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DUCCI PROCESSES

FOOK-BUN WONG
Simon Fraser University, Burnaby, B.C., Canada
(Submitted April 1979)

1. Introduction

During the 1930s Professor E. Ducci of Italy [1] defined a function whose
domain and range are the set of quadruples of nonnegative integers. Let
f(xl; .’172, xg’ xq) = (].’L‘l - xz[’ |x2 - xal’ Ixs - qu’ qu - xl!)'
Let f"(xl, X,, Xy, x,) be the nth iteration of f. Ducci showed that for any

choice of X, Z,, £y, *, there exists an integer N such that

™y, x,, x4, x,) = (0, 0, 0, 0) for all m > N.

We note the following properties of the function f of the previous para-
graph:

(1) There exists a function g(x, y) whose domain is the set of pairs of
nonnegative integers and whose range is the set of nonnegative integers.
[Here g(x, y) = lx - yl].

(2) flxy, x,, T4, x,) = (glry, x,), gl@,, x3), g@y, ©,), g@,, ©,)).

(3) The four entries of f”%xl, Xy Ly, xq) are bounded for all n. The
bound depends on the initial choice of x;, x,, 3, &,.

We call the successive iterations of a function satisfying these condi-
tions a Ducci process. Condition (3) guarantees that a Ducci process is either
periodic or that after a finite number of steps (say N)

f”+l(x1, Zys Lys &) = 2y, X, T4, x,) for all n > N.
If a function g generates a Ducci process of the latter type, we say that

g is Ducci stable (or simply stable).

2. ITlustrations

(1) Let g(x, y) = x+y (mod 3), where X (mod 3) is the least nomnegative
integer congruent to x (mod 3). Then, an example shows that g is not stable.
Set.x, = x, =%y =0 and x, = 1. We may tabulate the successive values of f
as follows:

(0, 0, 0, 1)
ft: (0, 0, 1, 1)
fZ: (0, 1, 2, 1)
fi: (@, 0,0, 1
ffeoa, 0,1, 2
f3: (1, 1, 0, 0)
e (2, 1,0, 1)
f7: (0, 1, 1, 0)
e @, 2,1, 0)
f: (0, 0, 1, 1)

[te)
~
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Since f%(0, 0, 0, 1) = f*(0, 0, 0, 1)= (0, O, 1, 1), the process is peri-
odic with period 8 and g is not stable.

(2) Let g(x, y) = x + y (mod 8). We construct a similar table for the
same initial values.

(0, 0, 0, 1)
ff: (0, 0, 1, 1)
f*: (0, 1, 2, 1)
£, 3,3, 1)
(4, 6, 4, 2)
£ (2, 2, 6, 6)
& (4, 0, 4, 0)
7 (4, by 4, &)
& (0, 0, 0, 0)
f°: (0, 0, 0, 0)

We observe that for n > 8, f™0, 0, 0, 1) = (0, 0, 0, 0). We prove below
that g is stable, viz., that any choice of initial values leads to a similar
result.

We now list a set of functions which can be proved to be stable. In some
cases we prove the stability of the function and in others we leave the proof
to the reader.

3. Theorem
The following functions are stable:

(1) TF7 (mod 2™, n =1, 2, 3,

(2) T+7 (mod 2"), n =1, 2, 3,

(3) wt + yt (mod 2™), t =2, 3, 4, ...;3n =1, 2, 3,

(4) (@ + y)? (mod 2™), t =2, 3, 4y ...;n =1, 2, 3, ...
(5) |xt - y¥| (mod 2™, t =1, 2, 3, ...; n=1, 2, 3,
6) |@ - yt| (mod 2™), t =1, 2, 3, ...; n=1, 2, 3,
(7) ¢(x) + ¢(y), where ¢ is Euler's ¢-function.

The notation x (mod 2") means the least nonnegative integer congruent to
x modulo 27.

Proof of (1): we use f.' to denote the Zth entry of the nth iteration of
flxys %55 &3, 2,). The subscript ¢ + § of x will always represent 7 + j (mod
4). We first consider the function gl(x, y) = x + y and show that for any n:

f:(n+l) = 2M[(@Q" - ].).’L‘,; + (2" + l)xi+2 + 2”(;;57:+1 + xi”)]- 9]

We compute: fj =X, X, ®
FE=wy + 2w, +ag,,. ©

f? =X+ 3%,y 3T, f Ty ®

i

in + 4.’X/'i+1 + 6.’1}—;.,_2 + 4.’151;_,_3. (E)
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(A) is clearly true for n = 1 by (E). Suppose (A) is true for n. Then by (C)

ff(n+2) - ff(ff(n+l)) - (2n+1)[(2n+1 _ l)xi+1 + (2n+1 + 1)xi+3

+ Q") ey + 2, )], (F)
We note that for any iteration of f(x,, x,, %3, ,) we can consider (f7], fa»
fis f) to be the same row as its transpositions (s Fis F2s £ (FF £l
frs £2)s and (f7, f¥ fis f1). Therefore (F) indicates that (A) is also true
for n + 1. It follows by finite induction that (A) is true for all n. Hence
we conclude that

2D =0 (mod 2™), n =1, 2, 3,

Since f"(0, 0, 0, 0) = (0, 0, 0, O) for all n, the stability of the function
glx, y) = x + y (mod 2") is established.

Proof of (3): For any initial numbers Xy, L,, Ty, Ly, there are six ways
to arrange even and odd numbers:

1) (e, e, e, @) (iv) (e, b, e, b)
(ii) (e, e, e, b) (v) (e, b’ b: b)
(111) (e9 €, b9 b) (Vi) (b9 b’ b, b)

where e and b represent even and odd numbers, respectively. Since the sum of
the tth powers of two even (or two odd) numbers is even, the sum of the tth
powers of an even number and an odd number is odd. Therefore, when we consid-
er the function gz(x, y) =xt+y?, the initial arrangements (ii) and (v) yield
the following:

(e, e, e, b) (e, b, b, b)
ft: (e, e, b, b) (b, e, e, b)
f?: (e, b, e, b) and (b, e, b, e) (G)
f: (b, b, b, b) (b, b, b, b)
f*: (e, e, e, e) (e, e, e, e)

The arrangements (i), (iii), (iv), and (vi) are included in the above opera-
tions. Thus there exists an integer m < 4 such that all numbers of f"(x,, %,,
x3, x,) are even numbers for the arrangements (i)-(vi).

Let f™(xy, %,, T4, &,) = (2°my, 2'm,, 2"my, 2°m,), where %, J, u, v, my,
m,, my, m, are positive integers. Without loss of generality, we may assume
that 7 < j, u, v. Then we have

2'm))t + (29m,)? = 2%tmP + 29tmt = 27t (mt + 2097 Dby,

This indicates that the value of 7 in f" will increase by at least ¢ times at
the next step (where ¢ > 2). After a finite number of steps, we can obtain an
integer g such that f(z,, z,, x;, *,)= (2%q,, Zlqz, 2%q4, 2°q,), where h, %,
P, 8, gy» 9ys (35 g, are positive integers and h,%,7,8 > 7, i.e., all numbers
of £7 are the multiples of 2". Thus, the four numbers of f? are congruent to
zero modulo 2”. This shows that the function g(x, y) = x® + y* (mod 2") is
stable.
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Before we prove the last statement of the theorem, let us recall a simple
property of Euler's ¢-function.

Lemma 1l: For any even integer N, (i) if N is a power of 2, then ¢ (W) = (%)N;
(ii) if N is not a power of 2, then ¢(V) < (%)N.

Proof of (7): First, we consider only the initial numbers Tyy Tyy Lys X,
greater than 2. Since ¢(x) is even for all x > 2. Therefore, we have

Fixys Ty Xy ) = (N, Nyy Ny, Ny),

where Ny, Ny, N3, N, are even integers and min{N, Ny, N3, Ny} > 4. If N, =
N, = N3 = N,, we can see below that statement (7) of the theorem is true in
this case. If all four are not equal, by Lemma 1 it is clearly seen that the
greatest integer (if two or three are equal and greater than the remaining,
each of these may be called "the greatest") of f™(x,, x,, x;, x,) must get
smaller within three steps for all n. Hence, after a finite number of steps
(such as m), f™(x,, T, T4, 2,) = (Ng, Ng, N,, Ng), where Ny, Ng, N,, Ny are
even integers and either Ny = Ny = N, = Ng = 2¢ for some integer t > 3, or
max{Ng, N¢, N,, Ny} = 4. But, we also have min{N,, Ny, N,, Ng} > 4 and
fe(t, 2t, 2t, 2%) = (2%, 2%, 2%, 2%) for all ¢ and t.

This implies that the function ¢(x) + ¢(y) is stable.

It remains only to show that the initial numbers x,, x,, X3, &, contain

some 2s or ls [since ¢(2) = ¢(1) = 1, so we only need to consider either 1 or
2]. Suppose the initial numbers contain only one number 2, say x; = 2. Thus

s x,, 2, ©,) = (1 + ¢Ge,), 0(x,) + 0x,), ¢(x,) + ¢(x,), ¢(x,) + 1).

Since x,, %4, ¥, > 2. Therefore, all four numbers of F(xy, x,, X3, x,) are
strictly greater than 2. Similarly, when the initial numbers contain two or
three 2s, we can prove that there exists an integer j < 3 such that

fj(xls Lys L3y x,) = (le Jos J3, Ju)a

where J,, J,, J3, J, are integers and min{J,, J,, J4, J,}>2. This completes
the proof of (7).

4. Some More Ducci Processes

Let us denote the m-digit integer by

= m-1 m=2
x=10""a, + 10" %q,_; + -+« + 10a, + a,

and
St = (ap+ apoy ¥ o0 +a, +a))t, TE=at+at_, + .- +ab + at,

where t =1, 2, 3, ...
We now address the following problems:
(1) For what values of ¢ is the function IS; - S;I stable?
(2) For what values of t is the function |7} - TJ| stable?
(3) For what values of ¢ and n is the function T; + T; (mod 2") stable?

Partial answers to these questions are given below.

Obviously, the function |Sf - 5¢| is stable for t = 1. In order to prove
stability for t = 2, we need the following lemma.



1982] DUCCI PROCESSES 101
Lemma 2: Let Z be the set of all nonnegative integers and let H= {3z: z¢ 2},
L = Z\H. Then for any h,h ,h, e H and %,%,,%, € [ we have

(1) |3 - hi| €H and |22 - 22| e H;

(11) |h? - 2%|er.

Proof: For any he H, we have # = 0 (mod 3) and %% = 0 (mod 3). For any
feL, we have either £ = 1 (mod 3) or 2 = 2 (mod 3). But we see that 2% = 1
(mod 3) for both cases. Therefore, we obtain

(1) |hZ - n%] = 0 (mod 3) and |22 - 22| 2 0 (mod 3), i.e.,

|h3 - h3| eH and |22 - 22| e H.
(ii) |n® - 23] = |1], i.e., |A® - 2%| € L.

We may note that by division by three a nonnegative integer has the same
remainder as the sum of its digits. Therefore, an immediate consequence of
Lemma 2 is:

Lemma 3: Let Z be the set of all nonnegative integers and let H = {3z: ze 2},
L = Z\H. Then for any h,h,,h, € H and %,%2,,%, €L we have

(1) |85 - sileH and |S] - Sp|eH;
(ii) |s7 - si|eL.

We now prove that the function |Sf - S;I is stable for £ = 2. By Lemma 3
we see that ¢ and b can play the same roles as shown in (G) if e represents
the initial number which belongs to the set H and b represents the initial
number which belongs to the set L. Thus we can find an integer m < 4 and four
integers hy, h,, ks, h, € H such that

f’”(xl, Loy X3, xg) = (hls h29 h39 h'-(-)

and Sy,s Sy, Shg’ Sy, € H. It follows that there exist four nonnegative integers
hs, he, h7, hs such that

fm+l(x1’ xz! xa’ xu) = (hs’ he’ h7’ ha)

and S, 0 (mod 9), ¢ = 5, 6, 7, 8. On the other hand, if max{ks, hs, %7, hgl}
has four or more digits, then, after a finite number of steps (say d), we can
find four nonnegative integers Ag, A19, A11> Ay, such that

fm+d(x1’ Xps X35 ®,) = (hgs hygs hyys hyy)s

where S, = 0 (mod 9), 2 = 9, 10, 11, 12 and max{he, hiqs P11 hyo} < 999 (the
proof is based on the same principle as shown in Steinhaus [2]). We know that
(9+ 9+ 9) = 27. Therefore, max{Shﬁ Shies Sy » Sy} < 27. This indicates
that the values of Shi(i =9, 10, 11, 12) are either 0, 9, or 18. But we see
that

182 - 02

182 - 92
182 - 182

324 and 3+ 2 + 4
234 and 2 + 3 + 4
0.

9;
9;

L]
]
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Thus, in the next step, we have
d+1
Frreti @y, @ys @35 ©) = (Bygs Ryys Bygs hig)s

where the values of 5, , (i = 13, 14, 15, 16) are either 0 or 9. It is easily
verified that f°(xy, %3, *3, 2y) = (0, 0, 0, 0) for all ¢ >m+ d + 5. This
shows that the function |52 - 57| is stable.

The function |S% - S;! is not stable for ¢ > 3. For instance, letting

gz, y) = |55 - 55|

and
: %y = 21951, x, = 21609, x, = 0, =, = 324,
we have
(21951, 21609, 0, 324)
e« 0, 5832, 729, 5103)
f2: ( 5832, 0, 5103, 729)
3 ( 5832, 729, 5103, 0)

Since
f3(21951, 21609, 0, 324) = f1(21951, 21609, 0, 324) = (5832, 729, 5103, 0),

the process is periodic with period 2. The same result is obtained if we take
(531441, 0, 426465, 104976) as the initial entries for t = 4.

The reader is welcome to consider the stability of the function |Tf - T;l
in problem (2). About 500 quadruples of two-digit numbers (x;, X2, X3, %)
have been tested for t = 2 and ¢t = 3. In each case, the functions |TZ - TZ|
and |72 - T3] stabilized after 80 steps.

With respect to problem (3), it is not difficult to get an example to show
that the function T2 + T? (mod 32) is not stable. Letting

xy, =10, x, = 22, x3 = 6, x, = 26,
we have
(10, 22, 6, 26)
fr:o(9, 12, 12, 9)
f2: (22, 10, 22, 2)
f3: (o9, 9,12, 12)

Thus, the process is periodic.

5. Ducci Processes in k-Dimensions

By analogy with Section 1, we now consider a function f whose domain and
range are the set of k-tuples of nonnegative integers. Suppose that there is
a function g(x, y) whose domain is the set of pairs of nonnegative integers,
whose range is the set of nonnegative integers, and that

f(xls xza e ey xk) = (9(351, xz)s 9(-732, x3)5 LA g(xky xl))'

Let f™xys Zys -..» Tyx) be the mth iteration of f. Assume that entries of
Ff™@ys %55 ..., T) are bounded for all m (as before the bound depends on the
initial choice of entries).

A Ducci process is a sequence of iterations of f. We call a function g
- stable if g generates a Ducci process such that for any choice of entries

@y @y eeas xy) = FM(2ys Xy, ... @) for some m.

All of the Ducci processes in Sections 1-4 can be generalized to an arbi-
trary dimension k, where k is any integer greater than 2. We propose to ex-
amine only two such generalizatioms.
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B. Freedman [3] proved that function g(x, y) = |x - y| is stable if the
number of members of the initial entries k is a power of 2.

We now show that the following functions are stable if and only if k is a
power of 2.

(1) g, y) = +y (mod 2"), n =1, 2, 3,

(I1) g(x, y) =x + y (mod k), where kK is an arbitrary positive integer.

Proof of (I): Let Xf/" be the ith entry of the mth iteration of f(x,, x,,
eees Z%). The subscript ¢ + J of x will always represent 7 + J (mod k).

Consider the function g(x, y) = x + y. We can show by mathematical induc-
tion that for any m,

kfim= i <:7,?>x7:+j' (H)

=0

In fact, (H) is true for m = 1, because

kel —
fi =X, ta, .

Suppose (H) is true for m. Then

kf£ﬂ+1 = kfil(kf;m) = ﬁ

Jg=0 J=0
m m m m=-1 m
- (O)x" + .z:l(j)xHJ t, O(J>x1+ﬂ+1 + (m>x’£+m+l
J= J=
m &/ m ul m m
= <0)x¢ +J21(j)x”+‘7 + Zl(J _ l)xi+.7’ + (m)xi+m+1
= i-
m m m m
= (5)e Z[(7) + (G )+ (R)oiann
m+ 1 Io(m+ 1 m+ 1
=< 0 >x1 * .Zl( 5 ) +(nd )%z enss
i=
m+1 m+ 1
_. 0( J )xi'i'j'
i=

Therefore, (H) is true for all m.
In particular, if k is a power of 2 (k = 27), then from (H) we have

21" zp 2_-p 27 -1 21, 21’
jg:o ( J )m“'j = <O )xi + j§1<j )xi+j + <2r)xi+2r

27 -1
or
2.’177: + .El (j )(L‘,"_\._J'.
i=

1]

k
kfi

]

2, «vey 27 = 1., Hence

r
Adopting Freedman's technique, we see that (ZJ ) is always even for J = 1,
kpok = 7=
f°=0 (mod 2), 2 =1, 2, ..., K,

k= 2"
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and

1

“fP¥ 20 (mod 4), © =1, 2, ..., k, k = 27,
FpPE 20 (mod 2%), <=1, 2, ..., k, k = 27,
Thus, we conclude that for any n we have
£ 20 (mod 2%, =1, 2, ..., k, k = 27,

This means the function g(x, y) = + y (mod 2") is stable if k is a power of
2.

In general

t

Proof of (II): The function g(x, y) = Z +y (mod k) is stable if and only
if k = 2¥ for any r. That this condition is sufficient follows from the pre-
vious proof. We now show that it is necessary.

We prove first that g(x, y) is not stable if k is an odd prime p. Let the

initial entries be 2y, %, ..., Zp, and
x={o if 0<Z<p
i 1 if Z = p.

Then from (H) we have
( - ') ;
P 7 if 0 <7 <p

(2)+(8) s

We know that ( p .) = (?) = 0 (mod p) for 0 < Z < p when p is an odd prime.
Hence, p-t

per_ [0 df0<i<p
z 2 ifi=p
and
papt - 0 if 0<<Z<p
fF {zt if 4 =p (mod p).

where ¢ is a positive integer. Thus, by Fermat's theorem 2P ™! = 1 (mod p), we
obtain
pfp(p—l) - {0 if 0< < <p
z 1 if © = p.

