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WAITING TIMES AND GENERALIZED FIBONACCI SEQUENCES

V. R. R. UPPULURI
Union Carbide Corporation, Nuclear Division
P.0O. Box Y, Oak Ridge, TN 37830

S. A. PATIL

Tennessee Technological University, Cookeville, TN 38501

(Submitted November 1981)

1. INTRODUCTION AND SUMMARY

Suppose we consider the following experiment: Toss a coin until we ob-
serve two heads in succession for the first time. One may ask for the prob-
ability of this event. Intuitively, one feels that the solution to this
problem may be related to the Fibonacci sequence; and, in fact, this is so.
More generally, one may be interested in finding the probability distribu-
tion of the waiting time to find »r heads in succession for the first time.
As one may guess, these results contain generalized Fibonacci, Tribonacci,

.., sequences. This problem was studied by Turner [8], who expressed the
probability distribution in terms of generalized Fibonacci-T sequences which,
in turn, were expressed in terms of generalized Pascal-T triangles. In this
paper, we will express the probability distribution of this waiting time as
a difference of two sums (Proposition 2.1). This result enables us to ex-
press Fibonacci numbers, Tribonacci numbers, etc., and their generalizations
as sums of weighted binomial coefficients.

In probability literature (Feller [2]), the probability generating func-
tions of waiting times of this type are well known. We derive Proposition
2.1 from one of these generating functions. In Section 3 we illustrate how
one can obtain further generalizations of Fibonacci-T sequences by using the
probability generating functions of the waiting times associated with dif-
ferent events of interest. Finally, starting with the generating function,
we obtain new formulas for Tribonacci numbers.

2. THE PROBABILITY DISTRIBUTIONS OF WAITING TIMES

Suppose there are k possible outcomes on each trial (denoted by E,, E,,
«.+s E3) with probabilities m;, Ty, ..., T , respectively, such that Ty =0
and Ty + My + -+ 4+ M = 1. At each trial, exactly one of the outcomes is
observed. After n independent trials, we are interested in finding the

Research sponsored jointly by the Applied Mathematical Sciences Research
Program, Office of Energy Research, U.S. Department of Energy under contract
W-7405-eng~-26 with Union Carbide Corporation, the Office of Nuclear Regula-
tory Research of the Nuclear Regulatory Commission, and the Tennessee Tech-
nological University in Cookeville, Tennessee.
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WAITING TIMES AND GENERALIZED FIBONACCI SEQUENCES

probability of the first occurrence of r specified outcomes in succession.
Let E, denote this event, and W, denote the waiting time for the first oc-
currence of EFr. We are interested in the distributional properties of W,.

Suppose E, = {E\E, ... E1}, which corresponds to the occurrence of the
same outcome £;, r times in a row. Then we have the following:

Proposition 2.1

The probability distribution of the discrete random variable W,, denoted
by f,..s is given by

P, = n+ 2] = nf B0 (" L) - momd)?
=0 (2.1)

J
o . -1 - ap )
- n‘{“Z(—l)J(n J J )((1 -m)n)d, m=0,1, 2, ...,
Jj=0
where we define (Z) =0if m< k or m < O.
The derivation of this proposition will be given in a later section. We

discuss the generalities of this result now. If there are two possible out-
comes (i.e., kK = 2) with m, =T, = %, then we define

1 n=20
Bu,» = (2.2)
2"TPWW, =t r]l = A, -4,y 21
where Ay, = 2" (—1)5(” ;Jr’>(1/2<1"+1>=7'),
i=0
! (2.3)
with A, » =29, for 0< j < r.

We shall show later that the sequences {B,,,} are generalized Fibonacci
sequences. Specifically, for r = 2, {Bn’g} is the Fibonacci sequence given
by 1, 1, 2, 3, 5, 8, 13, ... . For r = 3, we have the so-called Tribonacci
sequence (Feinberg [1]), given by 1,1, 2,4, 7, 13, 24, 44, ... . For r = 4,
one can verify that

Busu, v = Bura,u + Buuo,w t Buva,w + By (2.4)

and the sequence {Bn’4} is given by 1, 1, 2, 4, 8, 15, ... . For general r,
we have
E’n+1r',1r= = Bn+r-l,r + Bn+1r'—2,1r' + oo+ By, po (2.5)
which is an rth order Fibonacci-T sequence.
If we leave k unspecified but still require m; =T, = «++ =m = 1/k,
then we can define
(k) _ gntr Wy =7 + 7] (2.6)

n,r
so that, using Proposition 2.1, we get

B, = 4%, - 4® (2.7)

n,r n+l, r
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n - gry| (k - 1) J
. —_— . 2.8
J >[(kr+1);l ( )

I

where @ . .
Ay = Kk" 2:(~1)J(
i=0

We prove in Section 3 that

(k) _ (k) &) k
Bn+r,r~ - (k - l)[6n+r—l,r + Brz+1r‘—2,1r’ o 4 B(n,)r] (2'9)
with the boundary conditions

BSOP =1 and Bg?r =0 for s < r;
and for the special case k = 2, (2.9) gives the recursion satisfied by the
rth order Fibonacci-T sequence given in (2.5). For r = 2 and k = 3, the
sequence {Bg?z} is given by 1, 2, 6,16, 44,120, ... . For r = 3 and k = 3,
the sequence {Bﬁ?a} is given by 1, 2, 6, 18, 52, 152, 444,

3. THE PROBABILITY GENERATING FUNCTIONS OF WAITING TIMES

In this section we shall give a derivation of Proposition 2.1, starting
from the probability generating function of the waiting times for recurrent
events and then prove equation (2.9). Following Feller [2], the generating
function given for binomial processes can easily be extended to multinomial
processes, for the events of type E, considered in this paper. 1In particu-
lar, the probability generating function of the first occurrence of Ey dis-
cussed in Section 2, is given by

ﬂfsf(l - T, 8)

F(s) = Y s"*"P[W, = n + r] =
n=0 1 -8+ (1 - ﬁl)ﬂfsp+l
mrs” Trr+lsr+l
= 1 _ 1 . (3.1)
1 - s+ (1 - ﬂf)ﬂlsr+l 1 -s+ (1 - ﬂf)ﬂlsr
= (1) - (i1).
Let 6 = (1 - m,)7}, then
mrs”
(1) = = = mrsT[1 + s(1 - 870) + s%(1 - 76)% + -
1 - s(1 - &78)
4+ 87(l - 879)T 4 -+ 4+ 3(j-l)r(l _ Sre)(j~1)r el (3.2)

In (3.2), sJ” appears only in the following (j - 1) terms:
mrgIT(1 - TR)I VT, qrglINT (] L gTe)ImDT T2 (1 - 570);

and the coefficient of s9% in (i) is given by

-1 -2 -3 - o2 _» ' )
{((.70 )r) _ ((Jl )r)e . ((‘72 )I’>ez e b (o1 z(jfz)eJ z}ﬂl. (3.3)
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More generally, s9**%, 0< & < r-1, appears in (3.2) only in the following
(7 - 1) terms:

ﬂfsg'r’+2(l _ Sr9>(j~l)1“+l’ Wfs(j—1)11+1(l _ Sy‘e)(j—i)r+2,

ﬂfs<j'2)r+2(l _ Sre)(j—S)rHL’ ., ﬂfs“”(l _ Sre>r+£;

and the coefficient of s/"*4, 0 < < »-1, in (3.2) is given by

(G- Dr+4 (G-Dr+2 (F-3)r+2
(79 < (G 9me e (@i
R

Since f,,, is equal to the sum of the coefficients of g”*% in (i) and (ii),
taking n = (J- 1)r+ 2% in the above, we obtain:

e () - (e (32
_ {(n - 1) B (n - i - r)e N (rz - 12- 2r>62 ...}ﬂfu’ (3.5)

which proves Proposition 2.1.

The probability generating function given by (3.1) can also be written
in the form

2 r
F(s) = 1/[1 (1 - s)[g%+ <s$1> 4o 4 <671r1> ]il (3.6)

which may be recognized as a special case of the probability generating
function discussed by Johnson [5] and Johnson & Kotz [6]. In order to sum-—
marize these results, we need to introduce some notation.

Returning to the situation introduced in Section 2, suppose we are in-
terested in a specific event £, of length » (or r independent outcomes). We
shall now obtain the probability generating function for the waiting time,
Wy, which denotes the first occurrence associated with the event E,. As a
first step, we introduct the definition of the critical points of £y, as
defined by Johnson [5].

Definition: A critical point of E» is defined as the position between
two labels, such that the subsequence of labels up to that position is iden-
tical to the subsequence of labels of the same length concluding the pat-
tern. Also, a critical point always follows the last trial at which event
Ey» occurs.

As an illustration, suppose we toss a coin so that we have the two pos-
sible outcomes, Heads and Tails, denoted by the labels H and T, respective-
ly. For a given pattern like HTHTH, we can observe three critical points.
Since the last trial completes the pattern, it precedes a critical point.
At the third trial of this pattern, we have a H, and the subsequence HTH up
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to the third trial is the same as the subsequence at the end of the pattern
and, hence, the third trial precedes a critical point. And finally, at the
first trial of this pattern we have a H, and we have a H at the end, so the
first trial also precedes a critical point.

Let us consider another pattern E,, defined by HHTHHHT, which has only
two critical points. For this pattern, the seventh trial (by definition)
and the third trial precede the two critical points.

More generally, let the event of interest, £,, have c(l € ¢ < »r) criti-
cal points. Let q,; denote the number of outcomes E, observed up to the Zth
critical point, fora =1, 2, ..., kand t =1, 2, ..., ¢. Then the proba-
bility generating function F(s8) of W,, as given by Johnson [5], is

/ c k
F(s) = 1// 1+ (1 - 3)2: ——**—-l—————"—{[]ﬂ;a“}. (3.7)
t=1(g

51r+a2t+"'+akt) a=1

Special Cases

(1) When the event of interest E, is given by a succession of »r identi-
cal events £, then there are r critical points associated with this event;
and associated with the first critical point, we have

a;, = I, a,; =05 covy agy = a,

and associated with the ¢th critical point, we have
Ay =t Qgp =0, 0 =2, ..., kfort =2, ..., r.

In this case, the probability generafing function of the event of length r,
given by E,E, ... E; reduces to

F(sg) =1 /[1 + (1 - s)fi-l—-l— (3.8)
\ / st wff
which agrees with (3.6).
Next, taking 7, = 1/k, we shall derive (2.9). We have

i

F(s) fi s"tTPIW, = n + rl
n=0

8

=3 (s/k)" W from (2.6)

n,r
0

=
i

1

— T~

r

.r 1,2 r-1
[&~ - (k- 1)(1 + k-+-&; + oo+ kq_l)].
2 S 3 Y

2 r
[1 + (1 - s)(% + %7 + e +-§7>] from (3.8)

1

57 - 8

/

Therefore, we have the relation

o r r-1 _
[ 2:(8/k)n+rBS?{][k_ - (k - 1)(1 +.§ 4 oo kr—l)] =1,
n=0 s’
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From which it follows that

@ r-1 ©
3 (o) B = L+ (K 1)(1 vEy Lk ) (s/k)n+7p®
n= n=0

r-1 n,r"*
S

Equating the coefficients of s”*%¥, on both sides, we find

(%) - ) (%) (€3]
Bn+r,r = (k - l)[Bn+r-l,r + Bn+r-2,r +oeee + 8 ]5

n,r
which proves (2.9).

(2) Let the event of interest be EiE, ... E;, which is of length k, and
the outcomes occur in the specified order. This event has only one criti-

cal point, and
ay; =1 =ap; = =ag,

and all others are zero. In this special case, the probability generating
function is given by

F@)==l/[1‘+(l-8)———*L——-> ) (3.9)
skmy.oom

(3) Let k = 2 and the event of interest be E.E,E; (of length 3) and let
1
2

Ty = = m,. In this case, there are ¢ = 3 critical points and
aypy =1, ayp, =2, a3 = 3,
a,, =0, a,, =0, a,; = 0.
With these values,
® 3
s"PPW, = n + 3] = F(s) = 1// L+ (1 -s8)3 (2/8)
n=0 t=1
/ 2 4 .8
= - -+ — + — .10
1/ [14- (1 s)<s+82+33>:| (3.10)

33

s+ 2(1 - 8)(8% + 25 + 4)

From this, we obtain

]

ST PIN, = 0o+ 3] = F(22) = t3/[1 - t - t2 - 7],
n=0

and, as defined in (2.2),

2n+3P[W3

it

n+ 3] =B, 5 (3.11)

which are the Tribonacci numbers.

From this generating function of the Tribonacci numbers, we obtain a
representation for B, ; in terms of trigonometric functions, which is stated
in the following proposition.
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Proposition 3.1

The Tribonacci numbers Bn,a are given by

8 _ 1 1+ fsin(m + DO _ ¢ sin ne) 1
7,3 (¢ - I)(e + 3) ¢ sin O sin © c

for n = 2, 3, ..., where

e = (1/3)[ (V297 + 1) - (V297 - 17)® - 1]

and 6 = m - Arc sin (V3 .- ¢2)/2 , and B, 3 and B, , are defined to be equal
to 1. From (3.11), we note that B, 5 is given by the coefficient of ¢"~! in
1/(1 - t=t?-¢%). 1In order to find this coefficient, we use partial frac-
tions given by

1 . D G
. g CE-BHTE@-n G-

Let ¢, d, and g denote the real and the complex conjugate roots of the cubic
1 -t - t%-t%®=0, given by

c= (1/3)(y - 6 - 1),
d= (-1/6)(y = 6§ - 2) + (V/3/6)i(y + &) = (1/Ve)e®,
and g = (1//2)6_“

where Y = (V297 + 17)*?, § = (/297 - 17)*/®, and < = V-1. Now, C, D, and G
can be expressed in terms of ¢, d, and g, and we obtain

2 3 n-1
L ! E,+-E-+-EE + E;»+ v L + --]

Lt - @-al@-eel el et
1 t 2 ¢t
tEe - add- g)dl} *t3 +‘§? toee +‘§?TT + ]
2 n-1
+ L A A + -
(¢ - g)d- g g g2 gn

Therefore, B, 3 can be obtained as the coefficient of ¢"7%, given by

8 . = 1 [f 1l ,elg-o _cle-d J
mroele-d -l ST g - pdt W - g
) -1 1 (eg-e® . . (- ed) {]
e - dig - c)[;n-l YAy Tt Taog
(here we use the fact that edg = 1)

-1 1

Te(e - D(g - ) gnt

. 1 [cn+l(gn+l _ dn+1) _ c,n+2(gn - dn)

c(c - d)(g - o) (g-ad g-a |
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The following identities between the roots ¢, d, and g can be verified.

(i) cle - d)y(g-e¢) = (¢ - 1)(c+ 3)
and
sin(k + 1)6 _ d**! - gkt
sin 6 a d-g

(ii)

H

where 0 is as defined in Proposition (3.1).
Using these properties, we find

(¢ - 1)(c+3)8, 5 = cl+<n/z>{sin<ﬂ + 1)6 _ ¢*” sin n@} _ 1
n,
c

sin 0 sin © n-1?

for n = 2, 3, ... . This representation corresponds to the "Golden Number"
representation of the Fibonacci numbers.

