOLUTIONS 
Edited by VERNER E. HOGGATT, JR. 

San Jose State Col lege, San Jose, Cal i fornia 

Send al l communicat ions concerning Advanced P r o b l e m s and 
Solutions to V e r n e r . E . Hoggatt, J r . , Mathemat ics Depar tment , San 
Jose State CoLlege, San Jose , California. This depar tment espec ia l ly 
we lcomes p rob lems believed to be new or extending old r e s u l t s . P r o -
p o s e r s should submit solutions or other information that wil l a s s i s t 
the edi tor . To facil i tate the i r considerat ion, solutions should be sub-
mi t ted on sepa ra t e signed sheets within two months after publication of 
the p r o b l e m s . 

H - 4 6 Proposed by F.D. Parker, SUNY at Buffalo, Buffalo, New York 

Prove 

Dn = Uijl = (-l)nK , 

4 where a^ = F , . , . n (i, i = 1, 2, 3, 4, 5) and find the value of K. -U n+i+j-Z 

H - 4 7 Proposed by L. Carlitz, Duke University, Durham, N.C. 

Show that 

where 

k 
*k(x) = s (_i) r

 (k) h y . 
r=0 

H - 4 8 Proposed by J .A .H . Hunter, Toronto, Ontario, Canada 

Solve the non-homogeneous difference equation 

C , 9 = C , 7 + C + m11 , n+2 n+1 n 

where C, and C ? a r e a r b i t r a r y and m is a fixed posi t ive in teger . 
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H - 4 9 Proposed by C.R. Wall, Texas Christian University, Ft Worth, Texas 

Show t h a t , f o r n > 0, 

n [m/2] (m) 

2
n

 F = J. 5 V" 
n+1 m i 

m = 0 

w h e r e [x ] d e n o t e s t he i n t e g r a l p a r t of x, and x l = x ( x - l ) . . . ( x - n + 1 ) . 
H - 5 0 Proposed by Ralph Greenberg, Philadelphia, Pa. and H. Winthrop, University of 

South Florida, Tampa, Florida 
Show 

IT n. = F~ , l Zn 
n, + n „ + n 0 + . . . +n. = n 1 2 3 i 

w h e r e t he s u m i s t a k e n o v e r a l l p a r t i t i o n s of n i n to p o s i t i v e i n t e g e r s 

a n d the o r d e r of d i s t i n c t s u m m a n d s i s c o n s i d e r e d . 

H - 5 1 Proposed by V.E. Hoggatt, Jr., San Jose State College, San Jose, California and 
L. Carlitz, Duke University, Durham, NX. 

Show t h a t if 

(i) _ i ^ - ^ = 1 Q k ( x ) t k 

l - ( 2 - x ) t + ( 1 - x - x )t k = 1
 K 

a n d 

00 ' - - n +k
{x) 

.... x / n + k - l \ „ r. 
^ 1 n F n X - ZTc 

n=0 ( 1 - X _ X > 

t h a t 

^ ( x ) = 2 ( - l ) r + 1 ( ^ ) F r x r = Q k ( x ) 

r=0 

S e e a l s o H - 4 7 . 
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LOG O F T H E G O L D E N M E A N 

H - 2 9 Proposed by Brother U. Alfred, St. Gary's College, California 

Find the value of a satisfying the re la t ion 
n . n n 

n + (n + a) = (n + Za) 
in the l imit as n approaches infinity. 

Solution by George Ledin, Jr., San Francisco, Calif. 

I v n 
Since l im (1 + — J = e , then dividing 

(n+a) + n = (n+2a) 

through by n ^ 0 yields 

,a ,n . . . . . 2a. n 
( i + i ) " + i = ( i + ^ ) , 

n' 
which upon pass ing to the l imit on n, gives the equation 

a , 1 2a 
e + 1 = e 

] 4- ^ ^ whose posi t ive solution is a = In = = ln<f>i the log of the. Golden. 
Mean. 
A/so solved by R. We/nsfien/c, Sunnyvale, California, J.L. Brown, Jr., State College, Pa., 

Raymond Whitney, Lock Haven, Pa.-, Zvi Dresne r , and the proposer. 

MORE DIOPHANTUS AND FIBONACCI 
H - 3 0 Proposed by J.A.H. Hunter, Toronto, Ontario, Canada 

Find a l l n o n - z e r o in tegra l solutions to the two Diophantine equa-
t ions , 

(a) X2 + XY + X - Y2 = 0 

(b) X2 - XY - X - Y2 = 0 . 

Repor t by the p ropose r 
2 2 

All solutions of X +XY + X - Y = 0 a r e 
X = F 2 

2n 

Y = F F 
2n 2n+l 
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All solutions of X2 - XY - X - Y2 = 0 a r e 

X = F 2n+1 

Y = F F 
2n 2n+l 

All solutions of X2 + XY - X - Y2 = 0 a r e 

X = F 2n+1 

Y = F F 
2n+l 2n+2 

All solutions to X2 - XY + X - Y2 = 0 a r e 

X = F 2n+2 

Y = F F 
•r2n+l 2n+2. 

The "only if" por t ion of the r e p o r t was incomple te . The Edi tor awaits 
fur ther comments from our r e a d e r s . 

UNIMODULAR BILINEAR TRANSFORMATIONS 

H - 3 1 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Prove the following: 
Theorem: Let a* b, c, d be in t ege r s satisfying a > 0, d > 0 and 

ad -• be = 1, and let the roots of A - A - 1 = 0 be the fixed points of 

w = az + b 
cz + d 

Then it is n e c e s s a r y and sufficient for a l l in tegra l n / 0 , that a = F~ , , , 
b = c = F~ , and d = F„ . , where F is the n Fibonacci number . Zn 2n - l n 
(F , = 1, F - = 1 and F ,_ = F ,. + F for a l l in tegra l n. ) 1 Z n+^ n+1 n 
Solution by John L. Brown, Jr., Pennsylvania State University, State College, Pa. 

2 1 + ^/~5 Since the equation A - A - 1 = 0 has two dis t inct roots A, = —-̂  
and A ? = p , we note that c / 0. F r o m the fixed point condit ions, 

aA, + b a A ^ + b 
A = —~:—_-=- and A. 1 c \ , + d ax *2 cA 2 + d 
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i t i s s i m p l e to d e r i v e t he foLlowing n e c e s s a r y c o n d i t i o n s : 

a = c + d 

b = c . 

C o n v e r s e l y , if b / 0, b = c a n d a = c+d, t h e n the t r a n s f o r m a t i o n b e -
c o m e s 

a z + b 
w •" bz + ( a - b ) ' 

a n d t h e e q u a t i o n fo r t h e f ixed p o i n t s of t h i s t r a n s f o r m a t i o n i s 

z 2 - z - l =' 0 , 

s o t h a t XT a n d X a r e t h e f ixed p o i n t s . 

