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A THIRD-ORDER ANALOG OF A RESULT OF L. CARLITZ

VICHIAN LAOHAKOSOL and NIT ROENROM
The University of Texas at Austin, Austin, TX 78712

(Submitted March 1983)

1. INTRODUCTION

In 1966, L. Carlitz [1] employed a technique based on a generating function to
solve completely the second-order difference equation

o (@ = (@ +2n+p+ 1f,, @ - 0 +pn+f,(x), (n=0,1,2, ...),
with the initial conditions

Fo(®) =0, fi(@ =1,
and p, g are parameters subject only to the restriction

p? - 4q # 0.

The polynomials f,(x) are known to be orthogonal on the real line with respect
to some weight function.

Though the difference equation considered by Carlitz is of a special form,
by studying Carlitz's proof, it is evident that his technique can also be used
to solve analogous difference equations of higher order. It is our purpose
here to illustrate this by way of solving completely the following third-order
difference equation:

= 2 ; 2.2
Fors@ = (x" + 3pn + @Ff,, @ + {-3p"n* + 3p? - 2ppdn + r}f, (x)
+ {pn® + (=3p® + p?Pn? + (2p° - p?q - prIn + s}f,(x),
(n=20,1,2, ...), (D
with the initial conditions
Fol@) = fi(@ =0, f(x) =1, (2)
and p, g, r, s are arbitrary parameters subject to the following three restric-
tions:
I. p#0,

II. all three roots Kl, A A, of the equation

22 "3
P+ (3p - PPNt + (20 - pP’g - pP)XA - 5 =0
are distinct and none is a nonpositive integer,

III. ©both roots Hy and U, of the equation ’
piu? + Gap® + 3p% - pPPu + (3% + 61 + Dpd- (22X + p2qg - pr = 0,

where X denotes any one of X;, A
integers.

;s OT Xa from II, are nonpositive
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A THIRD-ORDER ANALOG OF A RESULT OF L. CARLITZ

2. THE METHOD

Let
F8) s = B¢, @) = 3 f, (@5 3)
n=0 :

be a generating function for f;(x). From (1), (2), and (3) we get

(1 = pt)*F"(t) - q(1 - pt)2F"(t) - v(1l - pt)F'(t) - sF(t) = x2F"(L).
We remark here that, save the right-hand side, this differential equation re-
sembles the well-known Euler linear differential equation (see,e.g., Ince [2],
pp. 141-143).

Next, we define an operator

A:= (1 - pt)®D® - q(1 - pt)?D* - »(1 - pt)D - s, (D = d/dt).
Then our differential equation becomes

AF(t) = x?F"(t).

We expect three independent solutions of this differential equation to be of
the form

G(t, A) i = ¢(t, A, x) = ff T xk(l - pt) A7k,
k=0

where A is any one of Ays Ays Ay. Thus, we must compute Tp = T ().
By direct computation, we get

A1 - pt) ATk

—— = QA+ RO +Ek+ DO+ k+ 2)p’

1 -pb) SO+ +k+ Dp2g - (A + Kpr - s.
Equating the coefficients of xk(l - pt)“x'k for kK 2 2 in
Ap(E, N) = x22¢"(E, A), (4)
we get
A+ k=-2)(A+ k+ 1)p?
T T

k= -
A+ A+k+ D) A+ k+2)p% = A+ k) A+ k+ Dp°g- (A+k)pr- s

Making use of restriction II that )\ is a (nonpositive integer) root of
p*A° + (3p® - PPN+ (° - pP’q - pr))k - e =0,

we have

(A+k-2)(A+ k- 1)p?
= T
k
: kIp3k?+ (3p3 +3p° - p2q)k+ {(3A2+ 61+ 2)p® - (27 + 1)p?q - pr}]

T -
Also, making use of condition III that both roots u of

pu? + (3p + 3p® - pPQu + {(3A% + 61 + 2)p® - (21 + 1)p®q - pr} =0
are nonpositive integers, we arrive at the fact that

O+ k-2 + k-1
kT TR(K - ) (K - WP

T Ty 5

1985] 19¢



A THIRD-ORDER ANALOG OF A RESULT OF L. CARLITZ

is well defined. Consequently,

)G +72),

e - ), - ),

s (22 - 24+ 0@ -1+
To = Top 11 ( =

ae1 28020 - upd (20 - uy) 0’

where (y), =y(y +1) *+* (y +k-1), and
(X 4 LY (2
2 k!(z + Z)k 5+ 1)k
2k+1 T 1°
3 My /3 Wy
k - - 2 - =
pr(2k + 1)!( 7 >k(2 3 )k

T

N w

Thus,
¢(t, )\) = Z {Tzk-'L'Zk(l _ pt)—)\—?_k + T2k+1x2k+l(l — pt)—)\—Zk—l}.
k=0

Since the degree (in x) of f,(x) is even, we must choose T; = 0. Also, we have
to adjust the initial conditions; equating the coefficients of 20(1 - pt)_x'o
in (4) and using restriction II, we may take T; = 1. Thus,

o o o 7
66 D) = B Tpm? (- py M = P r,at 300w 200, 0
k=0 k=0 n=0 :

where A (A 1)
(2).5 +3),

T,, = . T (=0, 1,2, ).
(i - 7),00-F),

Let ¢,(A) : = ¢, (X, x) be the coefficient of t"/n! in ¢(¢, A). Then

(V) = 3 T (X + 2k), ptx?k.
k=0

Hence, we have the general solution to (1) as
Fo(x) =we, (x, X)) + wye (x, A, + wye (xs Ay,
where
wy =w (e, Ay, A,y Ay, (2 =1, 2, 3)
are to be chosen so that the initial conditions (2) are fulfilled, namely:
0= wlco(kl) + wye (A,) + wyeg(Ag);
0= wlcl(xl) + wzcl(xz) +vwscl(x3);
1 =wye,(A)) + wye,(h,) + wye,(Ag).
Solving this system of equations, we get
Dw, = co(kz)cl(Xg) - cO(As)cl(Az)
Dw, = co(Xa)cl(Xl) - cO(Xl)cl(Xa),
Dwy = co(X) ey (h,) = eg(A)e(Ay)s

where

196 [Aug.
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]
1]

D(x, Ays Ays Ag)
cO(Al) cO(Xz) cO(AS)
det | ¢, (Xy) e, (A,) e (Ay)
e, (Ay) c,(A,) 02(X3)

il

It can be verified ‘that D # 0. With these values,we have completely soclved our
difference equation.

3. AN EXAMPLE

In closing, we give a more specific example to our result. Take p =1, g = 4,
r =-3, s = 1. The difference equation (1) then becomes

Fes@ = (@ + 3n+ &)F, @ + (=317 - 5n - 3)f, (@
+ 0+ +n+ 1)F (2.

The three roots of

A2+ x-1=0
are

=1, A, =2 =V-1, Ay = -<.
The roots of

2+ 3 - DR+ (3A2 - 2x+1) =0

for the corresponding A are

Ay = 1liyy, = V2 exp(égl), Uy, = V2 exp(égi),
Ay =T U,q = V2 exp<1%3>, My, = V2 exp<§g3>,
Ay = =T iUy, = V2 exp(%%), Hyp = V2 exp(%?).
Also,
1
Tzk(kl) = Tzk(l) = X (Zk) H (k = 0, 1) 2’ )’
2Kkt TL 125 + 1)2 + 1]
i=1
. (2/2);
Top(Ay) = Ty (d) = ————,
k12k(1 + 2),
7 () =T, (D) Al
= ) = e—_—
TR TRk k12K - ),
hd k
6, (1) = cp(l) = % Qe+ mist 0,1, 2, ..,

k=0

k1, L . 2
2% TLL(25 + D2 + 1]
J=1
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cﬁ&)=au>=f(un“i+ﬁ”x“
k=0 R12K(1 + 1)y

5

= (=1/2)y (=1 + 2k), 22K
k=0 k12k(1 - 1), '
If we consider the case where x = 0, then we get
e, (A5 0) =nl, c,(X,, 0) = (2),,
c,(Ag, 0) = (-7),,, (n =0, 1, 2, ...),

and

en(hy) = 0, (=7) =

w =%u}=%@l+@,w =%4~iy
Hence,
Fu(0) = Fnl + F(-1 + D (D, + F(-1 = D) (=),

This solution can be directly checked via the differential equation
(1 = ©)PF™(t) - 4(1 = £)?F"(¢) + 3(L - t)F'(t) - F(¥) =0,

which is the familiar Euler linear differential equation.
The solution with initial conditions

f(0) = F(0) =0, f,(0) =F'(0) =0, f,(0) =F'(0) =1
is given by (see, e.g., Ince [2], pp. 140-141)

F(#) =21 = B+ 21+ D = 07+ 2(-1 = 41 = 1)

and it can be immediately verified that this agrees with the solution found
above.

REFERENCES

1. L. Carlitz. '"Some Orthogonal Polynomials Related to Fibonacci Numbers."
The Fibonacci Quarterly 4, no. 1 (1966):43-48.

2. E. L. Ince. Ordinary Differential Equations. New York: Dover, 1956.
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GENERALIZED FIBONACCI NUMBERS AND SOME DIOPHANTINE EQUATIONS
JANNIS A. ANTONIADIS
University of Thessaloniki, Greece

(Submitted May 1983)

1. INTRODUCTION

The object of this paper is to generalize the results of Finkelstein [3], [4],
and Robbins [8] about the Fibonacci and Lucas numbers of the form 2% * 1, by
using the method of Cohn [2]. Some results which contain the Fibonacci and
Lucas numbers of the form 2z2 * 1 as special cases are also given.

In all cases we obtain information about the solution of an infinite class
of biquadratic diophantine equations, with the exception of Theorems 8 and 10,
where it is not known if the class considered is finite or infinite [5].

The following notation will be used:

« F,, L, for the (usual) Fibonacci, Lucas numbers.
e a = b (mod ¢) or a = b(e) for congruences.
e (a/b) for the Jacobi quadratic symbol.

* The solutions (#x, *y) of a diophantine equation are counted once if
x and y possess only even exponents.

2. PRELIMINARIES

Definition 1: Let d €N, d # 0, and d not be a square.
(i) d will be called of the first kind if the Pellian equation x? - dy® =
-4 has a solution with both & and y odd integers.

(ii) d will be called of the second kind if d is not of the first kind and
the Pellian equation z° - dyz = 4 has a solution with both & and y
odd integers.

Remark: A necessary but not sufficient condition for d to be of the first or
second kind is d = 5(8). A counterexample is d = 37.

Definition 2: Let d € N be of the first or the second kind w%th d > 5 + 8v.
Tet o = %(a + b/d) be the fundamental solution (see [7]) of x* - dy® = -4 or
x? - ayz = 4 and B = %(a - Wd). We define, for all integers #,

Up = d 2 (am - 8™
vV, = o+ g™

It is easy to see that U, = 0, U; = b, V, = 2, V, = a, and U,, V, are integers
for each n € Z.

Supported by the Deutsche Forschungsgemeinschaft.
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GENERALIZED FIBONACCI NUMBERS AND SOME DIOPHANTINE EQUATIONS

The terms of the sequence {U,}, n €N
alized Fibonacei (Lucas) numbers.

({V,}, n € N) will be called gener- -

Remarks: (i) From Definitions 1 and 2, it follows that both a and b must be

odd.

(ii) If b =1, then our definition of generalized Fibonacci numbers
agrees with the Fibonacci polynomials U, = F,(a), a odd, but in
general, b can be different from one as for example in the case

d=26l, a=39, b=>5.

From now on, d will always be of the first kind with the fundamental solu-

tion %(a + bVd) of the corresponding Pellian equation x° - dy® = —4.

to [2], the following identities hold:
U = aU

n+2
= aVl,

Vn+2 n+1

u_, = (D" o,

Von = (=1)7V,,

2Un+n = UnVy & UnVns
2Wpnin = dUyU, + VpVy s
(-4 = V2 - dvz,
V:i=V,, + (-1)" -2,
2|U, iff 2|V, iff 3|,

1 if 3)n
(Uy> V) =
2 if 3|n,

V,i12 = Vy (mod 8),
2Wpeay = (CDF-120, (mod V),
2Whyoy = (DY12V, (mod V),
2Upson = (-1)Y2y,, (mod UN),
2Vm+ 2w (—l)NZVﬁ (mod UN),
V, = 2(mod a) if 2|n,
V, = (-1)"2 « 2 (mod b) if 2|n,
b= 1(4),
and, furthermore, for kK € Z, with 2|k, BIk,
{3(8) if k = 2(4)

n+l + Un’

+V,,

Hi

v, >0 and V, =
7(8) if 4k,

2\ _ k/2
(7-) = ok
Upt 2k = —Uyp (mod V),

Vm+2k = _Vm (mod Vk)’

200

According

(D
(2)
(3
(4)
(5)
(6)
(7)
(8)
(9

(10)

1D
(12)
(13)
(14)
(15)
(16)
(17)
(18)

(19)

(20)

(21)
(22)
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GENERALIZED FIBONACC! NUMBERS AND SOME DIOPHANTINE EQUATIONS

(#)- (2
() )

(ﬁ&> = —(%) provided that 5[k,
5

= SIS SR

the general solution of x? - dy?

the general solution of x? - dy?

=-bisax =V, .,y =

=4 is x = Vzn’ y = U2

n

n=1 if a = t?> and d # 5
if V, = 2, then{n =1, 3 if d =5
n =13 if 4 =13,
n =20
if V, = 2x%, then and
n =6 if 4 =5, 29,
n =20
. _ 2 n =12 ifd 5
if U, = x7, then n =2 if a = t2 and b = »?
n=2x1 if b = pr?,
n =20
if U, = 22®, thend{n =6 if d =35
and possibly the solutions »n = 3.
We also need some values for U, and V,:
n U, Vu
0 0 2
1 b a
2 ab a® + 2
3 (@2 + Db a® + 3a
4 (a® + 2a)b a* + 4a® + 2
5 (a* + 3a% + )b a® + 5a% + 5a
6 (a® + 4a® + 3a)b a® + 6a" + 94+ 2

3. GENERALIZED FIBONACCI NUMBERS OF THE FORM uz® + v

U2n+1’

Theorem 1: Let a = 1, 3(8) and b = 1
Up=az?2+ b, m=1(2),

has

(a) the solutions m = *1, *3, and *5

(b) the solutions m = *1, *5 if d =

(c) the solutions m = *1, +3 if g and b are both perfect squares, d # 5,

(d) only the solutions m = *1 in all

(8). Then the equation

13,

other cases.

(23)

(24)

(25)

(26)
(27)

(28)

(29)

(30)

(31)

Proof: It is sufficient by (3) to consider only the cases m = 1(8), 3(16),

and 5(16).

1985]
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GENERALIZED FIBONACCI NUMBERS AND SOME DIOPHANTINE EQUATIONS

Case 1. Let m = 1(8). For m=1, 2 =0 is a solution. If m # 1, then we
write m = 1+ 2+ 3% « n, where 4!n, 3Xn, and az® + b = U, =-U, (mod V) by (21).
Thus (az)? = -2ab (mod V,). But

() -

by (19), (20), (16), (17), and the assumption. Hence, U, # az?® + b.

Case 2. Let m = 3(16). If m = 3, then az® + b = (a® + 1)b iff 2% = ab iff
a and b are both perfect squares, since (a, b) = 1.

If m # 3, then we write m = 3 + 2+ 3° « n, where 8|n, 3*n, and az® + b = U,
-U, (mod V) = -(a”* + 1)b (mod V,), by (21). Thus (az)? = -abV, (mod V).

By applying (13) repeatedly, we obtain

2V, = —ZV%_H = 2Vn_8 = - 22V =4 (mod Vz), (32)
which by (19) implies V, = 2 (mod V,). Thus (V,, V,) = (2, V,) =1 and

(E)___Vf_)__i

V,) \V,) \V,

Now (-abV,/V,) can be calculated to be -1 by using (19), (16), (17), (33), and
the assumption. Hence, U, # az® + b.

*1.

Case 3. Let m = 5(16). If m =5, then there exists a solution iff az? + b =
(a* + 3a2 + 1)b iff 2% = a(a® + 3)b. Since b is odd and b|U,,

(b’ Vg)/(Uay V3) = 29
which implies (b, V;) = 1. Hence,
22 = a(a® + 3)b = Vb iff b = r? and a(a® + 3) = z3.

By [1], the last equation has only the solutions (z,, a) = (0, 0), (2, 1),
(26, 3), (*42, 12). Since we have a = 1(2), the only possible solutions are
(2, a) =(%2,1), (26, 3). For a =1, we have b = 1 = r2 and d = 5. For a = 3,
we have b = 1 = r2 and 4 = 13.

If m# 5, then m =5+ 2+ 3%+ n with 8|n, 3/n, and thus

U, = =Ug (mod V) = -(a* + 3a® + 1)b (mod V) by (21).

Applying (15) repeatedly and using (4), we have

2V, = ~2V,_¢ = 2Wy_1, = --+ = %2V, (mod U,). (34)
Since (V,, V,) =1 implies (2V,, U;) = 2, we see that

() - (“S2)(0) - (@ vor)?)
+ b = U,, we have '

(ax)? = -a(a* + 3a® + 2)b = -abV,U, (mod V,),

which is impossible because (-abV,U4/V,) = -1 by (19), (16), (17), (33), (35),
and the assumption. Hence, U, # az2 + b.

Now, if az?
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GENERALIZED FIBONACC! NUMBERS AND SOME DIOPHANTINE EQUATIONS

Corollary 1: The diophantine equation %?= a’dz" + 2abdz? + a? with a = 1, 3(8)
and b = 1(8), has

(a) three solutions (x, y) = (1, 0), (&4, *1), (x11, +2) if d
(b) two solutions (x, z) = (3, 0), (£393, 16) if d = 13,

(c) two solutions (x, z) = (*a, 0), (*a(a? + 3), *tr), where @ = t2 and b = r?2
are both perfect squares, d # 5,

5,

(d) only one solution (x, 2) = (*a, 0) in all other cases.
Proof: This follows directly from (26), Theorem 1, and Definition 2.
Following the arguments of Theorem 1 and Corollary 1, we have

Theorem 2: Let b = 1(8). Then the equation U, = 22 4+ b, m= 1(2), has
(a) the solutions m = *1, %3, *5, if 4 = 5,

(b) the solutions m = =1, £3, if b = r?, d # 5,

(c) only the solutions m = #1 in all other cases,

and

Corollary 2: The diophantine equation x? = dz* + 2dbz? + a” with b = 1(8) has
(a) three solutions (x, z) = (1, 0), (x4, +1), (x11, #2), if d = 5,

(b) two solutions (x, 2) = (*a, 0), (za(a® + 3), *ar) if b = r%, d # 5,

(c) only one solution (x, z) = (*a, 0) in all other cases.

We now show the following results, which are similar to the above but with
m even.

1, 3(8) and b = 1(8) or a = 5, 7(8) and b = 5(8). Then the

Theorem 3: Let a
ab, m = 0(2), has only the solution m = 2.

equation U, = 22

+ 1

Proof:

Case 1. Let m = 0(4). No solution exists for m = 0; but if m # 0, then we
write m = 2 * 3°+ n with 2|n, 3}n, and thus U, = 0 (mod V,) by (21). If Un =
2% + ab for some m, then we have 22 = -ab (mod V,;), which is impossible, since

(-ab/V,) = -1 by (19), (16), (17), and the assumption.

Case 2: Let m = 2(8). For m = 2, we have the solution z = 0. If m# 2,
then we write m = 2 + 2+ 3%« n with 4|n, 3Jn, and thus

Uy = =U, (mod V) -ab (mod V,) by (21),

Thus, if Um = 22 + ab, we should have 22 = -2ab (mod V,), which is impossible,
since (-2ab/V,) = -1 by (19), (20), (16), (17), and the assumption.

Case 3: Let m = 6(8). If m = 6, we have a solution iff

22 + ab = (a® + 4a® + 30)b iff 2% = a(a® + 4a® + Db = aV,b.
But b]Uh; hence,

(b, V,)/W,, V,) =1 by (10).
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Therefore, it follows that b = t%, a = r?, and a* + 4a® + 2 = V, = s?, which is

impossible mod 4. )
If m # 6, then we write m = 6 + 2+ 3° « n with 4|n, 3[n, and thus
Up = =Ug (mod V,) = =(a® + 4a® + 3a)b (mod V,) by (21).

Hence, if U, = 22 + ab, we have z? = -ab(a* + 4a®*+4) = -ab(a® + 2)2 (mod V,),

which is impossible since

11

(_Zéﬁﬂ_;i_gl_ = (222) = 1 by (19), (16), (17), and the assumption.
VTZ V'ﬂ
Applying Theorem 1(a) and Theorem 3, we now have
Corollary 3: (Theorem of Finkelstein [3], [9], [1])

F =324+ 1 4iff m = #1, 2, #3, +5.

m

Using an argument similar to that of Theorem 3, we have Theorem 4 and two
immediate corollaries.

Theorem 4: Let b = 1(8). Then, the equation U, = az® + ab, m = 0(2), has only

the solution m = 2.

Corollary 4: Let d = a® + 4, 2*a. Then, the equation U, = az® + a has only
the solution m = 2.

Corollary 5: The diophantine equation x? = a?dz" + 2a%dbz? + (a® + 2)? with
b = 1(8) has only the solution (x, y) = (£(a? + 2), 0).

An argument similar to Theorem 3 will also give us the following extended
result of Theorem 1.

Theorem 5: Let a = 1, 3(8) and b
Uy = 2a2® + b, Uy = 222 + b, m

11

1(8). Then, each of the equations
1(2),

i

has only the solutions m = 1.

Corollary 6: Let a =1, 3(8) and b = 1(8). Then, the equations
x? = 4a’dz" + habdz? + a® and  x? = 4dz" + 4dbz® + a?
have only the solution (x, 2) = (%a, 0).

The following is an extended result of Theorem 3 and is similar to Theorem
5 but with m even.