4. REMARKS

We wish to thank a referee for bringing to our attention the article by
Philippou & Muwafi [6], which also deals with the waiting time problem for
the kth consecutive success of a Bernoulli process. There is not much of
an overlap with our results, and the references cited by these authors may
be of historical interest to the reader.
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1. INTRODUCTION

T is the real root of the equation T° - 7?2 -= T - 1 = 0, and is approxi-
mately equal to 1.8392867... T has the property:

r=3 4 pn=2 4 opn-l oo opn
which is similar to the formula that defines the Tribonacci numbers:
tn - 3)+tn-2)+tn-1) =tn).
In fact, T has a relationship to the Tribonacci numbers similar to that be-

tween ¢ and the Fibonacci numbers. Binet's formula for calculating the value
of the nth Fibonacci number is

fn) = &_(__@1
V5

Since ¢°' = .618... < 1, we can see that the ratio between two adjacent Fi-
bonacci numbers is a close approximation to ¢, and moreso as the value of »n
increases:

Fo+ 1)/Fm) = ("7 = (=) D)/ (47 - (=0)7") » ¢ as n > .
Similarly, given Binet's formula for deriving a Tribonacci number ¢(n):
t(n) = of" + »"(B cos nb + Yy sin »6) (see [11]),
and since lr] = .7374... < 1, we can see that the value of the ratio of two
adjacent Tribonacci numbers is a close approximation to T, and moreso as the
value of # increases:

tn+ D/tm) = (a7 + »"T1(B cos n6 + vy sin n8))/

(aT™ + r"(B cos nB + v sin n@)) > T as n » =,

2. A GEOMETRIC APPLICATION OF T

If three circles are externally tangent to each other, and the radii of
each are three successive powers of T, then a fourth circle, internally tan-
gent to all three has a radius equal to the next higher power of T.
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Proof: Given the three circles with centers A, B, and C:

Xne Xeo
==
Kac. A c
Kso 5 =102
rd = 1"
PB = Tn+l
rC = Tn+2
Since (AB)Z - (Tn + Tn+l)2 = T2n + 2T2n+l + T2n+2
and (AC)2 = (T™ + T"*2)2 = p2n 4 op2n+2 4 p2ntts

2(T2n + T2n+l + T2n+2) + T2n+2 + T2n+'+

I

then (4B)? + (40)?

= T2n+2 + 2T2n+3 + T2n+4.
And since (BC)2 - (Tn+1 + Tn+2)2 = M2 L oom2n+3 T2n+4’

then (4B)? + (40)? = (BC)Z.
Triangle ABC is a right triangle; angle BAC = 90 degrees. Extend C4 to
E on the circumference of circle A. Draw BF parallel to AC; F is on the
circumference of circle B. Extend FE to meet AB extended at XAB , which is
the external center of similitude for circles 4 and B.
Then, if X,; 4 = X, an unknown, and
AE/FB = X/ (X + AB)
and given the aforementioned values for 4B, AE = rA, and FB = rB, then
TP = XX 4+ T+ T
XTJ’L+1 = XTn + T2n + T2n+l
X(Tn+1 _ Tn) = TZn + T2n+1
If we define
d=T7"(@"* - 1" = /("7 + 772y,
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then
TRl oproo el g pne2 o opryg
and
72y 2+l oo p2nt2)g.
therefore,

X = (TZn + T2n+l)/(Tn+1 _ Tn) = (T2n+2/d)(Tn/d) = Tn+2 = Q.

Where a tangent from X,z touches the circumference of circle ( is the
external center of similitude between circle C and the fourth circle (Xgp),
which is where they are internally tengent; a line drawn from X.,p through C
will contain the center of the fourth circle, D. Since X,z;4 is perpendicu-
lar to AC and equal to »r(C, X,,C is parallel to AB and also perpendicular to
AC.

We can also construct the point Xz, in the same manner; Xz,B will be
found to be perpendicular to AB and parallel to AC. So D is located at a
point such that BD is parallel and equal to AC and perpendicular to 4B and
CD; AB and (D are in turn parallel and equal to each other.

The definition of the construction of this fourth circle, D, is that it
is tangent to each of the other three circles at a point where a line from
the external center of similitude of the other two circles in each case is
tangent to it. We do not need to construct point X,, to locate point D.

Therefore, since

rD = rC + CD = vB + BD,

and having shown that

CD = AB = rA + rB
and that

BD = AC = rA + »rC,
then

D = vA + rB 4+ rC = T" 4+ " 4 %2 = 743,
Q.E.D.
REFERENCE
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ON SOME DIVISIBILITY PROPERTIES OF FIBONACCI
AND RELATED NUMBERS

GERHARD ROSENBERGER

Universitat Dortmund, Federal Republic of Germany

(Submitted April 1982)

l. Let x be an arbitrary natural number. We define, recursively, the
following two sequences of rational integers.

S_y(@) =-1, S;(x) =0, S, (x) =x5,_,(x)-5,_,(x), n=> 1. (1)
R_,(x) =1, Ro(x) =0, R,(x) = xR,_,(x) + R, _,(x), n=1 (2)

If x =1 and »n =2 0, then R,(x) is the nth Fibonacci number. By mathe-
matical induction, we immediately obtain

R, (x) = x5, (x? + 2) (3)
and

Ry, (@) =5, @&*+2) -5, (x*+ 2), where n € N U {0}. (4)

The purpose of this note is to lock at some divisibility properties of
the natural numbers R, (x) that are of great interest to some subgroup prob-
lems for the general linear group GL(2, Z).

0f the many papers dealing with divisibility properties for Fibonacci
numbers, perhaps the most useful are those of Bicknell [1], Bicknell & Hog-
gatt [2], Hairullin [4], Halton [5], Hoggatt [6], Somer [9], and the papers
which are cited in these. Numerical results are given in [3]. Some of our
results are known or are related to known results but are important for our
purposes. As far as I know, the other results presented here are new or are
at least generalizations of known results.

2. Let p be a prime number. Let n(p, x) be the subscript of the first
positive number R,(x), n 2 1, divisible by p.

If p divides x, then
2.

n(p, x)
If p = 2 and x is odd, then
3.

]

n(p, x)

Henceforth, let p always be an odd prime number that does not divide wx.
Then it is known that n(p, x) divides p - €, € = 0, 1, or -1, where

<x2 + 4)
e = (2 *+ 5
p

is Legendre's symbol (cf., for instance, [7]).
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We want to prove some more intrinsic results about n(p, x). For this we
make use of the next five identities; the proof of these identities is com-
putational.

R ,,(@ = (®+ )R (®) - R, _,@); (5)
Ry, (@) = 8. (R, ,, (®) + R,_,(x)) + R,(x) if n is even, (6a)
R, (@) =R, (R, ,(x) + R, _,(x)) = R,(x) if n is odd; (6b)
R,y @R, (x) - Ri(®) = (-1)"; )
Rl,, (@) - R, (@R, (x) = (-1)"x?; (8)
R,, ,(®) = Ri(x) + Ri_,(x), (9a)
xR,, (x) = R2,1(x) - RZ_,(x); (9b)
where n € N U {0}.
3. The case n(p, x) odd. Let n(p, ) = 2m - 1, m €N; it is m > 2.

Proposition 1
a. Rype1(x) = —RZm_3(.’L‘) (mod p) .
b. R%,_,(x) = -x® (mod p).

c. Rl (@) = -1 (mod p).
d. Ryp_1-x®) = (-1)**'R, (x)R,,_,(x) (mod p) for all integers k
with 0 < k < 2m - 1.

Proof: Statements (a), (b), and (c) follow directly from (3), (5), (7),
and (8).

We now prove statement (d) by mathematical induction. Statement (d) is
true for Xk = 0 and kK = 1 because R,,-1(x) = 0 (mod p) and R;(x) = 1. Now we
suppose that statement (d) is true for all integers £ with 0 < £ < k, where
1<k<2m-1.

For 1 < k< 2m - 1 and kK even, we obtain

Ry 1oeany@) = —@Ry, @) + Ry ooy ()

(xR () + Ry_, () = Ry, _,(x)

i

1

= (-D)**?R,,  (®)R,,_, (@) (mod p).
For 1 < k< 2m - 1 and k odd, we obtain

Rypo1-qeeny @ = (-aBy(x) - R (@) * By, (@)

(-1)K*2R, | (x)R,p_,(x) (mod p).
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Corollary 1
p =1 (mod 4).

Proof: Proposition 1 gives that -1 is a quadratic residue mod p. That

means
-1
1 = (__) = (-1 (P"D/Z,
b )

and, therefore, p = 1 (mod 4). Q.E.D.
Proposition 2

If p =1 (mod 4), then there is a natural number z such that

22 +1=0 {(mod p)
and
(xz + DE2_ (x) = 2" (mod p).
Proof: TFrom (9) we get
RZ(x) = -R%_,(x) (mod p).

Then there is a natural number z such that

22+ 1 = 0 (mod p)

and
R, (x) = zR,_,(x) (mod p).
Therefore,
Rm+l(x) = xR, (x) + Bm_l(m) = (xz + 1)R,_,(x) (mod p)
and

(-1)" =R, (@E,_ (@) - Ri(z) = (xz + 2)R>_, (x) (mod p)

m-=1

w
1

by (7). Q.E.D.

The following corollary is an immediate consequence.
Corollary 2

If p =1 (mod p), then there is a natural number z such that

z? + 1 = Q (mod p)

and x3 + 2 is a quadratic residue mod p.

Remark concerning Proposition 2: If p = 4g + 1, 2 1, and g is a primi-
tive root mod p. then z = #g? (mod p). But unfortunately, no direct method

is known for calculating primitive roots in general without a great deal of
ccmputation, especially for large p.

Proposition 3

Let # 2 1 be a natural number such that p divides R,,_1(x). Then
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Rz(k+1)-1(x) © S, (x® +2) = Ry, (x) - Sn_(k+l)(xz + 2) (mod p),
for all integers k with 0 < k < #.

Proof by mathemetical induction: The statement is true for k = 0, since

S,(x® +2) =5 _ (¢ +2) (mod p) [by (4)].

Now suppose the statement is true for an integer k with 0 < k¥ < n. Then we
obtain

Rop-1(@) * Sy gany@® +2) 2 Ryyr (@) » Spox@® + 2)
= (@ + 2)S, g4y @ +2) = Sy _eay@® + 2)) * Rypsr () (mod p).
This gives
Ryger1y-1 @)+ Sy (@ + 2)
= (@ + DBy @) - By (@) 8y gy @+ 2)
= Rygerny -1 &) * Sy ey @ +2) (mod p) [by (5)]. Q.E.D.
Corollary 3

a. 0% Ry, (@) = 8, @ +2) =Ry (x) (mod p) for all integers
k with 0 < k <m- 1.

b. Rosp-1(2) * Sp_x(@2 +2) = Ry 1 (x) * Spoeapy(®® + 2) (mod p) for
all integers k and £ with 0 < k, 0 < %, and 0 < k + & < m.

m then L = 0);

Proof: Statement (b) is obviously true for k = =
1. Now, letting

m
statements (a) and (b) are also obviously true for k
0< k<m- 2, we obtain (from Proposition 1)

(if k

m

Ry (@) ¢ Rypyy (@) 5%—(k+a(x2 +2)

= Rpp 1 (®) ¢ Bypyqa(®) » Sﬁ—(k+n(x2 +2)

i

Ropys(@) ¢ Bypyr(@) * Spop(x® + 2) (mod p),
which gives
Rys2y-1(x) Sp_x@? + 2) = Ry y(x) - m_(k+2)(x2 + 2) (mod p)

because R,;,,(x) # 0 (mod p).
Now, by mathematical induction, we obtain

R « Spop(@? +2) 2R, (@) ¢ Sy_ken @ + 2) (mod p)

2k +2) - ()

for all integers k and £ with 0 < k, 0 < £, and 0 < k + £ < m (this state-
ment is trivial for § = 0 and just Proposition 3 for § = 1). Now statement
(b) is proved; statement (a) follows for Kk + £ =m - 1. Q.E.D.
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4. The case n(p, x) even. Let n(p, x) = 2m, m € N; it is m > 2 because
p does not divide x. Moreover, Sm(x2 + 2) = 0 (mod p) by (3).

Proposition 4
(? + &RZ (@) = (-1)""'x? (mod p).
Proof: From (6), we get

-R (x) = R o.,(x) = 2R, (x) + Rm_l(x) (mod p)

m-1
and

xR, (x) = -2k _,(x) (mod p)
because n(p, x) is minimal. Therefore,

(-D"z? = x*(R,, (@B, _ () - Rhp(z)) = =(x® + 4)R2_ (x) (mod p)

by (7). Q.E.D.
Corollary 4
If p = 1 (mod 4), then 2® + 4 is a quadratic residue mod p.

Proof: 1If p =1 (mod 4), then (ii) = 1 and the statement follows imme-
diately from Proposition 4. Q.E.D.

2
+
If we ask for prime numbers p’ with p’ = 1 (mod 4) and (f ,4> = -1, we
obtain the following. p

Corollary 5 (Special Cases)

a. If x

1]
]

1, then p # g (mod 20), where g = 13 or 17.

b. If x =2 or 4, then p Z 5 (mod 8).

]

Cc. If x =3, then p # ¢ (mod 52), where g = 5, 21, 33, 37, 41, or 45.

d. If =5, then p Z ¢ (mod 116), where g = 17, 21, 37, 41, 61, 69, 73,
77, 85, 89, 97, 101, 105, or 113.

Analogous to Proposition 1, Proposition 3, and Corollary 3, we obtain
the following results.

Proposition 5

a. R, .,(®) = -R, ,(x) (mod p).

b. RZ _,(x) = x?S,_,(x® + 2) = x* (mod p).
c. RZ _(x) =1 (mod p).

d. R, _ (@) = DR ()R, (=) (mod p)

for all integers k with 0 < k < 2m.
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Proposition 6
Let n 2> 1 be a natural number such that p divides R,, (x). Then
Ry @) + 8, _gan@® +2) 2 Ryp )@ S,_x(@® +2) (mod p)
for all integers k with 0 < k < n.
Corollary 6

a. 0% R, (@) * Sy x(@® +2) =R,y (x) (mod p)
for all integers k with 0 < k <m - 1.

be Ry @) ¢ Sy_p(@® +2) 2R, () ¢ 5, g, @ +2) (mod p)
for all integers k and % with 0 < k, 0 < &, and 0 < kK + £ < m.

5. Final Remark. I wish to thank the referee for two relevant refer-
ences that were not included in the original version of the paper. He also
noted that some results of this paper are special cases of results of Somer
[9] for the sequence

To(xs y) =0, T (x, y) =1, T,(x, y) =xT,_,(x, y) + yT,_,(x, y), n = 2,

where x and y are arbitrary rational integers. Proposition 1(c) is a spe-
cial case of Somer's Theorem 8(i); Proposition 2 is a special case of his
Lemma 3(i) and the proof of his Lemma 4 when one takes into account the hy-
pothesis that (-1)/(p) = 1; Corollary 4 1is a special case of Somer's Lemma
3(ii) and (iii); finally, Proposition 5(c) is a special case of his Theorem
8(1).

But, on the other side, some results of Somer's paper follow directly
from known results about the numbers S, (x) and R,(x). For, let x and y now
be arbitrary complex numbers with y # C. Let S,(x), R,(x), and T,(x, y) be
analogously defined as above. Then

T, (x, y) = <f—3>”‘1sn<i> = </§>”‘1Rn<i>, n >0,
V-y Vy

where V@ and V-y are suitably determined (see, for instance, [7]).
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LETTER TO THE EDITOR

JOHN BRILLHART
July 14, 1983

In the February 1983 issue of this Journal, D.H. and Emma Lehmer introduced
a set of polynomials and, among other things, derived a partial formula for
the discriminant of those polynomials (Vol. 21, no. 1, p. 64). I am writ-
ing to send you the complete formula; namely,

D(Pn(x)) = 5n—1n2n—4Fin—4’

where F, is the nth Fibonacci number. This formula was derived using the
Lehmers' relationship

(x* - x - )P, (x) = x* - Lxz” + (-1)*,
where L, is the Lucas number. Central to this standard derivation is the
nice formula by Phyllis Lefton published in the December 1982 issue of this

Journal (Vol. 20, no. 4, pp. 363-65) for the discriminant of a trinomial.

The entries in the Lehmers' paper for D(Pq(x)) and D(Pe(x)) should be cor-
rected to read

2% . 3% . 53 and 282 . 3% . 53,
respectively.

€040
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ON THE SOLUTION OF {E* + (Ap - 2)E + (1 - Ap - A*@)}"G, = n*,
BY EXPANSIONS AND OPERATORS

H. N. MALIK
P.M.B. 1032, Birnin-Kerbi, Sokoto State, Nigeria

(Submitted September 1981)

I. INTRODUCTION

This paper continues the work initiated in the author's joint paper [1]
with A. Qadir, in which the authors found the particular solution of the dif-
ference equation (F?> - F - G, = nk, using two methods, that is, the usual
operator method and the method of expansions, eventually establishing an iden-
tity involving the Fibonacci numbers F, defined recursively by F,=F, = 1 and

F = F

ey T E,, n 21,

the Lucas numbers L, given by L, = 2, L, = 1, and

=1L + L,, n=20,

n+2 n+1

and the Sterling numbers of the second kind.
In this paper, the author uses the same two methods to solve a more gen-
eral difference equation, namely,

(B2 + Op - 2E + (1 - xp - M2)Y'6, = nk,

getting an identity involving the Sterling numbers of the second kind, the mth
convolved Fibonacci numbers, Ff(p, q), where

1

= X Fl(p,
(1 - px - qe?)" i=0

and the generalized Lucas numbers, where

L,.,®s @ =pL, (s @ +qL, (0> q@> Lyps q) =2, L, (p, q) =p.