Therefore, g(x, y) is periodic.
Now let k = ps, where p is an odd prime and s is any integer greater than
one. Let

*

e =18 if 2 is a multiple of p
z 0 otherwise.

*For example, let k = 6; then k = ps = 3 X 2. We set the initial entries
as (0, 0, 2, 0, O, 2). Thus we have

X (0, 09 29 0, Os 2)
éfl: (0, 2, 2, 0, 2, 2)
6f2: (2, 4, 2, 2, 4, 2)
6f3: (0’ Os 49 0’ 0, 4)
6f*: (0, 4, 4, 0, &, 4)
6FS: (4, 2, 4, 4, 2, 4)
ér%: (0, 0, 2, 0, 0, 2)
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Then

keP _ 2s if 7 is a multiple of p
i 0 otherwise

and

(mod k),

kept = 2%s if 4 is a multiple of p
O 0 otherwise

where ¢ is a positive integer. Hence

ka(P-l) _ ) s if 7 is a multiple of p
Z 0 otherwise.

Thus, function g(x, y) is periodic and the proof is complete.

We leave it to the reader to examine generalizations of the Ducci proces-
ses presented in Sections 1-4.
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MINIMUM PERIODS MODULO n FOR BERNOULLI POLYNOMIALS

WILFRIED HERGET
Technische Universitat, Clausthal, Fed. Rep. Germany
(Submitted September 1980)

1. It is known that the sequence of the Bernoulli numbers b, defined by

by = 1,

1 " m+ 1
by ""m+1i);o( i )bi (m > 0),

is periodic after being reduced modulo n (where n is any positive integer),
cf. [3]. [In this note, we use the symbols b, for the Bernoulli numbers and
B,(x) for the Bernoulli polynomials.] In [3] we proved

Theorem 1: Let p € P, P being the set of primes, p > 3, and e,k,m € ll. For
k,m > e + 1, we have:

b; wn-integral and kX = m mod p®(p - 1) =by, n-integral and by = b, mod p°.

In this note, we shall give some analogous results about the sequence of
the Bernoulli polynomials B, (x) reduced modulo n (Theorem 6) and the polyno-
mial functions over Z, generated by the Bernoulli polynomials (Theorem 4).
Here, Z, is the ring of integers modulo 7, where n € l, © > 2, and the Ber-
noulli polynomials in §[x] are defined by

B (x) = }E ("?)bixm-?’, me {0, 1, 2, ...}.

i=o\?%

Similar questions about Euler numbers and polynomials were asked by Professor
L. Carlitz and Jack Levine in [2].

2. In [4] we discussed in which cases it is possible to define (in a natural
way) analogs of Bernoulli polynomials in Z,. In this section, we shall prove
the periodicity of the sequence of the polynomial functions By, over Z, gener-
ated by the Bernoulli polynomials. Each polynomial F(x) € §[x] generates a
polynomial function F : 7 +~ & by

¢D) x » F(x).

Now, considering (1) in Z,, we get a function F : Z, > Z, if and only if

(a) all values of F are interpretable mod n, and
(b) the relation (1) preserves congruence properties.

For this, it is useful to introduce the following notations ([4], p. 28).

Definition 1: A function F : Z ~ § is said to be acceptable mod n, iff

(a) Y x, F(x) is n-integral,
(b) x =y mod n = F(x) = F(y) mod n.
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A polynomial F(x) € §[x] is said to be acceptable mod n if this is true for
its polynomial function.

Definition 2: Two functions F,G : Z ~ @ are said to be equivalent mod n iff

(a) F,G are acceptable mod 7,
(b)) Y x, F(x) = G(x) mod 7.

Two polynomials F(x),G(x) € §[x] are said te be equivalent mod n if this is
true for their polynomial functions. We write

F ~ G mod n and F(x) ~ G(x) mod n,

respectively.

From [4], p. 29, we have the following

Theorem 2: B,(x) is acceptable mod n

« by is n-integral and mS,_,(n) = 0 mod 7,

where
z-1
> k" forme {0, 1, 2, ...}, z el
Sy () =4 k=0
0 for m = -1 or x = 0.

A more explicit characterization of B,(x) acceptable mod n gives (cf. [4],
p. 31)

Theorem 3:

(a) For m > 1 and Zj’n we have: B,(x) acceptable mod 7

«VYpeP: (pln=p-1fmand (p - 1fm=-1or plm).

(b) For k € IV we have: B,(x) acceptable mod 2k ¢ m = 0.

Now, we may state our first new assertion. (By Theorem 3, it suffices to
discuss the case n = pe, p a prime, p > 3.)
Theorem 4: Let p e P, p > 3, and e,k,m € IV.

(a) For k,m > e + 1, we have:

B; acceptable mod p and Xk = m mod p(p - 1)
= B, acceptable mod p and By ~ B, mod pe.
(b) pe(p - 1) is the smallest period length of the sequence of the Ber-
noulli polynomials in the sense of (a).

For the proof of this theorem, we need the following

Lemma: Let p e P, p >3, e €. Then

gMPIFVED = V@D pog pe for all «,

where both V(p®¢) = e and A(p¢) pe'l(p - 1) are minimal for this property.

For the proof of this lemma, see [5], Theorem 1.
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Proof of Theorem 4(a): Let k,m > e, k = m mod pe(p - 1) and Bz be accept-
able mod p, so that by is p-integral and kS,_,(p) = 0 mod p. By Theorem 1,
b, is p-integral with by = bm mod pe. Furthermore, from kK = m mod pe(p - 1),

and k,m > e, we have k* 2" = m+ <™ ! mod p¢ for all Z, by the lemma above.
Then

x~1 z=-1
kSy_y () = k-zoik—l - m~2:oim—l =mS, ., (x) mod p°
i= i=

for all x. Now we use (5) from [4]:
Bn(x) = mS,_,(x) + bn.
Thus B, is p-integral, too, and By (x) = B,(x) mod p¢ for all x; i.e.,
By ~ B, mod pe.
Proof of Theorem 4(b): Let By and B, be acceptable mod p, let k,m > e+1,
and let By ~ Bp mod p¢. Then Bx(x) = Bp(x) mod p¢ for all x. We shall show
that k = m mod pe(p - 1) if pefm. Obviously this would prove the assertion.

First, we get by = Bx(0) = B,(0) = b, mod pé, hence kSj_, (x) =mS,_;(x) mod p®
for all x; and moreover,

(2) kxk—l

since

mx™ ' mod pe for all x,

1]

kxk=l = kS, _,(x + 1) - kSp., ().

Putting £ = 1 in (2) shows kK = m mod pe. Let d = g.c.d.(k, p®). We know that
g.c.d.(m, p¢) = d, and d = p? with 0 £ 7 < e, since p*® f k. Thus (2) implies
¥t = 2™ mod pe~* for all x.

But this is possible only if Kk = 1 Zm - 1 mod (p-1);i.e., Kk = mmod (p-1).
Together with X = m mod pe, we have K = m mod pé(p - 1), and the theorem is

proved.

Remark 1: The minimum period length of the Bernoulli polynomial functions mod
n is the same as that of the Bernoulli numbers mod #.

Remark 2: By a very similar argument one may prove that when B, is acceptable
mod p, m 0 mod pé ¢ Bn ~ 0 mod pé. For this, notice that m = 0 mod p® im-
plies by 0 mod pe ([1], p. 78, Theorem 5).

o

Remark 3: Let v(p®) denote the preperiod length of B, mod p¢. Then Theorem 4
implies v(pe¢) < e + 1. Using Remark 2 one may slightly improve this inequal-
ity for special cases with e¢ > p. For instance, v(3%) = 3.

3. In this section we shall discuss the periodicity of Bernoulli polynomials
reduced modulo 7.

Definition 3: A polynomial F(z) = ay; + a;& + +-+ + a,2” € @[x] is said to be
n—lntegral if and only if the coefficients a,, a;, ..., ap are all n-integral.

From [4], p. 32, we have, for the Bernoulli polynomials,

Theorem 5: Let p e P, e € N, and m € N U {0} with p-adic representation

8
= 2: mpk.
k=0
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Then

8
B,(x) € §[x] is pe-integral if and only if Y m, < p - 1.
k=0

Remark 4: Each n-integral polynomial is acceptable mod 7, but there are poly-
nomials acceptable mod n that are not n-integral (cf. [4], pp. 32-33). If we
reduce the coefficients of any n-integral B,(x), we still get a polynomial of
degree m, since the coefficient of x™ is 1. Consequently, no periodicity ap-

pears. But by the lemma above we have
P TPV e = ge nod pe for all x.

Hence, any p-integral polynomial F(x) is equivalent to a reduced polynomial

with degree < p°"'(p - 1) + e having coefficients in {0, 1, ..., p® - 1}. We

shall denote such a polynomial F(x), reduced mod n, by F(x).

Remark 5: If Fl(x) and Fz(m) are reduced polynomials of F(x) mod »n, then
Fl(x) ~F,(x) ~ F(z) mod n.

We conjecture that the sequence of the Bernoulli polynomials, reduced mod
n, is periodic in a strong sense too, with a proof here only for n = p, pelP.

Theorem 6: Let p € P, k,m > 2, and suppose By (x), B,(x) are p-integral. If
kK = mmod p(p - 1), then
By(x) = B,(x) in Z,[x].
Proof: B;(x), B,(x) p-integral implies B;(x), B,(x) acceptable mod p (Re-

mark 4). By Theorem 4 we get

B, (x) ~ Bp(x) mod p, hence

Ek(x) ~ Bp(x) mod p, i.e.,

§k(x) - gm(x) = 0 mod p for all x.

The degree of this difference polynomial is <A(p) + V(p) =p - 1 + 1 = p, but
it has p zeros in Z,, hence it must be the zero polynomial, and we have '

By (x) = B,(x) in Z,[x].
Remark 6: The question, whether Theorem 6 holds for arbitrary modulus n, re-

mains open. The proof above fails in Z, when n g P, since Bk(x) ~ Bp(x) mod n
does not imply Bk(x) = B,(x) in Z,[x]. For example, let ¢ > 1 and

p-1
F@ = p M@ - Dy

pe-1
G) = II (x - 7).
=0
Then F(x) ~ G(x) (~0) mod pe, but F(x) # G(x) in Zp.[x]. Or, if n = p;p,,
where p,,p, € P and p; # p,, then one may consider the polynomials

p,-1 p,-1

p, M(x -1 and p, [l (= - 7)
A =0

for a counterexample.
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Remark 7: The assumption in Theorem 6 that both By(x) and B,(x) are p-integral
cannot be weakened, since Bp(x) p-integral and kX = m mod p(p- 1) does not im-
ply B, p-integral. For example

By(x) = x* -2 + %
is 5-integral, while B,,(x) is not so by Theorem 2, even though 22 = 2 mod
54,
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A NOTE ON FIBONACCI PRIMITIVE ROOTS

MICHAEL E. MAYS
West Virginia University, Morgantown, WV 26506
(Submitted November 1980)

A prime p possesses a Fibonacci primitive root (FPR) g if g is a primitive
root (mod p) satisfying

g> =g+ 1 (mod p).

This definition was given in [2], and properties of FPRs were worked out
in [2] and [3]. A good discussion of FPRs is contained in [4].

In [2] an asymptotic density for the set of primes having a FPR in the set
of all primes was conjectured, and that this density is correct subject to a
generalized Riemann Hypothesis was shown in[l], but it is still an open ques-—
tion as to whether or not infinitely many primes possess FPRs. The purpose of
this note is to provide a sufficient condition that a prime should possess a
FPR.

Theorem: 1If p = 60k - 1 and g = 30k - 1 are both prime, then p has a FPR.

Proof: p = 3 (mod 4) implies that at most ome of {a, -a} is a primitive
root of p for any a such that 2 < a < (p-1)/2=g; q prime implies that there
are g- 1 primitive roots of p in all, so exactly one of {a, -a} is a primitive
root of p.

p = -1 (mod 10) implies that two solutions to the congruence

22 - x - 1 =0 (mod p)

exist. These solutions may be written as g and 1 - g.
Shanks points out that since g2 - g - 1 = 0 (mod p),

glg - 1) =1 (mod p),

so that g is a primitive root iff g-1 is a primitive root. g-1 is a primi-
tive root iff -(9g-1) = 1-g is not a primitive root. Thus exactly one of the
solutions to the congruence is a FPR of p.

Conditions similar to that in this theorem occur frequently in theorems in
the literature about existence or ordering of primitive roots. Theorems 38-40
in [4] are well-known instances of this. In [3] it is observed that primes p
satisfying sufficient conditions to have two sets of three consecutive primi-
tive roots (a FPR g, g- 1, and g-2, and -2, -3, and -4) must be of the form
120k - 1, with 60k - 1 also prime. Using the theorem above, it is not neces-
sary to presuppose that p has a FPR.
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A PROPERTY OF THE FIBONACCI SEQUENCE (F,), m= 0, 1, ...

L. KUIPERS
Rue d'Orzival 4, 3960 SIERRE, Switzerland
(Submitted November 1980)

It is well known that the sequence of the (natural) logarithms reduced mod
1 of the terms F, of the Fibonacci sequence are dense in the unit interval.
See [1], [2]. This is also the case when the logarithms are taken with re-
spect to a base b, where b is a positive integer > 2., In order to see this,
we start from the fact that

1 +/5
2

l;%?zéJlog b is an irrational number, for if we suppose that

log F,,.; — log F, = log as n > ©,

Now log

log l—%?ZE/log b =r/s,

where »r and s are natural numbers, then we would have
"= ((1 +/5)/2)°,
obviously a contradiction. Hence, log,F,+; - log,F, tends to an irrational
number as n > ©, This implies that the fractional parts of the sequence
(logbﬁh), m=1, 2,

is dense in the unit interval.
We assume that the Fibonacci numbers F,, m > 1, are written in base b,
that is,

F, = ab” + ab" ' + ot + q,,
where ¢y > 1, 0<a; <b -1, 4=0,1, ..., n, m=1, 2, ..., or to anym a
set of digits {a,, a;, ..., a,} is associated.
Now, given an arbitrary sequence of digits {a,, a;, ..., a»}, one may ask

whether there exists an F, which possesses this set as initial digits. The
question can be answered in the affirmative.

We associate to the sequence {a,, a,, ..., a,} the value
a, Ay
a0+-5‘+"'+b—r,

which is a point on the interval [l1, b). This value is the left endpoint of
the interval

al Ap al Ap ap + 1
T=T(Z’)= a0+—5—+---+?,a0+—6—+-..+?+b—r.
The function log,x, mapping [1, B) onto [0, 1), maps this interval T(»r)
onto the interval
a a

r a a
% = T%(p) = [logb<zo + 7;—+ cee 4 Z7>’ 10gb(?0 + 7; + e+ Z;—+ é?)),

a subinterval of [0, 1).

112



[May 1982] A PROPERTY OF THE FIBONACCI SEQUENCE (F,), m = 0, 1, ... 113

Since the fractional parts of the logarithms to base b of the numbers F,
are dense in the unit interval, there is an m such that logbﬁ; (mod 1) e T*,
It follows that there exists a positive integer »n > r such that

a, a, a, ay
log,F, (mod 1) = log,{ay + —+ —+ ¢c0c + —+ ... + —}|.
b P\ b p? b* b
Hence, there exists an integer kK > n such that
a, Ay Ay
log,F, = k + log,|a, + R e S e B
1 b b
or
X a, ar an
F, =b"\a, + 5t t E;—+ cee P
= ab* + a;bF T+ e @, b 4+ e+ gk,
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NOTES ON SUMS OF PRODUCTS OF GENERALIZED FIBONACCI NUMBERS

DAVID L. RUSSELL
Bell Laboratories, Crawfords Corner Road, Holmdel, NJ 07733
(Submitted November 1978)

The infinite sequence {s,} is a sequence of generalized Fibonacci numbers
(also called a generalized Fibonacei sequence or simply Fibonaccti sequence) if
§ =s8,.,+8,_, for all n. A particular Fibonacci sequence is completely spe-
cified by any two consecutive terms. In this paper we let {f,}, {gn}, {hnl},
and {k,} represent generalized Fibonacci sequences, and we let {F,} represent
the sequence of Fibonacci numbers defined by F, =F,_ , + F,_,, F;, =0, F,=1.

Theorem: 1If {f,}, {g.}, and {h,} are Fibonacci sequences, then the following
summations hold for y > x.

n=y
(1 Z fi+r = [fn+r+2]n=x_1
x<igy
\ n=y
(2) 2 Z fii+rgi+s = [fn+1‘gn+s+1 + fn+r+lgn+s]n=m-l
LTy
(3) 2 Z fi+rgi+sh7l+t = [fn+r+lgn+s+1hn+t + fn+r+1gn+shn+t+l
z<iLy

+ frioTnissr mrtr1 ~ Tnere1Tneser meten
7L=y
- fn+rgn+shn+t]n=:c—l‘

Proof: The proofs are by induction on y. As base cases we take y=x-1;
the summations are empty, and the right-hand sides vanish identically. . The
induction steps are as follows:

L. Z fi+r = E fi+r +fy+1ﬂ+1

z<ily+l r< iy

n=y

[fn+;r+2]n=x-1 + fy+r'+1
[f;+r+2 + f}+r+1] - [f?x-1)+r+2]
[f;+h+3] - [f}x—1)+r+2]

n=y+1

= [fn+r+2]n=x-l'

2. 2 Z fi+1‘gi+s 2 Z fi+yagi+5 + 2fy+r+lgy+s+1

x<iiy+1 r<i<y

n=y
= [f%+r9n+s+1 + f;+r+1gn+s]n=x_l + 2fb+r+lgy+s+1

(continued)
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= [(f;%+1"gy+s+l + JL;/+1"+lgy+s+l) + (fy+r‘+lgy+s + fy+r+lgy+s+l)]
- l:f(ac—1)+rg(ac—1)+s+1 + f(:c—l)+r+lg(:c—l)+s]

= [fy+r+29y+s+1 + 3%+r+19y+s+2]

- [f(x—l)+rg(:c—1)+s+1 + f(:c-l)+r+1g(x—1)+s]

n=y+1l
[fn+rgn+s +1 * J071+ r+1gn+s]n=x-1°

3. We note that, as in the proofs of (1) and (2), the bottom limit of the
right-hand side is unchanged, and we need only prove the following identity
related to the top limit y:

*
*) [fy+r+19y+ s+1hy+t + fy+r+19y+3hy+t+1 + fy+rgy+3+1hy+t+1
= fyrre 19y serltyr e ~ FyanTyrohyse) + 2f s re19ys s 41 tys e 1
= [fy+r+29y+s+29y+t+1 t fyrrrodyseerlysser T Fyane19yss42Pysean

- fy+1‘+299+8+2hy+t+2 - fy+r+1gy+s+1hy +t+1]‘

As a shorthand notation we let (abe) stand for fyisr+ady+ s+bPy+t+es Where
a, b, ¢ are 0, 1, or 2. Then the identity (*) can be written as follows:

(%%) (110) + (101) + (011) - (111) - (000) + 2(111)
= (221) + (212) + (122) - (222) - (111).

