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THE DETERMINATION OF A CLASS OF PRIMITIVE INTEGRAL TRIANGLES

Joseph E. Carroll and Ken Yanosko
Humboldt State University, Arcata, CA 95521
(Submitted December 1988)

One of the problems of classical number theory is the determination of all
primitive integral right triangles. The well-known answer is that if » > s are
relatively prime positive dintegers, not both odd, then the triangle with
sides r? - 52, 2rs, and r2 + s? is such a triangle (easy to check) and any such
triangle is of this form for some r and s. A simple proof of the latter half
is given in [1]. This paper deals with a similar question that has a similar
answer but a somewhat longer solution. The main tool in that solution is a
thinly disguised version of the Chebyshev polynomials of the second kind.

Definition 1: Let j 2 k be positive, relatively prime integers. A triangle will
be called an <j, k> triangle if one of its angles is j/k times another.

It is easy to write down the primitive integral <1, 1> (i.e., isosceles)
triangles. These triangles have sides s, s, and r, where » and s are positive
integers, (r, ¢) = 1, and r < 28, The primitive integral <2, 1> triangles have
been determined by Luthar in [2]. If » and s are positive integers where
(r, 8) =1 and ¢ < » < 2g, then the triangle with sides rg, s2, and r? - s2 is
a primitive integral <2, 1> triangle, and all such triangles are of this form
for suitable » and s. 1In this paper we shall determine all primitive integral
<js k> triangles for all j and k satisfying the criterion of Definition 1.
Although this is hardly one of the burning mathematical questions of our time,
it is hoped that the solution presented here will be of some interest, since it
both draws ideas from several areas of mathematics and requires little back-
ground to understand.

First, let us fix J and k. It is clear that the <{j, k> triangles are char-
acterized by having angles ja, ko, and m -~ (J + k)o for some positive real num-
ber o such that (j + kK)o < w. Also, for any such a, there may or may not be a
rational sided (hence, a primitive integral) triangle in the similarity class
of <j, k> triangles associated with o in this way. The law of sines immedi-
ately gives us a triangle in that similarity class. 1If the triangle with sides
as b, ¢ is denoted by the triple <a, b, ¢>, then <sin ja, sin ka, sin(j + k)o>
is in dit. The following lemma leads us to a condition on o sufficient to
ensure that there is a rational sided triangle similar to <sin ja, sin ko,
sin(j + k)o>.

Lemma 1: Define a sequence {p,(x)},, of polynomials with integer coefficients
as follows: po(x) = 0, pl(x) =1, and, for n = 2,

p, (@) = xp, (&) - p,_,(x).
Then, for any real number o which is not an integral multiple of w, we have
p,(2 cos o) = (sin na)/(sin o).

Proof: The formula for the sine of a sum yields the following identities for
n =z 2:

sin no = sin(m - 1)a cos a + cos(m - 1)a sin o
sin(n - 2)a = sin(n - 1)a cos a - cos(n - 1)a sin o
Adding these identities and dividing by sin o, we get:

(sin na)/(sin o) = (2 cos a) « (sin(n - 1)a)/(sin a)
- (sin(n - 2)a)/(sin a)

1991] 3



THE DETERMINATION OF A CLASS OF PRIMITIVE INTEGRAL TRIANGLES

Thus, for any o which is not an integral multiple of m, the sequences
{(sin na)/(sin a)},,»¢ and {pn(Z cos a)lnso

satisfy the same second-order linear recurrence relation. Furthermore, these
sequences coincide on their first two terms. It follows that they are
identical for all =n.

Proposition 1: If 0 < o < w/(j + k) and cos o is a rational number, then there
is a rational sided triangle with angles ja, ka, and m - (J + k)a.

Proof: By Lemma 1, <pj(2 cos a), pk(Z cos a), pj+k(2 cos o)> has the correct
angles. Its sides are rational because cos a is.

Remark 1: It is clear from the definition of {p,} that, for all n 2 1, p, (x) is
monic of degree n - 1. These polynomials, after a shift of subscripts and a
change of variables, are none other than the Chebyshev polynomials of the
second kind, {U,(x)},50. For m 20, U,(x) = p,4+1(2x). In fact, Lemma 1 is
equivalent to a well-known property of U,. It is proved again here to keep the
discussion self-contained. The Chebyshev polynomials of the first kind,
{T,(x)},50>» also deserve mention because they are used in the proof of the
following lemma, which will lead us to the converse of Proposition 1. They can
be defined by

To(x) =1, Ty(x) =%, T,(x) = 22T, _1(x) - Ty_p(x), for n 2 2.

