VOLUME 22
NUMBER 3

AUGUST

CONTENTS

A Note on Somer’s Paper on

Linear Recurrences ................c.cevvviuennn Ernst S. Selmer
Multilevel Fibonacci Conversion and

Addition ... P. Ligomenides & R. Newcomb
Sums of Fibonacci Numbers by Matrix Methods .......... M.C. Er
Fibonacci and Related Sequences in Digital

Filtering .....covriiiiii i Gonzalo R. Arce
Euler’'s Integers .......coviiiiiininiiiiiiiiiiinnnn. E. Ehrhart
The General Solution to the Decimal Fraction

of Fibonacci Series ........oovviiiiiineiiieneennnns. Pin-Yen Lin
An Easy Proof of the Greenwood-Gleason Evaluation of the

Ramsey Number R (3,3,3) ......... Hugo S. Sun & M.E. Cohen
Some Asymptotic Properties of Generalized

Fibonacci Numbers ............ccvviviiinnnnnn. A.G. Shannon
A Modified Tribonacci Sequence ...........c.ooeveeennn. Ian Bruce
Infinite Classes of Sequence-Generated

Circles ...... A.G. Shannon, A.F. Horadam, & Gerald E. Bergum
The Goose That Laid the Golden Egg .............. Naomi Levine
Some Identities Arising from the Fibonacci Numbers

of Certain Graphs ............ Glenn Hopkins & William Staton
On the Numbers of the Form an2+bn ................ Shiro Ando
On Certain Series of Reciprocals of

Fibonacci Numbers ...........ccoviiiinin.. Blagoj S. Popov
An Application of the Reciprocity Theorem

for Dedekind Sums ...t L. Carlitz
Coaxal Circles Associated with Recurrence-Generated

SEQUENCES .+t vvvetereieereaeat e A.F. Horadam
Elementary Problems and

SOIUtIONS v v'vvvr vttt eenas Edited by A.P. Hillman,

Gloria C. Padilla, & Charles R. Wall
Advanced Problems and Solutions Edited by Raymond E. Whitney

194

196
204

208
218

229
235

239
244

247
252

255
259

261
266

270

273




PURPOSE

The primary function of THE FIBONACCI QUARTERLY is to serve as a focal point for
widespread interest in the Fibonacci and related numbers, especially with respect to new results,
research proposals, challenging problems, and innovative proofs of old ideas.

EDITORIAL POLICY

THE FIBONACCI QUARTERLY seeks articles that are intelligible yet stimulating toits
readers, most of whom are university teachers and students. These articles should belively and
well motivated, with new ideas that develop enthusiasm for number sequences or the explora-
tion of number facts. Illustrations and tables should be wisely used to clarify the ideas of the
manuscript. Unanswered questions are encouraged, and a complete list of references is abso-
lutely necessary.

SUBMITTING AN ARTICLE

Articles should be submitted in the format of the current issues of the THE FIBONACCI
QUARTERLY. They should be typewritten or reproduced typewritten copies, that are clearly
readable, double spaced with wide margins and on only one side of the paper. The full name and
address of the author must appear atthe beginning of the paper directly under the title. Illustra-
tions should be carefully drawn in India ink on separate sheets of bond paper or vellum, approx-
imately twice the size they are to appear in print.

Two copies of the manuscript should be submitted to: GERALD E. BERGUM, EDITOR,
THE FIBONACCI QUARTERLY, DEPARTMENT OF MATHEMATICS, SOUTH
DAKOTA STATE UNIVERSITY, BOX 2220, BROOKINGS, SD 57007-1297.

Authors are encouraged to keep a copy of their manuscripts for their own files as protection
against loss. The editor will give immediate acknowledgment of all manuscripts received.

SUBSCRIPTIONS, ADDRESS CHANGE, AND REPRINT INFORMATION

Address all subscription correspondence, including notification of address change, to:
RICHARD VINE, SUBSCRIPTION MANAGER, THE FIBONACCI ASSOCIATION,
UNIVERSITY OF SANTA CLARA, SANTA CLARA, CA 95053.

Requests for reprint permission should be directed to the editor. However, general permission
is granted to members of The Fibonacci Association for noncommercial reproduction of a
limited quantity of individual articles (in whole or in part) provided complete references is made
to the source.

Annual domestic Fibonacci Association membership dues, which include a subscription to
THE FIBONACCI QUARTERLY are $20 for Regular Membership, $28 for Sustaining Mem-
bership I, $44 for Sustaining Membership II, and $50 for Institutional Membership; foreign
rates, which are based on international mailing rates, are somewhat higher than domestic
rates; please write for details. THE FIBONACCI QUARTERLY is published each February,
May, August and November.

All back issues of THE FIBONACCI QUARTERLY are available in microfilm or hard
copy format from UNIVERSITY MICROFILMS INTERNATIONAL, 300 NORTH
ZEEB ROAD, DEPT P.R., ANN ARBOR, MI 48106. Reprints can also be purchased from
UMI CLEARING HOUSE at the same address. ,

1984 by
© The Fibonacci Association
All rights reserved, including rights to this journal
issue as a whole and, except where otherwise noted,
rights to each individual contribution.



(e Fibonacci Quarterly

Founded in 1963 by Verner E. Hoggatt, Jr. (1921-1980)
Br. Alfred Brousseau, and I.D. Ruggles

THE OFFICIAL JOURNAL OF THE FIBONACCI ASSOCIATION
DEVOTED TO THE STUDY
OF INTEGERS WITH SPECIAL PROPERTIES

EDITOR
GERALD E. BERGUM, South Dakota State University, Brookings, SD 57007

ASSISTANT EDITORS

MAXEY BROOKE, Sweeny, TX 77480

PAUL F. BYRD, San Jose State University, San Jose, CA 95192

LEONARD CARLITZ, Duke University, Durham, NC 27706

HENRY W. GOULD, West Virginia University, Morgantown, WV 26506

A P. HILLMAN, University of New Mexico, Albuquerque, NM 87131

A.F. HORADAM, University of New England, Armidale, N.S.W. 2351, Australia
DAVID A. KLARNER, University of Nebraska, Lincoln, NE 68588

JOHN RABUNG, Randolph-Macon College, Ashland, VA 23005

DONALD W. ROBINSON, Brigham Young University, Provo. UT 84602
M.N.S. SWAMY, Concordia University, Montreal H3C 1M8, Quebec, Canada
D.E. THORQO, San Jose State University, San Jose, CA 95192

THERESA VAUGHAN, University of North Carolina, Greensboro, NC 27412
CHARLES R. WALL, Trident Technical College, Charleston, SC 29411
WILLIAM WEBB, Washington State University, Pullman, WA 99163

BOARD OF DIRECTORS OF
THE FIBONACCI ASSOCIATION

G.L. ALEXANDERSON (President)

University of Santa Clara, Santa Clara, CA 95053
HUGH EDGAR (Vice-President)

San Jose State University, San Jose, CA 95192
MARJORIE JOHNSON (Secretary-Treasurer)
Santa Clara Unified School District, Santa Clara, CA 95051
ROBERT GIULI

Giuli Microprocessing, Inc., San Jose, CA 95193
JEFF LAGARIAS

Bell Laboratories, Murry Hill, NJ 07974

CALVIN LONG

Washington State University, Pullman, WA 99163
LEONARD KLOSINSKI

University of Santa Clara, Santa Clara, CA 95053



A NOTE ON SOMER’S PAPER ON LINEAR RECURRENCES

ERNST S. SELMER
University of Bergen, 5014 Bergen, Norway
(Submitted January 1983)

In a recent paper [1], Somer uses the second-order linear recursion rela-
tion
s

= g8 + bs,, a, belZ, ¢))

to generate higher~order linear recurrences. The purpose of this note is to
extend Somer's results. In what follows, the notation in [1] is used without
further comment.

We assume of # 0, o/B not a root of unity, and ask under what conditions

the rational sequence
{Enbneo = {enn/5a}nug 2

satisfies a linear recursion relation of minimal order k.

Somer gives the solution {s,} = {u,}, where u, = 0, u; = 1. We can argue
similarly for {s,} = {v,}, where Vg =2, v; =a, and v, = o + B", in the case
when k is odd. Then

n+2 n+1

V1 nk nk k=1 . ..
t, = Unk _ o™ + B7° 2:(fk'1-¢”%_1)78Ln
Un a” + B” i=0

is a rational integer, and {t,} clearly satisfies the same k'™ -order linear
recursion relation as {w,} = {u,x/u,}. The proof of the minimality runs as for
{w,}: In the first matrix factor of D, (w,,0), we just change the sign of every
odd-numbered column.

The general solution s, # su, of (1) may be written as

_ Ao™ + BR™
i oy
if we "normalize" to s, = l. The above result for {v,} then follows from the
fact that -B/4 = -1 is a primitive square root of unity. In general, put -B/4
= p, where p is a primitive mth root of unity, and assume that
k=1 (mod m).
Then

Snk _ ank - ppnk _ atk (QB”)R =7§a(k—1—i)npi8in
8, a” - an a” - an =

The question of minimality is settled as above: To obtain Dy(%¢,, 0), we
multiply the successive columns of the first matrix factor of Dk(wn, 0) by 1,
s} pz, ceny pk'l, respectively.

For m > 2, however, the rationality of {s,} imposes severe conditions. In
particular,

s = Ao + BB _ o - PB

1 A+ B 1 -p
should be rational, showing that p = V1 must be a quadratic irrationality, so
m = 3,4, or 6. But even in these cases, we get conditions on the coefficients

a and b.
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A NOTE ON SOMER'S PAPER ON LINEAR RECURRENCES

We illustrate the method in the case m = 4, p = *#7. With
_a+ VD _a-VD
o = ~——; B = ——"

> 5 D = a® + 4b,
this gives s, = (a * iVD)/2, which is rational if and only if D = -¢?, c e Z.
Then
_ate Vitouy _ Pptoeu,
sy = 5 = 5 and s, = — s = 1}.

To get b integral, both ¢ and ¢ must be even. To get of # 0 and o/B not a root
of unity, we must have ac # 0 and a # *c. Consequently, we have shown that if

2 2
_52_5;:2_, 2|la, 2|e, ac # 0, a # te,

- v, + CU,) e
{sn}n=0 _{ 2 }n:O
has the property (2) when k¥ = 1 (mod 4).
We only state the corresponding results for m = 3 and m = 6. Let

a’® + 3¢?
-0
a and ¢ be of the same parity, ac# 0, a# *¢, *3¢c. Then the following integral
sequences have the property (2):

w v, + CU,N® . _
{Sn} 0 ={'—2—} if k 1 (mod 3),

ecelZ, b=

then the integral sequence

celZ, b=

I

n= n=0
w v, + 3cu,\” . _
{8”}n=0 = {_——_Er__—}n=o if Kk =1 (mod 6).
REFERENCE
1. L. Somer. 'The Generation of Higher-Order Linear Recurrences from Second-
Order Linear Recurrences." The Fibonacei Quarterly 22, no. 2 (1984):98-
100.
*0000
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MULTILEVEL FIBONACCI CONVERSION AND ADDITION

P. LIGOMENIDES and R. NEWCOMB
University of Maryland, College Park, MD 20742
(Submitted March 1982)

|.  INTRODUCTION

Recently we have been making studies [l, 2] on the Fibonacci number system
that appears to be of considerable importance to the Fibonacci computer [3]. A
specific result that appears to be of particular interest is that through mul-
tilevel coefficients on a Fibonacci radix system, efficient extension of repre-
sentations can occur. For example, through a ternary coefficient system, a
doubling of the range with half the number of digits over a binary system has
been shown, while in fact allowing a restriction to only even-subscripted Fibo-
nacci numbers in the radix [1]. Consequently, further investigation of various
other properties and extensions has seemed warranted. This has led us to our
present studies which indicate that the Fibonacci computer may have added fea-
tures, over those of redundancy for error detection and correction already re-
ported [4]. One such added feature lies in efficient processing techniques
with these being based upon the conversion of numbers into special forms, in-
cluding even- and odd-subscripted Fibonacci radix systems. With this in mind,
we develop in this paper several new Fibonacci number representations, in par-
ticular even- and odd-subscripted ones, a signed ternary one, and conversions
between them. These ideas are developed in Sections II and III. In particular,
we give the details of conversions among the various ternary Fibonacci radix
representations.

For reference purposes, we recall the defining recursion relation of the
Fibonacci numbers [5]

F, =F,  +F;,_,, Fy =0, F; =1. (1.1)
At times we will use this expressed in the alternate form F; = F; ,-F;,_ ;. 1If
M=F ., - 2, then any nonnegative integer N, O S N < M, can be expanded in a
Fibonacci representation using (m - 1) binary coefficients on the Fibonacci
numbers as a complete base or radix set. Previously, we have shown how these
expansions can be made in terms of some ternary and quaternary coefficient sets
[1]; we will extend these latter expansions here as needed for conversions and
arithmetic operations.

11. BINARY TO MULTILEVEL CONVERSIONS

Let an Unsigned Binary Fibonacci Representation, UBFR, be

N = E b:F;, b: = {0, 1} (2.1)

in the range (0, M), where
m
M =j§2Fj =F,., - 2.

Such a representation can be derived for a given number N using the conversion
algorithm previously presented [2].
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MULTILEVEL FIBONACC! CONVERSION AND ADDITION

An Unsigned Quaternary Fibonacci Representation using only even-subscripted
Fibonacci numbers, UQFR., is derived by the following formula [1]:

G3; = Doy 1 + b,; - boiia (2.2)

gs, € {-1, 0, 1, 2}, < =1, 2, ..., k,

where

and

m k
N=2 biF; =3 q5;F,y;- (2.3)
Jj=2 i=1

The even-subscripted coefficients g;, take four possible values according to
the conversion Table 2.1. As is known, see [1], several Unsigned Ternary Fibo-
nacci Representations, UTFR, exist. Two of these that use only even-subscripted
Fibonacci numbers, called UTFR.{-1, 0, 1} and UTFR.{0, 1, 2} may be derived from
Table 2.1 by applying (l1.1) on a UBFR, and thus eliminating either case 6 or
case | by a prior conversion of the UBFR into the "minimum,'" UBFR(min), or the
"maximum," UBFR(max), form respectively [6]. Of these two ternary representa-
tions, the one derived from the UBFR(min) is of particular interest because it
allows positive-to-negative number conversion by a simple form of complementa-
tion, namely -1 <+ 1 and 0 <= 0. In this Signed Ternary Fibonacci Representa-
tion, STFR.{-1,0, 1}, the sign of the number is determined by the sign of the
most significant nonzero coefficient [5, p. 56]. In the above, we note that
the binary representation of (2.1) holds only for nonnegative numbers; hence,
we have called it 'unsigned," as well as those representations coming from it
by the quaternary transformation (2.2). However, upon making the complementa-
tion just mentioned within a UTFR {-1, 0, 1}, negative numbers are contained
within the system, which we consequently have called ''signed" specifically to
point out its broader nature.

TABLE 2.1

Binary-to-Quaternary Coefficient Conversion

Case | bpso1  bog  baiy1 | Q2 = bogo1 + by - by

0 0 0 0

1 0 0 1 -1
2 0 1 0 1
3 0 1 1 0
4 1 0 0 1
5 1 0 1 0
6 1 1 0 2
7 1 1 1 1

Thus, the UBFR(min)-to-STFR.{-1, 0, 1} conversion is simply effected by

to; = by oy + Dy - boiir (2.4)
in the relation .
m
V= biF; = 20 t5:Fy;s (2.5)
Jj=2 =1

1984] 197



MULTILEVEL FIBONACCI CONVERSION AND ADDITION

where k = [(m+1)/2] is the integer portion of (m+ 1)/2. The range now becomes
(-M, M), where M = F, ., - 2 = F, ., - 2 when m is even.

The complete odd-subscripted Fibonacci representations may also be derived
easily from a UBFR, in a manner analogous to the one discussed above for even
subscripts. Indeed, a UBFR-to-UQFR,{-1, 0, 1, 2}, as also the UBFR(min)-to-
UTFRy{-1, 0, 1} and UBFR (max)-to-UTFR,{0, 1, 2} conversions, are all effected
simply by almost identical conversion formulas [subtract '"onme" from all 7 sub-
scripts in relations (2.2) through (2.5)]. Again notice that the complementa-
tion operation -1 <+ 1 and O <> 0 allows for the positive-negative conversion,
and thus provides the STFR,{-1, 0, 1}.

I13. TERNARY CONVERSIONS AND ADDITION

In this section, we will discuss techniques for conversion between several
ternary representations, the ones of interest being the full-, STFRE{—l,O, 1},

n
N =J§l tF (3.1a)
the even-, STFR.{-1,0, 1}, .
W= 3 t95Fs (3.1b)
L=1
and the odd-, STFR,{-1,0, 1}, tk
N = ; tZi—lFZi—l (3.1C)
=1

subscripted representations. In all cases, the coefficients ¢, tf, t; are in

the set {-1,0, 1}.
Before discussion of the actual conversions, we show their use in terms of
addition.

A. Ternary Addition

Addition becomes a very simple matter if we assume the availability of num-
bers in the full-, even-, and odd-subscripted ternary representations of (3.1).
Thus, let two numbers I; and N, be given, one in the even- and the other in the
odd-subscripted form:

k K
[s]
Ny = 2 toF,; and N, = 2: tog1Far-1s
i=1 =1

then their sum has the full representation with

t;, J = even,
tJ- = (3.2)
t, 4 = odd.

That is, addition (and with it subtraction, because of readily executable com-
plementation) occurs through the interleaving of the digits of the numbers be-
ing summed. The process, as illustrated in Figure 1, is especially convenient
for hardware implementations.

B. Full- to Even-/0dd-Subscript Conversion

As seen by the addition technique just discussed, it is convenient to be
able to convert numbers from a full-subscripted form to a form using only even
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MULTILEVEL FIBONACCI CONVERSION AND ADDITION

Even Converter

k
_— _Ze
Nl Nl - izltzini

\
Fy | Fy | Py | Py | Fs | Fg | e | Fopoq | For 0, + 1,

k
_ o
, Ny ‘Z:ltzi-lei-l

0dd Converter

FIGURE 1. Ternary Addition

subscripts as well as to one using only odd subscripts. As the principles are
identical for obtaining the odd-subscripted form, we will concentrate here on
obtaining the even one.