The following identities are easily verified, and the validity of (*%),
and therefore of (3), follows immediately:

(221) = (001) + (011) + (101) + (111),
(212) = (010) + (110) + (011) + (111),
(122) = (100) + (110) + (101) + (111),
(222) = (000) + (001) + (010) + (011) + (100) + (101) + (110) + (111). o

Identity (1) is well known, although it is wusually stated in terms of
Fibonacci or Lucas numbers with limits of summations 1 to »n or O to n.

Identity (2) is a generalization of the identities of Berzsenyi [l]. This
is easily shown using the following identity, which is easily verified, where
{f»} and {g.} are generalized Fibonacci sequences:

) fostInox = 59 = GO (G Gy i = FoTm-n)-

We have the following:

i=n
2 2 fi9isomep = [fi+lgi+2m+b + figi+2m+b+1]~

0<i<n r=-1
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[f;+b+i9ﬁ+i+1 - ('1)1+1(f;+b—19m - f092m+b—1)

. 7 i=n
* foebaiIneivr = D (Fipmer - f092m+b+1)]i=_1

i=n

= [Zf;n+b+i9m+i+1 + (-l)% (f;n-f-b—lgm - fl‘ﬂ+bgm+l f092m+b)]7,=—1

Applying the limits, we obtain the following expression:

2: i 9ivomenr = TnsmenGnamer = Tnab-19n

0<isn

1+ (=)
+ (——2—>(fm+b_19m - ﬁn+bgm+1 + f092m+b)’

which is exactly the expression obtained in [1] for even or odd n and b= 0 or
1.

The advantages of identity (2), besides its attractive symmetry, are that
(a) only a single case is needed instead of four separate cases and (b) it is
applicable to general limits, not just the sum from O to n. In addition, (2)
applies to the sum of the product of terms from different generalized Fibo-~
nacci sequences, as opposed to the original form in [1].

It should be noted that (4) can also be applied directly to (2), leading
to the summation
n=y

(=1 1)r*T
E: fivrGi4s = [f;+r9n+s+l+

z<iLy

D™ g fogs-m]

n=x~1

The summation of (2) has also been considered by Pond [1], whose r&sult is
valid for the sum of the products of terms from identical generalized Fibonacci
sequences:
n=y

Z fifivs = {%(Fs-afnfn+1 + F8f2+2):|n

r<i<y =2-

Recall that {F,} is the sequence of Fibonacci numbers. This result is easily
derived from (2) by use of the identity fr4p = Fpo_1fy + Fofns1-

Identity (3) has been considered by Pond [2], again in a simpler context;
he requires all three generalized Fibonacci sequences to be identical and de-
rives the following expression:

n=y
2: f1+rf;+s [(Eaf} - Fs-le_l)D(‘l)an-l +.j;+r+n+lf;f;+l]

r<i<y
where D(=1)" = f,_1Ffne1 - f2 = (-1)"(f_1f, - f3). It is not hard to show that
this summation is a consequence of (3).

The advantages of identity (3) again lie in its pleasing symmetry, its ap-
plicability to general limits, and the fact that the summation is valid for
products of different Fibonacci sequences.

A general methodology for finding summations of the form of identities (1),
(2), or (3) has been discussed elsewhere [3]. This methodology expresses the
sum of the products of terms from several sequences, each defined by a linear
recurrence, as a standard sum, defined below.

3
n=g-1
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If the sum to be found is

Z fl,n+r1f2,n+r2 e f;n,n+1‘,,,

ziny

where the m sequences {f1}, ..., {fx} are defined by linear recurrence rela-
tions (i.e., not necessarily Fibonacci sequences), the standard sum is a linear
combination

n=y
[ mail,iz, vees Tn fl,n+r‘1+i1f2,n+r‘2+i2"' fm,n+r,,,+i,,,
(215 veesin) €T

n=x-1

with the following important properties:

1. each term of the standard sum is the product of m terms, one from
each of the original sequences in the product to be summed;

2. the m-tuples (Z;, ..., Zn) have constant integer components;

3. the coefficients a;, ..., i, @re constant and only a bounded number
of the coefficients are nonzero.

Of interest is the result that a standard sum for the sum of the products
of terms from recurrence sequences does not always exist. In particular, the
sum

E fn+rgn+shn+tkn+u

(with {fn}, {gn}> {h.}, and {k,} Fibonacci sequences) cannot be expressed as a
standard sum. For details, the interested reader is referred to [3].
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BINET'S FORMULA FOR THE TRIBONACCI SEQUENCE

W. R. SPICKERMAN
East Carolina University, Greenville, NC 27834
(Submitted April 1980)

1. Introduction

The terms of a recursive sequence are usually defined by a recurrence pro-
cedure; that is, any term is the sum of preceding terms. Such a definition
might not be entirely satisfactory, because the computation of any term could
require the computation of all of its predecessors. An alternative definition
gives any term of a recursive sequence as a function of the index of the term.
For the simplest nontrivial recursive sequence, the Fibonacci sequence, Binet's

formula [1] _
U, = (1/‘/5) (an+1 - 8n+1)

defines any Fibonacci number as a function of its index and the constants
1 1
a=5(1+/5 and B =31 -5).

In this paper, an analog of Binet's formula for the Tribonacci sequence

1, 1, 2, 4, 7, R un+1 = un +uﬂ"l +un_2’
(see [2]), is derived. Binet's formula defines any term of the Tribonacci
sequence as a function of the index of the term and three constants, p, O,

and T.

2. Binet's Formula for the Tribonacci Sequence

Binet's formula is derived by determining the generating function for the
difference equation

u0=u1=l’u2=2

Uppy = Uy T Uy + Uy n > 2.
Let f(x) = uy, + u,x + u2x2 R S VA, L R 2: uixi be the generating
function; then =0
(1 -z -x2-x3f) =1,
S0
_ 1 _ 1 _ 1
) s T Ui -@d - @ @
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The roots of p(x) = 0 are 1/p, 1/0, and 1/t, where p, g, and T are the roots
of

p(%)=x3—x2—x-l=0.

Applying Cardan's formulas to p(i;) = 0 yields

o= 2(V19 +3/33 + V19 - 3/33 + 1),

o =%([z'— V19 +3/33 - V19 - 3/33 + /32 V19 + 3/33 - V19 - 3/33]),
and '
T =0, the éomplex conjugate of O.
Approximate numerical values for p, o, and'g are:
p =1.8393, 0 = -0.4196 + 0.60637, 0 = -0.4196 - 0.6063%.

Since the roots of p(x) = 0 are distinct, by partial fractions

fla) = — 1 - A B, c__
(1 - px)(l - ox) (L - ox) l-pxr 1l-o0x 1-70x
Here
4 = 1 _ p?
g a T
(- ‘5)(1 - 5) (e - )(p -0
1 g2
B = =\ s
(1 - %)(1 ‘%) (© - p)(o - )
and , i
c= L - il
p o] — — .
(“%;)(“g) (©-p)@ -0
Consequently,
- > o? = it R
flx) = — Y pixi + N S L S La— 5y
A (© - p) (o - )P0, @ - 0@ - 00

o +2 i+2 —i+2
o X
= Z: < & + g + >;r1.

O\(p-0)(p-0) (©@-p©@=-0) (@=-p)©-o0)
Thus, Binet's formula for the Tribonacci sequence is

n+2 n+2 ——=n+2
9] g
Un 2

G- -5 (@-p-3 @-p)@G-0)
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Multiplying the numerators and denominators of the last two terms by (p - 0)
and (p - 0), respectively, yields
n+2 _ == _ —

u, = —2 + (o - 0o 4+ —(p - 0)g .

lo - 0|2 -2I(0)|p - 0|? 2iI(0)]|p - 0|2

n+2 n+2

Using the relations 0 = r(cos 6 + ¢ sin 0),
g" = r*(cos n 6 + 7 sin n 8), 6 = tan"*(I(0)/R(0))

and combining terms:

2
Uy = e pr o+ r

lo - o|? lo - ol?

(r - 2p cos B6)

r"” cos n 6O

+ r2 cos 6 - pr(l - 2 sin? B)

i e|p 3 g|2 r” sin n 6.

Denoting the coefficients of p*, r»" cos n 6, and »" sin n 6 by o, B, and v,
respectively, yields ‘

U, = 0p™” + r*(B cos n 6 + vy sin n 0).

Approximate values for the constants are:

p = 1.8393, 6 = 124.69°, r = 0.7374,
o = 0.6184, B = 0.3816, Y = 0.0374.
3. An Application
Since ]rl = .7374 <1, the nth Tribonacci number is the integer nearest
ap” when
[r”(B cos n O + vy sin n 9)[ < %u

Using calculus, the value of |B cos n 8+ v sin n 6] is at a maximum when

n8 = 5.60° + km, for k an integer.

Consequently,
|Pn(B cos n 8 + v sin n 6| < %-for n > 1.
Since [0 + .5] = 1 (where [ ] is the greatest integer function), a short form

of the formula that is suitable for calculating the terms of the Tribonacci
sequence is
U, = [ap™ + .5] for n > 0.
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PYTHAGOREAN TRIPLES

A. F. HORADAM
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(Submitted June 1980)

Define the sequence {w,} by

(1) W, = a, w; = b, Wopp = Wyyy T W,

(n integer > 0; a, b real and both not zero).

Then [2],
2 2 _ 2 2 2
(2) (wnwn+3) + (zwn+1wn+2) - (wn+1 * wn+2) .
Freitag [1] asks us to find a ¢,, if it exists, for which
(3) (Fﬂ Fn+3’ 2Fn+an+2’ cﬂ)

is a Pythagorean triple, where F, 1is the nth Fibonacci number.
show that ¢, = F,,, ;.
Earlier, Wulczyn [3] had shown that

(4) '(LnLn+3’ 2Ln+1Ln+2s 5F2n+3)

is a Pythagorean triple, where L, is the nth Lucas number.
Clearly, (3) and (4) are special cases of (2) in which a =

It is easy to

0, b =1, and

a=2, b=1, respectively. One would like to know whether (3) and (4) pro-
vide the only solutions of (2) in which the third element of the triple is a

single term. Our feeling is that they do.

Now
(5) w, = aF,_, + bF,,
> . (@ + ),y + (2ab - a)Fy,,,
(6) Wiy + Why, = ) )
(b* + 2ab)F,, ., + (@° - 2ab)F,, .1
[ .2 . _
b%F,, .. 1fa—o}I
5bF, 45 if a = 2b
%! -1,
a“Fyper ifb=20
II
2 . _
5a°F ;41 if b = -2a
whence
bF, or bL ., by I
(8) Wy =

af,_, or —al,_; by II,

results which may be verified in (5).
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~ Therefore, only the Fibonacci and Lucas sequences, and (real) multiples
of them, satisfy our requirement that the right-hand side of (2) reduce to a
gingle term. : ;
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COMPOSITION ARRAYS GENERATED BY FIBONACCI NUMBERS
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The number of compositions of an integer n in terms of ones and twos [1]
is F,,,» the (n + 1)st Fibonacci number, defined by
F, =0, F, =1, and F,;, = F,,, +F_ .
Further, the Fibonacci numbers can be used to generate such composition arrays
[2], leading to the sequences.A = {a,} and B = {b,}, where (a,, b,) is a .safe
pair in Wythoff's-game [3], [4], [6].
We generalize to the Tribonacci numbers T, , where

IT,=0,7, =T, =1, and T, g = Tpy, + T,y +T,.

The Tribonacci numbers ;give the number of compositions of # in terms of omnes,
twos, and threes [5], and when Tribonacci numbers are used to generate a com—
position array, we find that the sequences 4 = {4,}, B = {B,}, and C = {C,}
arise, where 4,, B,, and C, are the sequences studied in [7].

1. The Fibonacci Composition Array

To form the Fibonacci composition array, we use the difference of the sub-
scripts of Fibonacci numbers to obtain a listing of the compositions of » in
terms of ones and twos, by using F, ., in the rightmost column, and taking the
Fibonacci numbers as placeholders. We index each composition in the order in
which it was written in the array by assigning each to a natural number taken
in order and, further, assign the index k to set 4 if the kth composition has
a one in the first position, and to set B if the kth composition has a two in
the first position. We illustrate for n = 6, using F, to write the rightmost
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column. Notice that every other column in the table is the subscript differ-
ence of the two adjacent Fibonacci numbers, and compare with the compositions
of 6 in terms of ones and twos.

FIBONACCI SCHEME TO FORM ARRAY OF COMPOSITIONS OF INTEGERS ENEEXé
F 1 F 1 F, 1 F 1 Fg 1 F, 1 F, 1= q
F, 2 F, 1 F, 1 F, 1 F, 1 F, 2= p

F, 1 F, 2 F, 1 F, 1 F, 1 F, 3= q

F, 1 F, 1 F, 2 F, 1 F, 1 F, 4= a

F, 2 F, 2 F; 1 F, 1 F, 5= b,

F, 1 F, 1 Fy, 1 F, 2 F, 1 F, 6= a,

F, 2 F, 1 F, 2 F, 1 F, 7= bs

F, 1 F, 2 F, 2 F, 1 F, 8 = as

F, 1 F, 1 F, 1 F, 1 Fs 2 F, 9 = a

F, 2 F, 1 F, 1 Fy, 2 F, 10 = b,

F, 1 F, 2 F, 1 Fy 2 F, 11 = a,

F, 1 F, 1 F, 2 F, 2 F, 12 = qq

F, 2 F, 2 F; 2 F, 13 = bs

One first writes the column of 13 F,'s, which is broken into 8 F¢'s and 5
Fy's. The 8 Fg's are broken into 5 Fs's and 3 Fy's, and the 5 Fg's are broken
into 3 F,'s and 2 F;'s. The pattern continues in each column until each F, is
broken into F; and Fy, so ending with F;. In each new column, one always re-
places F,F,'s with F,_,F,_,'s and F,_,F,_,'s. Note that the next level, rep-
resenting all integers through Fg = 21, would be formed by writing 21 Fg's in
the right column, and the present array as the top 13=F, rows, and the array
ending in 8 F¢'s now in the top 8=Fg rows would appear in the bottom 8 rows.
Notice further that this scheme puts a one on the right of all compositions of
(n - 1) and a two on the right of all compositions of (n - 2).

Now, we examine sets A and B.

n: 1 2 3 4 5 6 7 8 9 10 ...

a,: 1 3 4 6 8 9 11 12 14 16 ...

bt 2 5 7 10 13 15 18 20 23 26 ...
Notice that A is characterized as being the set of smallest integers not yet
used, while it appears that b, = a, + n. Indeed, it appears that, for small

values of #n, a, and b, are the numbers arising as the safe pairs in the solu-
tion of Wythoff's game, where it is known that [2]

(1.1) an = [nal, b, = [na?],

where [x] 1is the greatest integer in x and o = (1 + /5)/2. Further, we can
characterize A and B by
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(1.2) am =1+ 0,Fy + ¢+ + 04 F, 0o; € {0, 1},

b

2+ a,F, + -0 + 0 Fy, a; € {0, 1},
Any integer 7 has a unique Fibonacci Zeckendorf representation
(1.3) n=0,F, + a0, F, + o, F, + <o + o Fy,

where a; € {0, 1} and a;a,;_, = 0, or, a representation as a sum of distinct
Fibonacci numbers where no two consecutive Fibonacci numbers may be used. Now
suppose 1 is the smallest term in the Zeckendorf representation of n. Then n
is in the required form for an. Suppose that the smallest Fibonacci number
used is Fy, where k is even. Replace Fk by Fk—l + Fy_ps Fr_py by Fy g + Fy_yys
Fyp_y by Fp_5 + Fy_gs «.., until one reaches F, = F; + F,, so that we have
smallest term 1, and the required form for a,.

Similarly, if 2 is the smallest term in the representation of »n, then »n is
in the required form for b,. If the subscript of the smallest Fibonacci num-
ber used is odd, then we can replace Fy by Fy_; + Fy_,s Fy_, by Fy_g + Fy_y»

.» just as before, until we reach F, = F, + F,, equivalent to ending in a 2
for the form of b,.

Thus A is the set of numbers whose Zeckendorf representation has an even-
subscripted smallest term, while elements of B have odd-subscripted smallest
terms. Since the Zeckendorf representation is unique, 4 and B are disjoint
and cover the set of positive integers. Also, the unique Zeckendorf repre-
sentation allows us to modify the form to that given for a, and b, uniquely,
by rewriting only the smallest term.

Now, we can prove that A and B do indeed contain the safe-pair sequences
from Wythoff's game.

Theorem 1.1: Form the composition array for » in terms of ones and twos, us-—
ing F,,, on the right border. Number the compositions in order appearing.
Then, if 1 appears as the first number in the kth composition,

k=ap=1+a,F; +a,F, + -+ +F, a; e {0, 1},
and if 2 appears as the first number in the kth composition,

k=by=2+0,F, +0F, + e +F, o € {0, 1},
where (a,, bn) is a safe pair in Wythoff's game.

Proof: We have seen this for n = 6 and k = 1, 2, ..., 13 = F,, and by us-
ing subarrays found there, we could illustrate n = 1, 2, 3, 4, and 5. By the
construction of the array, we can build a proof by induction.

Assume we have the compositions of 7 using ones and twos made by our con-
struction, using F,,; in the rightmost column. We put the F, compositions of
(n - 1) below. (See figure on page 125.)