=1, 3(8) and b = 1(8), or a = 5, 7(8) and b = 5(8). Then,
22% 4+ gb, m = 0(2) has

(a) the solutions m = 2, 4 if d = 5,

Theorem 6: Let a
the equation U, =

(b) only the solution m = 2 in all other cases.
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Proof:

Case 1. Let m = 0(8). If m =0, 22° + ab = 0 is impossible. If m # 0, we
write m = 2+ 3% « »n with 4|n 3*n and therefore Up= 0 (mod V,) by (21). Thus,
if 222 + agb = Up,, we have (223)? = -2ab (mod V,), which is impossible, since

< ;ab) = -1 by (19), (20), (16), (17), and the assumption.
n

Case 2. Let m = 4(8). 1If m = 4, then there exists a solution iff 23% =
ab(a? + 1). Since a? - db? = -4, we have (b, a®> + 1) =1 or 3. But > + 1 #
0(3); therefore, (b, a? + 1) = 1. It is obvious that (a, ») = (a, a + 1) =
So we must have a = ¢?, b = r?>, and a®> + 1 = 2)\?, so that ¢t* + 1 = 2A%2. 1In {6]
W. Ljunggren proved that the diophantine equation Ax? - Byl+ = 1 has at most one
solution in positive numbers x and y. In our case, this is (¢, A\) = (1, 1),
which corresponds to a =1, so b =1 = r? and d =

If m # 4, then we write m = 4 + 2+ 3% -« n with 4|n, 3In, and therefore,
U, = -(a®b + 2ab) (mod V,) by (21).

Hence, if 2z + ab = U,, we have 222 = —ab(a? + 3) = -2bV, (mod V,), which is
impossible, since
-2bV3
| 7 ) = -1 by (19), (20), (16), (17), (24), and the assumption.
” -

Case 3 Let m = 2(4). If m= 2, then 2 = 0 is a solution. Ifm # 2, then
we write m = 2 + 2+ 3%+, with Zln, 3*%, and thus,

U, = -ab (mod V,) by (21).

Hence, if 222 + ab = Upn> we have (22)% = -4ab (mod V,), which is impossible,
since

(:%Qé) = ~1 by (19), (16), (17), and the assumption.
n

The following corollaries are direct results of the previous theorems.
Hence, the proofs are omitted.

Corollary 7: Let a =1, 3(8) and b = 1(8),ora =5, 7(8) and b = 7(8). Then,
the equation x? = 4dz" + 4abdz? + (a® + 2)2 has

(a) two solutioms (x, z) = (%3, 0), (%7, *¥1) if d = 5,

(£(a?® + 2), 0) in all other cases.

L]

(b) only the one solution (x, 2)

Corollary 8: F_=2z° + 1 iff m

m

1, 2, 4.

4. GENERALIZED FIBONACCI NUMBERS OF THE FORM pz® - v

Lemma 1: The generalized Fibonacci numbers U, have the form
Upnt1 = D(fans1(a®) + 1), Uy, = abfy,(a?)
and the generalized Lucas numbers V,, have the form

Vonsr = a92n+1(a2)’ Von = 92n(a2) + 2,
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where f,, g, € Z[a?] for each m€ Z and f have no constant term.

2n+1’ Ion

Proof: U,,41 = b(fons1(a®) + 1). The proof is by induction on n. If n =
0, we have U; = b, and the relation is true for fl(az) = 0. Let us now assume
the proposition is true for all values less than or equal to n. Then we have

Upn+s = @Uspsa + Uspay by (1)
aalypyy + Upy) + Uppyy
(a®> + b(f,,,,(a®) + 1) + aU,, by assumption
(@® + Db(fype1(a®) + 1) + alalsy -y + Upy-y)
(a® + Db(fy,4,(@®) + 1) + a?b(f,,_,(a?) + 1) + al,,_, by
. = b(f2n+3(az) +1) + al, = b(onH(a?‘) +1), assumption

with f,,.3(a?) having no constant term.

]

]

In the same way, we can prove the other cases.

Lemma 2: The following identities hold:

Upns1 = UspsaVon = b (36)
Usn = Usn-1Vons1 — ab (37)
Usn = Usp41Vop_1 + ab (38)
Usn-2 = UznVop-p = ab (39)
Usn-2 = Upn-2Voy + ab (40)
DVnsn = UnoaVy + UnVigs (41)
Vons1 = VnVuyr = (-D7a (42)

Proof of (36): We have 2Uyn+1 = Upp+1Von + UppVaon+1 by (5); thus,

u v, +U,V + 2b

2nxl" 2n 2n - 2n*l

2

U'+nt1 +b =

It is therefore sufficient to show that

UpnVonsr T 2b.= UgpiaVoy (43)
and

UppVop-1 + 2b = Uypy 1V, ‘ (44)

We will prove (43) by induction on n. For n = 0, (43) is true, because
UgV+1 + 2b = Us{Vy. Under the assumption that (43) is true for 7, it is enough
to show that Uzn42Vonss + 2b = Uspy3Vo,. By using (1) and (2), we find that it
is equivalent to Uy,Vy,41 + 2b = Uypny1Vay, which holds by assumption. In the
same way, (44) can be proved.

Proof of (37): By using (5), it is enough to show that

UsnVan = Usp-1Vons1 ~ ab, ' (45)

which can be proved by induction on n with the aid of (1) and (2). Similarly,
(38), (39), and (40) can be proved.
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Proof of (41): We again use induction on n. For n = 0, it must first be
proved that bV, = U,_-1Vy + U,Vy = 2U,_, + aU,. This can be proved by induction
on m. The remainder of the proof is straightforward.

Proof of (42): This follows by induction on n using (8) and (2).
Lemma 3: If b =1, then (Uy, Vipin) |V,-

Proof: By (4), it suffices to show that g|V,, where g = (U,, V,,,). By
(41), g|Uy-1V,. 1If gy = (g, Un-1), then g;|U, and g,|Uy-1, so that g,|U,_,.
Hence, g,|b. But b = 1. Therefore, g, = 1 and g|V,.

Corollary 9: If b =1, then (U,,4y, V,,) = 1.

Proof: Let g be as in Lemma 3, with m = 2n * 1 and n = ¥1, then glV:l or
gla. Since g|U,,.1 and g|a, Lemma 1 implies g|b. However, (a, b) = 1. Hence,
g =1.

Theorem 7: Let b = 1. Then, the equation Up = z?> = b, m = 1(2), has no solu-
tion.

Proof: By (36), we have U,,.,V,, = 2°. Hence, Corollary 9 implies that
Upps1r = 2% and V,, = 25, which is impossible by (28).

Theorem 8: TLet b =1 and a? + 2 = p, p a prime. Then, the equation
Ung=2" -a, m=0(2),

has

(a) the solutions m = -2, 0, 4, 6, if d = 5,

(b) the solutions m = -2, 4, if d = 13,

(c) the solutions m = -2, 0, 6, if a is a perfect square, d # 5,
(d) only the solution m = -2 in all other cases.
Proof:

Case 1. Let m = 4n - 2. By (39, Uy, Vy,-0 = 2%, Lemma 3 implies that
Uans Van-y) |-
Hence, we have two possibilities:
(a) Uy, = W2 and V,,_, = W2 or (b) Uy, = pWi and V,,_ , = pWs.
The first is impossible by (28). The second can be written by (5) as
UV = DHY> Vopop = PW;.
Let n # 0(3). Then equation (10) implies that (U,, V,) =1, and so
U, = pt?, Vy = 12, V,,_, = pW2 (46)
U, = t2, V, = pr?, V,,_, = pH3. (47)

Equation (46) does not possess any solution, since the possible values of #,
by (28), din order for V, to be a perfect square, do not yield a solution of
U, = pt.
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By using (30) and direct computation, we find that (47) has only one solu-
tion, which is n = 2 or m = 6 provided a is a perfect square.

Let n = 0(3). Equation (10) implies that (U,, V,) = 2, and so we have to
check the following subcases:

Uy, = 2pt®, Vg = 2r°, V, _, = pia, (48)
or

Ug, = 2t2%, Vgy = 2pr?, V,,_, = pWa, (n = 3)). (49)
By (29) and the assumption, V;, = 2r? is possible only for A = 0 or A = #2 in
the case d = 5. The value A = 0 implies #n = 0 or m = -2, which gives a solu-

tion to (48). The values A = *2, d =5, do not give a solution, since F

6 =
+8 # 2pt2.

According to (31), the only values of A for which a solution of (49) may
exist are A =2 if d =5, or A =0 and A = *1. Now, A = 0 does not give any
solution, because we would have prz = 1. Similarly, A = *1 does not give any

solution, since we would have V,; = *a(a® + 3) = 2pt?, which is impossible be-
cause p*a and p*(a2 + 3) when @2 + 3 = p + 1. Finally, A = 2, d = 5, does not
give any solution, since Lg = 18 # 2. 3r2.

Case 2. Let m = 4n. By (37), Umpm-1Vin+1 = 2°. Now Lemma 3 implies that
Wy, 1> V2n+l)|p, so we have two possibilities, which are

Upp-1 = Wi Vop+r = W% (50)
or
Upp_1 = Pt2 = Vo2, Vy, 4y = V,r2. (51)

By using (28) and (30), we find that (50) has only the solutions:
(a) m=0, 4, if d = 5,
(b) m= 4, if d = 13,
(¢c) m=0, if a is a perfect square, d # 5.

Using (13) for 2n + 1 = 4) = 1, we have

2Wops1 = =2V _yeqy = 000 = *2V,, (mod V,).

Therefore, since V,,41 = pr? = V,r2, we have (a® + 2)[V11 or p|a, which is im-

possible. Thus, (51) has no solution.
Corollary 10: TFor each d = a® + 4, a = 1(2), the diophantine equation
x? = dz* - 2dz® + a®
has no solution.
Corollary 11: Let d = a®> + 4 and a? + 2 = p, where p is a prime. Then, the
diophantine equation x? = dz" - 2adz? + (a? + 2)? has:
(a) Four solutions, (x, z) = (*3, 0), (£2, *1), (%7, *2), (*18, #3), if d = 5.
(b) Two solutions, (x, z) = (11, 0), (*119, *6), if d = 13.

(c) Three solutions, (x, z) = (x(a® + 2), 0), (£2, *t), (*(a® + 6a" + 9a%+2),
tt(a? + 2)), if a = t? is a perfect square.

(d) Only the solution (x, z) = (#(a® + 2), 0) in all other cases.

When @ = 1 in Theorem 8, we have the following result, found in [8].
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Corollary 12: F_ =32 -1 iff m = -2, 0, 4, 6.

m

The next result is an extension of Theorem 7.

Theorem 9: Let p = 1. Then, the equation U, = 22% - b, m = 1(2), has only the
solutions m = *1.

Proof: Equatiop (36) implies that U,,.,V,, - b = 232 - b, for m = 4n £ 1.
Hence, U,,.+1V,, = 222, By Corollary 9,

Upper = 282, Vyp = 12 oF Upysr = t2, V,, = 202,
Now V,, = r® is impossible by (28) and the second case implies, using (30) and
(29), that n = 0 or m = %1,

The following result is an extended parallel of Theorem 8.

Theorem 10: Let b =1 and ¢? + 2 = p, where p is a prime. Then, the equation
Uy = 222 - a, m = 0(2) has

(a) the solutions m = -2, 2 if a is a perfect square,
(b) only the solution m = -2 in all other cases.
Proof:

Case 1. Let m = 4n - 2. Equation (39) implies that UsnVsyn-» = 22%2. But,
by Lemma 3, (Upys Von_»)|V,, where V, = p, so that (U, Voy_) =1 or p. If
(Us,5 Vy,_») =1, then we must have

Upy = 2t%, Vy,_p =22 or U,, =t*, V,, , = 2r°.

The first case is impossible by (28). The second case has, by (30) and (29),
only the solution n = 1 or m = 2 if g is a perfect square.

Now, let (Usps Vin-2) = p. We then have to check two possibilities:

Upw = P25 Viypop = 2027 or Uy, = 2pt%, Vyy_, = pri.

In the first case we must have, by (9), n = 1(3), say n = 3\ + 1. By (5),
we also have U,V, = pt?®. But (U,, V,) = l; therefore, we have

Uy = pW2, Vy, = W2, V,,_, = 2pr?, (52)

]

or
Un = W%’ Vn = pW§, V2n—-2 = prz“ (53)

Equation (52) has no solution since, by (28), the only solution of V, = W% is
n =1, for which U, = pW? is impossible.. Equation (53) has no solution either
since, by (30), the only possible value for n of U = W% “8 n =1, but then
V, = a = pW3, which is impossible.

For the second case we must have, by (9), 3|n, say n = 3\A. By (5), we have
Ugy Vyy = Zptz. Since, by (10), Uz, Vi) = 2, we must check the following
subcases:

Usy = bpri, vy = 27}, Vo, oy = pr?; (54)
Us, = (2r)?, Vi, = 2pr;, Von-» = p7%; (55)
Usy, = ZPP%’ Véx = (2%2)2, Voo = pr?; (56)
Ugy = 2r§, Vi = 4pr§, Vo o = pr?. (57)
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By (29), the only possible solutions of (54) are A = 0 for each d, and A =
+2 if d = 5. We know A = 0 is a solution, since U; = 0 = 4pr? with r; = 0 and
V., = pr? = Vérz with r» = =*1.

Since Fig = *8 # 4 3 r%, A = +2 is not a solution of (54). By (30), the
only possible solutions of (55) are A =0, and A = 4 if d = 5. It is obvious
that A = 0 is not a solution, since V, = 2 # 2« V%. Neither is A = 4 a solu-
tion, since Ly, = 322 # 2+ 3+ r2. In the same way, we can prove that (56) and
(57) have no solutions. The possible values A = *1 in (57) do not yield a so-
lution, since p = a? + 2*@(&2 + 3) =V.,.

Case 2. Let m = 4n. By (37), U,,.1V,u4+1 = 23°. Using Lemma 3 and the
assumption, (U,,_,, V,,,,) =1 or p.
If (Uy, .15 Vope1) = 1, we have

Uppoq = 287, V = r’ (58)

2n+1
or

Upn-1 = t%5 Vypyy = 2%, (59)
By (31) and (28), (58) has no solution. By (29), (59) has no solution.
If (Uy,_15 Vy,pey) = p, we have

Uppor = szi’ Vopser = Pzg (60)
or

Upnor = D235 Vypyr = 2p235. (61)

Neither (60) nor (61) has a solution by using a proof similar to that given at
the end of Theorem 8.

The following are immediate consequences of the preceding theorems.

Corollary 13: If d = a2 + 4, a = 1(2), then the equation x? = 4dz* - 4dz? + a?
has only the solution (x, z) = (za, 0).

Corollary 1h: Tet d=a® + 4 and a® + 2 = p, where p is a prime. Then, the
equation x2 = 4dz"% - 4adz? + (a? + 2)? has

(a) two solutioms, (x, 2) = (£(a® + 2), 0), (#(a® + 2), tr) if a is a perfect
square, a = r<,

(b) only the one solution (x, z) = (x(a® + 2), 0) in all other cases.

Corollary 15: F, = 2z% - 1 iff m = £1, %2,

5. GENERALIZED LUCAS NUMBERS OF THE FORM pz? *+ v

Theorem 11: The equation V, = 2% + a, m = 1(2), has only the solutionm = 1.

Proof:

Case 1. Let m = 4n - 1. By (42), Van-1Vsn = 8°. Since (Vopn-1, Van) = 1,
we have V,,_, = t?, V,, = r?, which is impossible by (28).

Case 2. Let m = 4n + 1. By (42), V,,Vons1— 2a = 2°. Hence, using (8) and
(42), we have

W - 2¢-D"HV,V,,, - (-D"a} - 2a = 2%,
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which implies that VM, = 2® with M, = V2V,,, - (-D"aV, - 2(-1)"V,,,. Let p
be an odd prime and let pe”Vn. Since (Vyq1, V) =+ = (Vy, Vo) = (a, 2) =1,

it follows that pf[M,. This implies e = 0(2) and therefore V, = #2 or V, = 2t2.

Using (28) and (29), we find that the possible solutions are m = 1, 5, 13, 25,
-23 if d=5, m=1,13 ifd =13, m = 1,5, 25,-234if d =29, m = 1,541f a =
and d # 5, m = 1 otherwise. Obviously, m = 1 is a solution. For m = 5 and a =

2, we have (a2 + 2)% + @?® = r?, which is impossible because both a and a® + 2
are odd. By a direct computation of each corresponding Vs in all other cases,
we see that no other solutions exist. Note that for 4 = 29,

Vy,g = 766628450142675125.

Following an argument similar to Theorem 11, we can prove Theorem 12.

Theorem 12: The equation ¥, = 22 - a, m = 1(2) has only the solution m = -1.

Corollary 16: 1f p = 1, then the diophantine equations
dy®>=2z" + 2az%+a® + 4 and dy® = 3" - 2az® + a® + 4

have only the solution (y, z) = (¥l, 0).
The next two theorems are similar to the last two, but m is even.

Theorem 13: Let p be an odd prime. Then, the equation V, = 2> + (p - 2), m =
0(2) has
(a) the solution m = 0 if p = 3,

(b) the solutions m = %2, *4 if 4 = 5 and p = 5,
r
(¢) at most [] (s, + 1) + 1 solutions if
i=1

- = 81 o 52 6 woo s 8
p-4=q7-q q:
as its unique factorization.
Proof:

Case 1. Let m = 4n. By (8), V3, - 2° = p, which implies that

p+1 _p+1
VZ?’L = i—T or VZYL = 2 by (19)=
1f p = 3, then V,, = 2, which implies that n = 0 or m= 0 is a solution with
z=0. If p=25, then V3, = 3, which can only be true if » = %l and d =5 or
m=*4 and d = 5. If p > 5, there exists at most one solution.

Case 2. Let m=4n+2. By (8), V3,1 ~2° =p-4. If p = 3, then Vyps1 = O,
which is impossible. If p = 5, then Vj,41 = *1 and the only possibilities for
solutions are n = 0 or -1 and d = 5 or m = #2 and d = 5. If p > 5, then

d, +d,
Vops1 = s d, >0, d, >0,

where (d,, d,) runs over all the divisors of p - 4 with dyd, = p - 4. Since the
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r
number of divisors of p - 4 is T[] (s; + 1), the theorem is proved.
=1

In the same way, we can prove

Theorem 14: Let p be an odd prime. Then, the equation V, = 2% - (p - 2), m =

0(2), has

(a) the solutions m = 2, d = 5, if p = 3,

(b) no solution if p =5,

r
%—[Il(si + 1) - 1] + 2 solutions if p - 4 is a perfect square
i=1

(c) at most

N =

where p -
Corollary 17:

(i) The
(a)
(b)

(c)

(ii) The
(a)
(b)

(c)

Corollary 18:

r
[1(s; + 1) + 2 solutions if p - 4 is not a perfect square,
=1

4 =q3tq;? ... qir as its unique factorization.

diophantine equation 2% + 2(p -~ 2)2% + p(p - 4) = dy? has
one solution for each d if p = 3,

four solutions for d = 5 if p = 5,

at most }il(si + 1) + 1 solutions if p > 5 and p - 4 = qfl .. qir
as its unique factorization.
diophantine equation z* - 2(p - 2)2% + p(p - 4) = dy® has
one solution for each d is p = 3,
no solution for each d if p = 5,

1.z

iw;zh(si + 1) - l] + 2 solutions if p - 4 is a
at most perfect square

% fi(si + 1) + 2 solutions if p - 4 is not a

=1 perfect square,

where p > 5 and p - 4 = g7* ... g2 as its unique factorization.

The following can be found in [4] and [8]:

L,=2>+1iff m =0, 1,

Lp=2%2-1iff m = -1, %2,

By an argument similar to Theorems 11 and 12, we can prove

Theorem 15:

(i) The equation ¥,

(ii) The equation V, = 222 - a, m = 1(2), has

212

222 + q, m = 1(2), has only the solution m =
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(a) the solutions m = *1 is g is a perfect square,
(b) only the solution m = -1 in all other cases.

By using the method of Cohn, as before, we can also prove

Theorem 16: L, =22% + 1, m = 0(2), iff m = 2,

Corollary 19: L, = 222+ 1 iff m

Ln,=22% -1, m= 0(2), iff m = *4.

1]
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M
—
M

Lp=22% -1 iff m = 1, #4.
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ZIGZAG POLYNOMIALS
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1. INTRODUCTION

The object of this paper is to obtain some basic properties of certain polyno-
mials which we choose to call zigzag polynomials. These arise in a specified
way from the diagonal terms of the Pascal-type array of polynomials generated
by a given second-order recurrence relation.

Consider the sequence of generalized Pell polynomials {4,(x)} defined by

A (x) = 2xA, () + A4, _,(x), 4,(x) =q, 4,(x) =p (n=2). (1.1)
Special cases of 4, (x) which will concern us are:

the Pell polynomials P,(x) occurring when p =1, ¢ =0, (1.2)
the Pell-Lucas polynomials @,(x) occurring when p = 2z, q = 2. (1.3)
The explicit Binet form for A,(x) is given in [4], namely,

PREBKEROLE N EL DS

(1.4)

where o, B are the roots of yz—-ny- 1=0((=a2+Vx?2 +1, B=2o -Vx?2 + 1).
From (1.4), the Binet forms of P,(x) and @,(x) are readily derived using (1.2)
and (1.3).

The generating function for {4,(x)} is

o

LA, @t = (p+ qt) [l - (2xt + t*) ], (1.5)
0

n=

Generating functions for P,(x) and @,(x) are then, from (1.2), (1.3), and
(1.5),

ngoPn+1(x)t” =[1 - 2zt + ¢t?)]°*? (1.6)
and
Z%Qn+l(x)t” = 2z + 20)[1 - 2zt + D)1, (1.7)

as given in [3].