Thus, let there be given a full-subscripted ternary representation. By
substituting for odd-subscripted Fibonacci numbers
Fogon = Fog = Foys (%)
and writing k = [(n+1)/2] for the integer part of (n+1)/2, we obtain:

7 K k
W= 3 tF = Doty Fos + 2ty 1 (Fyy = Fogyp) (3.3a)
ji=1 =1 =1
k
= 2 (bpp i + by =ty )F e (3.3b)
izl

Here we again assume ¢; = 0 for j <1 and j > n. Thus, the coefficients

e
tS, =ty 4 ¥ty -t (3.3¢)

are those of an even-subscripted representation. However, if (3.3c) were to be
applied directly to an arbitrary full-subscripted representation, it would lead
to an even-subscripted representation with coefficients in the range of inte-
gers {+3, 2, #1, 0}, i.e., a septenary rather than a ternary onme. Table 3.1
shows these 3% = 27 possibilities, where the fourth column gives the result of
applying (3.3c) directly. As is seen in Table 3.1, there are eight possible
out-of-code (i.e., nonternary) cases. In each out-of-code case, though, a pre-
liminary preparation will bring the relevant coefficient back into code, the
necessary preparation transformations being given in the final column of Table
3.1. That is, by making an appropriate substitution via a Fibonacci number
identity in the original full-subscripted representation, an out-of-code con-
verted coefficient can be brought back into code. Since some of the prepara-
tion transformations affect neighboring coefficients which could be brought
out-of-code after transformation, it is necessary to continue the preparation
until all coefficients become ternary when (3.3c) is finally applied. Since

27+ 1
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MULTILEVEL FIBONACC! CONVERSION AND ADDITION

TABLE 3.1

Full- to Even-Subscripted Conversion*

(t3 = toioq + Ty = torer)
Revert
to
y e
Case s n ty, Cosen t,, Case By

1 0 0 0 0 Preliminary Preparation
2 1 0 0 1 Transformations

3 -1 0 0 -1

4 0 1 0 1

5 0 -1 0 -1

6 0 0 1 -1

7 0 0 -1 1

8 1 -1 0 0

9 -1 1 0 0

10 1 0 1 0

11 -1 0 -1 0

12 0 1 1 0

13 0 -1 -1 0

14 1 1 1 1

15 1 -1 1 -1

16 1 -1 -1 1

17 -1 1 1 -1

18 -1 -1 -1 1

19 -1 1 -1 1
20 1 1 0 2 6 Fos 1 ¥ Fyp = Fppin
21 -1 -1 0 -2 7 Foror = Fyy = P
22 1 0o | -1 2 5 Fpiiqg = Fpruy = =F,;
23 -1 0 1 -2 4 “Fog1 ¥ Fogpn = Fyy
24 0 1 -1 2 3 Foir = Foger = ~Foi g
25 0 -1 1 -2 2 Fo, + Fppy = Fo .
26 1 1| -1 3 1 Fpy oy #F, = Fy =0
27 -1 -1 1 -3 1 P, - F, +F, =0

*For a full- to odd-subscripted conversion, all subscripts are shifted
down by one in the table entries.

each preparatory transformation reduces by at least one the number of nonzero
ternary coefficients in the full-subscripted representation being converted,
successive applications of the preparatory transformations eventually will lead
to a termination with only ternary tgk calculated according to (3.3c). It
should be noted that preparatory transformations can be applied simultaneously
to nonoverlapping strings of three consecutive coefficients, but that simul-
taneous application to overlapping strings should be avoided.

As an example, consider (see Table 3.1 for case numbers):

N=-3=(F -F) +F, - (Fg - F,) + Fy - F,, cases 22 & 23 (3.4a)
=-F,+F, +F, + (F8 - Fg), case 24 (3.4b)
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MULTILEVEL FIBONACC| CONVERSION AND ADDITION

=-F, + F, + (Fg - F;), case 24 (3.4c)
=-F, + (F, - F.), case 24 (3.4d)
=-F, - F, (3.4e)
= -F,, by Eq. (1.1) (3.45)

The ripple effect of the preparatory transformations is well-exhibited by this
example.

~ It should be noted that none of the ternary representations of (3.1) need
be unique, for example:
W=4=F, -F, +F;, =F,+F =-F, +F =-F +F, =F - F,+ F.. (3.5

Conversion from full- to odd—subscripted representations uses identical
techniques, the only difference being that one is subtracted from the indices
in (3.3c).

C. Even-/0dd-Subscript Conversion

The conversion of an odd~ to an even-subscripted representation, or vice
versa, is really a special case of the full- to even-subscripted, or odd-sub-—
scripted conversion. Thus, Table 3.1 applies. However, since the Z,; = 0 in
the present case of Table 3.1, only 32 = 9 of the cases occur with only two of
these requiring preliminary preparation. This is illustrated in Table 3.2,
where, also, in columns 2 and 6 we give the possible range of adjacent coeffi-
cients. In the two cases requiring preliminary preparation, we can actually
carry out the adjustment after application of the conversion formula (3.3c¢c) by

using 3F, = F;_,+7F;,, [5, p. 59] for the replacement

2F, =3F, - F, =F, , - F, +F,

7 i+2°

(3.6)

It is seen in the three right-hand columns of Table 3.2 that adjacent coeffi-
cients are brought back into code. However, if two adjacent coefficients would
become out-of-code by application of (3.3c), then (3.6) should only be applied
to one of them so that the correction will remain in code. An example will
illustrate this technique:

N=-24=F, -Fs+F, - Fg, given (3.7a)
= b *
= -F, + 2F, - 2F  + 2F, ~ F,, y (%) (3.7b)
=~F,+ (F, - F, + Fo) = 2F; + (Fg = Fg + F ) = Fiy> by (3.6) (3.7¢)
= -F, - Fy. (3.7d)

This last also results from one preliminary transformation on the given repre-
sentation using Table 3.1.

In the case of even- to odd-subscripted conversions, or vice versa, it is
seen that the "ripples" associated with the preliminary preparations can be
avoided by one cycle of application of (3.6) after the use of (3.3c).

IV. Discussion

Conversion between several Fibonacci number representations has been dis-
cussed here with special emphasis upon those representations which appear most
useful for multivalued logic realizations of the Fibonacci computers. Of spe-
cial interest along this line is the addition technique that is seen, via Fig-
ure 1, tobe a simple matter of register loading when even- and odd-subscripted
ternary representations are on hand. Besides this rather considerable advan-
tage of the ternary Fibonacci representations, it is clear that they also
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MULTILEVEL FIBONACC! CONVERSION AND ADDITION

TABLE 3.2

0dd to Even Conversion Table
(for Even to 0dd, interchange t® and t¢°)

o T t5; /tgi-fl\ Followed by (3.6) to give:

e _ 40 o e e e
Cases tri_2 = tTp;-1 — T4 toi+2 toi-2 to; tois2

-1 -1 -2
-1
0 0

conveniently allow numbers and their negatives to be represented without use of
negative subscripts. The negative of a number is easily formed by the inver-
sion of each coefficient in any ternary representation, also an advantage for
hardware implementations using three-state devices or two-bits per cell binary
equivalents [7]. Ternary Fibonacci representations also allow the sign of a
number to be determined conveniently by observation of the most significant bit
as mentioned in Section II.

The "ripples" that occur in the preliminary preparation transformations of
Table 3.1 should be investigated for minimization and hardware implementation,
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as well as for interfacing the Fibonacci processor with conventional binary
processors and trade-offs between the two kinds of processors.

1.
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SUMS OF FIBONACCI NUMBERS BY MATRIX METHODS

M. C. ER
The University of Wollongong, Wollongong 2500 N.S.W., Australia
(Submitted August 1982)

Recently, Kalman [2] derives a number of closed-form formulas for the gen-
eralized Fibonacci sequence by matrix methods. In this note, we extend the
matrix representation and show that the sums of the generalized Fibonacci num-
bers could be derived directly using this representation.

Define k sequences of the generalized order-k Fibonacci numbers as shown:

. k .
gn1=.zlcjg;_j,forn>03nd1<i<k, (1)
i

with boundary conditions

1, 7 =1-mn,
gt = for 1 -k <n<O0,
n .

0, otherwise,

where c;, 1 < J € k, are constant coefficients, and g;i is the n*" term of the
ith sequence. When k = 2, the generalized order-k Fibonacci sequence is reduced
to the conventional Fibonacci sequence.

Following the approach taken by Kalman [2], we define a k xk square matrix

A as follows:

(e, e, e5 +uv cpn ckT
1
0 1

4 = 0 1 0 0
0 0 0 ...0 0
L 0 ... 1 i

Then, by a property of matrix multiplication, we have

[g’f*“l AR gj—k+2]T = A[Q;f gi . ... 9§-k+l:|T. (2)

To deal with the X sequences of the generalized order-k Fibonacci series simul-
taneously, we define a kx k square matrix G, as follows:

1 2 k
g, g2 g’
1 2 k
gn—l gn—l A gn—l
G, =
1 2 k
gn-k+1 gn—k+1 gn—k+1
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Generalizing Eq. (2), we derive

G, = 4G,. (3
Then, by an inductive argument, we may rewrite it as
Gpeq = A7G,. (4)

Now, it can be readily seen that, by Definition (1), @
We may thus rewrite Eqs. (3) and (4) as shown:

Gpir = G1G, = GG, (5)

In other words, ¢, is commutative under matrix multiplication. Hence, we have:

, = 4; therefore, G, = A",

Grvi = €, g+ g%, for 1 <1<k -1,

gk =c, 9;- (6)

More generally, we may write Eq. (5) as Gpt+e = GnG,. Consequently, an element
of (.. is the product of a row of G, and a column of G,:

k .
z = J T
gr+c h _Elgrgc—j+l'
i=

In particular, when » = ¢ = n, we have G,, = Gi; this provides us with a means
of evaluating G, in an order of log,n steps.

To calculate the sums §,, n 2 0, of the generalized order-k Fibonacci num-
bers, defined by

n
5, =295 @)
1=0
let B be a (k+ 1) x (k+ 1) square matrix, such that

1 0 0...0

=

B=|0 A
0 ,

Further, let E, also be a (k+ 1) x (k+ 1) square matrix, such that

1 0 0...0]
Sn—l

E% = n-2 GH
Sn—k

Then, by Eq. (6) and

Sn+1 = 92+1 + Sn’ (8)
we derive a recurrence equation
B,y = E,B. 9
Inductively, we also have
E, 1= ElB". (10)
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Since S5_; =0, 1 << < k, we thus infer F, = B, and in general, E, = B™. So,
from Egqs. (9) and (10), we reach the following equation:

E,, =EFE =EE (11)

n+1l n-1°

which shows that Z, is commutative as well under matrix multiplication. By an
application of Eq. (11), the sums of the generalized order-k Fibonacci numbers
satisfy the following recurrence relation:

S,=1+2 5, .. (12)

Substituting S, = gi + Sn_l, an instance of Eq. (8), into Eq. (12), we may ex-—
press gi in terms of the sums of the generalized order-k Fibonacci numbers:

k
gi =14+ 28, ;. (13)
=2
When k = 2, this equation is reduced to
g; =1+5,_,.

If ¢, = ¢, = 1, we derive the well-known result [1]:

n-2

F, =1+ 3 F,, (14)
=0

where F, is the n'™™ term of the standard Fibonacci sequence. Equation (14) is

also apparent from the Fibonacci number system viewpoint. Let

W={by ... bbb}

be a bit pattern, where b; is either 0 or 1 associating with a weight F,. Thus,
by an analogy of the binary number system, any natural number N may be defined
as

where m is sufficiently large. Since
1
Sn = Z Fi’
i=0

the bit pattern of 3, consists of (n + 1) 1's, that is, {l}z. By Zeckendorf's
theorem [1, p. 74], the bit pattern can be normalized to a pattern made up of
1's at b,,,_;, where 7 is odd, and 0's at other positions. If a 1 is added to
this pattern and, after the same normalization, the whole bit pattern consists
of a1l at b,,, and 0's at other positions; the value is clearly equal to F
By induction, Eq. (14) holds.

Further, Eq. (11) could be generalized to E,,, = E,E,. 1If v = ¢ =n, we
have E, = Ei. Thus, E, may be evaluated in an order of log,n steps, too.

n+2°
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1. INTRODUCTION

In many communication and signal-processing systems, desired signals (se-
quences) are embedded in noise. Linear filters have been the primary tool for
smoothing or recovering the desired signal from the degraded signal. Linear
filters perform particularly well where the spectrum of the desired signal is
significantly different from that of the interference. In many situations,
however, the spectrum of the signal and of the noise are mixed in the same range
and the performance of linear filters is very poor. Median filters can be used
to circumvent these problems. Tukey [1] is generally credited with the idea of
introducing nonlinear filters based on moving sample medians of the input sig-
nal. 1In this paper, we do not address the filtering problem, but we analyze
the signal (sequence) set of median filtered binary sequences. To best explain
the goal of this paper, the implementation of the median filter is described
first.

To begin, take a binary sequence of length »n; across this signal we slide

a window that spans 2s - 1 samples of the binary sequence, for s = 2, 3,
At each point of the sequence, the median of the samples within the window of
the filter is computed and the output of the filter at the center sample is set
equal to the computed median. To account for start-up and end effects at the
two endpoints of the n-length sequence, s - 1 samples are appended to the be-
ginning and end of the sequence. The value of the appended samples to the be-
ginning is equal to the value of the first sample; similarly, the value of the
appended samples to the end of the sequence equals the value of the last sample
of the sequence. Figure 1(a) shows a binary signal of length 10 being filtered
by a filter of window of size 3. The filtered signal is shown below. The ap-
pended samples are shown as crosses (X). Figure 1(b) shows the same sequence
filtered by a filter of window size 5. TFigure 1(c) shows similar results with
a larger window. An interesting observation is that there exist sequences that
are not modified by the median filter. Moreover, it has been shown that any
finite input sequence, after repeated median filtering, will be reduced to one
of these invariant sequences [2]. A sequence that is not modified by the fil-
tering process is called a "root" sequence. The following theorem provides the
upper bound on the number of successive filter passes necessary to reduce an
input sequence to a root sequence [2]:

Theorem

Upon successive median filter passes, any nonroot sequence will become a
root sequence after a maximum of (n- 2)/2 successive filterings, where n is the
sequence length.
If we observe the structure of binary root sequences, we can see that they con-

sist of identically-valued segments of at least s samples. These segments of
at least s consecutive equal-valued samples are called "constant neighborhoods."
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X e . . . FILTER INPUT

s e X

L 1 L 1 i1 | I j—
TR

WINDOW [5= 2 Left to Right ‘

L . . FILTER OUTPUT
| I USRS S N Y IS N I S )
(a)
. . o . FILTER INPUT

5= . .
c e e Ce e FILTER OUTPUT
| A S S I N R WO W s |
(®)
. . .. FILTER INPUT

X X X e o . . e e X X X
[N DRSUR NS SOOI RSO MU N Y N ST W S N W {

| WINDOW s |
S=4

FILTER OUTPUT

FIGURE 1. Signal Filtered by Three Different Median Filters:
(a) 8 =2 (b) 8 =3 (¢) S8 =4

Any sequence that does not consist only of constant neighborhoods will be modi-
fied by the filter. As an example, consider a window of size 3 (i.e., s = 2);
if a sequence contains the segment "...11011...," then, clearly, this sequence
will be modified when the window is centered at the "0" sample. 1In this case,
the shortest constant neighborhood we can have is two.

The problem addressed in this paper is concerned with the binary root se-
quence space of median filters. In particular, for a median filter of window
size 2s - 1, how many possible binary root sequences can we have for a given
sequence length? For instance, for a window of size 3 and sequence length 4,
the only possible root sequences are:

sequence 1 0000
sequence 2 0001
sequence 3 1000
sequence 4 1100
sequence 5 0011
sequence 6 0110
sequence 7 1001
sequence 8 1110
sequence 9 0111
sequence 10 1111

There are only 10 possible root sequences of length 4, compared to 16 possible
binary sequences we can obtain if no restriction is imposed on the sequences.
Thus, for a particular window size and sequence length »n, we are interested in
finding R(n), the number of possible root signals.
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2. TREE STRUCTURE FOR A WINDOW OF SIZE THREE

Consider a window of size 3 (s = 2). As mentioned above, the minimum con-
stant neighborhood for this filter is 2. Now, Let us build a root signal (a
signal that will not be modified by the filter). The first sample can take any
arbitrary values; for purposes of illustration, let us choose the first sample
to be a "0." Next, for filtering purposes, we append a sample to the left of
the first "0" sample. So far the sequence is "00" (appended + root sequence).
The second sample of the sequence can be either a "0" or a "1." Let us pick a
"1" for the second sample; the entire sequence is now: "001." The third sam-
ple of the root sequence (fourth of the entire sequence) is of decisive impor-
tance; if we let it be a "l1," the entire sequence would consist of two differ-
ent constant neighborhoods satisfying the property of being invariant to the
filter. On the other hand, if we let the third sample be a "0," then a non-
allowed structure occurs and the resultant sequence would be affected by the
filter. Figure 2 shows every allowable path that the root signal can take,

D )

first digit second digit

|
1 |
| |
I |

third digit

FIGURE 2. Tree Structure for a Filter of Window Size 3

These paths branch in a tree structure fashion. If we take a close look at the
tree structure, we can distinguish that sections of the tree repeat themselves
as the tree propagates. This observation gives us the concept of the existence
of discrete states. As is shown next, this is in fact true. These states are
shown in Figure 2 and are denoted 4, B, C, and D. Each state is determined by
a sequence to two consecutive digits; for the filter of size 3, these states
are:
4 =10, 0}, B={0, 1}, ¢ = {1, 0}, D ={1, 1}.

Figure 2 shows how these states propagate as the sequence length increases.
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Each state will generate other states; this can be seen in Figure 3, where a
state transition diagram shows the state propagation. Notice that states B and
C have only one allowable path. The nonallowed path is denoted by the "sink'
in Figure 3. State A generates another state 4 plus a state B, state B gener-—
ates a state D only, state ( generates a state 4, and finally state D generates
a state D and a state C. Notice that the pattern of growth is predictable, in
other words, given the number of states 4, B, C,D at a given stage of the tree,
we can predict the number of 4, B, C, D states at the next stage. Let n denote
the nth stage (root sequence of length #), and let A(n) be the number of A states
that the tree structure has at this nth stage. From the properties of the
states, previously mentioned, we can write:

An + 1) = An) + C(n) (1)
B(n + 1) = A(n)

Cn+ 1) = D)

D(n + 1) = D(n) + B(n).

sink

State Diagram
Window = 3

FIGURE 3. State Diagram for a Filter with Window Size 3

Refer to the tree structure in Figure 2 and randomly select any stage, say stage
3. At that stage, we have two A states, two D states, one C state, and one B
state; a total of 6 states (6 branches or possible roots). For a sequence of
length 4, we have 10 states (or 10 possible root sequences). In general, the
number of root sequences at the »n stage is simply

R(n) = A(n) + B(n) + C(n) + D(n), (2)
and at the n + 1 stage is
Rn+1) =4A(n+ 1) + Bn+ 1) + C(n+ 1) + D(n + 1).
Replacing (1) into (2), we obtain the recursive expression for R(n + 1):
R(n + 1) = 24(n) + 2D(n) + C(n) + B(n), (3

with the initial conditions A(2) = B(2) = C(2) = D(2) = 1. Using this expres-
sion, a recursion table for the number of different states and number of roots
is obtained and shown in Table 1.

Although the recursion table gives us a way to obtain the number of roots
at any sequence length, a closed form solution for R(n) is more desirable. From
(3) and (2), we obtain

R(n + 1) = R(n) + A(n) + D(n), (4)

but, referring to the state diagram,
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TABLE 1

Recursion Table for R(n), Window = 3

Sequence
Length n | A(n) | B(n) c(n) D(n) | R(n)

2 1 1 1 1 4
3 2 1 1 2 6
4 3 2 2 3 10
5 5 3 3 5 16
6 8 5 5 8 26
7 13 8 8 13 42
8 21 13 13 21 68
9 34 21 21 34 110
10 55 34 34 55 178
11 89 55 55 89 288

An) = A(n - 1) + C(n - 1),
and,
D(n) =D(n - 1) + B(n - 1).