Take 1 < j < F,. If j e A, then j + F,,, €A as the compositions starting
with 1 go into A and those starting with 2 go into B, and addition of F,,;
will not affect earlier terms used. Note well that no matter how large the
value of n becomes, the earlier compositions always start with the same number
1 or 2 as they did for the smaller value of #n, within the range of the con-
struction. Now, if j is of the form
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J=1l+a,Ff, +o,F, + -+ +0a,F,, jcd,

J+ Fppp =1+ 0Fy +0,F, + oo +Q,F, +F, .,
and (j + F,,,) € 4, a; € {0, 1}. Since we know that all the integers from 1
to F,., — 2 can be represented with the Fibonacci numbers 1, 2, 3, ..., F,,
for the numbers through F,,, we need only F,, Fy, ..., F,. Thus the numbers
1, 2, ..., F,,, can be represented using 1, 2, ..., F ,,» and we continue to
build the sets 4 and B, having both completeness and uniqueness, recalling [1]
that the number of compositions of »n into ones and twos is F,,,;. Also, notice
that there are F,_, elements of B in the first F, integers and F,_, elements
of 4 in the first F, integers.

: J:
I
]
: 1
Compositions i 2
of n -1 ! 3
1
j i Fn+1
J I |
Compositions of 7
Fn+1
] Fppy + 1
Compositions of Fopp + 2
n-1 } F,
J + Fn+1
Foog T F,

1<J2F,, n2>2.

2. The Tribonacci Composition Array

Normally, the Tribonacci numbers give rise to three sets 4, B, C [8]:

{An:An=1+a,Ty + 0,7, + -},
(2.1 B={Bn:Bn=2+0a,0, +a5Ts + -},
C={Cn:Cp=14+ a7y +a T, + ---1,

where a; € {0, 1}. Equivalently, see [7], if Tj is the smallest term appear-
ing in the unique Zeckendorf representation of an integer N, then

NeAif k= 2mod 3, Ve Bif Kk 23 mod 3, and N € C if Kk = 1 mod 3, k > 3,

where we have suppressed T, = 1, but T, =1 = 4;, and every positive integer
belongs to 4, B, or (, where 4, B, and C are disjoint.
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Also, recall that the compositions of a positive integer » using l's, 2's,
and 3's gives rise to the Tribonacci numbers, since T,,, gives the number of
such compositions [5].

Now, proceeding as in the Fibonacci case, we write a Tribonacci composi-
tion array. We illustrate for Ty = 13 in the rightmost column, which is the
number of compositions of 5 into 1's, 2's, and 3's. We put the index of those
compositions which start on the left with a one into set A4, those with a two
into set B, and those with a three into set (, and compare with sets 4, B, and
C given in (2.1).

INDEX:
TRIBONACCI SCHEME TO FORM ARRAY OF COMPOSITIONS OF INTEGERS A4, B, or C

r, 1 7, 1 T, 1 7 1 T, 1 T, 1 =4,
r, 2 7, 1 T 1 T 1 T 2 =B,
r, 1 7, 2 T 1 Ty 1 T 3 =4,

r, 3 7, 1 T, 1 T, 4=y

r, 1 7, 1 T, 2 T, 1 T 5 = A,
T, 2 T, 2 T, 1 T, 6 =B,

r, 1 T, 3 T, 1 T 7 =4,

r, 1 7, 1 7, 1 T, 2 T, 8 = As
r, 2 7, 1 T 2 T 9 = B,

r, 1 T, 2 T, 2 T, 10 = 44

T, 3 T, 2 T, 11 = ¢,

. 1 T, 1 T, 3 T, 12 = 4,

r, 2 T, 3 T 13 = B,

We note that thus far the splitting into sets agrees with these rules: 4,
is the first positive integer not yet used; B, is 24, decreased by the number
of C;'s less than 4,; and C, is 2B, decreased by the number of C;'s less than
B,; where A,, B,, and C, are the elements of sets 4, B, and C of (2.1).

n: 12 3 4 5 6 7
4,: 1 3 5 7 8 10 12
B,s 2 6 9 13 15 19 22
Cn: & 11 17 24 28 35 41

We next prove that this constructive array yields the same sets 4, B, and C as
characterized by (2.1) by mathematical induction.

We first study the array we have written, yielding the T, = 13 composi-
tions of n = 5 using 1's, 2's, and 3's. We write 13 T,'s in the rightmost
column. Then, write the preceding column on the left by dividing 13 T4's into
7 Ts's, 4 T,'s, and 2 T3's. 1In successive columns, replace the 7 Ty's by 4
T,'s, 2 T3's, and 1 T,, and the 4 Ty's by 2 T3's, 1 T, and 1 Ty, then the 2
T3's by 1 T, and 1 Ty. Any row that reaches T; stops. Continue until all the
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rows have reached T;. Notice that the top left corner of the array, bordered
by 7 T¢'s on the right, is the array for the T5=7 compositions of n - 1 = 4,
and that the middle group bordered on the right by 4 T,'s is the 4=7T, compo-
sitions of n - 2 = 3, and the bottom group bordered by 2 T;'s on the right is
the 2 = T3 compositions of n - 3 = 2. The successive subscript differences
give the compositions of 7 using 1's, 2's, and 3's.

If we write T,4+17,+1's in the right-hand column, then we will have in the
preceding column the arrays formed from 7,7,'s on the right, T,_.1T»-1's on the
right, and T,-2Tx-2"'s on the right. All the integers from 1 through T,+1 will
appear as indices because there are T,4+; compositions of » into 1l's, 2's, and
3's. The subscript differences will give the compositions of »n into 1's, 2's,
and 3's, and we can make a correspondence between the natural numbers, the
compositions of 71, and the representative form of the appropriate set. Those
Tyn+1 compositions are ordered with indices from the natural numbers. Each
composition whose leftmost digit is one is cast into set A4; those whose left-
most digit is two are cast into set Bj; and those whose leftmost digit is three
are cast into set (. Descending the list, we then call the first 4, 41, the
second 4, 43, ..., the first B, By, the second B, By, and so on. We have now
listed the elements of 4, B, and C in natural order. Since the representa-
tions of 4,, By, and C, from (2.1) are unique, see [7], and since this expan-
sion is constructively derived from the Zeckendorf representation so that the
largest term used remains intact (by the lexicographic ordering theorem [7]),
every integer m < T, uses only T,, T3, ..., T,_; in the representation, and T,
can itself be written such that the largest term used is 7,_,. Let j by any
integer, 1 < j < T,. Assume that j can be expressed as in (2.1). Then j' =
J + T,+1 will be in the same set as j, since all early terms of j and j' will
be the same. Further, if the leftmost digit of the jth composition is a, where
1 <j <T,, then the leftmost digit of the j'th composition, j'=gj+T,,, will
be a, since the leftmost digits are not changed in construction of the array.

|
|
|
|
T, | |
|
|
|
|
I
|
Tn+1Tn+1'S
|
|
. T I
n-1 |
. |
Jg+7T,_4 |
Ty +T,_, :
T, + Tn 1 + 1 }
|
Tn-z I
J + Tn-l + Tn +

Tysr =Ty + Ty +Tuey
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Recall that set elements are not characterized by the composition, but only by
its leading 1, 2, or 3. Each number in the jth position in the original gives
rise to one in the (j + T,,,)st position in the same set 4, B, or C. Also,
Jg+7,+ T,,, belongs to the same set as j.
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Craig M. Cordes [2] and Charles Small [4] proved Theorem 1, a result that
W. Sierpinski [3] proved, using elementary group theoretic considerations, for
n being a prime, and J. H. E. Cohn [l, Theorem 7] proved for n = m. Moreover,
Theorem 1 is implicit in some of the solutions to Problem E2446 in the Ameri-
can Mathematics Monthly (January 1975).

Throughout this paper, m and n will denote positive integers with m > 1.

Theorem 1: Let n be greater than 1. The congruence x” = @ (mod m) has a solu-
tion for every integer a if and only if (n, ¢(m)) = 1 and m is a product of
distinct primes.

Let a;, a, ...5 ay be a complete residue system modulo m. It follows from
Theorem 1 that af, a}, ..., aj, where n > 1, is a complete residue system mod-
ulo m if and only if (n, ¢(m)) = 1 and m is a product of distinct primes.

We shall give a simple proof of Theorem 1 and, in addition, prove the fol-
lowing two related results.

Theorem 2: The following three conditions are equivalent:

I. The congruence " = a (mod m) has a solution for every integer a with

ety = 0

II. The congruence x” = g (modm ) has a solution for every integer g rela-
tively prime to m.

11I. (%, ¢(m)) = 1.

From Theorem 2, it follows that for a;, a;, ..., agm @ reduced residue
system modulo m, af, al, ..., afm 1is a reduced residue system modulo m if
and only if (n, ¢(m)) = 1.

The following result tightens the equivalence of Theorem 2.

Theorem 3: Conditions I and II are equivalent.

I. The congruence x” = g (mod m) has a solution if and only if
m
— ) = 1.
(a, (a» m))
I1I. (n, ¢(m)) =1 and p"** Jm for all primes p.

By Theorem 3, we can, with only the simplest of calculations, write down
the nth-power residues modulo m if (n, ¢(m))=1 and p”+1*7n for all primes p.

129
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We shall now state and prove several results needed for the proofs of

these three theorems.

Lemma 4: Let a and n be positive integers. If ( s ?EEE%T) = 1, then there is
a positive integer ¢ such that ’

ant

i

amem) (nod m).

Proof: Assume (a, TEELEY) = 1 and, for convenience, let d = (a, m). Since
s

(- 5)=1 ana  o(%)lsem.

by the Euler-Fermat theorem,

q(m

1 (mod %)

There are positive integers ¢ and ¢t such that nt - (n, ¢(m)) = ¢(m)c. Thus

grt-(mo(m) = jetmye = (mod%).

Hence

ant = g (m em) (mod m).

Corollary 5: If (n, ®(m)) = 1, then the congruence x” = g (mod m) has a solu-

. . . m
tion for every integer a with (a, ?5—7;7) = 1.
s

Corollary 6: If (n, ¢(m)) = 1 and m is a product of distinct primes, then the
congruence " = g (mod m) has a solution for every integer a.

Corollary 6 follows directly from Lemma 4 since m being a product of dis-

. . . . m .
tinct primes implies (a,-(a——ﬁy) = 1 for every integer a.
£

Lemma 7: If the congruence " = a (mod m) has a solution for every integer a
relatively prime to m, then (n, ¢(m)) = 1.

Proof: Assume (n, ¢(m)) # 1. Thus, there is a prime ¢ such that g|n and
Q|¢(p5), where pel|m and p is a prime. We shall show that the assumption p =
2 leads to a contradiction and that the assumption p > 2 also leads to a con-
tradiction.

First, assume p = 2. Thus, ¢ divides ¢(2°) = 2°"! so g =2 and e > 2.
Choose a such that a = 3 (mod 2°) and a = 1 (mod m/2%). Thus (a, m) = 1; so,
by assumption, the congruence x" = a (mod m) has a solution. Since 4|22 and
23|m, we have 4|m. Hence, the congruence x” = g = 3 (mod 4) has a solution.
But " = 3 (mod 4) is impossible, since »n is divisible by g = 2.

Now assume p > 2. Choose a such that g is a primitive root modulo p¢ and
a =1 (mod m/pe). Thus (a, m) = 1, so there is an integer x such that x™ = a
(mod m). Since pe|m, 2" = . (mod p®). For k = ¢(pe)/q, a* = x"® =1 (mod pe).
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The last congruence is true because ¢(p®) = gk, which divides nk. But gk =
(mod p¢) is impossible, since g is a primitive root modulo pé and

1
—

0<k<o@e).

We shall now prove Theorem 1. First, assume that the congruence x” = g
(mod m) has a solution for every integer @q. Thus 0 , 1 , 2 , ..., (m - 1)
must be incongruent modulo m. Now if there is a prime p such that p?|m then,
since n > 1, we would have the contradiction

0" =0 = (%)" (mod m) .

Therefore, m must be a product of distinct primes. By Lemma 7, we have that
(n, o(m)) = 1.

Conversely, assume (n, ¢(m)) = 1 and m is a product of distinct primes.
By Corollary 6, the congruence " = g (mod m) has a solution for every inte-
ger a.

We shall now prove Theorem 2. Since (a, m) = 1 implies (a, ZEELET) =1,

IT follows from I. The remaining implications—II implies III and III implies
I—follow from Lemma 7 and Corollary 5, respectively.

To prove Theorem 3, we need

Lemma 8: Let a be an integer. If p"+l*rn for all primes p and the congruence

x" = a (mod m) has a solution, then (a, ?EELET) = 1.
L]

Proof: Assume the congruence x” = a (mod m) has a solution and there is a
prime p such that p|a and p’TE?LET' Choose e such that p¢||m; clearly e < n.
Since p|a and p|m, p|x"; so pe|x”. From p¢|m and p¢|x”, we have that p¢|a, so
p¢|(a, m). But since p‘zaglajy too, we have the contradiction p®**|m.

Finally, we prove Theorem 3. First, assume condition I. Thus, in parti-
cular, the congruence x" = g (mod m) has a solution for every integer g rela-

tively prime to m. Hence, by Lemma 7, (n, ¢(m)) = 1. To prove that p"*'[m
for all primes p, assume there is a prime p such that p"*t|m. Thus

<p", —m—> = <p", 1)2? > 1.
", m) p”

Therefore, by condition I, the congruence z" = p” (mod m) has no solution.
But clearly x = p is a solution to the congruence x" = p” (mod m).

The fact that condition II implies condition I follows from Lemma 8 and
Corollary 5.
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Abstract
The numbers

AGm, k, 8, v) = [V EX(sz + 7)1 >
where V =1 - E71, Ejf(x) = f(x + J)s Ug=u, when 0 < & < k and Uy = 0 other-
wise, (Y)m =y(y - 1) ... (y - m+ 1), are the subject of this paper. Recur-
rence relations, generating functions, and certain other properties of these
numbers are obtained. They have many similarities with the Eulerian numbers
1 1
Amx = ﬁT{Vm+ A P

and give in particular (i) the number Cp,n,s of compositions of n with exactly
m parts, no one of which is greater than s, (ii) the number @s,, (k) of sets
{215 235 +ees Zm} with 24 € {1, 2, ..., 8} (repetitions allowed) and showing
exactly k increases between adjacent elements, and (iii) the number g, ,(r, k)
of those sets which have ¢, = r. Also, they are related to the numbers

G(m, n, 8, r) = if[A”(sx + 1)p] A=E -1,

x=0"°

used by Gould and Hopper [1l] as coefficients in a generalization of the Her-
mite polynomials, and to the Euler numbers and the tangent-coefficients T,.
Moreover, lim s™"m!A(m, k, s, su) = An, , u» Where

8+t

1
Am ke, u = ET{VM+IEk(Q_i_z)m]x=o
is the Dwyer [8, 9] cumulative numbers; in particular,

lim s™"m!A(m, k, 8) = Ap, x> A(m, kK, 8) = A(m, k, s, 0).

8+t

Finally, some applications in statistics are briefly discussed.
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1. Introduction

A partition of a positive integer n is a collection of positive integers,
without regard to order, whose sum is equal to n. The corresponding ordered
collections are called "compositions" of n. The integers collected to form a
partition (or composition) are called its "parts" (cf. MacMahon [l4, Vol. I,
p. 150] and Riordan [16, p. 124]). The compositions with exactly m parts, no
one of which is greater than s, have generating function

Crvo (8) = 20 Cnym, o™ = (L = ©)T"(1L - t9)",

and therefore the number Cp,», s of compositions of »n with exactly m parts, no
one of which is greater than s, is given by the sum

k . - . y
(1.1) Cm,n,s=j;l(_l)J<];><n 1 7).

m=1

where X = [(n - m)/s], the integral part of (n - m)/s.

Compositions of this type arose in the following Montmort-Moivre problem
(cf. Jordan [12, p. 140] and [13, p. 449]): Consider m urns each with s balls
bearing the numbers 1, 2, ..., s. Suppose that one ball is drawn from each
urn and let

m
Z=23 X
i=1

be the sum of the selected numbers. Then the probability p(n; m, s) that 7 is
equal to »n is given by

(1.2) p(ny my 8) = 8 "Cp,n, e n =M, m+ 1, ..., sm.
Carlitz, Roselle, and Scoville [4] proved that the number s, ,(k), of sets

{215 225 eees ip} with 2, € {1, 2, ..., s} (repetitions allowed) and showing
exactly k increases between adjacent elements, is given by

k .
_ Am + 1\(s(k - g) +m -1
(1.3) 0. nl®) = 2 od (") s ).
and the number @, ,(r, k) of those sets which have 7, = r is given by
k-1 .
\ _ ifmfetk -4 -1)+r+m-2
(1.4) Quntrs 0 = T (1) (7 )( b ).

The next problem is from applied statistics: Dwyer [8,9] studied the prob-
lem of computing the ordinary moments of a frequency distribution with the use
of the cumulative totals and certain sequences of numbers. These numbers are
the coefficients Ap, x,» of the expansion of (x + »)™ into a series of factor-
ials (x + k),, k =0, 1, 2, ..., m; that is,

(x4 2)" =3 Ap, i, v +m = k), [m!
K=0

Using the notation Uy =u; with 0 < x < k and u, = 0 otherwise, he proved that
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k .
(1.5) A, o = B @+ 0", = & (" 1)(k —d .
i=o J

These numbers for r» = 0 reduce to the Eulerian numbers

m+ 1

k .
(1.6) A= [VTPERZ™] o= 2 (—l)J( . )(k - D"
i=o J

In the present paper, starting from the problem of computing the factorial
moments of a frequency distribution with the use of cumulative totals, we in-
troduce the numbers

(1.7) AGn, Ky 8, 7) = (V™ ERGez + ), ],
so that
) m
(1.8) (sx + 7), = 2 Alm, k, 8, 2)(x +m = k).
k=0

These numbers have many similarities with the Eulerian numbers (cf. Carlitz
[1]). They are related to the numbers Cp,,,, of the title of this paper by

Como =Am=-1,k=-1,8, r+m=-1) = (-)"4m-1, k - 1, -s,-r - 1),
k=1[(n-m/s],
r=m-m -sl(n-mlsl,
and to the numbers @, .(r, k) by
Qom(rs k) =A(m -1,k -1,8, r+m=-2) = (-D"*Am -1, k - 1, -8, -7r),
and their properties are discussed in Sections 2 and 3 below. Since
Qo m (K) = Qg, me1(85 k),
it follows that
Qe,m (k) = A(m, k - 1, s, s +m - 1) = (-1)"A(m, k, -8),
where A(m, k, 8) = A(m, k, 8, 0). Section 4 is devoted to the discussion of

certain statistical applications of the numbers A(m, k, s, »).