Results (1.4)-(1.7) will not be used in this paper. Nevertheless, we append
them here for reasons of completeness and comparison.

Though it will not interest us for the purpose of this paper, the curious
reader may wish to investigate the special, simple case of (l1.1) arising from
the values p =1, q = 1.

Background information for the theory about to be developed is to be found
in [1] and [2].
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ZIGZAG POLYNOMIALS

2. ZIGZAG RISING DIAGONAL POLYNOMIALS

From (1.1), we form the Pascal~type array (Table 1).

Z, (%)
Z,(x)
4,(x) = qi:j;/l ¥ Zz(ﬁ?(x)
/ 3

A, (x) =p 7
(x)
A4,(x) = 2px + q’//// ////ﬁ Zg(x)
///// /////// Z(x)

Ay (x) = 4px2 + 2qx +p

- Z,(x)
A = 8px® 4 4gz® + 4 + 7
L () px i qx px q S Zg(w) (2.1)
ﬁ Ag(x) = lépx* ™ + 8gx®  + 12px®” + 4qx Z

p 5 (@)
////// rd 71, (®)

Z
2 P,@
80px®” + 24gx® + 8px” + g
240px* "+ 80gx® + 40px® + 8gx + p////

............................................................................

A (x) = 32px® + 16gx* + 32px®” + 12qx?

Ay () = 128px” "+ 6h4gx® + 192px° "+ 80gx"
Ag(x) = 256px® "+ 128gx7 + 448px® '+ 192gx®

+
+

A (x) = 64px®” + 32qx® + 80px"” + 32qx® + 24px?” + 6gx  +
+
+

Table 1. Zigzag Rising Diagonal Polynomials of {4,(x)}

Let us agree to call the polynomials in Table ! that arise upward in step-
like formation from the left (indicated by 1lines) the zigzag polynomials (or
echelon polynomials) associated with {4,(x)}. At each level in the step-like
formation, other than the first, the terms are paired in the second and third
columns, the fourth and fifth columns,..., where this is appropriate.

As will be evident in the next section, the value of this pairing technique
is that specializations can be quickly visualized and obtained from the general
pattern, e.g., by the disappearance of the first column of a pair whenp=1,
g=0 (the Pell polynomials), and by the amalgamation of corresponding elements
in a pair of columns when p = 2x, g = 2, i.e., p = gx (the Pell-Lucas polyno-
mials).

Designate the zigzag polynomials by Z,(x). Start with Zy(x) = g. Then, the
first few zigzag polynomials are, from (2.1):

Zo(x) = q» Z,(x) = p, Z,(x) = 2px, Z,(x) = 4px® + q, (2.2)
Z,(x) = 8px® + 2gz + p, Z (x) = lépx* + hga® + bpz,
Zg ()

- 7 5 " 2
Zs(x) = 128px’ + 32qx> + 80px* + 12gx* + 6px,

32px® + 8gx® + 12px? + q, Z,(x) = 64px® + l6gx* + 32px® + 4gx+p,

Using (l.1) and the nature of the formation of the Z,(x), we observe that
Z,(x) = ZxZn_l(x) + Zn_a(x)a (2.3)

Elementary methods applied to (2.3) produce the generating function for
Z,(x), namely (when n > 0),

Lz, (@t = (p+ qtD[1 - xt + ¢t = Z(x, ). (2.4)

n=1
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Z1GZAG POLYNOMIALS

Explicit formulation of an expression for Z (x) can be obtained by compari-
son of coefficients of ¢ in (2.4). Computation yields

_ *5] n-1-24 5] n-3-27
@ =p X ("% x ("%

)@ i, (2.5)
n =3,

)(zx)n-l—ai +q

where [n/3] is the integral part of n/3.
Certain differential equations are satisfied by the zigzag polynomials.
These include the partial differential equation

2t é% Z(x, ) - (2x + 3t2)E§ZZ(x, t) = 4qt?[1 - 2zt + t%)]7* (2.6)
and the ordinary differential equation
d d
20— Ly o) + 3 Zy(@) = 2+ 1) Z,,,(@) ~ 4qR,(x), (2.7)

where R,(x) is to be defined in the next section.

In deriving the results (2.5), (2.6), and (2.7), we have been guided by
similar specialized results established in [2] for the rising diagonal poly-
nomials R,(x) and r,(x). To these polynomials we now turn our attention.

3. SPECIALIZATIONS

Using (1.1), (1.2), and (1.3), we form Tables 2 and 3 for the polynomial
sequences {P,(x)} and {Q,(x)}:

Ry (x)
(P,(x) = 07 R,(x)

P(z) =1 R, (x)
P,(x) = 2x
P,(x) = 4x® + 1 R ()

//// R¢(x) (3.1

Ps(x) = l6x* + 12x7

{ P, (x) = 8x® + 4z

Ps(x) = 32z° + 327

Table 2. Rising Diagonal Polynomials of {P,(x)}

Tables 2 and 3, it may be noted, are special cases of arrays given in [2].
Allowing for the necessary change of notation from [2] to this paper, de-
note the rising diagonal polynomials in Tables 2 and 3 by R,(x) and r,(x),
respectively, commencing with R,(x) = 0, r,(x) = 2.
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7, (x)
(Qg(x) =2 1"1(”)
9, (@) = 2" @ @
r, (X
() = 4x2:::;;2 2w(m)
Qs(x) = 823 Y% 6z rs(x) @)
/ se (3.2)

ﬁ Qy(x) = 16" + 16x2

\

~

Q,(x) = 12827 + 2242 + 1122% + 14z

Table 3. Rising Diagonal Polynomials of {Qn(x)}

Observe the relationships (cf. [2]), subject to the restriction n = 3,

R, (x) = Zan_l(x) + R, _,(x)
n-3(x) (3.3)

x) .

rn(x) = Zxrn_l(x) + r

r, (@) =R, (x) + R, _,(
The formal structural equivalence of (2.3) and the first two equations in
(3.3) is, of course, expected and essential.
Substituting the appropriate values from (1.2) and (1.3) in (2.5), we derive
the explicit forms

ey (1o

R,(x) = z ; )(2x)”'1‘3f, n=l, (3.4)
. 5] 2
@ - T e (e 1l (A O LR S TR

Generating functions are, from (1.2), (1.3), and (2.4), when n > 0,

ijn(x)t""l = [1 - Qut + 317! = R(x, t) (3.6)
n=1

and

Y (@t = 2z + tD[1 - (2t + )] = p(x, B). (3.7)
n=1

Furthermore, on applying (1.2) to (2.6) and (2.7) in succession, we deduce
that
oR 2y OR _
2t B_t(x’ t) - (2.’1} + 3t°) 'é—:-z-(.%‘, t) =0
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and

2x é%—Rn+2(m) + 3 éé R, (x) = 2(n + 1)Rn+2(x).

But we cannot apply (1.3) to (2.6) and (2.7) because, in (2.6) and (2.7),
p and g were implicitly assumed to be constants, whereas in (1.3), p = 2x and
qg =2, i.e., p is a function of x.

Guided by the appropriate results in [2] and carrying out the processes of
differentiation, mutatis mutandis, we arrive at the differential equations

2t % vz, £) - (2 + 3t%) ’a% r(z, £) = r(z, £) - 6xR(x, t) (3.10)
and

Zx-é% 7, . ,(x) +3 é% r,(x) =2(n - Dr,, ,(x) + 6R . (x), (3.11)

which should be compared with the corresponding results in [2].

Equations (3.3)-(3.9) occur in [2], slightly modified where necessary to
take into account the minor differences in notation in [2] and in this paper.

In passing, it might be observed that a marginally neater form of (3.7)
exists if the summation is allowed to commence with n =2, instead of withn=1
in conformity with (2.4). [Had our summation in (2.4) begun with n=0, we would
have obtained a slightly less simple form of the generating function than that
given in (2.4).]

While there may be other mathematically interesting instances of {4,(x)},
we have limited our attention to the two well-known and related sequences
{P,(x)} and {Q,(x)}. Properties of {4,(x)} are an amalgam of their separate
properties.

4. ORDINARY (NON-ZIGZAG) RISING DIAGONAL POLYNOMIALS

Consider next the ordinary (non-zigzag) rising diagonal .polynomials in
Table 1, which must not be confused with the Z,(x).

Denote these non-zigzag polynomials by the suggestive notation %,(x), be-
ginning with &, (x) = q.

Some of these polynomials are:

Zo(x) = q, Z,(x) =p, &,(x) = 2px, Z5(x) = 4px2 + g,

Z,(x) = 8px® + 2qx, %5(x) = lépx* + 4qx® + p, 4.1
Ze(x) = 32px® + 8qx® + 4px, £,(x) = 64px® + légx" + 12px® + q, )
£g(x) = 128px’ + 32qx® + 32px® + 4qz,

Observe that the recurrence relation for {2n(x)} is
% (x) = 228, _(x) + &,_, (x). : (4.2)

Using elementary procedures, we may demonstrate that the (somewhat ungainly)
generating function for %, (x) is

iﬁn(x)t” ={g+ (p - 2gx)t + qt3}[1 - (2xt + t*)]7 . (4.3)
n=0 . o~

An explicit expression for the elements of {Z (x)} may be established,
namely, i ‘
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n-3 n-5
O ol () R [ig}(”' TN @,

n 2 5.

Finally, we emphasize that the rising diagonals R,(x) and r,(x) for {P,(x)}
and {@,(x)} in (3.1) and (3.2) are special cases of Zy(x), not Z,(x), as a
little thought reveals.

5. ZIGZAG DESCENDING DIAGONAL POLYNOMIALS

Just as the rising zigzag diagonal polynomials are constructed from Table
1, so the corresponding zigzag polynomials for descending diagonals may be gen-
erated, i.e., by proceeding downward in step-like fashion from the left.

To avoid repetitious waste of space, we invite the reader to refer to Table
1 and to compose the following list of descending diagonal =zigzag polynomials
(or echelon polynomials) z,(x), with initial value z,(x) = g:

2p(x) = q, 2.(x) =p+ g, 2,(x) = (p +q@)(2x + 1),
2,(0) = (p+ @ Qx+ 12, 5,(x) = (p+ @ Qx+ 1)%, (5.1)
25(@) = (p+ @ QRx+ DY, z,(x) = (p+ @) (2x + 1)°,

The pattern is crystal clear. One does not have to be psychic to deduce
immediately the recurrence relation from the geometric progression, namely,

2,.@) = Qe+ Dz, (x), n>1, (5.2)
with general term
z,(x) = (p+ @ Qx+ 1", 0>l (5.3)

The generating function for z,(x) (if n > 0) is obviously

2 1) = Sz (@t = (p+ Il - (20 + D] (5.4)

n=1

Mathematical calculations involving z,(x) will be manifestly simpler than

those associated with Z,(x). In particular, the following differential equa-
tions flow easily from (5.3) and (5.4):
2 - 2 = 5.5
2t N z2(x, t) (22 + 1) Py z(x, ) 0 (5.5)
d 201 - 1)z, (x) =0 (5.6)
(22 + 1) Tr z,(x) - 2(n - 1)z,(x) = 0. .

Specializations of (5.3)~(5.6) for {P,(x)}and {@,(x)} are readily obtained.
Thus, for the descending diagonal polynomials D,(x) of the Pell polynomial ar-

ray in Table 2, with initial conditions Dy(x) = 0 and Dl(x) =1, we derive
-1
D, (x) = (2x + nrt, w21, (5.7)
D(z, ) = LD, (@)t""r = [1 - 2z + )] 7, (5.8)
n=1

) )

9 - 9 = 5.9
2t i D(x, t) (2¢ + 1) NG D(x, t) 0, ( )
(22 + 1) L D, - 2(n - DD, =0, (5.10)
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while, for the descending diagonal polynomials d,(x) of the Pell-Lucas polyno-
mial array in Table 3, we deduce

dp(x) = 2¢x + DQRx + D", n>1, : (5.11)
Az, ©) = 3 d (@)Y = 20w + DI - (2% + D]~ (5.12)
n=1

Initially, dp(x) = 2.
Observe that

d,(x) = D,(x) + D4 (x). (5.13)

Equations (5.5) and (5.6) cannot be applied directly to d,(x) since, in this
case, p = 2x is not a constant (although g = 2 is). However, the results for
d(x, t) and d,(x) corresponding to those for D(x, t) and D,(x) in (5.9) and
(5.10), respectively, may be established without too much difficulty if we per-
mit ourselves to be assisted by similar results in [2]. They are:

%%ﬂmﬂ—&mﬂ%&ﬂmﬂ—wmmﬂ=o (5.14)

2(x + 1) éé(dn+l(x)) - 2d,,,(x) - 8n(x + 1)?D,(x) = 0. (5.15)

The above specializations should be compared with analogous derivations in
[2], modified as demanded by the circumstances. Variations that occur between
a result in [2] and a corresponding result in this paper exist because of the
different starting points, i.e., different values of d,(x).

Earlier results obtained in [1] relating to material in this paper might
also be consulted.

6. CONCLUDING COMMENTS

This completes what we wished to say about the zigzag polynomials at this
stage. Various generalizations of aspects of this paper suggest themselves,
but, as we believe these developments go beyond the unity of this paper, they
are left for possible further consideration.

Finally, it might be observed that results (2.3), (3.3), (4.2), (5.2), (5.7)
and (5.11) are readily established by using the rule of formation and the gen-
erating functions for the columns of the respective arrays. In Table 1, for
instance, the generating functions for the first, second, third, ..., pair of
columns are (1 - 22) 7%, (1 - 22)7%, (1 - 2x)”%, ..., with appropriate multi-
pliers p and gq.
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1. INTRODUCTION

A standard arithmetical trick for school children is to ask them to choose two
positive integers, to extend this to a sequence of 10 numbers by adding any two
to obtain the next in the Fibonacci manner, and then to add up the numbers in
the sequence. When the exercise is complete the teacher, having unobtrusively
noted the seventh number in each student's sequence while checking around the
room to see that each is proceeding properly, can mystify the students by an-
nouncing the sum each has achieved. Given that the students did the arithmetic
correctly, the sum is just 11 times the seventh number in their original se-
quence. If, for example, a student chooses 5 and 1, his sequence is

5, 1, 6, 7, 13, 20, 33, 53, 86, 139

and the sum is 363 = 11 - 33.
Of course, as the reader will expect, this is just a special case of more
general results which we now examine.

2. SOME GENERAL RESULTS

Let F, and I, denote, respectively, the nt! Fibonacci and Lucas numbers so that

Fy =0, F, =1, F,,, = F, + F,_, for n > 1,

Ly=2,L,=1,L,., =L, + L, , for n > 1.
Also, define sequences H, and K, for integers a and b by

H]_:a: H2=bs Hn+2=Hn+1+Hn forn?l,
and
Ky

Then the following theorem holds.

-a + 2b, K, = 2a+ b, K, p = K,,, + K, for n 2 1.

Theorem 1: For n 2 1,

4n-2 4n

(1) D Hy = Loy 1Honsrs ,2: Hy = FypKoppias
=1 =1
fn-2 4n

(i1) iz% Ki = Lop-1Konsrs iz% Ky = SFoulypyss-

The arithmetical trick described above derives from the first formula of
part (i) of the theorem with n = 3. For n = 4, it would say that the sum of
the first 14 integers in the sequence is divisible by the ninth number in the
sequence, and so on.
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The proof of Theorem 1 depends on the following well-known results which we
state for completeness.

Lemma 1: For n > 1,
H = aF

+ bF and K, = alL

n n-2 n-1 n n-2 n-1
Lemma 2: For n > 1,

I n

YF, =F, ., -1 and XL, =1IL,,~ 3.

i=1 =1

Lemma 3: For integers r and s,

) E;LT+S S even,
(1) Foy 2s © F, =

LsF,, , & odd,

N 5F F,., s 8 even,
(i1) L, 2s © L, =

Lelippg 8 odd,

o LSFP+S s even,
(iii) Frop,s t B =

F,L,,, & odd,

Lglpy g s even,
(iv) Lr+ 2s + Lr =

5F,Fn,, & odd.

Note that Lemmas 1 and 2 are easily proved by induction and that Lemma 3
follows from Binet's formulas. Alternatively, Lemmas 1 and 2 follow from (7)
and (6), page 456 of [2] for suitable choices of p and g, and Lemma 3 follows
from (5)-(12), page 115 of [1] by setting r = n - k and ¢ = k. 1In fact, Theo-
rem 1 can also be deduced from (6), page 456 of [2] and Lemma 3. However, for
ease of reading, we give an independent proof.

Proof of Theorem 1: Since all the arguments are similar, we prove only part
(iv). By Lemmas 1, 2, and 3,

4n 4n
YK 2 (aL,_, + bL

t=1 =1 4n 4n

=al_, +aly+aX L, , +bL, +b2 L,
i=3 i=2

=-a+ 2a + a(L,, - 3) + 2b + b(L
= a(L,, - L, + b(L - L)
- 2
- 5aF2n + 5bFZnF2n+1
= 5F, (aF,, + bF

= 5F,,Hyn40

.

- 3)

hn+1

hn+1

2n+ 1)

as claimed.
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Setting a=b=1, we obtain the following immediate corollary to Theorem 1.

Corollary 1: For n 2 1,

4 - 2 4n

(1) E Fy = Lyy 1Fonsas Z Fo= Foulonyas
=1 =1
4n- 2 4n

(ii) iz_v.ll L= Loy alonsrs 7,';1 Ly = S ntnn

Now Lemma 1 and Theorem 1 suggest a further generalization. Define the
sequences P, §, R, S, T, U, V, and W for n 2 1 by

p, =af,_, +bLn-—l’ anaLn—2+bFn—l’
R, =al,_, + SbFn_l, S, = 5al,_, + bFn_l,
T, =af,_, +5bL,_,, U,=25aF, , + DbL,_,,
V, =aLl, , + 5°bF _., W, =5%F, , + bL,_,.
Then the following results hold.
Theorem 2: For n > 1,
4bn- 2 4n
(1) Z P, =Ly 1Prnsrs E Py = FyBypins
=1 =1
4n-2 4n
(ii) 2 Q; = Loy 1820415 E Q; = FoUsuyns
=1 =1
4n- 2 4n
(1i1) L Ry = Ly 1Rppins Z Ry = 5Fy,Pypy0s
=1 =1
4tn- 2 4n
(1v) X 8; = Ly 155m41> E 55 = FonWonszs
=1 =1
4tn-2 4n
(V) Z Ti = LZn—lT2n+l’ Z Ti = F2nV2n+2’
=1 =1
4bn- 2 4n
(vi) ,El Uy = Lyy 1Uspins E U; = 5F2nQ2n+2’
i= i=
4n - 2 4n
(vii) 'El Vi = L2n-1V2n+1’ 'Zl vy = 5F2nT2n+2’
= =
4n -2 4n
(viii) E Wy = Loy 1Wonsrs ,lei = 5F,, 55,40
=1 =

We omit the proof, since it is similar to that of Theorem 1.

3. MORE GENERAL RESULTS

We may generalize the results of Section 2 as follows. Define the sequences
(Fotuso = (Fu@ 50 and {8,150 = {2,(@) )50 by
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f0=0’ f1=1’ n+1=afn+fn-—l
o =2, £, =a, &

n+1 aly, + 8, 1>

where a = a(x) is an arbitrary function of x. Then it is easily shown, as with
the Fibonacci and Lucas sequences, that

pn - gn
fo = F7/— (€]
Va2 + 4
and
L, =p"+ 0" (2)
for all n where
_a+Vva® + 4 _a-Vva® + 4
p=——7 and 0o = — -
Also,
n Fasr1 ¥ - 1
T (3)
=1
n 2 +1 + an -a- 2
X =— - ; (4)
1=1
fo,=1 and L_, = -a. (5

In addition, we have the following generalization of Lemma 3.

Lemma 4: For integers r and s,

en
{fs£r+s & even,

Lsfrss s odd,

(1) fr+2s - fr

(a> + 8OF, 1., s even,
(11) Rpy26 = Ar =
Lslpts s odd,

Lefpss s even,
WD f + 5y =
fs r+s s odd,

. 1.,+s S even,
(lv) Q‘r+23 + Q'l" =

(a? + &) fofry s € odd.

Equations (1), (2), (3), and (4) can all be proved by induction, and Lemma 4
follows as before from the Binet formulas (1) and (2). Alternatively, (1) and
(2) are essentially special cases of (53) and (54), page 119 of [1] and Lemma 4
is, in the same sense, a special case of (56)-(63) of [1].
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If we now define the sequences % and k by

hl = g, h2 =d, hn+1 = ah, + hn_l (6)
and

k, = -ac + 2d, k, = ad + 2¢, k,,, = ak, + K,_,, (@)

where ¢ = ¢(x) and d = d(x) are also arbitrary functions of x, then it can be
shown by induction that

(
h, = cfn_z + dfn—l (8)
and
k,=cl, ,+d, _, 9

for all n. Finally, by analogy with Section 2, we define the sequences p, ¢,
r, 8, t, u, v, and w by

]

fpon ¥ Ay
ek, _, +df, |
=cl,_, + (a® + BAf, 1
s, = (a®> + &)er, _, + df, _,
t, =cfy_, + (@ + &)d,_
U, = (@® + &)ef, , +dv _,
Vp =y, _, ¥ (@® + 4)2df,
w, = (a® + &) %ef, , + di,

N

R QT
R
]

1

-1

for all n. Then, as before, we have the following result that generalizes both
Theorem 1 and Theorem 2.