Reasoning as in the proof of Lemma 1, one can show that, for any real number a,
T,(cos a) = cos no.

Lemma 2: Let o, T be real numbers; then, for any integers m and %, cos(mo + nt)
is in the Z[cos 0, cos 1] module generated by 1 and cos(oc + T).

Proof: Suppose that m, n 2 0. Then

cos(x(mo = nt)) cos mo cos nT ¥ sin mo sin nt

T,(cos 0)T, (cos 1)
F¥sin o pm(Z cos o)sin T pn(Z cos T).

This follows from Lemma 1 and Remark 1 and is also true if o or 1 is an inte-
gral multiple of m. Using the formula for the cosine of a sum again, we deduce

cos(x(mo * nt)) = T,(cos o)T,(cos T)
+ pm(Z cos c)pn(Z cos 1)(cos(oc + T) - cos ¢ cos T).

Proposition 2: Suppose that for positive relatively prime integers j 2 k with
0 < a < w/(j + k) there is a rational sided triangle with angles ja, ka, and
m - (j + k)a. Then cos o is a rational number.

Proof: 1f such a ratiomnal <(j, k> triangle exists, then the law of cosines tells
us that cos ja, cos ka, and cos(j + k)a = —cos(m — (J + k)o) are all rational.
Since j and k are relatively prime, there are integers m and # such that mJ+ nk
= 1. Applying Lemma 2 for ¢ = ja and T = ka, and using this m and »n, we deduce
that cos o is rational, as claimed.

We now have necessary and sufficient conditions on o that there be a
rational sided triangle with angles ja, ka, and m - (J + k)a. When there is
such a triangle, we need to find the primitive integral triangle in its simi-
larity class. Properties of the sequence {pn(x)} and of a related sequence of
homogeneous polynomials are the tools that will allow us to make that deter-
mination.

Proposition 3: The following are true for the sequence {pn(x)} defined in the
statement of Lemma 1:

4 [Feb.



THE DETERMINATION OF A CLASS OF PRIMITIVE INTEGRAL TRIANGLES

[(n-1)/2]

(a) p (x) = Py (-1)i(” - i - i)x”‘l‘zi, for n = 0;
(b) p, (%) = ﬁil(x - 2 cos(¢n/n)), for m = 1;
t=1

(¢)y 1If dln, then pd(x)]pn(x) as polynomials in Z[x].

Proof: (a) A straightforward (if somewhat tedious) computation using a standard
addition formula for binomial coefficients demonstrates that the sequence of
candidate polynomials shown above satisfies the defining recurrence relation
for the P, - It is immediate that the two sequences coincide for n = 0, 1, so
they must be the same for all n. Like Proposition 1, this is equivalent to a
well-known statement about the U,.

(b) Lemma 1 dimplies that 2 cos(¢tw/n) is a root of p, for £ =1, 2, ...,
n - 1 and, since the cosine is strictly decreasing on [0, w], these roots are
distinct. Since e, has degree n - 1, the proposed equation is true up to mul-
tiplication by a constant. But, both r, and the product above are monic, so
the constant is 1.

(c) Part (b) dimplies this divisibility property as polynomials over the
real numbers. If pn(x) = pd(x)q(m), where g(x) has real coefficients, the fact
that p; is integer monic and p, is integral implies that g is integral. 1In
fact, extending this reasoning, one can prove a stronger statement: if m and =n
are nonnegative integers, then p(m’n%x) is the greatest common divisor of pm(x)
and pn(x) in Z[x].

Remark 2: The field extension Q(ez“i/q)/Q for ¢ an odd prime is often used as
an example in the teaching of Galois theory and algebraic number theory. It is
shown that this extension is Galois of degree g - 1 with cyclic Galois group
and that the irreducible polynomial of ¢27%/9 over @Q is

Og(x) = x4t + o0 + 1.

It is also shown that the unique subextension of index 2, which is the subfield
fixed by complex conjugation, is generated by

2 cos(2n/qg) = e2"t/q + g-2mil/q

an algebraic integer. Using Proposition 3(b), an identity satisfied by the
{p,} that is easily proved, and some basic Galois theory, it can be shown that
the irreducible polynomial of 2 cos(2m/g) over Q is

Pig+1y72(®) ¥ Pg-1)/2(®) -
Proposition 3(a) then yields an explicit expression.

