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TERMINATING DECIMALS IN THE CANTOR TERNARY SET

Charles R. Wall

Trident Technical College, Charleston, SC 29411
(Submitted October 1987)

1. Introduction

The classical Cantor set is wusually constructed by beginning with the
interval [0, 1], deleting the middle third, and then continuing to delete the
middle third of each interval remaining after the previous step. Another
characterization is that the Cantor set consists of all numbers between 0 and 1
that can be written in base three using only 0 and 2 as digits. In this paper,
we show that there are only 14 terminating decimals in the Cantor set, namely,

1313 7 9 1 3 9 1327 31 37 39
47 47 107 107 10° 10° 40 40 40° 40° 40 40 407 40°
Clearly, we may restrict our attention to fractions N/M where M = 2%5P

(az 0, b2 0, ab = 0) and ged (N, M) = 1. 1If N/M is a fraction in the Cantor
set, then so is 1 - N/M and so is 3N/M, provided 3N is reduced modulo M: the
former is the 2's complement, and the latter is the fractional part after
shifting the ternary point. In what follows, it will be convenient to write
M = up and ¢(M) = yq, where ¢ is Euler's function (the numbers u and y will be
specified).

The claim above will be established by examining eight infinite classes of
denominators and eight special cases. We will show that no fractions in the
eight infinite classes are in the Cantor set; the eight special cases will
yield the fourteen terminating decimal fractions listed above.

For j relatively prime to M, we will find it convenient to use the notation

[§] = {j*3% (mod M) : k=0, 1, 2, ...}.

If g is the smallest positive exponent for which 39 = 1 (mod ¥) and (J, M) = 1,
then each set [Jj] contains g elements, and there are ¢ (¥)/g distinct sets [J].
Note that either all elements of [j] are numerators of fractions in the Cantor
set or none are, and that [j] is eliminated if and only if [-j] is.

Note that:
3% = 1 (mod 80) 7% = 1 (mod 80)
34k+1l = 3 (mod 80) 74+l = 7 (mod 80)
34+2 = 9 (mod 80) 74*+2 = 49 (mod 80)
34%+3 = 27 (mod 80) 74k+3 = 23 (mod 80)

Therefore,

Lemma 1: 1f SO]M, then the sets [j] are pairwise disjoint for j = #1, 7, *49,
and *343.

Reduction of the congruences yields

Lemma 2: 1If 40|M, then the sets [j] are pairwise disjoint for j = #1 and *7.

Lemma 3: If 4|M, then the sets [j] are pairwise disjoint for j = *1.

2. General Cases

In this section, we will examine eight infinite classes of denominators
M > 1. For each class, we will describe the behavior of the numbers 3k
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TERMINATING DECIMALS IN THE CANTOR TERNARY SET

(mod M). 1In each case, the congruence for 37 may be proved by mathematical
induction, and the others follow from it. ©No induction proofs will be
presented because they are all easy (the hard part is spotting the patternms,
not proving them). Then, we will show how each set [J] with (j, M) = 1
contains an element N for which N/M is between 1/3 and 2/3, thus proving that
the class contains no elements of the Cantor set. The scheme of proof is
summarized by the following chart:

3 0 1 2 z 4 xS
b
O A
special
1 B
x2 C D E F G H

Class A: Suppose M = 29 with a = 4. Then ¢(M) = 2%~} and we write M = 2p
and ¢(M) = 4g. We observe that

37 = p + 1 (mod M) 329 = 1 (mod M)
Then, by Lemma 3, the sets [1] and [-1] are disjoint, but [1] contains p + 1,
which is obviously in the middle third. Details may be found in Reference 1,

where it was proved that 1/4 and 3/4 are the only dyadic rationals in the
Cantor set.

Class B: Suppose M = 295 with a 2 5. We write M = 2p and ¢(M) = 2¢+1 =
16g. Then we may prove that:

39 =z p 4+ 1 (mod M) 329

R

1 (mod M)

By Lemma 1, it suffices to examine the sets [J] for j = %1, *7, %49, and #343.
Because p + 1 is in the middle third, sets [1] and [-1] do not qualify. Note
that 7(p + 1) = p + 7, which is in the middle third, so [%#7] is eliminated.
Similarly, 49(p + 1) = p + 49 and p + 49 is in the middle third except for
p = 80 (M= 160); but 243(49) = 67 (mod 160) and 67/160 = 0.41..., eliminating
[¥49]. Note that 343(p + 1) = p + 343 and p + 343 is in the middle third
unless p < 1029, so [%343] is eliminated except possibly for M = 160, 320, 640,
and 1280. But each of these possibilities includes an element of the middle
third:

M = 160: 3- 343 = 69 = 0.43...M
M = 320: 9= 343 = 207 = 0.64...M
M = 640: 343 = 0.53...M

M = 1280: 9~ 343 = 527 = 0.41...M

Therefore, Class B is eliminated.

Class C: Suppose M = 5P with b = 2. We write M = 5p and ¢(M) = 4 . 50-1 =
10g. Then:

39

2p ~ 1 (mod M) 359
324

p+ 1 (mod M) 3109

-1 (mod M)
1  (mod M)

(R

But then the numbers 37 for 0 < J < ¢(M) are distinct, so none of the numbers
can be in the Cantor set, since 2p - 1 obviously is not.

Class D: Suppose M=2-+ 5P with b > 2. We write M = 5p and ¢ (M) =4 - 5b-1 =
10g. Then:

39 =p -1 (mod M) 3% = -1 (mod M)
329 = 3p + 1 (mod M) 3109 = 1 (mod M)
1990] 99
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TERMINATING DECIMALS IN THE CANTOR TERNARY SET

As in Class C, we cannot have all the numbers (3p + 1 in particular), so we
have none of them.

Class E: Suppose M = 2250 with b > 2. We write M = 10p and ¢(M) = 8- 5b-1
= 20g. Then:

39

p -1 (mod M) 359
324

5p = 1 (mod M)
8p + 1 (mod M) 310q

1 (mod M)

We have only the sets [*1] to check, but they are eliminated because 5p - 1 is
in the middle third.

Heom

e

Class F: Suppose M = 2350 with b 2 2. We write M = 20p and ¢(M) =16+ 51
= 40q. Then:

34

p -1 (mod M) 359
329

5p =~ 1 (mod M)
8p + 1 (mod M) 3109

1 (mod M)

By Lemma 2, there are the four sets [x1] and [+7] to check. We quickly elimi-
nate [#1] because 8p + 1 is in the middle third. If p > 21, we eliminate [%7]
because 7(p - 1) is in the middle third. TIf p < 21, then p = 10 and ¥ = 200,
but 357 = 101 (mod 200); thus, Class F yields no members of the Cantor set.

(L]

Class G: Suppose M = 2457 with b > 2. We write M = 80 and ¢ (M) =32+ 501
= 80q. A "leapfrog" induction shows that

3 2 2p -1 (mod M) 3%7 = 50p - 1 (mod M)

329 = 16p + 1 (mod M) 3109 = 1 (mod M)
if b is even, while

3¢ = 42p - 1 (mod M) 3%¢ = 10p - 1 (mod M)

329 = 16p + 1 (mod M) 310¢ = 1 (mod M)

if » is odd. 1In any event, we have to examine the sets [*1], [%7], [#49], and
[£343].

Suppose b is even. Because 50p - 1 is in the middle third, we eliminate
[+*1]. Note that 7(50p - 1) = 30p - 7, which is in the middle third, and that
49(50p - 1) = 50p - 49, which is also in the middle third, eliminating [#*7] and
[t+49]. Now, 343(2p - 1) = 46p - 343, which is in the middle third except when
p =5 and ¥ = 400. Coupling this with the fact that 3(343) = 229 (mod 400), we
eliminate [%343] and, therefore, all of Class G.

Class H: Suppose M = 2950 yith ¢ > 5 and b > 2. We write M = 10p and ¢ (M)
= 2¢*15b-1 = 80q. Then double induction shows that:

3 =p+ 1 (mod M) 3% = 5p + 1 (mod M)
329 = 2p + 1 (mod M) 3100 = 1 (mod M)

Once again, we must examine [#1], [#%7], [#49], and [£343]. But 5p + 1 is in
the middle third, eliminating [#1]. Also, 7(2p + 1) = 4p + 7 and 49(5p + 1) =
5p + 49, so we may eliminate [*7] and [*49]. Because 343(5p + 1) = 5p + 343,
we may eliminate [#343] except possibly for p = 80 (¥ = 800) and p = 160
(M = 1600). But 343/800 = 0.42... and 3(343)/1600 = 0.64..., so the excep-
tional cases present no problem.

3. Special Cases

Classes A through H yield no terminating decimals in the Cantor set, so the
only possible denominators are 2, 4, 5, 8, 10, 20, 40, and 80. If M = 2, the
only fraction possible is 1/2, which is clearly in the middle third. For the
other choices of M, we will simply list (in the order obtained) the elements of
the sets [j]; an asterisk denotes a member of the middle third:
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TERMINATING DECIMALS IN THE CANTOR TERNARY SET

M= 4 [1] = {1, 3}

M=75 [1] = {1, 3%, 4, 2%}

M =8 [1] = {2, 3%}
[-1] = {7, 5%}

M = 10 [1] = {1, 3, 9, 7}

M = 20 [l] = {1, 3, 9%, 7*}
[-1] = {19, 17, 11%, 13%*}

M = 40 [1] = {1, 3, 9, 27}

[-11 = {39, 37, 31, 13}
(71 = {7, 21%, 23%, 29}
[-71 = {33, 19%, 17%, 11}

M = 80 [11 = {1, 3, 9, 27%}
[-1] = {79, 77, 71, 53%}
[71 = {7, 21, 63, 29%}
[-7]1 = {73, 59, 17, 51%}
[49] = {49%, 67, 41%, 43%}
[-49] = {31%, 13, 39%, 37%}
[343] = {23, 69, 47*, 61}
[-343] = {57, 11, 33%, 19}

Thus, the terminating decimals in the Cantor set are precisely those claimed
earlier.

Reference

1. C. R. Wall. Solution to Problem H-339. Fibonacei Quarterly 21.3 (1983):239.
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NOTE ON THE RESISTANCE THROUGH A STATIC
CARRY LOOK-AHEAD GATE

Mark Nodine

Brown University, Providence, RI 02912
(Submitted March 1988)

In this paper, I show that a problem arising in hardware design has a solu-
tion that is the ratio of consecutive Fibonacci numbers.

One of the problems in VLSI designs of adders is to minimize the amount of
time needed for addition [1]. A straightforward way of adding is to have a
separate adder cell for each bit of the operands. The function to be performed
by each one-bit adder cell is to take inputs A4; and B; and a carry bit C;_; from
the previous stage, and compute

SU.M,L = AiBiCi—l + A,LE,LE_]_ + Z,:Bic‘.b_l + ZiBiEi—l

= Al @ BT» @ Ci—l
and
Ci = AiBi + A{/Ci_l + BiCi_l,

where SUM; is the 4™ bit of the sum and C; becomes the carry input to the next
stage. Unfortunately, this scheme means that the 4'" adder cannot compute its
result until the (¢ - 1) adder has propagated its carry to it.

One way to get around this problem is to look ahead to compute the carry
bit to be propagated to each stage. The idea is that each adder can make a
quick decision whether to propagate or generate a carry by using the formulas:

GEN = A;B, and PROP = 4; @ B;.

A carry from the previous stage will be propagated if either 4; or B; is
true, and one will be generated at this stage, regardless of the previous carry
value, if both 4; and B; are true. The pull-down transistor part of a 4-stage
static carry look-ahead gate as it might be implemented in CMOS or nMOS is
shown in Figure 1, where the output is the negation of the fourth carry bit
value, the inputs on the left are the zeroth carry bit and the first four PROP
values, and the inputs on the right are the first four GEN wvalues.

C'-f
Co—
oo e da 1k 1
P —
2,
Pi

v

FIGURE 1. 4-stage static carry look-ahead gate
The circuit works by setting things so that the output 54 will be high

(true) unless there is a path between it and ground. The overbar indicates a
negated signal, that is, one which is true when it is at ground and false when
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NOTE ON THE RESISTANCE THROUGH A STATIC CARRY LOOK-AHEAD GATE

it is at the power supply voltage. The transistors can be viewed as switches
which allow current to flow if their inputs are high (true). In this circuit,
there will be a path to ground if G3 is true, which means that the fourth stage
would generate a carry. If there is no carry generated in the fourth stage,
the output can still be pulled low (true) if a carry was propagated through the
fourth stage (P3 is true) and a carry was somehow passed through the third
stage. This analysis proceeds recursively, so that if, for example, all the
generate bits were false, a carry would only be generated if all the propagate
bits were true and the initial ( carry was true.

R, =@®,+ DI
= Ryt D/ R+ 2)

FIGURE 2. Source of the recurrence relation for resistance

In order to compute the delay through this circuit, it is necessary to com-
pute the. resistance and capacitance between ground and the output. This note
concentrates on the resistance. The approximation made in computing resistance
in this paper is that each transistor with a high input is in the conducting
state and represents a unit of resistance. A generalized n-stage resistance
network for this circuit has a very regular structure, as shown in Figure 2. A
"zero-stage'" look-ahead gate would comprise but a single resistor and thus have
a resistance of one. A one-stage gate has a series of two resistors in
parallel with a third; the composite resistance is computed by wusing the
parallel resistance formula:

ab
alb = .
” a+b
In this case, a = 2, since resistors in series sum, and b = 1. Thus, Ry = 2/3,
and we get a general recurrence relation for Ry:
R0=1,
5 = R,_; +1
n = .
R, +2

We can attack this recurrence by splitting R, into its numerator and denomina-
tor:
N, N _/D,_; +1 N, D,

n
D, Nn-l/Dn—l + 2 Nn + 2D

R, =

-1 n-1
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So we have a double recurrence:

NO =1
N, =N,_; +D,1, n =zl
DO =1
DVL = NVL-]. + ZDVL‘].' n =1

So far, we have only demonstrated this as a formal solution because the
fraction Nn/Dn may not be in lowest terms. The lemma below demonstrates that
this is the actual lowest-term solution.

Lemma: N,, and D, are relatively prime.

Proof: This is a proof by induction. This base case is easy:
ged(Ng, Dg) = ged(l, 1) = 1.

Assume that gcd(D,,-;, N,_;) = 1. We use a result by Euclid that if »n > m, then
ged(n, m) = gcd(ms, n — m) (see [2]). Thus,

ged(Dy, Np) = ged(N,_-; + 2D,_1, N,_y + D,,_1)
ged(Ny,_y + D15 Dyoy)
ged(Dy,-15 Ny-1)

1. O

We can create ordinary generating functions N(2) and D(2) to find the
closed-form solutions for the series. If we define N, =D, = 0 for n < 0 (the
ratio R, will thus be undefined in those cases), then we have formulas for them
which are valid for all n:

N,=N,_; +D _; + Gno

n
D, =N,_, +2D _, +6,.

n n-1
Multiplying both sides of these equations by 2” and summing over all n gives us
the ordinary generating functions:

(1) N(z2) 2N(z) + 2D(z) + 1
(2) D(2) 2N(z) + 2zD(z) + 1.
Subtracting (2) - (1) and leaving off the (z)'s for clarity,

D-N-= 2D,

or

(3) N =D(l - z).

Plugging this back into (2) gives
1

1 -3z + 22

Hence, by (3),

1 -2z
1 -3z + 22
We can get a closed-form expression for N, from the generating function by

factoring the denominator (1 - 3z + 22) into (1 - az)(l - bz) and expanding in
terms of partial fractions. Using the quadratic formula, we get that
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3+ 45 3 -5
a=——, b="——.
2 2

Here we make the observation that, if we let

1+4/5 .~ 1-45
by e

then

a = ¢2, b = $2.
We can also note that
(4) 97 -1 =¢, $2-1=3
and
() 9P - 8% =5
Therefore, to expand the partial fraction

1 -2z _ a + B
(1 - ¢22)(1 - $22) 1 - ¢2z 1 - 423

we can find o by multiplying by (1 - ¢22) and setting z to 1/¢2:

using identities (4) and (5).
Similarly,

$
B =-—.
/5
This gives us a closed form for N,:

N =) Nz"=a} (622)" + 82 ($%2)"

by substituting the series for the partial fraction form. Equating coefficients
of z":

1 ~n 1 N
N = ___((M)Zn - ¢¢2n) = __(¢277+1 - ¢2n+l)'
"7 75
We can get D, from N,:
1 1 N
D. =N - N, = __(¢2n+3 - $2n+1) - _,(¢2n+3 - ¢2n+1)
n n+l ” ‘/g /g
1 N
= _E(¢2n+2 - ¢2n+2) - F2n+2’
where F; is the 4th Fibonacci number [2]. It seems there should have been an

easier way to find the solution. We can rewrite the joint recurrences slightly
to yield

0

N, =N _1;+D, 5 n =1
o =1
n N, + Dn—l' nzl
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NOTE ON THE RESISTANCE THROUGH A STATIC CARRY LOOK-AHEAD GATE

Therefore, we can build the following table:

n N, D, R,

0 1 1 1.000000
1 2 3 0.666667
2 5 8 0.625000
3 13 21 0.619048
4 34 55 0.618182
5 89 144 0.618056

In other words, we have the Fibonacci numbers alternating between the N,'s and
the D,'s. Thus,

R - F2ﬂ+1 _ ¢2n+1 _ $2n+1
n = .
F2n+2 ¢2n+2 _ ¢2n+2

It is also possible to compute the asymptotic resistance, since as n + o, $” +
but ¢”+x . This gives

R =L_/-1

The convergence, it can be seen, is quite rapid.

A similar result for the resistance through a ladder network was obtained
by Basin [3] and independently by Manuel & Santiago [4]. The resistance of
their circuit was also a ratio of consecutive Fibonacci numbers, but with the
larger number in the numerator:

References
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DIVISIBILITY PROPERTIES OF THE FIBONACCI NUMBERS MINUS ONE,
GENERALIZED TO C, - Cph-1 + Cp-2 + Kk

Marjorie Bicknell-Johnson
Santa Clara Unified Schocl District, Santa Clara, CA 95051
(Submitted March 1988)

1. Introduction

The numbers {C,(a, b, k)}, defined by
C.(as b, k) = C,_ (a, by k) +C,_,(a, b, k) + Kk,

with C (a, b, k) = a, C,(a, b, k) = b, where k is a constant, have been studied
in [1]. The Fibonacci sequence arises as the special case 7, = (,(1, 1, 0),
while the Lucas sequence is L, = (,, (1, 3, 0). The sequence

i,y ={..., 0, 0, 1, 2, 4, 7, 12, 20, ...},

where (C, = (,(0, 0, 1), has the property that (, = F, - 1, the sequence of
Fibonacci numbers minus one.

The sequence {(C,} has remarkable divisibility properties since almost every
term 1is a composite number and at least one factor can always be named by
examining the subscript of (,. Further, {,} contains exactly two prime terms,
and two-thirds of its terms are even numbers. Analogous properties extend to
the generalized sequence {(,(a, b, k)}.

2. Prime Factors of C,

First, since F3, gives all the even Fibonacci numbers, (3, is always odd,
and C, ,, is always even, so the probability of choosing an even term from {(,}

at random is 2/3. Since (C, = F, - 1, we can use [2] to prove some theorems in
one step.
Theorem 1: For primes of the form p = 5k + 2, p divides both (,_; and C, ,,-
Proof: We have F, £ -1 (mod p) and E%+1 = 0 (mod p) from [2]. Then

Cpog = Fpoy = L= Fppy = (Fp + 1)
while

- = 2 -
Copsr = Fopap = 1= (Fpy )2+ (B, + DEp = (Fp + 1),

where all terms on the right-hand side are divisible by p in both cases.

Theorem 2: For primes of the form p = 5k = 1, p divides Cp, Cp s Cpps Cpy oy
C, , and C )

2p 2p-3°

Proof: We have F, = 1 (mod p) and Fpbep 20 (mod p) from [2]. We write Cp,
Chyp» and C in forms in which p divides the terms on the right-hand side:

P p-2
Cp = (Fp - 1),

Cpyy = Fpyy — 1 =F, | + (F, - 1),

Cpog =Fpp = 1= (F, - 1) - F,_,.

1990] 107



DIVISIBILITY PROPERTIES OF THE FIBONACCI NUMBERS MINUS ONE

Since

Cp+n—1 = Fp+n—1

where p]Fp_an_l and p|(Fp - 1) but p does not divide Fp, observe that whenever
p|(F, - 1), then p]Cb+n_1. Let » = p, p+ 1, and p - 2 to write that
pich—l’ plczp’ and plczp-3-

Further, a little rewriting lets us prove the following corollary.

-1 =F(F, - 1) +F, F,_ + (F - 1),

-1"n

Corollary: If pICn, then p|0n+m(p_l), m=0, *1, ¥2, ..., where p is a prime of
the form 5k * 1.

Proof: From the proof of Theorem 2, if p[Cn, then p|0n+(p_1). The corollary
holds by the Axiom of Mathematical Induction, since whenever p|0n+m(p_l), then

pic[n+m(p—l)]+(p-l) = Cn+(m+l)(p—1)'

Theorem 3: I1f N(p) is the period of a prime p in the Fibonacci sequence modulo
p, then

P!Ckn@)-l’ plckn@)+1’ and plckn@)+z'
Proof: Since
Ckn(p)+n -0y = Fkr[(p)+n = Fys
and since p divides the right-hand side by definition of II(p), if plCn, then
pICkn@)+n . Theorem 3 follows because ¢_; = (¢, =(, = 0.
Corollary: The prime 5 divides 020k—1’ 020k+1’ 020k+2’ and 020k+8'
Proof: 1(5) = 20, and 5 divides C_y» Cy5 Cy, and Cg.

Theorem 4: If p is a prime of the form 5k * 2, then p[Cg(p+1)_2 if g is odd.
If q is even, plch7+1)-1’ p‘CqQ>+1)+1’ and p|Cqp+1)+2-

Proof: 1f pICn, then p|0n+an» as in the proof of Theorem 3. From [3], if p
is a prime of the form 5k * 2, then H(p)'Z(p + 1). Then, p|0n+~bﬂp+l)’ m any
integer. Since

p|Cy_1 P]Cp—1+zm(p+1) = Clm+p+@n-1) »
or, for g odd,

Plep+-2 = Coprr-2-
If q is even, let g(p + 1) = Kl(p) for some k, since H(p)|2(p + 1), and use
Theorem 3.