2. The Composition Numbers A(m, k, s, r)

Let (@)pm,» = x(x - b) ... (x — mb + b) denote the generalized falling fac-
torial of degree m with increment b; the usual falling factorial of degree m
will be denoted by (x), = (x),,;. The problem of expressing the generalized
factorial (£)m,» in terms of the generalized factorials (x + ka)m, s K=0, 1,
2, ...,m of the same degree arises in statistics in connection with the prob-
lem of expressing the generalized factorial moments in terms of the cumula-
tions (see Dwyer [8, 9] and Section 4 below). More generally, let

(2.1) (@+1rb)y 5 = 2 Cui, v D)z + (m = K)a)p,q-
k=0
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Following Dwyer, define uy = uy when 0 < x < k and Uy = 0 otherwise. More-
over, let Ea denote the displacement operator “defined | by Eqf(x) = f(x + a) and

Vo = 1 - EgY, the receding difference operator; when a = 1, we write E; = E
and V;, = V. Then, from (2.1), we have
"
(2.2) &+ rb), , = E: Cm, %, r (a5 (e + (m - Ka), “
k=0 ’
Since

a™m!s, k =n
[V Eq(x + (m = K)a)y, gle-0 =
0, 0<k<n or m<k=<m,

we get, from (2.2)

a" omiipk
Cn, x, »(as b) = (Vg "Eg(@ + vb), 5 ]m0-

These coefficients may be expressed in terms of the operators V and E and the
usual falling factorials by using the relations

VIHERF(x) = V"HERf(ar), (ax + rb)pm,p = B (sz + 1), 8 = alb.
We find
Cm, %, ras b) = 87"A(m, k, s, r), s = alb,

where
(2.3) A(m, k, 8, v) = [Vm+1E (sx + 7)1, ;s k=0,1, ..., m,
m=0, 1, 2, ...
Hence
. ,

(2.4) (@ + rb), , = 2 s"A(m, k, s, »)(x + (m = K)a)n,,» s = alb
or k=0 .,
(2.5) (ax + v), = 2, A(m, k, 8, v)(bx +m = K)p.

k=0

Using the symbolic formula
ymtl oo mil( 1) (m + l) ,
we get, for the numbers (2.3), the explicit expression

(2.6) Alm, k, s, ) = jzj;o (_1)j(m; l)(s(k - J) + ’f)-

m
It is easily seen that
(2.7) A(my ky =8, =r) = (=1)"A(m, k, s, 7 +m - 1),

and, also, that the numbers A(m, kK, s, r) are integers when s and »r are inte-
gers. Moreover, A(m, kK, s, r) = 0 when k > m.
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Remarks 2.1: As we have noted in the introduction, the number C,, ,, s of com-
positions of n with exactly m parts, none of which is greater than s is given
by

(2.8) Covn s = j‘zjo(-l)j(;'?)(” -8 - 1), k=1[(n-mlsl.

m =1
Comparing (2.8) with (2.6) and using (2.7), we get the relation
(2.9) Coynys=A(m -1, k, s, v+ m~- 1)
= -D"Y4m-1,k, ~s, r-1), r=(m-m -s[(n -m/s],
which justifies the title of this section.
Since the number Q.,,(», k), of sets {2y, 2,5 ..., Zn} with 2, € {1, 2,

.» 8} (repetitions allowed) and showing exactly kX increases between adjacent
elements which have 4; = r, is given by (see [4])

(2.10) Qo m(r, k) = :Z;::(_l)j<7;)(3(k -l-+r+m- 2)’

m-1

we get, by virtue of (2.6), the relation

(2.11) Qo vy k) =Am -1,k -1,8, 2+m=-2)

D" Am -1, k -1, -8, -r).

These numbers give in particular the numbers

(2.12) Qs,m(k) = j);(_l)j(m; 1)(s(k - j)m+ m - 1)

of the above sets without the restriction %7, = r. We have

D, w(K) = Gy 1 (85 ),

and hence

(2.13) Qg m® =A(m, k -1, 8, s +m-1) = (-1)"4(m, k, -s),
where x
M+l i 1 k-4J
(@18 A ks 0) = GlTE G = B 0 H)(E D).
Since

:‘;: (_1)j(m; 1)(.s(k —”;7') + I‘) _ [Am+1(—sxm+ r)] . =0,

it follows that
e ) e e

and (2.6) may be rewritten as follows:
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A, &, s, 7 = sy (_l)jﬂ(m + 1)(s(k - J) + r)
Fek+1 J m
m=-k
- _qym+ifm+ 1\[(-s(m -k + 1 - Z) + r
Zeu () m )
m-k+1 .
_ yifm+t \sm-k+1-2)+m-»r-1
(M) m )

Hence
A(m, k, s, ) =A(m, m-k+1, s, m-r-1) + (—1)k(m T Z i l)(;)
(2.15)
oy _ _ N m+ 1 r
= (-D"A@m, m -k + 1, -8, ») + ( 1)"(m L + 1)(m)
In particular
(2.16) AGm, ks 8) = (-D"AGm, m -k + 1, -e),

which should be compared with the symmetric property of the Eulerian numbers
Am,k = Am,m—k+l~
Using the relation

Cn; 2)(s(k - D +r-m = (sk -m+ r)(m;;l) -(stm -k +2) +m- r)(g t i),

we get, from (2.6), the recurrence relation
(2.17) m+ DA(m+ 1, k, s, r)
= (sk -m + r)A(m, ky, s, ¥) + (s(m =k + 1) +m - r)A(m, k - 1, s, 7)

with initial conditions

A0, 0, s, ») =1, A(m, 0, 5, r) = (;), m > 0.
From (2.5), we have

> A, m- i, k-G, ) (8 + Dn.

=0

(sk - §) + r),
Hence (2.6) may be rewritten as
k .\
_ydm + 1\[s(k - J) + r
jé%( b ( J )( m )

J_io (-l)j(m + 1) i (S ;1- i)A(m, m-1iy, kK =g, 1)

dJ =0

A(m, k, s, 1)

m

-3 (3 ; i)jéo(-l)j(m + l)A(m, m-1i, k-g, ),

i=0 J
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and putting

k ) ‘
(2.18) B(m, n, k, r) = Z: (—1)J<'.77 ; 1>,4(m, ny, K.~ gs r)
we get J;O
(2.19) A, ky 8, ) = O(S :;-1 7/>B(m, m =i, k, r),.
and " ‘ ? . ‘
_ o x  yitdfm A N\ m+ 1\((n - i)k -G) 4+
(2.20)  BGm, n, k, ») _jf____z) z D ( I )( : >< N )
It is clear from (2.20) that
(2.21) B(m, ", k, ») = B(m, k, n, r).
Since "
D T (CEE I )
= (nk = m +r*)(m-£ 1)(\”7; 1) - (nm -k +2) +m —'r)(m:; 1)(? -_'_- })
- (k- n+2) +m- r‘)(’; * })(’” : 1)
+(m-n+2)m-k+ 2) —-m+r)(’zti><?ti>,

it follows, from (2.20), that
(2.22)‘(m + DB(m+ 1, n, k, »)
= (nk - m+ r)B(m,‘n, k, ») + (n(m -k +2)+m-2»)B(m, n, k=1, r)
+ (km =n+2) +m-r)Bm, n - 1, ky 1)
+{(m-n+2D)m-%k+2) -m+2r)Bm, n -1, k -1, r).

with N .
B(0, 0, 0, ) =1, B(O, 0, k, ») = B(0, kK, 0, ») = 0.
Remark 2.2: Comparing (2.20) with the formula

k

Bt ) = 3 X (.-1)4—'+:f(m + 1)(”“: 1)((n - OG- - 1)

3i=01=0 z o m

giving the number of permutétions on m letters which have n jumps and require
k readings (cf. [4]), we find

(2.23) R, (n, k) = B(m, ny ky m = 1) = B(m, m - n + 1, k)

B(m, ny m - k + 1),

where
k 7 . . .
(2.24) B(m, n, k) = B(m, n, k, 0) = 2 z(__l)ug(rn-i_-l)(m-f'-l)((n—t)(k-g))_

0 171=0 T J m

J
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Using the relation

.‘2 )> (—1>“~'f(’" * 1)<m + 1)((n - )k - j))

J m

- '2: (_l)i+j(m + l)(m + l)((n - ) (k - j)>’

m
it can be easily shown that
(2.25) B(m, n, K)=B(my, m -n+ 1, m -k + 1).
Expanding the generalized factorial (x+ rb)n,p in terms of the generalized

factorials (x+ka)m,as Kk = 0, 1, 2, ..., m and then these factorials in terms
of the factorials (x+ Jjb)m, 5> J = 0, 1, 2, ..., m, by using (2.4), we get

(@ + rDYp,p= 3 a "D AGn, m - k, alb, ) (x + ka)n, 4
k=0

=Y Y A(m, m - k, al/b, r)A(m, m - §, bla, k) (x + P m, b

k=0g=

(=]
o

™M=

Z%A(m, m =k, alb, r)A(m, m - j, bla, r)(x + jb), ,,

d

L]
o
X

which implies
m

(2.26) kZ AG@n, m - k, a/b, r)AGm, m - j, bla, r) = 8,
=0

with 8r; the Kronecker delta: &5, =1, §,; = 0, j # r. Hence, we have the
pair of inverse relations

(2.27) Op = Z A(m, m - k, Cl/b, P)Bks Sk = Z A(m, m - k, b/a’ I’)OL;p-

3. Generating Functions and Connection with

Other Sequences of Numbers

Consider first the generating function
(3.1) Anys, o (£) = 2 Am, k, s, r)tk,

where the summation is over all possible values of k which are 0 to m and can
be left indefinite because A(m, k, 8, r) is zero elsewhere. Then, from (2.6),
it follows that

.2 Ao n () = (1 = £)™1 3 (8K + 7).
(3.2) @ = (1= ()

In a generalization of the Hermite polynomials, Gould and Hopper [11] used
as coefficients the numbers

(3.3) A i LSl (A TC N
r =
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which may be equivalently defined by

1
G(m, n, s, r) = ;L—![A"(sx + 1) plpeo-

Using the symbolic formula

X - 3 (k>A”

n=0\"

and since [E¥(sx + Pl = 8k + 1)y, we get
m

(3.4) (sk + r), = X, G(m, n, s, )(K),.
n=0

The generating function (3.2) may then be rewritten as

m

1 -
Am,s,r<t) = EO :1' G@m, n, s, Y’)f;m(l - t)m n’
n= :
so that N

(3.5) A, k5, 1) = T (_l)k—n;_f(z 3 Z)G(m, n, 8, 7).
n= !

Since for » = 0 the numbers G(m, n, 8, r) reduce to the numbers
~ — l n
(/(m, n, 8) = F[A (Sx)m]x=0

studied by the author [5, 6, 7] and also by Carlitz [2] as degenerate Stirling
numbers, we have, in particular,

(3.6) AGmy Ky 8) = 3 (—D"’"—”i(m -
n=0

T\m - k)C(m, sy 8).

The generating functions

(3.7) 4 (G 2) = 5 % AGm, k, 8, )tran
and m=0 k=0
(3.8) Aoty 25 ¥) = 2, 2 2 A(m, k, s, r)thy™z™,

m=0 r=0

x

=0
using (3.2), may be obtained as

(1 - &)1 + (1 - &)zl
1 - ¢[1 + (1L - )xl®

(3.9) As, (T x) =

a-1

(3.10) Ag(t, x, y) = .
{1 - ¢[1+ (1 - &)x]*H1 -yl + (1 - t)x]}

Since %E? Ag, o (t, &) = (1 - sx)™t, we get

m
(3.11) Am s, »(1) = 2 Am, k, 8, 7) = 8".
k=0
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Using (2.19) and (2.21), (3.11) may be rewritten in the form

(o s+ 1 1
2: ( v )B(m, m=-7+ 1, k, »)
0i=1 m

m+1 + . 1
2: (S v )B(m, i, m -k + 1, r)
i=1 m

Sm

Ms

k

M=

x
]

0

+1 . m
- (3’“7' 1)2B(m,i,m—k+l,r).
i=1 m k=0

3

It is known that the Eulerian numbers 4,, ; satisfy the relation (see [19]

or [11])
Jfs+71 -1
Pl G T
i=1

Therefore
m+1

(3.12) : 2B, is ky 1) = Ay ;.
k=1

The generating function

m
(3.13) Bp,n, () = 2, Bm, n, k, r)tk
k=0

is connected with 4,,, » () by the relations

m + .
(3.14) Ap s, o (£) = EO(S - l)Bm,m_i,r(t)
=
and
- i(m+ 1
(3-15) Bm,n’r (t) = 2 ("]-)J( j )Am,n—j,r(t)'
i=o0
Returning to (2.6), let us put » = su. Then
(3.16) Lim s™"m!A(n, ks 8, 1) = An, i, us
where

K
An iy = WER @+ W)™, = 2 (~1)j(m :; 1) k +u - §)
Jj=0

are the numbers used by Dwyer [8] for computing the ordinary moments of a fre-
quency distribution. In particular,

(3.17) lim s™™"m!4d(m, k, 8) = Ap i-

8§+t

Consider the function

(3.18) Ho(ts 8, 2) = (1 = £) "4p, o »(£)

m
=2
n=0

N

!
= G(my, n, 8, PIE"(L - )7

3

Then, using (3.3), we get

(3.19) H(z; t, 8, 1) = i[—lm(t; s, P)xm= (1 - t)(1 + 2)"[1 - (1 + x)®]17 .
m=0
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Since li@ H(x/s; -1, s, su) E{x; u), where
8rtow

(3.20) E@; w) = 3 Enwam = 2054/ (1 + %)
m=0

is the generating function of the Euler polynomials ([12, p. 309]), it follows
that for the polynomials

m
T,(us 8) Ha,(-1; s, su) = 27" 2:(—1)kA(m, ks 8, su)
k=0

we have
lim 57", (u, &) = Ep(u),

which, on using (3.16), gives

m
(3.21) 2 DX 1 = 2"mE, W)
k=0
and, in particular,
m
(3.22) 2 CD*p 4 10 = Eps
k=0

where E, = 2"m!E,(1/2) is the Euler number ([12, p. 300]).
Putting u = 0 in (3.21), we get

(3.23) Zm)(—l)"Am,k =T,
k=0

where T, = 2"m!E,(0) is the tangent-coefficient ([12, p. 2981]).

Remark 3.1: The degenerate Eulerian numbers 4, ;()) introduced by Carlitz [2,
3] by their generating function

w m M 1 -
(3.24) L+ X 05 2 Ap, Ot = -
me1 M 1 - £[1 + Ae(l - £)]Y/*

are related to the numbers

A@m, k, 8) A(m, k, 8, 0).

1l

Indeed, comparing (3.24) with (3.9), we get

AGm, k, 8) = %Am,k(s'l).

4. Applications in Statistics

The numbers A(m, kK, 8, »r) like the Eulerian numbers A, » seem to have many
applications in combinatorics and statistics. Special cases of these numbers
have already occurred in certain combinatorial problems, as was noted in the
introduction. In this section, we briefly discuss three applications in sta-
tistics. The first is in the computation of the factorial moments of a fre-
quency. distribution with the use of cumulative totals. This method was sug-
gested by Dwyer [8, 9] for the computation of the ordinary moments, as an
alternative to the usual elementary method and, therefore, for details, the
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reader is referred to this work. We only note that the main advantage of this
method is that the many multiplications involved in the usual process are re-
placed by continued addition. Let f, denote the frequency distribution and

vk

", =0T m= 1,2, 3, cou, Cf, = X Fs
Jj=x

the successive frequency cumulations. Then, from the successive cumulation
theorem of Dwyer, we get, for the factorial moments,

k m
(4.1) 2 (sw + P)pfoger = 2 MAG, 7y 85 P)C" s

x=0 n=0

When » = 0, i.e., when the factorial moments are measured about the smallest
variate, (4.1) reduces to :

x m
(4.2) Z(sx)mfsx= Zm!A(m’ s s)cm+lfsn’
x=0 n=0

which for s = 1, i.e., when the distance between successive variates (class
marks) is unity, gives ([8, §9])

k m
(4.3) :éo(x)mfx =n§0m!/l(m, n, 1)C"f, = miciy,

since A(m, m, 1) =1, A(m, n, 1) = 0 if n # m.

The second statistical application of the numbers A(m, k, s, r) is in the
following problem: Let X;, X,, ..., Xp be a random sample (that is, m inde-
pendent and identically distributed random variables) from a population with
a discrete uniform distribution

pn; 8) =PX=n) =81, n=0,1, 2, ..., § - L.

m ‘
Then the probability function of the sum Z, = 2: X,; may be obtained as
=1

[n/s] .
. — a-m _Nd(m\(n +tm - 1 - 89
4.4) pns 7y ) = 07 X (1) (J)( m- ! )
= g "4(m - 1, [n/sl, s, »+m - 1),
n =gk + r,
0 <r<s

Note that the distribution function

[v)
Fo, o) = 2 pn/s; m, )

n=0
of the sum

A

m
Wm o= 2,Y;, Yo =87 Xy, 2 =1, 2, cooum
i=1
approaches, for § » =, the distribution function

[u] ,
B = ar D (T - p7

J=0



ON THE ENUMERATION OF CERTAIN COMPOSITIONS

144 AND RELATED SEQUENCES OF NUMBERS [May

of the sum
m
Um = 2 V.,;
=1

of m independent continuous uniform random variables on [0, 1) (Feller [10]
and Tanny [18]).
Since

E(Zm)
Var(Zn,)

mE(X) =m(s - 1)/2,
mVar(X) = m(s? - 1)/12,

it follows from the central limit theorem (see, e.g., Feller [10]) that the

sequence
Zm - m(s - 1)/2

/m(s? - 1)/12

converges in distribution to the standard normal. Hence

[2n]
lim 35 s™™A(m - 1, k, s, r) = 3(2),

m-

(4.5) k=0
By = a/m(s? - 1)/12 + m(s - 1)/2.
and
(4.6) %iﬂ ﬁ;a;TjTES7IEs‘mA(m -1, [2p]ls 8, 2+ m=-1) = ¢(2),

where ¢(2) and 9(z) are the density and the cumulative distribution functions
of the standard normal.

Finally, consider a random variable X with the logarithmic series distri-
bution

p(k; 8) = P(X =k) = ab%/k, k =1, 2, ..., a”! = -log(l - 8), 0 <6 < 1.

Patil and Wani [15] proved the following property of the moments u,(0) =E(X™):
Wn(8) = a(l - )"y e(m - 2, k)8,
k=0

where the coefficients satisfy the recurrence relation

c(m, k)
c(0, 0)

(k+ 1)em -1, k) + (m -k + De(m -1, k - 1),
1’ c(m, k) = 09 k > m.