We : h a v e t h u s s h o w n t h a t t h e b i l i n e a r t r a n s f o r m a t i o n w = J-J-
1 + V 5 ' l - \/j5 cz.+d 

h a s f ixed p o i n t s A, •= —= a n d A = —^ if a n d o n l y if c / 0 , 
b = c a n d a = c+d. 

S u b s t i t u t i n g t h e s e l a t t e r c o n d i t i o n s i n t o t h e c o n d i t i o n a d - b e = 1, 
w e o b t a i n t h e fo l l owing d i o p h a n t i n e e q u a t i o n r e l a t i n g c a n d d: 

(*) c 2 - d 2 - c d + 1 = 0 . 

L e t (c , d) be a n a r b i t r a r y p a i r of p o s i t i v e i n t e g e r s w h i c h s a t i s f y 

(*). T h e n , i t i s c l e a r t h a t c > d > 0. It i s e a s i l y v e r i f i e d t h a t ( c - d , 

2 d - c ) i s a l s o a n i n t e g e r s o l u t i o n p a i r fo r (*) w i t h f i r s t t e r m > 0 a n d 

s e c o n d t e r m > 0. [if 2 d - c < 0, t h e n 0 < d < y a n d c - d - c d + 1 > 
2 c^ c^ c 2 2 2 

c —__ - ___ + 1 = _— + 1 > 1, c o n t r a d i c t i n g t h e f ac t t h a t c - d - c d + 1 
= 0.] If t h e f i r s t t e r m c - d i s a c t u a l l y > 0, t h e n w e m a y f o r m a n o t h e r 

s o l u t i o n ( 2 c - 3 d , 5 d - 3 c ) i n t h e s a m e m a n n e r a n d t h e n e w s o l u t i o n w i l l 

a g a i n h a v e a n o n - n e g a t i v e f i r s t t e r m a n d p o s i t i v e s e c o n d t e r m . A f t e r 

n s u c h i t e r a t i o n s ( a s s u m i n g p o s i t i v e f i r s t t e r m s ) , w e a r r i v e a t t h e 

s o l u t i o n ( F 0 . C - F n d, F 0 I T d - F - c ) . Now, c o n s i d e r t h e f i r s t x 2 n - l 2n 2n+l 2n 
t e r m s of t h e s o l u t i o n p a i r s t h u s g e n e r a t e d . F o r a n y n s u c h t h a t t h e 

s t f i r s t t e r m i s p o s i t i v e , w e m a y c o n s t r u c t a n n + 1 — s o l u t i o n w h i c h e i t h e r 

h a s a p o s i t i v e f i r s t t e r m o r h a s a f i r s t t e r m of z e r o . A l s o n o t e t h e 
f i r s t t e r m of e a c h s u c c e s s i v e s o l u t i o n i s s m a l l e r t h a n t h e f i r s t t e r m of 

t h e p r e c e d i n g s o l u t i o n . It i s c l e a r t h a t o u r c o n s t r u c t i o n p r o c e s s m u s t 
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lead, in a finite number of s teps , to a solution with f i r s t t e r m 0, namely 
the solution (0, 1). Fo r it not, we could produce by the foregoing p r o c -
e s s an a r b i t r a r i l y la rge number of solution p a i r s (c .,, d ) in posi t ive 
in t ege r s with c > c, > c~ •> c n . . . . and 0 d ^ c for each n. & 1 2 3 n n 
This infinite descent is obviously imposs ib le ; hence , t he re exis t s an 
in teger k > 0 such that the solution pa i r ( F ? , . c - F~ ,d , F 9 , ,, d - F 9 , c) 
is ident ical ly the pa i r (0, 1). We have, the re fo re , 

F 2 k - l C " F 2k d = ° 

F 2 k + l d " F 2 k c = 1 • 

from which c = F 0 1 , d = F 0 1 , and a = c+d = F 0 1 ., . This shows 2k Zk-1 2k+l 
the necess i ty of the condition that the coefficients a r e Fibonacci num-
be r s of a ce r t a in form; the sufficiency follows d i rec t ly using the identi ty 

2 
F ? , , F ? , , - F~, = 1'. This proves the s tated theorem and a l so shows 
that c = F 9 , and d = F 7 1 , for k = 1, 2, 3, . . . const i tute a l l p o s s i b l e 
solutions in posi t ive in t ege r s of the diophantine equation c -d - c d + l = 0. 

The r e a d e r is d i rec ted to an applicat ion of the r e su l t of H-31 in 
S. L. Bas in ' s "The Appearance of Fibonacci Numbers and the Q-Mat r ix 
in E l e c t r i c a l Network Theory '! Mathemat ics Magazine Volume 3b No. 2 
March 1962, pp. 84-97 (see specif ical ly Theorem 1, page 94). This 
theorem was f i r s t proved in an unpublished paper "The Many Face t s 
of the Fibonacci Numbers " by V. Eo Hoggatt, J r . , and Char les H. King. 
Also solved by Zvi D r e s n e r . 

NO FIBONACCI TRIANGLES 

H - 3 2 Proposed hy R.L. Graham, Bell Telephone Laboratories, Murray Hill, N.J. 

Prove the following: 
Given a posi t ive in teger n, if t he re exis t m line segments L. 

having lengths a., 1 - a. S n, for a l l 1 - i ~rn, such that no th ree 
L. can be used to form a non-degenera te t r iangle then F ~ n, where 

1 th m 

F is the m Fibonacci number . m 
Solution by John L. Brown, Jr., Pennsylvania State University, State College, Pa. 

By hypothes is , a, 2 1 = F , and a ? - 1 = F ? . Since L , , L9 

and L<2 do not form a non-degenera te t r iangle , we m u s t have (assuming 
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the L. have been reordered, if necessary, so that a, - a_ -a^ * = < a . < 
a ) m 

a 3 > ax + a 2 > F L + F 2 = F 3 

S imi lar ly , L_, L~ and L , do not form a non-degenera te t r iangle so 
that 

a 4 > a 3 + a 2 > F 3 + F 2 = F 4 . 

P roceed ing inductively in this fashion, we conclude a > F , and the 
B J > m m 

d e s i r e d r e su l t follows (actually with s t r i c t inequality) from n > a . 
Also solved by the proposer and Zvi D r e s n e r . 

LUCAS PRIMALITY 

H-33 Proposed by Malcolm Tollman, Brooklyn, N.Y. 

If a Lucas number is a p r i m e number and i ts subscr ip t is com-
posi te , then the subscr ip t m u s t be of the form 2 , m ^ 2. 

Solution by John L. Brown, Jr., Pennsylvania State University, State College, Pa. 