Replacing these expressions for A(n) and D(n) into (4), we obtain
R(n+ 1) = R(n) + R(n - 1).

We have obtained a difference equation for the number of roots of a binary se-
quence for a filter with window size 3 and initial conditions

R(1) =2 and R(2) = 4.

The solution is simply R(n) = 2F(n + 1), where F(n) is the Fibonacci sequence

F(n) = ~‘/l_5~[<—1-+2—‘/§>n - (1—_2‘/—_2)n], forn =2 1.

3. TREE STRUCTURE FOR THE GENERAL WINDOW

Let us see what happens if we increase the window size to 5; later on we
will generalize the window size to 2s - 1. For this window, the minimum con-
stant neighborhood length is 3. By using the same procedure as before, we ob-
tain a tree structure for this size window and it is shown in Figure 4. The
difference between the tree structures for the filters of size 3 and 5 is that
for the latter we have two similar states B and two similar states (. For the
filter with window size 5, the states are specified as follows:

4 = {0, o, 0}, B1 = {0, 0, 1}, B2 = {0, 1, 1},
c1 = {1, 1, 0}, ¢2 = {1, 0, 0}, and D = {1, 1, 1}.

The similarity between states (1 and (€2 is that both sequences start a neigh-
borhood of value "0," the difference is in that (1 is a delay state (will gen-
erate a state (2 only). Similar observations can be made for states Bl and B2.
Figure 5 shows the state diagram for the filter of size 5, and the delay states
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FIRST DIGIT ~ DIGIT2 ~ DIGIT3 ~ DIGIT4" DIGITS

FIGURE 4. Tree Structure for a Filter with Window Size 5

can clearly be seen there. From the state diagram, we obtain the recursive
expressions:

An) =An - 1) + C2(n - 1) (5)

Bl(n) = A(n - 1)

B2(n) = Bl(n - 1)

Cl(n) = Dn - 1)

C2(n) = Cl(n - 1)

D(n) =D(n - 1) + B2(n - 1).

As before,
R(n) = A(m) + Bl(n) + B2(n) + C1(n) + C2(n) + D(n). (6)

State Diagram
Window = 5

FIGURE 5. State Diagram for a Window of Size 5
Substituting (5) into (6), and after some manipulations, we find that
R(n+ 1) = R(n) + R(n - 2). (7

Naturally, for a given sequence length, the number of roots decreases as we
increase the window size. We have seen that, if we increase the window size,
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only delay states are added to the state diagram. Although by following the
same procedure we could obtain the difference equation for larger window sizes,
a general recursive expression for a general size filter is a more convenient
result. This relation will be obtained next.

Figure 6(a) shows a state diagram for a filter of arbitrary window size
2s — 1. The dotted line separates the diagram in odd symmetric parts. The odd
symmetric correspondence is not only in a position sense, but in the multipli-
city of the given states also (i.e., # of Bl states = # of (1 states, etc.).
States Bi and (7 are delay states (each C7 or B state will be transformed into
only one other state as we move along the diagram). On the other hand, states
4 and D not only have the previous property, but, also, they will generate an-
other state of their own kind. Hence, for this 2s - 1 window size filter, the
number of roots is

R(n) = A(n) + Bl1(n) + B2(n) + «-- + B[s - 1]1(n) (8)
+Cl(m) + C2(n) + -+- + Cls - 11(n) + D(n),
and
A(n) = D(n)
Bl(n) = A(n - 1)

B2(n) = A(n - 2) 9

Bls = 11(n) = A(n - [s = 1])
Cl(n) = Bl(n)
C2(n) = B2(n)

Cls - 11(n) = Bls - 11(m).

Therefore, R(n) can be represented in terms of a recursion relation of the 4
states only. Tt is dimportant to recall that s is the minimum constant neigh-
borhood for a window of size 2s - 1. We find that R(n) can be written as

s-1
R(n) =22 4(n - 1). (10)

=0

Let us now describe some properties of the multiplicity of 4 states. Refer to
the state diagram for the general window size filter, Figure 6(a). Think of
the state diagram as describing the propagation of particles in space. [Par-
ticles in Figure 6(a, b, c¢) are shown as X's.) A particle at point 4 represents
a state A; if at a given time there would be 5 particles at point D, this would
imply that there would be 5 states D, and so on. At a sequence of length 1, we
have 1 state 4 and 1 state D; this is shown in Figure 6(a). Increasing the se-
quence length to 2, state will generate another state A and also generates a
state Bl. Similarly, state D generates a state D and also a state Cl. As we
can see in Figure 6(b), with a sequence of length 2, the number of states is
the same as it was at a sequence of length 1. The states generated at point D
move toward point 4; this process goes on until the first state generated at
point D gets to point A. As we can see in Figure 6(c), when the first particle
generated by D reaches the 4 point, a particle in point 4 not only generates a
new state 4 by itself, but also, it receives another state from the particle
that has propagated from state 4 along points C1, C2, ..., C[s - 1]. 1In other
words, point A has to wait s discrete intervals until the number of states in
that location increases by the number of particles at point D, s intervals ago.
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ces-1

sink

(a) Signal Length = 1
Particles (X) at points A and D.

cs-1 €(s-1)

¥ x xx 1

8(s-1) ct

(b) Signal Length = 2 () Signal Length = S+1
(sink omitted) (sink omitted)

FIGURE 6. State Propagation for a Filter with Window Size 2s - 1

Since the number of particles at the D point is the same as the number of par-
ticles at the 4 point at any time, the previous observation can be written as

An) =An -1) + A(n - n). (11)
Replacing (11) into (10), we find, after some manipulations, that
R(n) = R(n - 1) + R(n - 8) (12)

is the recursive expression for the number of root sequences of a filter with
window size 28 - 1, for any sequence length n. Letting

Rin+<-1) =x;(m, (13)
we can see from (12) and (13) that ‘
z,(n+ 1) = x,(n)
z,(n+ 1) =x,(n)
z,_,(n+1) =z,(n) (14)
x,(nm+ 1)

xy(n) + x,(n).
We can represent (l4) in vector notation as
X(n + 1) = AX(n), (15)
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where
X(n) = [x.(m), z,(0), «.., x ()17,

and where A is the bottom companion matrix:

[0 1 0...0 0 O

0 0 1 00 0
A=

0 0 0 01 0

0 0 0 0 0 1

1 0 0 0 0 0]

From (13), R(n) = {1, 0, 0, ..., 01X(n), where X(n) is the solution of (15),
X(n) = A" X(0), (17)

and where X(0) are the initial conditions obtained from the tree structure or
recursion table; hence,

F(n) = [1, 0, 0, ..., 0]A"X(0). (18)
The characteristic equation of the A matrix in (16) is obtained to be
A=At -1 =0, (19)

With the help of Sturm's theorem [3], we can show that (19) does not have re-
peated eigenvalues; hence, we can find R(n) from (18) as

E(n) = [1, 0, 0, ..., OJMD™ M ~*X(0), (20)
where M is the matrix that diagonalizes A as M~*AM = D. 1In this case,

A, 0 ...0
0 2

D=|: , (21)
0 As

and

1 1 1

YRS X

S g

=|. : : , (22)
}‘i_l }\2—1 Ass—l

where Ay, ..., A, are the s distinct eigenvalues of A. Replacing (21) and (22)
into (20), we obtain the general solution for R(n):

E(n) = [A1s Aps «--5 A 1M 71X(0).

L. CONCLUSION

We have developed atree structure for the root sequence set of median fil-
ters of binary signals. This structure has the characteristic that the number
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of branches it has at each stage is described by a simple recursive expression.
In the case of the filter with window= 3, the number of branches is related to
the Fibonacci sequence. 1In general, it is shown that the number of roots R(n)
for a sequence of length n and window size 2s - 1 is represented by the recur-
rence relation

R(n) = R(n - 1) + R(n - s8).
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Euler's integers are less known than the classic Eulerian numbers, though,
in figurate form, they appear since antiquity.®

First, we shall look at their origin and find their general expression;
then we shall establish some of their properties and give various combinatoric
applications. Several results may not have been published previously.

The notation of periodic numbers and the notion of arithmetic polynomials
will be useful tools.

I. GENERAL EXPRESSION OF EULER'S INTEGERS

Consider the infinite product
m(x) = (1 - x) (1 - 22) (1 - x%)...

which Euler encountered in relation to the problem of the partition of inte-
gers. For instance, he showed that the number p(n) of partitions of # into
integers, distinct or not, is generated by the function

=1+ Y p(m)x™.

'IT(?’L) n>0

1f we develop m(x) in series, we expect a priori to find increasing coeffi-
cients. But, surprisingly, all coefficients are +1 or -1, isolated in gaps of
zero coefficients, gaps which, on the whole, increase and tend to infinity. More
precisely,

T(@) =1 -2%- 2%+ 2%+ 2% - 2% - z%+ ... + g a%+ ... ¢))

The coefficients are pairwise alternately -1 and +1. In order to see the
behavior of the exponents, we shall examine some initial values of Euler's in-
tegers a,:

TABLE 1

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
an 1 2 4 7 12 15 22 26 35 40 51 57 70 77 92 100

r, O 3 @ 5 ® 7 ® 9 11 ®13 @15 @

The integers a, seem to follow a complicated law, since their rate of in-
crease oscillates. But if we form the differences A, = a,4+1 - a,, we see that
they are the integers for 7 odd, and the odd numbers (beginning with 3) for =
even. “

Now, we shall try to express the general term €,X¥  of the series (1) in a
simple form.

*The two kinds of Eulerian numbers £, and A(n, k) are defined by:

1 _ x" n o x+ k-1
coshx—ng)E” 7 and =z _l_k_gnA(n’ k)( Y )
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Definitions.

(1) A periodic number u, = [uy, U, ..., ux] is equal to the u; in the
brackets, such that ¢ = n, modulo k. So we represent a series of period k by
its k first terms. For instance, u, = [a, b] equals a or b, according to whe-
ther » is odd or even, and u, = [4, -1, 0] is the n'® term of the series 4, -1,
0, 4, -1, 0, 4, -1, 0,

(2) An arithmetic polynomial P(n) is defined only for positive integers
and takes only integer values. Contrary to an ordinary polynomial, some of its
coefficients are periodic numbers. Example: 3n? - [4, -1, Oln + [5, 71.

We shall admit the following theorem, easy to establish [1].
Theorem 1

For u; = [a, bl, 2 Uy = (a + b)n + [a - b, 0]

&0 2 ’
n 2 -
for ul = [a: b]i; E ui = (a + b)n + [Za’ 2b]n + [a b, 0] .
=1
Clearly,
1+ 1 _1 c 1
A’L' - 2 [l, 2] = 2[]-’ 2]7’ + 2[1’ 2]'

So we can calculate
n-1
an=1+ZAi
i=1

by Theorem 1. Paying attention in brackets to the difference in parity of n-1
and n, we find

1 3(n-1) + [0, 1]

a, = 1+% L1030 - D” + 14, 2)(n = 1) + [0, -1]

2 2 4 >

and, after simplification:
Theorem 2

The »nt? Eulerian integer is the arithmetic trinomial

_3n*+ [4, 2]n+ [1, O] _
n 8

where the double bars indicate the nearest integer.

> (2)

0+ 14, 21)]

Corollary

The general term of the series m(x) is

1.2
€n‘,)can= -1, -1, 1, 1]x8(37l + (4, 2]7L+[1,0])_

We define Euler's integers a, by Table 1, indefinitely extended by means
of the two arithmetic progressions mixed in A,, and then deduce (2). But we
have admitted (1) without proof, and so did Euler for ten years. In an article
entitled '"Discovery of a Most Extraordinary Law of Numbers in Relation to the
Sum of Their Divisors,' he said:
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I have now multiplied many factors, and I have found this progression.
. « . One may attempt this multiplication and continue it as far as one
wishes, in order to be convinced of the truth of this series. . . . A long
time I vainly searched for a rigorous demonstration . . . and I proposed
this research to some of my friends, whose competence in such questions I
know; they all agreed with me on the truth of this conversion, but could not
discover any source of demonstration. So it will be a known, but not yet
proven truth.

Nevertheless, he finally proved it in a letter to Goldbach (1750). 1In the
next century, various demonstrations were found, especially by Legendre [2],
Cauchy, Jacobi, and Sylvester.

I1. PROPERTIES OF EULER'S INTEGERS

First a quite simple question: What is the parity of the nth Eulerian inte-
ger? If one observes Table 1, it seems that the same parities reappear with
period 8. That is true, for

_3n+ 8%+ [4, 2](n +8) + [1, 0] _

an+8 8

a, + 6n + [28, 26]

whether 6n + [28, 26] is even. Likewise, we find:

Theorem 3
Modulo k, the Eulerian integer Ay = Auiyy OF Ay = Ay, s according to whe-
ther k is even or odd. Particularly,
a, = [1, 0, 1,1, 0, 1, O, O], mod 2;
a, = [1, -1, -1, 1, O, O], mod 3.
Now a more important question: Find a characteristic property of the inte-
gers a,. An integer N is Eulerian, if the equation in 7,

_9n? + [4, 2In + [1, 0]
v = 8

or 3n® + [4, 2]n + [1, 0] - 8V =0,
has an integer and positive root. Therefore, its discriminator
[2, 112 - 3[1, O] + 24N = [4, 1] - [3, O] + 24N = 24N + 1
must be a square. Conversely, if
24N + 1 = k2,
k has the form 3n + 2 or 3n + 1. But Eq. (2) gives
24a, + 1 = % + 3[4, 2]n + [4, 1] = 3n + [2, 1])2.

So NV is the ntP Eulerian integer.
Theorem 4

An integer N is Eulerian iff 24N + 1 is a square k?. Then its rank is [%]
(the greatest integer < k/3).

The integers a, have a second characteristic property, an arithmogeometric
one. If in (2) we distinguish 7 odd and n even, we have:

3k% - k

a) n=2k-1: a, = 3

=1, 5, 12, 22, ...;

220 [Aug.



EULER'S INTEGERS

2
b) 7n o= 2k: an=£§i—k=z, 7, 15, 26,

2 -k
The integers — 5 are the pentagonal numbers, known since antiquity, and

they count the dots of the closed pentagons below.

3k2 + k

The integers — also have a simple figurative signification: they count
the dots of the open pentagons. Therefore, we call them second-class pentag-

2
ék——:—E-for k=-1, -2, -3,

onal numbers. Note that we also get them by 5

Theorem 5

Eulerian integers and pentagonal numbers are identical.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 ...
o (O 2 () 7 15 26 (39 40 (D 57 (q0) 77 @100 ...

Do the integers a, satisfy a recurrence relation? Yes, for a, is an arith-
metic polynomial. We know [1] that such a polynomial a, of characteristics (d,
g, p) (we shall define this notion directly) verifies the linear recurrence
relation

{a - o901 - a9} =0,

the exterior braces meaning that in the developed polynomial each power a? will
be replaced by a,_;. For our trinomial a, of (2), the degree d = 2, the grade
g =1 (i.e., that n!' is the highest power with periodic coefficient) and the
pseudoperiod p = 2 (the least common multiple of the periods of the coeffi-
cients). So

{Q -0 -a»?r={1 -a-2%+ 2%+ a"* - a®} = 0.
Theorem 6
The Eulerian integers verify the recurrence relation.

+ 2a + a - a = 0.

- 2a n-3 n-u n-5

n-1 n-2

We know [1] that every arithmetic polynomial a, whose recurrence relation
is {F(a)} = 0 is generated by a rational fraction f(x)/F(x), where f(x) is of
lower degree than F(x). So the Eulerian integer a, is generated by a fraction

a j??? 57 = L4+ao+ 222 +52° + 7% + «o0 + g™+ -0,
-x)(l-zx

where f(x) is of degree 4 at most. Hence,

flx) =1 - 22 + 323 + x*.
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Theorem 7

Euler's integers are generated by the fraction
2

3 b
1 —a” + 3x” + 2 _ 1+ E: azn.
(1 ~2)(1-2x2)2 n>0

As application, we now shall see Euler's integers in relation to the Eule-
rian function 0, and the partitions.

I11. EULER'S FUNCTION o(n)

As usual, o0(n) indicates the sum of the divisors of the integer n. Hence,
0(8) =1+2+4+8=15,and o(n) = 1 + »n, iff n is prime. Descartes already
noted that o(mm) = o(n)o(m), iff n and m are relatively prime. The first val-
ues of o(n) are:

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
o(n) 1 3 4 7 6 12 8 15 13 18 12 28 14 24 24 31

With respect to this table, far prolonged, Euler observed: "The irregulari-
ty of the series of the prime numbers is here intermingled. . .. It seems even
that this progression is much more whimsical." Indeed the values of 0(n) pre-
sent an infinity of irregular oscillations. But Euler discovered an unexpected
law in their capricious succession.

Theorem 8

The function o(n) verifies the recursive relation
om) =o(n=-a)) +o(n-a, -on-ay) -on-a)+ - - (3)

with the convention

0 if k< O0.

The a; are Euler's integers and the signs alternate pairwise.

o(k) = { n if k = 0,

Example: o(7) = a(6) + o(5) - 0(2) - o(0) =12+6 -3 -7 =38,
Admire the master's ingenious demonstration:

Take the logarithmic derivative of the two members of (1) and multiply
them by (-x):

a4 a, _ as _ T

o e . 23 s a,x a,x ax ax _ @)

S B g m(x) )’

Develop in series the fractions of the first member:

y=x+ x*+ 24+ 2"+ 2+ 2+ 27+ 2%+ .
+ 2x? + 2x* + 228 + 22% + .
+ 33 + 35 + -
+ 4ot + bt + -
+ 5x° + -
+ 6x° +
+ 727 +
+ 82°% +

222 [Aug.



EULER'S INTEGERS

Hence;
y = oc(Dx + o(Dx? + o(3)x3 + -..

The identity 0 = -f(x) + ym(x) then gives:
0= - - 222 + 505 + 727
+o(Dx + o(xz? + 63Dz’ + o(b)z* + o(5)x® + 0(6)x® + o(7)x’
—o(Dx? - o(2)x® - o(3)z* - W)z’ - o(5)x® - o(6)x”
~o(Dx® - g(2)x"* - oDz’ - o(4)x® - o(5)x”
+o(D)x® + o(2)x’

+ 4+ + 4+ +

Relation (3) states that the coefficient of x” in the second member of the
preceding identity if zero. We see it clearly when we look at the coefficient
of 27 for example.

a(n)
n

The Series u =

1
We proved that the function Oéﬁ') increases and we shall see that it tends

to infinity with K.

Let Pl, P,y ..., P, be the prime numbers up to P,. Then
o(P;) 1 o(Py!) 1 1 1
——— =14+—=— and ——— (1+—)<1+——‘)--- (1+—).
B, P, Pl > P, P, P,
Hence,

(1) 1 1 1 1 1l 1l
- + — —_ e — ) = — - Y=+ == ...,
L o >L<1 P1)+L(1+P2)+ +L<1+Pr> > - 7+ >
the sums being taken from © = 1 to © = r. We know that }:—l—-> o with r, while
G(P!) a(k!)