It is not difficult to see that

c@ms k) = Ay, gaq

with the latter a Eulerian number. Hence
Pp(0) = a(l = )" A, , 0% =a(l - 8)7 "4, (8.
k=0

A similar result can be obtained for the generalized factorial moments
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U(m;b)(e) = E[(X)m,b]

in terms of the numbers A(m, k, 8, r). Indeed, we have

Memioy (0) =& 3 (R, ,0%/k = 2 3% (k - B)n, 6%

|
Q
V)
1
E
+
=
~
]
P
p—
~
3
1
=
@D
X
“
V2]
[
o
1
e
.

and since, by (2.17) and (2.18),

T(sk + ), gtk = m- DI - ) A, L (),
k=1

it follows that

(4-7) ]J(m;b) (e) = OLS_m+l(1 - e)'m (m - ]-)!Am_l’ s, _1(9))

which, in particular, gives

10.

11.

12.

m=-1
Hims 1y (8) = a(l = 8)""(m - 1)!k§lA(m -1, k, 1, -1)6%

ofm - 1)1e™(1 - 9) ™.

References

L. Carlitz. "Eulerian Numbers and Polynomials." Math. Mag. 32 (1959):
247-260.

L. Carlitz. '"Degenerate Stirling, Bernoulli and Eulerian Numbers." Uti-
litas Mathematica 15 (1979):51-88.

L. Carlitz. "Some Remarks on the Eulerian Function." Univ. Beograd. Publ.
Elektrothen. Fak., Ser. Mat, Fiz. 602-633 (1978):79-91.

L. Carlitz, D. P. Roselle, & R. A. Scoville. '"Permutations and Sequences
with Repetitions by Number of Increases." J. Comb. Theory, Series A (1966):
350-374.

Ch. A. Charalambides. "A New Kind of Numbers Appearing in the n-Fold Con-
volution of Truncated Binomial and Negative Binomial Distributions.' SIAM
J. Appl. Math. 33 (1977):279-288.

Ch. A. Charalambides. "Some Properties and Applications of the Differences
of the Generalized Factorials." SIAM J. Appl. Math. 36 (1979):273-280.
Ch. A. Charalambides. '"The Asymptotic Normality of Certain Combinatorial
Distributions." Ann. Inst. Statist. Math. 28 (1976):499-506.

P. S. Dwyer. "The Calculation of Moments with the Use of Cumulative To-
tals." Ann. Math. Statist. 9 (1938):288-304.

P. S. Dwyer. "The Cumulative Numbers and Their Polynomials. Ann. Math.
Statist. 11 (1940):66-71.

W. Feller. An Introduction to Probability Theory and Its Applications.
2nd. ed. Vol. II. New York: John Wiley & Sons, 1971.

H. W. Gould & A. T. Hopper. "Operational Formulas Connected with Two Gen-
eralizations of the Hermite Polynomials." Duke Math. J. 29 (1962):51-63.
Ch. Jordan. Calculus of Finite Differences. 2nd ed. New York: Chelsea,
1960.



146 A GENERALIZATION OF THE GOLDEN SECTION [May

13. K. Jordan. Chapters on the Classical Calculus of Probability. Akadeémiai
Kiadd, Budapest, 1972.

14. P. A. MacMahon. Combinatory Analysis. Vols. I and II. New York: Chel-
sea, 1960. A

15. G. P. Patil & J. K. Wani. "On Certain Structural Properties of the Loga-
rithmic Series Distribution and the First Type Stirling Distribution."
Sankhya, Series A, 27 (1965):271-180.

16. J. Riordan. An Introduction to Combinatorial Analysis. New York: John
Wiley & Sons, 1958.

17. J. Riordan. Combinatorial Identities. New York: John Wiley & Sons, 1968.

18. S. Tanny. "A Probabilistic Interpretation of the Eulerian Numbers." Duke
Math. J. 40 (1973):717-722; correction, 7hid. 41 (1974):689.

19. J. Worpitzky. '"Studien iiber die Bernoullischen und Eulershen Zahlen." J.
Reine Angew. Math. 94 (1883):203-232.

*kkkk

A GENERALIZATION OF THE GOLDEN SECTION

D. H. FOWLER
University of Warwick, Coventry, England
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Introduction

It may surprise some people to find that the name '"golden section," or,
more precisely, goldener Schnitt, for the division of a line 4B at a point C
such that AB < CB=AC?, seems to appear in print for the first time in 1835 in
the book Die reine Elementar-Mathematik by Martin Ohm, the younger brother of
the physicist Georg Simon Ohm. By 1849, it had reached the title of a book:
Der allgemeine goldene Schnitt und sein Zusammenhang mit der harminischen
Theilung by A. Wiegang. The first use in English appears to have been in the
ninth edition of the Encyclopaedia Britannica (1875), in an article on Aesthe-
tics by James Sully, in which he refers to the "interesting experimental en-
quiry . . . instituted by Fechner into the alleged superiority of 'the golden
section' as a visible proportion. Zeising, the author of this theory, asserts
that the most pleasing division of a line, say in a cross, is the golden sec-
tion . . ." The first English use in a purely mathematical context appears
to be in G. Chrystal's Introduction to Algebra (1898).

The question of when the name first appeared, in any language, was raised
by G. Sarton [11] in 1951, who specifically asked if any medieval references
are known. The Oxford English Dictionary extends Sarton's list of names and
references and, by implication, answers this question in the negative. (The
1933 edition of the OED is a reissue of the New English Dictionary, which ap-
peared in parts between 1897 and 1928, together with a Supplement. The main
dictionary entry "Golden," in a volume which appeared in 1900, makes no ref-
erence to the golden section, though it does cite mathematical references that
will be noted later; the entry "Section'" (1910) contains a reference to 'me-
dial section" (Leslie, Elementary Geometry and Plane Trigonometry, fourth edi-
tion, 1820) and to Chrystal's use of 'golden section'" noted above. The 1933
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Supplement does not appear to contain any further references. A further Sup-
plement, which started publication in 1972, has a long and detailed entry un-
der "Golden'" which is clearly based on and extends, but does not answer, Sar-
ton's question.) Among the other names are: the Italian divina proportione
(Luca Pacioli, in his book of that name, published in Venice in 1509) or Latin
proportio divina (in a letter from Johannes Kepler to Joachim Tanck on May 12,
1608; then in Kepler's book De Nive Sexangula, 1611); the golden medial; the
medial section; and the golden mean. This last term ''golden mean" is credited
by the OED to D'Arcy W. Thompson. (Further complications! The OED—1972 Sup-
plement entry "Golden''—cites p. 643 of On Growth and Form [12]: "This cele~
brated series, which . . . is closely connected with the Sectio aurea or Gol-
den Mean, is commonly called the Fibonacci series.'" The reference is to the
now rare first edition of 1917; the second edition has an expanded and elabo-
rately erudite version of this footnote on pp. 923 and 924, which starts dif-
ferently: '"This celebrated series corresponds to the continued fraction 1 +
1/1+ 1/1+ etc., [though Thompson, who uses a slightly different layout of the
fraction, omits the first term in both versions of the footnote] and converges
to 1.618..., the numerical equivalent of the sectio divina, or 'Golden Mean.'"
This same dictionary entry later assigns the first use of the Latinized sectio
aurea to J. Helemes, in 1844, in a heading in the Archiv fir Mathematik und
Physik, IV, 15: "Eine . . . Auflosung der sectio aurea.") Unfortunately, the
same expression ''golden mean'" is usually applied to the Aristotelian principle
of moderation: avoid extremes. Other quite different things with similar names
are the golden rule (the rule of three; see the OED 1933 edition entry "Gol-
den" for references) and the golden number (the astronomical index of Meton's
lunar cycle of nineteen years). Also E. T. Bell, in "The Golden and Platinum
Proportions" [2], refers to "the so-called golden proportion 6:9::8:12," but I
cannot decide whether this article is meant as a serious contribution or not.
If confusion and misapprehension were confined to nomenclature, that would, it
is evident, be bad enough; alas, more is to be described, after a paragraph of
sanity.

The mathematical theory of the golden section can be found in many places.
I would cite Chapter 11 of H. S. M. Coxeter's Introduction to Geometry [4] as
both the best and most accessible reference, and further developments can be
found in other of Coxeter's works. The briefest acquaintance with any treat-
ment of the Fibonacci series will indicate why many accounts of that topic
will tend to the golden section, and The Fibonacci @uarterly is a rich source
of articles and references on this subject. That there appears to be a con-
nection between the Fibonacci numbers (and hence the golden section) and phyl-
lotaxis (i.e., the arrangement of leaves on a stem, scales on a pine cone,
florets on a sunflower, infloresences on a cauliflower, etc.) is an old and
tantalizing observation. The subject is introduced in Coxeter [4], a brief
historical survey is included in a comprehensive paper by Adler [1], and Cox-
eter [5] gives a short and authoritative statement.

The application of the golden section to other fields has, however, cre-
ated a vast and generally romantic or unreliable literature. For instance,
the application to aesthetics is, by its nature, subjective and controversial;
a good brief survey with references is given in Wittkower [13]. For a compre-
hensive example of the genre, see the rival explanation and critical view of
the role of the golden section in literature, art, and architecture in Brunés,
The Secrets of Ancient Geometry [3]. (Lest I be incorrectly understood to be
dismissing the scientific and experimental study of aesthetics as worthless,
let me cite H. L. F. von Helmhlotz's On the Sensations of Tone [10] as an
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impressively successful example of this type of investigation, the very acme
of science, mathematics, scholarship, and sensibility. In particular this book
contains the first explanation of the ancient Greek observation that harmony
seems to be connected with small integral ratios. But it is precisely Helm-
holtz's masterly blend of acoustics, physiology, physics, and mathematics that
establishes firmly a standard which so few other writers on scientific aesthe-
tice approach.)

With this outline of the recent history of the golden section behind us,
my objective here is to treat the construction as it is described in Euclid's
Elements under the name of '"the line divided in extreme and mean ratio'" and to
develop and explore beyond the propositions we find proved there. My covert
purpose is historical: to pose implicitly the question of whether the general-
izations to be described here might have had any part, now lost, in the devel-
opment of early Greek mathematics. To isolate this discussion of the ancient
period from the later convoluted ramifications sketched in this introduction,
I would like to finish with what is, I hope, an accurate description of the
surviving evidence about the Greek period: the propositions to be found in
Euclid's Elements constitute the only direct, explicit, and unambiguous sur-
viving references to the construction in early Greek mathematics, philosophy,
and literature; and the only other surviving Greek references are to be found
in mathematical contexts, in Ptolemy's Syntaxis, Pappus' Collectio, Hypsicles'
"Book XIV" of the Elements, and an anonymous Scholion on Book II of the Ele-
ments.
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The Definition in Euclid's Elements

The golden ratio is defined at the beginning of Book VI of the Elements:

A straight line is said to have been cut in extreme and mean ratio
when, as the whole line is to the greater segment, so is the greater
to the less.

Book VI applies the abstract proportion theory of Book V to geometrical magni-
tudes, and Proposition 16 describes how to manipulate the proportion in the
definition above into a geometrical statement:

If four straight lines be proportional, the rectangle contained by
the extremes is equal to the rectangle contained by the means; and
if the rectangle contained by the extremes is equal to the rectangle
contained by the means, the four straight lines will be proportional.

Otherwise said, if a, b, ¢, and d are four lines such that a:b::c:d, then rec-
tangle (a, d) = rectangle (b, ¢) and conversely. Hence, if C divides the line
AB in the golden section, the rectangle with sides AB and BC is equal to the
square with side AC.
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This is meant literally. An elaborate

theory, now generally called the "applica- a c
tion of areas," is developed in the Elements,
and this describes how, for example, to b d

manipulate any rectilinear plane area into
another area equal to the original area and
similar to a third figure. Our arithmeti-
cal definition of area ("base X height') is
not needed and is never used; indeed, this d b
theory of application of areas, together
with the Book V theory of proportions, pro-
vides a completely adequate alternative to a c
the construction of the real numbers and
their use in plane rectilinear geometry. It merits considerable respect, and
gets it: the same (probably equally unreliable) story is found about Pythago-
ras sacrificing an ox to the discovery of a result on the application of areas
as is also told about the theorem on right angle triangles.

The golden section is constructed in Proposition 30:

To cut a given finite straight line in extreme and mean ratio,

and the method used there involves an elaboration of the theory called "ap-
plication with excess." Fortunately, an easier construction is possible and
has already been given in Book II; and the manuscripts that we possess of the
Elements contain a second, possibly interpolated, proof of VI, 30, referring
back to this earlier construction. Using this method, it is possible to by-
pass the use of proportion theory, and the elaborations of the theory of ap-
plication of areas, and to give a direct definition and construction of the
golden section. This is now we shall proceed.

The Construction of the Line Divided in Extreme and Mean Ratio,
and Its Generalization

Book II, Proposition 11, describes how:

To cut a given straight line so that the rectangle contained by
the whole and one of the segments is equal to the square on the
remaining segment, '

and we shall hereinafter adopt this as the definition of the extreme and mean
ratio. The construction is straightforward:

G e H
~
To construct the required point C on AB, draw the ‘~\
square ABDE; take F' to be the midpoint of AE, and G omn \
EA produced such that FG = FB. 1f ACHG is the square A ¢ B

with side AG, then C cuts AB in mean and extreme ratio.

The verification of this is easy: ///////
F

FG? = (AF + AQ)*
= AF? + AC? + 24F » AC (Since 4G = AC.)
But FG? = FB? = AF? + AB?. (By Pythagoras' theorem.) B D
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Therefore, AC? + 24F « AG = AB2.
Subtract 24F « AG = AF *» AC from both sides,
then AC? = AB+CB = CB -+ BD.

Q.E.F.

This proof can be read as if AF + AC, for example, represented the product
of two numbers, the lengths of AF and AC; or the purist can interpret AF + AC
as a rectangle with sides equal to the lines AF and AC and, using some obvi-
ous manipulations, check that the proof makes sense and is correct. This lat-
ter method is in the spirit of the techniques of application of areas, though
none of the subtle manipulations of that theory are needed.

It is clear that it must be the rectangle contained by the whole and the
lesser segment that will be equal to the square on the greater segment, since
the square on the lesser segment will fit inside the rectangle contained by
the whole and the greater segment and so it has smaller area. (The common no-
tions at the beginning of Book I set out what are, in effect, the axioms of a
theory of equality and inequality of area or, more strictly, of content; and
Common Notion 5 states: The whole is greater than the part.)

We now describe the generalization that we call the nth order extreme and
mean ratio, abbreviated to the nmoem ratio. There is one such construction for
each integer #n, and the golden section corresponds to the case n = 1; the im-
plications of the construction are somewhat simpler for the case of even val-
ues of 7, and therefore we shall always illustrate the case of n = 3; and we
shall shortly introduce and use a consistent and general notation and termin-
ology to describe the resulting configuration.

Start with the square ABDE on the given line

AB, and on AEF produced as necessary, take points Jp=1k
F, G, H, as shown, with 4B = AF = FE = EG = GH, T~
etc.; then these points will be used in the con- c, ‘\\\
struction of the 1st, 2nd, 3rd, 4th, etc., extreme A ~B
and mean ratios. We always illustrate the case
of n=3 and so, here, work from the point G. On
FA produced, take J such that GJ = GB; then the
square AJKC; defines the point (; dividing 4B in
the 3rd extreme and mean ratio. 1st 7L
2nd FE D
3rd GA
4th H |




1982] A GENERALIZATION OF THE GOLDEN SECTION 151

The Definition and Properties of the Noem Ratio

We start with the basic defining property of the generalization, and show
that it is possessed by our constructed point.

Definition: The point C; is said to divide AB in the noem ratio (read: nth-
order extreme and mean ratio) if, taking points C,, ..., C,_y, C, on AB such
that

L
A Cl Cn—l Cn B

AC, = C4C, = .*++ = C,_,C,, then C, lies between A and B and 4B - C,B = AC3.

Note that the latter condition implies that C,B is less than AC;; it will
be called the '"lesser segment" of the noem ratio. The greater segment of the
golden ratio generalizes two ways: to AC;, which we call the initial segment
of the noem ratio; and to AC,, which we again call the greater segment of the
noem ratio. Care must be exercised in generalizing the results on the golden
section to make the appropriate choice. As remarked earlier, we shall always
illustrate the case of n = 3, and will always use the same letters to label
the points, calling the three division points (;, (-1, Cy,, so that their roles
will be clear. Proofs will be given for the general case, sometimes referring
to a phantom point C, and adding a few dots "+ ... +."

Proposition: The point C;, described in the construction, divides 4B in the
noem ratio. ‘

Proof: The figure illustrates the construction G H
for the case n = 3. The proof is a straightforward
generalization of the proof given in the casen=1, o
and ‘we can even use the same letters to identify the A C C%i B
.vertices of the figure. 1oom-t

As before,

FG* = (AF + AG)?
, = AF? + AC% + 24F « AC;.

But FG* = FB* = AF? + AB%.
Therefore, AC + 24F « AC1 = AB®.
But 24F « AC, = nAE + ACy = AE -~ AC,. E D
(Since AF = ZAE, and nAC, = AC’n.>
Hence AC, < AB and, subtracting AE* AC, from 7l
both sides, we see that AC} = 4B - C,B. Q.E.F.

Book XITI of Euclid's Elements contains the details of the construction of
the five regular "Platonic" solids, and a proof that these are the only regu-
lar solids; but it contains a lot more material besides that. In particular,
it starts with six propositions on the extreme and mean ratio, together with
alternative proofs of these results illustrating a method of "analysis and
synthesis." These propositions follow on in the style of Book II—in particu-
lar, they do not explicitly need to use any more than the rudiments of the
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theory of application of areas—and they can easily be generalized to apply
to the noem ratios. We now alternate the enunciations of these Euclidean
propositions with their generalizations, interposing some general remarks.
(Later propositions of Book XIII describe relationships between the extreme
and mean ratio and pentagons, hexagons, decagons, icosahedra, and dodecahedra;
we shall not consider them here.)

XIII, Proposition 1. If a straight line be cut in extreme and
mean ratio, the square on the greater segment added to half of
the whole is five times the square on the half.