Assume L is p r i m e and has a composi te subsc r ip t n. Then 
n = ( 2 r - l ) - 2 for some m - 0 and some r > 1. It is wel l-known 
(see e . g . equation (6) of "A Note on Fibonacci N u m b e r s " by L. Car l i t z , 
this Quar te r ly , Vol. 2, No. 1, p . 15) that L v I L ( 2 r _ ; n k i f r - > 1 a n d 

hence 

L | L if r > 1 . 
Zm ( 2 r - l ) 2 m 

Since L is p r ime by hypothes is , we conclude r = 1. (The 
(2r - l )2™ P

 i . v 
a l t e rna t ive m = 0 wouldforce n to be a p r ime c o n t r a r y to hypothes is ) . 

Thus n = 2 m and m m u s t be > 2 in o rde r for n to be compos i te . 

Also solved by the proposer and Zvi D r e s n e r . 
xxxxxxxxxxxxxxx 



THE PROBLEM OF THE LITTLE OLD LADY TRYING TO 
CROSS THE BUSY STREET or 

FIBONACCI GAINED AND FIBONACCI RELOST 
RICHARD BRIAN 

San Jose State College, San Jose , California 
It is no s u r p r i s e to r e a d e r s of this journa l or to Fibonacci en thus ias t s 
in genera l to find the number s of the Fibonacci sequence popping up in 
the m o s t pecul iar p l aces . This is an e s s a y concerning an unusual 
si tuation in which these numbers appear in an in te rva l of t r ans i ence 
but a r e then overpowered by a l inear function. 

lA 

t 
N 1 0 

W 
tf 

Consider the problem of an old 
lady standing on the nor theas t c o r n e r 
of the in te r sec t ion of two one-way 
s t r e e t s (one running nor th and the other 
running east) during rush hour . The 
traffic from the south may go eas t and 
nor th when i ts light is g reen but the 
traffic from the west m a y a l so go eas t and nor th when i ts light is green, 
hence a r a t h e r t imid old lady might do well to bring a bag lunch if she 
ant ic ipates such a si tuation. 

Having viewed such a si tuation one evening I wondered if t he re 
might be some traffic* pa t t e rn which would always allow the old lady to 
c r o s s safely to any c o r n e r at any t ime . 

Let us cons ider a network of one-way s t r e e t s which a l t e rna te 
d i rec t ions for both eas t and west and s imi l a r l y nor th and south. If one 
is allowed to make a tu rn only at eve ry other in te rsec t ion , then one 
mus t always turn in the same d i rec t ion . It is possible then to cons t ruc t 
a traffic pa t te rn in which one is allowed only to make tu rns to the r ight 
(see F igure 1). 

A li t t le study of this traffic pa t te rn will show that one can dr ive 
to any location although it may r equ i r e a t r ip around an ex t ra block or 
two. But what of the old lady? Consider the co rne r le t te r AA. If she 
is standing on the nor theas t co rne r and wishes to c r o s s to the west , 
she need only wait t i l l the light stops the northbound traffic for the 
eastbound traffic cannot tu rn nor th . If she wishes to c r o s s to the south, 

310 
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Figure 1 

she cannot go d i rec t ly but she can c r o s s to the west , then to the south 
and finally to the east , s t i l l achieving her goal in complete safety. 

Having solved the old lady 's problem in every r e s p e c t except 
convincing the traffic commiss ion of the vir tue of this scheme, I turned 
to other quest ions suggested by this same traffic scheme . Suppose 
one begins to dr ive nor th from co rne r (AA). How many blocks a r e 
access ib l e if one d r ives n (n = 1, 2, 3, 4 , . . . ) blocks ? When one 
r e a c h e s co rne r (BA), going north, one mus t continue nor th since no 
tu rn is allowed northbound traffic h e r e . When one r e a c h e s co rne r 
(CA) one may e i ther tu rn to the eas t or p roceed nor th and so on. Let 
us cal l f(n) the number of blocks which one adds to the total number 
of access ib l e blocks when driving on the nth block from co rne r (AA) 
then: 
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f(n) 

1 

I 

2 

1 

3 

2 

4 

3 

5 

5 

-

- -- -- -

Lo and behold f(n) appea r s to be the Fibonacci sequence. But the re 
is a difficulty. One of the avai lable paths after 5 blocks br ings us 
back to co rne r (BA) t rave l l ing west . A turn to the nor th is allowed 
h e r e but the block thus gained is one which we have a l r eady counted. 
Hence for n = 6 we have 7 new e lements r a the r than 8 which is the 
next e lement of the Fibonacci sequence (F ). This problem continues 
to plague us and if we count all the e lements every t ime they occur , we 
do indeed get a Fibonacci sequence . However, if we do not count the 
duplicat ions, our block acquis i t ion sequence p roceeds thus: 

f(n) 

F 

1 1 

1 

1 

2 

1 

1 

3 

2 

2 

4 

3 

3 

5 

5 

5 

6 

7 

8 

7 

11 

13 

8 

16 

21 

9 | 

22 

34 

10 

30 

55 

11 

| 38 

89 

12 

46 

13 --

--

--

--

Now the quest ion comes as to how fast this a l t e ra t ion takes p lace . 
P e r h a p s we notice that each of the last four en t r i e s differ by eight. 

With this in mind cons ider the si tuation where one has a traffic 
pa t t e rn such that s ta r t ing at co rne r (AA) one is allowed to go in any 
of the four d i rec t ions and at the next co rne r any of the th ree remain ing 
d i rec t ions and so on. In this si tuation one acqu i r e s new e lements at 
the ra te g(n) = 8 n - 4 . 

It t u rns out that after the 9th step the acquis i t ion of the new e l e -
men t s in the previous traffic pa t t e rn take on a l inear form f(n) ~ 
8 n-50 (n > 9). 

In summary : 
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n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

L. O. L. 

f(n) 

1 
1 
2 
3 
5 
7 

11 
16 
22 

T r a f f i c 
P a t t e r n 

n 
2 f(i) 

i = l 

1 
2 
4 
7 

12 
19 
30 
46 
68 

S t a n d a r d 

g (n) 

4 ! 

12 
20 
28 
36 
44 
52 

T r a f f i c P a t t e r n 

n 
X g (i). 

i = l 

4 
16 
36 
64 

100 
144 
196 

8 n - 5 0 4n - 4 6 n + 1 5 8 
(n > 9) (n 2. 9) 

8 n - 4 4 n 

In t h i s s i t u a t i o n , t h e n , t h e F i b o n a c c i s e q u e n c e a p p e a r s on ly a s 

a t r a n s i e n t e f fec t but s u c h e f f e c t s a r e , I t h ink , r e l a t i v e l y i n f r e q u e n t i n 

p u r e l y a b s t r a c t m a t h e m a t i c a l m o d e l s . 

xxxxxxxxxxxxxxx 

( C o n t i n u e d f r o m p a g e 3 0 2 . ) 
T h u s e v e r y t i m e t h a t t h i s s e q u e n c e r e p e a t s t h e r e a r e on ly a p o s s i b l e 
16 F i b o n a c c i N u m b e r s ( the s t a r r e d o n e s ) out of 60 w h i c h b o t h end in 
1 , 3 , 7 , o r 9 a n d c a n be e x p r e s s e d a s 6x± l a n d w h i c h j u s t m a y be p r i m e . 
T h e r e f o r e we h a v e e s t a b l i s h e d 1 6 / 6 0 o r r a t h e r 4 / 1 5 o f E u l e r ' s e x p r e s -
s i o n a s a n u p p e r bound of the F i b o n a c c i P r i m e D e n s i t y . 