Corollary: If p = 5k * 2, then
(i) p divides C(P+Z)(p—l)’ Cp(p+3) > and Cps(p+l) -2
(ii) p divides C

C 2_ 55 sz, and Cp

pp+2)° “p 241

Proof: (i) Take q odd, g =p, ¢q =p + 2, and ¢ = p®, in Theorem 4. To show
(ii), take g even, g =p + 1, g =p - 1.

Theorem 5: If p is a prime of the form 5k * 1, then

p|0(m+l)p_(m+2y p]Ckm+1)p_(m_l), and p|Cey41)p-n fOr any integer m.
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Proof: From the Corollary to Theorem 2, if p[Cn, then p(Cn+m(p_1). From Theo-
rem 2, take n = p - 2, p+ 1, and n = p, and simplify.
Corollary: For any prime p, p # 5, p[(?pz, plC‘sz, and p[sz-z.

Proof: 1If p = 5k £ 1, let m = p in Theorem 5. If p = 5k * 2, use the Corollary
to Theorem 4.

Theorem 6: If 1I(j) is the period of any integer j, j # 0, in the Fibonacci
sequence modulo j, then, for all integers %k,

Iy =10 FCry+1> ad J[Cupisyea-
Proof: See the proof of Theorem 3. Notice that any integer will eventually

divide (,, for some n.

3. TFibonacci and Lucas Factors of C,

Since Cpyp, = Cpop = Fpy,, - Fp_ys we can write
(3.1) Cosn = Cp_p=F,L,, 1if n is odd,

Cosn = Cp_y= InFys 1if n is even.

Observe that, if LntCm_n, then L,|C,4+,, and L, has period 2n if »n is odd. Sim-
ilarly, F,, has period 2n if n is even. Putting these together with Theorem 6,
we write

Theorem 7: 1f n is odd, L, divides (C9,,-15 Co,pt+1> and Cop,,y0, while if »n is
even, F, divides Cp,,-15 Copp+1s and Cppyip for any integer r.

Now things are getting exciting. Since we can take n = 2k + 1 to find that
L2k+l divides Cl+k+1’ qu,,_3, and CL,L](-}.L;, and »n = 27( to see that FZ]{ divides
Cux~1s Cuyp+1s and Cupyp, notice that (, is always divisible either by Ljyz4; or
by Fo . Now, if k = 1, F, = 1 divides any integer, so take |k| > 2. Thus, if
n 27, or if n < -5, then (, always has at least one factor smaller than (, and
greater than 1 which we can write exactly, so (, is not prime. We examine the
sequence from C_, through Cg: -4, 1, -2, 0, -1, 0, O, 1, 2, 4, 7, and find that
the only primes are 2 and 7.

Theorem 8: The sequence of Fibonacci numbers minus one, ¢, = F, - 1, contains

only composite numbers for all n > 7 and all n < -5. The only primes which
appear in {C,} are C, = 2, Cg = 7, and |C_,| = 2. :

4, Divisibility of the Generalized Sequence {Cn(a, b, k)}

From [1], the sequence {C,(a, b, k)} with initial values C; = @ and C, = D
is given by

(4-1) C«,l(a’ by k) = Cn—]_(a’ b: k) + Cn_z(a, b) k) + k
=aF, _, + bF __; + kC, (0, 0, 1)
= H, + kC,

for the generalized Fibonacci numbers #,, H, = C,(a, b, 0), and C, (0, 0, 1)=0C,
of the earlier section.
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As in Section 3,
Cpenlas by k) = Cp_nla, b, k)
so that we can write
(4.2) Coanlas by k) = Cp_p(a, b, k) L,H, + kF,L,, if n is odd;
Cnenlas by k) = Cp-y(as b, k) = F,(Hy4y + Hyoy) + kL, F,, if n is even.

(Hm+n - Hm—n) + k(0m+n - Cm—n)’

]

Thus, the periods of F, and L, are still 2n, where we again distinguish n even
and n odd. Also, since every nonzero integer eventually divides Fj for some k,
every mnonzero integer will divide (, (a, b, k) for some n if {C,(a, b, k)}
contains a zero term. If {C,(a, b, k)} contains two zero terms, in some cases
we will again have a finite number of primes occurring.

Theorem 9: 1f Cq (a, b, k) = 0, and if a nonzero integer j has period I(j) in
the Fibonacci sequence, then j]Ch +mu(jy (@ b, k) for all integers m.
Theorem 10: 1f F, |C,(a, b, k), then

FZm[Cq+Lim(a’ b, k)’
and if L2m+1‘0q(a, b, k), then

Lyt |Coriman (@ by K,
for any integer m.

q+4m+

Now, Theorem 10 gives us some interesting special cases. Notice that if
Cqla, bs k) = 0, and if Cgy4r(a, b, k) = 0, where r is an odd number, then
{C,(a, b, kK)} will contain a finite number of primes, because for n larger than
certain beginning values, C,(a, b, k) will always be divisible either by F2m or
L2m+l’ where F2m z 0, *1, and L z *].

2m+1
Without loss of generality, if {C,(a, b, k)} has a zero term, renumber the
terms, taking new starting values, so that
a=0=C(0, b, k).
Then, if Ch.43(0, b, k) = 0 for some r > 0, from (4.1),
Chi1(0, By k) = 0 Fp_q + BF, + kCpyy = 0,

where we list some possibilities and special cases. Notice that k = F, and b =
-Choy1=-F.41 + 1 always is a solution, and write the resulting

Co(ay by k) = Cp(0y =Cpr1s Fn).

For » = 1, we have (, (0, 0, 1) = Cy; for » =2, C,(0, -1, 1) = (C,-p; and » = 3
gives C,(0, -2, 2) = 2C,_,, all the sequence of Fibonacci numbers minus one.

Consider » = 4 and {C,(0, -4, 3)} ={..., 0, -4, 1, -2, 0, 1, 4, 8, 15, 26,
44, 73, 120, ...}. We can show that

CH(O, -4, 3) = -4Fn—]_ + 3C.ﬂ = Ln_3 - 3.

From [2], we have sz = 3 (mod p) where p is any prime, so plep - 3, and we
have
PlCop 30, =4, 3).

All odd-subscripted (, (0, -4, 3) have F, or L, for a divisor for some m, but we
cannot easily say whether or not {C,(0, -4, 3)} contains a finite number of
primes. However, any prime terms will have a subscript of the form 6m. If r
is even, we cannot determine whether or not {C,(0, b, k)} will contain a finite
number of prime terms.
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However, for r = 5, {(,(0, -7, 5)} contains only two primes, 2 and 7. We
write Cn(O, _7, 5) for -3 < »n < 10: —24, 7, "]-2’ 09 _73 _23 _4, _]-) 0’ 4’ 9’
18, 32. We observe |[C;| = 2 and |C3| = 7 = C_,. From Theorem 10,

L2k+1|01+4k+2’ L2k+1lce+qk+z’ F2k|01+‘+k’ and F2kI06+L+k’

covering every possible subscript, so that (,(0, -7, 5) always has Fy; or Loy,
for a divisor. But F,, = 1 for k = #1, and Ly;4q = *1 for k=0 and k = -1.
So terms (,(0, -7, 5) for » > 10 or n < -3 have a divisor greater than 1 and
less than (,(0, -7, 5) and thus are not prime. For » = 7, in a similar
fashion, we find only the three primes 7, 73, and 79 in {(,(0, -20, 13)}. If
r =9, all the terms of {(C, (0, -54, 34)} are even, but, if we instead consider
{¢,(0, =27, 17)}, we find

|Cs| = 13 = C11, |Cg| = 11, and Cyy = 107

as the only primes. Finally, r = 11 has only two primes
|C5| =73 and |Cg| = 79,

but » = 13 is the best of all, containing no primes at all!

From the preceding discussion, we can write the following theorem.

Theorem 11: 1f {C,(a, b, k)} has Ci(a, b, k) = 0 and Cy,x(a, b, k) = 0 for r
an odd integer, then [Cn(a, b, k)| is prime for only a finite number of values
for n.

Now, recall from above that the probability of choosing an even term from
{c,} = {C,(0, 0, 1)} is 2/3. {C,(a, b, k)} has the same property only when k
is odd, and when at least one of a or b is even. These results can be verified
by examining C,(a, b, k) from (4.1) for n = 3m, 3m + 1, and 3m + 2, where we
always take k odd.

(1) Cy,(as by, k) = aFy o, + bFy | + kCy .

Note that kC3,, F3,-1, and Fg3,_, are all odd. Then, if a and b have the same
parity, Cg,la,b, k) is odd, while if g and b have opposite parity, C3,(a, b, k)
is even.

(i) Cy,.(a, by, k) = aF, | + bFy + kCy ..

Here both bFg, and k(Cj3,.; are always even, while F,_; is odd, so C3,4+1(a, b, k)
is even or odd as a is even or odd.

(111) €y ,,(as by k) = aFy + bFy .| + KOy .

Now, aFj3, and kC3,.» are always even, while Fg, .1 is odd, so C3,4o(a, b, k) is
even or odd as b is even or odd.

Putting the three cases together, first notice that, if all of a, b, and k
are odd, C,(a, b, k) is always odd. 1If g and b are both even, Cj3,(a, b, k) is
odd but C3p41(a, b, k) and C3,4p2(as b, k) are both even. If a and b have
opposite parity, C3,(a, b, k) is even, and either Cg,,;(a, b, k) or C3,.,(a, b,
k) is even, but not both. Then, if k is odd, and at least one of a or b is
even, the probability that a term chosen at random from {C,(a, b, k)} will be
even is 2/3.

Next, re—examine the three cases for k even. If a, b, and k are all even,
Cn(a, b, k) is always even, a trivial result. In (i), kC3, is even, while
F3y-p and F3,_; are odd, so that Cj3,(a, b, k) is odd if a and b have opposite
parity, but even if a and b have the same parity. From (ii), both bFj, and
kC3,+1 are even, while F3,_; is odd, so C(j3,41(a, b, k) is even or odd as g is
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even or odd. From (iii), both afF'3, and kC’3m+2 are even, while Fj3 .1 is odd, so
C3ns2(as by k) is even or odd as b is even or odd. Putting these results
together, if k is even, and a and b have opposite parity, then (3, (a, b, k) is
odd while exactly one of C3,41(a, b, k) or Cg,yo(a, b, k) is odd. If k is even
and both a and b are odd, (3,(a, b, k) is even but both (C3,.;(a, b, k) and
C3ps2(cs b, k) are odd. Thus, if k is even and at least one of g or b is odd,
the probability of randomly choosing an even term from {(C,(a, b, k)} is 1/3. We
summarize in Theorem 12.

Theorem 12: 1f k is odd, and at least one of a or b is even, the probability
that a term chosen at random from {C,(a, b, k)} will be even is 2/3. If k is
even, and at least one of a or b is odd, the probability that a term chosen at
random from {C,(a, b, k)} will be even is 1/3. 1If a, b, and k are all odd,
C,(a, b, k) is always odd.
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Let x denote a positive integer, written in the ordinary denary form, and
define its palindromic inverse x' to be the integer obtained from x by writing
its digits in reverse order. We ignore leading zeros so that both 1234 and
12340 have palindromic inverse 4321. A number is called a palindrome if x =
x'. Similar definitions apply to bases other than 10.

A notorious problem concerns palindromic sums [3]. From any starting point
z), we form a sequence inductively by x34; = x; + x7, and the question is
whether one always arrives at a palindrome. A negative answer is conjectured,
and specifically that for x; = 196 a palindrome is never reached. Although
this problem is unsolved, the conjecture is known to be correct for base 2 [2].
The problem, however, 1is somewhat artificial since the property of being a
palindrome will not persist throughout the iteration even if ever attained. We
consider here the problem of taking palindromic differences; starting with xj,
define

Gy = |2 = x|
inductively. 1In this case, if x; were a palindrome, all its successors would
vanish, and the first question that arises is whether this always occurs. This
problem has been considered previously (see [1], [4], [5]).

Clearly, if x; has only one digit, then x, = 0, and if x; has two digits,
then x, will have at most two digits and be divisible by 9. If x, = 9 or 99,
then x3 = 0, whereas all other cases do eventually reach zero, as the sequence
90, 81, 63, 27, 45, 9, 0 shows, for this sequence together with all palindromic
inverses contains all integers of no more than two digits divisible by 9. The
same reasoning applies to three-digit numbers, for then x, will be divisible by
99, and the sequence 990, 891, 693, 297, 495, 99, 0 shows just as before that,
for any x; under 1000, the process leads to zero in the end. As we shall see
presently, the close connection between the behavior for two- and three-digit
numbers is not mere coincidence.

Given an x; having n digits, it is not necessarily true that z, < x;, but
certainly x, has n or fewer digits. Accordingly, from any starting point x; of
digit length 7 one of two things must happen; either in the sequence of
iterates we find one with fewer than »n digits, which property will then per-
sist, or else the sequence becomes periodic eventually with all the numbers in
the period having »n digits. Within a period, the period-length p, is the
number of iterations required to return to the starting point. We have already
seen that there are no periods with 0 < n < 4. However, there is a period with
n =>4, p =2, with x; = 2178, x, = 6534. So there are nontrivial periods. We
seek to determine for each 7, all possible periods; alternately, we might
desire to find all possible p.

It is easily seen that p = 1 cannot occur except for x; = 0, for it would
require x, = x; and so x{ = 2r;. Suppose then that the first and last digits
of x; were ¢ and b, respectively. Then we should find that » = 2aq or 2a + 1 and
also that a = 2b (mod 10), which cannot hold simultaneously. [Incidentally, it
can be shown that if instead of base 10 we consider base B the same result
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holds if B = 2 or if B = 1 (mod 3). However, in other cases, there are
nontrivial periods with p = 1, e.g., x = ab with

a= (B ~-2)/3, b=(2 -1)/3 if B = 2 (mod 3),
and x = abed with
a=28/3, b=(B-3)/3, ¢=(28-3)/3,d=2B/3 if B = 0 (mod 3).

We shall, however, concentrate on the denary case in the sequel.

We observed before a connection between the behavior of three-digit numbers
and that of two-digit numbers, and we now use this to dispose of the case in
which »n is odd. Suppose that we have a period in which n = 2m + 1 is odd, and
let x; = apgay; ... App-1ap, be any number in any period with digit length #.
Then x, is the modulus of the difference

ag ay B R L P

Aoplopm_1 =++ Gy ove O ap
and since the two middle digits coincide, the middle digit of the difference
will be 9 or 0 accordingly as there is or there is not a carry in the middle of
the subtraction. Hence, for every number in such a period the middle digit
will be 0 or 9, and moreover, were this digit to be removed in all cases, we
should obtain a period with the same p but with #n reduced by 1. Conversely,
all periods with #n odd can be obtained from exactly similar ones with » one
less by the insertion of a suitable middle digit 0 or 9; thus, the period 2178,
6534, 2178 leads to 21978, 65934, 21978. 1In fact, we can produce a period with
n one larger still by doubling this middle digit and, of course, the process
can be carried on indefinitely. We call a period old if it is derived in this
way from one with smaller n, and we shall from now onward concentrate on
finding the new periods; since all new periods have »n even, we shall write n =
2m.

Much of what follows was obtained by computation, and economy soon becomes
a major consideration. At first sight, it might appear that to find all
periods of digit length 2m it might be necessary to consider all 9 - 1027-1
possible n-digit numbers and their iterates to find all possible periods. Such
a procedure would be extremely wasteful, for all the integers in a period are
themselves iterates, and there are far fewer of these. For suppose that x; =

aya; ... a,_, and without loss of generality that x, < xj. Then

m=1

x, =I§0AY,(10”-1’-1 - 107,

where A4y = a,_,.1 - ap. Since x, has n digits (and not less), it is easily
seen that this requires

Il <4, <9 and -9 <4,<9, r»r=1, 2, ..., m~- 1.

Secondly, the observation that second iterates cannot have Ay = 9 reduces the
number of cases to be considered to 8 1977 l. Despite this reduction and some
other refinements, the number of cases still grows exponentially with »n, which
soon makes complete computation impossible.

We shall represent the iterate x, a number of 2m digits, by the correspond-
ing A's in the canonical form {4q, 4y, ..., 4,-1} where it is to be understood
that 4y lies between 1 and 8 and the others between -9 and 9. From this, the
denary form for x is found by writing

Agdy oo A -4 -4, -4

m-1 m-1

where, of course, some of the numbers will be negative. To deal with this, we
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start at the right, and whenever we encounter a negative number add 10 to it
and subtract 1 from its predecessor in the usual "borrow and carry" fashion,
familiar from elementary arithmetic. The successor is then easily calculated
in the same canonical form and the process repeated, in a manner eminently
suitable for computation.

It will be clear that if 4,_; = 0, then in the denary form the number will
have its two middle digits both O or both 9, and its successor will also have
An-1 = 0; such a number cannot appear in a new period, and so can be ignored in
a search for new periods. At first this appears to produce only a small saving
in the computation, a factor of 18/19, but this is not so, for we can ignore
any x; any of whose <iterates has A4,,_; = 0, and this observation saves a very
large proportion of the time required to compute the periods.

Since we now assume that A4,_; # 0, we can associate with each number x of
digit length 2m in a new period, the rational number p.= 2 A, 197" whose
denominator is precisely 1971, and conversely, each such p yields a unique x.
Within each period we call that x the first in the period if the corresponding
u is the least p of any x in the period. It clearly suffices to find all the
first numbers in the periods.

For any » with 0 < » <m - 1, we write
X = {AO, Ay ooy Ay, +}
or

x = {AO, Ars ooy Ay -}

according as the first nonvanishing integer in the sequence 4,:1, ..., 4,-1 is
positive or negative. The utility of this lies in the fact that if

€, = {Bys By» -vv» B, 1},

then By, By, ..., By, depend only upon Ay, 4y, ..., Ay and the value + or - and
not on the actual values of A,41, ..., A,-1. Using this fact, we see that no
period contains any element {5, +1}, for the successor would have By = 0.

Furthermore, no period has {4, +} as its first element, for the successor would
have By = 2, contradicting the assumption that {4, +} came first in the period.
In this way, we can write a program to determine whether any period could start
with (49, 415 -..> Ay, €), where € = + or -, for we can calculate the first »r +
1 digits in the canonical form of its successor, then there would be two
possible second successors, four possible third successors, and so on. At each
stage, we can delete any suggested successor which comes before x; and so
determine whether we could eventually return to x;, and if so what is the
minimum possible period. For r = 0, it is possible to show on the back of an
envelope that, for the first element of any period 43 = 1 or 2. For r = 2,
about 3 minutes on a simple home computer suffice to prove

Result 1: The only period with m = 2 starts at {2, 2} corresponding to 2178,
and for m > 2, every new period must start at one of

{1’ 0, +}’ {]-’ ]-) i}; {]-s 25 i}, {l; 33 i}5 {2; "9: i}’ {23 "8) i};
{2, -6, =}, {2, -5, =}, {2, -3, -}, {2, 0, -}, or {2, 2, -}.
The same program showed that the only periods with p = 2 are {2, 2} and
possibly more starting at {2, 2, -}. Use of this fact allows us to find all
periods with p = 2. Let o(m) denote the number of periods both old and new

with p = 2 and n = 2m. One such is, of course, {2, 2, 0, 0, ..., 0}, but this
apart, we must have x; = {2, 2, -} and so x, = {6, 6, ...}. If

x, = {6, 6, +} or {6, 6, 0, 0, ..., O},
then

1990] 115



PALINDROMIC DIFFERENCES

xg = {2, 3’ i} or {2, 2’ O, 0) oy O}’
respectively, and in either case Ty * Xy Thus,
z, = {6, 6, -1}.

Now consider the number 2199 ... 9978 - x;. It is easily seen that for some
k = 2 this number has its first k digits zero, its last k digits zero, and a
number y, which occupies the middle 2m - 2k digits; then

z = {2, 2, 0, ..., 0, 43, ..., Am—l}
with 4; < 0. Then

yy = {4, ... 4,1}
Also, Yy < y{, otherwise we should not have T, = {6, 6, -} and, moreover, ¥
must also be periodic with period dividing 2, and hence equal to 2. Therefore,
Yy, = {2, 2, ...}, etc. Conversely, given such a y, we can find a corresponding

2, of digit length 2m. Hence,

o(m) =1+ o(l) + -+ + 0(m - 2)
and so
o(m+ 1) = o(m) + o(m - 1).

Since o(l) = 0 and o0(2) = 1, it follows that o(m + 1) = F,, the mth Fibonacci
number. Also, the number of o0ld periods with p = 2 and of digit length 2m
equals o(m - 1); hence, for m =2 3, the number of new periods of digit length
2m equals Fm_l - Fm_2 = Fm_3.
We show next that all periods starting at {2, 2, -~} have p = 2. For, let
xz, be the first element in the period; then z, = {6, 6, *}. We cannot have
x, = {6, 6, +}, otherwise x4 = {2, 3, #} or {2, 4, *1}, whence z,= {2, -}
—impossible, since x; was assumed to be the first in the period. Thus,

xz, = {6, 6, -} and x; = {2, 2, *}.

Again the + sign is impossible, since it would be found that x; came before ;.
Thus, we find that, for all %k,

Ty = 12, 2, -} and =z, = {6, 6, -}

and, accordingly, p must be even. If we now subtract 1) from 2199 ... 9978, we
find that after deleting leading and trailing zeros we obtain either zero or
else a number y, which also forms part of a periodic sequence with the
properties that, for each k,

Yorr1 < Yors1 @0 Yo > Yop-
It is not very difficult to establish that these conditions also require y, to
start {2, 2, *}; we omit the details. Hence, all periods starting at {2, 2, -}
are obtained by the construction above; thus, by induction on m, all have
period 2. Summing up, we have

Result 2: Every period with p = 2 starts with {2, 2, ...} and conversely. For
given digit-length 2m where m 2 3, there are precisely F,_; such distinct
periods of which precisely F,_3 are new periods, F/;, denoting the mth Fibonacci
number.