Paraphrase of Euclid's Proof:

If AB is cut in extreme and mean ratio at C,
and DA = %4B, then we prove CD? = 54D?.
Draw the squares on DC and AB, and complete

the figure as shown. (In addition to the Eucli- L F
dean labelling of the vertices, we have also la- s 0
belled the regions of the figure.) 2 /2/

We know that AB -+ CB = AC? (Definition of mean /

and extreme ratio) T 5, c

i.e., P =4Q, D yi B

and AB + AC = 2AD « AC (Since R P
AB = 24D)

i.e., R=25, =8, +5,;

hence P+R=Q+ 5, +8,. K G F

Adding AD? = T, and assembling the result into
squares,
DC?* = AB* + AD%.

But AB% = 4AD?, so DC?

54D2, Q.E.D.

Remark: Our way, today, of considering the golden ratio is almost always to
identify it with the real number %(v/5+ 1); this and the following propositions
represent the closest approach we find in surviving Greek texts to this eval-
uation. For instance, this proposition implies that if AB = 2, then CD = V5
(i.e., the side of a square of area equal to the rectangle with sides 4B and
54B) so AC = V5 - 1, and the ratio is 2:(/5 - 1) [= %(¥/5 + 1):1].

Proposition 1': If a straight line be cut in the noem ratio, the square on the
initial segment added to n times half of the whole is n® + 4 times the square
on the half.

Remark: 1It is standard Euclidean practice to handle such a general proof by
choosing a particular small value of »n, typically n = 2, 3, or 4. The figures
for our proofs differ very slightly according as »n is even or odd (a conse-
quence of the occurrence of halves in the construction), with the case of even
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n being slightly simpler. It is also standard Euclidean practice when there
are several different cases to a proposition only to consider the most compli-
cated one. Therefore, our choice of » = 3 is in line with the Euclidean pro-
cedure. We shall, however, use a general labelling system, writing Cy, C,_1,
Cn, rather than C,, C,, C;, and develop further the practice of labelling re-
gions of the figure, using letters P, @, R, etc., and suffixing to denote equal
regions, so Py = P, = P3 etc. Euclidean practice appears to be to label only
the vertices of the figure, working through the alphabet strictly in order of
occurrence in the setting-out and construction of the figure.

A final point in which our enunciation differs from Euclidean practice is
in referring to the chosen parameter n. A more idiomatic expression, as ren-
dered in English, might read:

Proposition 1": If a straight line be cut in the general extreme and mean ra-
tio to some number, the square on the initial segment added to that number of
segments each equal to half of the whole is the square of that number increased
by four times the square on the half.

Purists might like to try a similar rephrasing of later generalizations!

Proof: If AB is cut in the noem ratio at C,, and D,4 = %AB, then we prove
that D,C% = (n® + 4)AD2.

Draw the squares on D,(; and AB, and complete the figure as shown:

S S5 Sy 4
S,
5,
T
S
1 c, C,., C,
D, D,, D, A& B
R P
We know that AB« C,B = AC3 (Definition of the noem ratio)
i.e., P = Qs
and AB+ ACy = 24D, - AC; (Since AB = 24D,)

i.e., R = 25,,
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and hence, P+ nR =@ + 2nS,.
Adding AD? = n2T and assembling the result into squares, we get
AB? + n?T

= n? + 4T (Since AB? = 4T)
= (n® + 4)ADA.

D,C1

Q.E.D.

The next propositions give the converses to these results. We start with
Euclid's enunciation:

XIII, Proposition 2. If the square on a straight line be five
times the square on a segment of it, then, when the double of
the said segment is cut in extreme and mean ratio, the greater
segment is the remaining part of the original straight line.

The Euclidean practice of never referring to a particular figure can make
the enunciations of propositions very cumbersome, and these propositions, to-
gether with the propositions of Book II contain some particularly awkward ex-
amples. In these cases, it is best to ignore the enunciation and proceed
directly into Euclid's proof of the proposition, where the setting-out will
give a more accessible explanation of the result. In this case we find, par-
aphrasing and adjusting the labelling to accord with our convention, that if
C and B are taken on a line DA produced with DC? = 5DA? and AB = 2DA, then C
cuts AB in the extreme and mean ratio with AC the greater segment.

| A ] l
D A c B

Proposition 2': 1If a line D,A is divided equally into

DDy, =D

l)n_2 = ces = DlA’

and C; and B are taken on D,A produced with

2
ZDad = 2,0y 1,

D,C% = (n* + 4)D,D? and AB

n-1

then C; cuts AB in the noem ratio with AC; the initial segment.

| | | AL |
Dn D,1 D, A [ Cnoi  C, B

Proof: For both propositions we can construct the same figures as for the
preceding propositions and then read the previous arguments backwards. Q.E.D.

XIII, Proposition 3. If a straight line be cut in extreme and
mean ratio, the square on the lesser segment added to half of
the greater segment is five times the square on half of the
greater segment.
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Proposition 3': 1f Cy cuts 4B in the noem ratio, and 4D, = gACl (as shown),

then D,B? = (n? + 4)AD§; i.e., the square on (the lesser segment CyB added to
half of the greater segment AC,) is equal to (W% +4) times the square on (half

of the initial segment ACy). T
1
Proof: "Construct the figure shown, T
where 4, B, Cy, C,_1, C, are as usual,
and AD, = D,D, | =D, D, = %AC,. g
Q
First observe that ]
D,C, = ACy, - ADn
= nACy - ndD, 1
= ndD; (Since AC, = 24D;) 1 R
2
= AD,.
Hence, D,B?> =@ + Ry + S P
=Q+ R, + 8 A +—t C: - B
. D 7
_ ; 1 1 n n-1
=Q+4B- C,B =, ,

Q + ACY (Since C; divides AB in the noem ratio.)

(n? + 4)AD}. (Since @ = D,C2 = n?4D? and AC, = 24D,.) Q.E.D.

[

it

XIII, Proposition 4. If a straight line be cut in extreme and
mean ratio, the square on the whole and the square on the les-
ser segment together are triple of the square on the greater
segment.

Proposition 4': Let 4B be cut in the noem ratio at C,, then

AB* + C,B* = (n® + 2)AC?,

i.e., the square on the whole and the &> R
square on the lesser segment together
are (n? + 2) times the square on the
initial segment.

Proof: We have that C,B < AB=AC?, i ‘
i.e., Q, + R=P, i &,
Hence, €1+ R+ 4, + R=2P.

Adding AC% = n®P to each side, - and
assembling into squares, we see that
AB* + C,B* = (n® + 2)AC3. Q.E.D.
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XIII, Proposition 5. If a straight line be cut in extreme and
mean ratio, and there be added to it a straight line equal to
the greater segment, the whole straight line has been cut in
mean and extreme ratio, and the original straight line is the
greater segment.

Proposition 5': If C, cuts 4B in the noem ratio, and A4, is taken on BA pro-
duced with A,B = nAB, and D on B4, produced with D4, = AC,, then DB is cut in
the noem ratio by 4.

Note: 1In the Euclidean proposition, n = 1 and 4, = A4; therefore, there is no
need to mention the first step of constructing the point A,. After this step
the generalization states that, if there be added to 4,B a line equal to the
initial segment, the whole BD has then been cut in the noem ratio, with the
line BA, being the greater segment, and so the original line BA the initial
segment.

Proof: Complete the figure as shown; Un-1 45
we want to show that DA, * DB = AB%*. Now, @ 9

DAp*DA =P+ Q) +Qu1+ Qy

and
2 _
AB* =@q, +@Q,, +Q9, +R
Qn—l_‘»
and, since (; cuts AB in the noem ratio,
AB - C,B = AC?, 1 |
i.e., P = R.
Hence DA, * DB = ABZ. Q,
P
D t B
A, A, A Cy Cyn
=4, Cr-1

XIII, Proposition 6. If a rational straight line be cut in ex-
treme and mean ratio, each of the segments is the irrational
straight line called apotome.

This result, together with its proof, generalizes directly to the noem
ratio, but an explanation of what it means depends on a knowledge of the long
and difficult Book X. It is perhaps worth noting that Euclid uses the words
"rational" and "irrational" here in completely different sense from our modern
usage: a short, though oversimplified explanation is that when a unit line p

has been chosen, then anything of the form /§~ p (where p and ¢ are integers)
is called rational; anything not of that form is an irrational; and an apotome
is an irrational line that can be expressed as a difference of two rational

lines, /%ﬂ o - %§~ 0.
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Ratio in Eudlid's Elements

It is a curious and remarkable fact that ratio is not defined either in
Eudlid's Elements, or anywhere else in the surviving corpus of Greek mathema-
tics. All that we have is a vague description of the word at Book V, Defini-
tion 3:

A ratio is a sort of relation in respect of size
between two magnitudes of the same kind.

What <s defined (at Book V, Definition 5) is proportion, which is a relation
that may or may not hold among four magnitudes, a:b::c:d; and we can think of
it, and appear to be encouraged in this by Euclid, in terms of the equality of
two "ratios." An examination of the scanty surviving evidence of pre-Eudlidean
mathematics, and a reinterpretation of some of the books of the Elements has
led me to suggest that ratio might have been defined, in the period before the
development of the abstract proportion theory that we find in Book V of the
Elements, by a process based on the "Euclidean'" subtraction algorithm. (Actu-
ally, what little evidence we have indicates that the person who realized the
importance of the procedure might have been Theaetetus, a colleague and friend
of Plato, so the "Theaetetan subtraction algorism" might be a more appropriate
name; here, I have also corrected what the OED calls a "pseudo-etymological
perversion. .. in which algorithm is learnedly confused with Greek o0p16uds.")
Let me illustrate this by describing the operation of the procedure on two
lines g, and a,. Suppose that a; goes into a, some number 7, of times, leav-
ing a remainder g, less than g;; and then a, goes into a, some number 7, of
times, leaving a remainder q,; etc. Then the ratio a :a, will be defined by
the sequence of integers [n,, 7,5 7,5 ...].

If, at any stage, a remainder is zero, the process terminates, and this is
characteristic of commensurable ratios. Among incommensurable ratios, with
nonterminating expansions, the simplest will be the ratio in which, at each
step, the smaller magnitude goes once into the larger magnitude, leaving a re-
mainder for the next step, thus giving the ratio [1, 1, 1, ...]. This is the
golden ratio, as can immediately be deduced from the figure of the regular pen-
tagon of which the diagonals, which form an inscribed pentagon, cut each other
in the golden ratio (this is explicitly proved at XIII, 8, but the result is
implicit in the construction of the pentagon given at IV, 11); or it can eas-
ily be deduced from the defining property of the ratio. What we have been
constructing here are the next simplest incommensurable ratios, of the form
[n, ny, ny, ...], in which, at each stage, the smaller magnitude goes n times
with a remainder into the larger magnitude. By using a bit of algebra we can
easily work out the numerical value 6 of this ratio, since

1

6 =n+ =n+35

1
n+1
n+ ...
so B2 — u6 - 1 = 0, and, taking the positive root,
0 = 45(V(n® + 4) +n).

[Alternatively, we can read off from the construction that

6 = AB/AC, = 2/(V(n® + &) - n) = B(V(n® + &) + n).]
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This explains the occurrence of the number 5, generalizing to n? + 4, the
halves, and the addition and subtraction of segments in the propositions that
we have been proving.

It is possible to extend the construction, and thus describe a procedure
for constructing any ratio that eventually becomes periodic, though the longer
the period, the more involved becomes a perliminary calculation of two param-
eters needed in the construction. (One of these parameters describes the lo-
cation of the initial point on the left-hand edge of the square on 4B, in our
diagram; the other describes the position of an auxiliary point B’ on 4B; the
construction then continues from these two points as before.) Further details
of these constructions, together with details of the historical and mathemati-
cal ideas that fill out, explain, and set in context these remarks, are given
in the papers [7], [8], and [9].

I do not know whether any of the noem ratios, with #» > 3, occur in any
regular or semiregular figure, generalizing the appearance of the golden sec-
tion in the pentagon and other figures, and the ratio [l, 2, 2, 2,...] of the
diagonal and side of a square.
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THE FIBONACCI SEQUENCE IN SUCCESSIVE PARTITIONS
OF A GOLDEN TRIANGLE

ROBERT SCHOEN
University of Illinois at Urbana-Champaign, Urbana, IL 61801
(Submitted February 1981)

A Golden Triangle is a triangle with two of its sides in the ratio ¢:1,
where ¢ is the Fibonacci Ratio, i.e., ¢ = %(1 + V/5) = 1.618. Let AABC be a
triangle whose sides are a, b, and ¢ and let a/b=k > 1. Bicknell and Hoggatt
[1] have shown that (1) a triangle with a side equal to b can be removed from
AABC to leave a triangle similar to AABC if and only if k = ¢, and (2) a tri-
angle similar to AABC can be removed from AABC to leave a triangle such that
the ratios of the areas of AABC and the triangle remaining is k if and only if
k= ¢.

Unlike the Golden Rectangle whose adjacent sides are in the ratio ¢:1 (or
1:9), the Golden Triangle does not have a single shape. The diagonal of a Gol-
den Rectangle divides it into two Golden Triangles whose sides are in the ra-
tio 1:¢:¥$2 + 1. The most celebrated Golden Triangle, which can be found in
the regular pentagon and regular decagon, has angles of 36°, 72°, and 72° and
sides in the ratio 1:¢:¢. In general, Bicknell and Hoggatt demonstrated that
a Golden Triangle can be constructed with sides in the ratio 1:¢:G, where ¢7*
< G < ¢2. Figure 1, adapted from their presentation, shows Golden Triangle
CGH. Line GH is constructed to be of length r¢ (» > 0) and line CG to be of
length r¢2. Line CG is twice divided in the Golden Section by points E and D,
with CE = DG = r and ED = r/¢. A Golden Triangle is formed whenever H is a
point on the circle whose center is G and whose radius is EG. Line DH produces
ADGH ~ ACGH, and ACDH whose area is 1/¢ times the area of ACGH. 1In general,
ACDH is not similar to ACGH. Nonetheless, ACDH is also a Golden Triangle, as
CH/DH = ¢ [1].

The present paper will explore the consequences of successively partition-
ing Golden Triangles. To begin, let us show that ACDH can be partitioned into
two triangles, one similar to itself and the other having an area 1/¢ times
its own area. If line DJ is drawn parallel to line GH, one can readily veri-
fy that ADHJ is similar to ACDH. (Alternatively, we could have chosen point
J so that CH/CJ = ¢. Lines DJ and GH would then be parallel, because CH/CJ =
CG/CD.) We now need to show that the ratio of the area of ACDH to the area of
ACDJ is ¢. If we designate the area of ACGH by S, the area of ACDH is S/¢
[1]. Since DJ is parallel to GH, ACDJ ~ ACGH. The ratio CG/CD = ¢, hence the
area of ACDJ is S/¢?. Accordingly, the ratio of ACDH to ACDJ is S/¢ divided
by S/¢2, or ¢. Since S/¢-5/0> = 5/¢°, we find that the area of ADHJ is S/¢3.

We can note several other relationships. Two additional Golden Triangles,
ACDJ and ADHJ, are produced so that ACGH is partitioned into three mutually
exclusive Golden Triangles. Moreover, ACDJ is congruent to ADGH. They are
similar, as both are similar to ACGH and both have areas equal to S/¢2.

Moving beyond the Bicknell-Hoggatt demonstration and its immediate impli-
cations, we can show how successive partitions of Golden Triangles generate
Fibonacci sequences. Let us repeat the above partitioning, subdividing all of
the larger triangles produced in the previous partition. The partitions can
be carried out in a manner analogous to the way in which ACDH was partitioned.

159
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For example,

THE FIBONACCI SEQUENCE IN SUCCESSIVE PARTITIONS

OF A GOLDEN TRIANGLE [May
H
[0
J
ré
ol
¢ E D G
r?

o = ¢£DCH = «DHG = £HDJ
ACDJ = ADGH

FIGURE 1. The General Golden Triangle

ACDJ can be split into two Golden Triangles by a line through

point J parallel to HD. The resultant line is JE, which has a length equal to
DH/¢ and divides line CD in the Golden Section. As we proceed, the number of
triangles and their areas are as follows:

Partition Fibonacci Number

Number Number of
(n) (F ) Triangles Area of Triangles
0 — 1 s
1 1 2 5/¢, S/¢*
2 1 3 5/, /9%, 5/¢°
3 2 5 sle%, 5163, 8163, s/, S/¢"
4 3 8 S/¢% (5 triangles), S/¢° (3 triangles)
5 5 13 S/¢° (8 triangles), 5/¢° (5 triangles)
n F, Fopy s/ (F,,, triangles), S/¢"*t (F, triangles)
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The total number of triangles and the number of larger and smaller triangles
increase in Fibonacci sequence. Figure 2 shows the five triangles produced by
the third partition. The eight triangles produced by the fourth partition re-
sult from subdividing the three larger triangles in the figure. Because par-
titioning produced triangles whose areas, relative to the area of the parti-
tioned triangle, are 1/¢ and 1/9?, the pattern is perpetuated.

5/9°

S = Area ACGH

ACEJ = ADHJ = ADHK
ADEJ = ADGK

FIGURE 2. The Partition of a Golden Triangle into
Five Golden Triangles

By a repetition of the earlier demonstrations, it can be seen that every
triangle that results from the partitioning is similar to one of the two Gol-
den Triangles produced by the first partition (i.e., the partition effected by
line DH), and that all triangles of the same area are congruent. BEvery trian-
gle has an area equal to S/¢%, for some integer 7. For triangles similar to
ACGH, i is even, while for triangles similar to ACDH, i is odd. Correspond-
ing sides of triangles with areas S/¢% and S/cbL+2 are in the ratio ¢:1. The
total area of the larger triangles relative to the total area of the smaller
is ¢F,,,/F, after the nth partition, and that ratio approaches $% as n becomes
large.

Fach partition illustrates the equation for powers of ¢, i.e.,

(1) o" = F ¢ + F,_,.
Dividing (1) through by ¢”, we have

F F
(2) 1= S0 + =34
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which expresses the area of a unit Golden Triangle as the sum of the areas of
partitioned triangles. For example, with n = 4, we have the situation before
the fourth partition, shown in Figure 2, where

3 s =~;—f+§§-.
Multiplying (3) by ¢"/5 gives
4 " = 3¢ + 2.