The plan for this work is as follows. First, in II we find the particu-
lar solution of the above-mentioned difference equation by the usual operator
method. Then, in III we find the particular solution of the same equation by
the method of expansions. Finally, in IV we compare the coefficients of sim-
ilar powers of n and those of A, which finally results in the aforesaid iden-
tities.

260 [Nov.



ON THE SOLUTION OF {E% + (3p - 2)E + (1 - xp - A%q)}'G, = nk,
BY EXPANSIONS AND OPERATORS

IT. PARTICULAR SOLUTION BY THE METHOD OF OPERATORS

From [1] it is known that

z (‘1)r<§>(r)35(i, rynk-t

nk éi
E-a 7= /5 (1 = g)7*?

k <—1>”(§><r>!3(i, rynk-t

>

i=0 r=0 (1 - a)rtl

Where S(Z, r) are the Sterling numbers of the second kind, the shift
operator E is defined as

Ef(n) = f(n + 1)
and the difference operator A is defined as
Af(n) = f(n+ 1) - f(n) = (& - 1f(n).
That is, A = F - 1.

Therefore,

k

i)(r)!S(i, rynk-1

nk ko k (—1)”(
E - 1+ ra) 2; z

i=0 r=o0 PRARPELS!

Also,

nk
(E -1+ a)(E -1+ Ab)

(—1)”+t<§)(k ; i)(r)!(t)!S(i, r)S(s, t)nk-t-s

3D

+r+t +1l7¢t+1
AZFrEEaTHLY

Letting ¢ = 4 + g implies min(g) = 0, max(2) = k, so that

nk
E-1+x)E -1+ 2xb)

Lok e GO () (KD Dt @ise, nsa - 4, pnkt

=2 2 XX s

Z=0 r=0 &=0 t=0 >\2+P+tal+rbl+t

I

Putting j = r + ¢, we have min(j) 0 and max(j) = k. Now, recall that

(G20 = ()
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and change % to Z,, ¢ to Z,, r to j,, and j to Jj,, to get

nk
(B -1+ ) -1+ 2Ab)

jz 2 it"'l . . . . . . k-1
COPILN )0, =, 86, =4y d, = J, T
t

2,20 4,=0 §,=0 4,=0 A2+dagltiipltds =g,
where 7, = k, 27 = 0 = j,.
Using induction on m, it can be proved that

nk
E-1+2)"E -1+ )"

(2.1)

2m

, 7
D7 11 < f+l><Jt>!s<It, I, )nk=ian
1 ¢

t=

2320 7,20 §, =0 Jpy=0 A2MH Jan oM Tamoap M Tom
m .
where 72, ., =K, 15 =0 = jo, T, = 3, (-1)"J.,
i=1
I, =i, - 1,., and J, =4, - J,_, for every t > 0.
Let G(n, m, k) be the particular solution of the difference equation
{E2 + Op - DE+ (1 - p - V)G, = nk,

and let a, b be the roots of x? = px + g.

Noting that the left-hand side of (2.1) is symmetric in a, b, we inter-
change ¢ and b in (2.1) and add the resulting equation to (2.1). Using the

fact that a + b = p and ab = -g, we get, after a little manipulation,
G(n, m, k) . (2.2)
28 B (A RYEY ) k-2
(~1)“*" . (TSI JL)L [
D> A R
2 2,=0 Zpn=0 =0 Gyn=0 >\2m+'jz'r‘ (—Q)MLTZ"’

where Ly = Ls(p, q)-

Interchanging a, b in (2.1) and subtracting the resulting equation from
(2.1) and dividing both sides by a - b, we also have

2m-1

7
I ( ;:1>(Jt)!S(It, I )Fr op

2m-]

k K Ck k
PIED DD MDY =0 (2.3)

- . . +
1170 25,320 J1=0 g, ,=0 (_q)"’ Tonm

where Fy; = Fo(p, q)-.
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3. PARTICULAR SOLUTION BY THE METHOD OF EXPANSIONS

A Particular Solution of G(n, m, k) is given by

nk nk

(E-1+2)"E - 1+ )" (b+ A" (A + AB)"

Gn, my k) =

That is,

nk
G(n, my, k) = , (3.1)
(A% + dph - A2g)"

where a, b are the roots of x* = px + q. Since a + b = p, ab = -q, (3.1) be-

comes
k _1\m. k
Gn, my, k) G = D

(42 + dph - A2Q)" )\qu"’{l - p(%) - ‘?(_AX>2}m
q q

CD_ 3 mrep, cz)<§7>1' nk

)\qum =0

where F;kp, g) are the mth convolved Fibonacci numbers.

Therefore, )
x Fl'(p, @)b*

m k .
Gn, m, k) =L 3 Sk, §) - nP,
i=0

)\qumi=0 )\’Lq‘u
where S(k, j) are the Sterling numbers of the second kind and
nD = um-1) ... n-g+ 1), for all j =1, 9 = 1.

Therefore,
-D"F'p, q) ()P sk, jHn? ")

m+i>\2m+i

k k
Gony, my k) = 2 2

i=0 F=0 q
k(DD D ENp, sk, HnY D
= Z Z_ m+iy2m+1
1=0 j=1 q A
s 07 T e, sk, G+ nt
—7.'=0 Jj=0 qm+i_)\2m+7,'

Now, change J to kK - 2 - j in order to reverse the order of summation of
j. Then, putting ¢ + J = & implies that min(2) = 0, max(2) = k, so that
. - + 7 P .
(—l)m(i)!<k g i)Fim(p, @Sk, k = 4 + i)ntk-4

k
G(n, my, k) = Z
. =0 2=0

= m+7,')\2m+i

q
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U NG, st k - 0+ skt

k k
2 23 —
= =0 t= m+z)\2m+1,

q

where Sf‘l are the Sterling numbers of the first kind.

Let us once again reverse the order of summation of ¢ by changing ¢ to
k - % - t. We then let 2 + ¢ = r so that min(r) = 0 and max(r) = k. Then

eox & Coman(FT AT

=0 2=0r=0 qm+iA2m+i

Fl(p, )5k, k - & + 1)8K- k"

Now, replace % by kK — £ in order to reverse the summation of %. Next, note
that
Sk, L+ %) =04if 8>k - 7 and S,_, = 0 if 2 < k - .

Also, from [2], we have

zk: (2 : 1)5(7(’ L DS, - (f,)s(,,,i)
L=k~

Hence, writing %,, for » and j,, for ¢, we obtain

O @ (S )Gam) 185Gy o
G, m ) = ¥ 3 = : . 3.2)

Lon=0 Jpn=0 qm+‘72m }\2m+~72m

4. THE DERIVATION OF THE IDENTITY

Equating the coefficients of similar powers of 7n from (2.2) and (3.2),
and dividing both sides of the resulting equation by the common factor

()

we have
PR ) E
—1)72n !
RS (% | CATEICANP AT
7L L X L = (4.1)
1120 ip,=0 F1=0 j, =0 A2 2m (=g m+ Tom

(1>(Jm)( )suﬁm,jm)q;

Jom=0 qm+e7'2m>\2m+j2m

mo - pam
where F}h1 = F}m (ps ).

Finally, equating the coefficients of similar powers of A in (4.1), we
obtain
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ON THE SOLUTION OF {E2 + (A2 - 2)E + (1 - Xp - A%q)Y'G, = nk,
BY EXPANSIONS AND OPERATORS

2m-1

n (lzzl>(Jt)!("l)prl Sy I )Ly, 4o,

K K k K -1 -
L X X ¥ 4.2)

0 %5,.1=0 ;=0 g, _,=0 qTmel

m

= 207, )5 (T Jon)Ey,

Equating (2.3) and (4.2) gives the identities we wanted to derive.
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ON FIBONACCI NUMBERS OF THE FORM PX? WHERE P IS PRIME

NEVILLE ROBBINS

San Francisco State University, San Francisco, CA 94132

(Submitted April 1982)

INTRODUCTION

Let p denote a prime, 7 a natural number, F(n) the nth Fibonacci number.
Consider the equation:

F(n) = px2. (%)
In [3], J. H. E. Cohn proved that for p = 2, the only solutions of (%) are

(i) n=3, 2 =1

and

(ii1) n =6, x% = 4.

In [8], R. Steiner proved that for p = 3, the only solution of (%) is n = 4,
x2 = 1. Call a solution of (%) trivial if @ = 1. In this article, we solve
(%) for all odd p such that p £ 3 (mod 4)or p < 10,000. Except for p = 3,001,
all solutions obtained are trivial. L(»n) denotes the nth Lucas number.
Definition 1
z(p) is the Fibonacci entry point of p, that is,
z(p) = min{k: k > 0 and p|F(k)}.

Definition 2

y(p) is the least prime factor of z(p).

PRELIMINARY RESULTS

(1Y FQ©2m) = F(m)L(m)
(2) (F(m), LOm)|2
m
(3) 1f a. = b and the g, are pairwise coprime, then each a,=bl, where
i=1 ° ‘ T
m
the b, are pairwise coprime and [l b; = b.
=1

(4) plF(n) iff z(p)|n
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(5) F(m) xz? implies m = 1, 2, or 12

]

(6) F(m) = 2x? implies m = 3 or 6

x2? implies m = 1 or 3

(7) L{m)

(8) L(m) = 2x* implies m = 6
(9) p =2 5 implies y(p) <p
(10)  (F(m), F(km)/F(m)) |k
(I1) p = 3 (mod 4) implies z(p) is even
(12) p|F(p) iff p =5
Remarks: (5) through (8) are Theorems 1 through 4 in [3]. (9) follows

from Theorem 3 in [7]. (10) is Lemma 16, p. 224 in [6]. The other prelimi-
nary results are elementary or well known.

THE MAIN THEOREMS

Theorem 1
If n = 2m, then the unique solution of (*) is p = 3, n = 4, x° = 1.

Proof: Hypothesis and (1) imply F(m)L(m) = px®. Now (2) and (3) imply
F(m) or L(m) is a square or twice a square. By (5), (6), (7), and (8), we
have m = 1, 2, 3, 6, or 12. The only case which yields a solution of (%) is
m= 2, so that n = 4, p = 3, x? = 1.

Corollary 1

If p = 3 (mod 4), then the unique solution of (%) is p = 3, n =4, x°=1,
Proof: Follows from hypothesis, (l1), (4), and Theorem 1.
Theorem 2

If n is odd, then any solution of (%) requires that n = z(p) = ¢, a prime,
unless n = x* = 25 and p = 3,001.

Proof: Hypothesis and (4) imply that =z(p) is odd. By {53, pp. 643~45],
we have n = z(p) = *1 (mod 6), so that n = gkm, where g 2 5, k 2 1, and each
prime factor of m exceeds g. If ti(m), then (4) and Definition 2 imply
y(q)[m. But (9) implies y(q) € g, a contradiction. Therefore,

(g, Fom)) = 1.

Now (%) implies px? = F(m)* F(g*m)/F(m). Let d = (F(m), F(gkm)/F(m)). (10)
implies d[qk. Therefore, the only possible prime divisor of d is ¢. But,
since (g, F(m)) = 1, we have d = 1. Since m < n, (4) implies (p, F(m)} = 1,
so F(m) is a square. Since m is odd, (5) implies m = 1, so that n = gk.
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Therefore, pe? = F(gh ™Y * F(gk) /F(g* ).

Let d' = (F(¢g"™), F(¢")/F(G*Y)). (10) implies d' = 1 or gq. If d'=1, then,
since n = z(p) = gk, we have (p, F(¢g" 1)) =1. Once again, this implies that
F(g"™*) = 1, hence ¢"* =1 and k = 1. 1If d’ = g, then (12) implies g = 5,
so that (3) implies F(Sk‘l) = Sxf. We have

xf = F(5F 1) JF(5) = P i, (11)

in the notation of [5]. By Theorem 3 in [4], this implies gk-2 - 1, i.e.,

n = 25, and thus p = 3,001.
Theorem 3

1f 2<p< 10,000, then the unique nontrivial solution of (%) is p=3,001,

no=xt = 25; all other solutions are trivial with

(71’ p) = (4: 3): (59 5): (11: 89)’ (13; 233), or (17, 1,571).

Proof: 1f »n is even, then Theorem 1 implies (1, p) = (4, 3). 1If n is
odd and p # 3,001, then Theorem 2 implies m = z(p) = ¢, a prime. We there-
fore consider all p such that 5 € p < 10,000, p # 3,001, and g = z(p) is an
odd prime. If ¢ < 229, namely for p = 5, 13, 37, 73, 89, 113, 149, 157, 193,
233, 269, 277, 313, 353, 389, 397, 457, 557, 677, 953, 1,069, 1,597, 2,221,
2,417, 2,749, 2,789, 4,013, 4,513, 5,737, 6,673, or 8,689, the conclusion
follows from the examination of the prime factorization of F{g) in [2]. Ac-
cording to [1], there are 101 primes,. p, such that p < 10,000 and g=3(p) is
a prime. exceeding 229. For each such p, to show that F(q) # px2, it suffices
to find an odd prime modulus, ¢, such that F(q)/p is a quadratic nonresidue
(mod t). The results are listed in Table 1. For each p, the corresponding
t is the least required prime modulus. In each case, ¢ < 19. co

TABLE 1
p q £t F(g) (mod ) p (mod £) 1/p (mod £) F(q)/p (mod t)
613 307 3 2 1 1 2
673 337 19 5 8 12 3
733 367 7 1 5 3 3
757 379 3 2 1 1 2
877 439 5 1 2 3 3
997 499 3 2 1 1 2
1093 547 3 2 1 1 2
1153 577 7 1 5 3 3
1213 607 11 2 3 4 8
1237 619 3 2 1 1 2
1453 727 7 6 4 2 5
1657 829 3 2 1 1 2
1753 877 3 2 1 1 2
1873 937 7 6 4 2 5
1877 313 3 1 2 2 2
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TABLE 1 (continued)

p q t F(g) (mod t) p (mod %) 1/p (mod t) F(@)/p (mod %)
1933 967 7 6 1 1 6
1949 487 3 1 2 2 2
1993 997 3 2 1 1 2
2017 1009 5 4 2 3 2
2137 1069 3 2 1 1 2
2237 373 7 5 4 2 3
2309 577 3 1 2 2 2
2333 389 5 4 3 2 3
2437 1237 3 2 1 1 2
2557 1279 5 1 2 3 3
2593 1297 7 1 3 5 5
2777 463 3 1 2 2 2
2797 1399 5 1 2 3 3
2857 1429 3 2 1 1 2
2909 727 3 1 2 2 2
2917 1459 3 2 1 1 2
3217 1609 5 4 2 3 2
3253 1627 3 2 1 1 2
3313 1657 7 6 2 4 3
3517 1759 5 1 2 3 3
3557 593 3 1 2 2 2
3733 1867 3 2 1 1 2
4057 2029 3 2 1 1 2
4177 2089 5 4 2 3 2
4273 2137 11 2 5 9 7
4349 1087 3 1 2 2 2
4357 2179 3 2 1 1 2
4637 773 13 11 9 3 7
4733 263 3 1 2 2 2
4909 409 7 6 2 A 3
4933 2467 3 2 1 1 2
5009 313 3 1 2 2 2
5077 2539 3 2 1 1 2
5113 2557 3 2 1 1 2
5189 1297 3 1 2 2 2
5233 2617 7 6 4 2 5
5297 883 7 2 5 3 6
5309 1327 3 1 2 2 2
5381 269 7 2 5 3 6
5413 2707 3 2 1 1 2
5437 2719 5 1 2 3 3
5653 257 17 5 9 2 10
5897 983 3 1 2 2 2
6037 3019 3 2 1 1 2
6073 3037 3 2 1 1 2
6133 3067 3 2 1 1 Z
6217 3109 3 2 1 1 2
6269 1567 3 1 2 2 2
6337 3169 5 4 2 3 2
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TABLE 1 (continued)

P q t F(q) (mod ¢t) p (mod t) 1/p (mod ¢) F(q)/p (mod t)
6373 3187 3 2 1 1 2
6397 457 13 8 1 1 8
6637 3319 5 1 2 3 3
6737 1123 7 2 3 5 3
6917 1153 3 1 2 2 2
6997 3499 3 2 1 1 2
7057 3529 5 4 2 3 2
7109 1777 3 1 2 2 2
7213 3607 17 13 5 7 6
7393 3697 11 2 1 1 2
7417 3709 3 2 1 1 2
7477 3739 3 2 1 1 2
7537 3769 5 4 2 3 2
7753 3877 3 2 1 1 2
7817 1303 3 1 2 2 2
7933 3967 13 8 3 9 7
8053 4027 3 2 1 1 2
8317 4159 5 1 2 3 3
8353 4177 11 2 4 3 6
8369 523 5 2 4 4 3
8573 1429 5 4 3 2 3
8677 4339 3 2 1 1 2
8713 4357 3 2 1 1 2
8753 1459 5 1 3 2 2
8861 443 5 2 1 1 2
8893 4447 7 1 3 5 5
9013 4507 3 2 1 1 2
9133 4567 11 2 3 4 8
9277 4639 5 1 2 3 3
9377 521 3 1 2 2 2
9397 4699 3 2 1 1 2
9497 1583 3 1 2 2 2
9677 1613 7 2 3 5 3
9697 373 3 2 1 1 2
9817 4909 3 2 1 1 2
9949 829 3 2 1 1 2
9973 4987 3 2 1 1 2

CONCLUDING- REMARKS

According to [2], additional trivial solutions exist (corresponding to
larger p) for n = 23, 29, 43, 83, 131, 137, 359, 431, 433, 449, 509, and 569.
It remains to be decided whether (i) any nontrivial solutions exist apart
from those already known, and/or (ii) infinitely many p exist having trivial
solutions.
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Longbridge Road, Dagenham, RM8 2AS

(Submitted May 1982)

The function p (n) is defined as the number of partitions of the integer
7n into exactly m nonzero positive integers where the order is irrelevant. A
general method for-determining a formula for pm(n) for small wvalues of m is
given. The formulas are simpler in form than any previously given.