For other values of p, there does not seem to be such a neat description.
We have carried out a complete search for m < 8 and obtained the following
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Result 3: For m < 8, the only periods are:

m p First x,; Canonical Form
2 2 2178 2, 2
3 2 219978 2, 2, 0
4 2 21999978 2, 2, 0, O
2 21782178 2, 2, =2, =2
14 11436678 2, -8, -6, 4
5 2 2199999978 2, 2, 0, 0, O
2 2178002178 2, 2, =2, -2, O
2 2197821978 2, 2, 0, -2, =2
14 1143996678 2, -8, -6, 4, 0
6 2 219999999978 2, 2, 0, 0, 0, O
2 217800002178 2, 2, -2, -2, 0, O
2 217821782178 2, 2, -2, -2, 2, 2
2 219780021978 2, 2, 0, -2, -2, O
2 219978219978 2, 2, 0, 0, -2, =2
12 118722683079 1, 2, -1, -3, 2, 3
14 114399996678 2, -8, -6, -4, 0, O
22 125520874479 1, 2, 5, 5, 2, 1
7 2 eight periods
12 one old period
14 one old period
22 one old period
8 2 thirteen periods
12 one old period
14 one old period
14 1143667811436678 2, -8, -6, 4, -4, 6, 8, -2
17 1186781188132188 2, -9, 9, -3, -3, 9, -9, 2
22 one old period

It will be observed in the above that certain of the canonical forms of new
periods read the same left to right as right to left, e.g., {2, 2} and {1, 2,
5, 5, 2, 1} and that others do so with a change of sign, e.g., {2, 2, -2, -2}.
Consider any x = {4y, ..., 4,-1} in which 4,_; # 0 and define the dual of x, z
= {Co, «evs Cp-1} where the A's have been written down back to front and the
signs changed throughout if 4,_; < 0; formally

C, =sgni{d, -1} 4,-p-15 0 <2 <m~- 1.

Clearly, performing the operation twice will yield x again, justifying the name
"dual." There is one difficulty that arises, for if 4,.; = %1 and 4,_, has
opposite sign to 4,_1, then z = {1, -} and on expansion this fails to have 2m
digits. We shall deal with this as it occurs. The utility of the definition
lies in the following

Lemma: The iterate of the dual equals the dual of the iterate.

Proof; There are two cases depending on the sign of 4,_;. We give the proof
for A4,-1 < 0, the other case being less transparent but essentially similar.
If 2 = {4y, ..., 4,-1}, then 2 = {-4,, 1, ..., -4y }. Thus, to find the denary
representation for x, we have to perform the "borrow and carry" routine on the
expression
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AoAl e e e Am—l(_Am—l) o (—Al)(‘Ao),
whereas for Z we must do the same for
(_Am—l) - (—Al)(—AO)AoA1 e Am_l.

Now observing that both Ay and -4,_; are positive, and the fact that the "first
half" of the former expression is identical to the "second half" of the latter
and vice-versa, it becomes clear that this property remains intact after the
borrowing and carrying; recalling how the iterate is formed from the denary
form proves the result.

Now consider any new period which guarantees that 4,_; # 0 for every x in
the period. At first sight, the lemma would appear to give a new dual period,
obtained by taking duals throughout. There are, however, three reasons why
this need not be. 1In the first place, we might have a period in which x, is
its own dual, and then by the lemma this property would persist throughout the
period. Thus, the dual period does indeed exist, but is identical to the given
one. This case can be further subdivided into two cases. If x, is its own
dual, then we have either 4, = A,_,_; for each r, in which case we call x;
symmetric, or else 4, = -A,_,_; for each », in which case x; is said to be
skew-symmetric. It is not difficult to see that the property of being
symmetric or skew-symmetric also persists throughout the iterations and so we
also call the respective periods symmetric or skew-symmetric. Both types do
exist, as we see in Result 3. The symmetric cases are interesting, and can
occur not only if m is even but also with m odd. The skew-symmetric cases,
however, are all formed from periods with fewer digits in the following manner.
Let

xy = {dgs <oy 4,1}

be the first member of any period whatsoever. Then we can obtain a skew-
symmetric period with the same p starting at

Yp = {hgs wees Ayiys 0s s 0, =4 15 oouy A4}

where the number of zeros written in the middle is arbitrary and can be zero;
conversely, any skew-symmetric period is of this form. The symmetric case is
entirely different, and although {1, 2, 5, 5, 2, 1} belongs to a period,
neither {1, 2, 5} nor {1, 2, 5, 0, 5, 2, 1} does.

A second reason why the dual period may not be interesting is that although
r, may not be self-dual, it may be the dual of one of its iterates. Thus, if

z, = 12, -8, -6, 4}
then
xg = {4, -6, -8, 2}.

In such cases it is reasonable to call the period self-dual although the
elements themselves are not. It is plain that for all self-dual periods p must
be even.

There is a third reason why the dual period may not yield anything inter-
esting. It is possible that one x in a period is of the form we mentioned
above with A4,_; = *1 and 4,_, of opposite sign to 4,_;, in which case the dual
"collapses," in not having the requisite number of digits. This does indeed
occur; one example, which may well not be simplest, is the one given in Result
4 below for p = 9. It has

x3 = {4, 3, 4, 7, 0, -3, 9, 1, -6, 2, 2, 3, 2, 6, 7, =9, 6,
8, =4, 1, =4, 9, =2, 1}.

There are some divisibility properties of the x which can occur in a
period. Naturally, all are multiples of 9, but the observant reader may have
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noticed that all the a9 with m < 8, and indeed all those for » < 17, including
those with n odd are multiples of 11. If n = 2m + 1 is odd, then any iterate
is a multiple of 11 since, if x; = Agy «x= Ay, then

2m
tx, = ;g%(a, - a, . )(102"7F - 10") = 0 (mod 11).

If n = 2m is even and x = gpa, . ay,_1s then
2m -1 P
x) + o = rz% (a, + a, _;_)(107"7 """+ 10") =z 0 (mod 11),
and so
z, = |xl - x{l = £2x; (mod 11).

Hence, ¥; and «, are either both divisible by 11 or neither is. Therefore, in
any period either all or none of the numbers are multiples of 1l1. Let us
consider how we might hope to discover periods consisting of nonmultiples of
11. 1In the first place, if x; = {AO, e Am_l}, then

m=~1 - m=1

@, = 3 A, (102~ 107) = 2 20 (-1)7 714, (mod 11).
r=0

I

r=0

Thus, if x; is symmetric and m even, then lllxl. Similarly, if x; is skew-sym-—
metric and m odd, but this case is not really interesting, because whatever the
parity of m, the property of being divisible by 11 or not is inherited from the
shorter period from which x; can be formed.

We have seen that xz, = inl (mod 11) and so, if xy is not divisible by 11,
then

— = b
Ly =Ly = 2%, (mod 11)
which implies that
2% = #1 (mod 11),

i.e., that 5 divides p. It is not too difficult to show that p = 5 will not
yield such a value, for if p = 5 it can be shown that

@y =z, = 2%, = -z, (mod 11).

So in the search for possible periods not divisible by 11, it seems natural to
look for numbers with period 10, which are not symmetric with m even nor skew-
symmetric. In this way we have been able to find such a period, which is the
one listed in Result 4 below; it is self-dual.

From the computational point of view, the existence of such numbers is
rather a pity, for had we been able to show that all periods were divisible by
11, the necessary computation to exhaust all possibilities for a given » could
have been reduced by a factor of 11.

The next question is, determine for which p periods exist. We have seen
that there are none with p = 1, but some with p = 2, 10, 12, 14, 17, and 22.
There is in principle no difficulty, given a suggested p, to search for periods
in a systematic way. Suppose that we have reason to think that there might be
a period starting at x; = {4y, ..., 4Ap, *} of period-length p. Then, as
mentioned above, we can calculate the 2P -1 possible pth successors of x; and
check whether any one can be {AO, vees Ay *}. If not, we can discard this
starting point; if yes, then we can increase r by one and look at the 19
possible starting points with the first r + 1 entries and the sign given, etc.,
inductively. Although the task sounds quite formidable, it is actually very
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efficient at least for small p, apparently more so than a complete search for a
given m. In this way, we have been able to show

Result 4: For p < 14, there are no periods with p = 1, 3, 6, or 13. For the
other ten values of p, one example each is provided by:

120

D Canonical form for x
2 {2, 2}
4 {2; —3) O’ "99 5: "9: O’ —3’ 2}
5 {1, 0: 5; 9’ l, 3; "4, 6’ 6, "43 3, 1; 9; 5’ O’ l}
7 {2, ‘69 2; 8; "93 1, "'7: 5: 4’ 3’ 5, 3’ 4: 5, _7, l’
-9, 8, 2, -6, 2}
8 {.2: "3’ O: "'9, 5: "93 "23 O, "5’ O: 4) l’ 83 2, _23
—l, 7’ 1’ "4’ _69 —73 _3}
9 {2’ "8’ "8, ‘4: Oa 3) 5, 25 "]-’ "3; 2, 2, _8) "43 65
_ls 6’ O, 3’ 7; 3; O, 3) "3}
10 {1, 0, 6, -7, 0, -7, -8, 6, -6, -8, 1, 1}
11 {2’ "3; _4) 5’ '"‘7’ ‘33 5, 5: "6, 53 _15 3’ _55 —5: 3)
“1, 5, ‘6, 5, 5, "3) —75 5’ _4’ "3: 2}
12 {1, 2, -1, -3, 2, 3}
14 {2, -8, -6, 4}

The author wishes to thank the referee for providing some references.
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A HYPERCUBE PROBLEM

Karen Anne Johnson
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1. Introduction

The #n-dimensional hypercube, &, , is the graph whose vertex set, V(Qn), is
the set of all n-bit strings, any two of which are adjacent iff they differ in
exactly one bit. We refer to @, as the n-cube. The 1-, 2-, 3-, and 4-cubes
are illustrated in Figure 1.

010 011 0010 0011 1010 1011

110 1 o110 oL 1o 1

100 101 0100 o101 1100 1101

0 1 — ]
r——e
00 ol 000 001 0001 \\"‘-—_.____EE21:::>‘=::£239____—-——”"/1001
(a) Ql (b) QZ (C) Q3 (d) Q4
FIGURE 1

Sometime in the early 1980s, Paul Erdds asked for the largest order of an
induced subgraph of ¢, which contains no 4-cycle. This question has been
answered and extremal graphs characterized [1]. Since a 4-cycle in @, can be
interpreted as a sub-{,, it is natural to generalize and ask for the order of a
largest induced subgraph of &, which contains no sub-@,, k € {1, 2, 3, ...}.
It is also natural to ask for the order of a largest induced subgraph of &,
which contains no 2k-cycle, kK € {2, 3, ...}, but this question seems far more
difficult. Partial results in this direction appear in [2].

With the advent of the hypercube computer, these questions assume a new
significance. An n-dimensional hypercube computer is a multicomputer with 2"
processors, possessing the network topology of an n-dimensional hypercube;
i.e., each vertex of the cube is associated with a processor and each edge
represents a direct communication link between the two processors incident with
that edge. A question that has generated some interest recently ([3], [4]) is
how does the hypercube computer behave in the presence of faulty nodes (or
links)? In particular, given a set of faulty nodes (links), what is the
largest subcube that remains? The question is pertinent because there are
algorithms which are designed to run on a cube structure, and in the presence
of faulty nodes (links) will run on the largest remaining subcube [3].

In the following, F, and L, will denote the wnth Fibonacci and Lucas
numbers, respectively, having the initial conditions Fy = 0, F; =1 and L; = 1,
L, = 3. We use |x] and [x] to denote the greatest integer less than or equal
to x and the least integer greater than or equal to x, respectively. Now, let
f(n, k) denote the largest order of an induced subgraph of @, that contains no
sub—Qk. It is known that
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Fn, 2) = (%-2”] [1].

A good lower bound for f(n, 3) is known, namely,

Fn, 3) > % 2"+ zr; J (5].

In general, it is easy to show [3] that

k

n
T+ 1t

(1) Fn, k) =

In this paper we prove, in Theorem 2 and its corollary, a result which

enables us to improve on the inequality in (1) for the special case kK = 4. We
obtain

3' 27 + gLn+1, n even,
(2) fn, 4) = 4 5

§'2n+§L”, n odd.

2. The Hypercube Problem

The order of a graph is the size of its vertex set. Given a graph G with
vertex set V(G) and edge set E(G), a subgraph of G is a graph whose vertex and
edge sets are subsets of V((¢) and E(G), respectively. If H is a subgraph of ¢,
and there is a subgraph of 4 iscmorphic to some &, 1 < k < », then H is said
to contain a sub-¢,. Given any graph ¢ with vertex set V() and S & V(G), the
subgraph of ¢ which is <Znduced by S, denoted <S>, is the graph with vertex set
S and two vertices of <5) are adjacent iff they are adjacent in G.

In Figure 2, (1, Gy, and G3 are all subgraphs of §3. The graphs &) and G,
are not induced subgraphs of {3, while G3 is. (G, and G5 both contain a sub-g,.

011 011 011
110 111 10 111 10 111
100 101 100 101 100 101
001 001 001
(a) G, (b) G, (e) G,
FIGURE 2

Example: Let W be the set of 16 vertices listed in Figure 3. TFor each v =
V1VoU3V,UsVgVy in W, we have vg = vg = vy = 1, while the first four bits range
from 0000 to 1111. Hence <W>, the subgraph of §,; induced by ¥, contains a
sub~@,. (In fact, <¥»> is isomorphic to §.)

For v € V({,), the weight of v, denoted wgt(v), is defined to be the number
of 1's in v. Observe that the vertices of W have weights ranging from 0 to 4
(mod 5). 1In fact, for all n, any sub-@, in @, contains vertices with weights
of 0, 1, 2, 3, and 4 (mod 5). For m e 7Z2%, k € {0, 1, 2, 3, 4}, let

VZ ={v € V(Q,): wgt(®) = k (mod 5)}.
If VS V(Q,) and <V> contains a sub-g, , then
VnvVy=# ¢ for all k € {0, 1, 2, 3, 4}.
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0 0 0 0 1 1 1
00 01 1 1 1
0 0 1 0 1 1 1
00 1 1 1 11
0 1 0 0 1 1 1
.01 0 1 1 11
01 1 0 1 1 1
0 1 1 1 1 1 1
1.0 0 0 1 1 1
10 0 1 1 1 1
1 01 01 1 1
1 01 1 1 1 1
1 1.0 01 1 1
1101 1 1 1
1 11 0 1 11
1 1 1 1 1 1 1

FIGURE 3. The vertex set W

Hence for any k, <V(g,) - VZ> contains no sub-@,. This implies (1). To obtain
the inequality in (2), we first let V) = #vy. Clearly,

N n
= 2 (5)

Jj=zk

mod 5
and if we define

V(n) = min Vi,
D<k<é

then we obtain f(n, k) = 2" — V(). Determination of a formula for V(n) is the
content of the next two sections.

3. Properties of the V,!

We begin with an example. By definition,
5= (o) + (3) -2=v3-(3)+ (5)
144 lo) * {5 1+ 21 22 vy + .

2 7

Similarly,
- 1) 3 - (2)- ()

=(1)+(g) =14 ana v]=(3)=(,)=7]=s3s.

Hence, V(7) = 14 = V{. On the other hand, if we compute values of V6, we find
that V(6) = VS V%. In Theorem 1 we will show that, if we define

k(n) = {

then V(n) = V-
Because the terms V; are computed in terms of binomial coefficients, we
would expect the Vf to reflect some of the properties of binomial coefficients.

That this is the case is illustrated in the following lemma.

[l
it

it

I~~~

NI

J - 2 (mod 5),

Lemma: For ne Z%, k € {0, 1, 2, 3, 4},
(1) (Recursion Formula)

vy = Vg"l + V?:%, where kK - 1 is computed modulo 5.
(2) (Symmetry Formula)

Vf = Kf, where k¥ + j = n (mod 5).
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(3) (Initial Conditions)

. n
(1) For m < 5, V' = (k)’
Py 5_ 5_ 5
i) v =2, v§ = () for ke {1, 2, 3, 4l.

Proof: To prove (1) let W" be a set of size n and let W[ denote the collection
of all subsets of W” of size congruent to k (mod 5), ¥k € {0, 1, 2, 3, 4}. Then
clearly #W} = Vk Now let w € W", W € W" If w € W, the remaining elements of
W can be chosen from the n - 1 elements of Ww" - {w} in V } ways. Otherwise, if

w ¢ W, the elements of W can be chosen from the n - 1 elemenrs of W" - {w} in
Ve 1 ways.

To prove (2) let n€ 2%, ke {0, 1, 2, 3, 4}. The division algorithm yields
integers m and § such that

n-k=>5m+ g  where j € {0, 1, 2, 3, 4},

and hence K + § = n (mod 5). Using this we can relate Vf and Kf as follows:

(k) G hs)r (i
() * (e %s)+ o+ (s
LI+ (5)

I e )

The proof of (3) is trivial and so omitted. [J

n o_ n
Vi = + Sm)
n

5)

Using the initial conditions and the recursion for the Vk’ we can build a
table of values for the V' similar to Pascal's triangle. Since the Vj are
computed mod 5, there will be 5 entries in each row of our Pascalian Rectangle.
In Figure 4 we illustrate the general form of the table and in Figure 5 we fill
in specific values.

Row
1 1 1 1 1
£ , vk ) v} , 4] , 6] , 1
V2 V3 6 V3 V3 2
3 V3 V3 V3 V3 3
L 0 1 2 3
vk vt V4 V4 v 4
5 0 o5 1 5 72 5 73 5 h
V3 v 73 73 4 5
FIGURE 4

Remark: Notice the wrap-around property of the table. The right-most entry in
an even row (or the left-most entry in an odd row) is the sum of the left-most
and right-most entries of the previous row, e.g.,

S5 - i L L _ 173 3
VO = Vq + VO and VL+ = VL+ + V3.

If the table is constructed as in Figure 4 above and Figure 5 below, then
the left-most entry of the n'® row is next seen to be a smallest entry of the
nth row. Recalling the definition of V(n), we state the following theorem.
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Row

Q 0 1 1 0 1
0 1 2 1 0 2

0 1 3 3 1 3
1 4 6 4 1 4

2 5 10 10 5 5
7 15 20 15 7 6

14 22 35 35 22 7
36 57 70 57 36 8

72 93 127 127 93 9

FIGURE 5

Theorem 1: For n € Z%,

V(n) = Vggy> with k(n) = [ % J - 2 (mod 5).

Proof: That the left-most entry of the n'M row is of the form [n/2] - 2 follows
from the recursion formula and induction. Next, we must show that the left-
most entry of each row in Figures 4 and 5 is also a smallest entry of that row.
This follows easily by induction once we verify that the symmetry of each row
is maintained. But this is immediate from the symmetry formula of the Lemma.
If n is even, then

n =2
2] -2t

If the left-most entry of the ntB row is Kﬁ/z)-z’ then the right-most entry is
of the form

n _ o7
an>-2+4 - %nﬁ)+2'

Since

(%—— 2) + (%—+ z) = 7 (mod 5)

we have, by the Lemma, that

n n

Vinr2y -2 = Vouny 42
Similarly,

n 7 -

(F-2+1)+ (2-2+3)=n (md s
so that the second and fourth entries of the row are equal. Similar reasoning
verifies the shifted row symmetry for » odd. An easy induction completes the
proof. [J

. n
4. A Recursion for Vk(n)

Our next theorem provides a recursion and closed formula for V{n).

Theorem 2: For any integer n € 7%

2Vin - 1), n odd,
(1) V) =
2V(in - 1) + Fn—Z’ 7 even.
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L,, n odd,
(ii) V(n) =

L n even.

= Ui
(GG TN

n+tl ?

Proof: By the established symmetry of the table in Figure 5, the first and last
entries in an even row are identical. Also, for n odd, we have

k(n)=L%J—2=[ﬁ;—lJ—2=k(n—l).

Therefore, we have, for »n odd
n _ gn-1 n-1 _ pn-1 n-1 - n-1
(3) Veey = Yk + Ve -1 Ve - ¥ Ve -0 -1 2Vt
For n even, in %&n), we need to take a somewhat less direct approach. To
this end, we define D(n), for all n, as follows

n n

“ o) ka(nHz = Vi +1 7 odd.
T IV" vy

k(n) +1 ” k(n) 71 even.

We will show that D(n) = F,. To begin with, consultation of Figure 5 veri-
fies that

D(l) =1-0=1, D(2) =1-0=2, D(3)

1

3-1=2,D(4)=4-1-=3.

Now, for » even, we have

I

n n
D(n) = k(n) +1 ~ Vi)

_ n-1 n-1y _ n-1 n-1
= Wy o1t Yeod = Wy + Vi -

- n-1 n-1 n-1 n-1
N [Vk(n—l)+2+ Vk(n—1)+l] - [Vk(n—l)+1+ Vk(n-—l)]
- n-1 _pyn-1 n-1 _pyn-1
= Weo-ny+2™ %Won-v+1d T 060 +17 Y-y

n-2 n-2
D(n - 1) + [Vk(n--2)+1_ Vk(n—Z)]

Dn - 1) +D(n - 2).

A similar argument shows that the recursion holds for n odd. Since D(n) satis-
fies the same recursion as F, and the initial conditions are the same, we have
that D(n) = F,.

We return now to Vfuo- For n even, we have

]

n _ n-1 n-1
%) Veey = Ve + Vigy -1
_ n-1 on =1
- Vk(n—1)+l+ Vk(n—l)
_ n-1 n-1 _ n-1
= 2V -t -y a1 Vg ony!

n-1 n-2 n -2
V-t Wl 1™ V-]

- n-1 _ n-1
= 2V. +D(n - 2) = 2V 1)+Fn

k(n-1) k(n - -2°
Combining the results in (3) and (5) yields
2vn ! n odd
n k(n-1)° ’
(6) Vet —{

2%&;£1)+»E;_2, n even.
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To solve this recursion we note that [x/(l- x -x2)] is the generating function

for the sequence Fy, Fy, Fy, ..., so that [-x/(1l + x - xz)] is the generating
function for the sequence Fo, =Fy, Fy, =F3, ..., and therefore

l[ x _ x
2l -z -22 1 +4+x - x?

is the generating function for the sequence Fy, 0, Fy, 0, Fy, ... . Let

Viz) = >, V' x".
nzl k()

then (6) gives

2 2
V(x) = 20V(x) + 2z - 2% - x3 - 22" + 1[ = - = 2}.

211 - x-22 1+zxz-2

A partial fraction expansion of the rational function V(x) leads, after some
calculation, to the closed form:

Y %- 2™ —-%Ln+1 s 7 even,
(7 e TV1 o 2
g' 2 - ELn 3 n odd.

Combining the results of (6) and (7) with the definition of V(n) completes the
sroof. [

Corollary: Let f(m, k) denote the largest order of an induced subgraph of &,
that contains no sub—Qq. Then

4 1

—- 2" + gLn+1, 7n even.
CRDERS )
n
3. 2 +-§Ln, n odd.