XXXXXXXXXXXXXXX 

NO W O N D E R NO S O L U T I O N 
H - 2 6 ( C o r r e c t e d ) Proposed by L. Carlitz, Duke University, Durham, N.C. 

Le t R, = (b ), w h e r e b = ( 1 , 1 „ ) ( r , i k x r s ' r s \ k + l - s / ' 
t h e n show 

s 

1 ,2 , . . . , k + l ) 

R,' 

vj = l 

r - 1 k+ 
s 

l - r \ k+1 
- j ; F n - i 

- r - s + J F r + s - 2 J F J - l 
n n+1 

XXXXXXXXXXXXXXX 



APPLICATION OF FIBONACCI NUMBERS TO SOLUTIONS 
OF SYSTEMS OF LINEAR EQUATIONS 

BEN L. SWENSEN 
W e n t w o r t h M i l i t a r y A c a d e m y , L e x i n g t o n , M i s s o u r i 

A c a s u a l g l a n c e a t a s y s t e m of l i n e a r e q u a t i o n s s u c h a s 

2584x + 4181y = 20 

4 1 8 1 x + 6765y = 21 

m i g h t l e a d one to t h i n k t h a t i t i s u n l i k e l y t h a t t he s o l u t i o n cou ld c o n -

s i s t of i n t e g e r s . H o w e v e r , a c l o s e r look by r e g u l a r r e a d e r s of t h i s 

j o u r n a l w i l l r e v e a l t h a t the c o e f f i c i e n t s of x and y in bo th e q u a t i o n s 

a r e F i b o n a c c i n u m b e r s a n d t h a t if t he g e n e r a l n o t a t i o n of F i b o n a c c i 

n u m b e r s in w h i c h F d e n o t e s t h e n th t e r m of the s e q u e n c e 1, 1, 2, 

3, . . . , i s u s e d , t h e n t h e e q u a t i o n s a b o v e t u r n out to be t h e s p e c i a l 

c a s e n = 20 of the g e n e r a l f o r m of the s y s t e m of e q u a t i o n s : 

(1) (Fn_z)X + (F^y = n , 

(2) ( F n _ 1 ) x + ( F j y = n + 1. 

The s o l u t i o n to s u c h a s y s t e m of e q u a t i o n s i s 

n ( F n ) - (n + l ) ( F n y) 
P ) ( ^ F - ^ I F ^ T I F ^ = * - d 

n ( F n _ l } - (n + l ) ( F n _ 2 ) 

T h e d e n o m i n a t o r s of t h e f r a c t i o n s in e q u a t i o n s (3) and (4) h a v e 

t h e i n t e r e s t i n g p r o p e r t y 
4-1 if n i s odd, 

(5) ( F ) ( F J - ( F _ ) ( F , ) = , - . 
* n n - 2 n - 1 n - 1 - 1 if n i s e v e n . 
(6) ( F T ) ( F . ) - ( F _ ) ( F ) = " l i f n i S O d d ' 

n - I n - 1 n - 2 n , - » . / . 
+ 1 if n is. e v e n . 

It m a y be n o t e d t h a t s t a t e m e n t s (5) and (6) a r e e q u i v a l e n t . 
E q u a t i o n s (5) and (6) p e r m i t one to w r i t e e q u a t i o n s (3) and (4) 

in m o r e c o n v e n i e n t f o r m : 
314 
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(7a) x = n(F )' - (n + 1)(F . ) if n is odd, 
n . n-1 

(7b) x = (n + 1)(F J - n(F ) if n is even. 
n -1 n 

(8a) y = (n + l ) ( F n _ 2 ) - ^ ( F ^ ) if n is odd, 

(8b) y = n(F , ) - (n + 1)(F J if n is even. 
J n -1 * n-2 

Since the number s n, n + 1, F , F , , F 9 a r e in t ege r s , and 
since the set of in tegers is c losed under the opera t ions of addition, 
subtract ion, and mult ipl icat ion, it follows that al l solutions to the s y s -
tem of l inear equations r e p r e s e n t e d in equations (1) and (2) a r e i n t e g e r s . 

In the accompanying table , the symbols f and £; denote 
equations of the form (1) and (2) r e spec t ive ly and the solution to such 
a sys tem is symbolized as f f) g , . It m a y be noted that any equa-
tion5' s is the sum of the two equations'^above it in the table, provided 
that n ^ 3. It may a lso be noted that the coefficients of both x and y 
occur in the well known Fibonacci sequence. 

Equations (5) and (6) we re der ived intuit ively by the w r i t e r who 
sugges ts that r e a d e r s a t tempt fo rmal proofs of them. The suggest ion 
is a l so made one might cons ider invest igat ing the sequences of num-
b e r s which const i tute the solutions to such s y s t e m s . 

X 2 n + 1 = ( 2 n + l ) F Z n + 1 - ( 2 n + 2 ) F 2 n 

(2n+l) F 9 7 - F 9 x ' 2n - l 2n 

X9 ,, = (2n+l) F9 , - 2nF9 etc. 
2n+2 2n-l 2n 

= (2n+l) F9 7-2n(F^ T + F9 9) x ' 2n-l 2n-l 2n-2' 

F9 , - 2n F9 9 2n-l 2n-2 

Left s ides of these equations only, 
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n 
1 

2 

3 

4 

5 

6 

7 

8 

9 
10 

11 

12 

13 

14 

15 

16 

17 

18 

19 
20 

21 

€n 
x = 1 

y = 2 

x + y = 3 

x + 2y = 4 

2x + 3y = 5 

3x + 5y = 6 

5x + 8y = 7 

8x + 1 3y = 8 

13x + 21y = 9 

21x + 34y = 10 

34x + 55y = 11 

55x + 89y = 12 

89x + 144y = 13 

144x + 233y = 14 

233x + 377y = 15 

377x + 6l0y = 16 

6l0x + 987y = 17 

987x + 1597 y = 18 

I5 97x + 2584y = 19 

2584x + 4181y = 20 

4181x + 6765y = 21 

fnA^n.+ 1 
(1,2) 

(1,2) 

(2,1) 
(-2,3) 

(7,-3) 

(-13,9) 
(27,-16) 

(-51,32) 

(96, -56) 

(-176, 109) 

(319, -197) 

(-571, 353) 

(1013, -626) 

(-1783, 1102) 

(3118, -1927) 

(-5422,3351) 

(9383, -5799) 