1. INTRODUCTION

If p,(n) is the number of partitions of the integer n into exactly m posi-
tive integers and if p;(n) is the number of partitions into at most m parts
and p(m) is the usual partition function, then there are some simple known re-
lationships between them.

It

pm(n) - p,(n - m p,_,(n - 1)
pr(n) = p,(n +m
p@m) = p, (2m)

The first recurrence relationship can be solved sequentially starting with
m = 2 to determine the exact solution for small wvalues of m. The method is

given in Section 2. The procedure is to determine the complementary function
and the particular solution to satisfy the m initial conditions p,(n) = 0 for
0 <n<m- 1 starting with p,(#) = 1. This leads to the following forms.
2
n n- + 3
p,(n) = [2!1!] py(n) = [ 3121 ]
n® + 3n% + {9 (-1)" - In} + 32
p, ) = 4131
_[»n* + 10n® + 10n® - 75n - 45n(=1)" + 905
ps () = 5141
[h5+zzgn“+126§n3—112§n2—1599én+112§(~1)”(n2+9n)+1066§n cos 3%E4-19224
pe (M) I 6151 '
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HISTORICAL NOTE

Exact determinations of p, (n) for small m have been given in a variety of
forms by many writers. See Dickson's History of the Theory of Numbers, Vol.
2, and The Royal Society Mathematical Tables, Vol. 4, by H. Gupta and others
for extensive details of previous work together with references. De Morgan
(1843) gives formulas for py(n) and p,(n) which are equivalent to the above
forms (see Dickson, p. 115). 1In Gupta (p. xvi), formulas are quoted in the
form below, where p(n, m) = pm(n + m).

p(ns l) = ].
_l( _3_> 1 1y
p(n, 2) =5\n+5)+ 7D
p(n, 3) =-%§(n2 + 6n +-%?) +-é(_1)” +-é(a§ + o)
1 1 .
pln, 4) = 1_44(”3“5”“ 7 +_l';2> +%<ﬂ+ 5) (-1 + (a7 - 02" ?)
93
! - N -3n
LT
where Q3 = exp Z%ﬂ is a cube root of unity.

This development is essentially due to J.W. L. Glaisher (1908) (see Gupta and
Dickson, p. 117). Glaisher obtained complete results to m = 10 and the re-
sults are given to m = 12 in Gupta, but the formulas obtained are very com-—

plicated.
Further results are given in Gupta, but all the exact formulas given for

small m are more complicated than those given here.

SECTION 2
Write the recurrence equation in the form
pm(n + m) - pm(n) = pm_l(n +m - 1).
The solution of this equation is composed of two parts.
1. The complementary function given by the solution of
p,(n+m - p (n) =0.
This simply gives the form
a,al + a,0p + o+ auon,
where the g; are constants and the o; are the mth roots of unity where o; = 1

(say) .
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2. The particular solution is determined apart from the arbitrary con-
stant which is included in (1) by the solution of the equation

Am{p, )} =p,_ ,n+m~- 1),
where A(m) is an operator such that
Am{p, (M)} =p (n+m - p, (n).
Thus we can write formally
p,, (n) = Z%ZS{pm—l(n +m - 1D},

1 .
where ——— is the inverse operator to A(m).

A(m)

. . 1
To Determine the Action of-ZC%I

2.1 Let p(n) be any polynomial function in » with constant coefficients.
Then
B_mD B m°D? B_m°D®
1 1 2 4 6
W{p(”)}=<ﬁ+Bl+ ot T T e +"'>{p(”)}’

where the B are the Bernoulli numbers and the right-hand side is finite as
p(n) is a polynomial. This is a well-known result.

n
2.2 Coansider A(m) — , where o™ # 1
a” -1

_ QM ogn _ o
a™ -1
N
——l——{a”} = —2%  when a™ # 1
A (m) o -

7o n
2.3 Consider A(m) {—7;—}, where o = 1

_(n+ m)o.t ™ - no” - on
m
1 7 na 't m
= = 1.
A(m){d } po when o

2.4 Let f(n) and g(n) be any functions of ; then
Am{f(m)gn)} = fn + mg(n + m) - f(n)g(n)

= fn +mgn +m - fgn +m) + f(n)grn + m)
- f(n)g(n)

(continued)
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=g +mom{f} + FEAM{gn)}

Fg®m) = grmdatn + mpam £} + i fremam gon

A( ) {f(n)A(m){g(n)}} = fm)gn) - A(l—m{g(n + m)A(M){f(n)}}

Put A(m){g(n)} =

gmn) - {o”} = if a” 4 1
o - 1
A( ){f(n)oc’”r fn) - o A(l) o Am{f ()}
m am - 1 m \gm -1
_fma” __a”

1 n
- 56 {a A(m){f(n)}}.

am_l um_

Thus, if f(n) is a polynomial in #, then this is a reduction formula that can
be successively applied to determine the left-hand side. From which it fol-
lows that if a™ # 1 and f(n) is a polynomial of degree p, we have

1 ;. o’ am ot
Z?ET{@ fm)} = Gv+(am ) A(m)) {f(m)}

a™ - 1
n m m 2
o _ o A+< o >A2—---
o™ -1 am -1 o™ - 1
of o™ \'.p
+ (-1 <————> ATHFm) .
a™ - 1

2.5 Consider A(mM{f(n)o"}, where o™ = 1.

1]

AM{fEa} = f(n + ma™t™ - f(n)a”

at(fn +m) - f(n))

= o"Am){f(n)}
1 n
f()an = Xe) {oc A(m){f(n)}}-
Put AM{f()} = p®) .

—s{ap ()} = o f(n) = a”Agh){p(n)} if " = 1.

A(m
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Thus, if p(n) is a polynomial and o™ = 1, we have

1 1 B,mD B m°D?
z};ﬁ{&”p(n)} = o =t By + 57— t—y {p)}.

. . . 1 .
This determines the action of —— in all cases. Thus, for

A(m)
p,(n+m -p (n) =p ,(n+m-=1),

we have that

. 1
p, (n) = aal +aa; + o0+ Ao + ZTEY{pW-l(n +m- 1)},

where the a; are constants and the a; are the mth roots of unity with o, =1.
We have the m conditions p, (1) = 0 for 0 < n <m-1 for the determination of
the m constants.

Thus, the pm(n) can be determined sequentially for values of m starting
with m = 2.

Now, pl(n) =1,

pz(n +2) -p,(n) p,(n+1) =1

1
_ n _1\n
p,(n) = a, (D" + a,(-1) +—A(2){l}
=a;, +a,-1)" +%
Now, p,(0) = a;, +a, =0
1
pz(l) = a, -a2+7=0
1 !
al = _Z, a2 = Z
N S R L
p,(0) = -7+ (D" + 3

Now p,(n) is an integer for all positive integral n. Now

max{—‘% + %(—l)”} =0, for n = 2 (say).

Thus, we can write p,(n) = [ﬂJ.

2
m=3
1 1 ” n+ 2

p,(n+3) -p,(n) =p,(n + 2) = -Z-+-Z(—1) +—

~ -1 + 2/3Y -1 -3 n o1,
pa(n) =a t a2<———7?———> + a3<-~77——‘) - Ti‘f«g(—l)

+ (n+2)* (n+2)
12 4
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o 5
This gives g, = -3 a4, = a; = ;%'
w7 1 o8 -1+ 43\ 8(-1 - i3\
pa(m) =73 ~ 75 ~ gD F (T3 T\ T2

=

|

2 1 21T "
-1 +-7§<16 cos< : > -7 - 9(-1) ).

But p,(n) is an integer for all »n, and so as

3]

max 16<cos<—2%1> ~ 7 - 9(—1)”) = 18, for n = 3 (say,
[n? 18] [n? + 3
we have py;(n) = [T§'+'7§} = [_ﬁizﬁ»}_

m =4

3
p,(n) = a; +a,(-D" + a; ()" + a,(-1)" + (n+3)° In

14z 288
( 1+ z’@)”
(n+3> (m+3) 1 _ naE=n" 8, 2
S YTyt PR Y
(:m;tj;év_ 1>
(:L_:j?ﬁy 2
4~§% 2 _
(L -3
\ 2

which can be reduced to

N (2%3 + 6n% - 9 + 9n(-1)" - 6>

p,(n) = a, +a,(-1)" +ay (D))" + a,(-1)" 268

1 2nm . 2nm
+<§Z< 6 cos 5 + 2/5 sin 3 ).

7 _ 9 _ o _ L

Whence a; ~ 788’ a, = 788° a, =a, = 6
L R U
P, = ~5gg * SRR SO e

N (2n3 + 6m? - 9n + In(-1)" - 6)
288

+ ?Jj sin ;EE>«

+<§4(—6 cos 3

54

Now following the previous technique, since pq(n) is an integer for all #n, we
have, for n = 4 (say):

/ . \ -
n n Lwn 6 | 2V3 2w\ _ 77
ma‘{(—é‘é( D “(“) T el Tmg s Ty Y gy sin WS_") 288"
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n® + 3n? + %(9n(—l)” - 9n) + 32
Py () = 144

It is clear from the above form for p,(n) which contains cos 2%1 and sin E%E

that we need to convert formula 2.4 to a form which encompasses this type in

order to proceed to determine pm(n) for m 2 5 exactly. The resulting formu-

las are in themselves interesting. If o = 1, then
2
o = cos(gél> + 7 sin(z%1> and o = cos(“i?ﬂ> + 7 sin(zéﬁﬂ),

0<k<s-1.
We have from 2.4 that

1 n - a” _ o _ng__ : 2 _ .. { T
A(m){u = o™ - IG> <Qm - 1>A ’ <um - l) ‘ >{f}’ et

Then it can be shown that

kmm
COSeCT+l(

p [ad
‘E%%T{COS(Zi?ﬂ>fT”)} =Ig;)—————:::441——sin(égXZn——m4~rm)— %?)(—A)r{f(n)},

Z

where f(n) is a polynomial of degree p and w®=1 but a"#1 and 1 S k <eg-1,
k # 0. The proof is easy but lengthy.
Similarly,

kmm
D cosec”+1<-~

Aéw){Sin(2§?W>fK”)} = -2, = ) cos(%;(Zn—-m4~rm) - %;)(~A)P{f(n)},

r=0

2r+l

m=5

Thus returning to ps(m) it can be shown using the previous formulas that

1 1 (n* 3 2 1 9 + 4)(-1)* | 45(-1)° -1)"
JR— = —f—— - el + .
A(S){pq(n"" 4y} 288<10 + 1 +n 7an + = > e

9 (=" i1 -3) =D+ 1 2nm
togg T2t 37 + 32 18 ¢°% 73
R A T YOS ) qin(Znﬂ> oL Cos(zm
B\ 5 sin 73 54 ° 3 54 3 )"
Using
A (ine1 - ¢ iy (= ->=_L.n_ﬂ_ nn
32(1 (-1 ) + (=) (-1 + 7) Telsin 5 cos —
(continued)
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1 L ~1)"
= 78~§<7f—0 + nd + n? - 7%7@ - i<—4—)~(2n + 5)) +li6<sin 22-71 - cos n_ﬂ)

J;-cos Znm ¢§ si zﬂﬂ
27 3 27 St TR

ps(n) = C.F. + P.S., where the complementary function is

4 2knm .. 2knw
3 aglcos c— + 1 sin To—),
k=0

which by modifying the constants q; can clearly be written in the form

C0+C’l cosglszﬂ+6’2 (:c>sé7;—ﬂ+,5'1 sin-z—gﬂ+32 sinism.

The method is clearly general.

n =20
_ 2395 ‘
Cy +C, +0C, = 17,280 = Po (539
n=1
27 i .27 LT - Lm.—
Co + 0y cos 5+ Lpmcos 5+ 5 sin 5=+ 5, sin g = -75555 = B,
n =2
- om o i 2o __lo6l
Co + Cyrmcos = + Cp cos 7+ 5, sin o+ 5,.-sin == = - 15755 = B,
n=73
T 2T . m ) 27 - _io__ﬁl_—
Cy+Cp=cos 5 + C, €08 5=+ 5y -sin g + 5, sin 5~ = -q5 555 = Bs
no=4
27 ™ R 2m . T _1l6_l._—
Co + €y cos T+ Cp.mcos 3+ Sye=sin =5 + 5. =sin 5 = ~ 75555 = Fu

Thus if we add the equations we have immediately

-1849

1 _ o -1849
Co =3By + B + 82 +Bs +80) = 15585 x5

0

As we are concerned with the mth roots of unity this form will be quite gen-
eral for (. The solution is

~ 6912

Ly = m =, and S5; =85, = 0.
N Sy .3 2 _ - 1y {_;Lwc:ii&jﬁf)
py(ny = 2880(,L + 10m3 + 10n 757 - 45n(-1)") + 788 A
R nﬂ‘) 1 nm Y3 . 2mm 1849
+ }\/\,Sm 5 cos 5 53 cos 3 77 sin —-—3 17,780 = 5
+____ﬂ£2 s 2nm 6912 o5 ﬁr_z"r_r\}
17.286 x 5 © 5 17,280 x 5 © 5

J
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Again we have that the part within braces is purely trigonometric and has a
maximum value given by »n = 5 (say), which is 905/2880.

. _[x" +10n® + 1012 - 75 = 450 (-1)" + 905
- Ps(m) _[ 2880 ]

It would appear from previous work that we have to determine a solution to
a set of linear equations each time we determine p, (7). But this is not the
case as the constants (C; and S; can be determined explicitly in terms of the
B, as follows.