Proof: This follows from Theorem 2 and the fact that f(n, 4) = 2" - vm). O

Remarks: (1) Recalling that VZOO is a sum of binomial coefficients, it is in-—
teresting to observe the locations of these binomial coefficients in Pascal's
triangle. In Figure 6, the circled entries in the n'P row of Pascal's triangle
are the binomial coefficients that sum to %&n). Observe that the circled en-
tries are "as far as possible" from the binomial coefficients of the form(n7ﬁ

[6].
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(2) A related problem appeared in the 35th W. L. Putnam Intercollegiate
Mathematical Competition [7]; that problem asked for a calculation of Sﬂ, where

n n _
si= % (5) k=012
J=k
mod 3
5. Conclusion

By defining the terms Vf and V(n) modulo 5, we were able to obtain an
improved lower bound for f(n, 4), the largest order of an induced subgraph of
@, that contains no sub-¢,. In general, by working modulo m, we can improve on
the inequality (1) for k =m - 1; for k € {0, 1, ..., m - 1}, let

n _ n _ . n
o B (5) wmd Vo - min VL
mod m
Then f(n, m = 1) 2 2" - V(n, m). Work on determination of V(n, m), for all
m < {0, 1, ..., n} is in progress by this author. It was originally
conjectured that f(n, m - 1) = 2" - V(n, m) but this is now known to be true

only for m € {0, 1, 2} [8].
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REPEATING DECIMALS REPRESENTED BY TRIBONACCI SEQUENCES
APPEARING FROM LEFT TO RIGHT OR FROM RIGHT TO LEFT

Pin-Yen Lin
Taiwan Power Company, 16F, 242 Roosevelt Road, Section 3,

Taipei 10763, Taiwan, R.O.C.
(Submitted April 1988)

1. Introduction

In 1953 Fenton Stancliff [1] noted that

(4 1
TG - L

where F; denotes the 7'M Fibonacci number. This curious property of Fibonacci
numbers attracts many Fibonacci fanciers. Afterward, Long [2], Hudson & Winans
[3], Winans [4], and Lin [5] discussed this Fibonacci phenomenon from different
viewpoints. Kohler [6] and Hudson [7] then discussed Tribonacci series decimal
expansions. In Lin [8], the characteristics of four types of Tribonacci series

r,=n,4,+7,.0+7T, 3, where Ty =1, T, =1, T3 = 2,

Ry =Ry + Ry_p + R,_3, where Ry = 1, Ry = 3, Ry = 7,

Sy =8,-1 + Sy,-90 + Sy,_3, where Sy = 2, S, =5, S3 = 10,

Uy, = Uy-1 + Up_p + Uy_3, where U} =1, Uy = 2, Uz = 3,
are further explored in their X3 - X2 - X - 1 = 0 format. But, in Lin [8],
there was a question left open, which is whether T,, &,, S,, and U, could be

described as one of the four different types of decimal expansions represented
by sequential Tribonacci series of the form:

A. 0. TanHZTYL3TnL+Tn5Tn6T?’L7"' = Na/Ma,
B. 0. Tn1T0TnsTnuTlynsTneln7er = Np/Mp,
C. NG/MG ends in '"Tn7Tn6T7’L5T7’LL+Tn3Tn2TVL1’
D. for Ny/My; > 0, Ng/Ms ends in ...T, 77,67, 5Ty 7037 0T n1 s
for N;/M; < 0, Nz/M; ends in ...T,97,67 w5 T 0T w3l noT 1 s
where f;m = ~Tom s
The terms of decimal expansion A are all positive, and those of decimal
expansion B appear positive and negative alternately. The repetends of C and D
are viewed in retrograde fashion, reading from the rightmost digit of the
repeating cycle toward the left. The terms of repetend C are all positive, and
those of repetend D appear positive and negative alternately. This question

has been given a positive answer in this article. 1In the following, each of
those four types of decimal expansions will be explored.

2. Decimal Fractions That Can Be Represented in Terms of
Tribonacci Series Reading from Left to Right

Summing the geometric progressions using the same method described in Lin

[5], Kohler [6], and Hudson [7], we can easily obtain the decimal fractions of
the Tribonacci series Tym+p as equation (1).
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REPEATING DECIMALS REPRESENTED BY TRIRONACCI SEQUENCES

Tppp* 102K 4 (Toupp = By o Tyyp) « 105 + 1,

Theorem 1:
(]_) Tnm+p =
no1 10%7

103% — R, - 102 + R, - 10k~ 1

H,,m+p, Sm+p, and U,,m+p have the same representation if we change 7 into A, S,
and U, respectively.
When p = 0, they become

T, « 10%% + (Tp, -

T, e R,) « 10% + T,

10%% ~ R, « 102% + R_, « 10k - 1

R, » 10%% + (R,, - RZ) » 10% + Eg

103% — R« 102k + p_, « 10k~ 1

S, = 10%% + (Sp, = S, R, + 105 + 5

103% - R, =102k + F_, - 10% - 1

Un ° lOZk + <U27’l

- U, * R,) 10k + Uy

(2) - -
me1 10k7
<) mzj:l ljf)ﬂk!; )
) mgl lin:m :
) n;::l lz(/)n:m )

103 — B, 102k 4+ R_ - 10%k - 1

where n and kX must satisfy

3

3

1 Sp-1 Ty
(6) B, (X + V) + @2+ 7)) < 1
. 3
where X = V19 + 3/33 and ¥ = /19 - 3/33. Also,
(7 Ry =Ropyg = HEoyvp =~ Bopsgs
Some particular values for the above series are summarized in Tables 1-4.
- nm
TABLE 1. Some values of Z P
m= 110
o 2 3 4 5 6 7
1 123 323 603
889 | 689 349 ;
. |
2 10203 ? 30203 i 69003 111003 210203 387803 713003
989899 1 969899 930499 889499 789899 611099 288499
3 1002003 i 3002003 ! 6990003 11010003 21002003 38978003 71030003
998998999 | 996998999 | 993004999 | 988994999 978998999 | 961010999 | 928984999
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s S
TABLE 2. Some values of ZZ—JEL
m=110%m
o 1 2 3 4 5 6 7
1 233 523 893
889 | 689 349
i
o) 20303 50203 98903 171203 320103 587603 1083503
- 989899 969899 930499 889499 789899 611099 288499
3 2003003 5002003 9989003 17012003 32001003 58976003 108035003
998998999 996998999 993004999 988994999 978998999 | 961010999 | 928984999

© T
TABLE 3. Some values of E:-—E%;
m=110
NG 1 T 4 5 6 7
1 100 110 190
889 689 349
2 10000 10100 19900 40000 70200 129700 240100
989899 969899 930499 889499 789899 611099 288499
3 1000000 1001000 1999000 4000000 7002000 12997000 24001000
998998999 | 996998999 | 993004999 | 988994999 | 978998999 | 961010999 | 928984999

» [
TABLE 4. Some values of 2:-—£%;
m=110
DA 1 2 3 4 5 6 7
1 110 200 290
889 689 349
2 10100 20000 29900 60200 109900 199800 370500
989899 969899 930499 889499 789899 611099 288499
3 1001000 2000000 2999000 6002000 10999000 19998000 37005000
998998999 996998999 993004999 988994999 978998999 961010999 928984999

Using (6) and k = 1, 2, 3, n = 4, 8, 12, respectively, we obtain:
[11 + 10+ 4.51786.../3 + 2+ 12.41106.../3]1/30 = 1.14445... > 1;
[131 + 108 4.51786.../3 + 24+ 12.41106.../31/300 = 1.30977... > 1;
[1499 + 1238+ 4.51786.../3 + 274+« 12.41106.../31/3000 = 1.49897... > 1.

These indicate that the ratios of geometric progressions are greater than 1;
thus, the sums are divergent. This explains all the blanks in Tables 1-4.
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3. Decimal Fractions That Can Be Represented in Terms of Alternating
Positive and Negative Tribonacci Series Reading from Left to Right

Long [2] gave a proof for

©

5}1—1
——F = 1/109;
mgl ("‘10)m

Lin [5] proved

i an - £y

m=1 (-10%)m+1 102 + 10%k. 1, + (-1)"

and
i Lym _ Ly
ns1 (-10%)m*l 102k 4 10k ., 4+ (-1
where L, is the m'® Lucas number. These equations show that Fibonacci and

Lucas numbers appear as the positive and negative terms of alternated Fibonacci
and Lucas series, viz.,

N/M = 0. F\F,F,F FFe...,

where fm = -F,, and the F, appears successively in the repetend in blocks of k
digits. In this case of Tribonacci sequences, if we substitute (—107<) for 10k
in equation (2), it will appear as:

- i T Tp +102% + (TR, = Ty,) <10k + 7

A2 (=109 103k + R, » 102K + B, » 10K+ 1

Changing 7 into R, S, and U, it will still be true.

TABLE 5. Some particular values for the T, series

n
) I 2 3 4 5 6 7

1 100‘ 90 210
1091 1291 1751

2 1000 9900 20100 40000 69800 130300 239900
1009901 1029901 1070501 1109501 1209901 1391101 1708501

3 1000000 999000 2001000 4000000 6998000 13003000 23999000
1000999001 | 1002999001 | 1007005001 | 1010995001 | 1020999001 | 1039011001 | 1070985001

4. Decimal Fractions That Can Be Represented in Terms of
Tribonacci Series Reading from Right to Left

Winans [4] pointed out that 1/109, 9/71, and 1/10099 can be expressed as a
reverse diagonalization of sums of Fibonacci numbers reading from the far right
on the repeating cycle, where 1/109 ends in
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13853211
21
34
55

...8623853211

Johnson [9] gave a short solution to this kind of problem. Summing from
the rightmost digit of the repeating cycle toward the left, she got the result:
F?’L
(9 , n is odd.
10%% + L, « 10k - 1

Summing the geometric progressions by using the Binet form for Tribonacci
T, as Lin did in [8], and using the method indicated in Johnson [9], for k > O,
we can derive:

k(L+1
(10) i okm-Dp _ Tn@op s 105¢7 '+ (Tugey = BpTpp) » 109 +
n'= i 103k - p_, « 102 + R, . 10%¥ - 1

T, 108E-D _pow 102k — (T,, - R,T,) « 10k - T,]

n

Let the denominator be acronymed as M, and L(#) be the length of the period of
M. We add

[-To = 102k - (Tp, - R,T,) «10% = 7,1 « 10°¢D
+ [Ty » 102% + (T,, - R,T,) » 10k + T,] « 102D

to the numerator and divide both sides of (10) by lOkuxM»; then it becomes

L
Z lok(m— 1_L(M))Tnm

m=1
B Toz-1)° 10K@F1-20N) 4 (Tam+1) = BnTop) * 10k (&= L)
M
L T 10*E =100 _ 70102k~ (T,, - R,T,) » 10¥ - T,

M

, Yo 102% + (T,, - B,T,) « 10k + 7,)(107™ - 1)
M+ 107D

and, we get

Theorem 2: The decimal representation of

() ¥ T 10%% + (T,, - R,T,) - 10K + 7, Voo
11 — = 5 > s
M 103 — R_, +10%% + R, - 10k~ 1
ends in successive terms of T, , m = 1, 2, 3, ..., reading from the right end

of the repeating cycle and appearing in groups of k digits.
If ¥ < 0, then we have

Theorem 3: The decimal representation of
M+ N M+ Tye102k + (Ty, - R,T,) = 10K + T,

(12)
M 10% - R_, - 102k + R, - 10k -1
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ends in successive terms of T,,, m = 1, 2, 3, ..., reading from the right end
of the repeating cycle and appearing in groups of k digits, if 1 is added to
the rightmost digit.

Proof: If N is negative, the N/M still has a positive term there. The
numerator needs to be adjusted as below:

(Tg + 10%% + (Tp, - R,T,) 10k + T,) (1020 - 1)

102 <y
(T » 102k + (Ty, - R,T,) » 10K + 7,) (10*™ - 1)+ (10%™ - Dy~ (102 - 1)u
B 10200 « iy
(M + Ty +10%% + (Ty, - R,T,) « 10k + T,) (102¢D — 1) 1
) 102D « i * 10L0D -

The fractional part represents (M + N)/M times one cycle of the repetend of
1/M, when 1 is added to the rightmost digit.

Using the same method, we derive (11) and (12), and we can further
generalize them to

Theorem 4:
_ Tp s 10% + (Thn4p = B,Tyyp) <105 + Ty Vs o
- 3

10%% - B, + 102 + R, « 10% - 1 ’
M+ N M+ Ty 10% + (Tpyyp = Rplnsp) * 105 + Ty

M 103k - R_, +10%% + R, « 10k - 1

(13)

Xl=

(14)

> V<0,

ends in Iﬁn+p, reading from the right end of the repeating cycle and appearing
in groups of k digits. If N < 0, 1 is added to the rightmost digit.

From the above method, we can easily obtain the decimal fractions that end
in successive terms of Run+ps> Smm+p> and Um+p DY changing 7 into R, S, and U,
respectively.

Tables 6-9 show some values of Typ+4ps Hm+ps Smn+p, and Upy4ps for p = -3,
-2, -1, 0, 1, 2, 3, and n =1, 2, 3, 4, 5

TABLE 6. Fractions whose repetends end with successive terms of Tmntp s
occurring in repeating blocks of one digit

n
P I 2 3 4 5
1000 1039 489 1470 1240
-3 1109 no * 569 | Teos * | T309 *
, 100 110 7 121 122
-2 1709 129 369 1609 1309
10 1120 1 2 1283
-1 1109 1729 * 369 * 1609 1300 *
o 1 1 561, 4 27
7709 129 569 1609 1309
. 111 112 64 147 123
1109 1129 369 1609 1300
, 122 114 57 173 124
2 1109 1129 369 1609 1309
3 234 237 113 324 274
1109 1129 569 1609 1309
Notea: | is added to the rightmost digit.
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TABLE 7. Fractions whose repetends end with successive terms of Ryu:p »
occurring in repeating blocks of one digit

P n 1 2 3 4 5
= 499 539 363 601 583
1109 1129 569 1609 1309
1048 972 510 1572 1056
-2 1100 * 1129 4 569 4 1609 “ | 1309 *
992 1070 an 1456 11
- 1100 * 1129 4 560 4 605 * | T309
0 321 323 207 411 341
1109 1129 569 1609 1309
. 143 107 51 21 93
1709 1129 369 1609 1309
, 347 371 161 479 451
2 1109 1120 569 1609 1309
3 811 801 419 1111 891
1109 1129 569 1609 1309

Note a: 1 is added to the rightmost digit.

TABLE 8. Fractions whose repetends end with successive terms of Sys+p »
occurring in repeating blocks of one digit

n
P 1 2 3 4 5
3 409 420 293 502 698
- 1109 1129 569 1609 1309
1039 992 501 1554 1109
-2 1709 1129 * 569 “ | 7609 “ | 1309 *
) 1102 , 42 544, 990 , 107
1109 1129 569 1609 1309
0 332 325 200 437 342
1109 1129 569 1609 1309
1 255 230 107 372 249
1109 1129 569 1609 1309
5 580 597 282 799 1117
- 1109 1129 569 1609 1309
3 58 23, 20 1608 1289
1109 1129 569 1609 1309
Note 4: ] is added to the rightmost digit.
*. —1 is added to the rightmost digit.
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TABLE 9. Fractions whose repetends end with successive terms of Umsp »
occurring in repeating blocks of one digit

P n ! 2 3 4 5
1019 1010 499 1510 1161
-3 Tios * | T 69 * | Teoo *| 1309 4
5 1100 , 20 560 , 1591 , 53
1109 1129 569 1609 1309
] 110 101 72 1598 96
1109 1129 569 1609 1309
0 11 2 562, 26 )
1109 1129 569 1609 1309
1 112 123 56 151 150
1109 1129 569 1609 1309
N 233 226 121 320 247
- 1109 1129 569 1609 1309
3 356 351 170 497 398
1109 1129 569 1609 1309
Note 4 1 is added to the rightmost digit.
*: -1 is added to the rightmost digit.

5. Decimal Fractions That Can Be Represented in Terms of Alternating
Positive and Negative Tribonacci Series Reading from Right to Left

Starting from Theorem 4 of Johnson [9], we rewrite it as:
(-D)" «Fp 10 = Fyyp
(-1)" <102k - 1, <10k + 1
(-1)" «Lp «10% = Ly4p
(=1)" 102k -1, «10% + 1

form =1, 2, 3, 4, ..., occurring in blocks of k digits. Substituing (-10%)
for (10%), we get

ends in 7

The repeating cycle of A

and the repeating cycle of ends in Lym+p,

Theorem 5:
-1+l e p, « 105 - F,

u ip
(15) The repeating cycle of — = ends in F s
M (-1)" . 10% + L, - 10k + 1 mtp
i (-1)"*h e D, < 10% = Ly
(16) and the repeating cycle of — = ends in Lm+ps
M (-1)" +10% + L, .10k + 1

for m=1, 2, 3, 4, ..., occurring in blocks of k digits. If N/M > 0, all even
terms are negative, if N/M < 0, all odd terms are negative. For example,

for k =1, n=1,

N/M = 1/89
= 0-°...38202247191
...893413 5 2 1 positive

It
o
.

....5521 8 31 negative

.e..38202247191 summation
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for k=1, n =12,

N/M = -16/369
_ erriT 40
= ~0.04336 ..323072
.11879264
4807526976
46368 positive
144 mnegative
14930352
..008755920
.6367088
..... 096
..... 4
...... 60433604336 summation
Using (15) and (16), we can derive Tables 10 and 11 for kK = 1, 2, 3, and n from
1 to 7.
TABLE 10. Fractions whose repetends end in Fy, with positive
and negative terms alternated, positive fractions begin
with positive F,, , negative fractions opposite
k G 1 2 3 4 5 6 7
| 1 -1 2 -3 -5 -8 -13
89 131 59 171 11 281 191
9 1 -1 2 -3 5 -8 13
- 9899 10301 9599 10701 8899 11801 7099
3 1 -1 2 -3 5 -8 13
998999 1003001 995999 1007001 988999 1018001 970999
TABLE 11. Fractions whose repetends end in L,, with positive
and negative terms alternated, positive fractions begin
with positive L,, , negative fractions opposite
% n 1 2 3 4 S 6 7
1 —19 23 =16 =27 2 =38 =2
89 131 59 171 11 281 191
5 199 203 196 207 189 218 171
9899 10301 9599 10701 8899 11801 7099
3 -1999 -2003 -1996 -2007 —1980 -2018 -1991
998999 1003001 995999 1007001 988999 1018001 970999
Because o o
0. o FgFgFgF F3FoFy + 0. o FyFgFsF F3FoF,
-0. 0000...0001 = 0. 9999...999,

0. ...F;FgFsF,F3FyF)

1990]
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are complementary numbers.

1f N/M > 0, N/M
then N/M -1
if N/M < 0, N/M
then 1 + N/M

ends in O. ...F7f6F5?;+F3F2F1

ends in 0.

ends in O.

.. '571116?55’4?35’2?1 ;*
.. FyFcFsF F3FoF,

ends in 0. ...FyFgFsF F3F,F1 %

*: -1 is added to the rightmost digit.

So, Tables 10 and 11 have their complementary tables.
From Theorem 4, if we use (-10X) instead of (10%), then we will have

Theorem 6: For N/M > 0, the repeating cycle of

vy Tp- 1025 = (Tp,4p = RyTpip) * 10K + T,

(17)

-10%% - R_, + 102k - R, « 10k - 1

This result can be described in another way:

ends with T +p» €Ven terms are negative; for N/M < 0, the repeating cycle of

m

N Tp+10% = (Tousp = RyTypyp) + 105 + Ty

(18) - =

M -103% - R_, +10%% - R, «10% - 1

ends with 7,,,,, odd terms are negative, both appearing in blocks of k digits.
Table 12 shows some illustrations of (17) and (18).
As before, the above results can be developed as follows:

0. ...T7nfénT5nThnT3nTénTn’
0 oo T2, T6nT 55 T T3, Ty Ty 3%
0. o779, 76,75, T4y T3, T0p Ty »
0. ...T7nTénT5nTﬂnT3nTZnTn'*

If N/M > 0, N/M
then N/M -1

if N/M < 0, DN/M
then 1 + N/M
*: -1 is added

So, Table 12 has its complementary table, too.

TABLE 12.

ends in
ends in
ends in

ends in

to the rightmost digit.

Fractions whose repetends end in T,, appearing
with positive and negative terms alternated

oo 2 3 4 5 6 7
k
=L S =12 -4 RER 43 —14
911 931 1571 611 1111 2491 211
5 -1 99 -102 -4 193 -313 76
<. | 990101 990301 1050701 951101 992101 1113901 857101
3 -1 999 -1002 —4 1993 -3013 976
999001001 999003001 | 1005007001 | 995011001 | 999021001 | 1011039001 | 985071001
6. Conclusion

Tables 1-5 and Tables 6-12 have a great difference, the former tables

tain blanks, the latter do not.

R, is always greater then F_,, so we can calculate M whenever we wish.

138
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Examining M = 103k - RF_, + 102k + R,«10% - 1,
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From the above discussion, we can find the following interesting results:

1/89 = 0.0112358... = 0. FoF{FpF3F FsFg...,
10/89 = 0.112358--- = Q. F1F2F3F4F5F6...,
10/109 = 0.112358... = 0. F{FyF3F Fslg...,

1/109 ends in ...853211 or ...FgFgF,F3FoF),
1/89 ends in ...8532I1 or ...FgFsF F3FoF,
88/89 ends in ...853211 or ...FgFsF F3F,Fi,%
100/889 = 0.112485939... = 0. T17,T3T,T5TgT 7.5

100/1091 = 0.11247... 0. T4T5T3T,TsTgTye s
1/1109 ends in ...374211 or ...T;TgTsT,T3T 7,
1/911 ends in ...374211 or ...T;TgTsT,T3T,T1,

910/911 ends in ...3742I1 or ...T;T¢TsTT3ToT,%

It
[

]
il

*: -1 is added to the rightmost digit.
One of the above,
1/1109 = 0.00...862385374211,

can not only end in T,, m =1, 2, 3, 4, 5, ..., but can also end in Tg,, m = 1,
2, 3, 4, 5, ... . Summing up, we may find different forms of -the decimal
expansion for a particular fraction. Perhaps, they could be  explored on
another occasion.

In another article written by this author (unpublished), even Tetrabonacci
series can also be divided into four types, as above.
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BOOK REVIEW
A New Chapter for Pythagorean Triples by A. G. Schaake and J. C. Turner

In this book, the authors develop a new method for generating all Pythago-
rean triples. They also illustrate that their new method can be used to find
solutions to the Pellian equations x2 - Ny2 = t] where IV is square-free. Since
the book contains only accusations and examples, it is impossible to verify
that their method is mathematically correct even though the numerous examples
found in the book seem to imply that it does work. The authors have published
a Departmental Research Report, with proofs of their methods, which may be had,
on request, with the book. The reviewer has not read the Research Report.

The method, at least to this reviewer, appears to be new. Furthermore, the
method is a very mneat way of relating Pythagorean triples to continued
fractions via what is called a "decision tree.'" However, the reviewer does not
accept the new method with the enthusiasm of the authors because they make
claims which, in the opinion of the reviewer, may not be true. Several of
these claims will be discussed later in this report.