It is convenient to introduce a new sequence {P,(x, y)},>; of homogeneous
polynomials associated to {pn(x)}. For n =2 1, let

. [(n-1)/2] P . .
Pn(x’ y) = yn—lpn(x/y) = 2: (_1)1( ; )xn—l—Zzy2t,
=0

where the latter equation above follows from Proposition 3(a). Using Proposi-
tion 3(c¢), we immediately see that d|n implies EH|PH as polynomials in Z[x, y].
We require a final lemma before stating and proving the main result of this
paper.

Lemma 3: Let r and s be positive integers with (», s) = 1 and let » 2 1. Then
(a) (8, Py(r, 8)) = 1;
() (By(r, 8), By, 8)) = 1.

1991] 5



THE DETERMINATION OF A CLASS OF PRIMITIVE INTEGRAL TRIANGLES

Proof: (a) First, we observe that P, (r, 8) = r7~1 (mod g). This follows either
from the explicit expression for P, given above or directly from the definition
of P, and the fact, noted in Remark 1, that p, is integral monic of degree
n - 1. Since (r, s) = 1, it follows that (s, P,(r, s)) =1 for n > 1.

(b) We prove this part by induction. Since P;(r, s) = 1, the statement
is true for n = 1. Let n 2 2 and assume that the statement is true for n - 1.
By the definition of the sequence {P,(x, y) 1}, the defining recursion formula
for {p, (%)} translates to

P, (v, 8) = rP,(r, s) - s2P,_1(r, s).

Assume d is a positive integer such that len(P, s) and leh+1(r, s). Then, by
part (a), (d, s) = 1; by the equation above, dlsan_l(r, s); thus d|Pn_1(r, s).
Therefore, by the induction assumption, d = 1.

Theorem 1: Let j = k be positive integers with (j, k) = 1, and let » and s be
positive integers with (», s) = 1 and cos(n/(j + k)) < r/2s < 1. Then

kP (r, 5), 8Py (rs 8)» Piyx(r, 8)7

is a primitive integral <j, k> triangle with angles ja, ko, and 7w - (J + k),
for a = arccos(r/2s), and all primitive integral <j, k> triangles are of this
form for some such r and s.

Proof: By the proof of Proposition 1, for each r and s satisfying the condi-
tions of the theorem, <pj(r/s), pk(r/s), pj+k(r/s)> is a rational sided <j, k>
triangle with the required angles. By Proposition 2, any similarity class of
<j, k> triangles that includes a triangle with rational sides dincludes a
triangle of this form for some r and s satisfying the hypotheses of the
theorem. Our proposed triangle is clearly integer sided, and the definition of
the P, implies that it is similar to this one by a scale factor of gd tk-1,
Therefore, we need only prove that it is primitive. By Lemma 3(a), it suffices
to show that, if uw and v are positive integers with (u, v) = 1, then (P, (r, s),
P,(r, s)) = 1. If (u, v) =1, there are positive integers m and » such that mu
and nv are consecutive integers. Then (Pp,(r, s)s Puy(r, 8)) = 1 by Lemma
3(b). But, as noted above, Pu|Pmu and Plenv. Thus, (P,(r, 8), P,(r, s)) =1,
as required.

Example 1: To illustrate Theorem 1, we shall determine all primitive integral
<3, 1> triangles with no side longer than 100. Using Theorem 1, we know that
they are of the form <s(r? - g2), 83, »3 - 2p52> for » and s relatively prime
positive integers with v2/2 < r/2s < 1. Since one side is 83 and we are look-
ing for those with sides no greater than 100, we must have s = 1, 2, 3, or 4.
For ¢ = 1, we would need V2 < » < 2, which is not possible. For s = 2, we need
2V/2 < r < 4, which is only possible for r = 3 and which gives us the triangle
<10, 8, 3>. For s = 3, we need 3/2 < » < 6, which is only possible for » = 5
and which gives us the triangle <48, 27, 35>. For s = 4, we need 4/2 < r < 8,
which is only possible for » = 6, 7. But 6 is not relatively prime to 4 and
r = 7 gives us the triangle <132, 64, 119>, two sides of which are too large.

References
1. G. H. Hardy and E. M. Wright. An Introduction to the Theory of Numbers. 4th
ed. Oxford: Oxford University Press, 1960, pp. 190-91.