We have for the Complementary function

m-1 ; 2knm
Lae’ T
k=0

and for the Complete Solution, we have

n=20 a, +a, ta, + - +a,_, = B, (say)
i}l | 4T . 20m=1)m
= m tm e T m _
n 1 a, + a,e + a,e + +a,_ e = B,
; 2m= D ; 2m-Lam L2(m=1)(m=1)m
n=m-1 a, +ae T+ a,e m + ot +a,_,e" n = Bn-1
i ;2r2m c2r(m-1)m tamr
Now L + e ™ + et M 4 «vv 4 o° m = ——————— =0, as r is an integer
< m 7:"2'?1
e ™M -1
Thus, if we add,
By + By + =0 + Byoy
a ==
0 m

To determine a,, we can essentially do the same thing. Multiply equation (2)
. 2m . 4T . 2(0m-1)m

by € “™, (3) by e ™, ..., (m) by € 7 . Thus, the coefficients in the

a, column are all one. Then add the equations by columns again and we have

_i2m _1:__(_&1)'"
= m e m
ma, =B, + Be + + B, € .
In general,
_igkj _iz(m—l)kn
ma, = B, +pe "+ 4B, e m
Thus, we have the form
1" 2k ;2Am=DKT\ | 2knn
- - 2 2knm
m 2By +Bie T+ e+ B e " e’ Mo
k=0

This is the Complementary function but not in an explicit real form, but the
terms can be grouped to give the real form.
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If m is odd > 3,

_ 1 Zm—l Zmr ka
_E(BO + 8, + s+ Bm—l) +Ek§08k{cos<7_7)+

(m ~ Dnn _ (m ~ l)kv>}

m m

+ cos(

If m is even > 4, there is a root (-1) in the form, and we have

1 ~1H)"
= (B, A B ) F (B = By By - e - By
2 TS nm 2kmY\ , ... (m = 2)nm _ (m - 2)krr}
mgoek{cos(—,r o) R e e

Or finally, by regrouping, we have for m odd 2 3:

1
= 771“(60 + e+ Boy)
m-1
2 ; 2(m - 1 2
+—r%k2;l<60 + B, cos ﬂn{?ﬂ + 0+ B, _, cos (m - )kTT)cos ?ﬂkﬂ
m=-1
2 & . 2km . 2(m - kn\ . 2nkm
+Ek;1<81 51n7+-"+8m_1 sin - sin pranl
For m even 2 4,
1 (_1)?2 B 4 e - 6 )
=E(BO+...+B”’_1)+ o- B, - B o1
m-2
2 2 2(m - 1)km 2nkm
+%k§;1<60 + B, cos—fﬂi+ <.+ + B, _, cos —(—7—)_>COST
m-2 ) 2
2 & . 2km . 2(m - Dkm . 2nkm
+E;§1<Bl sln—Tﬂ—+ e+ By sin ————— sin ——.

Thus, returning to ps(n)’ we have that the particular solution is

L 3 2
1 <n5 L 45n* | 380m® _ 225n% 159%”)

2880 x 30 2 3 2
2 cos 2nm
3(¢-1D" _ L( nmoL o m) 3
+ 8 o 288<n2 + 9% - 39) 37 cos + sin 5 + 81

i 21 2m
6912 g T oain Doy — ~—'——2n—6>.
+ ~__—“17,280 ” 10( cosec = sin 5(Zn 6)>+(coseg 5 sin % ( )
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The Complementary function is

2%£—+ C, cos é%E + (3 cos é%£—+ S, sin gﬂl+ S, sin éﬁﬂ.

Cy + Cy cos 6 5

The coefficients C, are

3 1
oo L e 4800 o 2196w
7 T86,400° Y1 T Y2 7 86,400° Y3 86,400

10662
5, =0, 5, = —m—
V3 x 86,400

Thus pe(n) is the sum of the two forms. Again the maximum value of the pure-
ly trigonometric part—that is, the part that does not contain any algebraic
powers of »n, is given when » = 6 and is 19,224/86,400. Hence,

pe (1)
{n54—22én”4—126§n3—-ll?%nz 15990+ 1120(=1)" (n? + 9n) + 10662n cos 220+ 19224

3
6!5!
The method can of course be continued; I simply state the result for p, ).
Q¢6+-42n54-560n“+~196On3—-8725%n2-45,325n——(-1)” * 23625(n” + 14n)

+ 22,4007 cosec i sin<%(2n—~7)+-l,029,154)

3

p7(n) =
716!

Having determined the explicit form for p (n), it is time for some general
remarks. Looking at the method of preduction, we can see that the leading
terms are purely algebraic and that this property of the formulas will con-

tinue under the operator The leading nonalgebraic power of #n or, more

_1
BGmy * )
precisely, its coefficient increases when (-1) is a root of the operator Z?ET’
as we see from formula 2.5.

That is for all even powers of m. Thus for m = 7 we have that the first
four powers are purely algebraic, that is, for ne, no, n“, and n®. TFor n = 8

we have that n7, ne, ns, and »n* will be, but not no.

. N . . m+ 1
The pattern is quite clear, and we can see that the first 2 powers

are purely algebraic in p, (n). We can go further than this and say that
p,(n) contains a purely algebraic part which is a polynomial in n of degree
(m - 1) with rational coefficients as the Bernoulli numbers B; are rational.
Let this polynomial of degree (m - 1) be denoted by g,(n) (say) and the trig-
onometric or nonpoclynomial part by ¢,(n). Thus

b, (m) = g, (n) v t,(n),

where the polynomials qm(n) naturally satisfy
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q9,n) - q,(n -m =gq,  (n-1).

From the forms so far determined, we have
1 1
7, = 577 - 3)

)

o=

1
9,00 = 7" - 1
1 3 2 1 1
q,(n) = 4!3!(n +3n° - ben - 63)

qgs(n) = gng(n“ + 10n% + 10m? - 757 - 61%%)

1 5

qe(0) = gysy(n® + 225m" + 126507 - 1120n? - 15990 - 7567)

m+ 1
2
agree with gﬂ(n), an examination of the general form of these leading terms

where the constant term is just the value of C,. As the first [ ] terms

is required.

3. A SERIES EXPANSION FOR g, (%)

The general form for the leading terms of ¢, (n) are given in [1], where I
also consider the problem of determining an upper bound for pm(n) for arbi-
trary m and »n, together with some numerical examples. For the sake of com-
pleteness, I simply quote the expansion of g (7) given in that paper.

n"t 1 Cﬂz - 3m> -2

() = T T T T min = I\ 4 -1
L _é.sma +_Z5_m2 _fm
. 1 9 9 9 =3
m.’(m—3)!\ 42 . 21
1 mS = 3Lm® + 20m* - 833 4+ 2p?
nm-k
* mt(m - 4)! 43 . 31
<ms - 142m7 + 6618m° — 10755 m® + 553em"*
1 102t + et~ 1)
+ — nm—S
m!(m - 5)! 4% e 4

2

where the first [ﬂ—i—l] terms in the expansion of p (n) are algebraic and
+ .
agree with the terms above if [ﬁli—il 2 50r m=>2 9. The polynomials can be
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generated by means of a computer program where the summations are effected
using the Bernoulli polynomials. This expansion, although of some interest,
is of little use for calculating p,(n) unless n is large compared with m.
J. W. L. Glaisher gives an expansion for ¢, (n) based on the "waves" of J. J.
Sylvester (see Gupta [3]).

Looking at the action of the operator 1/A(m) in formulas 2.2 and 2.3, it
is easy to see the form of the leading term in %¢,(n), the nonpolynomial part

f . We h
o pm(n) e have Etiﬂ
(_l)m+nn 2
tn () = m m = 2
2" = | !
5 =]

4. CONCLUSION

for m =2 4.

The method not only yields closed formulas for small values of but also
illustrates the general structure of p_ (n). The method is perfectly general
but clearly, as the formulas are calculated recurvisely, the computations be-
come increasingly lengthy. The method can also be used to determine closed
formulas for partitioning into an arbitrary small set of integers. The re-
currence relationship is

P*(®ys Pps oo Dps M) = PX(Pys Pps weves D3 7 = D) = P¥(Pys Pos evvs Ppoys 1)
where p*(p,, Pys ---5 P, #) means the number of partitions of » into at most
parts p,, Pys --.5 P, Or, equivalently, the number of solutions in integers >
0 of the Diophantine equation

p1xy + pxy + -e- + ppx, = 7.

For example, the method yields

7% + 16312 + 8ln + 180
1+2+3+5-+ 3

p*(1l, 2, 3, 55 n) = [
This more general problem will be explored in a future paper.
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n-DIMENSIONAL FIBONACCI NUMBERS
AND THEIR APPLICATIONS

MALVINA BAICA
Marshall University, Huntington WV 25701

(Submitted June 1982)

INTRODUCTION

In one of his papers [3] Bernstein investigated the F(») function. This
function was derived from a special kind of numbers which could well be de-
fined as 3-dimensional Fibonacci numbers. The original Fibonacci numbers
should then be called 2-dimensional Fibonacci numbers. The present paper
deals with n-dimensional Fibonacci numbers in a sense to be explained in the
sequel. In a later paper [4] Bernstein derived an interesting identity that
was based on 3-dimensional Fibonacci numbers. Also Carlitz in his paper [5]
deals with this subject.

If we remember that the original Fibonacci numbers are generated by the

formula [n]
2 .
ORI (G NI N R
then the function

F(n)

> (")
i=0 v
can be regarded as a generalization of the first, and the author thought that

Fo) = ¥ (-1)i(” j“), k=1,2, ...,

=0

could serve as a k - l-dimensional generalization of the original Fibonacci
numbers, but, regretfully, this consideration led nowhere. From the fact
that the Fibonacci numbers are derived from the periodic expansion by the
Euclidean algorithm of V5, there is opened a new horizon for the wanted gen-
eralization. -

In a previous paper [1], the author had followed the ideas of Perron [9]
and of Bernstein [4] and stated a general Algorithm that leads to an n-dimen-
sional generalization of Fibonacci numbers.

In this paper, the author is introducing the GEA (Generalized Euclidean
Algorithm) to investigate the various properties and applications of her k-
dimensional Fibonacci numbers. It first turns out that these k-dimensional
Fibonacci numbers are most useful for a good approximation of algebraic ir-
rationals by rational integers. Further, the author proceeded to investigate
higher—degree Diophantine equations and to state identities of a larger mag-
nitude than those investigated before, in an explicit and simple form.
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS
1. THE GEA

Let  be the irrational

{w =D "+ 1;n22, DEN; 2@ = (2PW), ..., P w)),
(1.1)

<a(”)> s <b(v)> sequences of the form z™, v = 0, 1,

The GEA of the fixed vector a‘®) is the sequence <a“”> obtained by the recur-
rency formula

{a(”+1) = (a(lv) - bg»u))'l(agy) - b(zv), cees a,su_)l - b(nv_)l, 1)
(1.2)

B =a§-v)(D); =1, «..,m=-1;0=0, 1, ... a§u)*b(1y)'

7

The GEA of a‘® is called purely periodic if there exists a number m such that

{a(o) = a™; m is called the length of

the primitive period (1.3)
The following formulas were proved in [2]. Let
n-1
A(sv+n) _ Z b;v)A_(gv+]<); v =0, 1,
k=0
AEJ) = 87; 87 the Kronecker delta, (1.4)
i, g =0,1, ..., m-1; 8=0,1, ..., n-1; :
b%» = agn(D); k=0,1, ..., n - 1; agn = b?) = 1;
AS” are called the matricians of GEA; then the three formulas hold:
1 -
A(Ov) AE;H ) A((;Hn D
+n-1)
49 A(lv+l) (: n
v(in-1)
= (-1) (1.5)
(v) (w+1) (w+n-1)
An—l An-l st An—l
n-1
Z a}({v)A(Su+k)
a®=k0 5 =0,1, ...; 8=0, ..., n - 1. (1.6)
K ) ,(v+ k)
Z a; Ay
k=0
v n-1
i a®, - . a7
k=1 k=0

Perron proved the following theorem which, under the conditions of the GEA
(D 2 1), becomes
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Theorem 1

The GEA is convergent in the sense that

lim A?)
©) o vr="0
s >

lim 4

V>

I, ey m =1 (1.8)

Aéw: Agn is called the vth convergent of GEA.
In [1], the author proved
Theorem 2

If the GEA of q(® is purely periodic with m= length of the primitive pe-
riod, then
m-1 n-1
(k) _ m) ,(m+ k)
Ma,2, = Za; 4y s
k=0 k=0 (1.9)

is a unit in Qw).

From (1.9) the formula follows, in virtue of (1.7),

m-1 (x v n-1
(n a,ﬁ_ﬁ) = TP, a1, 2, (1.10)
k=0

2. A PERIODIC GEA

In this section, we construct a periodic GEA, with length of primitive
period m = 1. The fixed vector a(®) must be chosen accordingly, and this may
look complicated at first. We prove

Theorem 3

The GEA of the fixed vector

0) _ (4, O © )
) = l,az,...,as,...

Cl( (Cl 3 an—l

0 S
ag)=§

(n -s-1+ i)ws—?Di (2.1)
=0

7

K 1, ..., n -1

is purely periodic and the length of its primitive period m = 1.

Proof: We shall first need the formula

i(”'371+">=(”>,s=1,...,n-1. (2.2)
i=o ‘ N
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This is proved by induction. The proof is left to the reader. We have, from

(2.1), the following components of a(® which we shall use later:

-1
0 - .0 n-1l-4,4
al’=w+ (n- DD; a7, = S ow De. (2.
=0
Since w" - D" = 1, we also have
n-1 .
T WDt = w - D). (2.
i=0
The vectors béu) (=1, ..., » - 1; v =0, 1, ...) cobtained from agﬂ(w)
the defining rule (1.2) are called their corresponding companion vectors.
shall calculate the companion vector B® of q(® and have
HO _ f:(n—s—1+i)Ds—iDi=Dsi(n-s— 1+i>
g E 7 “~ 7 ’
=0 =0
so that, by (2.2),
0 .
b(s)=<”>Dé,s=1, 2, v mo- 1. 2.
s
Thus,
0) _ n n 2 n n-1
p® - ((1)17, (2>D R (n _1>D >
We shall now calculate the vector a¢*’. From (1.2), it follows that
1 0 ,(0)y - 0 (0) 0 (o)
a® = (@@ - PPy 1@ - By, L, ai}l - b,y 1). (2.
From (2.3), (2.4), and (2.5), we obtain:
a?)—~b$)==w + (n - 1)D - (?)D =w - D,
. (2.
dO = - py-l :’S: 1 it = (O
n-1 N K n-1"°
=0
We can prove the relation
0)y -
(@@ - B - POyt 2 gD s =2, Lo, - 1 (2.
Since the proof is elementary, we leave it to the reader.
From (2.6), it follows that
1y _ 0) (0) (0 (@ ~ L0
{a =ay s Ay s eees Qpl,s Qyly) =, o

a® = a0 v =1, 2,

This proves Theorem 3.

3)

4)

by
We

5)

6)

8)

9
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3. EXPLICIT MATRICIANS 4°+™

We shall proceed to find an explicit formula for the "zero-degree matri-
cians" A(O”+”) , v =20, 1, ..., and shall make use, for this purpose, of the
defining formula (1.4), and the fact that the GEA is purely periodic with
length of the primitive period m = 1. Taking into account (2.5) and (2.9),
we have

n-1
AT (M0t w0, (3.)

§=0

We shall now make use of Euler's generating function. We have

= (D) g N S )
YA et = 2% 4 3 ATt + Y A"
=0

=1 i=n

it nf (D) N\ pp(Z+ 1) NM\p2 ,(2+2) . .. < n >n-1 11+n-1>
Prne (A" # (a0 (oG e (TG

© . . N _ o) . . _ oo ’n . 2 . 2
1+ any APa? + o lEo(T)DA%H)“m + 272 P (7)p2af P

i=0 1=0

URTEITED DY (R LA i S

M\ 2, -2 n > -1\ 5 400, ;
2>D x + + (n_—l D x)Z Az

]
—
+

—
8
3
+
—~
— 3
\b/
8
B
o
+
—

_ (()’Z)D‘rn-l + (Z)szn-z boeee 4 <n7;l 1>D”‘1x) = 3 4lPe,

[1 _ <xn + Zgi(z)pk;xn—k>ili§014(oi)xi -1 _ kgl(Z)Dkxn—k,

= t=0\k=0
. e [noliy kn-k
- -1 T -
wA(D + ADx? 4 + A(O” gt 4 EnA x* = x”tzo kz()(k)D * ’
Fon - .
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For x sufficiently small. Thus, since ASJ = .. = A%%'U = 0, we have
S (D) ST
)1 -
$ 4P -w}j(}j(k)p " )
i=n t=0\k=0

o . . o0 n-1 t
ZA(;+z)xn+1 - xnz ( (Z)Dkxn-k> ,
i=0

t=0\ k=0
o .. o n-1 t
£ - 5 () o
=0 t=0 \ k=0

and comparing coefficients of powers x” on both sides of (3.2), we obtain
y]_ + yz + o+ yn -1 yk 1
A?+n)= 2 ﬁ] <<Z)Dk) M (3.3)
ny1+(n_l)y2+"'+2yn—1+yn=v yl’ yZ’ L ) yn k=0

or

n-1
y, vy, + 0ty 2 Jy;
g9 In 4 J+1l -1 Y
A7 = E , ( ’ )D*’” ()" (3.4)
n-1 B P k=0
Fins e, mot Y10 Far e
v =20, 1,
Formula (3.4) looks very complicated. A%rkn)can also be calculated by the
recurrency relation (l1.4). It is conjectured that it is easier to do so by

formula (3.4), and would be a challenging computer prohlem.