The basic claim of the authors is essentially that (x, y, 2) is a Pythago-
rean triple if and only if

— a
% = q P’ y = p + 4= qt+r
2n 2n 2n
where r/s and p/q are, respectively, the last two convergents of a continued
fraction of the form

[0; Uls Uy eees Uiy Vs 1, j, (v + 1), Uss eees Us ul]-

Using the parity of v, a nice contraction method developed by the authors for
the set of values uj, up, ..., u; and the size of j, the authors illustrate
that there are five families which predict the value of n.

Most of the book is spent on the development of the techniques used and
examples which show how the techniques work. The explanations are clear and
the examples are well done. Actually, there are far more examples than are
probably needed. The book is very easy to read. In fact, several chapters
could be reduced in size or eliminated since anyone with a background in number
theory would know most if not all of the material in Chapters 1 and 2. Other
parts of the book could also be left out. For example, the tables on pages 127
to 137 were of no value to the reviewer. To be fair to the authors on this
point, however, in the Foreword they do state that the material is intended to
be accessible to teachers and college students, as well as to number theorists
and professional mathematicians. (Please turn to page 155)
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EQUAL SUMS OF UNLIKE POWERS

Leon J. Lander

6721 Gleason Road, Edina, MN 55435
(Submitted May 1988)

1. Introduction

Solutions are given for the Diophantine equation
p p P - ,49 q q
o tx, + e v, =y, ty, + - +y,sp>0,q9g>0, m+tn>2,

for which we use the notation (p.qg.m.n). 1In a previous paper [l] we surveyed
solutions of this equation for p = ¢ with p and ¢ < 10. We now show that
(p.-g.m.n) has nontrivial parametric solutions in which the number of terms m, n
on both sides of the equation depend on p and gq. Some of these solutions will
be valid when p = g as a special case, but in general we assume that p > g.
That is, we always write the equation with the higher exponent on the left-hand
side. We assume that none of the x, or y; is zero, and that xf # y?, i.e.,
that equal individual terms on both sides of the equation have been removed.
Rarely does this condition invalidate one of the many solutions available by
our algorithms.

Related work includes a number of parametric solutions and also numerical
solutions, usually involving low values of either p or g or both. Uspenski [2]
gives a general solution in relatively prime integers of 2" = x2 + y2 for
n > 1. Various solutions of the equation z2 = x3 + y3 by Euler, Hoppe, Thue,
and Schwering are given in Dickson [3]. The equation (3.2.n.1) was solved for
various values of n by a number of investigators [4], [5]. Cunningham gave a
procedure for solving (2n.4.2.3) in [6]. Several writers solved (4.2.m.n) for
various values of m and n [7]. Some numerical examples of biquadrates as the
sum of several cubes or squares are given in [8]. A parametric solution of
(5.2.3.1) was obtained by Bouniakowsky [9]. Cunningham solved (8.2.6.1) in
[10] and both (4.2.3.3) and (8.4.3.3) in [11]. Rignaux solved (6.2.2.2) in
[12]. Killgrove [13] discussed the equation x" + y” = zk and gave a proof for
a theorem of Lebesgue [19] which states that if 22! + y2% = 22 has a nontrivial
solution, then ¢ is odd and u?t + vt = w? has a nontrivial solution. Beerensson
[14] proved that x” 4+ y” = 2™ has infinitely many integer solutions if m, n are
relatively prime, but did not present explicit solutions. In [20], Kelemen
proved two theorems on conditions for the solvability and form of solutions of
the general equation

k1l k2 kn -
a et +oaxst + o+ oa,xy 0,

and gave examples.

2. Solution for all Positive Values of p, g

Theorem 1: The Diophantine equation

P p_ .4 q q
s o tx, =y ty, - + Y,
where p > 0, ¢ > 0, m > 0, » > 0, and m + » > 2, has a nontrivial parametric
integer solution, as follows. If d is the greatest common divisor of p and ¢,

this solution exists for all m, n such that

(1) xf + x

r r
m= 3 (uy, + vkkd), n= (v, + ukkd),
k=2 k=2
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where r is any integer > 1 and, for k¥ = 2, 3, ..., r, the Uy and v, are arbi-
trary nonnegative integers not all zero.

Proof: Since d is the greatest common divisor of p and ¢, there exist positive
integers 4, B, C, D such that

(2) Ap - Bq = Cq - Dp = d.

Let aj, ays ..., ag and by, by, ..., b, be arbitrary nonzero integers where
g >1and ¢ > 1, and let

E t
(3) u=>al, v=2> bi.
K= K51

Then 19, when expanded by multiplication, is the sum of sd terms, each of which

is the product of d numbers of the form af. Therefore, each term of ud is of
the form yp, where y is an integer. Thus, we have

(4) uwd = 3 yf,

where the y; are all integers. Similarly, we have

+d
d = q
(5) v j2;1ZJ’

where the z; are all integers. Then, from (2) and (4),

gd
ufl = 4 PpyCa-op = ,0p,d - > ubpyp,
J

ji=1
so that

sd
(6) WH? = 3 (y;ul)?

J=1

is a nontrivial parametric solution of (1) with m = sd, n = 1, and having s > 1
arbitrary nonzero integer parameters aj, dp, ..., dg. Similarly,

+d
vAP = pBaydp-Bq = pBayd = 3 UBqu,

Jj=1
or 4
Ap = .vBya
RPN
which is a nontrivial parametric solution of (1) withm =1, n = td, and having

t > 1 arbitrary nonzero integer parameters by, by, ..., Dg.

Next, we may "add" two or more solutions of (1) by summing the terms with
exponent p to form the left-hand side of the new solution and summing the terms
with exponent g to form the right-hand side. Therefore, a wvalid nontrivial
parametric solution of (1) may be obtained by summing u; solutions of the form
given by (7) for t = k, together with v; solutions of the form given by (6)
with ¢ = k, where k takes on the values 2, 3, ..., » for any arbitrary integer
r > 1. The numbers of solutions to be "added" in this way, u, and v, may be
any nonnegative integers not all zero. Then m, »n, the number of terms in the
resultant equation having exponents p, g, respectively, will be as given in the
theorem.
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3 so that d = 1. Take 4

Example 1: Let p = 4 and g
= = 2. We have

Let » = 2 so that s 2 and

_ ok I _ 13
u—a1+a2,u—b1

+ ok 1
[
O3
il
f—
Q
]
w
o]
1
N

3 _ _ - -
bys Yy = ays Y, = ays 3, = bys 3, = by
The solution (6) becomes
(6.1)  [(a} +a)?®1® = [a; @] + a)?1* + [a,(a] + af)?1"
and the solution (7) becomes
(7.1) (B3 +bD* = by + D1 + (b, + b1,

Two numerical examples of (6.1) for (al, a2) = (1, 1) and (2, 1) are
83 = 4% + 4%; 49133 = 578% + 289",

Two numerical examples of (7.1) for (bl, bz)
9% = 183 + 93; 35% = 1053 + 703.

(2, 1) and (3, 2) are

We may obtain further solutions by combining (through "addition'") any number of
the individual solutions. For example, from those given, we get

ot + 4% + 4% = 183 + 93 4+ 83; 5784 + 289% + 35% = 49133 + 1053 + 703,
and so on.

Example 2: let p = 6 and ¢ = 4 so that d = 2. Take 4 = B = 1. Set r» = 2 so
that ¢ = 2. Then we have v2 = (b? + b;)z, so that

- 32 - _ - 312
v g, = bl, g, = 85 = bbby, 2, ~b2.
Solution (7) becomes)
(7.2) (b + DHE = [BB] + b1 + 20b b, (B + bH1Y + (B3] + b1Y.
Two numerical examples of (7.2) for (by, by) = (1, 1) and (2, 1) are
26 = 2% 4 2% 4 2% 4 2% 176 = 68% 4+ 34% + 34% 4+ 174

Note that the terms in each equation of the type (6) and (7) are not rela-
tively prime. However, since the exponents p and g are different, it 1is not
usually possible to remove a common factor and still have an equation remaining
with the same exponents p and ¢g. This would be possible if in equation (1)
there is a divisor F of all the terms Tys Lps eees Tps Yyo Yos ~ves Ypo where F
is of the form zf and f is divisible by p and ¢, and z > 1. When solutions
involving different sets of parameters a; and b; are combined by "addition,"
the resultant solution will not in general have such a common divisor (as in
the examples given above).

3. Solution for p and g Relatively Prime

Theorem 2: Whenever p and g are relatively prime, equation (1) of Theorem 1
has a nontrivial parametric integer solution for all positive values of m, n
such that m + n > 2.

Proof: In Theorem 1, let d = 1. We use the notation (p.q.m.n) to denote equa-
tion (1). Then (6) gives a solution of (p.g.s.l) for arbitrary s > 1, which we
denote by (5). If n = 1, set ¢ = m to solve (p.q.m.n) with m integer param-—
eters. Similarly, (7) gives a solution of (p.qg.l.%) for arbitrary ¢ > 1, which
we denote by (7). If m =1, set ¢ = n to solve (p.q.m.n) with n integer param-
eters. Next, assume that m > 2 and n > 2. Now set 8 = m- 1 and £t=n - I.
Then "add" the two solutions (S), (T) to obtain a new solution of (p.q.s + 1.
t + 1) = (p.q.m.n). This solution will have s + ¢ = m + n — 2 arbitrary inte-
ger parameters. Next, if m = 2 and »n > 3, add solution (7T) with ¢ = 2 to
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solution (7) with ¢ = n - 2 to obtain a solution of (p.q.2.n) having n integer
parameters. Similarly, if » = 2 and m > 3, add solution (S) with s = 2 to solu-
tion (S) with s = m - 2 to obtain a solution of (p.g.m.2) having m integer
parameters.

There remain only three cases, namely, (p.q.2.2), (p.q.2.3), and (p.q.3.2).

For the case m = n = 2, let a, b be distinct positive integers, arbitrary
except that both are even or both are odd. Then a9 + b9 = 2w, where w is an
integer. Then, since p and g are relatively prime, we have Ap - Bgq = 1 for

integers 4, B and

wB(a? + p?) = whi(2w) = 2wFITAP-Bq = 24P,
Then

(@ + BT = wH? + WP

is a solution of (p.q.2.2) having two integer parameters a, b of equal parity
but otherwise arbitrary. For the case m = 2, n = 3, let a, b, and c¢ be
distinct positive integers, arbitrary except that the sum a? + p? + 7 = 2w,
where w is an integer. This can be achieved by selecting a, b, and ¢ to all be
even, or by choosing one of a, b, or ¢ to be even and the others odd.

Then, as before, we have Ap ~ Bq = 1 for integers 4, B, and

wB(a? + b7 + %) = wBI(2w) = 2wBITAP-Ba = 24P,
Therefore,
(awB)? + (bwP)? + (cwB)? = WHP + (WwhHP

is a solution of (p.q.2.3) having three integer parameters. In a similar
manner, we can generate a three-parameter solution of (p.g.3.2). This com-
pletes the proof.

Example 3: Let p = 8 and ¢ = 5. First, to solve (8.5.2.2), take a = 3, b =1
so that 3% + 15 = 244 = 2(122) and w = 122. Then, since 2(8) - 3(5) =1
may take 4 = 2, B = 3, and 12215(3% + 15) = 12216(2), or

[3(122)3]5 + [(1223)]5 = [(1222)]18 + [(1222)]18.

To solve (8.5.2.3), take ¢ = 2, b =c¢ = 1, so that 25 + 15 + 1% = 34 = 2(17)
and w = 17. Then, 1719(25 + 15 + 15) = 1716(2), or

[2(173)15 + (1735 + (1735 = (172)8 + (172)8.

4. Derived Solutions

Theorem 3: If a specific nontrivial solution of equation (p.g.m.n) exists for
which all of the n terms y? in equation (1) are equal, then a nontrivial solu-
tion exists for the equation (g + pr.p.n.m), where r is any nonnegative
integer.

Proof: 1f

is the specific nontrivial solution of (p.g.m.n), then

nb b7 = PP Y aP = Y (b7 = wpt TP
3 =1

=1

is a solution of the equation (g + pr.p.n.m).
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Example 4: A computer search by the author yielded the smallest nontrivial
solution of (6.2.3.1) as 1006 + 815 + 426 = 11348652. 1If we set b = 1134865,
we have

(10067)6 + (81h*)6 + (42b7)6 = pbr+2
as a solution of equation (6r + 2.6.1.3) for r > 0.

Theorem 3 can also be applied when p = g. The solutions recently found by
Eklies [15] and Frye [16] to the equation x* + y"* + 2% = ¢% allows us to solve
the equation (4r + 4.4.1.3), for any integer r = 0. In particular, for » = 1,
we have

(@)™ + (ey) " + (g2)* = t8
as a solution gf (8.4.1.3), where x = 95800, y = 217519, z = 414560, and
t = 422481. Other solutions to the equation (p.p.m.n) can be found in [1].

5. Incompleteness of the Theorems

The solutions to (1) produced by the algorithms of Theorems 1, 2, and 3 are
not complete. The smallest nontrivial solution of (4.2.3.1) is

20% 4+ 15% + 12% = 4812,

which cannot be produced by Theorem 1, since 481 is prime to 20, 15, and 12.
The smallest nontrivial solution of (4.3.2.2) is '

11% + 8% = 243 + 173,

This solution cannot be produced by Theorem 2, which yields only solutions of
the form
p P _ q
Ty +xy = 2y,
or by Theorem 3, which yields only solutions of the form

p P P = q
gt oz, + oo +oxp = Ny

6. Table of Solutions

We supplement the discussion by presenting in Table 1 a list of solutions
to equation (p.q.m.n) for p and q < 10 and m and n < 4. The solutions were
obtained by a combination of methods, including the use of Theorems 1, 2, and
3, computer search, and reference to the literature. As illustrated in the
table, the solutions produced by use of Theorems 1, 2, and 3 are incomplete,
since solutions exist for which the terms in (1) have no common divisor > 1.
Table 1 lists the solutions in smallest integers known to the author. Some
equations have no nontrivial solutions. The equations (6.3.1.2), (6.3.2.1),
(9.3.1.2), (9.3.2.1), (9.6.1.2), and (9.6.2.1) have no nontrivial solution
because, as Euler proved [17], the equation x3 + y3 = 23 has no solution with
zy = 0; similarly, equations (4.2.2.1), (6.4.1.2), (8.2.2.1) and (8.6.2.1) can-
not be solved nontrivially because Euler showed that the equation xt + yl+ = z2
has no solution with xy # 0 [18]. The equations (6.2.2.1), (6.4.2.1), and
(8.6.1.2) are impossible (because xz3 + y3 = z3 is impossible) by a theorem of
Lebesgue [19]. As shown in Table 1, the equations for small values of p, g, m,
and »n which appear to be the most difficult to solve in small integers are
(6.3.3.2), (6.3.3.1), (6.4.2.2), (6.4.3.1), (6.4.3.2), (8.2.3.1), (8.4.2.2),
(8.4.3.1), (8.4.3.2); (8.6.m.n) form < 4, n < 4 except (8.6.1.3); (9.3.3.1);
and (9.6.m.n) with m < 4, n < 4. Although solutions were not found for these
specific values of p, g, m, n, we can obtain solutions for the same values of
p> q with larger values of m, n by applying Theorem 1. For example, solutions
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for (9.6.1.8) and (9.6.8.1) are
ud = (@3 + (B3 + 3[(a®bu)® + (ab?u)®], u = a® + b°;
(¥2)® = (@)% + %) + 3[(a%v)? + (ab?v)°], v = a® + b3,

where o and b are arbitrary integers.
v = 513 and these solutions become

659 = 520% + 3(2606) + 3(130%) + 656;
2631696 = 41049 + 3(2052°) + 3(1026°%) + 5139,

The author would be pleased to receive correspondence concerning any new solu-
tions to the equations discussed above.

146

If ¢ = 2 and b = 1, then u

65 and

m 14
TABLE 1. Solutioms of 3 xf =3y’
=1 J=1
Legend: The entry x;, &, , «s £, = Y1 > Yp s .- Y, denotes the solution.
P mn 1.2 1.3 2.1 22
3.2 2=22 5=10,5 3=3,3,3 2,1=3 2,2=4 4,1=74 4266
5=11,2 3=5,1,1 B,4=24
42 5=247 3=6,6,3 impossible 5,5=35,5
5=20,15 3=74,4
43 2=2,2 323,33 44=8 32,32=128 11,8=24,17
O=18,9 108,108=648 14,14=42,14
52 2=4 .4 3=9,9,9 2,2=8 B8,8=256 3,1=12,10
5=41,38 3=11,11,1 4,1=31,8
53 3=6,3 6=18,12,6 2,2=4 6,6=24,12
4=8,8 9=27,27,27 12,10=70,18
54 2=2,2 3=3,3,3 8,8=16 41,41=123,41
6.2 5=100,75 3=18,18,9 impossible 21«74
5=117,44 3=26,7,2 3,1=21,17
5=120,35
6.3 impossible 3=8,6,1 Impossible 18,12=330,102
522,174 172,86=27778,16942
6=30,24,18 ’ ’
64 impossible 481=20(481), Impossible Unknown
15(481),12(481)
6.5 2=22 3=3,3,3 16,16=32 122,122=366,122
33=66,33 34=68,34,34
7.2 2=8.8 3=4599 2,2=18 4,1=127,16
5=205,190 3=43,17,17 8,8=2048 4,1=103,76
5=250,125 4,1=92 89
5=278,29
7.3 2=d 4 3=9,9,9 4,4=32 14,14=588,196
9=162,81 6=64,26,6 32,32=4096 16,12=620,404
74 8=32,32 11=55,55,33 2,2=4 3,.3 5 5
41°,41°a3(417) 41
27=243,243,243
75 | 8=16,16 27-81,81,81 4,428 1223 1223
3(122%),122%
76 | 2=22 323,33 32,32=64
65-130,65 | 66=1326666 225-,?2536 965,365-1095.565
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TABLE 1 (continued)

m.n 1.2 1.3 2.1 2.2
pg
8.2 | 5=500,375 3=54,54,27 impossible 3,1=71,39
5=585,220 3=63,36,36 3,2=79,24
5=600,165 3=79,16,8 4,3=264 49
8.3} 3=18,9 6=108,72,36 2,2=8 6,6=144,72
4=32 32 8=25557,22
9=243,243,243
8.4 | Impossible See Text, impossible Unknown
Section 4.
8.5 8,8=32 9=27,27,27 8,8=32 a2,a2-3a% a3
332.2(339), a=122
332
8.6 | Impossible a=100a,81a, Impossible Unknown
42a a=1134865
87| 2=2,2 3=3,3,3 64,64=128 a,a=3a,a a=1094
9.2} 2=16,16 3=81,81,81 2,2=32 5,5=1875,625
9.3 | Impossible 3=24,18,3 Impossible 4,2=60,36
5=110,85,20 7,2=322,191
8.4=480,288
94| 2-44 3-9,9,9 8,8=128 2,a=3a%,a° a=41
17=578,289
95| 16=128,128 | 81=37,3737 |2.2«4 ada%=3a’,a’
a=122
9.6 | Impossible Unknown Impossible Linknown
9.7] 16=32,32 81=3°3°3% |8,8=16 a4 a%=3a% a°
Zaa,asna4 a=1094
a=513
98] 2=2,2 3=3,3,3 128,128=256 a,a=3a,a a=3281
257=514,257
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TABLE 1 (continued)

3 mn 2.3 3.1 3.2 3.3

3.2 |3,2=5,31 3,216 3,1,1=5,2 2,2,1=3,2,2
3,3=5,52 3,3,3=9 421=83

6,2,1=15

42 ]21=3,22 20,15,12=481 | 2,1,1=3,3 2.2,1=522
3,1=8,3,3 3,2,1=7,7 3,1,1=7,5,3

4.3 [54=9,53 55,3=11 3,3,3=6,3 4,1,1=5,52

9,9,9=27 8,54=17 4

52 |2,1=5,2,2 3,3,3=27 2,1,1=53 2,1,1=433
3,1=12.8,6 12,12,12s864 | 2,2,1=7,4 22,1=65,2
3,3=22,11 15,5,5=875

53 164=17,158 | 3,3,3=9 9,3,3=39,6 3,2,2=6,4,3
8,3=32,6,3 24,24,24=288 | 9,9,9=54,27 3,3,3=8,6,1
9,3=36,21,15| 68,34,34=1156

54 199=18,99 27,27,27=81 17,4,1=37,17 6,4,3=9,7,3

6,6,6=12,6,6

6.2 |2,1=6,52 100,81,42= 3,2,1=25,13 21,1=554
5,3=127,12,9 1134865 3,2,2=29,4 22,1=10,5,2
5,5=176,15,7 3,3,2=39,1 2,2,1=11,2,2

6.3 | 7,5=46,33,1 | Unknown Unknown 33,1=11,4,4
7.6=50,34,1 6,2,1=30,25,16

6.4 13,3=6,33 Unknown Unknown 10,6,1=30,22,7
7.7=19,18,1 10,9,1=34,215
7.7=21,14,7

6.5 |17,17=34,17, 181,81, 11,11,11222,11 16,16,2=32,2,2

17 B1,=243

7.2]21=11,2,2 3,3,3=81 2,1,1=11,3 22,1=154 .4
2,1=10,5,2 12,12,12= 2,1,1=9,7 2.2.1212,8,7
2,1=8,7,4 10368 2,272=16,8,8

7.3 4,220,208 | 9,9,9=243 3,3,1=15,10 4,4,2=324 4
54=44,21,4 3,3,3=18,9 6.6,2=76,49,15
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TABLE 1 (continued)

\m.n 2.3
Pq

3.4 3.2 33
74199254,27,27| 3,3,3=9 a3,a3,a%=6a5325 | 6,1,1=2332
. a=459 8,2,2=32,32,4
75| aBaB=2a%, | 9,9,9-27 222,22 a2aa8 a3 84,416,168
a4.a4 a=17 a=65
7.6 | 33,3366, 243243243 | aaa=6a3a 32,32,2.64,2,2
33,33 729 a=15795
8.2]21=11,10,6 | Unknown 3,3,2=97,63 2,1,1=11,11,4
2,1=12,87 2,1,1=13,18,5
8.3 | 4,240,124 | 3,3,3=27 9,9,9=486,243 2,1,1=5,5,2
4,233,314 3,2,2=18,9,8
8.4 | 7,7=56,35,21 { Unknown Unknown -4,43=18,13,8
7,7=55,39,16 5,4,3=24,19,5
8.5 | a2a2=2a3, | 27,27,272243 | 112,112,112 a2,a2 a%.3a3,
a3ad a=17 2(113),113 2a3 a3 a=92
8.6 | Unknown Unknown Unknown Unknown
8.7 | 65,65=130, | 36363637 | 43,4343.86,43 a,a,a=3a,2a,a
65,65 a=772
9.2 | 3,3=162, 3,3,3=243 2,1,1=17,15 2,2,2=32,16,16
81,81 2a,3,a=a5,a> a=257
1=23,18,3
9.3 | 4,2=57,42,15| Unknown 12,8,8=1808,-784 3,2, b
4,365,19,7 8, 3,3,2=32,17,13
0.4 |0,9-162,81, | 27,27.27=37 | aaa-6a°3a2 8,8,2=128,4,4
81 a=459
95 |a%a%e2a’, | 3,3.3-9 2a,aa=a2,a? 3a,2a,a=a,a?,a?
a’,a’ a=17 a=257 a=6732
9.6 | Unknown Unknown Unknown Unknown
4
07 |ah atuzaB, | 272727081 | 2a3a3a%-atat | 2a3a16-2%32,
2525 au65 =257 32 a=513
9.8 |aa=2a,a,a 37'37'37538 237v37-37“38-38 128,128,2=256,
a=129 8=257 22
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1. Introduction

A Fibonacci sequence is defined by two initial terms, F(1) and F(2), to-
gether with the recursion equation

(1) Fn+1) =F(n) +Fn - 1), n =2, 3, 4,

A closed form expression for the n'® Fibonacci number is given by

_L1+‘/§T 1[1—/3}"
(2) F(n) = /g[“‘if—_' - 7§ B n

If we let F(1) = F(2) = 1 in equation (1), then we get the well-known sequence
of Fibonacci numbers

1, 1, 2, 3, 5, 8, 13, 21, 34, 55,

Because F(n) is defined recursively in (1), we must know F(n) and F(n - 1) in
order to find F(n + 1). Therefore, to find F(100) for example, we must first
compute F(3), F(4), ..., F(98), F(99). This becomes a formidable computing
task as n gets large. Finding F(n) for large values of n from equation (2) is
also a laborious task. Computing time, machine limits, and round-off error are
problems that must be considered.