Theorem 3: For n > 1,

) LN (N P 4n FonCkyr T k,0
(1) h’b = s 2 h7, = >
= a i=1 a
2
.. nz? Z2n—l(k2n_l + an) & (a + 4)f2n(th+1 + th)
(i1) X k; = > Lk, = :
i= a i=1 a
PP nz2 SLZn—l(pZn—l + pzn) 4n on(rer-l + r)271)
(iii) 3 p, = Z s Sp.o= o s
i=1 i=1 "
. an-2 Rgn-1Wonoy 45,0 4n FonWopin T %y,)
(iv) 7_'Z=:1 q; = 2 s iz=: q; = 2 >
2
() [mizr = 'Q'Zn—l(PZn-l + r2271) 427117 = (@ + 4>f271(p2n+1 + pZn)
Voo T a ' P a ’
- 2 (s + s.) . (w +w, )
bn=2 - _ an
(Vi) Z Si - 2n-1 2n-1 2n , Z S.L- - 2n 2n+1 2n ,
i=1 a i=1 “
bn-2 2 (t + t ) 4n Fon (¥ + v )
2n-1 2n-1 2n 2n 2n+1 2n
vii t, = ) t, = >
( ) igl 7 a iz=:l T a
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2
s an -2 'QZn—l(MZn—l + uZn) in (a® + 4)f2” (q2”+1 + qzn)
(viii) Y u; = > DU = ’
. a B a
1= i=1
2
(. ) lm—ZU _ 2n—1(02n~1 + vzn) z‘zri _— (a + 4)fzn(th+1 + th)
. P a ’ Pl a '
2
( ) [mizw J1271--1(1‘)271—1 + w2n) %w (a + 4)'70271 (32n+l + 327:)
X .= . =
i=1 ° a ’ i=1 " a

Proof: The proofs of these formulas are all similar to those of Theorem 1
and require the use of (3), (4), and Lemma 4 in the obvious places. To illus-
trate, we prove the first result in (i). Since f'o = 0, we have that

4n-2 4n- 2 4n-2 4tn- 2
'El hi = 'Zl (cfi-z + dfi_l) = cf-l + O_Z fi—z + d,zzf-_l
= = = 1=
fkn—3+f'-m—lo_l fun-z"'fun—a"l
=c+e + d
a a
¢(Fyp-g t Fupoy T a -1 +d(fy, 3+ Fiypoyg - D
= a
c(fun-g = F1 ¥ fupoy ¥ F2) ALy o0 = Fo + Fupos = F1)
- a
_ e(fon-2%om-1 F Fon-alon-1) + Ao 18001 + Fop2f9n-1)
B a
Lop-rl(efoy n + dfyy 1) + (efy, 3 + dfy, _5) ]
- a

Q’Zn—l(th + th—l)
2 .
The formulas in Theorem 3 are still neat and tidy though not so simple as
those in Theorems 1 and 2. The difficulty is that H,, + H,, ,=H,,  , in Theo-

rem 1, whereas here we require th + ath_l = h2n+1. Of course, if a =1, the
results coincide.

4. STILL MORE GENERAL RESULTS

It is natural to ask if the results can be g_eneralizecl even further. _Indeed,
it would be reasonable to define sequences {fn}n>0 = {f,@}i>0 and {Ln},50 =
{2, },50 by

Fo=0,F1 =1, fiu = afn +bfn—1

and

L9 =25 &y =a, %, =al, + bY,_

1’
where a = a(x) and b = b(x) are arbitrary functions of x. Setting

— _a+Va? + 4p

p="——73—— ad 0§="—7—),
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we obtain as before (see [1], p. 119),

“n

p” - ¢”

fy = — (18)
* va? + 4b
T, =5" -5, (19)
L f;+1 + bf; -1
ig;l i a+b-1 7 (20)
no_ En+1+b§n—a—2b
7_';127: = a + b -1 ’ (21)
and the following lemma.
Lemma 5: For integers r and s,
£ s even
. = 5= s’r+s 4
(l) fr+25_bfr={__
sfr+s § odd,
_ _ (a® + 4b)f;f;+s s even,
(A1) R, - PR, = { o
Lol pys s odd,
— s = E3 _yz+s S even,
(iidi) f;+2s + Db f, = L
2., s odd,
_ _ ESEP+S s even,
(1v) U, + D8, = o
(a* + 4b)f,f,,, & odd.
Continuing, if we define k; and k; by
hy =c¢, h, =d, h,,, =ah, + Dbh, _, (22)
and _ _ — — —
k, = 2d - ac, k, = ad + 2be, k,,, = ak, + bk,_, (23)
where ¢ = ¢(x) and d = d(x) as above, we prove as before that
h, = bef,_, + df, _, (24)
and _ _ _
n = bet o +de . (25)

If, by analogy with (10)-(17), we now define sequences ﬁn, 4, Pn> S, Tps Uy,
v,, and wy, by

p, = bcf;_z + din_l, (26)
G, =bel,_, +df,_;» (27)
r, = bcfn_2 + (a? + éb)df;_l, (28)
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5, = (a® + 4b)ber,_, + df, ., (29)

Ty = bef,_, + (a® + 4b)dL ., (30)

u, = (a® + 4bYbef, , + dL ., (31)

D, =bel _, + (a® + 4b) df, _, (32)
and _ _

w, = (a® + 4b)2bcf;_2 +d ., (33)

we can then prove the following theorems that contain all the preceding results
as special cases. Of course, the formulas are less elegant, but they still
exhibit a nice symmetry.

Theorem 4: For n > 1,

L m-2 = 1 - p2n-1 ~ EZn—l(f;n + bfgn—l)
(1) igl f,b + T+ b _—) = — b — ,
.. = 1 - p2» fzn (Ez,ﬁ.l + bR’Zn)
(ii) 1;% e s i — b - )
bn= 2 2n-1 (L, + b, )
3 (a +2b)(1 - b ) _ Lon-1Fsy, om-1
(1D iza_ bi - a+b-1 a2+ b -1 >
(iv) 2: Q _(a+20)Q - bzn) (a® + 4b>f2n(f2n+1 + bfgn
i=1 a+b-1 a+ b -1

The proof is similar to that of Theorem 5 and will be omitted.

We note that Theorem 4 specializes to Corollary 1 if we set

a=b=c=d-=1.

Theorem 5: Let

e(2b + a2 - a) + d2 - a)

_c+d- ac
- S
C = c(l - a) + d(2 - a)
B a+b-1 ’
E_c(2b+a - a) + d(a* +4b)
- a+b-1
¢ = e(l - a) + da® + 4b)(2 - a)
a a+b -1
I_e(2b+a - a) + d(a* +4b)
B a+b-1

Then, for n 2 1,

a+b -1 ?
e(2b+a® - a) +d
a+b-1 ’
cla? + 4b)(2b + a% - a) + d
a+ b -1 ?
e(l - a)(a? + 4b) + d(2 - a)
a+ b -1
e(l - a)(a? + 4b)% + d(2 - a)
a+b-1 :

an- 2 Ropo1(Bgy + Doy 1)

1) X hy+ A - DY =
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(iii)

(iv)
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(vi)

(vii)

(viii)
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fzrl (?2n+1 + szn)

2n —
b7 = + -1 ’
b2n—1 _ E2n—1(z2n + szn-l)
) = a + b -1 3
oy (a® + Ab)fzﬁ(22n+1 + Dh,,)
) = a+ b -1
2n-1 _EZn-l @Zn + bZ—QZn—l)
b ) - a + b _ 1 s
bZn) _ on 62n+1 + b_fler)
- a+b-1 ’
2n-1 f’271—1(5271 +b§2n-1)
2n _ fzn (a2n+1 + ba?.n)
P N R
on-1 _Q'Zn—lgzrz +b;2n—l)
b ) - a + b _ 1 s
2n — (az + 4b)f2n (52n+1 + bz_92n)
b7 = a+b-1
on-1 _ -’Q-Zn—l(EZn + b§2n——1)
b ) = a+b-1 ’
b2n _ j52 (Z}Zn+1 + bBZn)
) = a+bh-1 ’
P L, (&, +Dt, )
) = a+b -1 >
on _ fzn (52n+1 + b§2n)
b7") = a+b -1 ’
bzn—l _ 'Q'Zn—l(azn + bﬁZn-—l)
) = a+b -1 ’
»27) (@® + 4D) F,, (@gney + Payp)

a+b-1

3

3

3

229



ON A FIBONACC! ARITHMETICAL TRICK

4n- 2 L. (o, +bv_ )

. — 2n-1y _ _2n-1" 2n 2n -1
(lX) l? Ui+I(1—b ) = a+ b -1 >
in (a®> + 4b)f. (F, + b, )
— _ on - 2n 2n+1 2n
:L:‘IUL'*'I(I b*™) PR ]
bn-2 % (w, + bw )
— 2n-1y _ 2n-1""2n 2n-1
(x) ig;lwi +J(1 - b = R — ,
mo S ey - (a® + 4b)f, (5,  +Ds,)
i=1wi N a+b-1

Proof: Again, since the proofs are similar, we prove only the first part of

(ii). Since f_, = 1/b, f; =0, and 2, = 2, we have from (20), (21), and Lemma
5, that

bn-2 _ 4n- 2 _ _ 1 4n-2 _ 4n-2_
TBc T el + i) - be(p) + be & Fry 424+ d X 1,
7=

i=1 i=1 i=1

be(Fup- st Bfipoy = D d®,, ., + By, _5 - a - 2b)
a+b -1 +2d + a+b -1

=c+

ac - ¢ + bef,, _, + b%ef,, ., ad-2d+di,,_, + dbl

a+b-1 * a+b-1

Lbn -3

be(Fiyy -y = DP72F) + bPe(F, ., + D 73F,)
a+b-1

, = bTT) + db(L,,
a+b-1

o -3 +p2n-2/q'l)

+

cela-1) +da-2) + b lo(1l - a) + bPYA(2 - a)
a+b -1

bcf;n-ZEZn—l + bch;n-a Roport d L5, o+ db§2n~212n-l
a+b -1
[e(a ~ 1) + d(a - 2)][1 - p™*71]
a+b-1
E2n-1[bcf:2n—z + dizu-l + b(bCEZn-a + dEZn—Z)]
a+b -1

+

[e(a - 1) + d(a - 2)][1 - p?*71]
a+b -1

+

Bon-y @on * on-d)  faa - 1) + d(a - DI[1 - p?Y
a+b-1 * a+b-1

by definition of P . But this implies the desired result.
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Of course, if b = 1, these yield the formulas of Theorem 3 as they should.
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In this paper we describe an order-theoretic realization of the Fibonacci num-
bers 1,2, 3,5, 8,13, ... and of the Bisection Lucas numbers 3, 7, 18, 47, 123,

.. . The Bisection Lucas numbers are part of the Lucas sequence and are ob-
tained from the Lucas numbers 2, 1, 3, 4, 7, 11, ... by deleting 2, 1, 4, and
then every second number after that. We represent the Fibonacci numbers and
the Bisection Lucas numbers as the cardinalities of sequences of distributive
lattices that we glue together from simple building blocks. The gluing process
is described in Section 2, and the main results are formulated in Section 3 as
Theorem 3.1, Theorem 3.4, and their corollaries. In Section 1, we introduce
some essential terminology and necessary facts about function lattices. For a
more complete treatment of these topics, we refer the reader to the standard
textbooks [1], [2], [5], and to [3]. For a related recursive construction of
a sequence of modular lattices whose cardinalities are the polygonal numbers,
we refer the reader to [6]. It should be noted that the construction discussed
in [6] is very different from the construction discussed here in Section 2.

1. FENCES, CROWNS, AND FUNCTION LATTICES

Let P be a partially ordered set, then |P| is the cardinality of P and P* is
the dual of P. For integers n 2 0, n = {1, 2, ..., n} is the totally ordered
chain of 7 elements ordered in their natural order, 0 is the empty chain. The
partially ordered set F(n) = {¢|1 << < n} for n > 1 is a fence if it has the
following order:

< 7+ 1 if 7 is odd,: (1.1)
Z>1+ 1 if 7 is even. :
From the 2n-element fence F(2n), for n 2 2, we construct the 2n-element crown

C(2n) by introducing exactly one additional order relation, namely 1 < 2n. For
example,

2 4 6 2 4 6
F(6) = I\\\\\;I\\\\\\I and C(6) = I:::><<i:><:::1
1 3 5 1 3 5

We extend the definitions to include C(0) = F(0) = 0 and C(2) = F(2) = 2.
For partially ordered sets P, @, we define QF to be the set of all order-
preserving mappings f: P - ¢ partially ordered by

f < g if and only if f(x) < g(x) for all x € P. (1.2)
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If f, g € @, then the supremum of f and g, f v g, exists in @F if and only if
the supremum of f(x) and g(x) exists in § for all & € P and

(Fvg @ =flx) vg.

Since the same is true for the infimum of f and g, it follows that QF is a lat-
tice whenever ¢ is a lattice, P may be an arbitrary partially ordered set. It
can be easily verified that QF is a distributive or modular lattice, provided
that ¢ is a distributive or modular lattice. All of the partially ordered sets
of the form @QF that we study in this paper are distributive lattices. We are
particularly interested in the distributive lattices 2F(" and 260" for n > 0.
Note that 2F(0) = 20000 - § 2F(L) - 2, and 2F(® = 20(2) = 3, As a convenient no-
tation for an order-preserving function f: F(n) - 2, we use its representation
by its image vector, i.e., 11212 stands for the function f: F(5) + 2 given by
F) = £(2) = f(4) =1 €2 and £(3) = £(5) = 2 €2.

A list of arithmetical rules for the exponentiation of arbitrary partially
ordered sets P, §, R may be found in [2] and [3]. We restate here only two
that will be needed later.

@DF = @F*F = (@F)F (1.3)
@H* = (@H™ (1.4)
Since we want to recursively construct the lattices 28 and 2°0Y for in-

creasing n, we ghall first describe a process of gluing for lattices that is
the basis of our recursive construction.

2. A LATTICE CONSTRUCTION

Let L be a lattice. An ideal in L is a nonempty subset I C L such that for x,
y€Ilalsoxvy€I, and for a €I, x €L, x < g implies x € I. The dual con-
cept is called a filter or a dual ideal in L. Now let L be a lattice and let
I CL be an ideal. We glue an order—isomorphic copy I’ of I below I to L as
follows: Let M be the disjoint union of L and I’ with the order defined as

x <, y if any only if x < y
or x <I,y (2.1)
or x =<' <1< <,y for some ¢ € I.
With this order M is a lattice where the lattice operations are the given ones
on I and on I' and in addition we have x vy 2' =x v; 2 and x Ay 2'=(x A; 2) .
With this structure, M will be denoted by L ¥+ I. Similarly, if FC L is a fil-
ter, we can glue a copy F' of F above F to the lattice L. The order on the
disjoint union K of L and of F' is then defined as
x <y y-if and only if x <p y
or x <Y (2.2)
or x §; f < f'=y for some f EF,

and the lattice operations are defined accordingly. With this structure, X
will be denoted as L 4 F. L 4 F and L ¥ I are distributive or modular lattices
whenever I is a distributive or modular lattice, and [ is a sublattice of both
L +F and L ¥ I. Moreover, since the gluing constructions are duals of each

1985] 233




A FI1BONACCI SEQUENCE OF DISTRiIBUTIVE LATTICES

other, we have the De Morgan properties
(L ¥ y* = 1* + 1*
(L + F)y* = [* § F*

for any lattice L, ideal I C L and filter F C L.

To illustrate how we will use this construction in the next section, let us
look at 2F(2) 4 2F(1) = 3 4 2, where the elements of the dual ideal 2 in 3 are
circled:

© 22 222
2F@ 2 3 = @712 3+2=1226\D 221

o 11 121

mn

(2.3)

"

But the latter is 27 with the mappings indicated in the diagram, so we get
that 273 = 2F(@) 4 2P,

This construction can, in a rather loose sense, be considered an opposite
of a construction used in [4]. In our case, a separate copy of an ideal I or
filter F of a lattice [ is added to I and the new lattice has cardinality

lo] + 2] or [z] + £,

whereas in [4] a filter F in a lattice L, is identifjed with an isomorphic ideal
I in a lattice L, and the new lattice has cardinality

22|+ (2,1 = 7] = J0g ] + |5, ] - 1]

In both constructions, modularity and distributivity are preserved and the old
lattices are sublattices of the new ones.

3. A FIBONACCI SEQUENCE OF DISTRIBUTIVE LATTICES

We are now ready to recursively construct the sequence of distributive lattices
whose cardinalities are the Fibonacci numbers.

n

Theorem 3.1: (1) 270 =2 2F(n-Dy 2F(=2) 3¢ y g even, n > 2.
(2) 20z 2Fn=1) 4 9F(=2) 4¢3 45 0dd, n > 2.
Proof: (1) If » 2 2 and even, #n is a maximal element in F(»), and the sub-
set 4 of 2F(™ where » gets mapped to 2 € 2 is order-isomorphic to 2F("-1, 1In
2F(n-1) we find the set B of all the mappings where n - 1 gets mapped to 1 € 2,

B is an ideal in 27"~ 1) and B is order—isomorphic to 2¥("-2), Therefore, we can
define the bijection ¢ : 2F(n-1)§ 2F(n=2) 4 7700 45 follows:

¢(f) = g if and only if g|F(n ~ 1) = f and g(n) = 2, if f € 2f(n- 1)
glF(n - 2) = fand gn - 1) = gn) =1, if £ € 2802,

For any f € ZF(”‘ZX the extension f_E 2F(m of f defined by fﬂF(n - 2) = f and
fn-1)=1 and f(n) = 2 is a direct upper neighbor of ¢(f) in 2F(M); converse-
ly, for each g, h € 27" with £ = ¢~ 1(g) €2F(=2) and ¢~ (R) €27~V and g < h,
the extension f of f with fin - 1) =1 in 2f(=1) 45 5 direct upper neighbor of
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f and f < ¢ YR in 27"V, Straightforward calculations will complete the
proof that ¢ is an order-isomorphism.

(2) For odd n, n is a minimal element in F(»n) and we look for the subset
A C 2F™ of functions that map 7 to 1 € 2. As in part (1), 4 is order-isomor-
phic to ZF(”‘lh and in 271 ye find the set B of functions that map 7 - 1 to
2 € 2. This set B is a filter in 2F(- 1), Dualizing the argument of part (1)
completes the proof.

Since 27 = 1 and ZF(D = 2, we have an obvious consequence.

Corollary: The cardinalities of the sequence of distributive lattices 27 for
increasing n > 0 are the Fibonacci numbers 1, 2, 3, 5, 8, 13,

It is possible to give an alternate recursive representation of the lat-
tices 27 which uses only the operator 4. 1In essentially the same fashion as
in Theorem 3.1 one proves

Theorem 3.2: For any 7 2 2, 2FM = g 4 2P0-2) ) yhere

A= 2Fn=1%% 1f 4 ig even,
and
4 =2F0=1  4f s odd.

Proof: Let A be the set of all functions that map 1 € F(n) to 1 € 2. Then
this set is order-isomorphic to (2F-1y%  The rest of the proof is as that
for Theorem 3.1.

Since F(2n) is a self-dual partially ordered set, every lattice 27y
n > 0, is self-dual also. The two theorems, 3.1 and 3.2, and De Morgan's laws
(2.3) explain how this self-duality appears in every other step of the recursive
construction. Obviously 2F(0) = 1 and 27D 2 3 are self-dual and, for n > 0, an
induction on »n establishes

2F(2m 5 gF(n-1) | 9F(2n-1) 4 (ZF(ZVL—I))* 4 gF@n-2)

Y

(ZF(ZVL—I) ¥ ZF(zn‘z))* ~ (2F(27’Z))*_

In fact, this self-duality is a consequence of the following general theorem,
which is proved in the same manner.

Theorem 3.3: Let 4 and B be lattices so that B C 4 is a self-dual ideal of 4.
The following statements are equivalent:

(1) 4 ¥ B = 4* ¢+ B,

(2) A ¥ B is self-dual.

Finally, it should be noted that 2703) 15 not self-dual.

Theorem 3.4: 20029 = 2F(n=1) 4 (QF(Zn=3y«
x (2F@n-2) p gFn=3y y (FCR=Iyk for n > 2.

Proof: The subset 4 of 2°*” ywhere the element 2n € C(21) gets mapped onto
2 € 2 is order-isomorphic to 2F(n-1) 1 2F(2n-1) we find the set B of all
those mappings where 1 and also 2n-1 get mapped onto 1 € 2. B is an ideal in
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2F(2n- 1) and it is order—isomorphic to the dual of 2f(n-3) by (1.4). All maps
f in B can be extended to maps f: C(2n) - 2 by defining

f(2n) =1 and f|F(2n - 1) = f.