(-16169,9993) 

(27759, -17156) 

(-47499, 29356) 

xxxxxxxxxxxxxxx 

The Fibonacci Associa t ion invites Educational Inst i tut ions to ap -
ply for Academic Membersh ip in the Associa t ion. The minimum 
subscr ip t ion fee is $25 annually. (Academic Member s will r e -
ceive two copies of each i s sue and will have thei r names l is ted 
in the Journa l . ) 



A FIBONACCI-PRIME NUMBER RELATION 
B.B. SHARPE 

State Universi ty of New York at Buffalo 

Fibonacci n u m b e r s m a y b e re la ted to p r ime number s as follows: 
Conjecture . 
1. F . + F . will be a p r i m e number for at leas t one value of i, p r o -
vided i + j is a p r i m e number . 
2. F . - F . will be a p r i m e number for at leas t one value of i, p r o -

i J 
vided i + j is p r ime and g r e a t e r than 3 (i > j ) . An ini t ial verif icat ion: 

l+j 

2 

3 

5 

7 

11 
13 

17 

19 
23 

29 
31 

37 

41 
43 

47 

53 

F .+F . 
i J 

F l + F l = 2 

F 2 + F l = 2 

F 3 + F 2 = 3 
F 4 + F 3 = 5 

F 6 + F 5 = 1 3 

V F 4 = 37 

F n + F 6 = 9 7 

F 1 0 + F 9 = 8 9 

F 1 2 + F 1 1 = 2 3 3 
F 1 7 + F 1 2 - 1 7 4 1 
F l 6 + F 1 5 = 1 5 9 7 
F 2 4 + F 1 3 = 46601 
F 3 0 + F n = 832129 
F 2 4 + F 1 9 = 50549 
F 2 7 + F 2 0 = 2 0 3 1 8 3 

F 2 9 + F 2 4 ^ 5 6 0 5 9 7 

F . - F . 
1 J 

F 4 - F l = 
F 6 ' F 1 = 
F 6 " F 5 = 

F 7 - F 6 = 
F - F = *9 8 
F - F = *12 7 
F - F = 18 5 
F - F *17 12 
F - F ^18 r 1 3 
F - F = *28 9 
F - F *24 17 
F - F * 24 19 
r 2 7 ~ 20 

2 

7 

3 

5 

13 

: 131 
= 2579 
= 1453 
= 2351 

= 317877 
= 44771 
= 42187 
= 189653 

No further ver i f icat ion is poss ible using L e h m e r ' s Fac to r Table 
to 10, 000, 000. 

xxxxxxxxxxxxxxx 
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EXPLORING GEOMETRIC-ALGEBRAIC FIBONACCI PATTERNS 
BROTHER U. ALFRED 

St. Mary's College, California 

Probab ly one of the ea r ly exper iences of mos t Fibonacci en-
thus ias t s is becoming acquainted with the following geomet r ic f igure. 
Two squares of side 1 a r e placed next to each other hor izontal ly . On 
top of them is cons t ruc ted a square of side 2. Next to the resul t ing 
figure is located a square of side 3. On top of this a square of side 5 
is adjoined. And so on. The demons t r a to r points out t r iumphant ly 
that he has added together 

2 2 2 2 2 
*1 *2 *3 • 4 *5 

And what is the r e su l t ? F - F ^ . This quickly leads to an intuitive resu l t : 

2 n 
2 F: F F ' 4.1 

n n+1 i = l 

2 

I I 
.r •"" & .-I..I.I 

1 1 3 
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Now I suppose many of us have asked ourse lves the question: Where 
is example number two? Why don't we have m o r e of th i s? 

The problem may be s ta ted-as follows. We wish to find a geo-
m e t r i c pa t t e rn involving Fibonacci numbers so that the re will be a 
co r re l a t ion between the geomet ry and some a lgebra ic formula . In 
working along these l ines, for example , a square F on each side 
can be filled with Fibonacci squa res , the idea being to abso rb the a r e a 
with Fibonacci squa res of as large a side as poss ib le . For this pu r -
pose , a square of side F , can be located in one corner ; th ree 
squa res of side F ? can then be placed in the remaining c o r n e r s . 
This leaves as a balance two rec tang les of d imensions F 0 by F 0 . 

& n-2 y n -3 
Hence we have a formula 

n -3 
F 2 = F 2 .. + 3 F 2

 9 + 2 2 F 2 
n n-1 n-2 k 

k=l 

which c o r r e l a t e s with a geomet r i c f igure. . 
Here a r e additional suggest ions though not all have been t r i ed 

and hence the re is no guarantee that r e su l t s will be forthcoming. 

(1) Covering Fibonacci r ec tang les , such as F F n, F F 0 , e tc . by x / to & ' n n - 2 n n - 3 J 

Fibonacci s q u a r e s . 
(2) Fil l ing Lucas squa res or rec tang les with Fibonacci s q u a r e s . 
(3) Revers ing the opera t ion and using Lucas squa res ins tead of F ib -
onacci s q u a r e s . 
(4) Finding space analogues using Fibonacci cubes . 

Discover ies per ta ining to this type of problem will be published 
in the Apri l 1965 i s sue of the Fibonacci Quar t e r ly . It would be ad-
visable to have this m a t e r i a l with the Edi tor by March 1st. 

. XXXXXXXXXXXXXXX 



FIBONACCI SUMMATION ECONOMICS PART I 
ALBERT J. FAULCONBRIDGE 

C h i c a g o , I L l i n o i s 

Summation s e r i e s number s appear in the differences in y e a r s be-
tween stock pr ice cycLe max ima and min ima as follows: 1909 to 
1920-21, 13 yea r s ; 1 920-21 to 1 942, 21; 1 907 to 1 915-1 6, 8; 1907 to 
1928-29, 21; 1928 to 1962, 34; 1907 to 1941-42, 34; 1907 to 1962, 55; 
1895-96 to .1929, 34; 1898-99 to 1932, 34; 1877 to 1932, 55; 1928 to 
1949, 21; 1932 to 1937, 5; 1937 to 1942, 5; 1946 to 1949, 3, or m o r e 
exactly 34 months; 1 941-42 to 1 962, 21; 1949 to 1962, 13; 1937-38 to 
1946, 8; 1836 to 1857, 21; 1840' to 1929, 89; 1949 to 1957, 8; 1921 to 
1928-29, 8; 1929 to 1932, 3 y e a r s . In addition to t ime, the re appea r s 
to be a tendency of the movement to coincide quanti tat ively from t roughs 
to peaks to the extent of the ra t io between two success ive Fibonacci 
number s , 1.618. For example the 1957 Dow Jones low of 416 c a r r i e d 
to the high in January 1962 of 7 35, a move of 319 points . The suc-
ceeding drop to 530 from 730 was 200 points . 319 is 1.618 of 200. 
S imi la r ly the number of points from maxima to min ima in sma l l e r 
cycles have borne the same re la t ionship , such as the decline from 1937 
to 1938 was 61.8% of the advance from 1932-37, and the 1921-26 ad-
vance was 61.8% of the 1926 to the so called "or thodox" top of 1928. 
For a large number of s imi l a r apparent coincidences , re fer to r e f e r -
ence [l] , [6] . The Large quantity of apparent coincidence that is ob-
vious to even c u r s o r y examinat ion a t t r ac ted lit t le attention and the lit-
e r a t u r e connected with it is very m e a g e r . 