In this paper we assume that m terms of the Fibonacci sequence are known.
To construct a formula that generates the m terms, one can use the Lagrangian
approach to obtain the collocation polynomial. This method is based on the
following theorem from [3].

=1, 2, 3,

Theorem: Let (x3, fx)> k=0, 1, 2, ..., n, denote (n + 1) points that would
lie on the graph of a function. Then there exists a unique collocation poly-

nomial p(x) = Z;;oaﬁmﬁ whose graph passes through the given (n + 1) points.

The Lagrangian method may require sophisticated numerical techniques in
order to produce the collocation polynomial. However, the finite differences
procedure and the examples presented here are at a level that can appeal to
high school teachers with a desire to add interesting exercises involving
Fibonacci numbers (or any sequence). Therefore, the emphasis in this paper is
not on the derivation of the formula, but on the application of the formula to
reproduce the given m Fibonacci numbers. 1In addition, the formula presented
is in a more directly useable form than is usually available, and its purpose
is different from equations (1) and (2). In some applications, such a formula
may prove to be quite useful.

2. A Polynomial Formula Using Finite Differences

In this section we describe a general method for constructing a polynomial
that generates the terms of a sequence. Let s;, Sy, ..., S, be the terms of a
sequence. Form the successive order differences as shown in Table 1.
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TABLE 1
n | Sequence Terms Difference
1st 2nd 3rd 4th 5th --.
1 S1
PSS D}
2 S2 —— Dg
— D} D}
3 S3 — D2 D}
—n 03 s
4 o —_— D D!
— D} D3
5 S5 — Dg
S Dé
6 Sg
where
Di=s-s D} =D;-Dj D} =D} - D}
D} =s3 -3, D} =D} - D} D3 = D} -Dj
Dioy = 8m = Sm1 Dy y=Dh1-Dhis D} _3=D}_,-Dh_,

We assume that some order difference becomes constant. That is, Df = C,
Jg=1, 2,3, ..., m - 7, for some © =1, 2, ..., m — 2. Thus, the next order
difference D!*! is zero for all Je

Let k <m - 1 be a positive integer such that Df is zero for all j =1, 2,
.e.s m - k. The general term of the original sequence can now be expressed by
a polynomial in n. The polynomial formula that generates the sequence is based
on the above finite difference table and is given by

_ 1, m-1)n-2) » (m-D®m-2)(n-3) 3
(3) s, =8, + (n- 1)D] + o DT+ 3 Dy
-1 - 2) .. - (k-1 -
+-_.+(n ) (n ) n - ( ))D,1<1
(k = 1)!
Equation (3) is in terms of ) the first term of the sequence, and D%, D%,
e D?‘l, the leading first terms of the various order differences. The

complete derivation of (3) is given in [1] and [2]. .

Equation (3) assumes that the order differences, DY, j =1, 2, ..., m - %,
are zero for some 7 = 1, 2, ..., m - 1. However, we have found that this
condition is not necessary for the derivation of a generating polynomial.
Equation (3) can be extended in order to construct a polynomial that generates
the terms of any sequence whether or not the order differences, Df, j = 1, 2,
..., m - 1, are zero for some 7 =1, 2, ..., m — 1. We use the first term of
the sequence, Sy and the differences D%, D%, e DT'I. The general term of
the sequence if given by

%) s, =8, + (- Dot + L7 l;f” m D p2, 2o 1)(”3_! 2 = 3) ps
(n - 1D(n-2) v 2 1 .
et (m - 1)1 %'
152
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3. Examples

In this section we apply equation (4) to several sequences. Consider the
first four terms of the Fibonacci sequence, 1, 1, 2, 3. Form the order
differences as shown in Table 2.

TABLE 2
n ' Sequence Differences
1 1
—_ 0
2 1 1
— ] —_— -]
3 2 0
—_— 1
4 3
Thus, s; = 1, D} = 0, D} = 1, and D} = -1. Substituting these values into (4)
yields
n-1mn-=-2) n-1)n-2)(n - 3)
(5) s, =1+ (n- 1O + 2 (1) + 5 (-1
= é(—n3 + 9n?2 - 20m + 18).
For m = 1, 2, 3, 4, equation (5) yields the Fibonacci numbers 1, 1, 2, 3.

Using (5), it is possible to generate F(4) without having to compute F (1),
F(2), F(3) as in the recursion equation (l). Note that (5) does not generate
the correct term #(5) = 5 for m = 5. This procedure produces a polynomial that
generates only the terms of the initial sequence.

We do not have to begin the sequence of terms with F(1) in order to apply
(4). TFor example, comsider F(10), F(11), F(12), F(13), F(l4), namely, 55, 89,
144, 233, 377. Table 3 contains the order differences.

TABLE 3
n | Sequence Differences
1 55
— 34
2 89 21
e 55 13
3 144 34 8
—_— 89 21
4 233 55
— 144
5 377

Here, s; = 55, D} = 34, D% = 21, D3 = 13, D} =8, s, = F(10), s, = F(1l), 85 =
F(12), 8y, = F(13), 8g = F(14). Using (4), we obtain a polynomial that generates
the sequence:

n-DMm-2)(n - 3)

2)(21) + g

n~-1Mn -
(6) S, — s

55 + (n - 1)(34) + (13)

n-1n-2Yn=-3)Yn - 4)
+ 24 (8)

%(2n4 - 713 + 5542 + 58n + 222)

For w = 1, 2, 3, 4, 5, equation (6) yields the Fibonacci numbers
8, = F(10) = 55, ..., S5 = F(14) = 377.
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Once again we can generate any single term of the sequence without computing
previous terms. For example, in order to generate F(l4) = 377, we let n = 5 in
(6). As in the previous example, we do mot cobtain F(15) = 610 by letting n = 6
in (6).

Suppose we are given a longer sequence of Fibonacci numbers. To obtain the
generating polynomial, the above procedure suggests we must calculate agll the
order differences. Fortunately, this is not the case.

Consider the sequence consisting of the first ten Fibonacci numbers and the
order differences given in Table 4.

TABLE 4
Fibonacci Numbers

F(1) F(2) F(3) F(4) F(5) F(6) F(7) F(8) F(9) FQ0)

1 1 2 3 5 8 13 21 34 55
Differences for Equation (4)

1 2 3 L 5 6 7 8 9

81 D1 b3 Dy Dy D3 Dy Dy Dy Dy

0 1 -1 2 -3 5 -8 13 -21

There is a definite pattern in the differences given in Table 4. The lead-
ing differences alternate in sign beginning with D and the absolute value of
these differences yields the first eight Fibonacci numbers 1, 1, 2, 3, 5, 8,

13, 21. The following examples further illustrate the pattern in the leading
differences.

Consider the sixteen Fibonacci numbers beginning with #(5) = 5 through
F(2) = 6765. The Fibonacci numbers and the leading differences are given in
Table 5.

TABLE 5

Fibonacci Numbers

F(5) F(6) F(7) F(8) F(9) F(10) F(11) F(12)

5 8 13 21 34 55 89 144
F(13) F(14) F(15) F(16) F(17) F(18) F(19) F(20)
233 377 610 987 1597 2584 4181 6765

Differences for Equation (4)

2 3 b 5 6 7 8 9 10 11 12 13 1k 15
p} p} oy b3 0§ p] 0§ p§ plo pll plz pl3 plx pl
1

sy D 1
1 0 1 -1 2 =3 5 -8 13 -21 34 -55

W e

From Table 5, we see that
D = F(4), D2 = F(3), D} = F(2), DY = F(1).

After D%, the differences follow the same pattern of differences as in the pre-
vious example. That is, the differences alternate in sign, and the absolute
value of the differences yields the first ten Fibonacci numbers.

Therefore, suppose we consider a sequence of sixteen Fibonacci numbers

beginning with F(10) = 55. Then the differences are found quickly and simply

without computation from the patterns in the above examples. The differences
for (4) are:

1 2 3 L 5 6 7 8 9 10 11 i2 13 14 15
Dl Dl Dl Dl Dl Dl Dl Dl Dl Dl Dl Dl Dl Dl Dl
3 21 13 8 5 3 2 1 1 o0 1 -1 2 =3 5

Substituting these values into (4), we obtain a polynomial in » which generates
the sixteen Fibonacci numbers F(10) = 55 through F(25) = 75025.
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These examples demonstrate a technique for obtaining a polynomial that gen-
erates any finite sequence of Fibonacci numbers. The leading order differences
must be calculated in order to determine the polynomial, but they follow a
discernible pattern. The resulting polynomial generates only those terms in
the initial sequence and is useful in some applications.
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(continued from page 140)

The reviewer has some problems with comments made by the authors. First,
the authors could, I believe, have misinterpreted the quote by Schalau and
Opolka which is given in the Foreword. The Pythagorean triple problem was
completely solved in antiquity if by this statement Schalau and Opolka meant
that a method had been developed which totally solved the problem of finding
all Pythagorean triples. If Schalau and Opolka meant that no new results could
be found, then the authors are correct. I believe that the former is the case.

The authors also claim that there is no technique for systematically gen-
erating all Pythagorean triples by the old method. This is, I believe, a
matter of opinion. The reviewer happens to believe that the original technique
developed by Diophantus is very systematic. That is, (x, y, &) is a Pythago-
rean triple if and only if x = 12 - 02, y = 2uv, and 3 = u?2 + v2, where u > v.
The problem here is the meaning of '"systematic." The authors also feel that
their method is more time efficient. The reviewer has a problem with this.
Finding the greatest common divisor of two integers, even when large, is not a
problem for the computer. It does take time but would it take any more time
than is needed to go through the contraction method developed by the authors or
to find the convergents needed for the continued fraction or to pick and
implement the method (class) that gives the correct value of n? I think not.

Overall, I would recommend the book and suggest that those interested in
Pythagorean triples or Pellian equations read it.

sk sk 3k 3§ 3k sk sk sk 3k sk 3k ok sk sk sk sk ook sk sk sk sk sk ke sk sk ok sk sk sk sk sk ok st sk sk sk sk st ok sk sk sk sk sk ok sk sk sk sk sk sieske sk skl sk s sk sk sk skl sk sk sk ok skl sk sk ks sk sk
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1. Introduction

The Hermite polynomials, Legendre polynomials, Laguerre polynomials,
Gegenbauer polynomials, and Jacobi polynomials belong to the system of classical
orthogonal polynomials (see, e.g., [4]). For each class of these polynomials,
it is well known that the orthogonal property, differential equation (gen-
eralized), Rodrigues representation, and three-term recurreﬁce relation are all
equivalent (see, e.g., [4]) in the sense that any one of the above four
properties implies the other three.

Throughout this paper we concentrate exclusively on the Hermite polynomials
H,(x). There exist in the literature (see, e.g., [1]1-[3], [5], [6], [8]) many
starting points for developing the properties of the Hermite polynomials: (i)
Hermite differential equation (see, e.g., [6]), (ii) Rodrigues' representation
[8], (iii) the simple but beautiful relation [9], given in Arfken ([2], Prob.
13.1.5, p. 718),

(1) H,(x) = (2x - D)*1, D = d/dx, n = 0,

and (iv) the following generating function (see, e.g., [1]-[3], [5])
(2) exp(2tx - t2) = 3 H, (x)t"/n!
n=0

Many generating functions exist for the Hermite polynomials (see, e.g., [5]).
However, throughout this paper by generating function for H,(x) we only mean
the more familiar one defined by (2). Moreover, we follow the convention that
W0 = I, the unit operator, for any operator W. The purpose of this paper is to
present the following relation

(3) Hy(x) = g”'[2x - D + g~ {Dg}1"g, D = d/dx, n 2 0,

where g(x) is any differentiable function not identically zero, as the spring
(starting point) for the starting points. We begin with a derivation of (3)
and then show that all properties of the Hermite polynomials and many a beau-
tiful relation follow from it.

2. Spring of Springs

Actually, (3) is a combination of the pure recurrence relation (see, e.g.,

£51)

(4) Hyp1(x) = 22H,(x) - 2nH,_1(x), n 2 1,

and the differential recurrence relation (see, e.g., [5])
(5) DH,(x) = 2nH,_1(x), n 2 1,

and the results (see, e.g., [5])

(6) Ho(z) = 1,

(7) Hy(x) = 2x.

The proof is as follows. Using (4) and (5), we have
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(8) Hpp1(x) = 2xHp(x) - 2mH,_1(x) = 2z - D)H,(x), m = 1.
Moreover, in view of (6) and (7), #;(x) = (2x - D)Hy(x). Thus,
(9) Hy(x) = (2x = D)H,_1(x), n = 1.

If g(x) is any differentiable function not identically zero, then
(10) gH, (x) g(2x - D)H, _1(x)

[22 - D + g H{Dg} g, -1 ()}, n = 1.

Iteration of (10) yields

(11) gH,(x) = [2z - D + g~HDg}1"g, n = 1,

since Hy(x) = 1. However, (11) is also true for m = 0. Relation (3) now fol-
lows immediately.

The interesting point about (3) is that one need not specify what g(x) is.
Any differentiable function not identically zero will suffice. Thus, for exam-
ple, when g = 1, we obtain the beautiful relation given in Arfken ([2], Prob.
13.1.5, p. 718):

(1) H,(x)= (x - D)"1, D = d/dx, n 2 0.
When g = exp(—xz/Z), we derive the relation
(12)  Hy(xz) = exp(x?/2)(x - D)*exp(-x%/2), n = 0,

a result that is very useful in the quantum mechanical treatment of a simple
harmonic oscillator (see, e.g., [2]). When g = exp(-x2), we deduce from (3)
the Rodrigues' representation (see, e.g., [5])

(13) H,(x) = (-1)"exp(x2)D" {exp(-z2)}, n = 0.

It is now clear that the spring of springs [i.e., (3)], the Rodrigues' repre-
sentation [i.e., (13)], Arfken's formula [i.e., (1)] and (12) are all equiva-
lent.

Relation (3) has been obtained as a natural consequence of the standard
properties of the Hermite polynomials. We shall now show that (3) is a spring
for developing the properties of H,(x). First we prove (9) starting from (3):

Hy(x) = g l[22¢ - D + g~ 1{Dg}1"g
g Y2x - D+ g Dg} 1 {gH, -1 (x)}
(22 - D)H,_1(x), n = 1.

Relation (9) plays a crucial role in establishing the results that (1) and (3)
are springs of the Hermite polynomials. For example, the differential recur-
rence relation can be obtained from (9). If DH,(x) = 2MHy_;(x) for some M 2 1,
then

(14) DHy 41 ()

D{(2x - D)Hy(x) }

2Hy(x) + (2x - D)DHy(x)
2Hy(x) + (2x = DY{2MHy _1(x) }
20y (x) + 2MHy(x)

2(M + 1)H,(x) .

By using induction, we now obtain the differential recurrence relation, (5).
The three-term recurrence relation, (4), then follows from (9) and (5). The
differential equation satisfied by Hy(x) can be obtained from (l4), since

28y, (x) + (2 - D)DHy(x) = 2(M + 1)Hy(x),

]

it
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so that
(15) (D2 - 2xD + 2M)H,(x) = 0, ¥ = 0.
From (9), one can obtain the power series expansion (see, e.g., [5]) using
induction:
[n/2] (—l)sn' (zx)n—zs
(16)  Hy(x) = 2.

s=0 st(n - 28)!

v

0,

H

where [r] is the greatest integer < r. Though tedious, the method is straight-
forward. For an alternative method of arriving at the power series expansion
from (1), see also [8]. Following Simmons ([6], p. 191), we can obtain the
generating function [see (2)] from the power series expansion. We show that
(2) can also be derived from the pure recurrence relation as follows: (1)
Assume the existence of a generating function of the form

A7) GG, ) = 3 B (@)t"/nl
n=0

(ii) Differentiate G(x, t) partially with respect to ¢ and use the three-term
recurrence relation and (6) and (7) to develop the following first-order dif-
ferential equation for G(x, t):

(18) G~Y(8G/3t) = 2x¢ - 2¢.

(iii) Holding x fixed, integrate both sides of (18) with respect to ¢, from O
to ¢, to obtain

(19) Gz, t) = G(x, 0)exp(2xt - t2).
(iv) Since G(x, 0) = Hy(x) = 1, by (6), it follows that
(20) G(x, t) = exp(2xt - t2).

Our procedure outlined above is just similar to the one used by Arfken ([2],
Prob. 13.1.1, p. 717) to arrive at the generating function from the differen-
tial recurrence relation, (5), supplemented with the results

(21)  Hypsy(0) = 0, m 20,
(22) Hym(0) = (-1D"C2m)!/m!, m = 0.

Rodrigues' representation is a simple corollary of (3) and the orthonormal
property,

(23) .[w exp (~x2) By () Hy (2)dx = 2"n!V18

can be proved using it (see, e.g., [8]). Szegd [10] has elegantly shown that
real orthogonal polynomials associated with an even weight function and an
interval of orthogonality symmetric with respect to the origin have a definite
parity. Hence,

(24) Hy(-x) = (-1)"H,(x), n = 0.

In other words, H,(x) can contain only those powers of x that are congruent to
7n (mod 2). Using this result, Descartes's rule of signs, and the properties of
the zeros of H,(x) (see, e.g., [5], [10]), it has been proved in [7] that #,(x)
does contain only those and all those powers of x that are congruent to »n (mod
2). Moreover, the adjacent coefficients of H,(x), n = 2, alternate in sign [7].
See also (16). Thus, starting from (3), one can obtain the differential recur-
rence relation, pure (i.e., without derivative) recurrence relation, differen-
tial equation, and orthonormal property satisfied by the Hermite polynomials in
addition to their Rodrigues representation, power series expansion, and
generating function.
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3. The Relation H,(x) = 2"{exp(-D?/4)}xn

We now prove the following interesting relation from Bell ([3], Th. 5.3, p.
159):

(25) Hy(x) = 2™{exp(-D%/4)}x".
Here exp(-D2/4) is formally expanded as

(26)  exp(-D2/4) = 3 {(~1/4)° /s1}D% .
Since 870

{nt/(n - 28)1}x" 28, 25 < m,
(27) D2sgpn =

0, 28 > n,

one can obtain (25) directly from the power series expansion, (16), using (26)
and (27). Our proof of (25) is an alternative to that given in Bell ([3], p.
159). By retracing the steps for obtaining (25) from (16), one can show that
(25) implies (16). Thus, the power series expansion and Bell's formula [i.e.,
(25)] are equivalent.

4. Status of the Springs

We can clearly classify the starting points into two distinct groups: (a)
full/complete/self-contained springs and (b) associate (incomplete or partial)
springs. To the first category belong the generating function, the Rodrigues
representation, the power series expansion, relations (1), (3), and (25), and
the orthonormal property. These springs specify the Hermite polynomials com-
pletely. The differential equation, the pure and differential recurrence
relations, the orthogonal property, and (9) belong to the second category
because they require supplementary conditions to specify the Hermite
polynomials fully. The constant term of any #,(x), n 2 1, cannot be found from
the differential recurrence relation, (5), since the operator D simply swallows
it. In the case of the orthogonal property, we require the value of the right-
hand side of (23) when m = n, for all n > 0 (the square root of the reciprocal
of this quantity is the so-called normalization constant), and to make (9) a

complete spring we require the result Hy(x) = 1.
An outline of the development of the various properties from the springs is
shown schematically in Figure 1. (0f course, not all the paths are shown.)

Certain properties can be more easily obtained from a given spring, while it
may be tedious to derive another property from the same spring. For example,
in view of (26), we have

[D exp(-D2/4)1f(x) = {exp(-D?/4)}(Df),

where f(x) is any differentiable function of x. Hence, from (25) and (26), we

have
DH, (x) = D[2"{exp(-D?/4)}z"]

= 2™"{exp(~D%/4)} (Dx™)
= on[2" Hexp(-D2/4) }x" 1]
= mH, 1(x), n 2 1.

Probably this is the simplest proof of the differential recurrence relation.
The method of induction plays an elegant role in developing certain properties
from a given starting point. Some properties can be independently obtained
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from a given spring without going either via the generating function or via the
Rodrigues representation.