Let us move from the general case to the special case where the two Golden
Triangles formed by the first partition are similar to ACGH, and hence to one
another. In that case, the triangles must be "Fibonacci Right Triangles," with
sides in the ratio ¢:¢y2:¢2. To demonstrate that, consider triangles CDH and
DGH in Figure 1. From (1) we know «DCH = +DHG. 1If triangles CDH and CGH are
similar, «CHD must equal /DGH because .CHD # +CHG. Since ACDH ~ ADGH and we
have established equalities between two of their three angles, we must have
LCDH = +GDH. As +CDH and +GDH sum to 180°, both of those angles equal 90° and
line DH is an altitude. With +CHG= . CHD+ +DHG and .DHG=+DCH, we have .CHG =
£CHD+.DCH. 1In right triangle CDH, «CHD and .DCH sum to 90°, hence ~CHG must
be 90°. As Figure | was constructed with GH = rd and CG = r¢?, applying the
Pythagorean Theorem yields r2¢“ = r?2¢2 + CH?, and thus we find CH = r¢y2.

The Fibonacci Right Triangle has been examined by a number of writers.
Ghyka [2] didentified it as one of the three most significant nonequilateral
triangles. He noted that it was sometimes called the '"Great Pyramid" triangle
because its proportions are found in the Great Pyramid of Cheops, or the tri-
angle of Price, after W. A. Price, who proved that it is the only right trian-
gle whose sides are in geometric progression (i.e., if the sides of a triangle
are 1, k, and k?, k =v¢ is the only positive real solution that satisfies the
Pythagorean equation 1 + k2 = k*). Hoggatt [3] noted that the altitude of a
Fibonacci Right Triangle produced two Fibonacci Right Triangles that were
"five parts congruent,' that is, were similar and had two (but not three) sides
of equal length. The Fibonacci Right Triangle is related to mean values, in
that the harmonic, geometric, and arithmetic means of two positive numbers form
a right triangle (the Fibonacci Right Triangle) if and only if those numbers
are in the ratio ¢%:1 [4]. In successive partitions of Fibonacci Right Tri-
angles, all line segments are in Fibonacci proportions, as they are all mul~-
tiples of ¢%/2, with ¢ an integer [5]. A multiply partitioned Fibonacci Right
Triangle thus presents a striking geometric pattern. An example is given in
Figure 3, which shows the 13 Fibonacci Right Triangles that result from five
partitions of the original triangle.

FIGURE 3. Five Partitions of a Fibonacci Right Triangle
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In summary, successive partitions of a Golden Triangle provide a multi-
faceted geometric representation of the Fibonacci sequence. The triangles
described above are Fibonacci in three different ways because they are in Fi-
bonacci proportions with regard to their numbers, their areas, and the lengths
of their sides. Golden Triangles not only embody the Fibonacci ratio, they
also carry within them the ability to generate Fibonacci sequences.
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1. Introduction

Articles of a geometrical nature relating to recurrence sequences have
appeared in recent years in this journal (e.g. [1], [2], [6]).

The purpose of the present paper is to consider the loci in the Euclidean
plane satisfied by points whose Cartesian coordinates are pairs of successive
numbers in recurrence sequences of a certain type. Readers might plot some
points on the resulting noncontinuous curves (conics).

Extension to higher-dimensional space is briefly discussed.

2. The General Conic

Begin by defining [4] the general term of the sequence {w,(a, b; p, q)} as
(1) Wpsp = PWnyy = QWns Wy = @, Wy =D,

where a, b, p, and g belong to some number system, but are usually thought of
as integers. Write [4]

(2) e = pab - gqa® - b2.

Now [4]

2
(3) Wallyyp = Wiy = €97

which is a generalization of Simson's formula

(4) % - Fryy = (-nrt
occurring in the Fibonacci sequence {F,} = {w,(0, 1; 1, -1)}.

Equation (3) generalizes the famous geometrical paradox assoc1ated with
(4). For the details, see [5].

From (1) and (3), we obtain

2 2 =
(5) u, +w - pww o+ eq™ = 0.
Next, put w, = x, w,,; = Y. Then, by (5),

(6) gx® + y® - pxy + eq™ = 0.

This equation represents a conic in rectangular Cartesian coordinates
(x, y). Anticlockwise rotation of axes through an angle

%—tan'l(qi? 1)
164




[May 1982] GEOMETRY OF A GENERALIZED SIMSON'S FORMULA 165

eliminates the xy term and produces the canonical form of the conic (an el-
lipse if p2 < 4g, a hyperbola if p2 > 4q, where the degenerate cases are ex-
cluded). Equation (6) is also obtainable by laborious reduction of the general
equation of a conic using the uniqueness of a conic through 5 given points.

3. Some Particular Cases

I. q < 0 (Hyperbolas)

(a) p =1, g = -1: Substituting in (6) yields the two systems (n even,
n odd) of rectangular hyperbolas

7N 22 -y +ay = e, (-1)" (e, = a®> - b% + ab),

asymptotes of which are the perpendicular lines

1
(8) y =ox, Yy = -7,
in which a = l_%rfi’ the positive root of t2 - ¢ - 1 = 0. For the Fibonacci
sequence (a = 0, b = 1) and the Lucas sequence (a = 2, b = 1), it follows that
e; = -1 and 5, respectively. These Fibonacci-type curves (7) approach their

asymptotes remarkably quickly.

With a fixed e; in (7), a hyperbola for which n is odd (even) may be trans-
formed into the corresponding hyperbola for which »n is even (odd), by a re-
flection in y = x followed by a reflection in the y-axis (x-axis).

(b) p =2, g = -1: For the Pell sequence (a = 0, b

1), (6) gives

(9) .’X,'Z _ yZ + zxy = (_1)n+1’

rectangular hyperbolas with perpendicular asymptotes Yy kx, y = —%au where

k = 1 + /2 is the positive root of t? - 2¢t - 1 = 0.
Gradients of the perpendicular asymptotes of the hyperbolas (6) for which
p > 0, g = -1 are given by the roots of t? - pt - 1 =0.

1. ¢>0

Equation (6) now represents ellipses if 4q > p2 and hyperbolas if 4q < pz.
For example, the loci for the Fermat sequences

{0,(0, 15 3, 2)} and {wn(%3 2; 3, 2)}

are hyperbolas (one point for each n)

(10) 2e? + y? - 3xy = 2"
and
(11) 22 + y? - 3xy = -2"71,

Further, for the Chebyshev sequences

{fw,(1, 2x; 2x, 1D}  and  {w,(2, 2X; 21, 1D},
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where A = cos 0, we obtain tﬁe ellipses

(12) 22 +y? - 2y =1
and
(13) x? + y? - 2y = 4 - 42,

III. Degenerate Case

When A = 1 in (12), i.e., for the sequence {w (1, 2; 2, 1)}, of integers,
we have the degenerate curve z? + yz - 2ry =1, i.e., the line

x -y = -1.

No values of x + y, as defined, satisfy the equation x - y = 1. Successive
pairs of odd integers and of even integers, generated by

{w,(1, 3; 2, D} and {w,(2, 4; 2, 1)},
respectively, satisfy the line

(15) x -y = -2.

4. Extension to Higher Space

Equations of the third, fourth, and higher degrees that are based on sec-
ond-order recurrences like (1) (see, e.g. [3], [4]) cannot yield any nondegen-
erate loci in spaces of dimension greater than two.

For three-dimensional (nonprojective) space, it is necessary to consider
third-order recurrence relations, of which the simplest is

(16) P =P,y * Py + Py (n > 0).

n+3

Waddill and Sacks [8] have established the following relation for {P,} cor-
responding to the Simson formula (4) for {F,}:

P2 p +P _4+P2 P -pP P, P -2P P P

(17) n+3n n+2 n+l - n+4 n+4-n+2°n n+3 " n+2 " n+1l
- 3 3 3 2 2 2 2 2
= P} + 2P} + P} + 2P2P, + 2P P2 + PP, - 2P, P} - 2P P,P, - P P3.

Putting P, = 0, Pl =P, =1and P, =1,F, = 0,P, =1 they obtained their
sequences {K,} and {@,}, respectively:

(18) {k,}: 0, 1, 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, ...;
(19) {9,}: 1, 0,1, 2,3, 6, 11, 20, 37, 68, 125, 230,

Letting P, =x, P ., =y, P, ,=2 in (17), we derive, after some algebraic
manipulation,

(20) - z® + 2y° + 3% + 2%y + 2xy® - 2yz® + 2%z - xz® - 2xyz = 4,

where A4 = 1 for {k,} and 4 = 2 for {Q,}. Equations (20) represent cubic sur-
faces in Euclidean space of three dimensions.
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More general forms of (16) would lead to extremely cumbersome equations.

Observe that if we label any three successive numbers in (18) as x, Ys B,
and the corresponding three numbers in (19) as X, Y, Z, then we perceive that
X=y-x,Y=2-y,72=x+y.

Fourth- and higher-order recurrences should produce equations correspond-
ing to (17) which are generalizations of Simson's formula (4). While (17) is
not a pretty sight, the mind boggles at the prospect of further extensions,
which we accordingly do not investigate. But the general pattern seems clear:
a recurrence of the nth order ought to lead to a hypersurface (of dimension
n = 1) in Euclidean n-space.

5. Concluding Comments

a. For the sequence {w,(l, a; 1, -1)}, e = 0 [see (1), (2), (7)] and the
curve (7) degenerates to the line-pair xz? + xy - y? = 0.

b. Graphing the Fibonacci numbers F, against 7 reveals that they asymp-
totically approach the exponential values

. orn a” - g" 1
1lim F, = >— h Fo=2 -0 = =),
lin F, z (W ere F, = B a)

C. M. H. Eggar, in "Applications of Fibonacci Numbers'" [The Mathematical
Gazette 63 (1979):36-39], refers to (7), in the case where e¢; = 1, though his
context is nongeometrical.

d. 1Interest in the theme of this article was stimulated by a private com-
munication to the author in 1980 by L. G. Wilson, who determined the vertex of
the hyperbola (7) for the Fibonacci sequence, but only in the case where n is
odd, namely, x = 0.920442065..., y = 0.217286896... . He also calculated the
angle of inclination of the axis of this hyperbola to the x-axis; namely,

13.28252259... degrees [(= 13°17') = tan"1(V/5 - 2)].

Furthermore, Wilson briefly investigated the geometry of the third-order
sequence {T,}:

(21) 0, 2, 3, 6, 10, 20, 35, 66, ...,

defined in Neumann-Wilson [7] by

(22) ’ Tr+s = Tpeo + Tney + 7, + (—l)n (71 > 0).
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AN ENTROPY VIEW OF FIBONACCI TREES*

YASUICHI HORIBE
Shizuoka University, Hamamatsu, 432, Japan
(Submitted May 1981)

Abstract

In a binary tree with n terminal nodes weighted by probabilities p;, ...,
Pns IZp; = 1, it is assumed that each left branch has cost 1 and each right
branch has cost 2. The cost g; of terminal node p; is defined to be the sum
of costs of branches that form the path from the root to this node. The sum
Ip;a; is called the average cost of the tree. As a top-down tree-building
rule we consider Y-weight-balancing which constructs a binary tree by succes-
sive dichotomies of the ordered set p;, ..., p, according to a certain weight
ratio closely approximating the golden ratio. Let H = H(py, ...s p,) = -Ip;
log p, be the Shannon entropy of these probabilities. The y-weight-balancing
rule is motivated by the fact that the entropy per unit of cost

H@x, 1 —x)/(lex+ 2+ (1 - 2x))
for the division x: (1 - z) of the unit interval is maximized when
9C=lP= (‘/g_ 1)/23

the golden cut point. It is then shown that the average cost of the tree built
by Y-weight-balancing is bounded above by H/(-log )+ 1, if the terminal nodes

have probabilities p;, ..., p,» > -+ >p,, from left to right in this or-
der in the tree. If p; +1/pJ 2_(1/2)w for each J» the above bound can be im-
proved to H/(-log ¥) + Y. For the case p, =-**=p,, we obtain the following

results. The -weight-balancing constructs an optimal tree in the sense of
minimum average cost and constructs the Fibonacci tree of order k when n = Fy,
the kth Fibonacci number. The average cost of the optimal tree is given ex-
actly. Furthermore, for an arbitrarily given number of terminal nodes, the
-weight-balanced tree is also "balanced" in the sense of Adelson-Velskii and
Landis, and is the highest of all balanced trees.

We will discuss some properties of Fibonacci (Fibonaccian) trees in view
of their construction by an entropic weight-balancing, beginning with the fol-
lowing preparatory section:

*This paper was presented at the International Colloguium on Information
Theory, Budapest, Hungary, August 24-28, 1981.
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1. Binary Tree with Branch Cost

Let us consider a binary tree (rooted and ordered) .with »n - 1 internal
nodes (branch nodes) and # terminal nodes (leaves) [6]. An internal node has
two sons, while a terminal node has no sons. A node is at level % if the path
from the root to this node has £ branches. The terminal nodes are assumed to
be associated, from left to right, with probabilities or weights Pis eess Puo
Ip; = 1. We assume, furthermore, that every left branch has unit cost 1, and
every right branch has cost ¢ (> 1). A node is then associated with two num-
bers, probability and cost; the probability of an internal node is defined to
be the sum of probabilities of its descendant terminal nodes, and the cost of
a node is defined to be the sum of costs of branches that form the path from
the root to this node. The root, then, has probability 1 and cost 0. Some-
times, for simplicity, a node will be named by the associated probability. We
define the average cost of a tree as

n
¢ = 2: psay; s
=1

where a; is the cost of the terminal node p;. Since we interpret C as the
average cost required to get to a terminal node by tracing the corresponding
path from the root, ( measures a global goodness of the tree: for fixed n, c,
Pis e+os Dy the smaller ( is, the more economical the tree is. If we view
the binary tree, for example, as representing a binary code consisting of =
codewords with code symbols 0 of duration 1 (corresponding to the left branch)
and 1 of duration ¢ (to the right) for the given source alphabet having letter-
probabilities py, ..., p,, then C is the average time needed to send one source
letter.

An internal node will be called internal node j, 1<gj<wn - 1, if its left
subtree has p; as the rightmost terminal nodew (The leftmost terminal node of
its right subtree is then pj+1.) Let us denote by L; and R; the probabilities
of the left and the right sons of the internal node j, respectively. Put

Tj = LJ + R,j’
which is, of course, the probability of the internal node J.

We give here three general relations—(1), (2), and (3)—for use in later

sections. First we have
n-1

(1) C = Z: (LJ + CRJ').

J=1

This is seen by observing that the cost 1 [resp. c¢]of the left [right] branch
that connects the internal node J and its left [right] son contributes 1 + Lj;
[e - Rj] to C.

Second, let

HZ Hpys «ves P,) = —-z:pi log p,
i=1

be the Shannon entropy. (Logarithms will always be to the base 2.) We have

n-1 L. R
= U
(2) H= 3 ijz(Tj, Tj).
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This is the well-known binary branching property of the entropy [4, 9].. The
entropy is known as a very appropriate function to measure the uncertainty,
the uniformness, or the randomness, of the probability distribution p;, ...,
p,- It is this aspect and the branching property that relates the entropy to
the economical structures of the trees having weighted terminal nodes, as will
be seen in the following sections. ‘

Third, letting b; be the cost of the internal node j, we have

Lemma 1:
(3) Z a; =
i=1

1
i=1 -

Proof (by induction on n): When n = 1, (3) is trivially true. Consider
an arbitrary tree with n+ 1 terminal nodes. At the maximum level there exist
two terminal nodes that are sons of the same internal node, say k. Merge these
nodes into kX to obtain a tree having » terminal nodes. The decrease in the
total cost of terminal nodes due to this merging is given by

by + 1) + (by+c) =by=b+ (1 +¢).

On the other hand, the decrease in the total cost of internal nodes is by.
This completes the proof.

2. Weight-Balancing and "Discrete" Golden Cut

A binary tree can be viewed as a pattern of successive choices between the
left and the right branches started from the root in order to look for a ter-
minal node. The uncertainty per unit of cost, removed by the choice at the
internal node j, is measured by

(3 %)
T;" T

)6
T; Tj

So the tree that maximizes this quantity at each step can be expected to have
a small average cost (. Of course, the successive local optimizations of this
type will not necessarily lead to a global minimization of the average cost.
Nevertheless, we will be concerned with this process because it is interesting
in its own right. :

In the case ¢ = 1, the above quantity reduces to H(Lj/TJ-, RJ-/TJ-), which
becomes maximum when [Lj - R,,'l is minimum, i.e., when :

Ly - p; /2 <Tj/2<Lj+p;, /2

for fixed T;. The rule for constructing a tree in a top-down, level-by-level
manner, such that at each step L; and R; are made as equal as possible, is
called "weight-balancing.'" The binary code corresponding to the tree thus
built by weight-balancing under the monotonocity condition p; > --:_> p, is
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known as the Shannon-Fano code ([3], [9], see also [11]). This code is not
necessarily optimal (in the sense of minimum average cost), but it is almost
optimal, and satisfies

C<H+ (-2,

(see [4]). Henceforth, we assume p, > <+ > p,.
In order to generalize the above welght balanc1ng rule to the general ¢,
we naturally maximize the function

H(x, 1 - x)

%) x + c(l - x)

,Oixil.

Let A be the maximizing value of x. By differentiating, A is the unique posi-
tive root of ¢ =1 - x. The maximum value of the function is -log A. Con-
sidering A = A(e) as a function of ¢, we have A(l) = 1/2, A(e) is strictly
monotone increasing, and A(¢) -+ 1 as ¢ +~ . Now define A-weight-balancing as
a rule for constructing a tree satisfying

for each internal node j =1, ..., n - 1. Recently, K. Mehlhorn has taken up
a similar rule to study search trees [8]. We shall be confined especially to
the case ¢ = 2, where the "A-cut" X : (1 - X) of the unit interval becomes the
golden cut, since we have A(2) = /5 - 1)/2 = 0.618... . We denote this num-
ber by Y, its inverse Y~ = ¢ being commonly called the golden ratio, and
Y2 =1-1vy, -log P = 0.6%... . [Conversely, if x = | maximizes (4), then c
must be 2.]

3. Bounds on the Average Cost

For a reason that will be clear in the next section, trees constructed by
-weight-balancing may be called "Fibonaccian trees." In this section we find
entropic bounds on the average cost of Fibonaccian trees. Since we are treat-
ing ¢=2, and -log Y is the maximum value of H(x,1 - x)/(2 - x), the function

flx) = (-log V(2 - x) - H(x, 1 —x), 0L x <1,

is nonnegative.

H H .
. < - . - h -
Theorem 1: TTog T < C < TTog U + 1 -p,) [Note that H/(-log Y¥) is the en
tropy with respect to the log-base ¢, i.e., H/(-log }) = - Zpilog¢ p; -]

Proof: The proof technique is that used in [5]. Consider the difference
(-log Y)C - H. From (1) and (2) in Section 1, we have<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>