B T -+ o with

7
the other sums converge. Therefore, -+ o with P, and also

k.

o(n)

What a curious series is u, = ! Obviously, u, = 1. It oscillates

irregularly—probably between 1 and 6 for n < 10'7—but it presents an initial
regularity: It has a relative extremum for each n < 62. The extreme example is
likely

n=22.380507c11+13+17+19+ 232931 = 0.998 x 107

with u, = 5999. It contains at once a decreasing series u(P;), which tends to
1, a constant series u(F;) =2, where E; is the kth Euclidean integer, increas-—
ing series wu(ak), which tend to finite numbers if k -+ o, and an increasing
series u(k!), which tends to infinity. Furthermore, uu, = u,u, if n and m are
relatively prime, and u,, < u,u, if not. For a prime P and an arbitrary inte-
ger k, u(Pk) < 2. While
U, = L, Ug 30240 4

the least known n for u, = 6 exceeds 1028 and the least »n for u, = 8 is gigan-
tic [3]. Descartes, Fermat, and others, assiduously searched for values of n
for which u, is an integer. All the found values, save 1 and 6, are multiples
of 4.

Perfect numbers can be defined by u, = 2. Euler proved that the only even
perfect numbers are the Euclidean integers p(p+1)/2,where p=2k*1-1 is prime.
Can an odd perfect number exist? Nobody knows. But we know that the order of
such an odd # would be at least 102°% [3]. The difficulty of this millenary
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question has been compared to that of the transcendency of m (previously, to
Lindemann's historical demonstration) or that of Fermat's open problem. More
generally:
Conjecture

For an odd 7, save 1, the number u, is never an integer.

Here are some initial values of u(k!), approached for k > 5:

k 1 2 3 4 5 6 7 8 9 10 -— 13 -——= 20 --- 30
u(kt) 1 1.5 2 2.5 3 3.36 3.84 3.95 4.08 4.22 --4.99 --5.52 --5.95

Generally, u, < u(k!) for n < k!. But never: 30240 < 8!, although u(30240) = 4
(found by Descartes) exceeds u(8!) = 3.95.

1V. PARTITIONS INTO DISTINCT OR UNRESTRICTED PARTS

Another Eulerian formula is strangely similar to (3). It concerns the num-
ber p(n) of partitions of n, into integers distinct or not, whose first values
are:

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
p(n) 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176 231

Theorem 9

The number of unrestricted partitions of verifies the recursive relation
p(n) =p(n - ay) +p(n -a,) -pn-ay) —pn-a,) + -
with the convention

_f1 if k=0,
p(k)‘{o if k < 0.

The a; are Euler's integers and the signs alternate pairwise.

This formula results directly from the fact, mentioned at the beginning,
that p(n) is generated by 1/m(x).

Is it not fabulous that two beings, so disparate as o(n) and p(n) (sum of
the divisors of # and number of its partitions) follow the same recursive law
(aside from a slight detail: o, =n, p, = 1)?

Could a similar recursive law exist, perhaps not linear, for the prime num-
bers P,?

Recently D. R. Hickerson found an interesting relation between the numbers
of distinct or unrestricted partitions [4]:

Theorem 10

The number p, of unrestricted partitions of n and the number g, of its par-
titions into distinct parts are related by

qn = pn - pn-2a1~ pn—2a1+ pn—2a3 + pn—za“ -
with the convention
_ {1 if k
P = o0 ifk
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The signs alternate pairwise.

Starting from the generating functions of p, and 0, ,we have established an
unexpected relation between them:

Theorem 11

The arithmetic functions p, and 0, are related by

On = alpn—a1+ azpn—az_ aapn—aa_ ahpn-a“-l- ’

with the convention

The signs alternate pairwise.
Conjecture

For n > 6, the function Lpn/VZ increases and Ip /n decreases. But

Lp Lp

—2% 5 1.44 and —g- <0.33,

V20
Hence,

61.44»/5 < D, < 2933 £or > 20. (4)
Remarks

1) An asymptotical value for p, was found by Hardy and Ramanujan:

2
e"\/Tn 22:51Vn
p o~ ~ .
n 4/3n 6.93n

Consequently (4) <s proved for wn great.

2) We know that the number of partitions of n into unrestricted parts is
2", 1if the order of the summands is relevant.
Example: For m =3 =1+2=2+1=1+ 1+ 1, this number is 22.

Therefore, D, < 2" for m > 2.

Theorem 12

Let gJ and qé,respectively, be the numbers of partitions of » into an even
or an odd number of distinct parts. If the integer »n is not Eulerian, g, = q,;
for a Eulerian integer a,, qgn = qén + [-1, -1, 1, 1], the periodic number be-
ing related to the rank 7 of g,.

Corollary
The number of partitions of an integer »n into distinct parts is odd iff

is Eulerian. Euler stated that this number equals the number of partitions of
7n in which all parts, distinct or not, are odd.
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The coefficient of ¥ is the same in the series
Q-2 (L-2)(L-x®) -+ = 1+ @+ e+ -or + cual + +on
and in the polynomial
(I-2)(A-22)(1=2%) -+ (1-a") =1 +cz+c,e® +--+ ca’ + " P@). (5

By developing the product (5) without reducing similar terms, we get, with
coefficient (+1), every x7 whose exponent appears as a partition of N in an even
number of distinct terms, and with coefficient (-1), each x¥ whose exponent ap-
pears as a partition of N in an odd number of distinct integers. Therefore,

Sy =4y = 4y~
But in (1), g, = [-1,-1,1,1] or O, according to whether N is Eulerian or not.
Remarks
1) Although Theorem 12 follows easily from identity (1), Legendre seems to

have been the first to state it [2].

2) Now the great gaps in the series (1) are explained: they simply signify
that generally an integer has as many partitions in an even as in an odd number
of distinct parts.

3) An odd g, is characteristic of Eulerian integers, as an odd On is char-
acteristic of squares or double squares. But the problem of the parity of p
is still open.

V. PARTITIONS INTO PARTS OF GIVEN VALUES

The following text of Euler shows with charming simplicity his enthusiasm
for his amazing formula (3). His integers seem to be still a little mysterious
to him.

We are the more surprised by this beautiful property, as we see no
relation between the composition of our formula and the divisors whose
sums concern the proposition. The progression of the numbers 1, 2, 5,
7,12, 15, ... not only seems to have no relation to the subject, but—
as the law of their numbers is interrupted and they are a mixture of
two different progressioms: 1,5, 12,22, 35,51, ... and 2,7, 15, 26, 40,
57, ...—it almost seems that such an irregularity could not exist in
analysis.

So Euler was surprised that a, takes its values from two progressions, tri-
nomials of the second degree. However, notwithstanding what he believed, one
often meets in analysis series of integers that take their values from several
polynomials: the arithmetic polynomials, which all have a generating rational
fraction and satisfy a linear recurrence relation. It is piquant to see that
such series occur, particularly in a question which Euler examined at length:
the partition into parts of given values [5].

Example 1

In how many ways can n identical objects be divided in groups of 12, 13,
and 17 pieces?

This is equivalent to finding the number j, of nonnegative integer solu-
tions of the equation
12¢ + 13y + 17z = n. (6)
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Those problems are solved by a general theorem, whose first part is due to
Euler:

Theorem 13

The number j, of nonnegative solutions of the diophantine equation
L, .
> ozt =n
i=1

with positive coefficients, is generated by the fraction

1 . n
=2 J.t"
(1 - %) (1 - %) ... (1-¢%) nA50 "

The function j(n) is an arithmetic polynomial, whose pseudoperiod is the least
common multiple of the a;, its degree » - 1 and its grade m - 1, m being the
greatest number of coefficients o; that have a common divisor other than 1 [1].

So, for Eq. (6), jn is an arithmetic trinomial whose characteristics are
(2, 0, 2652). More precisely, we know [1] that j, verifies a relation of the
form
2(12 x 13 x 17)j, = n? + (12 + 13 + 17)n + u,,

where u, is a number of period 12 x 13 x 17 = 2652,

You may think the 2652 components of the periodic number u, long to calcu-
late, and the expression of Jj, long to write. Not at all. The calculation of
U, is performed in an instant by the computer (with the program for the reso-
lution of a system of linear equations, which every computing center has) and

n? + 42n + 100(4, - B,)
5304

In =

where the periodic numbers

A, =[5, 21, 25, 17, -2, 17, 25, 21, 5, 30, 42, 42, 30]
and
B, = [-2, 17, 6, 17, -2, 0, 24, 17, 33, 17, 24, 0]

have, respectively, 13 and 12 components.
The error is at most 1, for

. | nn + 42) Il
In = 5304 .

Example 2

What is the number of solutions in nonnegative integers of the equation
x + 2y + 62 + 3 = 3n?
We have shown that this number is Euler's integer a,.
Note that a, has the characteristics (2, 1, 2), while, for the diophantine

equation
x+ 2y + 6z =n

the number of nonnegative solutions is, by Theorem 13, an arithmetic trinomial
of characteristics (2, 1, 6).
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THE GENERAL SOLUTION TO THE DECIMAL FRACTION
OF FIBONACCI SERIES

PIN-YEN LIN
1-7 Lane 21, Pu-Cheng Street, Taipei, Taiwan (106), R.O.C.

(Submitted October 1982)

1. INTRODUCTION

After Stancliff [1] noted that 1/89 can be represented as the sum of Fibo-
nacci Series, Long [2] and Hudson & Winans [l] also perceived that there are
some other numbers which can be represented as the sum of Fibonacci Series or
Lucas Series. Hudson & Winans [1] gave the solution of the series

3 107KEH Dy
L=1

= ot

Long [2] gave some particular solutions for the series
¥ (210 G+ D,
=0

and for
Y10y ke DL
i=0

In this paper, a method similar to that employed by Hudson & Winans is used to
obtain the general solution for all such series.

2. THE SERIES Y 107°C¢*D

i=1

F

ot

According to Hoggatt [4], the nth Fibonacci number and the n'h Lucas number
can be represented, respectively, by

p, - L[ B) - (55)). W
V5
and N
L = (L55) + (L55)" 2
Note that we have
L, + V5F, = 2'""(1 + V5)", (3)
and
L, - V5F, = 27" - V/5)". (4)

Using these, we obtain:

© . o« . az at
10k g Zlo—k(z+l)_l_[(l + \/3) _ (1 2/5) ]
1 i=1 V5 2

1=

(continued)
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o : Ly + VBE,\i (L, = V5F,\é
oo (5]

i=1 V5 2 2

f: 3 [(La + \/Epu>i <La - V5F, )1
CS0tvs\ 2 -0k )\ 2 - 10k ]

= 0
+r®4 o0 = ¥ p", Y r” converges to
n=1 n=1

2

Since r + »r iff ]PI < 1.

1 -
Consequently, for values of o and k for which the series converges, we have

4+ 10% - V5

ilo—k(i+1)t.’,. _
y ot
i=1 10%/5[4 + 10%% - 4+ 10%+ L, + L2 ~ 5F2]

4F,
4[10%% - 10% -1, + (-]

e (5)
102% - 10%« L, + (-1)®

Equation (5) agrees with (1.1) and (1.2) of [1] obtained by Hudson, noting
that (o + 1)/2 in (1.2) of [1] is a misprint and should read (a - 2)/2.
Using the same method, we have

3 _ . 2 . lok - L
.Z 1074 Py = 2k X - o (6
i=0 10%% - 10%+ 5, + (-1)
® . F
Z (_lo_k)1'+1Fai - — - a - (7)
=1 10°% + 10% <L, + (-1)
o . 2+10% + L
Z (_]-O_k)’l",.lLai = - e (8)
i=0 10%% + 10k, + (-1)*

(k, o, ©, n are integers).
We note that:

BAETAS (1 - JE)‘”

P2 - L[(l + \/§>2°‘ + (1 - \/5)2“ ) 2(1 + /5)"‘(1 - JE)“]
o =35\ T2 ) 3 2 :
o sEE - (1 +2\/5>2°‘ . (1 - \/§>2“ . 2<1 +2\/§>"<1 3 /5)"

L2 - 4(-1)%.

od

S LZ - 5F2 = 4(-1)°.
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3. SOME PARTICULAR VALUES FOR THE ABOVE SERIES
TABLE 1. Some Values of 3. 10_k(1+1)Fai
Z=1
o 1 2 3 4 5 6 7 8 9 10
1 L L 2 2
89 71 59 31
2 1 1 2 3 S 8 13 21 34
9899 9701 9599 9301 8899 8201 7099 5301 2399
L 1 2 3 S 8 13 21 34 55
3 998999 997001 995999 993001 988999 982001 970999 953001 923999 877001
89 144 233 377
800999 678001 478999 157001

TABLE 2. Some Values of Z 10"‘(””%1-
=1
o 1 2 3 4 5 6 7 8 9 10
K
A A R U TR
89 71 59 31
) 199 197 196 193 189 182 171 153 124
9899 9701 9599 9301 3899 8201 7099 5301 2399
1999 1997 1996 1993 1989 1982 1971 1953 1924 1877
998999 997001 995999 993001 988999 982001 970999 953001 923999 877001
3
1801 1678 1479 1157
800999 678001 478999 157001

TABLE 3. Some Values of Y. (-10)™**Vr
=1

o 1 2 3 4 5 6 7 8 9 10
K
L L L2 3
109 131 139 171
) 1 1 2 3 5 8 13 21 34
10099 10301 10399 10701 11099 11801 12899 14701 17599
1 1 2 3 5 8 13 21 34 55
1000999 1003001 1003999 1007001 1010999 1018001 1028999 1047001 1075999 1123001
3
89 144 233 377
1198999 1322001 1520999 1843001

231

1984]



THE GENERAL SOLUTION TO THE DECIMAL FRACTION OF FIBONACCI SERIES

TABLE 4. Some Values of ), (—IOYk(i+l)Lai

=0
(&4 1 2 3 4 S 6 7 8 9 10
k
" 21 23 24 27
109 131 139 171
2 . 201 _ 203 204 207 211 218 _ 229 247 276
10099 10301 10309 10701 11099 11801 12899 14701 17599
2001 2003 2004 2007 2011 2018 2029 2047 R 2076 R 2123
3 1000999 1003001 1003999 1007001 1010999 1018001 1028999 1047001 1075999 1123001
2199 _ 2322 2521 2843
1198999 1322001 1520999 1843001

4. EXTENSION TO GENERALIZED FIBONACCI NUMBERS

A general Fibonacci number can be represented as
TYL =aTn_1+an_2 with To = C, Tl =d. (9)
Long [2] has given the form of the general Fibonacci number as
7= <g_+ 2d - ca ><& + Va? + 4b>n + (g _2d - ca >< - Va2 + 4b)” (10)
n
2 oaZ ¥ b 2 2 aT¥ b 2

Here, if ¢ = 0, a =b =d =1, then T, can be reduced to F,, and if ¢ = 2,
a=»b=d=1, then T, can be reduced to F,,.
Using the above method, we obtain

S, + Va2 + 4bR, = 2" ™(a t Va2 + 4b)" (1)
where
a + Va2 + 4b Y a - Va? + 4bY"
Sp=\""7— ) +—7— (12)
B = 1 a + Va? + 4b>" _ (a = Va* + 4bY' (13)
* Va2 + 4b 2 2
Then we can get
c x 2d - ca
- . S2+10% - g5,) + LR
~k(i+1) _ 2 2 ¢
}:;010 Tt 10%% - 10% .+ 54 + o (1)
- * Oa (-b)
c 2d - ca
- RG] -5(2- 10X + 5,) + =R,
,Zo (-10) Tos = (15)
iz

10%% + 10% - 5, + (-b)°
for values of o and k with

(a + Va? + 4b

)a
2. 10% <L

or, equivalently, with
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Sy + VaZ ¥ &4BR,
<1 (16)
2 - 10k

As an example, if a =1, b =3, ¢ =2, d =15, some values of Sqs Ros Ty,

o D S, + RNV13

> (10) Ty » and ——?—lok— are shown in Tables 5, 6, and 7 for different
=0 .

o and k.

TABLE 5. Some Values of S,, Ry, Tq

sm\esa 1 2 3 4 5 6 7 8 9 10
S 1 7 10 31 61 154 337 799 1810 4207
R, 1 1 4 7 19 40 97 217 508 1159
Ty 5 11 26 59 137 314 725 1667 3842 8843

TABLE 6. Some Values of Y, 10‘k<i+l)Tai

=0
& 7 8
2 1 2 3 4 5 6
23 17
1 87 39

203 197 206 197 215
9897 9309 8973 6981 3657

2003 1997 1916 1997 2015 2006 2057 2069
3 1998997 993000 989973 969081 938757 846729 660813 207561

Sy + R,V13
TABLE 7. Some Values of —
2+10
AN 2 3 4 5 6 7 8 9

1 10.2303 0.5303 1.2211
2 10.0230 0.0530 0.1221 0.2812 0.6475 1.4911
3 10.0023 0.0053 0.0122 0.0281 0.0648 0.1491 0.3434 0.7907 1.8208
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AN EASY PROOF OF THE GREENWOOD-GLEASON EVALUATION
OF THE RAMSEY NUMBER R(3, 3, 3)

HUGO S. SUN and M. E. COHEN
California State University, Fresno, CA 93740

1. INTRODUCTION

In 1955, Greenwood & Gleason proved that the Ramsey number R(3, 3, 3) = 17
by constructing a triangle-free, edge-chromatic graph in three colors of order
16. Their method employed finite fields. This result was obtained later by
another method. Here, we give yet another method which can be called "group-
theoretical" or, merely, "adding binary codes."

2. THE METHOD

Consider the set of 16 binary codes {0000, 0001, 0010, 0011, ..., 1111}; if
we add them componentwise with 0+ 0=0, 1+0=0+1=1, and 1+ 1 =0,
then this set G under + is isomorphic to the elementary abelian group of order
16. Partition the 15 nonidentity elements into three sets Gy» G, G4 SO that
no two elements in any of the three sets add up to an element in the same set.
Then, we identify the vertices of a graph T with the elements of this group G.
We 3-color the edges as follows: join the vertices x and y by an edge of color
1 if x + y € G;; join 0000 with x by an edge of color 7 if x € G;.

3. THE CONSTRUCTION

Partition the 15 nonidentity elements into 3 sets:

G, = {1100, 0011, 1001, 1110, 1000},
¢, = {1010, 0l01, 0110, 1101, 0100},
G, = {0001, 0010, 0111, 1011, 1111}.

Obviously, no two elements in G; add up to be an element in (;. We thus obtain:

L. THE GRAPH

Using solid lines for color 1, dot-dash lines for color 2, and dotted lines
for color 3, the triangle-free, edge-chromatic graph in three colors of order
16 is shown in Figures 1-4.