4. MATRICIANS OF DEGREE- ¢, s =1, 2, ..., n - 1

In this section, we shall express "s-degree matricians,"”
AV s =1, oo, n -1,

by means of zero-degree matricians. .This is not an easy task. Now we shall
prove a very important theorem.

Theorem 4

The s-degree matricians are expressed through the zero-degree matricians
by means of the relation

s
PASRE I o <Z>Dk,4($)+”'s+k_l>, v=0,1, ...x (4.1)
k=0 s=1, .., n - 1.

Proof: From formula (1.6) it follows that

n-1 o n=1
IS DIV S DAY AR DA SN (R B (4.2)
k=0 k=0 »=0, 1, ... .
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A o) . . . .
Or, writing a,; for a;’, © = 0, ..., n - 1, and substituting their values.from

(2.1), we obtain

Sfn— s =1+ 1\ s-i kS (wrk) | A (w+k)
Z ( i >w p* kzakAo = ;Z:oakAs . (4.3)

=0 =

We shall now compare coefficients of w" ' on both sides of (4.3). The power
of w"™! appears, on the right side only in

Gy =W+ DT 4+ DY

and its coefficients is
Avtn- b (4.4)

So the whole problem is to find the coefficient of w"~ ! on the left side, and

this is the problem. We shall start with the first power of w in ag, which
is w® (in the left side). Now in

n-1

(n+ k)
2 @,
k=0

we have to look for those a;'s which have the powers wt”

. .. v+n-s-1
Ay oo (flrst term, coefficient = A% nos v

S_l; this appears in

An-s (second term, coefficient = (T)[m%**”'s))

a third term, coefficient = 3>D2A@**"—8+1)
n-s+1 I, 2 0

A, 1 ((l+-s)th term, coefficient = <2)DsAgr+n-1v.

Thus, we have obtained the partial sum of coefficients of w1 in the left
side.

A(v+n-s—l)+ ] DA(U+n_S)+ S DZA(v+n—s+1)+ R s DsA(é)+n—1).
0 1 0 2 ¢ s

Now the next power of g, on the left side is w®™! with coefficient

n-s-1+1_ _(n-s
CRRERR LR G
To obtain w” !, w® ' must be multiplied by n - g, so we must start with the

first term of a, .4 the second term of a,_g41s ..., etc. Compared with the
previous sum, s has to be replaced by s - 1. The sum will then be multiplied

1

by <n I S)D, and the number of summands will be smaller by one. We then ob-

tain the partial sum:
Nn-s (w+n- s-1 (v+n-s+1) s=1\ _, (v+tn-s+2) L -1\ s-1,(v+n-1)
( 1 )D[%o +-< 1 )DAO +-< 9 )D 4, + + (s—l D™ A, .
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Proceeding in this way, we obtained the partial sums

(S %)

creceoued@ly 5 (e o u) +
oo a0 28z 4 ) *
-0 s d (53N 6 i) +

arer-o-wndy 01 3N L)
v

Ot - —uraly QA

0

T
: +Am +s v:f‘:w:QAm Imvnm

. y.a

nm+m -u+a)

-+

(€ +s ::+3

) *

(¢ 26)(r 45 -u)

4 evomndtaay o) 1) +
v

na(;

'y QA

(1-u+a)'s

o
(1 y:fcwmQA

0
(1 -ura)?

a -:+Sv~

1-¢ A
S-fisw QAA ;m.v s -u
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

Thus the general term in the sum of coefficients of w”~ ! on the left side of
(4.3) which contains DkA%”*”_S'l+k)as a constant factor has the form, adding
up in (4.5) the column with this factor,

Kfn -5 =14 4\[s - 2\ .k (vtn-s-k+k)
ZO< ; )(k _ i)D 4, . (4.6)

The following formula is well known:

B0 D ()

=0

g. Now, since in

which becomes formula (2.2) for k

S y . o
a =_Z (H 87: l+1)ws—zD1’

the exponent of D sums from 7 = 0 to ¢ = g, we have, finally,
(v+n-1) _ S n k(v+n-1-g+k)
A =y <k>D 4¢
k=0

which is formula (4.1) and proves Theorem 4. From formula (4.1), we have the
single cases

AP e g B (T paY (4.8)
and

(v+n-1) _ (v+n)

ArrD oy, (4.9)

(4.9) is a very surprising relation and will be applied in the next section.
Similarly,

APTTD A g (oGP ()00, e (4.10)

5. APPROXIMATION OF IRRATIONALS BY RATIONALS

We shall investigate especially the case D = 1, but produce first formu-
las for any value of D. We obtain from (4.8) and (1.6),

. (v+n-1) (v+n-2) (v+n-1)
o~ %i% A . 4, + nDAy
G = ( D sim (v+n-1) ’
. v+n- +® -
Lim 4 4o
Av+n—b

0

- = 1im —,

w+ (n 1)D = nD + U}E‘4v+n_l)
0

A?+n—b A?+n—b
w=D+4 lin ——— =D + lim —————. (5.1)
vre (v+n-1) Vo (v+n)
A, VAN
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For D = 1, » =2, and from (3.4) and (5.1) we obtain the approximation for-

mula
Z ¥, + Y, + o oy, nﬁlbyk“
k=0
E(n—i)yi+1=vx 2=0, ..., n-1 yl’ yz’ s Yy

Yy, ty, + o0 +y, n[_llbka

Z(n-i)yi+1=v+l,i=0,...,n—1 91’ yz’ e Yy

bk=(z>,k=0,...,n—l;b0=l.

The approximations are not very close, and we would have to continue a few
steps further to get a closer approximation. Formula (4.9), surprisingly
simple as it is, does not yield any news. It enables us to calculate w™ ! by
means of the powers wy, k =1, ..., n - 2.

We have approximately, expanding V2 = (1 + I)I/m by the binomial series,
V2~ 14t
n

According to our approximation formula (5.1) with D=1,

Ay
\/Z_= ~ 1 + m;
0
(n+1) (1) ny (2) n n) _ n )y _ (1) _
ag = AP+ (1)AY s (, 7 )4 - (,” A = Al =,
since ,4(071) = A(OO) + Agl) R (n " 1)/1(0”-1) = A(oo) =1, V2=~1+ %, as should

be.

6. DIOPHANTINE EQUATIONS

We 'shall construct two types of Diophantine equations of degree n in n
unknowns and state their explicit solutions, which are infinite in number.
We have from (1.5)

(v+n) (v+n+1) (v+n+2) (w+n+n-1)
‘40 Ao Ay e 4y
(v+n) w+n+1) (v+n+2) w+n+n-1)
A A 4 4 (n-1)v
= (-1 , 6.1)

(w+n) (w+n-1) w+n+2) (w+nt+n-1)
An—l An-l n-1 n-1

v =20, 1,

Substituting in (6.1) the values of A(St) from (4.1) we obtain, after simple

Yow rearrangements,
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A?+n) A$+n+1) A?+n+ﬂ._.A?+n+n—D
A?+n—1) A$+n) A?+n+1)“. é;+n+n—m
A?+n—b A?+”'l) A?+n) Ag+n+n—$
......................................... = (- e (6.3)
Agv+3) A(Ov+4) A(0u+5) . A(Ov+n+2)
A?+2) A?+3) A?+A) . A?+n+m
A?+1) A?+2) A$+3) . A?+n)
We introduce the notations
Xy 0= A2 k=0, 2, i, (6.3)
A(:+k) _ A((;,)-kk—n)_._ blA(:+k_n+l)+ bZA(é;+k+2—‘n)+ e 4 bn—lA(0U+k_1)
n\ (6.4)
By = ()0 k=0, 1, cooym-1,0=1, 2,

We introduce these notations in (6.2) and then make the following manipula-
tions in this determinant.

From the first row we subtract the b; multiple of the first row from be-
low, then the b, multiple of the second row from below, ., then the bith
multiple of the kth row from below, Xk =1, ..., n - 1.

Then (6.2) takes the form, in virtue of (6.4),

n-1
Xv,n - kzlkau,k Xu,l X'{),Z Xv,n—l
A%v-&-n-l) Agv+n) A(Ov+n+ 1) ) A(g;+n+n—2)
ApFn=D YA T U A N CD S LN ()
1
A?+Z) A$+3) A$+A) .A?+n+)
Xv,l Xv,z Xv,3 . Xv,n

We further subtract from the second row the b, multipleof the first row from
below, the b; multiple of the second row from below, ., the by multiple of
the (k - 1)th row from below; the determinant (6.5) then takes the form (k =
2, s mo— 2):
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n-1
Xy = 2 bk, i X1 Xu, 2 X, 5 R S
k=1
no2 n-2
E D DL S S DY ST S TP S S T OIF R CUMIPICS P S
k=1 k=1 (6 6)
Vu 1 Xv.z Xu 3 XU.A Xu n
= (-1)n-Lw

Continuing this process by another step, the third row of determinant (6.6)
will have the form

n-3 n-3 n-3
Xﬁ,n-z - galbk+sz,k Xﬁ,n—l - 3: bk+2Xv,k+1 Xv,n - g: bk+2Xv,k+2
- =1 =1

Xp, 1+ b1Xy, o + byX, 5 Xy, .+ blxv’3 + by X, 4

Xv,n—a + b],Xv,n—z + bzxv,n—l'

Generally we subtract from the th row in (6.2) the b; multiple of the first
row from below, then the b;,; multiple of the second row from below, ..., the
b, ., multiple of the (n- Z)th row from below (¢ = 1, ..., n - 1). The reader
can verify, that by these operations the determinant (6.2) transforms into
one containing only the unknowns X, ; (¢ = 1, ..., n), which yields the Dio-
phantine equation of degree »n in these unknowns.

7. MORE DIOPHANTINE EQUATIONS

The GEA of a® is purely periodic with length of the primitive period
m = 1. Since

n-1 . -1
0 _ n-1-m=-1)+17\ n-1-2.7 _" n-1-ins
-2 -;z;o( g v ? igow ?

we have by Theorem 2 and formula (1.10),

n-1 .
T T e L D D i A IS D I (7.1)
=0

We find the norm of (W ' + Dw" 2 + --- + D" 1)? . We have

D" - w" = -1,
n-1
D" - " = —kZ(D - ow) = ~N(D - w), (7.2)
=0
p, = e, k=0,1, ..., n- 1.
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But w"~t + Dw* % 4+ -+« + DY = (D - w)~'; hence,

FL@" ™ 40w ™% 4o+ DP7HY] = (- DY, =1, 2, L (7.3)
n=2, 3,

We have

n-1 . r _ :
T a®alPr P = 4+ (” 1)0]/1%”*” + [wz + (’Z “lL 2>Dw + <” 5 l)DZJAg””)
i-0 L
+ 3 <77, - 3) 2 <n - 2) 2 <VL - l> 3| (@+3) ..

w A+ Iy D+ 2 wD® + 3 D7V 4, +

+ w4+ <1>w”‘lD + (2)w”‘2D2 +.ee + (n— 1)D"‘l:'Ai)lwn_l).

L 1 2 n-1
Denoting
n-1-k%k no- 1 k
Xy o = < - )A(:+8+R)Ds’
; s
=0
(7.4)
k=0,1, ..., n - s.
This X, ; is not the X,k from (6.4). We have from (7.1),
5 n-1
@'+ DT 4 e + DTN = 30X, wk = @Y, e a unit. (7.5)
k=0

We shall find the field equation of

n~-1

EXv,kwk.

k=0

The free member of it is the norm of eV, and since ¢V is a unit with the norm
(—l)(”‘l)“, according to (7.3), we find easily, by known methods, that

Xu,o Xv,l Xv,z s Xu,n—2 Xv,n-l
My, n-o1 Xu,0 o1 eee Xons Xy nez
mXu,n—z va,n—l XU,O cee Ky noy Xv,n—3 (n-1v
= (- (7.6)
mxXy, 2 mXy, 3 mxy, . Xv,0 Xo,1
m¥y, My, 2 mXy, 3 c Xy w1 Ko
It is not difficult to see that, in the case n = 2m+ 1 (m = 1, 2, ...), the

highest powers of the »n unknowns of the discriminant (7.6) as

n n 2yn n-lyn
Ko, 00 X, 15 MKy g5 wons M .Xv,n_l,
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while the last unknown, X,,,-1 does not have the exponent »n, but a smaller
one. In the casen =2m (m=1, 2, ...) these m - 1 powers are the same,
but with alternating signs, viz.,

n n 2N
Xy, 05 ~MXy, s HM°X, 5,

In the case n = 2, the expanded discriminat (7.6) had the form
X2 - my? = #1,

v

and in the case m = 3, it had the form
X® 4+ my® + m?z® - 3mxyz = 1.

The first is Pell's equation.

8. IDENTITIES AND UNITS

We return to formulas (7.4) and (7.5), and have

n-1-k
n -1 - k\ (m+s+k)_s
Lo,k = Z ( a )AO D
8§=0

k=0, 1, «ooy n -1 (8.1)

n-1
W't + Dt 4.+ DY =Lz;)XhU’kwk.

We compare powers of wk (k = 0,1, ..., n-1) on both sides of (8.1) and take
into consideration that w"t = mt = (D" + 1)®*. We have, looking for the ra-
tional part of the right side, k = 0, and the value of the right side equals
Xup, 05 and by (7.4),

n-1

Yoo = X C“"1>A“”+”Ds,z;= 0, 1, .. . (8.2)
8=0 s

On the left side, we have to look for the coefficients of w”. Since the high-
est power in the expression

@W" 1+ Dwh "t 4 .. 4 DLW
is n(n - 1)p, we have the expression

n-1 n-1
Yy Y, t e T Yy wfgfn‘l)yipiglly“l -y (8.3)
- nv 2 .
n-1 “ o
E(”l‘i)yi=sn€n(n_1)v’ y]’ yz s E) y?’l
ol =1

igliyi+l=n(n_ Dv-sn, 6=0,1, ..., n-1Dv

298 [Nov.
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We want to obtain in this way the rational part of
W'+ DwtT? 4+ ... 4 T hym
At the same time

n-1
Z 7’yi+1
=1

is the sum of the exponents of the powers of Y
in every summand of

fe1 (2 =1, .e.,n - 1). Since

W't + Dt + ...+ prit
the sum of the exponents of D%t 1% (£ =0, 1,...,wmw~-1) is n - 1, and the
highest exponent in the expansion if n(n - 1)v, we have that
n-1
3(n - Dy, + 2; Y, = nm - Do,

=1

which explains the left side of (8.3). We further have

2l - Dy, + 1y, ;1 =nn - Do,
so that i=1

yl + yz R y = MV. (8-4)

n

Now, taking into account that the exponent of w under the summation sign in
(8.3) equals sn, w = m®, and D" = m - 1, formula (8.3) takes the form

nv \ -1
mé(mn ~ 1)V = X, 0
Ed y?’L

n-1

{;l(n—i)yi =gn\Y1° Yo>

n—ln_1
{ > ( )DkAOw+k%
% 0
k=0 \

s=0,1, ..., n - L)v; v=0,1, (8.5)

LY T Y2 + v+ y, =nw

(8.5) is an interesting combinatorial identity.
From (8.1), n - 1 more identities can be obtained by comparlng ‘the coef-

ficients of the powers w® < =1, ..., n - 1, on both sides of (8.1). The
identities have a somewhat complicated form; however, they will express the
coefficients of wt, ¢t =1, ..., n - 1, in the expansion of

(-wnnl + Dwn~2 Foee. Dn-l)m) s

with w" =m=D" + 1:
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nv
me(m - 1)(n—1)v—s—1Dn—t _ Xnv,t
n-1 yljyzs---’yn

- i)y, = en+t<n(n- v
i

n-1
{igliy.;hl:n(n‘l)v—(sn-ft) (8.6)

2

n
J=0

-1- .
¢ (n - 1 - t)A(glU+‘7 + t)DJ'
iz J

\ Jg=0,1, ..., m-Dov-1; t=1, ..., n - 1.