2. R. S. Luthar. "Integer-Sided Triangles with One Angle Twice Another." The
College Mathematics Journal 15.3 (1984):55-56.
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AN ALGEBRAIC EXPRESSION FOR THE NUMBER OF
KEKULE STRUCTURES OF BENZENOID CHAINS
Ratko Tosi¢ and Olga Bodroza
University of Novi Sad, Dr. Ilije Djuricica &, 21000 Novi Sad, Yugoslavia

(Submitted December 1988)

1. Introduction

The enumeration of Kekulé structures for benzenoid polycyclic hydrocarbons
is important because the stability and many other properties of these hydro-
carbons have been found to correlate with the number of Kekulé structures.
Starting with the algorithm proposed by Gordon & Davison [8], many papers have
appeared on the problem of finding the '"Kekulé structure count" K for such
hydrocarbons. We can mention here only a few authors who contributed to this
topic: Balaban & Tomescu [1, 2, 3, 4], Gutman [10, 11, 12], Herndon [13],
Hosoya [12, 14], Sachs [16], Trinajstié [17], Farrell & Wahid [6], Fu-ji &
Rong-si [8], Artemi [1], Yamaguchi [14]. A whole recent book [5] is devoted to
Kekulé structures in benzenoid hydrocarbons.

In this ‘paper we consider only undirected graphs comprised of 6-cycles. Let
there be a total of m such cycles, which we shall denote as (;, Cp, ..., Cpm in
each graph of interest. Because the problem we treat arises from chemical
studies of certain hydrocarbon molecules, we impose upon (Cj;, Cp, ..., (), the
following conditions to reflect the underlying chemistry:

(i) Every (; and (C;+; shall have a common edge denoted by e;,
for all 1 <72 <m - 1.
(ii) The edges e; and e; shall have no common vertex for any
1<i<g7<m-1.

Representing the 6-cycles as regular hexagons in the plane results in a
graph such as that illustrated in Figures 1(a) and 1(b). In organic chemistry,
such graphs correspond to benzenoid chains (each vertex represents a carbon
atom or CH group, and no carbon atom is common to more than two 6-cycles).

(a) (b)
FIGURE 1

2. Definitions and Notation

By L(x;, %35 «..» %), we denote a benzenoid chain (i.e., a corresponding
graph) composed from »n linearly condensed portions (segments) consisting of
%1, Ty, ..., &, hexagons, respectively. Figures 1(a) and 1(b) show L(3, 4, 2,
2, 5, 2) and L(4, 3, 5, 2, 2, 3, 4), respectively.

Any two adjacent linear segments are considered as having a common hexagon.
The common hexagon of two adjacent linear segments is called a "kink." The
chain L(xy;, %3, ..., Z,) has exactly n - 1 kinks. So the total number of
hexagons in L(x;, %, x,) ism=x; +xp + .-« +x, —n + 1. Observe that

3
such notation implies x. > 2, for 7 =1, 2, ..., 7.
7
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We adopt the following notation:

K,(xys X35 «..5 %,) is the number of Kekulé structures

(perfect mathcings) of L(xy, Xy, .. Zy).
F; is the ith Fibonacci number, defined as follows:

F_z = 1, F-l = 0; Fk = Fk—l + Ek_z, for k > 0.

For all other definitions, see [5].

3. Recurrence Relation and Algebraic Expression for K, (x;, x,, ..., X,)

It is easy to deduce the K formula for a single linear chain (polyacene) of
x; hexagons, say L(x;) (see [5]):

(1) Kl(xl) =1+ X1
We define
(2) KO = 1.

It may be interpreted as the number of Kekulé structures for '"mo hexagons."

Theorem 1: 1If n > 2, then, for arbitrary x; > 1, 2, > 1, ..., 2, > 1, the fol-
lowing recurrence relation holds:
(3 Ko(X1s eves Tpo1s L) = K, 1(x)s «evs Ty = 1)

+ Kn_z(xl, ceesy Ly-_o — l).
Proof: Let H be the last kink of L(x;, %3, ..., £y). We apply the fundamental
theorem for matching polynomials [7].

Let u and v be the vertices belonging only to hexagon (kink) H (Figure 2).
Consider any perfect matching which contains the bond wuv. The rest of such a
perfect matching will be a perfect matching of the graph consisting of two
components L(x, — 1) and L(xy, X3, «..-5 Ln-1 — 1). The number of such perfect
matchings is

Ki(x, = 1)« K,_1(x15 Tos eees Ty-1— 1),
i.e., according to (1),

(4) LKy 1(21s Xos vees Ty-1 = 1.