Y
CAF > DRR —<—+-—>—{PRR
Y i, A

WUE

FIGURE 1

Schematic diagram showing the development of the various properties of the
Hermite polynomials. Full springs are shown inside the circles. Squares
enclose the associate starting points. Triangles stand for the supple-
mentary conditions necessary to make the incomplete springs complete ones.
We have not given the complete paths to arrive at all the properties,
starting from a given spring. The following abbreviations have been used:
(a) AF: Arfken's formula, (1) of text. (b) BF: Bell's formula, (25) of
text. (c¢) CAF: Corollary to Arfken's formula, (9) of text. (d) DE:
Differential equation. (e) DRR: Differential recurrence relation. (£f) GF:
Generating function. (g) LC: Leading coefficient of each and every H,(x),
n 2 0 (= 2"); supplement to the differential equation. (h) ONP: Ortho-
normal property. (i) OP: Orthogonal property. (A knowledge of the leading
coefficient or the normalization constant for every #,(x) makes it a
complete spring.) (j) PRR: Pure (three-term) recurrence relation. (k)
PSE: Power series expansion. (1) RR: Rodrigues' representation. (m) SD:
Supplement to the differential recurrence relation, (21) and (22) of text.
(n) SOS: Spring of springs, (3) of text. (o) SP: Supplement to the pure
recurrence relation, (6) and (7) of text.
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5. Conclusions

Any relation or a set of relations that can specify all the Hermite poly-
nomials completely should be a full starting point. One can level criticisms
against any spring. For Simmons ([6], p. 189), the generating function method
is totally unmotivated, though it has the advantage of efficiency for deducing
the properties of the Hermite polynomials. While he prefers to develop the
properties from the differential equation, Andrews ([1], p. vii) introduces the
classical orthogonal polynomials by the generating function method and Rain-
ville [5] revels in the generating function approach. Relation (1) is simple
and handy, but may have the obvious weakness of being completely unmotivated.
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ON THE EQUATION ¢(x) + (k) = ¢(x + k)

Patricia Jones
University of Southwestern Louisiana, Lafayette, LA 70504
(Submitted May 1988)

Solutions of the equation
¢(x) + (k) = ¢(x + k)

(where ¢ is Euler's totient function) were considered by Makowski [3]. He
showed that at least one solution exists if kX is even, or k is not divisible by
3, or

_ ag a1 Ag

k= mEO L
where #; = 22"+ 1 is the ¢' Fermat number, a; > | for 0 < © < s, F 41 is prime,
and (m, 2FgF{ ... FgFsy1) = 1. He did not determine whether solutions exist

for other odd numbers that are divisible by 3. Makowski also raised the
question whether there are positive integers for which no solution exists. In
particular, he noted that it is not known whether there is a solution for
k = 3.

This paper provides very severe necessity conditions for x when kX = 3, and
significantly enlarges the set of integers for which at least one solution is
known to exist.

Throughout this paper, p, ¢, and r will denote distinct odd prime numbers.

Lemma 1: If ¢(n) = 2j for j > 1 and odd, then n = p® or n = 2p%.

The proof is given in [1].

Lemma 2: If ¢(n) = 4 for some odd j > 1, then n is one of the following: pe,
2p%, 4p*, p%q®, or 2p%g8.

Proof: Clearly m cannot be divisible by 8 and cannot have more than two dis-—
tinct odd prime factors.

Theorem I: If ¢(x) + ¢(3)

H

¢(x + 3), then
2p®* - 3, and

(1) « = 2p* or x
(i1) p > 3.

Proof: (i) Let ¢ (x) 277 and ¢(x + 3) = 2"k for §, k odd. Then the hypothe-
sis gives us 2V + 2 = 2"k. Hence, v = 1 iff m = 1.

Case 1. Let v = 1. Then x = p* or x = 2p® by Lemma 1. x = p® implies
p* - p*7l + 2 = 9(p* + 3),
and since p® + 3 is even,
p* + 3
2
Thus, p® + 1 < 2p®~!, which is impossible.

d(p* + 3) <

Case 2. Letm=1. Then x = p® - 3 or 2 = 2p* -~ 3 (Lemma 1). Since p*- 3
is even,

p* - 3

o(p* ~ 3) < 2

However, 2
6(p*) 2 gp“;
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so if x = p® - 3, we have

pt -3
2

which gives the contradiction 3 2 p©.

+2> 6(p% - 3) + (3) =

wiro

p%s

(ii) Suppose p = 3.
Case 1. Let & = 2+ 3% for a > 1. Then

$(2+3%) + ¢(3) = ¢(2° 3% + 3),
so that
3¢7l + 1= ¢(2 3971 + 1),

Notice that this implies that 2« 3% 1+ 1 and ¢(2+ 3%~ 14 1) are relatively prime;
hence, 2+ 3%"1+1 is square-free. And since 8*(3“'14-1), Lemma 2 gives us

23l + 1 =g or 2-3% 1 +1 =gr.
The supposition 2+ 3%~1 + 1 = g leads to the contradiction
9(2+ 3971 + 1) = 2. 3071 = 3071 47,

Hence, 2+ 3%°1 + 1 = gr.
Assume ¢ > r. Since

2¢(qr) = 20371 + 1) = qr + 1 = 2(@qr - g -r + 1),

we get gr = 2q + 2r - 1. But » > 5, so qr > 4q. Therefore, 2r - 1 > 2q, which
contradicts g > r.

Case 2. Let x = 2+ 3% -~ 3 for @ > 1. Then
2¢(2+3%71 - 1) + 2 =2-39"1  and  ¢(2-3%71 - 1) = 3071 -1,

Hence 2» 3%"1 — 1 and ¢(2 - 3971 - 1) are relatively prime, which implies that
2391 _ ] is square-free. Also, since 3*(3“'1 - 1), we have 31¢(2- 3e-1 _ 1),
So, if q|(2- 3¢-1 _ 1), then g 21 (mod 3). Thus, ¢ = 2 (mod 3). So,

(2 e3e-l 1) = (ql _ 1)(q2 - 1) «+- (g; = 1) =1 (mod 3).

But (3%"! - 1) = 2 (mod 3). This contradiction completes the proof.

$(2p* +3) 1

Lemma 3: If ¢(2pa) + ¢(3) = ¢(2p0ﬂ + 3), then —2?21—;—3— < E.
- 2p® 3

Proof: ¢(2p® + 3) = ¢(2p®) + ¢(3) = (E—E—l)pa +2 < —E—Ei;—.
$(2p% - 3) 1

Lemma 4: If ¢(2P°‘ - 3) +¢(3) = ¢(2pa), then Tpa—t_f}— < 5
-1 2p® - 3

Proof: 6(2p° = 3) = 6(2p%) = 4(3) = (P5—)pe - 2 < T

Lemma 5: Let S = {q!q = 2 (mod 3)}. If n is a positive integer such that every
prime factor of n belongs to S and ¢(n)/n < 1/2, then n has more than 32 dis-
tinct prime factors.

Proof: Calculations show that even if the 32 smallest primes in S all divide =,
¢(n)/n is still greater than 1/2.

Theorem II: 1f ¢(x) + ¢(3) = ¢(x + 3), then:

(i) x or x + 3 has at least 33 distinct prime factors, or
(ii) « = 2p® for o odd, p = 2 (mod 3), x > 1011, and = + 3
has at least 9 distinct prime factors.

19901 163



ON THE EQUATION ¢(z) + ¢(k) = ¢(x + k)

Proof:

Case 1. Let x = 2p® - 3, o even. Suppose g|x. Then 2p® - 3 = gv for some
integer v, and 4p® = 2gv + 6. And since a is even, 6 is a quadratic residue
mod g. Hence, the thirteen smallest primes that can divide x are 5, 19, 23,
29, 43, 47, 53, 67, 71, 73, 97, 101, and 139. Let x = quqg2 ceo qfi . Calcu-
lations show that

L 418,22, 28 42 46 52,66 70 72,96 100 (L8
2 5 19 23 29 43 47 53 67 71 73 97 101 139
So if 7 < 40, then ¢(x)/x > 1/2. But ¢(x)/x < 1/2 by Lemma 4. Hence, 7 > 40.

Case 2. Let x = 2p® - 3, o odd. Suppose q|x and ¢ = 1 (mod 3). Then we
have ¢(x) = 0 (mod 3). So

[¢(x) + ¢(3)] = 2 (mod 3).
But ¢(x) + ¢(3) = ¢(x + 3); hence,
oz + 3) = ¢(2p®) = p* L(p - 1) = 2 (mod 3).

And since o is odd, this is impossible. Thus, if qlx, then g = 2 (mod 3). So
by Lemmas 4 and 5, x has at least 33 distinct prime factors.

Case 3. Let x = 2p%*, o even. Suppose ql(x + 3) and ¢ = 1 (mod 3). Then
¢(x + 3) = 0 (mod 3). But

oz + 3) = ¢(2p%) + ¢(3) =p*~l(p - 1) + 2.
So p“'l(p - 1) +2 =0 (mod 3), which implies
p® l(p - 1) =1 (mod 3).

And since o is even, this is impossible. Hence, if g |(x + 3), then ¢ = 2 (mod
3). Thus, by Lemmas 3 and 5, x + 3 has at least 33 distinct prime factors.

Case 4. Let x = 2p%, o odd, and p = 1 (mod 3). Suppose q[x + 3 and g = 1
(mod 3). Then ¢(x + 3) = 0 (mod 3). But

¢(x +3) =p*l(p-1) +2 =2 (mod 3).

Hence, every prime divisor of x + 3 belongs to S = {q]q = 2 (mod 3)}. There-
fore, by Lemmas 3 and 5, £ + 3 has at least 33 distinct prime factors.

Case 5. Let = 2p%, a odd, and p = 2 (mod 3). Suppose that 5[(x + 3),
q|(x + 3), and ¢ 1 (mod 5). Then ¢(x + 3) = 0 (mod 5), p® = 1 (mod 5), and,
_.1 =

since o is odd, p +1 (mod 5). Therefore,
oz +3) =p*-p* "l +2 %0 (mod 5).

Hence, the prime factors of x + 3 all belong to S
every other prime divisor of x + 3 belongs to S, =
Let

QI8

= {q|lg = 7} or 5|(x + 3) and
{glqg > 5 and ¢ = 1 (mod 5)}.

x+ 3 =qilqy? ... qrt.
Calculations show that if all g; belong to §; or g; = 5, and all other q;
belong to S5, then ¢(x + 3)/(x + 3) > 1/2 whenever ¢ < 8. Therefore, by Lemma

3, x + 3 has at least 9 distinct prime factors. Calculations also show that in
either case, x > 1011,

Makowski did not determine whether solutions exist for k = 18t * 3 or for
k = 45m, where SIm. The following theorems not only prove that solutions exist
for many of these integers, they characterize x for each k.
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Theorem III: ¢(x) + ¢(k) = ¢(x + k) has a solution if k = 3m is odd and satis—
fies any of these conditions:

(i) p*|k, p# =g -2, a > B, and q*k;
(ii) plk, p = 3q - 4, and qfk;

(iii) plk, p = 9¢ - 16, and gfk;
(iv) plk, p = 3% ~ 2%, 3% - 1 = 2°"Y(» + 1), gfk and rfk.
Proof:
(1) Let k = pSj. Then ¢(2¢°7%5) + ¢(*J) = ¢o(qp"~*9).

(ii) Let k = 3%pj. Then ¢(22 -+ 3%) + ¢(3%pj)
(iii) Let k = 3%pj. Then ¢ (2%« 3%5) + ¢(3%7) = ¢(q - 3°*25).
(iv) Let k = 3pj. Then ¢(3+ 2%j) + ¢(3pj) = ¢(3°*1gj).

Theorem IV: Let 2" + 1 = 3% where (3, n) = 1 and o > 0; and suppose there
exists a positive integer j such that § - ¢(j) = n and 3%j - 27*1 = p. Then,
if k = 3pv where (3v, 2pj) = 1, the equation ¢(x) + ¢(k) = ¢(x + k) has a solu-
tion.

Proof: ¢(2"*1 «3v) + ¢(3pv) = ¢(3°*l . ju).

Theorems III and IV provide a solution for 51 of the 91 positive odd inte-
gers that are less than 10,000, divisible by 45, and not divisible by 25. They
also give solutions for 50 of the 112 k such that k¥ = 18¢ = 1 and k < 1000.
Since the solutions produced by these theorems depend on k being divisible by
certain kinds of primes, it seems reasonable to expect that numbers with many
prime divisors are much more likely to satisfy the hypotheses of the theorems
than the relatively small numbers considered above.

It is not known whether there are solutions for k = 3p where p = 5, 7, 13,
19, 23, 59, 67, 71, 73, 97, 113, 127, 131, 151, 163, 167, 181, or 199. For all
other p < 200, k = 3 has a solution defined in Theorems III and IV.

Theorem IV raises the question: for which n does the equation n = & - ¢(x)
have at least one solution? This equation was considered by Erdds [2], but a
characterization of all such n has not been found.

The calculations in part (i) of Theorem II could probably be refined to
show that & or & + 3 must have 40 or more distinct prime divisors. But such a
refinement would not be significant, since we have already shown that any
solution for X = 3 must be very large. Now the real challenge is to prove that
d(x) + $(3) = ¢(x + 3) has no solution.

Finally, we mention two other related, unanswered questions:

o(q+ 3%

1. For which positive integers 7 does ¢(x) + ¢(n - x) = ¢(n) have at least
one solution?
2. For which pairs of positive integers a, b does ¢(a) + ¢(b) = ¢(a + b)?
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SERIES TRANSFORMATIONS FOR FINDING RECURRENCES FOR SEQUENCES

H. W. Gould
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There is no really new theoretical result below. However, our paper will
show how to use an old and clever idea in order to discover recurrences. Such
an expository paper surveying these techniques may be of interest. A few spe-
cific books or papers are needed, but for general background as to notations
and definitions for Fibonacei, Bernoulli, Bell, and Stirling numbers, etc., the
reader may consult papers in the Fibonacei Quarterly or Riordan's books [6],
[7]. Niven [5] has given a good, readable account of formal power series. It
is shown there when and why convergence questions may be ignored. Finally,
four papers of the author, [1], [2], [3], and [4], may be consulted for other
background information. Reference [1] is especially useful for an abundance of
intricate generating functions for powers of Fibonacci numbers.

We begin with a small theorem about formal power series.

Theorem 1. Exponential Series Transformation: Define

1 st = k}j:O (%)

@ @ =Y L,

and n=0

3 @ =Y Zsm.
!

Then

(4) G(x) = e*(x).

The proof is simple and runs as follows. We have
© n n
G(x) = xZ n = S S
R o A o T

o oh xn+k

= Ay o Ay &
g IR I Ve Sy I I D D

£

k o "
= Zo%Aan:o % = e® d(x).

k=
What we wish to show here is that by clever manipulation, especially if e¥
combines in a novel way with %, we may often use (4) to find a different way of

writing expansion (3) that does not use S(n) again directly. Then, by equating
coefficients, we get a new recurrence. This is a common piece of psychological

trickery used in research. We say the same thing but in a seemingly different
manner. :

Relation (1) may easily be inverted to give
(5) Z( (s,

which is a well-known result [7] which follows readily from the Kronecker delta
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n
- k 0 1 if 4 =
6 ~1)n k(Y (%) = ) = A
(6) ;g%( ) <k>(g> <n - J) {O if 7 = n.
As a consequence of this inversion, we may also state Theorem 1 in a dual form.

Theorem 1': Define

n An=kio(-1>"-k(2)s<k>,

29 gw =Y Esm,
n=0n.

G s = 4
n:o?’l.

Then

4" HA(x) = e ¥ G(x).
We will now concentrate on applications of Theorem 1.

Application 1. Let 4, = (—l)nFn, where 7, is the n™h Fibonacci number defined
by
Fn+l=Fn+F7’z-].’ FO=O, F1=1.
We must recall that the exponential generating function for the Fibonaceci
numbers is

= x” eax - gbx
(7 —F =
%Z;}n! " a-b "’

where a + b = 1, ab = —-1. These are the roots of the characteristic equation

associated with the recurrence relation. In fact, a, b = (1 * /5)/2.
It then follows in this special Fibonacci case that

Y(x) = ~A(-x).

To show this, we have
—ax . g-bx g(-a)x _ ,(-bx ebz _ gax

e
7 = 5T of = pT = =
“G(x) e®W(x) =e pa— PR R
gax _ ebx ® e
B R e DT

Recalling (1) and (3), we have, upon equating coefficients, the new recurrence
relation S(n) = -F,, i.e.,
14
(8) > CDRHL)E = B
k=0
The reader may find it interesting to try to provide a simple inductive
proof of relation (8) using the binomial and Fibonacci recurrences

(1 = () ) fr =

Such a proof requires a certain algebraic skill.

Application 2. Let 4, = By, the nth Bernoulli number, whose exponential gener-
ating function is known to be
I iy

(9 @) =2 =By =

n=on! e - 1’
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It can then easily be seen that
x -z
G(x) =e” = = A(-x),

e -1 e’ -1

and it thus follows from Theorem 1 that S(n) = (-1)"B,, i.e.,

n

oy (Z)Bk = (-1)"B,, valid for all n = 0.
k=0

Remark: Because B, = 0 for all odd n 2 3, this familiar recurrence may be mod-
ified to read as

7

(1) 3 (%)Bx = Bn» valid for all » = 2.
k=0

Symbolically, in the umbral notation of Blissard, this is often written in the

compact form (B + 1)" = B" (expand and demote powers to subscripts).

Application 3. Let 4, = B(n), the nth Bell, or exponential number. These num-—
bers have the well-known exponential generating function

o

(12) e "l = exp(e® - 1) = ) g—?—B(n),

n=0
so this is our (x).
By out theorem, using relation (4), we find that

G(x) = eTexp(e® - 1) = Dyexp(e® - 1) = D, A (x),

_ o nxtl oSzt
—ngo ——B(n) = Eon!B(n + 1),

whence by our theorem we find the recurrence relation S(n) = B(n + 1), i.e.,

n
(13) Z(Z)B(k) = B(n + 1), valid for all n = 0.
k_

By the inversion (5), this yields
” n
(14) D (—1)”'k(k>B(k +1) = B(n),
k=0
which, in terms of the finite difference quotient operator, says that
n
(15) kAB(k +1) = B(n),
,1

which is the analogue of the differential calculus formula
(16) D)t e® = e=,

This parallel of (15) with (16) is a further reason why the Bell numbers are
reasonably called "exponential" numbers.

The reader may look for other examples where a generating function has some
nice relation to the exponential function, which is part of the secret of
success. Such research requires an artistic touch of intuition.

It is possible to set down a parallel theorem for binomial generating func-
tions. We offer the following.

Theorem 2. Binomial Series Transformation: Define as before in (1),

an s = 2 (e

=0
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(18) B = LAy
and

19 #@) = L a5
Then

(200 A@) = 3 A —

(1 _ x)n+l'
and the best we can do to parallel (4) is to write this as

x

(21)  Ax) =

1 -

The proof is easy and runs as follows. We have

: ~ >~ (7
Hx) = 3 = E: ( >Ak = 2: A 2. (k)$”
n=0 XK=0 n=k

_ i‘lk {Z (n + k)xn+k= ixkAk i<n + k)x”
k=0 n=0 k k=0 n=0 k

- S Lk —k-1 - 3 koo

= x4, (1 - x) A gk =
RZ% k 1 - xkz% 1 -

This result is useful in a different way than Theorem 1. We give as an
example,

Application 4. Let 4, = (-1)"F, as in Application 1. Then

=2 -X
B@) = 2 (-0)'F, = ———s
nz%) " 1+ x - x2
and
1 -2 -x
AHx) = B(z) = =
1 -z 1 -2 1+2z- 32 1 -ax - x22
= -H(-x) = - Fa",
n=0
so that by Theorem 2 we have the recurrence S(n) = -F,, i.e.,
7
(22) 3 DFYT)E, = F,,
k=10 k

which is precisely result (8) again, but it required a bit more work to obtain
it by use of Theorem 2. This gives some feeling for the elegance of the expo-
nential generating function when it can be used.

Application 5. 1In Theorem 2, let A, = F, using the Fibonacci numbers again.

Then
x
Blx) = 5
- -
and the reader may verify that a bit of algebra using 4, = 1 and m = 2 in equa-
tion (2.11) din [1] yields

2 o
23) H(x) = —————— = Fo,xm

( 1 - 3z + x2 Jg% n

so that we have the recurrence S(n) = Fp,, i.e.,

o 2R -
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Application 6. Let us apply Theorem 1 to a generating function studied by Euler
(cf. [2], p. 48, and [4], Sect. 6). Euler used the generating function

(25)  A(x) = Az, p) = (&% - 1)
to evaluate the series
1 & .
» p) = — ~1)P-i(B)gm,
(26) S, p) oy gg%( ) (J)J

which we have designated here by the "Stirling Number of Second Kind" notation
of Riordan. It is known (see [4], Sect. 6) that

® gon P
27) =, p) =Yy — DR (P)rr.
27 (@ p) = 3 o B« (%)
In Theorem 1 then, with this for &/(x), and taking S(n) to be given by

(28) S(n) = zn: (z>kzpo(_1)p—k(§>ki’

=0

|4
(29) Aap) = 3 CDFF(R)R
we then find by Theorem ! that
G(x) = ez, p) = e%(e* - 1)P = (e® - 1 + 1)(e* - 1)F
= (e = 1)(e® - DF + (e® = P = (% - DPFL 4+ (e - 1P
or, more simply,
(30) G(x) = Az, p+ 1) + Az, p).

Therefore,

0 oo

xn X"
(31) EOHS(’” = ZOZTM”(p + 1)+ 4,1,

n=

so that we find the recurrence

(32) S(n) = An(p + 1) + An(p)’
which, in view of (28).and (29), says

n
(33) 3 (D)4 = e+ D+ A
J=oN
Comparing (26) and (29), we have the correspondence

(34) A, (p) = piS(n, p)

for translating our results into Riordan's "Stirling Number" notation. Thus,
we find
1

35 X (Z)S(k, )

k=0

If

(p+ DSH, p+ 1) +5n, p)

or
n-1

£ (f)sce. o

"=

(p + 1S, p+ 1).

it

However, S(k, p) = 0 whenever 0 < j < p, so we finally get the recurrence for-
mula for the Stirling Numbers of the Second Kind, i.e.,
n-1

(36) kgp(;)sw, p) = (p + 1)S(, p + 1).
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Conclusion. The work we have presented here was based on the use of the bino-
mial coefficient (}) in the defining relationships (1) and (17). It is easy to
replace this by other functions g(n, k) and obtain parallel theorems. We just
have to impose interesting properties on g(n, k) in order to get interesting
theorems. 1In later papers we will exhibit such results for g-analogs, Fibo-
nomial coefficients, and the bracket function.
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Introduction

We present an approach to the Fibonacci numbers by considering finite par-
tially ordered sets (posets). The nth Fibonacci number, F, can be interpreted
as the number of ideals in a very simple poset, usually called a fence.