That Fibonacci summat ion s e r i e s pr inc ip les might be operat ional 
in economics is not difficult to imagine since it can be reasoned that it 
is possible for an economic state at a given t ime to be a function of 
those things which immedia te ly preceded it, and they in turn a resu l t 
of that which immedia te ly preceded them. 

The f i r s t author to der ive pr inciple from the e labora te set of co-
incidences was Elliot [2] between 1937 and 1947. In his or iginal work, 
half of which exis ts in only th ree known copies , he d e s c r i b e s pa t te rn 
in the here tofore unintell igible movements of Dow Jones stock p r i c e s . 
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P r i m a r y r i s ing t rends a r e divided into five segments , th ree a s -
cending and two descending, whereas the falling co r r ec t ion of that p r i -
m a r y t rend is divided into th ree sect ions , two descending, one r i s ing . 
Closer examinat ion of the component segments show that they in tu rn 
a r e composed of sma l l e r subdivisions so that one of the or iginal r i s ing 
segments was itself divided into five waves , th ree ascending, two de-
scending. When a falling co r rec t ion of the p r i m a r y r i s e was taking 
place, th ree components were divided in tu rn into five sect ions for 
those descending and th ree segments for the one r i s ing . The ent i re 
movement of stock p r i c e s since thei r record ing he divided into cycles 
within cycles labelled Grand Super Cycle, Super Cycle, Cycle, P r i -
m a r y Cycle, and In te rmedia te , Minor, Minute, Minuette, and Sub-
Minuette, all of which conform to the f ive- three design a l r eady de-
scr ibed . Elliot was able to detect these pa t t e rns because he introduced 
the concept of orthodox and co r rec t ion tops . He desc r ibed 1928 as an 
orthodox top and 1929 as a cor rec t ion , or "blow-off" top. These co r -
rec t ions a r e of th ree basic types, appear to a l t e rna te in occu r r ence , 
and appear at p red ic tab le posi t ions in a cycle . 

This descr ip t ion of events was novel but not speculat ive since 
his work was eas i ly checked by many and found to be co r r ec t , yet his 
theory that pol i t ical events were a ref lect ion of the economic cycles 
and not a cause of them was un iversa l ly re jec ted . It was only after 
the predic t ions had remained valid as the world pas sed through d e p r e s -
sion, World War II, pos twar boom, The Korean War, and final boom 
that the pr inciple of a cycl ical economic cause of pol i t ical feeling be-
gan to be accepted. 

In the d i scuss ion of co r r ec t ions Elliot desc r ibed movements that 
we re t r i angu la r in form that conformed to Fibonacci sequences in both 
t ime and ampl i tude. For example , the movement between the high of 
1 928-29 to the low of 1942 was 13 y e a r s which was divided into Fibonacci 
segments of 1929-32, th ree y e a r s , 1932-37, five y e a r s , and 1937-42, 
five y e a r s . Each wave of the t r iangle was 62% of its p r e d e c e s s o r in 
ampli tude. When the concept of co r r ec t ions is introduced the con-
formity becomes even m o r e p r e c i s e ; for example, the bull run from 
1921 to the orthodox top in 1928 lasted 89 months whereas the bull run 



322 FIBONACCI SUMMATION ECONOMICS PART I December 

to the extension top of September 1929 lasted 8 y e a r s , the difference 
between which was the p r ec i s e t ime length of the extension. The run 
from the extension top of 1929 to the bottom of the run in 1932 lasted 
34 months . In his work he detected movements possess ing simiTar 
summat ion p rope r t i e s in such things as new insurance wr i t ings , t e m -
pera t ive , gold p r i c e s , ep idemics , commodi t ies , and volume of s e c u r -
i t ies t raded . 

A number of anomal ies a r e encountered when a t tempts at p r e -
diction on the basis of E l l io t ' s or iginal descr ip t ion of Fibonacci 
wave theory a r e made . Although summat ion t ime per iods turn up with 
frequent occur rence it is difficult to predic t which one will turn up at 
a given t ime . In addition, the re is as yet no indication whether these 
t ime per iods will produce bottoms to tops, bottoms to bot toms, tops to 
tops, or tops to bot toms. Investigation of the r ea sons for these ap-
paren t l imitat ions could lead to information that is not a l r eady under -
stood. 

Despite the l imited publicity of El l io t ' s work, i ts impor tance 
came to the at tention of one who was la ter to become the world authori ty 
on bank cred i t ana lys i s , A. Hamilton Bolton, of Montreal , who in I960 
published a review and c r i t i ca l app ra i sa l of El l io t ' s work. Bolton, 
aided by the events of the intervening y e a r s , expanded the work as far 
as logic could c a r r y it, and the re the m a t t e r r e s t ed like a s t ronomy 
awaiting Brahe and Kepler . It did not have long to wait, for s imul -
taneously Edward Dewey of the Foundation for the Study of Cycles at 
the Univers i ty of P i t t sburgh was gradual ly a s sembl ing his monumenta l 
work, 
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ELEMENTARY PROBLEMS AND SOLUTIONS 
Edited by A .P . H ILLMAN 

Universi ty of Santa Clara, Santa Clara, Cal i fornia 

Send al l communicat ions r ega rd ing E l e m e n t a r y P r o b l e m s and 
Solutions to P r o f e s s o r A. P . Hillman, Mathemat ics Depar tment , Uni-
v e r s i t y of Santa Clara , Santa Clara , California. Any problem believed 
to be new in the a r e a of r e c u r r e n t sequences and any new approaches 
to exist ing p rob lems will be welcomed. The p ropose r should submit 
each problem with solution in legible form, p re fe rab ly typed in double 
spacing with name and a d d r e s s of the p ropose r as a heading. 

Solutions to p rob lems l is ted below should be submit ted on sepa ra te 
signed sheets within two months of publication. 

B - 2 7 Proposed by D.C. Cross, Exeter, England 

Cor rec t ed and r e s t a t ed from Vol. 1, No. 4: The Chebyshev 
Polynomials P (x) a r e defined by P (x) = cos(nArccos x). Letting 7 n n 
0 = Arccos x, we have 

cos 0 = x = P,(x), 

2 2 
cos (20) - 2cos 0- 1 = 2x - 1 = P?(x), 

3 3 
cos (30) = 4cos 0- 3cos 0 = 4x - 3x = P~(x), 

cos (40) = 8cos4 0- 8cos2 0 + 1 = 8x4 - 8x2 + 1 = P4(x), etc. 