5. EXTENSION OF THE METHOD

This method can be used to find the lower bound of other Ramsey numbers.
to this end, one first finds an appropriate group, partitions the group ele-
ments into several subsets, making sure that in each subset the product of two
elements is never in it. The sharpness of the bound depends on the choice of
the group.
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SOME ASYMPTOTIC PROPERTIES OF GENERALIZED FIBONACCI NUMBERS

A. G. SHANNON
The New South Wales Institute of Technology, N.S.W. 2007, Australia
(Submitted November 1982)

1. INTRODUCTION

Horadam [1] has generalized two theorems of Subba Rao [3] which deal with
some asymptotic properties of Fibonacci numbers. Horadam defined a sequence

@n = .
Wi} = {v, wy, wys Pyys Py,)1
which satisfies the second-order recurrence relation

n n
21021 T 45,05,

W,ip = Py, q — Pyw,, withw, =4
2 =
where Q,,s O,, are the roots of x° - P,,x + P,, = 0. We shall let

d =

Horadam established two theorems for {w,}:

Ogp = Opy-

I. The number of terms of {w,} not exceeding I is asymptotic to

log(Nd/(P22w0 = OyqWq)) -
II. The range, within which the rank n of w, lies, is given by

log w, + log(X - d)/x <n + 1 < log w,+log(¥ - d)/x,

where

=y/(w., +20), Y =y/(w_, - 2x),

S Wy T Oy s Y T W T 0,00 s
and in which log stands for logarithm to the base a,,; r = 2 in this
case.

These were generalizations of two theorems which Subba Rao had proved for
{fn} : fn = wn(]-: ]-; 1’ _1)9

the ordinary Fibonacci numbers.

It is proposed here to explore generalizations of the Horadam-Subba Rao
theorems to sequences, the elements of which satisfy linear recurrence rela-
tions of artitrary order. To this end, we define {wS”}:

r

wl) = 'El(—l)JJ'lPrj WP, n >0, (1.1)
i=
with suitable initial values w%”, n=0,1, ..., » = 1, and where the zyj are

arbitrary integers. Thus, {w{?} represents Horadam's generalized sequence of
integers.
We can suppose then that

r

()

Wy = 20 A0, (1.2)
i=1
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in which the A,; depend on the initial values of {w{”}, and the 0,; are the
roots (assumed distinct) of

x? - f: (-17*'B, 2777 = 0. (1.3)
i=1
In fact, 4,; = d;/d, where
r
d= i,5.1=1 (uri - OLrj)
>4
is the Vandermonde of the roots a,;, and d; is obtained from d on replacement
of its 2tM column by the »r initial terms of {w(n")} (Jarden [2]).

2. ASYMPTOTIC BEHAVIOR

Where convenient in this section, we follow the reasoning of Horadam or of
Subba Rao.

Theorem A

The number of terms of {w{"”} not exceeding N is asymptotic to

log(N/A ,,0,,) -
Proof: Suppose wﬁf) << wr(l’;)l. (2.1)

Then the left-hand side yields

r
wﬁf) = .21‘41'.7'0‘25 <.
Fm

Suppose further that lO(.Pll > |0Lr2| > ¢+ > |opm]| > 0, so that for m > 1,

(Ocm/OLrl)” + 0 as n > »,

and
Apy S N/ojy.
Hence,
n log 0, + log A,; < log N
and

n < log(N/4,,). (2.2)
The right-hand side of the first inequality (2.1) yields
r

n+l,
v < ZlArjOLPj ;
#~

n+ 12> log(N/A,). (2.3)
Thus, from inequalities (2.2) and (2.3):
n-1<log(N/h,) - 1<mn,

whence

or
n ~ log(N/A,,0,,) as required.

This is a generalization of Theorem I of Horadam, because when r = 2 and
(2) _ @ - p
Wy a, wy s
4510,y = dy0y,y/d = (a0,, = D)y, /d=(aP,, = @,,D)/d),

which agrees with Horadam.
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3. RANK

To obtain a partial generalization of Theorem II of Horadam and the corre-
sponding proposition of Subba Rao, we first define {U,(f)}, a fundamental sequence
of order r; we illustrate its fundamental nature by showing that any linear
recursive sequence of order r can be expressed in terms of {U$}.

We define {U{"} by means of

1 () S= nk/, ki
an; =% Un kng /wk, n>o0,

(3.1)
=0, n <0.
ro
where D = mJocrj, in which w = exp(2mZ/r) and 0,; satisfies (1.3).
i=1
It follows that
@) _ 1%, dn S
U, D Zw O s n =0, (3.2
j=1

r . r r .
Proof: Zluﬂoc;j = % U,(f)klekzw(l‘k)J = % v,
— -

= ji=1
which gives the result, since

roo.
Y w™ = 8;,, the Kronecker delta.
i=1

N

For example, when r = 2, w = -1, and we get, from (3.2), that
P =p -1+ 1) =0,
ul® = pmi(-a,, +a
us? = p7i(-a,, + a

=1,
=P

22)
22) 21°

so that U,(Lz) = u,_, defined in (1.8) of Horadam, because, for n > 1, U,(lr) satis-
fies the recurrence relation (l.1).

Proof: The right-hand side of this recurrence relation is

zr: 1)3+1p o zr: X (-1)3*1p  p-lgn-duk
j-l(—- vjn=d - A B g Ork

1 & L 1)7+1p r-j\ n-r k

=D J_Z_:l(' )T By O )% W

1 & n-r
=5 2, On O Wk
k=1
e

Our next result is quite important in that it justifies our finding the
rank of US™” instead of that of w{" because every v can be expressed in terms

of the fundamental US".
To prove this, we look first at the set

P =P(P,ys Ppys «ovs Prp)

of all sequences of order r which satisfy
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r
J (r) = =

ro

P is closed with respect to "addition'" and "scalar multiplication" and

vy epr, k<n+1,
so we may seek to express the elements of P as a linear combination of the fun-
damental sequence:

r-1
(r) - ()
W'’ -Eobkyn_kﬂ, n > 0. (3.3)

The first » of these relations (3.3) may be considered as a system of simul-
taneous equations in the b, as unknowns; since the determinant of the system is

v 0 L..o0

v v o0 | =1, 0= 1),
() ()

AR/  /

the solution always exists, is unique, and can be expressed easily in determi-
nant form. To obtain a simpler expression, we calculate for n < r that

r—-

n . n 1
Z J (r) _ j (r)
j:o(_l) Prjwn-—j - jz=0 0(_1)Jpr'jkan—j—k+1

k=

by

LS j e
=Y b Y (-1p,.U .
k=0 kj=o vy Tn-k-g+1

= ~b,,

since

n .
r
Z (_I)Jprj n-k-g+1°- Pro 6nk’
Ji=0
where §,; is again the Kronecker delta; this follows from the facts that

v =0 if n<o0,

r .
Y 0ip U, =0 if n> o0,
and J=0 )
v = 1.
Thus,
@ & ielp () ()
w,” == 2 2:(‘1) By W s Un ri1
k=0 72=0
Pil I'Z-l k-j+1 (» )
= - [CSD M - TP / Ak w'™,
j=0(k=j ryk-j"n-k+1
That is, wSO depends on the initial values wﬁ”, wgm, cees wﬁ?l, and Uﬁrl and so

the properties of wi” depend on the Uﬁw.

We now seek the rank of Uﬁm instead of w%r); this will be a generalization

of Subba Rao rather than Horadam. From Eq. (3.1), we have that
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1 (s~ %
no _
oy, = = Uy kglp /wk.

So
1 (5~ ok -
oy > % U, kz—:lD 3k -k
and
1 .S
al, <=0, kg:lp .
Thus,
r
n+ 1< log U,Er) (qPIZDk>/I’
k=1
and

r
n+ 1> log Uff) <OL1,1 ED%kw'k)/lﬂ,
k=1

which yield:
Theorem B

log UM 4+ 1 ok -k €] Sk

og U,”" + log OLle};lD w r)<n+1<1log U, "+ log OLMZD rl,
and this gives the range within which the rank n of Uim lies.

For example, when r = 2, D =d, d*> =5, w = -1, P,, =-P,, =1, O,y =1.6,

Oy, = -0.6, we get for the Fibonacci number Fg” = 2 that

log 2 log 2.9 log 2 log 5.8
105&1.6 F et <3+ 1< 10gg1.6 + 102 T or 3.7<5<5.3.

This is not quite as good as Subba Rao's result, because there is just one
number in the corresponding range for his result, but we do have an acceptable
range.

Thus, in Theorem A we have generalized Horadam's result, and in Theorem B
we have generalized Subba Rao's result; we have also established a link between
the more generalized sequence in Theorem A and the fundamental generalized se-
quence in Theorem B.
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A MODIFIED TRIBONACCI SEQUENCE

IAN BRUCE
St. Peter's Collegiate School, Stonyfell, S. Australia
(Submitted November 1982)

1. INTRODUCTION

The Tribonacci sequence [l1] is generated by the recurrence relation

U = Un+2 + Un+1 + Un’ (1)

n+3

with Uy = 0, and U, = U, = 1.

Part of the charm of the original Fibonacci sequence {F,} is the ease with
which new relations can be found, and a wealth of applications. However, (1)
is rather unweildy and does not yield relations too readily. This article sug-
gests a modification so that a development analogous to the Fibonacci sequence
can be made. In addition, higher-order sequences can be constructed.

2. RECURRENCE RELATIONS FOR THE MODIFIED TRIBONACCI SEQUENCE

Consider {T,} generated by the recurrence relation
Ton = Ton-1 + Top_gs (2a)
Tons1 = Tonon + Topoas (2b)
where n > 2, and T; =T, = T3 = 1.
The numerical sequence that emerges using (2a) and (2b) is:
1, 1,1, 2,2, 3, 4, 6, 7, 11, 13, 20, 24, 37, 44, 68, 81,

Note that {T,} resembles {F,} in its mode of definition.

However, successively odd and even terms are defined separately—note also
that each odd term is the sum of the three previous odd terms, and, similarly,
for the even terms. In this latter respect, the sequence resembles Tribonacci.

3. SOME PROPERTIES OF (T,)

We can now go on to develop properties of {7,}, some of which are analogous
in form to {F,}. These are presented without proof, as they are all elementary;
no claim to completenes of the list is made.

Tones = Topes T Topgr ¥ Topys n 2 25 (3
Tonse = Tonanw ¥ Topyo ¥ 7oy 225 (4)
T, +T,+ .- +7, =T, . ,-1,n2>22; (5)
T, +T,+ - +7T, ,=(T,, + Toppo = /2, n>2; (6)
Tone1 = Toner = Topysn * Topogr M2 25 (N
Tlg + TWTg+ ooe + Ty y » Topyy = Thppr — 1, n 2> 25 (8)
T Ty + Tolg + Tslyt wvr + Tppyy * Topys = (T§n+k + T§n+2 'nli/g’ €))
> 9.

3
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iy + 72 = 2(T? + 72 ), n>2. (10)

2n+2 2n-2 2n+1 2n -1

k. A GENERATING FUNCTION FOR {T7,}

A generating function corresponding to the development in [2] is now pre-
sented. We first consider the odd and even series separately:

F(x) =1+ T2x2 + qu“ + Tsxe + Tsx8 ... when the subscript is even (11)
and

F(x) = T x + T3x3 + T5x5 + T7x7 + Tgxg... when the subscript is odd.
Therefore,

(1 - x? - 2% = x%) « Fi(x) =1 - x5, by (4) (12)
or

F(x) = (1 - 28)/(1 - 22 - 2% - x%) when the subscript is even.

Similarly, we have
E(x) = x/(1 - 2% - 2* - %), by (3), when the subscript is odd. Hence,
Flz) = (1 +2 - 25/ - 22 - % - 25 (13)

is the required generating function.

5. AN ALTERNATIVE PRESENTATION

Consider the original Fibonacci sequence {F,}, with

Fo =0 and F; =1,

then
F,,p=F, , +F, n>0. (14)
It is well known that if
x2 =1+ x, (15)
then
z"tt = F ., + Fx. (16)

We see that the Fibonacci sequence is generated in this way. Similarly, we
can generate {T,} by considering

z® =T, + Tx+ T 1+ x + x?. (17)

This gives
zt =T, + T,z + Tyo? (18)

Ts + Tex + T,°

leading to

n+3 _ 2 >
* = Toppr F Tppyo® t Tpp g%7s 1 2 2 (19)

6. GENERALIZATIONS

By considering the method of Section 5 applied to
zt =1+ x + 2? + a°, (20)
we can construct the sequence {@ }, defined by

Q, =&, =8, =0, =1, 21
and (for n 2 1),
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Dansz = Qane1 T D32 (22)
Q3nes = @ansr T @3p_15
Dansu = Danp1 T @ap

leading to

Xt =g z2 + Q 8. (23)

3n+ 1l + Q3n+2
This sequence has the form

1, 1, 1,1, 2,2, 2,3, 4,4, 6, 7, 8, 12, 14, 15, 23, 27, ... (24)

We note that three Fibonacci-like recurrence relations are interwoven, and the
feature

Qay = @ay3 F @y g+ Qg9 T @y, 10 724, (25)

is retained. Further properties of this sequence can then be considered, as
well as higher-order sequences.
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INFINITE CLASSES OF SEQUENCE-GENERATED CIRCLES

A. G. SHANNON
The N.S.W. Institute of Technology, Sydney, 2007, Australia
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University of New England, Armidale, 2351, Australia

and

GERALD E. BERGUM
South Dakota State University, Brookings, SD 57007-1297
(Submitted November 1982)

1. INTRODUCTION

In a previously published paper on the geometry of a generalized Simson's
formula, Horadam [2] considered the loci in the Euclidean plane satisfied by
points whose Cartesian coordinates are pairs of consecutive elements of a gen-
eralized Fibonacci sequence. A Simson's formula as generalized by Horadam [1]
was employed in obtaining the loci.

In this paper, we also utilize the same Simson's formula to develop a gen-
eralized '"'Fibonacci circle''; that is, we show how the locus of a point gener-
ated by three consecutive elements of the generalized Fibonacci sequence {wnl},
defined below, approximates a circle for large n, subject to special restric-
tions.

We define the sequence {w,} by

Woyyp = PWyyy = QW,s Wy =a, Wy = Db, (1.1)

where a, b, p, and g belong to some number system but are usually thought of as
integers [1].

It is common knowledge that the terms of {w,} are related to the roots of
the equation

A2 - pl+ g =0. (1.2)
We denote the roots by

o = E—i;ngzzzzgi and B = E—:—!%;:E:EE

and assume throughout the remainder of this paper that

(a) p? > 4q,
(b) p?® - 4q # t°
(c) [q| <1 (1.3)

(d a<1+V2

(e) {w,} is strictly increasing.

Now 0B = g, so parts (c) and (d) of (1.3) tell us that fB’ < 1. Therefore,
from Horadam [1, 3.1], we know

¥n_ g, (1.4)

Lim
N+ o n-1
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In closing, we observe that part (b) of (1.3) guarantees that p # 1 + g,
which is enough to show that o # 1. Part (b) with (e) is also enough to show
that

Lim w, = . (1.5)

Nn>o

2. PRELIMINARIES

Let kX, %, and m be three consecutive terms of {w,} with k = w,,.

Since w, is strictly increasing and w, > ©, we may as well consider through-
out the rest of the paper only those terms of w, that are greater than 0.

From [1, 4.3 & 1.9], we know that

2% - mk = -eq” (2.1)
-(pab - ga? - b?)q"

(w? - wgw,)q" by (1.1)

<M by (1.3), part (c)

for some positive integer M. We also have

Lim(% - %) = Lim k(% - 1) = ®, (2.2)
n-> oo N+
by (1.4) and (1.5). Hence, for n sufficiently large,
22 -mk < & - k (2.3)
or, with » as the midpoint of L ; 1 and 2 ; 1,
2 -1 2+ M- -k _m-1
r<r-= 2k8 <7 (2.4)
From (2.4), we immediately have
2 -rk<1<m-rl. (2.5)
Using (2.1), (2.4), and (1.4), we see that
. . 82— km+k+ 8 o+ 1
Lin(k - vl = Lin 2 " T (2.6)
and )
Lim(m - 78) = Lim A= % * 2+ k _o+ 1 (2.7)
n-+o n->ow 2k 2
Since o > 0, we can now strengthen (2.5) using (2.6) to
0<2-rk<1<m-rl, n sufficiently large. (2.8)
Another obvious conclusion of (2.6) and (2.7) is
..m=-r _
%12 Tk - O (2.9)

In conclusion, using (2.6) and (2.7) with part (d) of (1.3), let us observe
that
2
1+ 20 -« S

Lim(8 - rk + 1 -m+ rl) = > 0 (2.10)
n+ow o
so that for n sufficiently large
2 -rk+1>m-ri. (2.11)
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3. THE GEOMETRY

Throughout this section, we assume n is sufficiently large. We let

AB =1
GA = L - rk (3.1)
@B =m - rl

and locate the origin of our system by setting
OA = 1/(a* - 1) (3.2)

and by extending BA to O.
We let D be the foot of the perpendicular form ¢ to 0OB. By (2.8) and (2.11)
this construction is legitimate and gives us the triangle ¢4B (see Figure 1).

Az, y)

=Y {1
0 D A B

B el e

FIGURE 1

Now,

area QAB %DQ

V(s(s - @B) (s - Q4) (s - 4B)) (3.3)

where s is the semi-perimeter of the triangle @Q4B.
For notational convenience, let

QA = u. (3.4)
Then, for sufficiently large n, for which
gB = o * Q4 = au, by (2.9), (3.4) (3.5
we have 1
g = E(au + u + 1), by (3.1), (3.4), (3.5 (3.6)
and so
4DQ% = (om + u + 1) (o + u + 1)(ow - u + Dou + u - 1),
by (3.1), (3.3}, (3.4), (3.5, (3.6)
= (o +w)?2 - 1D - (auw - w)?)
= 2u%(a? + 1) - 1 - ut(a® - 12 3.7)
Then,
4LDA% = 4QA% ~ 4DQ*? by the Pathagorean Theorem
= -24%(a® - 1) + 1 + u*a? - 1)%, by (3.4), (3.7)
= (u2(a?® - 1) - )2,
Whence

2D4 = u?(a?® - 1) - 1. (3.8)
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Now OD and D@ are the x- and y-coordinates, respectively, of @, so that
22 + y? = 0D? + DR?
= (0A - DA)? + DQ*
OA? + DA% + DQ* - 204 - DA

+
0A% + QA2 - 0A(2DA) by the Pathagorean Theorem
1

]

=m+ u? —m—z—lz—l—)(uz(ocz -1 -1,
by (3.2), (3.4), (3.8),
_ 1 + 1
T (a2 - 1)2 a2 -1
02
T z-Dz
That is,
w? + 2=<—°‘ )2 (3.9)
y* = =) - :

The locus of ¢ as n increases is, therefore, a circle with center 0 and radius
a/(a? - 1).

As p, g (and, consequently, o) vary, the corresponding sequences clearly
generate an infinite set of concentric circles.

4. FIBONACCI-TYPE CIRCLES

For the sequence of ordinary Fibonacci numbers 1,1, 2,3, 5,8, 13, 21, ...,
we have

p=-q=1,0a%=0+1, andoa=%(l+\/5—),

so the circle given by (3.9) becomes the unit circle.