The purpose of this note is not to prove new theorems about the sequence
{F,}. However, we wish to demonstrate that the approach has several
advantages. By attaching to each Fibonacci number a geometrical object, the
number gets an additional dimension, that might be of wvalue in proving
identities for the Fibonacci numbers.

While, in general, it may be difficult to count the number of ideals in a
poset, the simple structure of a fence enables one to calculate the number of
ideals in several different ways.

Even the simple partition of the ideals in a fence into two classes, those
that contain a given element x, and those that do not contain x, can be used
to show properties of the Fibonacci numbers that usually are verified by an
inductive proof. This may, in some cases, add to our understanding of "why"
the proof is valid.

Another advantage is that, after having established that F, is the number
of ideals in a fence with n elements, we have at our disposal theorems from
the general theory of posets, see for instance [2].

Preliminaries

Our terminology on posets is, with a few exceptions, standard, and we
refer to for instance Birkhoff [1], but for the convenience of the reader, we
define briefly the basic concepts.

We let [n] denote the set {1, ..., n}.

In this paper a partially ordered set (poset) is a finite set equipped
with a relation 2 that is reflexive, antisymmetric, and transitive.

An Zdeal in a poset P is a subset I of P such that, for any x € P and any
y €I, if x 2y then x € I. Both ¢ and P are ideals in P. Actually, an ideal
in the present paper is usually called an upper ideal, dual ideal, or filter.

For any poset P, Id(P) denotes the number of ideals in P. Moreover,
Id(x), Id(x & y), and Id(x & —y) denote the number of ideals (in P) that
contain ¥, contain x and y, contain x but not y, respectively.

Given a subset A4 of a poset P, let A* denote the set of elements x € P
such that x 2 g for some ¢ € 4, and Ax denotes the elements & € P such that
a 2 x for some a € 4.

Any subset A of a poset P, may be considered as a poset in itself with the
inherited relations from the set P. Hence, Id(4) denotes the number of ideals
in the poset A. This should not be confused with the earlier definitions of
Id(x), Id(x & y), etc.

The elements «x and y in a poset P are path comnected if there exists a se-
quence of elements Z;, ..., X, in P such that z; = z, x, =y, and x; and x;,,
are comparable for each 1 <7 <u - 1. Two subsets A and B of a poset are separ-
ated if x and y are not path connected for any x € 4 and y € B.
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The fence T, with n elements is the poset
Iy ={x; 2%y, <23 2 .-+ < (or 2) x,}.

Let I'y refer to the empty fence, with one ideal only.
A fence can be pictured as a lattice path; we show TI's in Figure 1.

\VAVA

FIGURE 1: Tg

The following observation, whose simple proof is omitted, will be found to
be very useful.

Lemma 1: Let 4 be a subset of the poset P. Then:

1. The number of ideals in P that contain 4 equals Id(P - 4%).
2. The number of ideals in P that are disjoint with 4 equals Id(P - A4x).
3. I1f P=A U B, where 4 and B are separated subsets of P, then

Id(P) = Id(4)Id(B).

As an illustration of Lemma 1, we shall find Id(x3) and Id(—~x3) for the
fence I's. In order to find Id(x3), Lemma 1.1 says that one shall erase all y
such that y 2 x3, and find the number of ideals in the remaining poset. 1In
this case, we only erase x3 itself, and are left with a poset consisting of two
separated parts, each being isomorphic to T'p. Hence, by Lemma 1.3 it follows
that Id(x3) = Id2(T5).

In order to find Id(—~x3), one must erase {xgz}x = {x,, x3, x4}. One is left
with two separated copies of Tp; thus, Id(—x3) = Idz(Tl). Hence,

Id(Ts) = Id?(Ty) + Id?(Ty).

Ideals in a Fence

Let Fg =1, F; = 2, Fp = 3, etc., refer to the Fibonacci numbers, and T, to
the fence of cardinality nx.

Theorem 1: 1d(r,) = F, for n =20, 1, 2,
Proof: By definition Id(Ty) = 1, and trivially Id(T;) = 2. We shall show that
Id(Tr,) = Id(Tp,-1) + Id(Ty-p) for n 2 2.

In general,

Id(T,) = Id(x,) + Id(—x,).
1f n is even, it follows from Lemma 1 that

Id(x,) = Id(T,-5) and Id(—xz,) = Id(T,-1)»
and if »n is odd, Lemma 1 yields that

Id(x,) = Id(T,-1) and Id(—z,) = Id(T,-p).

This proves Theorem 1.
We shall consider a few simple applications of Theorem 1.

Cor’ollar‘y 1: Fn = Fi—an—i + Fi—ZFn—i—l for 2 < 7 < n.
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Proof: Follows from Theorem 1, Lemma 1, and the identity
Id(ry,) = Id(x;) + Id(—x;).

In the remainder of this note we simplify our notation by letting the nodes
of T, be denoted by 1, ..., n instead of x;, ..., Ty.

Corollary 2:
Fo,-1 = #{(ays «..» a;)|a; is odd and a; 2 1 and a; + .-+ + a; = 2n + 1}.

Proof: A subset X of [n] can uniquely be given by an odd (i.e., k = odd) tuple
(ays ..., a;) of positive integers whose sum equals 7n + 2. To such a tuple we
assign the set X defined by: a; is the smallest number belonging to X, a; + a
is the smallest number greater than g; that does not belong to X, a;+ ay+ a3 is
the smallest number after a; + a, that belongs to X, etc.

The following example illustrates the correspondence. Let » = 11 and let
(ays «..5 as) = (2, 3, 2, 2, 4). This vector corresponds with the set {2, 3,
4y 7, 8%,

It is easily seen that by this correspondence, the set corresponding to a
vector (ay, ..., ai) is an ideal in T,,_; iff each g; is an odd integer.

This proves Corollary 2.

n ,
Corollary 3: Fy,-1 = nte
2n-1 L.ASO ( 27 )

Proof: By Corollary 2, Fy,_; equals the number of tuples (aj, ..., ay) of odd
positive integers whose sum is 2n + 1. Put a; = 2b; - 1, and since Xk is odd,
there exists an integer 7 such that kX = 272 + 1. One derives the condition

b1+.-.+b2i+1=7’l+7;+1
and since
m=1
#H(cys vvvs cy)|e; 21 and ey + +-- + ¢; =m} = (i _ 1)-
Corollary 3 follows.

Finally, let us add that many more identities can be shown in this simple
manner.

A slightly more complicated application is achieved by defining an equiv-
alence relation on TIy,_; by declaring two ideals to be equivalent if they con-
tain the same odd numbers in [2n - 1]. Counting the number of ideals in each
equivalence class leads to the following identity, whose proof is left to the

reader.
s - 1\y\m+1-3s8 -
Py =1+ DG 27T T )2
where the sum is over all (s, k) such that s >k > 1 and s + Kk <n + 1.
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1. Introduction

One of the great advances in mathematics recently has been in the analysis
of nonlinear dynamical systems. In this paper we will study the properties of
a set of polynomials in two variables using techinques from nonlinear dynamic
theory. These polynomials are variants of the class of generalized Fibonacci
polynomials (see, for example, [7]) defined by

PO(ZI’ 22) =0, Pl(zl’ 22) =1,
P,oy1(B1s 32) = (1 = 21)P, (215 25) = (8o = 31)P,-1(215 82), m 2 1.

The results derived here are not new in the sense that they can be proven from
existing work on generalized Fibonacci polynomials but the approach is entirely
novel in that it provides a link between the analysis of generalized Fibomnacci
numbers and the theory of dynamical systems via the iteration of rational func-
tions of degree one.

Fundamental to the concept of the analysis of nonlinear dynamical systems
is the functional iteration of the form

(D Tyl = LA x4

where X is a parameter that can be varied. 1In this paper we will consider the
iterative behavior of the general rational function of degree one given by
k X 1 - Alx

2 As Aps ) = K ——,
I O I Ll e v
where %k, X1, and X, can be complex, and relate these iterations to a family of
polynomials, defined in two variables by

(3) PO(ZI’ 32) =0, Pl(zl’ 22) =1,

Py1(21, 22) = (1 = 281)P, (515 22) - (22 = 21)B,-1(215 22)5 2 1.

We will also consider as a special example the case when Xk = 1 and A; = 0, so
that
4) FO, x) = —1—

’ 1 - Az’

and relate the iterations of this class of functions to a family of polynomials
defined by
(5) Py(3) = 0, P1(2) =1, Pyy1(8) = B, (3) - 2P,_1(3), n = 1.
We note that in our terminology P, (0, 2) = P,(3). The polynomials presented in
(3) and (5) are in fact variants of two well-known classes of polynomials known
as generalized Fibonacci polynomials and Fibonacci polynomials, respectively.
In Section 2 we will present a review of some of the known results concern-
ing generalized Fibonacci polynomials and show that they can be generalized to
the polynomials defined in (3) and (5). The analysis in Section 3 will prove
some of these results anew but using a completely different approach. This
approach 1is based on the concept of topological conjugacy. Two maps f:4 + 4
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and g:B » B are said to be topologically conjugate if there exists a homeo-
morphism %Z:4 + B such that

(6) hof=goh.

Topologically conjugate maps are equivalent in terms of their dynamics (see,
for example [4]). Now, if g is the function pz, then (6) is called the Schrd-
der Functional Equation (SFE). It is well known (see, for example, [l]) that,
if f is a rational function of degree two or more, then the SFE does not have a
solution if u is a root of unity. On the other hand, Siegel [11] has shown
that, if p = 82"1“, where o is irrational, then the SFE has a solution if there
exist a, b > 0 such that

a - %‘ > é%, Vp, q € Z.

This condition is satisfied for a set of u of full measure on the unit circle.
In this paper we will make use of the well-known fact that f, given by (2), is
topologically conjugate to ux. Hence, the dynamics of f and px are equivalent
and the =zeros of the generalized Fibonacci polynomials can be related to the
roots of unity.

2. Generalized Fibonacci Polynomials

Although Fibonacci polynomials have been studied for well over a century,
there was initially no common agreement on how to define this class of polyno-
mials. For example, Catalan [3] defined them by

Fo(g) =0, Fi(3) = 1, F, 1(8) = 8F,(3) + F,_1(3), n 21,
while Jacobsthal [9] defined them by

Fo(g) =0, F1(3) =1, F,.1(2) = F,(8) + 2F,_1(3), n 21,
and Byrd [2] by

Fo(2) =0, Fy(3) = 1, F,1(8) = 23F,(3) + F,_1(2), n 2 1.

However, the general consensus (see [6], for example) is that the class of
Fibonacci polynomials is defined by

(7) Fo(z) =0, Fi(8) = 1, F, 1(8) = 8F,(3) + F,_1(3), n 2 1.

It is easy to obtain a simple closed expression for these polynomials in
terms of trigonometric functions (see [6], for example) and hence show that the
zeros of F, are given by

X k
27 cos ~E, k=1, ..., n - 1.
n

In addition, it is easy to show
P -1 -4 . n-1
® R o= X (P e 2 2]
i=o0 J 2

Horadam [8] has considered generalized sequences of Fibonacci numbers given

by
Wy = a, Wy =D, Wyy1 =pW, - QUW,_1s B 2 1,

where w, is a function of «, b, ps and g, and obtained closed expressions for
many special classes of w,. The case in which a = 0, b = 1 so that

(9) Fo(zly 22) =0, F]_(Zl, 22) =1,

Fav1(215 32) = 21F, (315 22) + 22F,-1(215 23), n 2 1

176 [May



GENERALIZED FIBONACCI POLYNOMIALS

is now known as the family of generalized Fibonacci polynomials. The proper-
ties of these polynomials have been studied extensively by Hoggatt & Long [7],
which builds on the earlier work of Webb & Parberry [12] who consider the divi-
sibility properties of Fibonacci polynomials.

In particular, Hoggatt & Long [7] show that

p .

-1- -25-1_3 n -1

S e T
j=0 J

and that F,(21, 8p) = 0 iff

X k
2, = 21/22 cos *E, k=1, .., n = 1.
n

Furthermore, they show that, for m = 2, F,|F, iff m|n and that F, is dirreduci-
ble over the rationals iff A is prime. A consequence of this is, if #n;, ...,
ny are the factors of n, then all the zeros of Fp , ..., Fy, are zeros of F,.

This work has been generalized by Kimberling [10] who shows that each gen-
eralized Fibonacci polynomial #,, has one and only one irreducible factor that
is not a factor of Fj for any k < n, which is called the n'h Fibonacci cyclo-
tomic polynomial G,(z;, 2zp). Kimberling shows

F, (31, 8) = }F G,(21s 22).
n
The polynomials defined in (3) and (5), which will prove significant when
analyzing the behavior of the iteration of rational functions of degree omne,

can easily be related to generalized Fibonacci polynomials and Fibonacci poly-
nomials. In fact, comparing (3) and (9), we see

(11) P,(21, 8p) = F, (1 = 21, 21 - 32),

while
-1 F,(x)
(12) P”(E) =x”"l
or JL
E%</;
(13) P, (z) = AR
(=)

This can be seen by substituting (12) into (5) and noting that (7) results.
Consequently, it is trivial to show

B = Y 07 (7T )ed e - [ 1],

i=0 J
while . .
- - 4 . . n -
(14) P, (21, 23) = 2, (n : J)(1 - z21)"720 1(z) - 25)7, p = [ 5 ].
=0 J

In addition, the zeros of P,(2;, 3p) and P, can be found from (11) and (13).
Thus, the zeros of P, are simple and given by

1

— sec? —E, k=1, ..., n =1,

4 n
so that all zeros are real distinct and lie in the interval (1/4, ). Simi-
larly, if z; # 1, then P (21, 2p) = 0 iff

1 km
(15) 2y =27 + (1 - zl)zz-secz P k=1, ..., n =1,

where all the roots in this set are simple, so that if n = 2p + 1 theéere are p
distinct zeros while if »n = 2p there are p - 1. On the other hand if 2y = 1,
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then (14) implies

(16) Pzn(l, 22) = 0, n = 1, 2, esey

while it can easily be seen from (14) that
» (1 + 21)2 1 -2z n-1

S P”(‘gl’ 8 ) B "( 2 '

We also note that a formula for P, can be derived by considering the charac-
teristic polynomial associated with (3) given by

22 - (1 - z2))x + 25 - 21 = 0.
The roots of this equation are
1 - 2; £ /(1 + 21)2 - 43,

0y =

2
and so it is easily seen that
67 - o
(18) E%(Zl, 22) = 5:_:_§j .

In the next section we will show that some of the above results can be
proved by noting the behavior of the iterations of rational functions of degree
one. For ease of notation we will henceforth refer to the polynomials P,(z;,
Zp) as the Shifted Generalized Fibonacci Polynomials (SGFP).

3. Functional Iteration

Consider the iteration scheme given by (1) where f is as in (2). We will
denote the iterations of {z, x;, %9, ..., Ty, ...} by

{F®@y; k=0, 1, ...},
The following result gives the value of x, after n iterations.

Lemma 1: Let 2, = kXy, 2y = kA, and P,(21, 8p) represent the n'l shifted gen-
eralized Fibonacci polynomial then

kb, (21, 332) = =(P, (215 23) - Puy1(21, 23))
Py+1(215 22) + 21P, (21, 23) = @hoP, (215 22)

F =

Proof: The proof is by induction. From (2),

1 - Alx

) V=MK% k(- 2 - a(zy - 2D)
- Alx - 1 - g — Azx(l - Zl)

f(Z)(ac) .
L - gk

- )\2.’)3
_ kPy(z1s 87) = x(Pp(21, 22) = P3(21, 22))
P3(Zl, Zz) + Zle(Zl, 22) - Aszz(zl, 22)’

where z; = kA, 2, = kAp. Now,

1 - le
kP, - k T oztn - Brv1)

FeD @) = FOUf @) =
1 - Alx

P
21 - Azx n

KPry1 = ®(2F; = 21(Py = Pyy1))  KPyy1 = ®(Pus1 = Bus2)
Poy1 + 318, = 25, - \o%by 4 Pyyo + 218,41 - 2oxBy 4y’

Pn+1 + len -
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by (3), and the lemma is proved.
From Lemma 1, it can be seen that

rpx? ~ (1 + zp)x + K

(19)  F%%x) =z + Py(z;, 25) ,
A Boe1(81s 8p) + 218, (315 25) = APy (5, 25)

so that x is a fixed point of U iff
(20) P,(31, 22) =0, or A2 - (1L +zpzx+k=0.
Thus, it can be seen that, if

P, (a1, a3) =0,

then f is periodic of order n no matter what the starting value [or, equiva-
lently, f%”kx) is the ddentity function]. From this, we deduce that the result
in [7] about the common zeros of generalized Fibomnaceci polynomials is a direct
consequence of (20). For, if NV is a multiple of »n, and z; and z, are chosen so
that 2,(z1, 2) = 0, then f will be periodic of order n for any starting value.
But f will also be periodic of order ¥, and so from (19), P, (31, 2) = O. Thus,
P, |Py iff n|N.

The above property is due to the well-known fact that the map given by (2)
is topologically conjugate to the map uz by a MObius transformation (see, for
example, [4]). Consequently, if the function g(zg) = pz is iterated, then g
will be periodic of order n for any initial guess if y* - 1 = 0; hence, the
zeros of the shifted generalized Fibonacci polynomials are related to the nth
roots of unity.

Some simple analysis gives the relationship between p and (2) as

1 -2z, +22 £+ (1 - 3D/ +3)% - 4s, 0,

£z
(21 b= = -
2(z, = 3) 0z

where 2y = kAy, 2 = krp. This can also be written as

1 - 23, + 223
(22) p2 - u<~—2——1—> +1=0.
8y = 3

Hence, from (18) and (21), we have

n 14 .
- - J(1 + 23102 - 4z
(23) wio1 =2 nh e n% P, (3, 25) = ¢ 11 z
6% O 65
Now the dynamics of g and f are equivalent (see, for example, [4]). 1If
]u| < 1, then the iterations of g converge to 0 for any starting value while,
if |u[ > 1, the iterations converge to infinity for any starting value apart
from 0. On the other hand, if |u| = 1, there are two possibilities: if u is an
nth root of unity, the iterations of g are periodic of order n for any starting
value, so that g(m is the identity function while, if pu™ = 1, then the itera-
tions of ¢g(x) wander chaotically on the unit disk of radius x taking on all
possible values. Thus, the relationship between the zeros of unity and the
zeros of P, are obtained from (22) and (23) by noting the following:
(i) p =1 corresponds to (1 + 21)2 = 4z,, so that from (17) and Lemma 1,

P, (21, 85):

k-1 -+ - 1))

(n) 2 n 2k

iz = > as n > .,
l(1+l)(1—z)+z S Za+p2 PETA
2 nl> 1 1 4k 1

(ii) u = -1, which is equivalent to u” = 1 for n even, corresponds [by (16)

and (22)] to z; = 1. 1In this case f is periodic of order 2 for any
starting value.

(iii) u”? = 1, with p ¢ {1, -1}, implies [from (22) and (23)] that the zeros of
P, are
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(24) Ay = ————(1 - 31)2 + 2.
(n+ D2
For these values of zj, £ is the identity function.

Thus, in conclusion, we have seen that by iterating the general rational
function of degree one and noting that the dynamics of this function are the
same as that of the function pz, we have obtained relationships between the
zeros of generalized Fibonacci polynomials and the nth roots of unity. These
results are not new but the proofs are and they rely upon obtaining a general
formula for the ntP iteration of a rational function of degree one in terms of
a set of polynomials called Shifted Generalized Fibonacci Polynomials. Thus,
we have related the study of Fibonacci theory to the iteration of the general
rational function of degree omne.

With respect to the mathematics of the iteration of nonlinear functions,
since it 1is known that the Schrdder Functional Equation has no solution for
rational functions of degree 2 or more when u is an n'™® root of unity, we have,
in this paper, essentially characterized the dynamics of all rational functions
that satisfy the SFE when u is a root of unity. Finally, in this paper we have
obtained results about the nature of the zeros of a new class of polynomials by
iterating an appropriate class of functions and this technique may well be
generalizable.
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ON CERTAIN DIVISIBILITY SEQUENCES

M. G. Monzingo
Southern Methodist University, Dallas, TX 75275
(Submitted June 1988)

In [1], U, is defined to be a divisibility sequence if U,|U, whenever m|n.
It is conjectured that

k
U, = 4" > e;nt,
=0

A, ¢; integers, is a divisibility sequence if and only if exactly k of the ey
are 0. In this note, the conjecture will be shown to be true.

Since the A" factor offers no difficulty, it will be ignored. Furthermore,
the sufficiency can be demonstrated easily; therefore, only the necessity will
be proven in the following theorem.

Theorem: Let
k .
Uy = 3 ¢n’,
=0

where the ¢; are integers and ¢, # 0, be a divisibility sequence; then, ¢; = 0
for 0 <7 <k - 1. (Note that there is no loss of generality in assuming that
U, has this form.)

Proof: Let m = mt, n, m, t positive integers. Then,
k k k -
Uy = Upy = 3 c; (mt)t = > e,mit? = <Zcimi>tk - 3 et(tk - thm?.
=0 =0 =0 =0
Since UmlUn for all ¢, U, must divide the second sum on the right-hand
side. (Note that the first sum is Up.)
_ Now, fix ¢ > 1 and let d; = ci(tk - tt) for 0 < 72 <k - 1; note that tk -
t* 2 0 for all Z. Thus,

k-1

2. d;m? for all m.

=0

However, U, is a polynomial in m of degree k(c, # 0); thus, for sufficiently
large m,

Um

k-1
|Un| > | > d;m*|.
=0
Hence, .
Zdimi = 0 for all m.
=0
This implies that d; = 0 for all %, and, consequently, ¢; =0, 0 <7 <k - 1.
Reference
1. R. B. McNeill. "On Certain Divisibility Sequences." Fibonacci Quarterly
26.2 (1988):169-71.
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ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
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Please send all material for ELEMENTARY PROBLEMS AND SOLUTIONS to
Dr. A. P. HILLMAN; 709 SOLANO DR., S.E.; ALBUQUERQUE, NM 87108.

Each solution should be on a separate sheet (or sheets) and must be
received within six months of publication of the problem. Solutions typed in
the format used below will be given preference. Proposers of problems should
include solutions.

Anyone desiring acknowledgment of contributions should enclose a stamped,
self-addressed card (or envelope).

BASIC FORMULAS

The Fibonacci numbers F,, and the Lucas numbers L,, satisfy
Fovo = Fpe1 + s Fo =0, Fy = 15
Lyyp =L,y +L,, Lg =2, Ly = 1.
Also, a = (1 + /3)/2, 8 = (1 - /5)/2, F, = (¢" - 8™)/V/5, and L, = o + B".
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