These are the direct lower neighbors of the maps that have the same images on
F(2n - 1) but map 2n to 2. Clearly, 20 45 the disjoint union of A4 and an
order-isomorphic copy of B, and its order structure is that of

ZF(ZVL— 1) ¥ (ZF(Zn— 3))*

(2m)

For the cardinalities of the lattices 2° , we have

’zc(Zn)l = izF(Zn— 1)[ + IZF(Zn—B)l, 3.1

and we know already that lZF(”)l for m 2 0 are the Fibonacci numbers. The sum
of the nth and the (n + 2)? Fibonacci numbers generates another Fibonacci se-

quence which is part of the Lucas sequence 2, 1, 3, 4, 7, 11, ... . From the
Lucas sequence, the Bisection Lucas sequence ([7], p. 101, #1067) is generated
by deleting 2, 1, 4, and every second number after that. Since |2¢(®| = 3, and

because of (3.1), we have the following

Corollary: The cardinalities of the sequence of distributive lattices 2002 for
increasing n 2 1 are the Bisection Lucas numbers 3, 7, 18, 47, 123,

For an interesting extension of the corollaries to Theorem 3.1 and Theorem
3.4, we replace the two-element chain in the base of our function lattices by
the Boolean algebra 2%, k > 1 denoting a k-element antichain. Then, 2kFOD +
(ZF(”))k by (1.3) and, therefore, we have as a consequence of the corollary to
Theorem 3.1 that the cardinalities of (2X)P(™ for n > 0 are given by the kth
powers of the Fibonacci numbers, 1%, 2% 3% 5% 8k . . Similarly, (2%)0(z® =
(ZC(Zn))k and, as a consequence of the corollary to Theorem 3.4, the cardinali-
ties of (2K)¢(2M | 4 > 0, are the kth powers of the Bisection Lucas numbers,
3k, 7k, 18k, 47k,

We conclude the paper with an example which illustrates our construction.
We show that our method of gluing provides a completely symmetrical construc-
tion of the free distributive lattice on three generators, that is, the lattice
20(6) which has 18 elements. We construct 29®) ag follows:

20(6) = 2F(5) 4 (2F(3)y* = (ZF(‘&) 4 23y (ZF(B))*.
The circled elements in the figure below are those of the filter 2F3) qp 278
consisting of the maps where 4 € F(4) is mapped to 2 € 2,

= F(8) o F() 4 F (D)

To get 2F0) x 28 4 2FO) | ye glue a copy of 273 gpove 274 as shown in the
following figure. Here the mappings where 1 and 5 in F(5) both go to 2 € 2 are
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circled. This circled set is an ideal in 27 and it is an isomorphic copy of
the dual of 27,

Finally, we attach a copy of the circled ideal in the figure for 27G) ana get
the free distributive lattice 20(6),
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A NOTE ON THE SUMS OF FIBONACCI AND LUCAS POLYNOMIALS
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Recently, G. E. Bergum and V. E. Hoggatt, Jr. [1] have shown that

£ o ; {(oﬂx) + 1) /o) (@@ - 1, @ >0, )
P (x) = 53— + (1
neo 2K Fy (@) (B%(x) + 1)/8(x) (B (x) - 1), = < 0,

where {Fk(x)}z=l is the sequence of Fibonacci polynomials, defined recursively
by
Fi(x) =1, F,(x) =, Fk+2(x) = ka+l(x) + F(x), k=21,

and a(x) = (x + Va2 + 4)/2, B(x) = (x - Vx2 + 4)/2. Evidently, for x = 1 it is
the known formula for the Fibonacci numbers [2].

In this paper we give, by an elementary method, an extension of the result
(1). Namely, we show that
Fn_1ypm® {Bk(x) /P (@), @ >0,

Fng (@) Fpner g ()

L %)

uk(x)/Fk(x), x < 0.

Obviously, for r = 2, we obtain (1) from (2).
Furthermore, we find that

a(x)  BX@)
o ona2nk (@ + 1 e’ 70
y 2B @ (3)
L. @ a(x)  ak(x)

x <0,

n=0 a2(x) + 1 Fp(x)”

where L, (k) is the Lucas polynomial defined by Lj(x) = Fy,,(x) + F_,(x).
From the identity

: r r+1 1
Z xP - xP x - xP"

r=0(1 - 2Py (1 -2P™ ) (1 -2 (1 -zP"

if we put x = Bk(x)/uk(x) we obtain

F(n—l)n"k(x) % F(nm+1_1)k(x)
= (- (4)

Fn"k(x)Fn"“k(x) Fk(x)annk(x)
Using the facts that IB(x)/a(x)] <1 4if £ > 0 and that B(x)/a(x) < -1 if

x < 0, from (4), when m - =, we have (2).
Similarly, from

PINC D il
r=0

& 2%x*

r=01+x2" 1 -2
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if we put x = 8% () /ak(x), we find (3).
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1. THE CONJECTURE

In the March 1983 issue of the Mathematical Gazette [9], Mr. Moore conjectures
that if one lets

Q = > (1.1)

raises ¢ to powers and scales each such matrix down by making the leading entry
1, then the scaled down sequence of matrices approaches

L ¢

s (1.2)
b ¢
as n =+ o, where ¢ = (x + Va2 + 4)/2.

The purpose of this paper is to show that the conjecture is true if x >-2,
while the limit is

1 -1
y . | (1.3)
-¢- ¢”
if x < -2 and does not exist if x = -2.

It is worthwhile to mention at this point that the conjecture was first
brought to the editor's attention by a letter from Mr. Moore in October 1982.
The proofs of Theorems 1 to 6 were completed by Professor Bergum in November
1982. Due to the pressure of other work, the publication of these results was
delayed. Several months later, the information on Jacobsthal polynomials ar-
rived from Professor Horadam along with an alternate proof of Theorem 4. Pro-
fessor Bennett joined the group by showing that (2.14) does not have a limit as
n approaches infinity. The combined results are what is to follow.
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If one carefully examines the way we multiply matrices, then it is quite
obvious that the elements of the powers of § satisfy linear recurrences. Exam-
ining the first five or six powers of @, we are led to believe that

. Hy My
Q" = s (1.4)
My, Nn

where we define the sequences {H,}, {M,}, and {N,} recursively by

H,p,= (x+2)H . -xH,, H =1, H, =2, (1.5)

o = (x + Z)Mn+l - xM,, M1 =1, M2 =x + 2, (1.6)
- - )

o = (x + Z)Nn+l - al,, Nl =x+ 1, N2 =x° + 2x + 2. (1.7)

Before proving the validity of (l1.4), we first establish the following re-
sults.
Theorem 1: (a) H, + M, = H

(b) M, + N, =M, .,

(c) (z + ]-)Mn + Hn = Mn+l’
(@ (x+ 1y, +M,

n+1?

Nn+1'
Proof: Since the proofs are very similar, we prove only part (c).

When n = 1 we have (x + 1)M; + H, =x+ 1+ 1 =x+ 2 =M,, and when n = 2
we have (x + )M, + H, = (x + 1)(x + 2) + 2 = 2> + 3x + 4 = My; so that (c) is
true for » = 1 and 2. Now assume the statement is true for all positive inte-
gers less than k where k = 3. Then by (1.6), (1.5), and the induction hypothe-~
sis, we have

(x + )M, + Hy (x + D[+ 2)My_y - aMy_,]1 + [(x + 2)H,_, - xH_,]
(¢ + 2)[(x+ DMy, + H 1] - x[(@x+ DM _, + H_,]

(x+ )M, - aMy, | =M,

I

and (c) is proved.

The proof of (1.4) follows directly from Theorem 1 by mathematical induc-
tion giving
1 1 H, My
Theorem 2: If @ = then Q" = for all integers n > 1.
1 1+ M, Ny

Now we scale down Q" and obtain a new sequence of matrices {R,} where

1 M,/H,
R, = T, (1.8)
M,/H, Ny,/H,

and then ask: What happens as n -~ ©? To answer this question, we first apply
(1.6) and (1.7) found in [6] and obtain

_@-mattt - @ -ttt (1.9)

H, T3
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_(w+2-Batt - (@ +2 - w)p"?

> .
u, =4 L one 1.10)
2 _ n-1 _ 2 - n-1

v, = [x? + 22 + 2 — (x + 1)BRla -~ éx + 2x + 2 - (x + 1)a]B , (1.11)
n=1,
where

o = (x + 2) + Ve + 4 _(z+ 2 - Vo + 4
5 .

and B 5

(1.12)

are the roots of the characteristic equation arising from the recurrences (1.5),
(1.6), and (1.7). Next, we analyze the range of B/a and a/B, as this is needed
before we can find

M N
lim == and lim =%.
n+ oo Hﬂ N+ o n

If x > -2, then 0 < 2(x? + 4) + 2(x + 2)Vx2 + 4, so that

b <[22 + bx + 4 + 2(x + 2)Va2 + b+ 22 + 4] = [(x + 2) + Vx2 + 4]°
or

1> 4x/[(x + 2) + V2 + 4]2.

When x # 0 we can multiply and divide the right side of the last inequality by
(x + 2 = vVx2 + 4) to obtain

1S & +2-vVx2+4_B
x+ 2+ Vx2 + 4 o

If x = 0, then 8 = 0 and o = 2, so that B/a = 0 < 1. Since & > -2, we also have
0<z+2+VeZ+4 or 0<2(x+2)2+ 2(x + 2)Va? + &,

so that
~hx < 2z% + hx + 8 + 2(x + 2)Vx2 + 4.

Hence,
4e > -[(x + 2) + Vo2 + 4)2 or -1 < 4x/[(x + 2) + Vz? + 4]°.

Operating as before when x # 0, we see that

Ll - VeP 4 B

(@+2) +VoZ + 4 ©

which is also true if & = 0. Therefore,

-1 <§< 1, if x> -2. (1.13)

When x < -2, we have
x4+ 2<VaZ+ 4 or 2(x+ 2)2> 2(x + 2)Vx? + 4,
so that
222 + b + 8 - 2(x + 2)VxZ + 4 = (x + 2 - VxZ + 4)2 > —4z.

Hence,
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-1<4x/(x+2-¢x2+4')2=x”’"2+”¢2+“=%,

x+ 2 - V2 + 4

Since x < 0,
22 + b+ 4 <22+ 4 or V(i + 22 < VxZ + 4.

Therefore,
|x + 2| <Ve? + 4 and x + 2 > —Vx? + 4,

so that o > 0. However, B < 0 and we get

-1 <g <0, if @ <-2. (1.14)

When x = -2, we have o/B = B/a = -1. Combining these results, we obtain
Theorem 3: If o = z+2 +2 x? + 4 and R = E 2—:§—§f—i¥ﬁ3 then

(a)%=§=—1, if @ = -2,

(b) -1<9B‘-<0, if z < -2,

@ -1<8<u, irz>-2

Let £ > -2 and = # 0; then by Theorem 3(c), substitution of R, and ration-
alization

lim Yy z+2-B_ x+2+Ve2+ 4 _x+Vaed+ 4o o
2-8 (2 - %) + Vo2 ¥ 4 2

> n
Also, using similar steps, we have

lim Ny 2% +20+2-(x+1B_z2+x+2+ (x+ DVa? + 4
2-F (2 - x) + V2 + 4

nrow iy
_2x2+4+2x‘/9c2+4_¢2
= ; = 2,

If x = 0, then M,/H, = N,/H, = 1 for all n, so that

Hence, we have

1 ¢
Theorem 4: If & > -2, then 1lim R, =
—_— N 6 2

Let us now assume that x < -2; then reasoning as above, we have

14 My z+2-0 _ x+2-vVEl+ 4 2 1
im — = = = - =-¢"".

n>e Hy Z-oa 2 - x - Vx? + 4 x + VX2 + 4
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Similarly,
, 22+ 204+ 2 - (x+ Da
lim — = - = ¢~ 2,
new Hy 2 -0 ¢
and we have in (1.8)
1 -4t
Theorem 5: If x < -2, then lim R, =
—_— n+ oo -1 -2
-¢ ¢
1 1 &, 1if »n is odd
When x = -2, @ = in (1.1) so that R, = , where
1 -1 I, if »n is even
1 0
I =
0 1
Hence, we obtain in (1.8)
Theorem 6: If ¥ = -2, then 1lim R, does not exist.
-_— n>owo

Observe that when x = -1, (1.5), (1.6), and (1.7) all reduce to the defi-
nition for the sequence of Fibonacci numbers and (1.1) becomes

which is discussed in [1], [2], [3], and [4].

2. JACOBSTHAL POLYNOMIALS AND MATRICES

The Jacobsthal polynomials J,(x) = J, are defined in [7] by the recurrence
relation

Ipto = Jpe1 T 2y (Jo =0, J1 = 1) (2.1)

and the first few term of {J,} are

Jq J, Jy J Jg Jg
(2.2)
1 1 l+a 1+2c 1+ 32z+x%2 1+ 4x+ 322 ... ,
The matrix (1.1) can now be expressed as
J1 J,
J = s (2.3)
J, I,

and justifiably called a Jacobsthal matrix.
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Powers of this matrix obviously do not have Jacobsthal polynomials as their
entries.
Therefore, two questions arise:

I 1
(1) How may the Jacobsthal matrices " , 1> 2, be generated?
Jﬁ+1 Jﬁ+2

(ii) What is the result if we scale these matrices down as in (1.8) and let
n =+ ?

The answer to (1) is associated with the matrix H [Z H(x)]

ro 1]
= J (2.4)
€ 1

L

Using (2.1)~(2.4) and induction, we readily obtain

n Jn+l Jﬁ+21
Hd = s (2.5)
Jn+2 J£+3

so question (i) is answered.

Let the matrices generated by powers of # in (2.5) be represented as
_ N
£ =H. (2.6)

We call the set of matrices {f¢,} the Jacobsthal matrices, since all their en-
tries are Jacobsthal polynomials.
Scaling down the Jacobsthal matrices, we have

. 1 jﬁ+2
4% = n+l |, (2.7)
o o

n+2 n+3

Jﬁ+1 In+1

Now, the Binet form for J, can be found by routine measures (see [2] and
[8]) to be

no__ n
J, = XZ——_§_W x # "%y (2"8)
V1 + 4x
where
_ 1+ V1l 4+ 4 5 = 1 - V1 + 42 (2.9)
= = .

are the roots of the characteristic equation
M- A-=z=0 (2.10)

for the recurrence relation (2.1).
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Let & > -1/4. Elementary calculations reveal that [6/Y| < 1. Hence,

. Jn+1
1im =, (2.11)
7+ oo n
and
B Jn+2 _ 2
1im = y°, (2.12)
N+ o n

so that the limiting form of Jﬂk is
n

Iy
(2.13)
v oy?

When z = -1/4, vy = § = 1/2. Hence, J, = n/2""! by standard methods of dif-
ference equations where the roots of the characteristic equation are equal.
Therefore, (2.13) still holds.

If x < -1/4, then from (2.1)

_2(/-m)"
V-1 - 4x
where cos T = 1/2V-z and sin T = V-1 - 4x/2V-x. Therefore,

J.

- sin(nt)

Tnr1 /5 sinGe + DT _ (1, (cot nm)V-T - 4z
= -L ——m———t— = | = + . (2=14)
J, sin(nT) 2 2
Theorem 7: There is no real number T having the property that
1lim cot(nT) exists as a finite real number or *w,
n->w
Case |. Suppose that T is a rational multiple of 7, say T = (p/g)m, where

p is an integer and ¢ is a natural number. Then cot(nT) is not even defined
for integers 7 that are multiples of g.

In each of the cases to follow, it will be assumed that T is nmot a rational
multiple of M. Then sin T # 0 and sin(nt) # 0 for any positive integer n. 8¢
the formula
cot(nT) cot T - 1 (2.15)

cot(n + D)1 = cot(nT) + cot T

is valid. Note also that cot T # 0. Furthermore, cot(nt) # O for any positive
integer » since this would imply that T is a rational multiple of .

Case |l. If 1lim cot(nT) = o, then (2.15) yields
1
cot T - cot (n1)

o = lim cot(nT) = lim cot(n + 1)T = lim = cot T,

n+o 7N+ N+ o 1 _C_O—t__'f_

cot (nT)
which is impossible.

Case I1l. Suppose that lim cot(nt) = r, where r is some real number. Set

s =cot 7. If r+ s # 0, then from (2.15),
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_rs -1
r+ s

3

r?2 + ps =prs - 1,
and

Y’2

fi

-1, which is impossible.

If r + s = 0, then in order to obtain a finite limit in (2.15), it must follow
that r»s - 1 = 0. Thus,

or

s? = -1, which is impossible.

It has now been shown that, for all possible choices of T, 1im cot(nT) can-—
> o
not exist. Hence, Lim(Jn+l/Jn) does not exist. "
7>

Much more can be said about other properties of the Jacobsthal polynomials
J,. They are, in fact, a special case of the w,(a, b; p, g) discussed in [6],
where p = 1, g = ~x. See the Historical Note below for Jacobsthal's original
contributions and [5] for additional properties.

3. HISTORICAL NOTE

The recurrence relation (2.1) is associated with the name of Jacobsthal [7]
who, in 1919, seems to be the first to record it. His notation is related to
ours by the correspondence where F,(x) are the Fibonacci polynomials defined by
Fi(x) =1, Fy(x) =1, Fpi,(x) =2F,  1(2) + F (x).

Using methods different from ours, Jacobsthal established the Binet form
(2.8). Among other basic results demonstrated by him are, in his notation,

(a) the explicit summation formula

Fo(z) = [391(” % k>xk

k=0
and

(b) the extension of the definition of F, (x) to negative values of n. That

Fn—- 2 (.’L‘)
F_(x) = (-1)" ————, n>1.
xh-

is,

Both of the above results can be readily converted, with due care, into our
J-notation by means of the stated correspondence.

Although Jacobsthal alludes to the polynomials (2.2) as "Fibonacci polyno-
mials," they are now known by his name; in fairness, then, the matrices whose
entries are Jacobsthal polynomials must also bear his name.
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1. INTRODUCTION

Let J,,(2) denote the Bessel function of the first kind and let j, , denote the
zeros of z27VJ,(z), with ]R(jv’p)i < [R(jv‘r+1)|. The Rayleigh function of or-
der 2n, o0,,(v), is defined by ‘

Oop (V) = f (Jy, 077" (n=1, 2, 3, ...).
r=1

The early history of this function can be found in [10, p. 502]; more recently
it has been investigated by Kishore [5], [6] and others. The first twelve Ray-
leight functions have been computed by Lehmer [8].

It is known that

noq 22771

0,,(1/2) = (-1) T Bane
22n—2

Oyn(=1/2) = (-7 AT Gono

where B,, is the 2nth Bernoulli number and G,, is the Genocchi number, i.e.,
Gpy = 2(1 = 22™)B,,.

A few other special cases have been examined. The writer [2], [3], and [4] has
studied the cases v =2%3/2 and Carlitz [l] has investigated the integers a, de-

fined by
2—21‘

0,,(0) = DT fo (1.1)

Carlitz points out that in view of the known arithmetic properties of the Ber-
noulli and Genocchi numbers, it is of interest to look for arithmetic properties
of 0,,(v) for other values of v.

In the present paper we define integers b, by means of

2—2r
ri(r + 1)!

and examine their arithmetic properties. A summary of these properties, along
with a possible generalization of (1.1) and (1.2), is given in Section 4. A
listing of the first 24 values of b, is presented in section 5.

0,,(1) = by, (1.2)

2. PRELIMINARIES

Using formulas (6), (14), and (22) in [5], we can write a generating function
and recurrence formulas for ),. We have
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A - on
_Z—Jl(x)+_2—=nz=:1 n!(n+l)!b”3c > (2.1)
n-1
D"+ Db, = nte+ D+ LD )b (2.2)
_n—l n+ 1\/n+1
(n + 1)%b, —r{:l(f’ T Db, (2.3)

It follows from (1.2) that b, =1, b, =1, by = 3, b, = 16. In some of our
proofs it will be convenient to rewrite (2.2) in the following way:

n-1
-D"(m+ b, = -n(n+ 1) + 3 An, »), (2.4)
where rot
r-1(n+ 1\(n + 1
S Gy (R L

To derive properties of b, from (2.2) and (2.3) we need the following lem-
mas, the first due to Lucas [9] and the second due to Kummer [7]. In Lemma 2.2,
and throughout this paper, we use the notation p"|i to mean p™|h and p"*'/ h.
Lemma 2.1: If p is a prime number and

n=mng+mp+ e+ npk (0<n; <p)

r=r +rp+ - +rpk (0sr; <p,
then
n\ - ("o nl e e g4
()= () () e
Lemma 2.2: With the hypotheses of Lemma 2.1, let n - r = s, + g;p+ -+ + skpk
with 0 < s; < p, and suppose
ry + 8, = up + ¢ (0<¢c, <p)
Uy + ry + 8, =up+ e, (0< e, <p)
Ut 8 = wp ooy 0<¢ <p.
Then

pN“(Z), where N = u, + u; + *°° + wy.

It follows from Lemma 2.2 that, if r; > n; and Yoy, > Mgy for t =1, ...,
g - 1, then
ny\ - q
(r) =0 (mod p9).

It may be of interest to note the following relationship between the num-
bers defined by (1.1) and (1.2). This formula follows easily from Eq. (20) in
[5]: for n > 1,

na,, =:Z;:11 (Z)(r Z 1> b.a, .-
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3. PROPERTIES OF b,

Since
n + l)(n + 1)//
<r + 1 r (n+ 1)
is always an integer, it is evident from (2.2) that the b, are positive inte-

gers. OQOur first five theorems are concerned with determining the prime factors
of b,.

Theorem 3.1: Let n = 2%m, k > 0, m odd. Then b, = O (mod m).

Proof: The proof is by induction on #n. Using the table in Section 5, we
can verify the theorem for n = 1,2, ..., 24. Assume it is true for n = 1, ...,
J - 1 and suppose psnj, p > 2. In (2.4) replace n by J and suppose pt“r for a
fixed r. If s < ¢, then b, = 0 (mod p®) by the induction hypothesis. If 0 <
t < s, then

b, =0 (mod p¥) and <r > =0 (mod p*~ % by Lemma 2.2.

If ¢ = 0, then
Jg+1

. j+1>: (
either < . ) = 0 (mod p?®) or ol

) = 0 (mod p®) by Lemma 2.2.

In all cases, A(J, r) = 0 (mod ps), and by (2.4) we see that b; = 0 (mod p%).
This completes the proof.

It follows that if p is an odd prime then bp = 0 (mod p). Also, if we re-
place n» by p — 1 in (2.2) and observe that

<1”5 1)(5')5 0 (mod p®) for »r =1, ..., p - 2,

we have

bp_l =1 (mod p), (3.1)
where p is an odd prime. The next two theorems give more results along this
line.

Theorem 3.2: Let p be an odd prime and 0 < k <p - 2. Then by, g = 0 (mod p)
for all m 2 1.

Proof: We first show the theorem is true for m = 1. It is true form=1,
0, by Theorem 3.1. Assume it is true for m =1 and Kk = 0, ..., J - 1, with

k
J<p- 2. Then by (2.4) and Lemma 2.1, we have

A

. p+g-1
DP9+ d+ Dbpaj=-(p+ D@ +4+1) + 21 Alp + 4, v
r=

1l

J
-J(G+ 1)+ 3 Alp + 4, ») (mod p)
=1

r=

i

J .
-J(d + 1)+ X A(F, ) (mod p) = 0 (mod p),
r=1
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che last congruence following from (2.4). Thus, the theorem is true for m = 1.
Jow assume it is true for m = 1, ..., h - 1. We know bwp = 0 (mod p) by Theo~
rem 3.1, so we also assume the theorem is true for m =% and Xk =0, ..., J - 1,
with j < p - 2. Then, as in the first part of the proof, we have

. J
(D" + G+ Dbyyys = =4 + 1) + 2 A, #) =0 (mod p),
r=1
which completes the proof.