It is well known that 

Pn+2(x) = 2xPn+1(x)-Pn(x) 

Show that 

where 

P (x) = T B. x: nx Z^ jn 
j=0 

m = [n/2] , 
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the g r e a t e s t in teger not exceeding n / 2 , and 

(1) B = 2 n ~ 1 
v ' on 
(2) B . , . x l = 2B.J_1 - B . , 

j+1, n+1 j+1, n j , n -1 
(3) If S = IB I + IB, I + . . . + JB 1, then S x 9 = 2S x l + S . 

n ' on ' ' l n J ' m n ' n+Z n+1 n 
B - 5 2 Proposed by Verner E. Hoggatt, Jr., San Jose State Collete, San Jose, Calif. 

Show that F 0 F t o - F = ( - l ) n + , where F is the n- th F ib -n-2 n+2 n n 
onacci number , defined by F , = F~ = 1 and F ,„ = F ,, + F . 

3 1 2 n+2 n+1 n 
B - 5 3 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, Calif. 

Show that 
(2n - 1)F? + (2n - 2)F^ + . . . + F^ . = F^ x ' 1 2 2n - l 2n 

B - 5 4 Proposed by C.A. Church, Jr., Duke University, Durham, N. Carolina 

Show that the n- th o rde r de te rminan t 

1 0 0 0 0 

0 0 

0 0 

f(n) = 

a , 1 0 

0 •1 a 3 1 

0 0 -1 a, 0 0 

0 0 0 0 . . . a , 1 n-1 
0 0 0 0 . . . -1 a 

sa t isf ies the r e c u r r e n c e f(n) = a f (n- l ) + f(n-2) for n > 2. 

B - 5 5 From a proposal by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Show that x - x F - F , = 0 has no solution g r e a t e r than a n n-1 & 

where a = (1 + i / 5 ) /2 , F is the n- th Fibonacci number , and n > 1 
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B - 5 6 Proposed hy Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Le t F be t h e n - t h F i b o n a c c i n u m b e r . L e t x^ > 0 and de f ine n 0 -
x , , x , . . . by x, , = f(x, ) w h e r e 

f(x) = V F . + x F v n - 1 n 

F o r n > 1, p r o v e t h a t t h e l i m i t of x, a s k g o e s to i n f in i t y e x i s t s 

a n d find the Limit. (See B - 4 3 and B - 5 4 . ) 

B - 5 7 Proposed by G.L. Alexanderson, University of Santa Clara, Santa Clara, Calif. 

L e t F a n d L be t h e n - t h F i b o n a c c i and n - t h L u c a s n u m -n n 
b e r r e s p e c t i v e l y . P r o v e t h a t 

( F 4 n / n ) n > L 2 L 6 L 1 ( ) . . . L 4 n _ 2 

fo r a l l i n t e g e r s n > 2. 

S O L U T I O N S 

R E C U R S I V E P O L Y N O M I A L S E Q U E N C E S 

B - 2 6 Proposed hy S.L. Basin, Sylvania Electronic Systems, Mf. View, Calif. 

Cc 

f ined by 

C o r r e c t e d s t a t e m e n t : G i v e n p o l y n o m i a l s b (x) and B (x) de -

bQ(x) = 1, BQ(x) = 1 

(1) b n ( x ) = x B n _ 1 ( x ) + b n - 1 ( x ) (n > 0) 

(2) B n ( x ) = (x + l ) B n _ x ( x ) + b n - 1 ( x ) (n > 0) 

show t h a t b (x) = P 9 (x) a n d B (x) = P . . , , (x) w h e r e n 2n n Zn+1 

[m/2] . ., 

po V J / 
p (x) = y 

m *—' 

[ m / 2 l b e i n g t h e g r e a t e s t i n t e g e r no t e x c e e d i n g m / 2 . 

Solution by Lucile Morton, Santa Clara, California 

We s e e t h a t bo th b (x) a n d B (x) s a t i s f y n n ' 
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(3) u n + 2 ( x ) = ( x + 2 ) u n + 1 ( x ) - u n ( x ) (n > 0) , 

as follows: Subtracting cor responding sides of (1) from those of (2), 
we have B (x) - b (x) = B , (x). Then b (x) = B (x) - B . (x) and n n n-1 n n n-1 
it follows from (2) that 

B ( x ) = (x + 1)B ,(x) + B ,(x) - B 9(x) = (x + 2)B . (x) - B , (x) . n n-1 n-1 n-2 v n-1 ' n-2 ' 

Hence B (x) sa t is f ies (3). Then so does B , (x) and the difference n n-1 
B (x) - B ,(x) = b (x). n n-1 n 

A lengthy but not difficult induction conf i rms that P? (x) and 
P ? , (x) both satisfy (3). Since they have the same ini t ial values as 
b (x) and B (x) respec t ive ly , this e s tab l i shes the de s i r ed r e su l t . n n ^ J 

Also solved by the p r o p o s e r . 

ARITHMETIC PROGRESSIONS 

B - 3 8 Proposed by Roseanna Torreffo, University of Santa Clara, Santa Clara, California 

Charac t e r i z e s imply all the sequences c satisfying 

n+2 n+1 n 

Solution by J.L. Brown, Jr., Ordnance Research Laboratory, State College, Pennsylvania 

F r o m 
n+2 n+1 n+1 n 

it is c lear that the differences between success ive t e r m s m u s t be a con-
stant independent of n. Letting c, and c be two a r b i t r a r y specified 
ini t ial values , we obtain 

c n = c2. + ( n - 2)(c2 - C l ) . 

Also solved by George Ledin, Jr., University of California, Berkeley, Calif; 

Douglas Lind, Falls Church, Virginia; Raymond Whitney, Pennsylvania State 

University, Hazleton, Pennsylvania; J.A.H. Hunter, Toronto, Ontario, Canada; 

DermottA. Breault, Sylvania-A.R.L., Waltham, Mass.; and the proposer. 
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B O U N D S F O R F I B O N A C C I N U M B E R S 

B - 3 9 Proposed by John Allen Fuchs, University of Santa Clara, Santa Clara, California 

Let Fl = F 2 = 1 and F ^ + 2 = F n + F for n > 1. P rove that 

F ± < 2 n for n ^ 3 . n+2 

Solution by Brian Scott, Ripon, Wisconsin 

The solution is by induction on n. F Q , 0 = F c = 5 < 8 = 2 3 and 
4 J + Z b 

F . ^ " F / = 8 < 16 = 2 . Assume as the induction hypothesis that 
F , 7. 7 < 2 n " 2 and F , 1 , , , < 21 1"1. Then F ^9 = F . T X J - + (n-Z)+Z (n-l)+2 n+2 (n-l)+2 
F { n _ 2 ) + 2 < 2 n - 1

+ 2 n ~ 2 = 2 n - Z ( 2 + l ) < 2 n - 2 . 2 2 . 2 n „ Therefore F n + 2 < 2 n 

for a l l n > 3. 