We wish to explain the appearance of the factor D"~ % under the summation sign
on the left side of (8.6). The power of D in the expantion of

@'Y+ D+ e+ DT

equals
n-1

ig:liy“l =nm - Do - (sn + t)

nn - 1D)v-sn-n+ (n-t)

nln-1v-s8-1] +n - t.
Thus, the power of D equals
(prynn=Dv-s-1 . pn=t yith D" =m - 1.

The power of w is

n-1
-y, =sn+t= (WHW = mwt,

=1

so m® is the coefficient of w?! as desired.
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COUNTING THE PROFILES IN DOMINO TILING

T. C. WU
York College, CUNY, Jamaica, NY 11451

(Submitted June 1982)

1. INTRODUCTION

Read [2] describes "profiles" that can be formed when one tiles a given
rectangle with dominoes. For rectangles of width m = 2, 3, 4, the number of
profiles N(m) subject to certain rules are shown to be 2, 9, and 12, respec-
tively. 1In fact, it is not difficult for one to program a computer to pro-
duce the following tabulated values for N(m):

m ‘ 2 3 4 5 6 7 8 9 10

N (m) | 2 9 12 50 60 245 280 1134 1260

We notice that values of N(m) grow rather rapidly. Knowing these numbers
is helpful in the estimation of execution time and storage requirement if one
follows Read's method to calculate the number of domino tilings on a given
chessboard.

In this note, we shall sketch a proof of the following formula:

m . .
<m/2>m/2, if m is even

N(m) =

<(mm++l;/2>m/2’ if m is odd.

2. DEFINING THE PROFILES

The profiles in [2] can be seen as patterns on an mx 2 board with certain
properties. We label 1 for each square taken by a domino and label 0 for each
square not taken by a domino on the profile. For m = 4, say, we can repre-
sent the 12 profiles in [2] as follows,

00 00 00 11 10 11 11 10 10 11 10 11
00 10 00 00 00 o0 11 10 11 11 10 10
00 10 10 00 00 10 00 00 00 11 11 10
00 00 10 00 10 10 G0 00 10 00 00 OO0

A L I B H K D C J G F E
(L (2) (3 (4)

where the letters A-L are names of the corresponding profiles given in [2].

Count rows from top to bottom and columns from left to right. Assign
Boolean variables L;, L,, «.., Ly to the corresponding left squares and Boo-
lean variables FK;, Ry, ..., R, to the corresponding right squares. Using
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the argument of [1], a profile can be defined as a solution of the following
system of equations and inequalities,

El (-D**YL; -R) =p

Ly 2 Rypjs @

Ly +L, + o +L,<m,

=1, ..., m;y g=0,1, ..., m- 1 (%)

where p = 0 if m is even and p = 0 or 1 if m is odd.

3. COUNTING THE PROFILES

We shall indicate how to calculate the number of solutions of the system
(*) when m = 2k is even. Consider the cases,

Cp+Ly =0, and L; = 1 for § <k

for k = 1, ..., m. Then by the first inequality in (%), R4 ;= 0 for j = 0,
1, ..., m — k. For example, when m = 4, the four cases are shown in the pre-
vious section.

Assume the case (3. The equation in the system (*) becomes

k-1 i m .
DA -R) + X (D)L = 0.
=1 i=k+1

=00

@if<h i 1><¢ i 1) (2)

=0

When k is odd, there are

solutions.
When k is even, there are

solutions.

In either case, the number is independent of k. There are A odd k values
and % even k values. The number of solutions of (%) is /4 times the sum of
(1) and (2), which is the number of profiles when m is even.

4. OTHER CONNECTIONS

Klarner and Pollack [1] attacked the domino tiling problem using a dif-
ferent approach. It is interesting to note that the number of profiles is
always m/2 times the dimension of the graph matrix constructed in [l]. The
graph matrix obtained from the profiles has a simpler structure than the one
used in [1]. The number of edges of the graph matrix in Read [2] can be cal-
culated by the following formula:

_({N(m) x 3/2, if m is even
E(M) =V wm) x (3/2 - 1/(2m x m)), if m is odd.

We see that E(m) is close to 3/2 of N(m) when m is large.
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THE FIBONACCI SEQUENCE F, MODULO L,
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This paper is concerned with determining the length of the period of a
Fibonacci series after reducing it by a modulus m. Some of the results es-
tablished by Wall (see [1]) are used. We investigate further the length of
the period.

The Fibonacci sequence is defined with the conditions fj = o, f; = B and
foer =Tnw ¥ 1, for n > 1. We will refer to the two special sequences when
o=0,8=1and o =2, B=1as (F,) and (L,), respectively. (L,) is often
called the Lucas sequence.

The Fibonacci sequence 0, 1, 1, 2, 3, 5, 8, ... reduced modulo 3 is

,1)

0o, 1, 1, 2, 0, 2, 2, 1, O 1, 2,

The reduced sequence repeats after 8 terms. We say that the reduced sequence
is periodic with period 8. The second half of the period is twice the first
half. We refer to the terminology used by Robinson [2] and say that the se-
quence has a restricted period of 4 with multiplier 2 or -1 (since 2= -1 mod
3). If the reduced sequence has a value of ~1 at Fy.; and 0 at Fy, then the
sequence is said to have a restricted period of k with multiplier -1. The
period of the reduced sequence is 2k. The 2k terms of the period form two
sets of kK terms. The terms of the second half are -1 times the terms of the
first half.

Wall [1] produced many results concerning the length of the period of the
recurring sequence obtained by reducing a Fibonacci sequence by a modulus m.
The length of the period of the special sequence F, reduced modulo m will be
denoted by p(m).

Theorem 1 (Wall)

f,, (mod m) forms a simply pericdic series. That is, the series is periodic
and repeats by returning to its starting values.
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We have (see [3]):

(1) F, = (@" - b™/(a - Bb),
(2) L, =a™ + p" = F _,+F
Also,

(3) Fy, 20 (mod L,) [follows from (1) and (2)].
Note that
(1L +V5\1 -5
ab = < 5 >( 5 > = -1.

Since (ap)™ ' = (-1)"" !, we have

, where a = (1 + /S)/z and b = (1 - /g)/Z.

]

a2m—l _ b2m—l _ (ab)m—l(a _ b)
aZm—l _ bZW—l - a bm—l + am—lbm

@t - P @™+ p"M.

aZm—l _ b2m~l _ (_l)m—l(a -~ b)

From this, we have
F - (D)"Y =F T

2m-1 m=-1-"m"
Hence

(4) Fypoy = (-1)77Y (mod L,).
Theorem 2

For m 2 2, the Fibonacci sequence 7, (mod I,) has period 4m if m is even
and period 2m if m is odd.

Proof: Suppose m is odd, and the sequence F, (mod L) has period p. It
follows from (3) and (4) that the reduced sequence has values 1 at F,,_; and
0 at F,,. Therefore, 2m is a multiple of p and 2m = kp for some integer k >
0. From (2) we have L, = F,_, + F,,, and L, > F; for all j <m+ 1,ifm > 2.
Hence, L, cannot divide any F; for j < m + 1, which implies that F;y # 0 (mod
L,) for any J < m. Therefore, p>m, kp = 2m < 2p, and kK < 2. Thus, k =1
and p(Lp) = 2m.

Suppose m is even. It follows from (3) and (4) that the reduced sequence
has values -1 at F, _, and 0 at F,_ . This implies that the reduced sequence
has a restricted period. Let p’ be the restricted period. It follows that
2m = k + p' for some k > 0. Again m < p'since F; < I for all j < m. This
implies that k < 2 and, therefore, k = 1. Thus, the restricted period is 2m
and the period is 4m. ®
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1, No. 1 (1963):29035.
3. L. W. Dickson. History of the Theory of Numbers. Vol. I, pp. 393-411.
Washington, D.C., 1920.
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ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
A. P. HILLMAN

Assistant Editors: Gloria C. Padilla & Charles R. Wall

Send all communications regarding ELEMENTARY PROBLEMS AND SOLUTIONS to
PROFESSOR A. P. HILLMAN; 709 Solano Dr., S.E.; Albuquerque, NM 87108. Each
solution or problem should be on a separate sheet (or sheets). Preference
will be given to those typed with double spacing in the format used below.
Solutions should be received within four months of the publication date, and
proposed problems should be accompanied by their solutions.

DEFINITIONS

The Fibonacci numbers F, and the Lucas numbers L, satisfy

Fopo = Fyyq T Fys Fo =0, Fp =1
and
Lyyy = Lyyq + Dys Ly = 2, L, = 1.

Also, o and B designate the roots (1 + /5)/2 and (1 - /5)/2,respectively, of
x?2 -x -1 =0.

PROBLEMS PROPOSED IN THIS ISSUE
B-508 Proposed by Philip L. Mana, Albuquerque, NM

Find all » in {1, 2, 3, ..., 200} such that the sum n!+ (n + 1)! of suc-
cessive factorials is the square of an integer.

B-509 Proposed by Charles R. Wall, Trident Technical College, Charleston, SC

Let |y be Dedekind's function given by

|
Y(n) =n H(l + =1
pln p)
For example, y(12) = 12(1 +-§~)(1 +%) = 24. Show that

V@) > 2n for n =1, 2, 3,
B-510 Proposed by Charles R. Wall, Trident Technical College, Charleston, SC

Euler's ¢ function and its companion, Dedekind's ¢ function are defined
by
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. 1 1
P(n) = nﬂ(l - = and  Y(n) = nﬂ(l +——>.

(a) Show that ¢(n) + Y(n) 2 2n for n > 1.
(b) When is the inequality strict?

B-511 pProposed by Larry Taylor, Rego Park, NY
Let J, k, and »n be integers with j even. Prove that

+ F

Ej(Fn + F wan; Toreo +-£%+2jk) = (Ln+2jk+j = L,-/5.

n+24
g;g;g_ Proposed by Larry Taylor, Rego Park, NY
Let j, kK, and n be integers with j odd. Prove that
L;(F, + Fn+2j T Py oot Fuvogr) = Frezgrey - F

n-g-°

B-513 PpProposed by Andreas N. Philippou, University of Patras, Greece

Show that
n [n/2] /
fn - k\ .
Y P iFiao= 2 (n _e-luk)e\ % )i’orVL:O, L, «uu,
k=0 k=0

where [x] denotes the greatest integer in x.

SOLUTIONS

Correction of a Previously Published "Solution”

B-468 proposed by Miha'ly Bencze, Brasov, Romania

o

Find a closed form for the nth term a, of the sequence for which a; and
a, are arbitrary real numbers in the open interval (0, 1) and

= T - 42 1. /1 - G2
Opay = Auea¥l = a2 + a,yl - aliy.
The formula for a, should involve Fibonacci numbers if possible.
Soclution by Charles R. Wall, Trident Technical College, Charleston, SC

The published solution (F§, Feb. 1983) is clearly erroneous, because it
allows negative terms in a_sequence of positive numbers. The error apparent-
ly arises from (i - sinzt)% = ¢os £, which is false if cos ¢t < 0.

Let
Arcsin aq,

and let k be the least positive integer for which by > m/2, Then k > 3, and
it is easy to show that g, = sin b, for m < k (as given in the erroneous so-
lution). However,
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Apeq = sin by (1 = sinzbk_l)% +sin b, _ (1 - sinzbk)%
= gin bk(cos bk_l) + sin by _;(-cos bk)

= sin(p, - bk—l) = gin bk_2 = a

-2

Also,
Gy, = sin by _, (1 - sinzbk)% + sin by (1 - sinzbk,Q)%
= sin by _,(-cos by) + sin b, (cos b, _,)
= sin(b, - by_,) = sin by_, = az_;-
Then

[N
N

2
+ ak+1(l ak+2)

- _ 2
ak+3 a7<+2(1 ak+1)
2
¥ o+ a1 - ap ) = ag.

_ 2
=ay_ (I -a_,

[
[N

Thus, the sequence eventually repeats in a cycle of three values, so we have
sin b, if n <k

k+3j+1and g 20

sin by _, if n
a, =
sin by_; if n =k +3j+ 2 and j 20

I

sin b, if n=k+3j and j 20

where {b,} and k are defined as above.

Efficient Raising to Powers

B-484 PpProposed by Philip L. Mana, Albuquerque, NM

For a given x, what is the least number of multiplications needed to cal-
culate x°8? (Assume that storage is unlimited for intermediate products.)

Solution by Walther Janous, Universitaet Innsbruck, Austria

Since 96 = 2% + 2% + 2, the least number of multiplications needed to
calculate %8 is 6 + 2 = 8. This can be achieved as follows:

- 2. - k. - 8. 8 _ ,.16. 16,16 _ .52,
xx = 223 x?x? = ot xtet = xf; x%x® = 2% 28210 = %2,
2
x32x32 = xGl{»; x32x6'+ - ‘,L.96; ngx‘_ = x98

In general, the following theorem holds true: If

k .
Z aiZI, a; € {O) 1})

=1

is the dual-representation of the number N, then the least number of multi-
plications needed to calculate x¥ (under assumption of unlimited storage for
intermediate products) equals
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p@ =k + #{i: 72 <k and a; = 13}.

Also solved by L. Kuipers, Vania D. Mascioni, Samuel D. Moore, John Oman &
Bob Prielipp, Stanley Rabinowitz, Sahib Singh, J. Suck, and the proposer.

Difference Equation

B-485 pProposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA
Find the complete solution u, to the difference equation

Uypog = DU, + 6u, = 11F, - 4F .

Solution by J. Suck, Essen, Germany

Since

U,pp = Dlyyq + 6uy, = 11F, ~ 4F = F - 5F

n+2 n+2 n+1l + 6F,

y[_’
we see that the difference sequence d,:=1u, ~ F, has the auxiliary equation
2?2~ 5x + 6 = 0, of which the roots are 2 and 3. The general solution for d,
is, thus, d, = a2” + b3", and so u, = a2” + b3"+F, with arbitrary constants
a, b [which are a = 3(uy - Fg) ~uy + Fyy b =uy, — F, - 2(uy - Fy) in terms
of initial values].
Of course, the solution does not depend on Fy, = 0, F; = 1, but only on

the Fibonacci recurrence.

Also solved by Wray G. Brady, Paul S. Bruckman, C. Georghiou, Walther Janous,
L. Kuipers, John W. Milsom, Bob Prielipp, A. G. Shannon, Sahib Singh, and the

proposer.

Monotonic Sequences of Ratios

B486 Proposed by Valentina Bakinova, Rondout Valley, NY
Prove or disprove that, for every positive integer k,

Z;17<+1 Fk+3 Fk+5 Fk+6 E%+u E%+2
7 < <

‘e k e
F3<F5< < ak < <Fe 7 7o

Solution by Vania D. Mascioni, student, Swiss Fed. Inst. of Tech., Zurich
Fix k > 0. Using the well-known identity

EyxFoy = FoFy = (-1)"F,_, 1 Fy

n

(see, e.g., Knuth, The Art of Computer Programming, I, Ex. 1.2.8.17), we ob-
tain

FrvapFopss = Fraopaalop ™ Freopsrfop-1 ~ F%+2P—1FEP+1 =F > 0.
It is then
E%+2P+2 ﬁ%+2p E%+2P+1 Z77<+2P—1
7 7 and 7 > Fi for P2 1.
2P+2 2P 2P+1 2P -1
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a” 1 .
From F, = 5 +-§ , it follows that
Fn+k
1im = ak.
N> o Fn

Also solved by Paul S. Bruckman, C. Georghiou, Walther Janous, L. Kuipers,
Bob Prielipp, Stanley Rabinowitz, A. G. Shannon, Sahib Singh, J. Suck, and
the proposer.