Theorem 3.2 tells us that if n > p - 1 and n # -1, n # -2 (mod p), then

bn = 0 (mod p). The cases n = ~1, n = -2 (mod p) are examined in the following
theorem.
Theorem 3.3: Let p be an odd prime. Then for all m > 1, bmp_lE bmp—z = a, (mod

p), where a, is defined by (1.1).

Proof: In (2.2), we replace n by mp - 1 and divide out p. Then, by Lemma
2.1, Lemma 2.2, and Theorem 3.2,

(—1)rrrp—1z;mp_1 =1 +j};i (—1)T(Z)(m: })brp—l (mod p),

r
with bp—l =1 (mod p). 1In [1] it is shown that a; = 1 and
m=-1
- -1
-D" g, =1 + ) (-1)?(;”)(’; - I)QF. (3.2)
r=

It follows that bmp_1 z a, (mod p). Now, in (2.2), replace n by mp - 2. Then
we have

(_l)m‘lbmp-z m-1

p-2 m-1 » 2
2+ T A -2 )+ T D ("2 1) P

£ e ("D ) b mod b 3.

Note that -2 + LA(p - 2, ») = 0 by (2.4). We see from (3.3) that
b2p—2 =1=gqg, = b2p~l (mod p);

we now proceed to show bmpszEa (mod p) by using induction on m in (3.3). If
Theorem 3.3 is true for m = 2, ..., J - 1, then by (3.3) we have

DRSO Uy | [ R G | R

1+ ?éi(—l)r(i)(i : i)ar = ay (mod p).

('1)‘% 1bjp-2

11

i

This completes the proof of Theorem 3.3.

Carlitz [1] has shown that, if »n = mp?, then a, = a, (mod p) for » = 0, 1,
2, ... . Therefore, we have the following corollary.

Corollary: If p is an odd prime and n = mpr - 1 or n = mp? - 2, then b, = a,
(mod p) for r =1, 2, 3,
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It follows from the corollary that, if m > p and p [m, then b, = 0 (mod p)
for n = mpr - 1 or n = mpr - 2,
We next show that Theorem 3.3 is valid for p = 2.

Theorem 3.4: For m > 1, b = b

om+1 Za,,, (mod 2).

2m

Proof: We first show that qu = 0 (mod 2) for all m 2 1. It is clear from
Lemma 2.1 that

+1 +
(4m1? )(t74-]}) 20 (mod 2) for » =1, 2, or 3 (mod 4).

Therefore, by (2.2), we have

by, = ’%51<4m4; 1)(22 i })b”r (mod 2).

r=1

Since b, = 16, we can now easily prove by induction that by, = 0 (mod 2). Now
we replace n by 2m + 1 in (2.2) and divide out 2m + 2. Then we have

R 11 W IR R M

r=1

+ gél(m + 1)( m )bzr—l (mod 2),

1
—

r r -1

0 (mod 2) and because

because b,

(m><m + 1) = 0 (mod 2) if r is odd.
r r

Since bl = 1, we now see by (3.2) that b,,.; = G4, (mod 2).
Next assume that b,, = a,,,; (mod 2) for m = 1,..., j - 1. Replace n by 2j
in (2.2) to obtain

S () RS Y O P LA R A G [ R

r=1
By (3.2), we now have b2j = ajy, (mod 2), which completes the proof.

It follows that, if n = 2¥ = 1 or n = 2% - 2, then b, is odd;, k =1, 2, 3,
Otherwise b, is even. These facts enable us to extend Theorem 3.1.

Theorem 3.5: b, = 0 (mod n) unless n = 29, j =2, 3,.... If n =29 -2, then
b, = 0 (mod n/2).

Proof: We use induction on #n. Theorem 3.5 is valid for n =1, 2, ..., 24;
assume it is true for n =1, ..., Kk = 1. We assume k is even and k # 29 - 2,
since otherwise, by Theorem 3.1, there is nothing to prove. Assume ZSHk and
2t|r for a fixed r, 1 < r» <k-1. If t> s, then by = 0 (mod 2°) by induction
hypothesis, and A(k, r) = 0 (mod 2%). If 1 < ¢ < s, then

(ﬁ i })(k : 1) = 0 (mod 22%°°%%)

and b, = 0 (mod 2%), so A(k, r) = 0 (mod 2°). If 1< ¢ < s, then
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(ﬁ I })(k : 1) = 0 (mod 2%2°°2),

and A(k, r) = 0 (mod 2°). Thus, if ¢+ > 0 and s > 1, A(k, r) =
is now easy to see that, if s > 1, we have, by (2.4) and Lemma

by = A(k, 1) + A(k, 2° - 1) = 2°71 + 2°71 = 0 (mod 2°).
If s =1, let 2"**||(k + 2), m > 1. Then by (2.4),

0 (mod 2%). It
2.2,

i

m . m+1 .
w = LAk, 28 - 1) + T A(k, 2° - 2) = 2m = 0 (mod 2),

=1 i=2

b

and the proof is complete.

If we replace n by an odd prime in (2.2), then since

(f,]: })(pzl) =0 (mod p?) for r =2, ..., p - 2,

it is easy to see that
b, = p (mod p?). (3.4)

In the same way, we can show that if p > 3, then

Byey = op (mod p?). (3.5)

If we set bp+n = pd, (mod p?),we can find a simple generating function for d,.

Theorem 3.6: Let p be an odd prime and let 0 < n <p-3. Then by, = pd, (mod
p2?), where

. - dn(x/z) 2n+2 . . )
* ,EO nt(n+ 1)1 (2J1(ac)> :

Proof: Define dﬁm by bp4n = pdﬁm (mod p?) for 0 K n < p - 3, and replace n
by p + n in (2.3). Using Lemma 2.1, we see that dﬁp)E d, (mod p), where

2b

n
2 _ n+ 1\(n+1 n+l 3.6
(n + 1)2d, ngl(r’ : 1)( ; )bpdn_r+ ——- (3.6)

with dy = 1. We multiply both sides of (3.6) by (x/2)2""? and sum, beginning
at n = 0, to obtain

—'QZC—D’(x) = 2B(x)D(x), (3.7)
where
" dn(x/2)2n+2
D(x) = 1-+n§% ENCEE
o b/ J@)
B@ = L ot DI~ "2 T @ T2

the last equation following from (2.1). Thus,
14
D'(z) L J(x) .
D(x) J4 (x)
254 [Aug.
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After integrating both sides of (3.8) and plugging in x = 0 to determine the
constant, we have

which completes the proof.

Theorem 3.5 cap be compared to a similar result for the g,. Carlitz [1]
has shown that for 1 <7 <p, a4, = ¢,p (mod p?), where the ¢, are defined by

3 c, (x/2)%" .
S n-Din-=-DI (Jo(2)) ™",

n=1

Theorem 3.7: If p is a prime number and n = pS,s > 3, then b, = p® (mod ps*!).
If p is odd, the congruence is valid for s > 1.

Proof: First, assume p is odd. Theorem 3.1 tells us that, if ptlr, then
by = 0 (mod p?); we also note that, if j = pS - 1, then b; = 1 (mod p) by the
corollary to Theorem 3.3. Now, in (2.4), replace n by pe. It is clear from
Lemma 2.2 and the above comments that A(pe, r) = 0 (mod ps*!) for r = 2, ...,
ps - 2. We therefore have, for n = ps,

(ps + )b, = (p® + )ps + A(ps, 1) + A(p®, ps - 1)
. (ps + 1)ps (mod p5*1).

This proof is valid for s > 1.

For p = 2, the situation is more complicated. We first show that, if m =
2% - 1 with s > 2, then b, = 1 (mod 4). In (2.4), replace n by 2° - 1, s> 2.
It is easy to see by Lemma 2.2 and Theorem 3.5 that A(285-1, r) = 0 (mod 25%2)
for each r except » = 25"1-1; in that case, A(2°-1, 2571 -1) =0 (mod 25%1).
After dividing both sides of (2.4) by 2 , we have, for m = 25 - 1,

b, = -1+ A(2° -1, 257 - 1)/2%5 = -1 + 2 = 1 (mod 4).
m

Now, replace n by 2° in (2.4). For » =1, ..., 25 - 1, it is easy to see, by
Lemma 2.2 and Theorem 3.5, that A(2%, ») = 0 (mod 2°%%) if 2t|r with ¢ > 1. If
t = 0, then A(2%, r) = 0 (mod 2°%!) except for » =1, 2° — 1, and 2°°! - 1. We
therefore have, by (2.4) with w = 295,

by = 2% + A(2%, 1) + A(2%, 2% - 1) + A(2°, 2°°' - 1)

= 25 4 2871 4 25°1 4 28 = 29 (pgod 2°%1).

bl

4. SUMMARY
We have shown that the integers b, defined by (1.2) have the following proper-—
ties:

b, =0 (mod n) unless n = 29 - 2, j=2,3, ... . If n=29 -2,
then b,, = 0 (mod n/2). (4.1)

bmp+x =0 (mod p) if p is an odd prime, 0 S kK <p - 3, and m > 1. (4.2)

brp-1 = bup-2 = an (mod p) if p is any prime number, m > 1 and an
is defined by (1.1). (4.3)

bp+n = pd, (mod p?), if p is an odd prime, 0 < n < p - 3, and d,
is defined by
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w dn(x/2)?"F? e 2
L+ Y ST DT <2J1(x)> : (4.4)
by = ps (mod pe*h) if n = ps, p any prime number, and s > 3.
If p is odd, the congruence is valid for s > 1. (4.5)

To generalize (l.1) and (1.2), we can define the numbers Ak, n by
_ 2—271
m+ R+ k- )t %n’
It is evident that ag,, = a, and a;,, = b,. Also, ag,1 = Ag,p = (k!)2. For-

mulas analogous to (2.1), (2.2), and (2.3) can be written down, but properties
such as (4.1)-(4.5) do not appear to be obvious or easily proved.

o, (k)

2n

5. TABLE OF VALUES

The following table of values for b, was computed by Elmer Hayashi of Wake For-
est University. The writer is grateful to Professor Hayashi for his assistance.
The writer also wishes to thank John Baxley of Wake Forest and Sam Wagstaff of
Purdue University for their help in proving that all the factors listed below
are prime numbers.

Table of Values for b,

bl =1
bz =1
b3 =3
bq =2,+
by =2+5+13
by =3%.5-.11
b, =5+7+647

bg =2%<7%+11-103

be = 2243274794547
big = 22357777013
by = 2%2+3+5¢7¢«11+13+195407

by, = 2%¢32¢5.11+163° 193189
22+ 31113« 4491229 26119

13 ©

1y = 371113677 15473« 44983
bis = 32572+ 112%« 13+ 2897« 9208057

16 = 2%+5¢7+11+ 13- 8519815212829

17 =2%e5¢7¢11 1317263331+ 379« 25452443
19 = 2%e3%2¢ 71113217+ 181« 827« 22338511427

Dig = 23 ¢3¢ 11«13+ 17«19+ 4974009342476711903

3¢5+ 131719+ 137+ 315195497 = 7249259477
32.5+7-13«17+192«395001666315568761311

bop = 2235721113217 19+ 463~ 13394141029047928133

bog =223+ 7111321719+ 2347« 151 « 60443 « 3308491075235249
boy = 2%+3% 7111719+ 2324917 « 21854261271093057456989

o

N

[
o

NN

w w»

o e

REFERENCES

1. L. Carlitz. "A Sequence of Integers Related to the Bessel Functions." Proc.
Amer. Math. Soc. 14 (1963):1-9.

256 [Aug.



10.

INTEGERS RELATED TO THE BESSEL FUNCTION J, ()

1

F. T. Howard. "Polynomials Related to the Bessel Functions." Trans. Amer.

Math. Soc. 210 (1975):233-248.

F. T. Howard. "Properties of the van der Pol Numbers and Polynomials." .
Reine Angew. Math. 260 (1973) :35-46.

F. T. Howard. 'The van der Pol Numbers and a Related Sequence of Rational
Numbers." Math. Nachr. 42 (1969):89-102.

N. Kishore. '"The Rayleigh Function.'" Proc. Amer. Math. Soc. 14 (1963):
527-533.

N. Kishore. 'The Rayleigh Polynomial.'" Proc. Amer. Math. Soc. 15 (1964):
911-917.

E. Kummer. "Uber die Erganzungssatze zu den Allgemeinen Reciprocitdtsge-
setzen." J. Reine Angew. Math. 44 (1852):93-146.

D. H. Lehmer. 'Zeros of the Bessel Function J (x)." Math. Comp. 1 (1943-
1945) : 405-407.

E. Lucas. '"Sur les congruences des nombres eulériens et des coefficients
différentiéls . . ." Bull. Soc. Math. France 6 (1878):49-54.

G. N. Watson. A Treatise on the Theory of Bessel Functions. New York:
Cambridge University Press, 1962.

$0¢0¢

1985] 257



THE NUMBER OF SPANNING TREES IN THE SQUARE OF A CYCLE

G. BARON, H. PRODINGER, R. F. TICHY
Technische Universitat Wien, A-1040 Vienna, Bufhausstrafe 27-29, Austria

F. T. BOESCH
Stevens Institute of Technology, Hoboken, NJ 07030
J. F. WANG

Cheng-Kung University, Tainan, Taiwan, Republic of China

(Submitted October 1983)

INTRODUCT ION

A classic result known as the Matrix Tree Theorem expresses the number of span-
ning trees t(&) of a graph G as the value of a certain determinant. There are
special graphs G for which the value of this determinant is known to be obtained
from a simple formula. Herein, we prove the formula t(ifi) = nF?, where F,
is a Fibonacci number, and iﬁf is the square of the n vertex cycle ¥, using
Kirchoff's matrix free theorem [7].

In this work graphs are undirected and, unless otherwise noted, assumed to
have no multiple edges or self-loops. We shall follow the terminology and no-
tation of the book by Harary [5]. The graph that consists of exactly one cycle
on all its vertices is denoted by %,. The square G? of a graph G has the same
vertices of G but u and v are adjacent in G? whenever the distance between u
and v in G does not exceed 2.

The number of spanning trees of a graph G, denoted by ¢(G), is the total
number of distinct spanning  subgraphs that are trees. The problem of finding
the number of spanning trees of a graph arises in a variety of applications.
In particular, it is of interest in the analysis of electric networks. It was
in this context that Kirchhoff [7] obtained a classic result known as the matrix
tree theorem. To state the result, we introduce the following matrices. The
Kirchhoff matrix M of n-vertex graph with vertex set V = {v;, v,, ..., Uy} is
the nx7n matrix [m;;] where m;; = -1 if v; and v; are adjacent, and m;; equals
the degree of vertex <.

KIRCHHOFF'S MATRIX TREE THEOREM

For any graph with two or more vertices, all the cofactors of M are equal, and
the value of each cofactor equals t(G).

Clearly, the matrix tree theorem solves the problem of finding the number
of spanning trees of a graph. Furthermore, we note that this is an effective
result from a computational standpoint, as their are efficient algorithms for
evaluating a determinant. However, for certain special cases, it is possible
to give an explicit, simple formula for the number of spanning trees. For ex-
ample, it is easy to see that this number is n if G is ¥,. Also, if G is the
complete graph K,, then a classic result known as Cayley'’s tree formula states
that t(K,) = n""? (see Harary [5] for a proof). Another graph of special in-
terest is the wheel W, which consists of a single cycle %, having an additional

The work of F. T. Boesch was supported under NSF Grant ECS-8100652.
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vertex, called the center, joined by an edge to each vertex on the cycle. 1In
the case of wheels, there is a fascinating connection between the number of
spanning trees, Lucas numbers, and Fibonacci numbers. Many authors including
Harary, O'Neil, Read, and Schwenk [6], Sedlacek [12], Rebman [10], and Bedrosian
[1] have obtained results regarding this connection. The classic result is due
to Sedladek who showed that

tW,) = ((3 +V5)/2)" + ((3 - V5)/2)" - 2 for n > 3.

Another simple graph, which is a variant of a cycle, is ‘f,?; the square of a
cycle.

For n 2 5, the squared cycle ‘gﬁ has all its vertices of degree 4. For n =
5, (552 = K3 for n = 4, cgf = K,; however, the vertices of K, have degree 3. 1In
the case n 2 5, the matrix M can be permuted into a circulant matrix form. Here
we are assuming that an #n X n circulant matrix X is one in which each row is a
one-element shift of the previous row, i.e., k;; = K;41,j+1, where the indices
are taken modulo #n. Namely for €2, my; = 4, my; =-141f |2 - gl =1, 2, n -1,
or n - 2, and m;; = 0 otherwise. Alternatively, as M is a circulant, it could
be specified by its first row (4, -1, -1, 0, 0, ..., 0, -1, -1).

Recently, Boesch and Wang [2] conjectured, without knowledge of [8], that
t(Er) = nwF2, F, being the Fibonacci numbers Fy =0, F; =1, F, = F,_, + F,_,.
Herein, we prove that this formula is indeed correct. Clearly, by Kirchhoff's
Theorem, if u, denotes t(‘gnz),then U, is the determinant of the (n-1) x (n-1)
matrix V,_,, where V, is the following kx k matrix:

4 -1 -1 0 0 . . . 0 0 -1
-1 4 -1 -1 0 } . ) 0 0 0
-1 -1 A | 0 0 0
0o -1 -1 4 -1 -1 0 0

. = Vk'

0 0o -1 -1 4 -1 -1 0
0 . 0 0o -1 -1 4 -1 -1
0 0 . . . 0 0 -1 -1 4 -1

| -1 0 0 . . . 0 0o -1 -1 4 |

For convenience of the proof, we introduce the following family of matrices,
all of size k X k:

Ay is the matrix obtained by deleting the first row and first column of
Vi+1, whereas

-1 -1 0 ...0] 1 -1 o 0
-1
-1
By = Ag -1 , Cp = Ay 4 01,
0 -1
: i —1J
— 0 —
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-1 -1 0...0
4
-1
Dy =1 o By -1
L O m

Let ag, bk, Cp> dk, v, be respectively the determinants of Ak’ By, Ck’ Dk’ Vk.
Note that u, = v, _;.

Lemma 1: v, =a, - a,_, + 2(-D"¢c,_,.

Proof: We use the following simple identity:

all aln alz aln
det | . = (—1)”+lanl° det
Ay ov App Uyo1,2 *o+ AGyyn
ay1 Ain
+ det | ° : (1)
Ayp-1,1 .

0 an’z eoo Aun

-1 -1 o0 0 -1 4 -1 -1 0 0 -1
0 -1
v, = (~1)"det 4,_, Cl o+ der|Th 4,_, 2)
0 0
-1 :
L -1 L O A

Now, applying the transpose version of (1) to each of the two matrices in (2),
where M? is the transpose of M, we get

v, = (_1)”cn_l + (_1)”(m1)"+1an_2 + (-1D)"det qf_l + a,. O

We now proceed to ascertain the recursions that a,, b,, ¢,, and d. satisfy.

Lemma 2: (1) ap = b4ay.1 + b,y - dn_1

(i) b, = b, - a,4
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(iii) d, = 5b,_, - b, ;5 - 5bn_l
(iv) ¢, = -¢, 1 + 4ec,_, - Chs Cp_y
Proof: (i) is obtained by expanding 4, with respect to the first column.

(ii) If we expand B, with respect to the first row, we get

b, = -a,_, +det(Bf_\) =-a,_, +b,_,.
(iii) We expand D, with respect to the first row:

d, =-b,_; *+ det ,

-1 -1 -1 0. o“
0

d, =-b,_, + ba,_, + det 4, 4 s
0

which is d, = =b,.1 + 4a,_, Now, by using (ii) to substitute for a,_,
and a,_,, we obtain the desired result.

- Qy_3-

(iv) We expand C, with respect to the first row:

. 0

¢, = —¢,_+det
-1 -1 0 ...0]
-1
=-c,_, + bc,_, + det 0 C,_s
O -
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-1
0
—Cp,.q T be, , - c,_5 + det
0
or ¢, =-¢,_, the, ,-c, _, - ¢,y as desired. o

We now establish that the sequence {v,} (and thus {u,}) satisfies the same
recursion as nFi. For convenience, we use the following terminology. If we
have a sequence {x,} and a recursion

Mot Mo 1&gt 700 Az, =0,
then we say {x,} fulfills the recursion given by
k k-1 o _
MER + A EKTY 4 e+ 2B = 0,

where E is the shift operator Ex, = x
stants.

12 E® =1, and Xgs Ays +-v5 Ag are con-

Lemma 3: The sequence {v,} fulfills
(E+ 1)2(E2 - 3B+ 1)? = E® - 4E®° + 10E® - 4E+ 1 = 0.

Proof: By Lemma 1, v, = a, - a,_,

n
+ 2(-1)"¢,_;-

We shall first determine the recursion for b, and, from this, determine a
recursion for a,. Then, by obtaining a recursion for ¢, , we get a recursion
for VUne

By (ii) of Lemma 2 with n = n + 1, and by (iii) of Lemma 2 with n =n - 1,
we obtain, by substitution in (i) of Lemma 2, that

b, = byy1 =a, =ba,.1 + by_y = Sby-3 + by_y + 5b,_,.

Now, substituting for a,_, its value from (ii) of Lemma 2, we get

b,y, - 5b, + 5b,_, + 5b,_, - 5b
Hence, shifting the index so b,4; * bnts, we see that {b,} fulfills

p(E) = E® - 5E* + 5E% + 5E% - 5E + 1 = (B* - 3B+ )*(E + 1) = 0.

n-g ¥ b,y =0.