Also solved by Gladwin E. Bartel, University of Wisconsin, Madison, Wisconsin; 

Dermott A. Breault, Sylvania-A.R.l., Waltham, Massachusetts; John L. Brown, 

Jr., Ordnance Research Laboratory, State College, Pennsylvania; George Ledin, 

Jr., University of California, Berkeley, California; Douglas Lind, Falls Church, 

Virginia; Howard Walton, Yorktown H.S., Arlington, Virginia; John Wessner, 

Melbourne H.S., Melbourne, Florida; Raymond Whitney, Pennsylvania State 

University, Hazelton, Pennsylvania; Charles Ziegenfus, Madison College, 

Harrisonburg, Virginia; and the proposer. 

Lind mentioned the re la ted F < (7/4) on page 7 of Topics in 
Number Theory by W. J. LeVeque and a < F < a , where 

a = (1 + ^5) /2 , 

on page 93 of An Introduction to the Theory of Numbers , by Niven and 
Zuckerman. Ziegenfus mentioned s imi la r p rob lems in LeVeque 's 
E l e m e n t a r y Theory of Number s . 

A S U M M A T I O N F O R M U L A 

B - 4 0 ' Proposed by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

If H is the n- th t e r m of the genera l ized Fibonacci sequence, 
i. e. , H, = pj H0 = p+q, H . 0 = H .. + H for n - 1, show that 1 r 2 r ^ n+2 n+1 n 

n 
£ k H k = (n+l) H n + 2 - H n + 4 + 2p + q . 

1 
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Solution by John L. Brown, Jr., Ordnance Research Laboratory, State College, Pensylvania 

H, = 2 H - EL + 2p + q, so that the assertion is true for n = 1. 

Assume as an induction hypothesis that the result has been proved for 

all n satisfying 1 ~ n S m, where m ^ 1. We will show the result 

must necessarily hold for m + 1. 

m+1 m 

I k H k - <m + 1>Hm+l- 2 kHk 
1 1 

= (m + 1) H , . + (m+1) H , 7 - H ,A + 2p + q m+1 ' m+2 m+4 ^ n 

= (m + 1) H , . - H , A + 2p + q m+3 m+4 r ^ 

= (m+2) H , - - (H , A + H ' -) + 2p + q m+3 m+4 m+37 ^ ^ 

= (m+2) H , . - H , - + 2p + q . 1 ' m + 3 m + 5 r ^ 

Hence, the assertion holds for n = m+1 and the proof is completed by 

the usual inductive argument. 

Also solved by Dermott A. Breault, Sylvania—A.R.L., V/altham, Massachusetts; 

Douglas Lind, Falls Church, Virginia; George Ledin, Jr., University of California, 

Berkeley, California; Howard Walton, Yorktown H.S., Arlington, Virginia; and 

the proposer. 

AN IMPOSSIBLE CONDITION 

B - 4 1 Proposed by David L. Silverman, Beverley Hills, California 

Do there exist four distinct positive Fibonacci numbers in arith-

metic progression? 

Solution by John L. Brown, Jr., Ordnance Research Laboratory, State College, Pennsylvania 

No. For, assume F. < F. < F, < F. are in arithmetic progres-
I j h k ^ & 

sion, so that F. - F. = d = F. - F, . Then 
j i k h 

d = F. - F. < F. 
J i J 

while 
d = F - F - F - F = F ^ F 

k *h k *k- l k~2 j ' 
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since k > j+2. This is a contradict ion, so that four dist inct posit ive 
Fibonacci number s cannot be in a r i thmet i c p rog re s s ion . 

Also solved by Brian Scott, Ripon, Wisconsin and the proposer 

F x l IN TERMS OF F n+1 n 

B - 4 2 Proposed by S.L. Basin, Sylvania Electronics Systems, Mountain View, California 

E x p r e s s the (n + l ) - s t Fibonacci number F ,, as a function r n+1 
of F . Also solve the same problem for L . n n 
Solution by H.H. Ferns, University of Victoria, Victoria, B.C., Canada 

The following th ree ident i t ies a r e readi ly proved by applying 
Binet ' s formula . 

(1) 2F ,. = F + L 
x ' n+1 n n 
(2) L 2 - 5 F 2 = 4 ( - l ) n 
x ' n n 
(3) 2L _L. = 5F + L 
* ' n+1 n n 
El iminat ing L from (1) and (2) gives 

F + N / 5 F 2 + 4 ( - l ) n 

F n+1 2 J 

El iminat ing F from (2) and (3) gives 

L + N / W L 2 - 4 ( - l ) n 

T n n 
n+I " 2" J 

Also solved by John L. Brown, Jr., Ordnance Research Laboratory, State College, 

Pennsylvania; Douglas Lind, Falls Church, Virginia; and the proposer 

I T E R A T I O N F O R T H E G O L D E N M E A N 

B - 4 3 Proposed by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

(1) Let x n > 0 and define a sequence x by x, , = f(x, ) for k > 0, k; 

where f(x) = ^ 1 + x. Find the l imit of x as k->o>-
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(Z) Solve the same problem for f(x) = vT+ 2x 
4 . 

(3) Solve the same problem for f(x) = v 2 + 3x 
(4) Generalize. 

Solution by John L. Brown, Jr., Ordnance Research Laboratory, State College, Pennsylvania 

ID if v ! r X k 

exists, call it x. Then we have, since f(x) is continuous, 

lim x = x = lim ^ i + x = v \ + x, or x = 1 4- x , 
k~>cck k—»00 k 

yielding 1 4 
2 

as the unique positive solution for the limit. 

(2) The same process yields 

x3 = 1 4 2x, or x3 - 2x - 1 - (x41 )(x2-x-1) = 0 . 

i + -/"s 
Again, there is only one positive solution, namely x = = . 

4 4 
(3) Similarly, the equation x = 2 4 3x or x - 3x - 2 = 0 clearly 

4 
has only one positive root since the quantity x - 3x - 2 is negative 

for 0 ^ x - 1 and is monotonic increasing for x > 1. This unique 
1 + N 5̂ positive root, which is easily verified to be « , is the required 

limit. 

(4) If f(x) is continuous and is such that 

lim x. = L 
i k 
k~> CD 

exists when x, , = f(x,), then the limit L is a solution of the equation 

x = f(x). If, further, f(x) is positive for all x, then x must be non-

negative. Note: The solution above does not prove that x = F , 4 F x 
,„ n-1 n 

has no solution with x > (1 4 ^5)/2. This is left to the reader as B-55 

below. 
Also solved by George Ledin, Jr., San Francisco, Calif.; Douglas Lind, Falls Church, 

Virginia; and the proposer 

xxxxxxxxxxxxxxx 
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