Moreover, all sequences for which p = =g = 1 [and so for which a? = o + 1,
o= (1/2)(1 + Vg)], e.g., the Lucas sequence 2,1, 3,4, 7,11, 18, 29, ..., give
rise to this unit circle.

The following table illustrates the result for the Fibonacci numbers.

7 Fy, Foia z? + y2
2 1 2 .763932
3 2 3 .328550
4 3 5 .914537
5 5 8 .698798
6 8 13 1.003089
7 13 21 .878930
8 21 34 1.044630
9 34 55 .952913
10 55 89 1.029224
1 89 144 .981894
12 144 233 1.011208
13 233 377 .993066
14 377 610 1.004288
15 610 987 .997349
16 987 1597 1.001639
17 1597 2584 .998987
18 2584 4181 1.000626
19 4181 6765 .999613
20 6765 10946 1.000239
21 10946 17711 .999852
22 17711 28657 1.000091
23 28657 46368 .999944
24 46368 75025 1.000035
25 75025 121393 .999978
26 121393 196418 1.000013
27 196418 317811 .999992
28 317811 514229 1.000005
29 514229 832040 .999997
30 832040 1346269 1.000002
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Gratitude is -expressed to Wilson [3], whose Fibonacci circle, derived from
five successive large Fibonacci numbers, was useful in the development of this
theory.
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THE GOOSE THAT LAID THE GOLDEN EGG

NAOMI LEVINE
Student, Half Hollow Hills High School East, Dix Hills, New York
(Submitted December 1982)

Last year when I was 13 and we were studying elementary algebra, I learned
that * + y = 1 could be graphed as a line with x- and y-intercepts of (1, 0)
and (0, 1) and that x? + y2 = 1 could be graphed as a circle of radius 1 with
its center at (0, 0). This year we studied functions of the form

f(x) = Ax® + Bx + C

and saw that their graphs were parabolas. Since this shape was so different
from a circle, with what did not appear to me to be an enormous difference in
mathematical form, I wondered what other curves of the form x” + y” = 1 would
look like. Fortunately, I have an Atari 800 computer at home which allows me
the opportunity to make such an investigation relatively simple.

Eventually, I became bored with integral exponents and, since I had been
working with the golden ratio for a math project, I wondered what x%*+ y$*= 1,
where ¢ = the Golden Ratio, 1.618033989..., would look like. Inasmuch as all
other facets of this ratio that I had investigated were so special, I thought
that graphs using it should have very interesting shapes. I was correct. As
soon as I looked at the shape generated by x%*+ y¢*= 1, I recognized it as one
end of an egg. This was an amazement to me. Knowing that eggs do not have two
axes of symmetry, I wondered whether I could combine the curve generated with
the curve of a slightly altered function to create the rest of a realistically-
shaped egg. My hypothesis was that there is an egg shape (which I called the
"golden egg') whose configuration is directly related to the golden ratio. It
is a composite shape, different from a circle, ellipse, or oblate spheroid.
The left portion of the egg is the graph of the function generated by the golden
ratio exponential x%°+ y%2= 1. The right portion of the egg is the graph of
the function generated by the golden ratio exponential:

b+ #(yw =1 (see Figure 1).

FIGURE 1. Picture of Golden Egg Generated by Atari 800 Computer

I was so pleased with the result of my graph and my development and analy-
sis of the golden egg that I wondered whether Fibonacci-related exponential
functions would generate other configurations. I began to experiment with the
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coefficients and the positions of & and y. By rotating the golden egg, I noted
that the curve showed a strong resemblance to the shape of an adult head. A
change in the y-coefficient created the outline of an infant's head. (See Fig-

ure 2.)

'3\x02+ y* = 1/

x¢+<‘%)¢=1 x® + y® =1

Adult Shape Infant Shape
FIGURE 2

With additional changes to the coefficients and constants, carrots, acorns,
pine cones, and other figures appeared on my computer console. These figures,
with descriptions of the equations used appear below as Figures 3 through 7.

1
L - aeyer

Yy =
,_'.’/ ¢

%////;}H

FIGURE 3. Acorn

y=(1-z%H

L
B

iyj (1 - z¥y?

1
y o= ¢* (1 - 2%

FIGURE 5. Corn on the Cob

o

ey = 9% - z%)

FIGURE 4. Carrot
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& E 1

1 292
y=(1_x¢2)¢2 y=$(1—x°) H

1 \
\“-—y = $%(1 - x®)? Y = $2(1 - x¢)%

(¢'N Cones)
FIGURE 6. Round-Top Pine Cone FIGURE 7. Flat-Top Pine Cone

It is interesting that Brother Alfred Brousseau found Fibonacci numbers in
pine cones, and now we find pine cones in Fibonacci-related functions [1l].

I have defined equations of the type used to generate the previous config-
urations as Golden Functions (i.e., equations that are functions of variables
raised to a power that is a function of ¢). One might wonder whether the crea-
tion of the Golden Functions and these shapes is merely an academic exercise
and an accident. I choose to believe not and leave the investigation of equa-
tions of the form Az® + Bx + ¢ = 1 and 2% = 1 to the reader.

REFERENCE
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SOME IDENTITIES ARISING FROM THE FIBONACCI NUMBERS
OF CERTAIN GRAPHS

GLENN HOPKINS and WILLIAM STATON
University of Mississippi, University, MS 38677
(Submitted December 1982)

Tichy and Prodinger [5] have defined the Fibonacci number of a graph @ to
be the number of independent vertex sets I in G; recall that I is independent
if no two of its vertices are adjacent. Following Tichy and Prodinger, we de-
note the Fibonacci number of G by F(G). If k is a nonnegative integer, we will
denote the k-element independent vertex sets in G by Fr(G). It is clear that
2 F(G) = F(G). Kreweras [4] (see also [3]) has introduced the notion of the
Fibonacci polynomial,

r@ - ¥ ("7 k)xk.
k=20

We define the more general concept of the Fibonacci polynomial of a graph &,
denoted F;(x). 1In case G is a path on 7 vertices,

n-k+1
ENGIED 3N (R FL
k=20
which closely resembles Kreweras' polynomial. Before defining F,(x), we compute
F,(P,), P, the path on n vertices, and F,(C,), C, the cycle on n vertices.

Proposition 1

(i) F,(P,) =1;
(ii) F (B, =n;
(i1i) Fp(Pyyr) = F(P,) + B (P, ;) for 1 <

(iv) F () = (n - 2 - 1) for 0 S k < [n ;

n+ 21,
2 b

k <
!

Proof: The first two statements are obvious. To verify (iii), consider
those k-element independent sets that contain the initial point of the path and
those that do not. Finally, (iv) may be verified using (iii) and induction on
n. B

Proposition 1 provides a natural graph-theoretic interpretation of the
well-known formula
n-k+1
Z (T - e
k=0

the 7n + 1™ Fibonacci number. The right side of the equality is the number of
independent sets of a path with n vertices. The left side is the sum over all
k of the number of k-element independent sets. The following proposition will
enable us to give an analogous identity involving Lucas numbers, and a graph-
theoretic interpretation of that identity.
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Proposition 2

(i) Fu(c) =1;
(i) F.(Cy)
(ii1) F(C,) = Fy(P,_y) + Fy_,(P,_4) for 1 <k<[”

2
. nmn -k -1 n
(i) Fee) = %" 257 )for1<k<[-2—] and n > 3.

]

ns

] and n 2 3;

Proof: Again, the first two statements are obvious. To verify (iii), fix
a vertex x in (,. Consider those k-element independent sets that contain x and
those that do not; use (iv) of Proposition 1. To verify (iv), we use (iii):

Fr(Cp) = F(Py_y) + B (P, _3)
2+

“E(TRET )

]

We now use Proposition 2 to obtain an identity analogous to that following
Proposition 1. I, denotes the ntP Lucas number.

Proposition 3

> nm -k - 1) _
For n >3, 1 +k§1k< P L,.

Proof: The right side is the number of independent sets in (, (see [5]).
The left side is the sum over kK of the number of k-element independent sub-
sets. ®

We now pause to establish some notation and state a definition. If G and #
are graphs, we will denote by G * H the standard composition or lexicographic
product (see [l]). That is, G+ H is the graph constructed by replacing each
vertex v of G by an isomorphic copy H, of H, and by joining each vertex of H,
to each vertex of H, whenever v is adjacent to w in G. We define the Fibonacci
polynomial of G, F;, by F,(x) = F(G-* k) for positive integers x. As usual, k.
is the complete graph on x vertices. That F, is a polynomial follows from the
next proposition.

Proposition 4

Let G be a graph, and let Fo= F. (G) for k 2 0. Then F,(x) = Z: Fkxk.
k>0
Proof: To obtain a k-element independent set in G * k., one must first
choose a k-element independent set in G, and then choose one of the x vertices
in each of the k chosen copies of k,. ®

The study of the Fibonacci polynomial of G thus reduced to the study of the
coefficients Fk(G)' For example, the constant term of F,(x) is 1, the linear
term is nx, and the coefficient of z? is (Z
of G. The degree of F;(x) is the independence number of G, that is, the number
of vertices in the largest independent set.

)—rn,where m is the number of edges
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We obtain some combinatorial identities by expanding the Fibonacci polyno-
mials of paths and cycles.

Theorem 5

Let x be a positive integer, and let n be a nonnegative integer. Let { be

(1 + V1 + 42). Then,

Z (n - i'*‘ l)xk = 22,1_ 1(2n+2 _ (l _ /Q)n+2).
k=0

Proof: We compute the Fibonacci polynomial of P, in two ways. First, use
Proposition 4 and Proposition 1 to get

k§0(n - 7]2 + l)xk.

As a second approach, we derive and solve a second-order linear recursion for
an = F(Py°ky). Clearly, a; =1 and a; = x + 1. Divide the independent sets
in P, o k, into those that contain a vertex in the last stalk and those that do
not. There are xa,_, of the first type, and a,_, of the second type. Hence,
a, = a,_1 + za,_,. This recursion has characteristic equation A% - A - = = 0.
Solving this equation, subject to the initial conditions, yields

1

@y = F(By o ky) = 5r—""2 = (1 - 0" ). »

Note that the identity in Theorem 5 is true for infinitely many values of
x. Hence, it is in fact true for all complex numbers x. The same remark ap-
plies to the following theorem.

Theorem 6

Let x be a positive integer, and let » be a nonnegative integer. Let % be

(1 + V1 + 4x). Then,

nmn - k -1 k n n
- = + - .
1+k§1k< i L

Proof: We compute the Fibonacci polynomial of (), in two ways. First, we
use Propositions 2 and 4 to get

nm -k -1
1+ -( )xk.
Sk k-1

Now we use Theorem 5. Let S be a fixed stalk in C,° k;. Divide the indepen-

dent sets in C, o k, into those that contain a vertex in S and those that do

not. There are 1 .
n-1 _ _ n-
2(qr=T) ¢ (-7

independent sets of the first type and
52_1__1(2711-1 _ (l _ 2)n+1)

of the second type. Adding, and substituting x = 22 - % yields the theorem. m

The identity of Theorem 5 is known. See, for example, [2, p. 76]. But our
approach seems to provide a new interpretation for this identity. We believe
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that new identities may be obtained by expanding Fibonacci polynomials of
graphs.

N
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ON THE NUMBERS OF THE FORM an? + bn

SHIRO ANDO
Hosei University, Koganei-shi, Tokyo 184, Japan
(Submitted December 1982)

It is clear that for any given positive integer N there are infinitely many
square numbers which can be represented as the difference of square numbers in
at least N different ways.

For instance, if n = 4p.p,...p,, where p,, p,, ..., p, are the smallest r
odd primes such that r > log,lV, then for each subset S of {1, 2, 3,..., »r}, n?
has the expression

n2 = (h2 + k2)2 _ (hZ _ k2)2’
where
n=20p, k=T1p,
iES i€ES
with the convention that an empty product means 1 and the notation S for the
complement of S, giving 2¥ > N distinct expressions.
Thus, we can choose n in such a way that

n = 0(eclogNloglogN) (].)

for large values of N, where ¢ is a constant.

In this paper we prove a similar theorem concerning the sequence of numbers
An, = an? + bn for any integers a and b with a > 0, which includes the earlier
result [1] as the special case of N = 2.

Theorem

For any given positive integer N, there exist an infinite number of 4,'s
which can be expressed as the difference of two numbers of the same type in at
least N different ways. We can choose an n for each N in such a way that it
satisfies (1) as N tends to infinity.

Proof: It is enough to prove that for any sufficiently large N, there is
an 4, which has at least NV such expressions. Since
Ap = Ay - Ay (2)
is equivalent to
n(an + b) = (h - k)(ah + ak + b),
in order to get the expression (2) for given #n, it is sufficient to find a de-
composition of 7 into two factors s and t; n = st, for which

h-k=s, alh+ k) +b=t(an + b) (3)

has positive integral solutions % and k.

Let Pys Pys +ves Dy be the smallest » distinct prime numbers in the arith-
metic progression consisting of positive integers congruent to 1 modulo 2a, and
let

n= 20D, s Ppe

For each proper subset $ of {1, 2, ..., r}, there corresponds a distinct

decomposition of »n into two factors

1984] 259



ON THE NUMBERS OF THE FORM an? + bn

s=21[1p, and ¢t =J1p.,
i€8 ies *©
where ¢ can be expressed as ¢ = 1 + 2qu for a positive integer u, and we have
h+k =st + 2u(an + b)

from the second equation of (3).

If n is sufficiently large so that it will satisfy an + b > 0, then Eq. (3)
gives distinct pairs %, k for different decompositions n = st of #.

In this case, however, two different %'s may give the same 4; if b/a is a
negative integer. Since at most four pairs of %, k give the same expression,
we have at least N distinct expressions (2) of 4, if » satisfies

2" -1 > 4n,

and N is sufficiently large so that corresponding n will satisfy an + b > O.
If we take r that satisfies

log, (4l + 1) < r < log, (4N + 1) + 1,
then for large values of N we have
log n = log 2 + log p, * e F log p, = 0(p,) = O(r log r),

from which we obtain
n = O(ec logh loglogIV)

for a constant ¢, completing the proof.
If we do not care about the size of n, we can take simpler forms for s and
t in (3); if b/a is not a negative integer,
s=2(1+20)%, t =1 +20)" % (i=1,2, ..., N = 1)

give N distinct expressions of the form (2) for % and k determined by (3), and
if b/a is a negative integer, N will be substituted by 4.
These results apparently cover the case of polygonal numbers of any order.

Examples

For tiagonal numbers t, = 5(n% + n), we have t, = t; - ty, where
no=2x3, n=3% 43T uton, ko= 3% 4 32 4 53T -

fort =1, 2, ..., N - 1.
For hexagonal numbers %, = 2n®> - n, we have h, = h, - h;, where

2 x 57, o= 5% 4 520-7 _p(5F-% 1y, k = -5% 4 520-% _ y(5¥-7 )
for 2 =1, 2, ..., N - 1.

n

REFERENCE
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ON CERTAIN SERIES OF RECIPROCALS OF FIBONACCI NUMBERS

BLAGOJ S. POPOV
University of Skopje, Skopje, Makedonia, Yugoslavia
(Submitted December 1982)

The purpose of this note is to give an alternative, shorter proof of a re-
sult of R. P. Backstrom concerning the sums of series whose terms are recipro-
cals of Fibonacci numbers, a problem on which much interest has recently been

focused.

Furthermore, the method used here gives the possibility of obtaining new

formulas related to the Fibonacci and Lucas numbers.
In fact, we establish in explicit form series of the form

= 1 = 1 = 1

- F te’ &~ F Fovd woo m2 2
n=0 “an+b n=0 “an+b*cn n OFan+b + Fcn+d

H

for certain values of a, b, ¢, and d.
We start with the identity
-7 2
F, = Fy_ Py = (-1)""7F,,

n

which, by replacing n with (2n + 1)» + 2k, becomes

2 2 _
B tnsypsox ~— Fn = Fopps ok P20+ D+ 210

Then
1 B F(2n+1)1ﬂ+2k - F,
Fytne yr+ 2k T o Fomnsy ok Fogna 1o 2k
with -(r» - 1) <2k <r - 1.
Since
Lo ymety+r = P2ty +2n T (_l)er(nr+k)’

from (3) we obtain

1 S Y S S G2 O )_ Py
F(2n+ Dr+ 2k + Fr Ly Fan-l- 2k FZ(n+ )r+ 2k Fan+ 2k FZ(n+1)r+ 2k
Now, consider the sum
- 1

S (r, k) =
N a0 Fons yre ok T Fr
1 & ( 1 (-1 ) z 1
= — + - F .
Z-’1"7120 Fan+ 2k FZ(n+1)r+ 2k 1ﬂr‘tgo F2nr+ 2k Z;'2(n+ Dr+ 2k
We have

Z( 1 " (-~ ) _ 1 1

S S —
oo\ Fopr o Faneyre o/ Fa Fae e+ 2k

for an odd integer r, and

27 =

v 1 1 /LZk _ Daws ek
i Fonrt ok Faenr e+ 2k 2F5 P Faqua 1yp+ 2k

which follows from the identity
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[’27( L 2k+ 2r 2F2r

5
F27< Z;’27<+ 2r FZk F2k+ 2r

if we successively replace k by k, k+r, ..., k+Nr, and sum the obtained equa-
tiomns.
Therefore,

|

1 /2 - Ly Lowe 1yr+ 2k~ 2)

Sy(rs k) = 28\ F. 7

2k 20+ Dr+ 2k

Using the relations

2
L L - 2(-1)" =577 + 2(-1)",

2n n

it follows that (for odd integer r)

Dy SFy
T T 2L, N-even, k-even,
N+ 1)r+k k

(N+1)w+k Lk
- — 2L, N-even, k-odd,
, L(N+1)1ﬂ+k Py
> L (5)
Sy (r, k) = — = 1
4 n=0 Fnt Hreor ¥ Fr SEpsvyrern O
o T T 2Ly, N-odd, k-even,
@+ ek Ly
Ly vyrsx Iy
T T 2L N-odd, k-odd.
N+ 1)r+k Fk
Letting N - », we have
: 5F
1 JE k
——\V5 - =—), k-even,
- 1 2Lr< Lk>
S(r, k) = = (5a)
nz=:() F(27’z+1)r+ 2k + Fr 1 Lk
'Z—I:<\/§ - f;)’ k-odd.
Summing S(r, k) over the » values of k finally yields
% /5
S(r —_— = T,
(r) = z; F§n+1 + F, 2L,
by using the relations F_, = (-1)"F, and I_, = (-1)"L,.
Following arguments similar to the above for obtaining (5), we have
_ L 1
S, (r, k) = (6)
N n=0F(2n+1)r+2k - Fr
1 /2 Ly Lawsnr+aat 2
2L \ For Ey s 1ym+ 21
(continued)
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[ (2 _ Zarenre 2., W k-odd
_— -even, k-odd,
Ly Frs Dyr+rx r?

Lk 5F(1V+ Dr+k
Fk— - ——])/2L,, N-even, k-even,

L(ZV+ Dr+k
SFk 5F(I\H— Dr+k
B N 2L,., N-odd, k-odd,
k W+ 1)r+k

Iy Lt vyr+r
- - 5———)/2L,, N-odd, k-even.
L Fk F(Iv+1)r=+k

whenever k¥ 2 1 and r is odd.