Since a, = b, - byy1» la,} fulfills the same recursion.
By Lemma 2, the sequence {c,} fulfills

qB) =E* + E® - 4E> + E+ 1= (E- 1)*(E*+3E+ 1) =0
and (-1)"c, fulfills the recursion where E is to be replaced by -E. Which is
q(-E) = (E + 1)%(E* - 3E + 1) = 0.
Since
V= a, - a, ,+ 2(-1)"c,_;,
and (E + 1)2(E*> - 3E + 1)? is a common multiple of p(E) and g(-E), v, fulfills
this recursion. O
Lemma L4: The sequence nF? fulfills
E® - 4E° + 10E - 4E+ 1 = 0.
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Proof: Since
7= _l.ckgt_[5>n _ J;(l,:;1£i>n
n V5 2 ¢§ 2

we obtain
w2 = 25 8) + (255) - 2.

Now by the standard methods for finding the solution of a linear recursion re-
lation via its characteristic polynomial, we see that nFj fulfills

=\2
(E-%@f-@-é—iz—ﬁ) C(E+1)2= (B2 -3+ DAE+ 1)? = 0. o

So.we see that v,, u,, and nF2 fulfill the same recursion. Since the computer
computations of Boesch and Wang [2] tell us that u; = iFf, 5< <2< 16, we know
that the sequences coincide and have proved the following Theorem.

Theorem: The number of spanning trees of the square of the cycle %,, for n = 5,
is given by nF%.

Remarks: If we consider the square of a cycle for n < 5, which means that we
consider the edge set to be a multiset, we have multiple edges and loops and
the Theorem holds for »n 2 0.

2 3 2 2
O
1
1 41 3
2 2 2 2 2
E s L €1 o
4+ 3% =36 3.2% =12 2-1% =2 1-12=1  0-0%=0
Figure 1

In closing, we note that there is an alternative approcah to finding t(&2)
that uses the properties of circulant matrices. First, we note that ¥ .can be
written as 4I -~ A, where I is the identity matrix and 4 is the adjacency matrix
of‘%ﬁ. If the maximum eigenvalue of the real, symmetric matrix 4 is denoted by
A,, then a result of Sachs [11] states that

5 1 n-1
t@*) == 11 (4 - A,
ni=1
where A; are the eigenvalues of A. Now, using the explicit formulas for the

eigenvalues of a circulant matrix (see, for example, Marcus and Minc [9]), one
obtains

nt@&°) 3314 sin® — (l + 4 cos " ).
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Thus, the Theorem could be proved by showing that the above product is n2r?,
However, we have not found this approach to be any simpler than the one given
here.

The authors would like to point out that reference [8] gives a purely com-

binatorial proof of our result, which was conjectured by Bedrosian in [1].
Furthermore, the paper by Kleitman and Golden was not discovered until after
our paper had been refereed and accepted for publication.

10.

11.

12.
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A RATIO ASSOCIATED WITH #(x) = n
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1. INTRODUCTION

Let ¢(x) be Euler's totient function. The literature on solving the equation
¢(x) = n (see [1, pp. 221-223], [2-5], [6, pp. 50-55, problems B36-B42], [7-11],
[12, pp.228-256], and the references therein) can be viewed as a collection of
open problems. For n = 2%, we essentially have the problem of factoring the
Fermat numbers. Another notorious example is Carmichael's conjecture [3, 7]
that if a solution exists it is not unique. Some results (e.g., Example 15 of
[12, pp. 238-239]) can be established on the basis of Schinzel's Conjecture H
[12, p. 128] of which the twin prime conjecture is a very special case. See
also [10, 11].

Here we define a new ratio R(n) that is associated with this equation in a
very natural way. Our main result, Theorem 3 of §3, is that R(n) can be arbi-
trarily large. This can be read independently of §2, where the highest power
of 2 dividing R(»n) is studied.

To define KR(n), let L, be the least common multiple of all solutions of
¢(x) = n. Then, let G, be the greatest common divisor of all numbers a” - 1,
where g is in the reduced residue system modulo L, given by

1<a<yi,, (a, Ly) =1, (1.1)
Since

ar - 1=a’® -1 20mod = (1.2)
for any solution x, we have

a” - 1 =2 0 mod L. (1.3)
Hence, the ratio R(n) defined by

R(n) = Gu/Ly (1.4)
is an integer. For example, if n = 2, then x is 3, 4, or 6, so

L, =12, G, = (12 = 1,5% - 1,72 - 1,11% - 1) = 24, (1.5)

and hence R(2) = 2.

Our L,, G, resemble Carmichael's [ and M on pp. 221-222 of [1]. 1In fact,
Carmichael very briefly alludes to the ratio M/L on p. 222. However, his table
on p. 222 shows that his M = M, is often astronomical in comparison to our Gps
and that M, /G, need not be an integer.

We write (m)p for the highest power of the prime p in m, and (m)oaa for
m/(m),. Thus, (m), = 2° is equivalent to 2¢lIm. Theorem 3 of §3 asserts that,

*This work was partially supported by the National Science Foundation under
grant MCS-8031615.
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for every prime p and every M > 0, there is an n = n(p, M) such that

(R(m))p > M.

2. RESULTS ON PARITY

By means of induction, the binomial theorem, and the identity
22 -1 =(z-1(z+1),

it is easy to prove the following lemma.

Lemma 1: If o 2 1 is an integer, then

20%2112% - 1, (2.1)

20%2|(8m + 5)%° - 1, (2.2)
and .

22%2| 2k + 1) - 1. (2.3)

Propositions 1-3 and Theorems 1 and 2 are consequences of this Lemma. We
give the details of the proof for Theorem 2 only; the others are similar.

Write & for the set of all »n such that ¢(x) = n has a solution, and &' for
the complement of this set.

Proposition 1: If n 2 2, then 2|L,. If n = 2n', where n € ® and n' € ¢', then
2lL,,.

It is harder to show that infinitely often every solution is even; this is
proved in [12, p. 238, Example 14].

Proposition 2: If n > 2, then (BR(n)), = 2.
Proposition 3: If (n), = 2% then (R(n)), < 2°*%.

In the case of n = 136 = 8° 17, for example, the bound of Proposition 3 is
exact.

Theorem 1: Let s 2 1 be a fixed integer. If ¢ 2 0 is minimal, such that
n=2%t2s+1) €0, (2.4)
then
(R(n)), = 2%, (2.5)
We observe that again #n = 136 = 8° 17 illustrates this result, since 17,
34, and 68 all belong to ®'. Theorem 1 is proved with the aid of Proposition
3 which, in turn, is proved with the assistance of (2.2) of Lemma 1.
Corollary 1: If s > 1 is an integer and n = 2(2s + 1) € ¢, then (R(n)), = 4.
Proof: Clearly, 2s + 1 € o',
Corollary 2: Infinitely often (R(n)), = 4.

Proof: If p is any prime of the form 4s + 3, then

266 [Aug.



A RATIO ASSOCIATED WITH ¢(x) = n

bs + 2 =p -1=¢(p). (2.6)

We may vary s so that p runs over the primes of the form

p=2%1ls + 2% + 1; (2.7)
this implies that

d(p) = 2t(2s + 1) € 0. (2.8)

However, it does mot follow directly from crude density considerations and the
prime number theorem for arithmetic progressions that the 2%2(2s + 1) for 1 < &
< t will sometimes all lie in ¢'. In fact, ErdSs [4] has proved that, for any
M > 0, the number of elements of ¢ not exceeding x is

x
log x

>> (log log x)™. (2.9)

Corollary 3: Schinzel's Conjecture H [12, p. 128] implies that, for any fixed
t = 0, the equality (R(n)), = 2°*! holds infinitely often.

Proof: For ¢ = 0, 1, this follows unconditionally from Theorem 2 and Theo-
rem 1, Corollary 2. TFor ¢t 2 3, we first show that there are infinitely many s
for which the two polynomials

26 + 1, 2ttlg + 2t +1 (2.10)

are simultaneously prime, whereas the ¢ - 1 polynomials
2(2s + 1), 2%(Q2s+ 1), ..., 28" % (28 + 1) + 1 (2.11)

are all composite. In fact, for (4,B) = 1 and 4 > 0, the greatest common divi-
sor of the infinite set

(2x¢ + 1)[24(22 + 1) + B], x=1, 2, 3, ..., (2.12)

is unity (a trivial exercise in [12, p. 130]). Hence, '"condition S" of Conjec-
ture H is satisfied for the first two polynomials, and the above assertion fol-
lows from [10] (use statement Ci;3, p. 1). Now write p = 2t*1ls + 2T + 1 so

d(p) = 2t(2s + 1) € 0. (2.13)
I1f

d(x) = 2728 + 1), 0<h<t, (2.14)
then x must be divisible by a non-Fermat prime g such that

o272 + 1. (2.15)
Hence,

qg-1=29%2s+ 1), 0<g<xh, (2.16)

a contradiction. Hence, t satisfies the hypothesis of Theorem 1, and the re-
sult follows. C. Pomerance's proof does not use H.

Theorem 2: If oo > 1 and n = 2%, then (R(n)), = 2.

Proof: Since $(2**!) = n, we have 2°*!|L,. Since for any odd m,
9 (2%*2m) > 20%1 > g0, (2.17)

we have 2°*1|L,.
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For any integer s, we have 101¢(115),so ¢(11s) # 2*. Hence (since L, = 12
is true for n < 12, and is obvious for #n > 12), the number 11 is in the reduced
residue system. Thus,

¢ |11 -1 (2.18)
and, by (2.1) of Lemma 1,
(G,), <2072, (2.19)

Because every element of the reduced residue system is odd, (2.3) of Lemma 1
yields 2°*?1(G,),. Hence, (G,), = 2°t2 and the result follows.

Remark: We know of no other cases in which (#(n)), =2. For Q(u)==[log2u] < 4,
numerical calculations suggest, for n = 2%, that

()
L,=2nll ¥, and G, =2L,, (2.20)
m=0
where F, is the Fermat number
F,o=2% + 1. (2.21)

However, this simply reflects the fact that the Fermat numbers F, are prime for
m< 4, and (2.20) must fail for &(a) =2 5; see {12, pp. 237-238, Example 13].
It is possible that (R(n)),y, > 1 for infinitely many »n = 2%, C. Pomerance has
proved the converse of Theorem 2.

3. ARBITRARILY LARGE R{(n)

Observe that

d(x) = 2 = x =3, 4, or 6, (3.1)
and

O(xy = 44 <> x = 3-23, 4+ 23, or 6+ 23. (3.2)

We say that 23 is a prime replicator of 2.

Definition: The prime p is a prime replicator of m if all solutions of

d(x) = mp - 1) (3.3)
are given by b,p, ..., b,p, where b,, ..., b, are all solutions of
o(x)y = m. : (3.4)

Theorem E: Given m 2 2, all but o(x/log x) of the primes are prime replicators
of m.

Proof: This is a result of Erdos [5, pp. 15-16]. His pfoof [5, pp. 15-18]
uses Brun's method.

It follows by the prime number theorem for arithmetic progressions that
every arithmetic progression containing infinitely many primes has infinitely
many prime replicators of m.

Theorem 3: Let g be any prime, and ¢ # 1 an integer. Then, for some #,

BM), = qge. (3.5

268 [Aug.



A RATI0 ASSOCIATED WITH ¢(x) = n

Proof: Set m = ¢$(g®). Let bys «.., by be all solutions of ¢(x) = m. Set
B=1[bys ..., b,] and ¢f = (B)g . (3.6)
Clearly, f > e. By Theorem E, we can choose % so that
p=q'e(q*Hk +1>B (3.7)
is a prime replicator of m. Then all solutions to
(@) =n=mp - 1) = qglo(g* Hmk (3.8)
are bip, ..., b,p, so
L,=1by, ..., b.lp = Bp. (3.9)
If g is in the reduced residue system, then
a=q¢n+t, 0<e<qgf, (t, ¢ =1. (3.10)
Hence, for ¢ = qu, we have
ar - 1=t +gm" -1 =t"+nmt" gh+ o -1
=t" - 1lmod @ = s%9 - 1 mod g, (3.11)
where (s, @ = 1. By Euler's generalization of Fermat's simple theorem, the
above is congruent to zero, and hence
(GolDy) = (G, /g% 2 ™ /g7 > qe. (3.12)
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INTRODUCTION

In this paper, k, m, and n will represent arbitrary natural numbers; p, ¢, r,
s, primes; and a, b, ¢, d, natural number exponents. O is the sum-of-divisors
function; 0%, the sum-of-unitary divisors function; and T, the count-of-prime-
factors function.

Definition 1 [6]: A number m is said to be n-hyperperfect, »n-HP, if it satis-
fies

m=1+nlo@m -m- 1]. €D)
Definition 2 [2]: A number m is said to be m-unitary hyperperfect, n-UHP, if it
satisfies

m=1+nlo*@m) -m- 1]. (2)

For n = 1, the definitions reduce to those of the usual perfect and unitary

perfect numbers. The two definitions agree on square-free numbers. To speak
of both concepts simultaneously, we subsume equations (1) and (2) into

m=1+n[I(m - m- 1] (3)
and speak of n-(unitary) hyperperfect numbers, n-(U)HP.

1. PARITY

Theorem 1: Let m be n-(U)HP. Then:

(a) (my m) = 1;
(b) If m is even, n is odd;
(c) If n is even, m is odd;
(d) (my, Z(m) = m-1) = 1;
(e) (my Z(m) - 1) = 1;
(f) T(m) > 1.
Proof: (a-e) Follow directly from (3).
(f) By contradiction. If m = p%, a > 1, then
p (m, T(m) - 1)

which contradicts (e). B
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The possibility that both m and n are odd is not addressed in this theorem.
The table of hyperperfect numbers in [3] includes odd m for odd n. TFor exam—
ple, 325 is 3-HP. In the unitary case, we have a complete result.

Theorem 2: If m is n~UHP, then not both m and n are odd.

Proof: By contradiction. Assume m = 2s + 1, n = 2¢ + 1. Equation (2) be-
comes

28+ 1 =1+ (2t + 1)[c*(m) - (28 + 1) - 1].
Expand and regroup.

bs + 2 = (2t + 1)o*(m) - 4ts - 4t.
Reduce modulo 4, remembering that 2¢ + 1 is odd.

o*(m) = 2 mod 4. (4)
For (4) to be true, T(m) = 1. This contradicts Theorem 1(f). ®

Theorems 1 and 2 say that if m is n-UHP, not only are m and »n relatively

prime, they must be of opposite parity. The case in which n = 1 reduces to an
old result.

Corollary 1 [7]: There are no odd unitary perfect numbers.

2. STRUCTURE THEOREMS

Equation (3) can also be written in the form

(n+ 1)m=ni(m - (n - 1). (5)

Theorem 3: If m is n-HP, »n odd, then m has as a component an odd prime to an
odd power.

Proof: Let m = 2%m’, (2, m')

(n+ 1)2%" = no(2%ao(m'") - (n - 1).

[}

1. Equation (5) becomes

The first and third terms are even since 7 is odd; 7 and 0(2%) are odd. There-
fore o(m') is even. This happens only if an odd prime factor of m occurs to an
odd power. ®

This argument yields no information in the unitary case, because o*(m') is
even. Note that the argument does not depend on a; it holds for a = O.

Theorem 4: Let m be n-UHP, m = p%m', (p, m') = 1. Then

2

(pa - n)(m' - n) 2n* + 1.

Proof: Equation (5) becomes

(n+ Dm=nps+ Do*(m’") - (n- 1)

npacg*(m’) + no*(m') - (n - 1)
no*(m') - (n - 1)
pel(n+ VDm’ - no*(m")] = no*(m") - (n - 1)

_ _no*(m'") - (n - 1)
pe = (n+ Vm" = no*(m") (6)
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o*(m') 2 m' + 1 implies

n+ Dm'" = no*(m’) < (n+ m" - n(m' + 1); (7)
and
no*(m) - (n-1) 5 nm'+1) =@-1) _m'+1 _  n®+]
(mn+ Dm' = no*m") = (n+ DHm" — n(m’ + 1) m! - n m' - n"
Thus, )
> n-+1
pa/ﬂ+m,_n
or

2

(pe-nm)(m' -n) 2n"+1. =&

Corollary 2: Let m be n-UHP, m = p%m', (p, m') = 1. Then

* 1]
n+ 1 S g (T )
n m

Proof: In (6), the numerator is positive; hence, so is the denominator:
(n+ )m" - no*(m') > 0.

The inequality follows immediately. ®

Corollary 3: Let m be n-UHP, m = p%m', (p, m') = 1. Then

r
n+ 1 > m T 1
n m

Proof: o*(m') > m' + 1. Alternatively, the right side of (7) is positive,
as the left side is. =

Corollary 4: Let m be n-UHP, m = p2gP. Then
(pa - n) (g - n) = n? + 1.

Proof: In Theorem 4, m' = gb. o*(gb) = qb + 1. Equation (7) is an equal-
ity. The result follows. ®

Corollary 5: For given n, there are finitely many m of the form m = p9gb which
are n-UHP.

Proof: From Corollary 4,

2 2
pa=n+n—+1. and qb=n+£__.+__l__

qb - n p% - n

There are finitely many solutions for p2, gb. ®

Corollary 6: There is exactly one unitary perfect number with two distinct
prime divosors.

Proof: In Corollary 5, n = 1, n®> + 1 = 2. There is only one solution for
p4% gb; namely, 2, 3. m= 6. &

Corollary 7: Let m be n-UHP, pa“m. Then p% > n.
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Proof: This is the penultimate inequality in the proof of Theorem 4. ®

The import of Corollary 7 is that, if m is n-UHP, then all unitary divisors
of m, except 1, exceed n. In the nonunitary case, every divisor of m, except
1, exceeds n ([6], Theorem 1). Minoli and Bear ([6], Theorem 3) demonstrate
bounds on the prime factors of an n-HP number of the form m=pq. These bounds
can be proved for the unitary case with some generalization.

Corollary 8: Let m be n-UHP, m = pg?, p? < gb. Then:

() If n> 1, n<pa<2n<ghbg n?> +n+ 1;

B) If n =1, n<pa<2m<gh<n?+n+ 1.
Further,
(¢) For n = 1, 2, there are unique solutions.

Proof: The first inequality is Corollary 7. The last inequality arises
from Corollary 4.

n? + 1= (pa-n)(gb-n >qb - n;
thus,
qb<n2+n+l.
For the second inequality, rewrite equation (2) as
p%g? = 1 + npa + ngb < 1 + 2ngd

peqP < 2nqb
<

pe 2n.
If p = 2, by Theorem 1, 7 is odd. Thus, equality is possible only for n = 1,
pa = 2. Equation (2) also yields
piqb 2 2npe
gb 2 2n.
Again, if ¢ = 2, n is odd. Equality is possible only for n = 1, gb = 2. Then
T(m) = 1, which contradicts Theorem 1 and the initial assumption. This com-

pletes the proof of the inequalities. For »n = 1, they reduce to
1 <pas<2<gb<3.
The only solution is p% = 2; qb =3, m=6. Forn-=2,
2 <pa<4<gbs 7

thus, p¢ = 3. By Corollary 4, gb =7. m

Theorem 5: If m is n-(U)HP, then

n Z 1 > Zg;) > (n Z 1><m ; 1)’

with equality on the left if and only if »n = 1.

Proof: On division by (n + 1)Z(m), equation (5) becomes

m_ n__ n -1
s(m) n+1 (n+ 1)Z(m)"

€))
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The left inequality is immediate.
As T(m) > m,

n -1 n -1 n -1 n -1
Gr o S mErDn ™M TmErDIm C T D

Equation (8) yields

n n -1 wn - n + 1 wm - n ( n )(m - 1>
n 3

n_ > - - > -
L(m) n+1 (n+ 1m (n+ 1)m (n+ 1)m + 1 m

which is the inequality on the right. ®m

Results on mod 3 properties have appeared before. In particular, Hagis [2]
proved the following.

Theorem 6: Let m be n-UHP, then:
(a) If m # 0 mod 3, then m = 1 mod 3;

(b) If n = 0 mod 3, then m = 1 mod 3;
(¢) If n = 1 mod 3, then 0*(m) = 2m mod 3;
(d) If » = -1 mod 3, then o*(m) = 2 mod 3.

Results (b), (c), and (d) follow immediately from equation (3) and so are
valid for the (ordinary) hyperperfect case also.

3. UNITARY HYPERPERFECT NUMBERS

The set of unitary hyperperfect numbers has nonempty intersections with the set
of (ordinary) hyperperfect numbers and with the set of unitary perfects. In
the first case, the intersection is the set of square~free hyperperfect num-
bers. In the second, it is the set (see [7], [11]) of l-unitary hyperperfect
numbers. TFor square-free hyperperfect numbers, see [4], [5], [6], [8], [9],
and [10].

Hagis [2] ran a computer search for unitary hyperperfect numbers through
10%. Buell [1] found 146 unitary hyperperfect numbers less than 108,
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ANNOUNCEMENT

ANNOUNCEMENT

The Second International Research Conference on Applications of the
Fibonacci Numbers will be held in the San Francisco area immediately
following the International Conference at the University of California
at Berkeley in August 1986. Currently, we are in the planning stages
and would be interested in receiving any comments from those who might

consider attending. Send all comments or requests for information to:

GERALD E. BERGUM or PROFESSOR CALVIN 'LONG

THE FIBONACC! QUARTERLY DEPARTMENT OF MATHEMATICS
DEPARTMENT OF MATHEMATICS WASHINGTON STATE UNIVERSITY
SOUTH DAKOTA STATE UNIVERSITY PULLMAN, WA 99163

BOX 2220

BROOKINGS, SD 57007-1297
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Please send all communications regarding ELEMENTARY PROBLEMS AND SOLUTIONS
to PROFESSOR A. P. HILLMAN; 709 Solano Dr., S.E.: Albuquerque, NM 87108. Each
solution or problem should be on a separate sheet (or sheets). Preference will
be given to those typed with double spacing in the format used below. Solu-
tions should be received within four months of the publication date. Proposed
problems should be accompanied by their solutions.