Multiple of 50

§:§§Z Proposed by Herta T. Freitag, Roanoke, VA
Prove or disprove that, for all positive integers n,
5L,, - L, +6 - 6(-1)"L,, = 0 (mod 10F7).
Solution by Bob Prielipp, University of Wisconsin-Oshkosh, WI
We will show that the given congruence holds. Since

Lon = SER+2(-1)", Fy, = L,F,, and L}, = F} = 4F} + 4(-1)"

(See Exercises 4, 1, and 10 on p. 29 of Fibonacci and Lucas Numbers by V. E.
Hoggatt, Jr.),

SL,, - L, + 6 - 6(-1)"L,, = 25F; + 10 - [5F; + 2(-1)"]1* + 6 - 6(-1)"

hn

2 2 2 n
[5F? + 2(=1)"] = 25F2 + 10 - 25F; - 20(=-1)"F? = 4 + 6 - 30(-1)"F2 - 12

25L2F% - 25F} - 50(-1)"F? = 25Fi(L3 - F2) - 50(-1)"F?

25F2[4F2 + 4(-1)"] - 50(-1)"F2 = 50F2[2F? + (-1)"].

Clearly the immediately preceding expression is congruent to zero modulo SOFﬁ
(and hence is congruent to zero modulo 10F72).

Also solved by Paul S. Bruckman, Walther Janous, L. Kuipers, Stanley Rabino-
witz, Heinz-Jurgen Seiffert, Sahib Singh, J. Suck, and the proposer.

0dd Difference

B-488 pProposed by Herta T. Freitag, Roanoke, VA

Let a and d be positive integers with d odd. Prove or disprove that for
all positive integers % and Kk,

Layna * Lavnara = Lara + Larkara (mod Ly) .

Solution by Sahib Singh, Clarion State College, Clarion, PA
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This congruence is true. The proof follows by using the result of B-479
which states that
Lovng ¥ Lasndrg=Lgyg + Ly (mod Ljy).
Similarly,
Lovka t Lavrgra=Lava + Lo (mod Ly)
is true.
By subtraction, the required result follows, and we are done.

Also solved by Paul S. Bruckman, Walther Janous, L. Kuipers, Bob Prielipp,
J. Suck, and the proposer.

Even Difference

B-489 Proposed by Herta T. Freitag, Roanoke, VA
Is there a Fibonacci analogue (or semianalogue) of B-4887?
Solution by Walther Janous, Universitaet Innshruck, Austria

Let a and d be positive integers with d even. Then there holds for all
positive integers kA and k,

Fovna t Fovnava = Farka t Farka+a (mod Fy).

As before, it is enough to consider the case % = k + 1. Since, for d even,
there holds

Bvar2rda = Tavrka = Talaracrnyas

the claim is proved.

Also solved by Paul S. Bruckman, L. Kuipers, Bob Prielipp, Sahib Singh, J.
Suck, and the proposer.

$090¢
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ADVANCED PROBLEMS AND SOLUTIONS

Edited by
RAYMOND E. WHITNEY

Send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS to
RAYMOND E. WHITNEY, Mathematics Department, Lock Haven State College, Lock
Haven, PA 17745. This department especially welcomes problems believed to
be new or extending old results. Proposers should submit solutions or other
information that will assist the editor. To facilitate their consideration,
solutions should be submitted on separate signed sheets within 2 months after
publication of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-360 Proposed by M. Wachtel, Zurich, Switzerland

Let FyFopy + Frypp = 4y
2 -

Fn+1Fn+2 +Fn+3 _AZ
2 -

Fn+2Fn+3 +Fn+4 —AB

Show that:

(1) No integral divisor of 4 is congruent to 3 or 7 modulo 10.
(2) A4, + 1, as well as 4,4, + 1, are products of two consecutive integers.

H-361 Proposed by Verner E. Hoggatt, Jr. (deceased)
Let H, = P,,/2, n > 0, where P, denotes the nth Pell number. Show that

H, + H, # P,
Hm +H7’L =Pk +Pk‘l

if and only if m = n + 1, where kK = 2n + 1, and
Pons2l2 + Py /2 = ((2Pap4+1 + Pon) + P2y )/2 = Pyyi1 + Pop.

Editorial Note: Refer to the January 1972 article on Generalized Zecken-
dorf Theorem for Pell Numbers.

H-362 Proposed by Stanley Rabinowitz, Merrimack, NH

Let 7 be the ring of integers modulo n. A Lucas Number in this ring is
a member of the sequence {Iy}, k =0, 1, 2, ..., where L, =2, L, =1, and
Lyyo = Lgyy + Ly for k 2 0. Prove that, for n > 14, all members of Z, are
Lucas numbers if and only if »n is a power of 3.
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Remark: A similar, but more complicated, result is known for Fibonacci
numbers. See [1]. T do not have a proof of the above proposal, but I sus—
pect a proof similar to the result in [1] is possible; however, it should be
considerably simpler, because there is only one case to consider rather than
seven cases.

To verify the conjecture, I ran a computer program that examined Z, for
all n between 2 and 10000 and found that the only cases where all members of
Z, were Lucas numbers were powers of 3, and the exceptional values n = 2, 4,
6, 7, and 14 (the same exceptions found in [1]). This is strong evidence for
the truth of the conjecture.

Reference

1. S.A. Burr. '"On Moduli for Which the Fibonacci Sequence Contains a Com-—
plete System of Residues." [The Fibonacei Quarterly 9 (1971):497.

H-363 Proposed by Andreas N. Philippou, University of Patras, Greece

For each fixed integer k 2 2, let {fﬁw} be the Fibonacci sequence of
order k, i.e., f§k)= o, ffk)= 1, and n=

(®) I
R e I A
n k) (k) .

FE £, ifn >k + L

Evaluate the series

Remark: The Fibonacci sequence of order k appears in the work of Philip-
pou and Muwafi, The Fibonacci Quarterly 20 (1982);28-32.

H-364 Proposed by M. Wachtel, Zurich, Switzerland

For every n, show that no integral divisor of L, ., is congruent to 3 or
7, modulo 10.

SOLUTIONS

The Root of the Problem

H-341 pProposed by Paul S. Bruckman, Concord, CA
(Vol. 20, No. 2, May 1982)

Find the real roots, in exact radicals, of the polynomial equation
px) = x® - 4x® + 7x* - 9x® + 7x? - 4z + 1 = 0. (1)
Solution by the proposer

We note that p(0) # 0 and p(x) = xgp(l/x). Let
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y=x+x"t. (2)
Then y2 = 22 + 7% + 2 and y* = x® + ™% + 3y; hence,

2 a7 - b ) T (e FaTt) -9

x %p ()

y® -3y - 4% - 2) + 7y -9,
or ‘
y® - 4y? + 4y - 1 = 0. (3)

This polynomial in y may be readily factored, noting that it vanishes for
y = 1. Thus,

Y-DE -3y+1)=(F-E-a)y-»r? =o0.

Now, we may solve for x in terms of y, first multiplying (2) throughout by
x:x? -xy +1 =0, or

vl =T, ®

Setting y = 1 or y = b2 in (4) yields imaginary roots of (1) (and, moreover,
of unit modulus). Setting y = a?, however, yields real roots, which after a
little manipulation are found to be as follows:

xy = 73 + V5 +V6/5 - 2) = 2.1537214, )
Z, = 23 + /5 - V&/5 - 2) = .46431261 = 1/a,. (®)

Also solved by W. Blumberg, H. Freitag, W. Janous, D. Laurie, D. Russell, C.
Shields, and M. Wachtel.

Say A

H-342 Proposed by Paul S. Bruckman, Corcord, CA
(Vol. 20, No. 3, August 1982)

Let (3n]
3
An=kz;c(2)(2”n Zk)ak, no=0, 1, 2, ... . (1)
Prove that '
n
AL . = 47F . (2)
kgo kn~k n+1

Solution by the proposer
Proof #l: The well~-known Legendre polynomials are defined by the gener-
ating function
(1 - 2zz + 22)"} = 3 P, (x)z" (valid for |z| < 1, |z] < 1), (3)
n=0

and are given explicitly as

in

(iny i
B @) = 27" Z(ZW” - Zk)(—l)"ac”'zk. *)
" k=o\ ") n
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(see, for example, formulas 22.3.8 and 22.9.12 in Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables, ed. Milton Abramo-
witz & Irene A. Stegun, National Bureau of Standards Applied Mathematics Se-
ries 55, issued June 1964, 9th printing, November 1970, with corrections).

In (3) and (4), set x = %i and replace z in (3) by -Zz. Then

(1-2z-27% =3 B G0 (=ia)", (5)
n=0
and, using the definition of 4, in (1):
P, (31) = (3+0)"4,. (6)
Thus,

(1-2-2"1=3% 4,07, (7)
n=0 4

Squaring both sides of (7), we obtain the generating function of the Fibonac-
c¢i numbers:

oo =3 n
- 1
(1 -2-29"" =3 F.a"= 2 GO 2 Ah, s
n=0 n=0 k=0

(the last result by comvolution). We obtain (2) by comparisonof coefficients
in the last two expressions. Q.E.D.

The following is a more direct proof of the foregoing result.
Proof #2: Let

2", (8)

B

f(z) = EOAn<

Then ()
= : n\(2n - 2k _ = niok{n + 2k\{2n + 2K\, %
sor = Gz (0)(7 7 P - £ dom (L0 RN
B 2 1 n+k aor {20 + 27{)(7’7 + k
=, @ (n+k x
1
_ < 124k -5 n+ Kk 1,47 n+k
- B e
- T o <~z2>’<(‘%\)(‘%k‘ -5 ("%)o-z)”(l - e
nr=0 7 P n

o - ‘%
(=2)' (1 = 257" = (1 - 5% %{1 - ‘1"‘.3';‘2} ,

i
—~
et
I
w
N
~
1
i
e
S
R
N =
S

oY
PO .
flz)y =0 -~z - 391, (9
The rest of the proof now proceeds as in the first proof, after (7). Q.E.D.

The first few values of (An}:=0 are as follows: 4, = 1, 4, = 2, 4, = 14,
Ay = 68, A, = 406, A5 = 2,332, 4 = 13.564, 4, = 83,848, etc. The "etc." is
puzzling—-can any reader discover a closed form expression for A,7
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Also solved by C. Georghiou.
Continue

H-343 Pproposed by Verner E. Hoggatt, Jr. (deceased)
(Vol. 20, No. 3, August 1982)

Show that every positive integer, m, has a unique representation in the
form
m= [A[A,[4,[...[4,]...1,

where A; = o or a? for Jg=1, 2, ..., n -1, and

where a = (1 + V5)/2.
Solution by Paul Bruckman, Carmichael, CA

Let A(k) = [ak], B(k) = [0®’k], k = 1,2,3,.... Note A(1) = [a] =1 and
B(1) = [0?] = 2. Let a "string" denote any composition of functions A or B
ending with B(l) [e.g., A(B(A4(B(1))))]. Let the length of a string denote
the number »n of functions used in the string (n = 4 in the example). Let

A= (A0 )yoys B = (BOO), s W= (K);_, -

It is a well-known theorem that A UB =N, A N B = @.

The problem is incorrectly stated, since 1=A4(l) is not representable by
a string. We shall prove that all integers > 1l are representable.

We first prove that distinct strings represent distinct positive inte-
gers. This is trivially true for n = 1, since there is only one number of
string-length 1, namely B(l) = 2. Also, for n = 2, we have

A(B(l)) = A(2) =3 and B(B(l)) = B(2) = 5.

Suppose that all distinct strings of length < »n represent distinct positive
integers. Then, if k is the integer represented by any string of length n,
we have A(k) # B(k), since AN B = (. Likewise, A(k) # B(j), where J is the
integer represented by any string of length less than n. If A(k) = A(j) or
B(k) = B(j), then k = j, since A(m) and B(m) are one-to-one functions. This
is, however, contrary to hypothesis. Thus, all distinct strings of length <
(n + 1) represent distinct integers. It follows by induction that distinct
strings represent distinct positive integers.

It remains to show that all positive integers m > 1 are thus represent-—
able. Suppose that all integers k, with 2 < k < m are representable. Since
AUB=DN, thus, m+ 1 = A(j) or B(j) for some integer J with 2 < j < m.
Therefore, m + 1 is also representable. Since 2 = B(l), 3 = A(B(l)), etc.,
it follows by induction that all integers m> 1 are representable. This com—
pletes the proof of the problem (as modified).

Also solved by the proposer and by L. Kuipers, who remarked that the solution
is contained in this quarterly, Vol 17 (1979):306-07.
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Don't Lose Your Identity

H-344 pProposed by M. D. Agrawal, Government College, Mandsaur, India
(Vol. 20, No. 3, August 1982)

Prove:

LZ

1. 1,12 -7 Zom = (“DF5%F%F and

k5K +3m 2mfk+2m

kK+um

2 3 _ k =2
2 Diligsy = Dwom = SCF ALy 0y + 26Dy 00

Solution by Bob Prielipp, University of Wisconsin, Oshkosh, WI

Using the Binet formulas
L, =a" +Db" and V5F, = a" - b"

and the fact that ab = -1,

"

12 = (ak+bk) (ak+3m+bk+3m)2_ (ak+l+m+bk+1+m)(ak+m+bk+m>2

2
LI - I .

kTk+3m k4 u4m
= (ak*‘bk)(a2k+6m*'2(—1)k+m*‘b2k+6m)
— (ak+“m4—bk+“m)(a2k+2m-FZ(ml)k+m4-b2k+2m)
- a3k+6m+_(_1)k(ak+6m)+_2(_1)k+M(ak + bk)+'("l)kbk+6m
+ b3k+6m"-a3k+6m — (~l)k(akb2m)——2(—l)k+m(ak+“m+ bk+HM)
_ (_l)k(aZMbk>__b3k+6m
= (—l)k[(ak+6mﬁ-bk+6m)4-2(—l)m(ak4'bk)

_ 2(-1)m(ak+qmﬁ-bk+“m)-‘(akbzmﬁ-azmbk)].
Also

ke2p2
(-1)*5 Fer, F

4+ om = (_1)k(am _ bm)Z(aZm _ b2m2(ak+2m _ bk+2m>

= (—l)k(a2m _ 2(_1)m + bzm)(ak+4m _ bk _ ak + bk+km)
o (<1)K[gk*Em o g2k _ gk*om 4 pkam g qymgktun
£ 2(-1)"BF + 2(-1)7ak = 2(-1)Tpk+m
4+ ogktam _ pktam o pkpem pkeem)
= (DR @ + pEFETY 4 2(-1)"(ak + b¥)
_ 2(_1)m(ak+Hm 4 bk+4m) _ (akam + azmbk)]-

This establishes the first formula.
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Again using the Binet formulas and the fact that ab = -1,
LkLi+3m _ Lk3+2m = (ak + bk)(ak+3m + bk+3)TI)2 _ (ak+2m + bk+2m)3
= (ak + bk) (a2k+6m + 2(_l)k+m + b2k+6m)
_ (a3k+6m + 3(_1)kak+2m + 3(_1)kbk+2m + b3k+6m)
= a3k+6m + (_l)kak+6m + 2(_1)k+m(ak + bk)
+ (_l)kbk+6m + b3k+6m _ a3k+6m

- 3(_1)k(ak+2m + bk+2m) _ b3k+6m

= (_l)k[(ak+6m + bk+6m) + 2(_1)m(ak + bk) _ 3(ak+2m+bk+27rI)].
Also

k 2
5(-1 Fm(Lk+L}m + 2(“1)”’['k+2m)

= (=YK (@™ - BTY2[(aFM 4 pRTEMY 4 2 (—1)m(gk TR 4 pRF2my]

= (—l)k(azm-2(—1)”4—b2m)[(ak+”m4-bk+“m)4-2(—1)m(ak+2mi—bk+2m)]

= (—l)k[ak+6m4-bk+2m4-2(—l)mak+"m4-2(—l)mbk-2(—1)mak+“m-2(—l)mbk+4m
_ 4ak+2m-4bk+2m+-ak+2m4-bk+6m4—2(—1)mak+-2(—1)mbk+”m]

= (—l)kKak+5m + bk+sm) + 2(_1)m(ak + bk) _ 3(ak+2m + bk+2m)]-

This establishes the second formula.

Also solved by P. Bruckman, W. Janous, L. Kuipers, J. Spraggon, and the pro-
poser.

0409

The Fibonacci Association and the University of Patras, Greece would like
to announce their intentions to jointly sponsor an international conference
on Fibonacci numbers and their applications. This conference is tentatively
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