Comparing (5) and (6) by letting k be even, kK = 25 in (6), and k be odd,
k =2t - 1 in (5), we see that if » is odd, then

Sy, 28) = S, (r, 2t - 1).
Similarly, with k¥ = 2s - 1 in (6) and k 2t in (5), we have, for r odd, that
Sy, 28 = 1) = =S, (r, 2¢).
Letting ¥ -+ © in (6), we have, for odd r, that

5F,
— -V5)/20,, k-odd,
N 1 Ly

S, k) =2 5 —5— = (6a)
n=0"%2(n+1)r+ 2k r
Ly
<—— - 1/3)/2Lr, k-even.
Py

Comparing (5a) and (6a) as above, we see that if k = 25 - 1 in (6a) and k = 2¢
in (5a), then for r odd,

]

S, 25 - 1) = =S, 2t),
while k¥ = 2s in (6a) and k = 2¢ - 1 in (5a) yields
S(r, 28) = -S(r, 2t - 1), if » is odd.
We note that, from (1), it follows that

1 1 2Fy

Fyney+r = Fp Fagr st Fo Bgany+ 221y

Hence, we have

N 1 i} 1 i 1
= + 2F .
=0 Byne e~ Fr A0 P24+ T Fy 0Byt D2 (nt 1) + 20

L
Taking (4) into consideration.along with the fact that %ltg F—n = \/E, we ob-

tain n

w L
ZF 1 1/2k—\/3>,if1ﬂisodd.

2 Fonrt ok Fagna yrt 2k 2Fpn \Fax

Similarly, for the Lucas numbers, starting from
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2 - n-r .2
L, - 5F, F,., = (1) Ly,

we find that
N 2 -~ L

1 1 / 2k LZ(N+ Dr+2k ™~ 2

G’(I’, k)=z =

n=0 Lin+ yp+on + Ly 10Fr\ Fox Fy+ r+ 2%

with -r € 2k € » - 2 and r an even integer.
Following the methods used above, we obtain, for » even,

1 L(N+1)1ﬂ+k Lk
—_—| e =, k-odd,
10F, \Ew+yrr e P

Gy(r, k) =

1 (SFéN+1)r+k 5Fk> %
, k—-even.
10F, \Lyy e+ ke Lg

Letting NV - «, this relation yeilds, for » even,

)

1 I
WF— ‘/g - 'F-‘ > k—odd,
G(r, k) = fi L = ’ *
’ n=0 L(2n+1)1ﬂ+ 2k * Lr’
———1~—<\/§ - ﬂ k-even
10F, Ly ? :
Summing the last equation over the » - 1 values of k, leads to
%%gi-+-——l;—3 »/2-0dd
o) =% = 7
n=0 LZ?’L + LY’
f()‘/E’g + 1 , r/2-even.
r2},
when ¥ is even.
Similarly, for » even, i
1 Lk L(N+l)r+7<> %
= -5 > ~-even,
0F NPy Fyg1ypax

N
= 1
G, (v, k) =3 =
LA neo Don+yreox — L

L lOFr Lk L(ZV+ Dr+k

L (5F «”)
L {2 - V5), k-odd,
- . 10F, \ Ly

5(P9 k)=z =

so that

n=0 Lz(n+ Dr+ 2k ~ Ly 1 <Lk ‘/§> %
- 5 -even.

10F, \F,

1 SFy SEy vtk
- —— |, k-odd.

Comparing (7a) and (8a) as we did (5a) and (6a), we have, for » even, r =

in (8a) and k = 2¢ in (7a), that
G(r, 2s - 1) = -G(r, 2%)
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while, for » even, X = 2s in (8a) and k = 2¢ -~ 1 in (7a), we have
G(r, 28) = -G(r, 2t - 1).

By similar methods, the relations (1) and (4) can also be used to show that

}N: 1 ~ Fyw+1yr
= 2 k2
o F(2n+1)r+k - (D7E, B Fyu+ vtk
and
53 1 _ (5 - D*
= 2 k m2 k ’
P70 Fona yrar ~ DO 2TE Fy,
REFERNECE
1. R. P. Backstrom. ''On Reciprocal Series Related to Fibonacci Numbers with
Subscripts in Arithmetic Progression." The Fibonacci Quarterly 19 (1981):
14-21.
00000
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AN APPLICATION OF THE RECIPROCITY THEOREM FOR DEDEKIND SUMS

L. CARLITZ
Duke University, Durham, NC 27706
(Submitted December 1982)

1. Put
x - [x] - % (x # integer),
(@) =
{O (x = integer). 1.1
The Dedekind sum s(%, k) is defined by
r hr
= = -—1). 1.2
st 0 = 2 (@) 1.2)
It is well known that s(%, k) satisfies the reciprocity theorem
- U S O (N S 4
S(h, k) = S(k, h) - 4 + 12(k + hk + h)’ (1'3)
where (h, k) = 1. TFor references, see [1, Ch. 2].
In this note, we shall show that (1.3) implies the following result.
Theorem 1
Let h, h', k, k' denote positive integers. (a) The system
hh' =1 (mod k), hWh' =1 (mod k')
(1.4)
kk' =1 (mod h), kk' =1 (mod k')
has no solutions with % # k', k # k'. (b) The solutions of
hh'!' = -1 (mod k), hh' = -1 (mod k')
(1.5
kk' =1 (mod h), kk' =1 (mod h')
with k¥ # k' satisfy
kk' - hh' =1, (1.6)

and conversely.
The auxiliary inequalities in hypotheses (a) and (b) cannot be dispensed
with. Thus, for example, (1.4) is satisfied by
(hy R', k, k') = (2, 3, 5, 5) and (2, 4, 7, 7);
(1.5) is satisfied by
(hy, ', k, k") = (3, 5, 4, 4) and (2, 3, 7, 7).

Note that (3, 5, 4, 4) satisfies (1.6), but (2, 3, 7, 7) does not.
The congruences (l.4) and (1.5) suggest that it may be of interest to con-
sider the following, more general, situation.
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hh'

1l

o (mod k)

|

where each of a, B, vy, and

kk' = vy (mod %)

5

5

§ is equal to

hh' = B (mod k')

(1.7)
kk' = § (mod h'),
*1. We find that the method used in

proving Theorem 1 applies, provided af = By and o = B. Thus, there are just
four cases to consider. The cases o =7y =1 and o = -1, y = 1 are covered by
Theorem 1. The case o = 1, Yy = -1 is essentially the same as a = -1, y = 1.
The one remaining case is covered by the following:
Theorem 2
The system of congruences
hh' = -1 (mod k), hh'! = -1 (mod k')
(1.8)
kk' = -1 (mod h), kk' = -1 (mod %')
has no solutions in positive integers k, h', k, k'.
Note that it is now not necessary to assume either k' # k or h' # h.
2. It follows from (1.1) that
((=2)) = -((®)). (2.1)
Thus,
s(-h, k) = -s(h, k). (2.2)
In the next place, if #A' = 1 (mod k), then, by (1.2),
h'r ht t
s = T (ENE) -, 2 (ENE)
ramod 1) WK/ K b(mod 13+ K /K
on replacing r by ht and using the periodicity of ((x)). Hence,
s(h', k) = s(h, k) [AR" = 1 (mod k)]. (2.3)
Similarly,
s(h', k) = -s(h, k) [Wh' = -1 (mod k)]. (2.4)
Now let A, h', k, k' be positive integers that satisfy the system of con-
gruences
hWh!' = 1 (mod k), wWh' = 1 (mod k')
(2.5)
kk' = 1 (mod h), kk' = 1 (mod h').
Thus,

(h, k) = (h, k') = (', k) = (B'5 k)

Therefore, we may apply the reciprocity

of equations:

s(h, k) + s(k, W)

s(h', k) + s(k, ")

Bl= B = |

s(hs k') + sk’ B

s(h's k") + sk's ")

1984]

+

+

+

+

1.

theorem (1.3) to get the following set
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k

7(%+ +5)

(2.6)
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In view of (2.3), we have

] ol 1k
shy k) + s(ks B) = -7+ 12(k Tt h)
S SO B ¢ AR S
g(hs k) + s(k, ') = - ; 12(k A ) (2.7)
shy k) + 6k, 1) = -5+ 15{Hs+ 7 + £ |
> > 4 12\k" " mk'  h
N S I (AR S, 4
s(hs k') + 8(ks B') = -5 + 12(k R h’)

Multiplying the first and fourth equations in (2.6) by +1, the second and
third by -1, and adding the resulting equations, we get

(e ) - Grrmman) - (v = 5) + G v+ 37) - 0
or better,

R'E'(h2 + L+ kD) =Bk (R'2 + 1+ kKD -h'k(h® + 1 + k') +hk(W'2 + 1 + k'2)=0
A little manipulation yields

(W' - (k" - kK)(1 - k' - kKk') = 0. (2.8)
Now, assuming that ' # % and k' # k, (2.8) reduces to
hh' + kk' = 1. (2.9)

Since (2.9) obviously has no solutions in positive integers h, k', k, k',
we have proved the first half of Theorem 1.

3. To prove the second part of the theorem, let %, h', k, k' be positive inte-
gers that satisfy the congruences

[hh' Z -1 (mod k), k' = -1 (mod k')

(3.1)
kk' = 1 (mod %), kk'

1 (mod %').
Then

(hy k)= (h, k') = (h', k) = (h', k") =

and exactly as above, we get the set of equations (2.6). However, we now use
both (2.3) and (2.4). Thus, in place of (2.7), we get

__1 1L (h 1 k
s(h, 1) + o(ks W) == p + 150 + 7 + )
: _ LA 1k
“oC ) + oG b ==+ T+ g+ 77) (3.2)
_ 1 1(h 1 k'
s(h, k') + s(k, h) ==+ Tf(ET topr t 7;)
, 1 1 (k' 1 k'
-s(h, k") +S‘\k h') ———+T§'<7<—,+W+—h—,)
Multiply the first and second equations by +1, the third and fourth by -1,
and add:
A1 Kk R S S S A h 1 KT\
Gra+ 2 Eramr) - Eras 5 -Grme ) - o
or

R'K'(R2 + 1+ kD) +RR" (B2 + 1+ KD -R'k(W® + 1+ k) -hk(R'P + 1+ k') =0
This reduces to

(" + B (k' - k) + hh' - kk') = 0.
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Hence, assuming k' # k, we get
kk' = hh' = 1. (3.3)
This completes the proof of the theorem.

4. We now consider the system of congruences

|
i

1l

hh' = o (mod k), hh' = 8 (mod k')
(4.1)

kk' = v (mod h), kk' = & (mod h'),

where each of o, B, vy, § is equal to #1. Then, in place of (2.7), we get

s(h, k) + s(k, h)
as(h, k) + s(k, h'")
s(h, k') + ys(k, h)

Bs(h, k') + Ss(k, "),

(4.2)

where, for brevity, we indicate only the left-hand sides.
Now, multiply the first equation in (4.2) by 1, the second by &, the third
by n, the fourth by ¢. To eliminate the left-hand side, &, n, ¢ must satisfy

1+t =0,1+yn=0, &+ 6g=0, n+ Bg =0.

This gives

E=-a, n=-y, g =0 ¢=8y, (4.3)
so that a8 = By, 6§ = aBy. Hence, (4.3) becomes
E=-a, n=-y, L= RY. (4.4)

It follows that (4.2) implies

Simplifying, we get
(W'k'" - ohk' - Yh'k + BYhk) - ohh'(h'k' - ahk' - oBYR'k + ayhk)
- Ykk'(h'k'" - Bhk' -~ Yh'k + ayhk) = 0.
If o = B, this becomes
(h' - ah) (k' - Yk)(1 - ohh' - ykk') = 0, (4.5)

while (4.1) reduces to

hh' = o (mod k), hh' = o (mod k")
(4.6)
kk' = vy (mod h), kk' =y (mod A'").
The cases o =y =1 and a = -1, y = 1 are covered by Thoerem 1. The case
a =1, vy =-1 is essentially the same as o = -1, Y = 1. Thus, the only case to
consider is oo = y = -1. 1In this case (4.5) is
"+ k" + k(A + R+ kk') = 0. (4.7)

Clearly, (4.7) cannot be satisfied in positive integers. It is now not neces-
sary to assume either k' # k or k' # h.
This completes the proof of Theorem 2.

1984] 269



COAXAL CIRCLES ASSOCIATED WITH RECURRENCE-GENERATED SEQUENCES

REFERENCE

1. H. Rademacher & E. Grosswald. Dedekind Sums. Washington, D.C.: The Mathe-
matical Association of America, 1972.
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COAXAL CIRCLES ASSOCIATED WITH RECURRENCE-GENERATED SEQUENCES

A. F. HORADAM
University of New England, Armidale, N.S.W. 2351, Australia
(Submitted January 1983)

1. INTRODUCTION

Recently, some articles [1], [3], and [4] of a geometrical nature relating
Fibonacci numbers to circles, with an extension to conics, have appeared in this
journal. Here, we offer another geometrical connection between Fibonacci-type
numbers and circles (though this material bears no relation to the other arti-
cles). In particular, it is shown how Fibonacci and Lucas numbers, and their
generalization, are associated with sets of coaxal circles.

Define the recurrence-generated sequence {#,} for all values of n (integer)
by

H ,,=4Hd,,, +H,, H = 2b, H, = a + b, (1.1)

where g and b are arbitrary, but may be thought of as integers.
Using [2], equation (§), we have, mutatis mutandis, the explicit Binet form
for this generalized sequence

_ (a+V5b)a" - (a - V5b)B"
§ /5
V5)/2 (< 0) are the roots of x2-xz - 1 =0

H (1.2)

where o = (1 +V5)/2 (> 0), B = (1
(so that af = -1).
From (1.2) it follows that

H, = aF, + bL,, (1.3)
where

F, = (a" - M) /V5 (1.4)
and

L,=qa"+ g" (1.5)

are the nth Fibonacci and nth Lucas numbers, respectively, occurring in (1.1),
(1,2), and (1.3) when a =1, b = 0 (for F,) and a = 0, b = 1 (for L,).
Observe from (l1.4) and (1.5) that

v@ﬁ;< L, when n is even, (1.6)
while
V5F,> L, when n is odd. (1.7)

2. COAXAL CIRCLES FOR {#,}

Consider the point with Cartesian coordinates (x, 0) where x is given by

z = [(a + V5b)a?" + (a - V5b)cos(n - 1)m]/V5a" (2.1)
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[the x-value being another form of H, in (1.2)].
Elementary calculations show that the circle, denoted by CH,, with

center: <<§—i;l§é>a”, O> = (E(Hn), 7(H,)) (2.2)
and V5
radius: r(H,) = 9_:;1£§Z (2.3)
is Vgu”
2
<x - <M>@”> +y* = (——a - ‘/gb>2- ' (2.4)
V5 V50"
Clearly,
X(H,) /x(H,_ ;) =« (2.5)
and
r(H,) /v(H, 1) = 1/a, (2.6)
so that the sets {Z(H,)} and {»(H,)} form geometrical progressions.
The circles CH, cut the x-axis where
x(H,) = (a + V5b)o*/V5 + (a - V5b) V50"
= a(@™ t (-1)"B™/V5 + b(a™ T (-1)"B™), since of = -1.
That is,
x(H,) = aF, + bL, or aL,/V5 + V5bF, (2.7)

=1, or aL,/V5 + V5bF, [by (1.3)].

The coordinates x = X(H,), y = r(H,) of the highest point on CH, lie on the
upper branch of the rectangular hyperbola

xy = (2_t3!59)|a - V5b| (2.8)

on making use of (2.2) and (2.3).

Of the other three points of intersection of the circle (2.4) and the rec-
tangular hyperbola (2.8), only one is real, given by the real root of the cubic
equation 2% - o"x% - 0" %% - o™ = 0, e.g., in the case of {L,}. No obvious
geometry follows from the set of these real points [though one might hope that
their locus would be a simple curve (another rectangular hyperbola?)].

Similar results apply to the case of the lowest point.

3. COAXAL CIRCLES FOR {F,} AND {L,}

Parallel details for the special cases {F,} and {L,} of {H,} arising when
a=1,b =0, and ¢ = 0, b = 1, respectively, can be tabulated, as in the fol-
lowing table, after making appropriate notational adjustments to the results
(2.1)-(2.8) in the previous section.

Interesting features of the table appear in (3.7):

(i) the (integer) Fibonacci numbers and the irrational numbers of the
Lucas-related sequence {Ln}//§ are represented on the x-axis as the points of
intersection of the axis and the set of coaxal circles CF,, and

(ii) the (dinteger) Lucas numbers and the irrational numbers of the Fibo-
nacci-related sequence /E{Fn} are represented on the x-axis as the points of
intersection of the axis and the set of coaxal circles (L,.

If we define the orientation of a circle of the coaxal sets to be that in
going (above the x-axis) from the Fibonacci value to the Lucas value in (3.7),
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{F,} {£,}

x = (0*" + cos(n - 1)) /V50" x = (a®" - cos(n - 1)m) /o"
(3.1) {y:(() (n - 1M/ {y=é (n - 1M/
(3.2) &(F,) = o"/V5, y(F,) =0 Z(Ly) = o, F(Iy) =0
(3.3) »r(F,) = 1/V50" r(L,) = 1/a"
(3.4) CF,: [% - gf]z + y? = L CLy: (x - a™? + y? = 1/a*"

V5 502"

(3.5) E(F,)/E(F, 1) = o F(Ly) [T(Ly_1) = O
(3.6) r(F,)/r(F,.;) = 1l/a (L) /r(L,_,) = 1/a
(3.7) =(F) =F,, L,/V5 ©(Ly) = L, V5F,
(3.8) xy =1/5 xy =1

then (1.6) and (1.7) disclose that the orientation is reversed for alternate
circles in both coaxal sets.

It is an instructive exercise to draw some of the circles CF, and CL, for
small integral values of »n (<0, =0, >0), but we omit the diagram here in order
to conserve space.

L. CONCLUDING REMARKS

This article developed from a brief private communication from L. G. Wilson
[5], to whom the author expresses his thanks. Wilson, however, was concerned
only with the polar coordinate representation of the points given in Cartesian
coordinates (x, y) by x as in (2.1),andy = (a - ng)sin(n - 1)ﬂ/¢§a” but with
n not restricted to integral values. Our concentration on just two special
points on each circle was stimulated by a desire to exhibit the circle genera-
tion of the members of {F,} and {L,}.

The occurrence of u”/VB and o” reminds us that these, by (1.4) and (1.5),
are the limiting values of F, and L,, respectively. Thus, if »n is graphed
against y = lim F,, and y = lim L, in turn, we find that the points (¥,, y) and

n> oo n>e
(L, y) lie remarkably close to the exponential curves y = o”/V5 and y =a"
even for small values of #.

It seems reasonable to expect an extension, albeit a slightly tedious one,
to the more general sequence {W,} defined for all integral = by

Woto = PWpyr = qWys (4.1)

with specified values for W, and W,. Possibly some worthwhile results for the
special cases of the Pell sequences arising from (4.1) when p = 2, g = 1 might
eventuate from this investigation.