DEFINITIONS

The Fibonacci numbers F, and the Lucas numbers L, satisfy

Fn+2 =Fn+l +Fn’ FO =0, Fl =1
and

Lyyy) = Lyyy + Ly, Ly = 2, Ly = 1.

Also, o and B designate the roots (1 + /g)/Z and (1 - /g)/Z, respectively, of

x? - x-1=0.

PROBLEMS PROPOSED IN THIS ISSUE

B-550 Proposed by Charles R. Wall, Trident Technical College, Charleston, SC

Show that the powers of -13 form a Fibonacci-like sequence modulo 181, that
is, show that

(-13)"*1 = (-13)" + (-13)""" (mod 181) for n = 1, 2, 3,

E:éél Proposed by Charles R. Wall, Trident Technical College, Charleston, SC
Generalize on Problem B-550.

B-552 Proposed by Philip L. Mana, Albuguerque, NM

Let S be the set of integers n with 10° < xn < 10'° and with each of the
digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 appearing (exactly once) in 7.

(a) What is the smallest integer »n in S with 11n?
(b) What is the probability that 11ln for a randomly chosen #n in S?

B-553 Proposed by D. L. Muench, St. John Fisher College, Rochester, NY

2n m
Find a compact form for 3, ( .)L? .
=0 7 +1
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B-554 Proposed by L. Cseh and I. Merenyi, Cluj, Romania
For all = in AR {1, 2, ...}, prove that there exist x and y in zt such
that

(Fypy T DEFE,,,, + 1) = x? + y2.

B-555 Pproposed by L. Cseh and I. Merenyi, Cluj, Romania
For all »n in Z+, prove that there exist x, y, and z in Z" such that
(Fon-y + &) (Fppys + 1) = 2 + y® + 22,
SOLUT IONS

Quadratic with an Integer Solution

B-526 Proposed by L. Cseh and I. Merenyi, Cluj, Romania

Find all ordered pairs (m, n) of positive integers for which there is an
integer x satisfying the equation

E,F,x? - [F,(F,, Fy) + E,Fpy 1 + (F,s F)F, 5 = 0.

Here (», 8) denotes the greatest common divisor of r and s.
Solution by Paul S. Bruckman, Fair Oaks, CA

We use the well-known relation

(Fm, Fn) = F(m,n)' (1)
Then, letting d = Fin, ny» the given equation becomes
(Fyx = d)(F,xz - d) =0, (2)

to be satisfied for some integer x. Since m 2 (m, n), n = (m, n) and (F,),_,
is an increasing sequence (except for Fy; = F,=1), we see that for x = d/F,
to be an integer, we must have one of the following:

(a) B, = Fip, or (b) Fy = Fip,my-
These, in turn, imply at least one of the following:
(i) m=1; (@(di) m= 2; (diii) m|n; (iv) n=1; ) n=2; (vi) nlm.

Some of these cases are redundant, and we can consolidate them as follows: all
ordered pairs {m, n} with (a) m|n; (b) n|m; (c) m = 2; (d) n = 2. (Note that
there is still some redundancy, but this is minimal.)

Also solved by Paul S. Bruckman, Laszlo Cseh, A. Di Porto & P. Filipponi, Herta
T. Freitag, Walther Janous, L. Kuipers, Bob Prielipp, Sahib Singh, and the pro-
poser.

Another Quadratic with an Integer Solution

B-527 Proposed by L. Cseh and I. Merenyi, Cluj, Romania

Do as in B-526 with the equation replaced by
(F» F)a? = (Fp + F)ax + Fgy oy = O.

m?
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Solution by Walther Janous, Ursulinengymnasium, Innsbruck, Austria

The given equation reads
Fon, myx® = (Fpy + F)x + Fp oy = 0. (1)

Since (m, n)]m and (m, n)]n, it holds that spm,n = (F, + E;)/E}m”@ is integral;
that is, (1) reads x? - Sm,nx + 1 = 0. This symmetric equation has to have the
double root x, = x,\ =1, whence Fy, + Fy, = 2F(p, ».

Because F(y,n) S Py and F(m,ny S Fy, it follows that F, = F, = F(, . Thus,
m=wnorm=1,n=2o0rm=2, n=1.

Also solved by Paul S. Bruckman, A. Di Porto & P. Filipponi, Herta T. Freitag,
L. Kuipers, Bob Prielipp, Sahib Singh, and the proposer.

Special Case of a Sum

B-528 Proposed by Herta T. Freitag, Roanoke, VA

For nonnegative integers m, prove that

2n+12n+1 5 "
z ; JE1 =57
=0

Solution by Mariprie Bicknell-Johnson, Santa Clara, CA

2n+3°

Let p = 1 in equation (4) on page 30 of the following article: ''Some New
Fibonacci Identities" by Verner E. Hoggatt, Jr., and Marjorie Bicknell, in The
Fibonacei Quarterly 2, mo. 1 (February 1964):29-32.

Also solved by Wray G. Brady, Paul S. Bruckman, Laszlo Cseh, Leonard A. G.
Dresel, Piero Filipponi, C.Georghiou, Walther Janous, L. Kuipers, Graham Lord,
George N. Philippou, Bob Prielipp, A. G. Shannon, Sahib Singh, J. Suck, Robert
L. Vogel, and the proposer.

Compact Form for a Sum

B-529 Proposed by Herta T. Freitag, Roanoke, VA

For positive integers »n, find a compact form for
Zzn (27’Z>F.2

3 i+1°
i=o

Solution by Leonard A. G. Dresel, University of Reading, England

2n
Let T = 3 (2?“>F2 Then

) et
i=0 Tt thl

57 = % (i?>(ai+1 _githz = ¥ (i?)(azi+2 ~ 20B(aB)’ + B¥t2)

It

a?(l + a?)? - 208(1 + aB)?" + B2(1 + B2)?".
Now, since n > 0 and of = -1, the middle term vanishes, and

o> + 1 =oa(x=-B8) =V50 and B>+ 1 =8(B-0a) =-V58.
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Hence,

_ gn-l, . 2n+2 2n+2y _ en-1
T =25 (a + B Y =5 Lypin-
Also solved by Marjorie Bicknell-Johnson, Wray G. Brady, Paul S. Bruckman, Las-
zlo Cseh, Piero Filipponi, C. Georghiou, Walther Janous, L. Kuipers, Graham
Lord, D. L. Muench, George N. Philippou, Bob Prielipp, A. G. Shannon, Sahib
Singh, J. Suck, Robert L. Vogel, and the proposer.

Lucas Continued Fraction

B-530 Proposed by Michael Eisenstein, San Antonio, TX

Let o = (1 + V5)/2. TFor n an odd positive integer, prove that the contin-
ued fraction

L, + = a”.

Solution by Graham Lord, Princeton, NJ

The simple continued fraction is convergent (see Hardy & Wright, for exam-
ple). The limit x satisfies the inequality L, < &, and is a root of the equa-
tion L, + 1/x = x. Since n is odd, the latter equation can be rewritten as

(x - a™)(x - B™) =0,

from which, together with the inequality, it follows that o” is the required
value.

Also solved by Wray Brady, Paul S. Bruckman, Laszlo Cseh, Walther Janous, A. Di
Porto & P. Filipponi, Leonard A. G. Dresel, Herta T. Freitag, C. Georghiou, L.
Kuipers, I. Merenyi, D. L. Muench, Bob Prielipp, Sahib Singh, Robert L. Vogel,
and the proposer.

Even Case of Lucas Continued Fraction

B-531 Proposed by Michael Eisenstein, San Antonio, TX
For n an even positive integer, prove that

L, - a”.

]

Solution by Graham Lord, Princeton, NJ

The existence of the infinite continued fraction is first established. If
Xy 1s the k™ convergent, then easy induction arguments show that

L,-1Sux, <L
and that

n?

1
Ly +:’Z—7k_>Ln;
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the latter requires use of the identity

1 1
Lyppq + Tors = Ln + (xk +‘E; - Ln)/(kan - 1.
So
—_ 1 >
xk - xk+1 = xk + E;'— Ln 0.

Hence, ¥ 1is a strictly decreasing sequence which is bounded below by L, - 1;
thus, the limit exists.

The value of the limit is a root of the equation x = [, - 1/x, which can be
rewritten as {x - o™ (x' ~ R™) = 0, since #n is even. Because x, > L, -1, the
value of the continued fraction is a”.

Also solved by Paul S. Bruckman, Laszlo Cseh, A. Di Porto & P. Filipponi, Leo-
nard A. G. Dresel, Herta T. Freitag, C. Georghiou, Walther Janous, L. Kuipers,

I. Merenyi, D. L. Meunch, Bob Prielipp, Sahib Singh, Robert L. Vogel, and the
proposer.

060
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Edited by
RAYMOND E. WHITNEY

Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS to
RAYMOND E. WHITNEY, MATHEMATICS DEPARTMENT, LOCK HAVEN UNIVERSITY, LOCK HAVEN,
pA 17745. This department especially welcomes problems believed to be new or
extending old results. Proposers should submit solutions or other information
that will assist the editor. To facilitate their consideration, all solutions
should be submitted on separate signed sheets within two months after publica-
tion of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-389 Proposed by Andreas N. Philippou, University of Patras, Patras, Greece

Show that
FUOP =0 2%+ 4/2) (> 24+ 1)

for each nonnegative’integer 1, where Fﬁz;l)is the n + 2 Fibonacci number of
order n — 7 [1] and F§1)= 1.

Reference
1. A. N. Philippou & A. A. Muwafi. 'Waiting for the k™ Consecutive Success
and the Fibonacci Sequence of Order k." The Fibonacci Quarterly 20, no. 1

(1982):28-32.
H-390 Proposed by M. Wachtel, Zurich, Switzerland

For every m,

2F, Feoom+ (1) (F,F,,, + F%,) has the unique value 11.

2-m
Find a general formula for analogous constant values, which should represent
the terms of an infinite sequence.

Prove that no divisor of any of these terms is congruent to 3 or 7 modulo 10.
H-391 Proposed by Lawrence Somer, Washington, D.C.
For every #, show that no integral divisor of L,, is congruent to 11, 13,

17, or 19 modulo 20. (This problem was suggested by Problem H-364 on p. 313
of the November 1983 issue of The Fibonacci Quarterly.)
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SOLUTIONS
Any More?

H-363 Proposed by Andreas N. Philippou, University of Patras, Patras, Greece
(Vol. 21, no. 4, November 1983)

For each fixed dinteger k > 2, let {fﬁkqm_o be the Fibonacci sequence of
order k, i.e., fgk)= 0, ffk)= 1, and "=

(k) PR (€3] = < <
f(k)= 7,00+ + 7 if 2Ssn<k,
" ®) (N

£, + 0 ifn2k+ 1.

Evaluate the series

2 1
E‘(B (k 22, m=22).

n=0 mn

Remark: The Fibonacci sequence of order k appears in the work of Philippou and
Muwafi [The Fibonacci Quarterly 20 (1982):28-32.]

Comment by Paul S. Bruckman, Carmichael, CA
Letting

S, m = ¥ (79,
n=0

to the best of my knowledge, the only known result (fairly well-known in fact),
is

5(2, 2) = ¥ 1/F,, =%(7 - V3) = 2.381966.
n=0

I would be very surprised—indeed, amazed!—to learn of any other closed form
expressions for S(k, m).

Only Two!

H-364 Proposed by M. Wachtel, Zurich, Switzerland
(Vol. 21, no. 4, November 1983)

For every =, show that no integral divisor of I
modulo 10.

on+1 1S congruent to 3 or 7

Solution by Paul S. Bruckman, Carmichael, CA

Given any prime p with p = #3 (mod 10), then (5/p) = (p/5) =-1. It is
sufficient to prove that p does not divide I,,,,for all »n, since any divisor
of Lj,4;1 congruent to 3 or 7 (mod 10) must be divisible by such a prime. By
the calculus of "complex residues'" (see [11),

a? = 8, BY = a (mod p). (D

This, in turn, inplies aP*l = Bp+1 = -1 (mod p); hence,
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Lp+l = -2 (mod p), E%+1 =0 (mod p).

In the sequel all congruences will be understood to be modulo p, and the nota-
tion "(mod p)" will be omitted wherever no confusion is likely to arise. We
will let e=e(p) denote the "entry point" (if any) of p in the Lucas sequence,
i.e., e is the smallest positive integer k (if any) such that L, = 0 (mod p).
We consider two distinct cases:

(A) p=3o0r 7 (mod 20). Let s = %(p + 1), an integer. Then
(-1)EP+1D) = (21)28 =1,
=L,, = LZ - 2 = -2. Hence,

Note that L

p+1 s 28
L,, = 0. (3)
Thus, e exists and we must have
e|2s. (4)

We suppose e is odd. Then, since L, = 0, we must have L,, = 0 for all odd m,
because L2|Lme in that case. On the other hand,

Lye =L2+2=2, L, =1L5, -2=2, Lg =1L3 +2=2, etc.,

i.e., Ly, = 2 for all even m. Since 2s is an even multiple of e, it follows

that L,; = 2, which is a contradiction of (3); thus, e is even. Now, given any
positive k with L; = 0, we have e[k. Since e is even, so is k. Therefore, the
congruence L,,,, = 0 is impossible in this case.

(B) p =13 or 17 (mod 20). We will show that Ly Z O for all kX, in this
case, i.e., e does not exist. Let e' denote the entry point of p in the Fibo-
nacci sequence, i.e., e’ is the smallest positive integer Kk with F; = 0 (mod
p). It is known (see [2]) that e’always exists and that, if e exists, then
e' = 2e. We suppose e exists; hence, e’ is even.

Let t = %(p + 1), an odd number. Then L% + 2 =Ly, = Lp+1 = -2, which im-
plies Ly # 0. Also, since Fo41 = Fop = FyLy = 0, we have Fy = 0. Therefore,
e’|t. However, because ¢ is odd, it cannot be divisible by an even integer.
This contradiction establishes that e does not exist. Hence, L # 0 for all
k, in this case; a fortiori, the congruence L,,+; = 0 is impossible.

Combining the results of (A) and (B), we reach the desired conclusion.
REFERENCES

1. P. S. Bruckman. "Some Divisibility Properties of Generalized Fibonacci
Sequences.'" The Fibonacci Quarterly 17, no. 1 (1979):42-49.

2. Brother A. Brousseau (compiler). Fibonacci and Related Number Theoretic
Tables, p. 25. Santa Clara, Calif: The Fibonacci Association, 1972.

Also solved by L. Somer and the proposer.
Poly Nomial

H-366 Proposed by Stanley Rabinowitz, Digital Equipment Corp. Merrimack, NH
(Vol. 22, no. 1, February 1984)

The Fibonaccei Polynomials are defined by the recursion

fn(x) =X n—l(x) + fn—z(x)
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with the initial conditions f,(x) =1 and f,(x) = x. Prove that the discrimi-
nant of f, (x) is

(=1) (-D=2)2gn=1yn=3 £or 4 >,

Remark: The idea of investigating discriminants fo interesting polynomials was
suggested by [1]. The definition of the discriminant of a polynomial can be
found in [2]. Fibonacci polynomials are well known (see, e.g., [3] and [4]).
I ran a computer program to find the discriminant of f,(x) as »n varied from 2
to 11, and by analyzing the results, reached the conjecture given above in the
proposed problem. The discriminant was calculated by finding the resultant of
f,(x) and f)(x) using a computer algebra system similar to the MACSYMA program
as described in [5]. Much useful material can be found in [6] where the prob-
lem of finding the discriminant of the Hermite, Laguerre, and Chebyshev poly-
nomials is discussed. The discriminant of the Fibonacci polynomials should be
provable using similar techniques; however, I was not able to do so.

REFERENCES

1. Phyllis Lefton. "A Trinomial Discriminant Formula." The Fibonacci Quarter-
ly 20, no. 4 (1982):363-365.

2. Van der Warden. Modern Algebra, Vol. I, p. 82. New York: Ungar, 1940.

3. M. N. S. Swamy. Problem B-84. The Fibonacci Quarterly 4 (1966):90.

4. Stanley Rabinowitz. Problem H-129. The Fibonacci Quarterly 6 (1968):51.
5

W. A. Martin & R. J. Fateman. 'The MACSYMA System.'" Proceedings of the
2nd Symposium on Symbolic and Algebraic Manipulation, pp. 59-75. Associa-
tion for computing Machinery, 1971.

6. D. K. Faddeev & I. S. Sominskii. Problems in Higher Algebra. Trans. by
J. L. Brenner. San Francisco: Freeman and Company. Problems 833-851.

Solution by Paul S. Bruckman, Carmichael, CA

The Fibonacci polynomials are given by the explicit expression

_un - pn _

fn(x)"' M—U, n 0’ ]-; 2’ LICIEE ] (]—)
where

u=ulx) =Y%x +vVx2 + 4), v =v(x) =% - ve? + 4). (2)

From the defining recursion and the initial values, it is easy to see that f,
is a monic polynomial of degree n - 1.
We also define the Lucas polynomials g,(x) as follows:

gn(x) =y"+ 0", nmn=0,1, 2, ... . (3)
Let

D, =disc(f,), n =2, 3, ... . (4)
If the zeros of f, are x,, %,, ..., &,_1, an explicit expression for D, is given
by

D, = I1 (xp - %)%, n > 3; also, D, = 1. (5)

1Sr<s<n-1
We also know from higher algebra that, if the x;'s are distinct,
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n-1
Dal = |k[11f'<xk>|- (6)

We will use (5) only to determine the sign of D,, and (6) to determine its ab-
solute value, using the relation

Dn = {Dn

+ sgn(D,) .

The x, are determined by setting the expression in (1) equal to zero. Then
(w/v)" =1 =u/v = exp(2kin/n);

since yv = -1, we have
—u? = exp(2kin/n) = u = *i exp(kin/n).

Changing the sign in the last expression above is equivalent to replacing k by
(n = k), showing that we need to consider only the positive sign. Thus, we may
take u = 7 exp(kin/n); hence, v = 7 exp(-kim/n). Since f, is of degree n - 1,
we may take Kk to vary from 1 through »n - 1; thus,

x, =u+v=27costkn/n), k=1,2, ..., n~- 1.

Note that the x; are distinct, which allows the use of (6). Finally, since il
is monic and a polynomial, we obtain the factorization

f@ = T (& - 26 coskn/m), 7 =2, 3, ... . 7
k=1

To evaluate the expression in (6), we differentiate (1), noting first that

u'(@) = %(1 + a/Va? + &), v'(x) =41 - a/Va? + &)

or
w'(@ = 2=, (@) = . (8)
Then,
nuley 4nwn-ley " wju + v
f'(x)=(u—7)){ u-v }_(u —D){m}
" (u-v)?
) nu”® + v - x{ﬂg_z_%f}
(u-v)?
or
ng (x) - zf, (x)
iz = . (9

x2 + 4

Setting & = x; = 27 cos(km/n) in (9), we see that

u(x,) = i cos(kn/n) + sin(kn/n) = 7 exp(-kin/n),
and

v(x,) =< exp(kim/n) ;
thus,

£, () = 2" sin(km) /sin(kn/n) = 0
as expected, whereas

gn(xk) = 1"« 2 cos(km) = Zi"(-l)k;
or
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gn(xk) =2 exp(sin(n - 2k)), k=1, 2, ..., n~- 1.
Substituting this last expression into (9), we see that

2n exp(sim(n - 2k))

Tl = 4 sin? (kn/n)
or
’ - n
|f;(xk)i 2 sin?(kmn/n)

Therefore, using (6),

|D

]

|

n-1

Il »n/2 sin?(kn/n),
k=1

or

n-1 -1
[Dnl = n"'l{ I12 sinz(kﬂ/n)} .
k=1
To evaluate the expression in (12), we set x = 27 in (7). Then,
. n-1 ) n-1
£,20) = T1 20) (1 - cos kn/n) = (22)" "' [1 2 sin®(kn/2n).
k=1 k=1
Replacing kK by (n - k) in the last expression yields

n-1
£,22) = (20)" "1 [1 2 cos?(kn/2n).
k=1
Therefore,
(F,(29))? = (~4)”'1:fllsin2(kﬁ/n),
=1

or

(£, (2207 (-2)”‘13i12 sin?(km/n) .
=1

On the other hand, u(27) = v(2Z) = <. Using (1),
. . [z" - i”) ) n-1 -1
2 = lim{———) = lim nz = nt .
7,20 = 1m0 = 1
Thus,
(f,(22))% = n?(-1)"" 1,
Comparing (13) and (14) generates the identity:

7’[2
n-1

-1
ﬁ] 2 sin?(km/n) = , n=2, 3,
k=1

Substituting this expression in (12) yields

|D,| = 2" "3,

To obtain the sign of D,, we consider the expression given in (5).

D, = I (22)%(cos »m/n - cos sm/n)?;
1S r<s<n-1
hence,
n-1s-1 n-1 PY
sgn(D,) = I (-1) =TI M (-1) = [T (-1)°" = (-1)I*2*
1Sr<s<n-1 s=2r=1 s=2

1985]
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’
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or (n_l)
2

sgn(D,) = (-1) .

Finally, combining (16) and (17), we obtain

n-1

D, = (—1>( 2 )zn'lnn-a, n > 3. (18)

Note also that setting n = 2 in (18) yields the correct expression
D, = 1.

Hence, the proposer's conjecture is correct.

Note: The proposer observed that some results regarding discriminants of Cheby-
shev polynomials (among others) were discussed in reference [6] of the proposed
problem. This reference was unavailable to this solver; it may be shown, how-

ever, that the f; are, in fact, modified Chebyshev polynomials of the second
kind, namely,

£ (@ = (D", ,(Gx/2) = |U,_,(ix/2)].

This might lead to an alternative (and briefer) derivation of (18).

Also solved by R. Stanley, who used Chebyshev's polynomials.
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