REFERENCES
1. Gerald E. Bergum. "Addenda to Geometry of a Generalized Simson's Formula."
. The Fibonaccei Quarterly 22, no. 1 (1984):22-28.
2. - A. F. Horadam. "A Generalized Fibonacci Sequence." Admer. Math. Monthly 68,
no. 5 (1961):455-59.

(Please turn to page 278)
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Please send all communications regarding ELEMENTARY PROBLEMS and SOLUTIONS
to PROFESSOR A. P. HILLMAN; 709 Solano Dr., S.E.; Albuquerque, NM 87108. Each
solution or problem should be on a separate sheet (or sheets). Preference will
be given to those typed with double spacing in the format used below. Solu-
tions should be received within four months of the publication date. Proposed
problems should be accompanied by their solutions.

DEFINITIONS

The Fibonacci numbers F, and the Lucas numbers L, satisfy

Foo,=F ., +tF,F = 0, F, =1
and
Lpeo =L,y ¥ L, Ly =2, L, =1.

Also, o and B designate the roots (1 + v5)/2 and (1 - V5)/2, respectively, of
2
- -x~-1=0.

PROBLEMS PROPOSED IN THIS ISSUE
B-526 pProposed by L. Cseh and I. Merenyi, Cluj, Romania

Find all ordered pairs (m, n) of positive integers for which there is an
integer x satisfying the equation
F.F 2% - [Fy(Fy, F,) + FuFn my1e + (Fpy F)Fn, ny = 0.

Here (r, 8) denotes the greatest common divisor of » and s.
B-527 Proposed by L. Cseh and I. Merenyi, Cluj, Romania

Do as in B-526 with the equation replaced by
(F , F)x? - (F, + F,)x + Fm,» = 0.

m?3

B-528 proposed by Herta T. Freitag, Roanoke, VA

For nonnegative integers #u, prove that
2n+1

2n + 1\ ,2 _
iz=:0< 7 )Fi*‘l = 3 onss
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B-529 Proposed by Herta T. Freitag, Roanoke, VA

2n
‘o . . 2
For positive integers »n, find a compact form for E (;W>Ff+l.
1=0

B-530 Proposed by Michael Eisenstein, San Antonio, TX

Let o = (1 + V5)/2. TFor »n an odd positive integer, prove that the contin-
ued fraction

B-531 Proposed by Michael Eisenstein, San Antonio, TX

For n an even positive integer, prove that

SOLUTIONS

Even Sum of Fibonacci Products

B-502 Proposed by Herta T. Freitag, Roanoke, VA

Given that % and k are integers with A+ k an integral multiple of 3, prove
that F, F, _, |+ F, F;_j is even.

Solution by Bob Prielipp, University of Wisconsin-Oshkosh, WI

Letting ¢ =n + 1 in (I,,)—see p. 59 of Verner E. Hoggatt, Jr., Fibonacct
and Lucas Numbers (Boston: Houghton Mifflin Co., 1969)—yields the following
identity:

F

met = Ipe1Fe B F_ . (%)

Thus,
Bl nnt B Fron = FeedFroon + BeFxony

= Fk+(k—h) [by (%)]
=Foy_y
= Fax_(h+xy

Because 4 + k is a multiple of 3, 3 divides 3k - (& + k), hence 2 = F, divides
Fay_n+ky

Also solved by Wray G. Brady, Paul S. Bruckman, L. Cseh, M. J. DeLeon, C. Geor-
ghiou, Walther Janous, L. Kuipers, Graham Lord, I. Merenyi, Bob Prielipp, Heinz-
Jurgen Seiffert, Sahib Singh, and the proposer.

Even Perfect Numbers Mod 7

B-503 Proposed by Charles R. Wall, Trident Technical College, Charleston, SC

Prove that every even perfect number except 28 is congruent to 1 or -1 mod-
ulo 7.
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Solution by L. Cseh, Cluj, Romania

It is well known that every even perfect number is of the form
2072 - 1),
where p is prime and so is (2P - 1). Every prime, except 3 is of the form
3k +1 or 3k + 2.

Thus, we have

i

237{ (23k+1 _ 1)
23k+1(23k+2 -1

1« (l1+2-1) =1 (mod 7)
2« (4 -1) =6 = -1 (mod 7),

and because for p = 3 we obtain 28, the proof is complete.

1

Also solved by Paul S. Bruckman, M. J. DeLeon, Herta T. Freitag, C. Georghiou,
Walther Janous, H. Klauser and M. Wachtel, L. Kuipers, Graham Lord, I. Merenyi,
Bob Prielipp, Sahib Singh, and the proposer.

Triangular Fibonacci Numbers Mod 24

B-504 Proposed by Charles R. Wall

Prove that if # is an odd integer and F, is in the set {0,1, 3, 6,10, ...}
of triangular numbers, then n = *1 (mod 24).

Solution by Leonard Dresel, University of Reading, England

If F, is in the set of triangular numbers, then there is an integer k such
that 7, = %k(k + 1), so that 8F,+1 = (2k + 1)2 is a perfect square. Reducing
this modulo 9, we have

8F, + 1 is a quadratic residue modulo 9.

The Fibonacci sequence reduced modulo 9 is periodic with period 24, and for the
odd integers »n, we have

nm=1 3 5 7 911 13 1517 19 21 23 (mod 24)
F, =1 2 5 4 7 8 8 7 4 5 2 1 (mod9)
8F, +1 =0 8 5 6 3 2 2 3 6 5 8 0 (mod9).

By squaring the numbers 0, 1, 2, 3, and 4, we find that the quadratic residues
modulo 9 are 0, 1, 4, 7. Hence, the only quadratic residue in the sequence for
8F,+1 (mod 9) is the number 0, and this occurs only for n = +1 (mod 24).

We can extend this result in various ways. For example, by reducing the
sequence 8F, + 1 modulo 11, we obtain the further condition n = #1 (mod 10).

Also solved by Paul S. Bruckman and the proposer.

Sum of Lucas Products

B-505 Proposed by Herta T. Freitag, Roanoke, VA

Let
N = N(m, CZ) = Lm-ZaLm - Lm+l—ZaLm— 10

where m and a are positive integers. Prove or disprove that N is: (a) always
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(exactly) divisible by 5; (b) never divisible by 3, 4, 6, 7, 8, 9, or 11; and
(c) divisible by 10 if a = 2 (mod 3).

Solution by C. Georghiou, University of Patras, Greece

When L, is replaced by o” + B", we get

N =Ly, DLy - Lm+1-—2a[’m—1 = (_l)m (Lza + Lza-z) = (_I)MSan—l;

therefore, N is divisible by 5.
Next, we take the following properties of the Fibonacci numbers as known
(otherwise, they can easily be established):

F, =0 (mod 3) iff »n = 0 (mod 4) (1)
F, = 0 (mod 4) iff n = 0 (mod 6) (2)
F, =0 (mod 7) iff n = 0 (mod 8) (3)
F, =0 (mod 11) 1iff »n = 0 (mod 10) (4)
F, =0 (mod 2) iff n = 0 (mod 3) (5)
Now (1) =N %Z 0 (mod 3 or mod 6 or mod 9),

(2) =N £ 0 (mod 4 or mod 8),

(3) =N % 0 (mod 7),

(4) =N % 0 (mod 11), and finally,

(5) =N =0 (mod 10) iff 2¢ - 1 = 0 (mod 3) or a = 2 (mod 3).

Also solved by Paul S. Bruckman, L. Cseh, M. J. DeLeon, Walther Janous, L. Kui-
pers, Graham Lord, Bob Prielipp, Sahib Singh, and the proposer.

Fibonacci and Lucas Convolutions

B-506 Proposed by Heinz-Jirgen Sieffert, student, Berlin, Germany

Let G, = (n + 1)F,, and H, = (n + 1)L,. Prove that:

n
_(n+ 2)(n + 3) 2 4 .
(a) kgo Gan-k - 30 H, - 2_5Hn+2 + EF”"“:"’
"
_(n+ 2)(n + 3) 2 4
(b) kgo Han-k - 6 Hn + an+2 - an+3'

Solution by Paul S. Bruckman, Fair Oaks, CA

Let
V) = 2/(l -z - 2?) = (1 -t - (- BH = 3 Eet (1)
\/3 n=0
Vi) = 2 -2)/(1 -2 -x%) =P+ @ = fé L,x",
n=0
where
P=(l-ax)"? and Q= (1 - Bx)">.
Also, let
ACx) = (xU(x)) ', B(x) = (xV(x))'. (2)
Then
A(x) = i G,x", B(z) = i Hx™. 3)
n=0 n=0
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Note that (xP)' = P?, (xQ)' = Q2. Hence,

A(x) = 5712 (P? - %), B(z) = P2 + Q2. (4)
Let
R(x) = P* + g%, S(x) = P?@2. (5)
Then
R(x) = n};o (” g 3>(oc” + gz,
or
R(x) = —éngo(n + 2)(n + 3)H,x". (6)
Also,
S@) = (1 -2 - x2)°% = %(U(ac) + V()2
= %{(1 + 5" Yypy (1 - 5'1/2)Q}2=%{0c2P2 + 2PQ + B2Q?%};
hence,
55(z) = a?P? + U(x) + V(x) + B%Q?
& 2
= + DL "4 S (0P -
ngo (n + 1)L, \/g(a R&)
= 52 {(n+ 1L,,, + 2F, }x"
n=0
= z;){(” + NLpyy + 2(F 41 — Lyedtx™s
or T
5(x) =_%n=0(Hn+2 - 2Fn+3)‘%'n' <)
Now,

A(z)? = (f an”>2 - XY GG s
n=0 n=0 k=0

also, however, from (4) and (5), 5(4(x))?% = R(x) — 25(x). Using (6) and (7):

n
1 2
kz_:o Gan——k = %(Vl + 2)(n + 3)H, - _Z_S(Hn+2 - 2Fn+3)’
or
- 1 2 4
kE_:OGan—k = 3g(n + D1+ DA, = 55luss + 55Fnes (8)
Likewise,
00 2 0 "
(B(z))? = (E an”> - Y a" Y BH,_, = R®) + 25()
n=0 n=0 k=0
w© ) &
= % 2+ 2)(n+ DEE" + = S (Hypo - 2F,, )27,
n=0 n=0
> e 1 2 4
kZOHan_k =20+ D+ NHy + SHay, =~ FFara (9

Also solved by C. Georghiou, L. Kuipers, J. Suck, Gregory Wulczyn, and the pro-
poser.
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Mixed Convolution

B-507 Proposed by Heinz-Jurgen Sieffert, Berlin, Germany

n
Let G, and H, be as in B-506. Find a formula for 2: G H,_ similar to the
formulas in B-506. k=0

Solution by Paul S. Bruckman, Fair Oaks, CA

We follow the notation introduced in the solution to B-506, and note that

o =) 0 N
A(x)B(x) = Z G x™ . 2 Hx" = Z x”z: Gy H, _ %
n=0 n=0 n=0 k=0
On the other hand,

A@BE) = 572 (P - g% = 572 B (T P - pen

i(n + 2)(n + 3)G,x".

n=0

I

N =

Hence,

n
1
kgonH”'k = 2(n + 2)(n + 3)G,.

Also solved by C. Georghiou, L. Kuipers, J. Suck, Gregory Wulczyn, and the pro-
poser.

0000

(Continued from page 272)

3. A. F. Horadam. "Geometry of a Generalized Simson's Formula." The Fibonacci
Quarterly 20, no. 2 (1982):164-68.

4. A.G. Shannon & A.F. Horadam. "Infinite Classes of Sequence-Generated Cir-
cles." The Fibonacci Quarterly (to appear).
5. L. G. Wilson. '"Fibonacci Sequences.'" Private communication, 1982.
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tion of the problems.

PROBLEMS PROPOSED IN THIS ISSUE
H-372 Proposed by M. Wachtel, Zurich, Switzerland

There exist infinitely many sequences, each with infinitely many solutions
of the form:

A xi +0=58" yi A= Fi, ¢ =1Iy B =Fisa
Aewiac=Beyl | oy -1 v -
Aex2+ (C=B-y? ) )
-0 -7 T, = F, o Fp + Fiy Yo = 2Fp4
Arap+ C=B-y By = 2y + (D7 Ys = o4
Find a recurrence formula for z,/Y,, T5/Yss -++» Cn/Y, (¥, = dependent on Zy).

Examples: (x; - x3)

n =3 (in numbers)

Fg = (1)? + L, =F,*(2)? 8«1 +4=3-27

Foo (FF,+FD?* + L, = F, + (2FD)? 8+ 112 + 4 =3-18?

o 2 . 7 . 2 . 2 _ 2. 2

Fg (2P, - D? + L, = F, + (2F,.) 81092 + 4 = 3+ 178

n=1=a4

F,e (1) + L, =Fg(2)? 13 -1 +7=52°

Fo (FyF, + FD? 4 L, = Fg» (22 |13+312 + 7 = 5+ 507

Fye (2Fy, + 1)? + L, = Fg» (2F;3)° 13+ 2892 + 7 = 5+ 4667

H-373 Proposed by Andreas N. Philippou, University of Patras, Greece

For any fixed integers k 2 0 and »r 2> 2, set

ny + oo+ tro- 1) "
5

> 0.
My s eees My >, =1

£ = <
n+l, r n, o S
nyt 2, et =n
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Show that

n

n
o ® a0 S
fn+1,1ﬂ - z§0 fz+1,1 £ +1-g,p-1° 7 0.

333

H-374 Proposed by Charles R. Wall, Trident Technical College, Charleston, SC
If 0*(n) is the sum of the unitary divisors of #, then
o*(n) = II (1 +p®),
pen

where p? is the highest power of the prime p that divides n. The ratio o*(n)/n
increases as new primes are introduced as factors of n, but decreases as old
prime factors appear more often. As N increases, is o*(N!)/N! bounded or un-
bounded?

H-375 Proposed by Piero Filipponi, Rome, Italy

Conjecture 1

If F, =0 (mod k) and k # 5", then k¥ = 0 (mod 12).

Conjecture 2

Let m > 1 be odd. Then, Fi,p =0 (mod 12m) dimplies either 3 divides m or
5 divides m.

Conjecture 3

Let p > 5 be a prime such that p [ F then F,, # 0 (mod 12m).

242
Conjecture 4

If I = 0 (mod k), then k¥ = 0 (mod 6) for k > 1.

SOLUTIONS

Lotta Sequences

H-350 Proposed by M. Wachtel, zZurich, Switzerland
(Vol. 21, no. 1, February 1983)

There exist an infinite number of sequences, each of which has an infinite
number of solutions of the form:

Aex}+1=75y2 A=5-(@+a)+1 a=0,1, 2,3,
Aea? +1=5.y2

A .xg +1 =75. g f2_= 2; fﬁ = 40(2a + 1)% - 2
Aex2+1=75-y2 Y, = 2a+ 1; y, = (2a + 1) « (164 + 1)

Find a recurrence formula for x4/ys, Ty/Yys +-+5 £,/Yn (Yn = dependent on x,).
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Examples
L,\2 F,\2
a=0 1-|5) +1=5:{5 a=1 11222+ 1 =532

Lg\2 F9‘2

1-{5) +1=5- 7?) 113582 + 1 = 5- 5312
I3 2 Fi\2

1- (*%i> +1=75- <_%i> 11+ 637222 + 1 = 5+ 945152

1e... +1="5-... 1. ... +1=5-

a=5 151+2%2 41 =5-112

151« 4,8382 + 1 = 5+ 26,5872

151+ 11,698,282% + 1 = 5+ 64,287,355%

151 ... + 1 5
Solution by Paul S. Bruckman, Carmichael, CA

The general solution of the Diophantine equation:

5y? - Ax? =1 (1)
is given by
on-1 _ ,2n-1 on-1 2n-1
z, = &% A T T T, (2
WA 25
where
u = (2a+ V5 + 2V4, v = (2a + 1)V5 - 2VA. (3)

1. Also,
84 + 1 + 4(2a + 1)V54,

Note that uv = 5(2a + 1)2 - 4(5(a® + a) + 1)
u? = 50Qa + 1)2 + 44 + 4(2a + 1)V54

and
uw* = (84 + 1)2 + 804(2a + 1)2 + 8(2a + 1) (84 + 1)V54

84 + 1)2 + 80A(1 + %{A - 1)) + 284 + 1)(u? - 84 - 1)
—(84 + 1)2% + 164 + 64A% + 2(84 + 1)u? = 2(84 + Du? - 1.

]

]

Note that v satisfies the same relation. Thus,
w* - 2Bw? + 1 =0, (4)

where w denotes either u or v, and B = 84 + 1 = 40a? + 40a + 9. From (4), we
readily deduce the recursions:

B,4, = 2Bz, +3,=0,n=1,2, ..., (5)
where 2z denotes either x or y.
Now, let
x

r, = yf, n=1, 2, ... . (6)
Then, using (5), we obtain: v y
nvn

. 2B, | = Ty _ 2Br 1 T Goa -, (r, . - fn)yn‘
n+2 2BY, .1 - Y, Y, n+1 2BY, .1 ~ Yn
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Hence,
Tus1 ~ Tn In+1
= 2B . -1,
l’l -—
. n+2 n+1 n
or, equivalently:
Y1 1 Poss T Tn 7
yrz 2B rn+2 - pn+l
Also, using (5) and (7),
Yo - 28 - Yn 1 . rn+3 T a4l
3
Y1 Ypsr 2B Tyy =T,
which implies:
n+2 n+1l +3 - +1
4B% - ABZ( ) ‘- Gy
Tpvo = Ty Tuvsz = Puyo
or
r - r r - p
n+3 n+1 n+1 n
- < 4B2<-——————a——>. (8)
n+3 T Tuto Tovo = Ty

Solving for r,,, in (8) yields the desired recursion:

- - 2 -
Pn+1(rn+2 Y%) 4B pn+2<rn+1 T%) 9
r = .
n+s3 Tryo = Py — 4Bz(rn+1 - pn) 2

Also solved by the proposer.
Hats Off

H-352 Proposed by Stephen Turner, Babson College, Babson Park, MA
(Vol. 21, no. 2, May 1983)

One night during a national mathematical society convention, 7 math-
ematicians decided to gather in a suite at the convention hotel for an
"after hours chat.'" The people in this group share the habit of wearing
the same kind of hats, and each brought his hat to the suite. However,
the chat was so engaging that at the end of the evening each (being deep
in thought and oblivious to the practical side of matters) simply grabbed
a hat at random and carried it away by hand to his room.

Use a variation of the Fibonacci sequence for calculating the proba-
bility that none of the mathematicians carried his own hat back to his
room.

Solution by J. Suck, Essen, Germany

The problem is Montmort's 1708 "probléme des rencontres" (see [1], p. 180)
and the required solution is an old hat of Euler's. 1In [2], he proves by an
easy-to-find combinatorial argument that the number D, of derangements (= per-
mutations without fixed point) of {1,2, ..., n} satisfies the recurrence
D ., = (n+ 1) + Dn), D0 =1, D =0,

n n+1l

and hence,
Dyyqr = (n + 1)D, + (1",

We can proceed to show by induction, then, the ''closed" expression (also kno<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>