FIGURE 2

On the other hand, each perfect matching without the bond uv must contain
all edges indicated in Figure 3. The rest of such a perfect matching will be a

8 [Feb.
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perfect matching of L(x;, X3, ..., T,-p — 1), the number of such perfect match-
ing being

(5) Kn_z(xl, Loy eees Ly-9 — 1).

X
—_——t

n-2

FIGURE 3

From (4) and (5), we obtain recurrence relation (3). [

Obviously, XK, (xy, %9, ..., %,) is a polynomial of the form

(6) K, (15 «vvs x,) =g, + > Gn(R1s eovs 2Ty wun Ty
1<2) <8y <. <psn
Clearly, gy = 1. Leps=n

Now, we are going to determine the coefficients 9y and gn(kl, e kp).
First, we define an auxiliary polynomial

(7) Qa(2ys vves XTy—1s Ty) = Ky(xys oves Xy_1s T, — 1)
For example, we have:
(8) Qo =1, 1(x1) = 215 Go(xy> ) = 1 — 2 + 2725
From (3) and (7), we obtain the recurrence relation
Qu(xys eves XTy—1s Tp+ 1) = x,0,-1(X15 «evs Tpo1)

+ Qn—z(xls ceey -’L'n_z),

i.e.,
(9) Qn(xls ceey xn—l’ .'L'n) = (.’I)n - l)Qn—l(xl’ D ] xn—l)
+ Qn_z(xl, cs ey xn_z).
Let
(10) Qu(@ys vevs T,) = Sy + > Sp(R1s wevs Rp)Ty wen Ty,
18] <fp< - <fpsn
Clearly, Sy = 1. Leps=n

Now, we are going to determine the coefficients S,(%;, ..., %p) and S,, for
n = 1.
First, we prove the following lemmas.

Lemma 1: S, = (-1)"F,_,.

Proof: The proof will be by induction on n. According to (8),
Sog=1=(-1)0F_,, S; =0=(-DF_,;.

Suppose that S5; = (—l)iFi_z, for © < k. Then, according to (9),
Sk = =Sk-1 + Sg-2»

1991] 9
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and by the induction hypothesis,
Sy = —(-DF IF g + (-1D)F72F,
(-DK"2(Fyo3 + Fyoy) = (-DFR 5. O

Lemma 2(a) :

(11) 5,815 wees Apo1s &) = L' 7T#E, 8, (A1, ety £po1),s for p o> L
(b) :

(12)  8,(21) = D)""ME _, 5, .

Proof: It suffices to prove (a), since (b) is a particular case of (a). The
proof will be by induction on n - fp.
If n - % = 0 (&p = n), then, according to (9),

(13) Su(81s wevs Dpo1s 4p) = Sy 1 (815 aens Bpo1)
(-1)O74S,1(R1s wees fpo1)
(D Sy 1 (s eees Lpo1)-
If n -2, =1 (4p = n - 1), then, using (9) and (13), we have:
S, (A1s wevs 2p) = =S21(R1s vevs 2p)
= =5, 2815 wevs Lpo1) = (CDIFIS, 50y, wees Rpi1)-

Suppose that (11) is true for n - &p <k (4p >n - k), n - 1 2 k > 2. Then,
for n - 2p = k(%p = n - k), according to (9),

Sn(zl, ceo ey »Q,p) = _Sn‘l(g’l’ co ey ,Q/p) + SH-Z('Q‘].’ ) ,Q,p),
and, by the induction hypothesis,
-1-2
S, (15 eees 2p) = —(-1)" Fy 11,5010 <oes Apo1)
+ (—1)”‘Z‘R?Fn_z_y‘pszp_l(scl, e Apo1)
(D" (Fy g g, F By lg 180, o1 (R eees Spo1)
(1) 7%F, Sy, 1 (R1s eees fpo1)e O

Lemma 3: S,(%15 «+.5 &p) = (‘1)"_pFn—!LpF!Lp—zp-1—1 cee Fyyopy 1Fg oy forp = 1.
Proof: For p = 1, it follows, from (12) and Lemma 1, that
-2 -2 2 -1
Sn('q'l) = (_l)n an-—lISEl—l = (_1)7’1 1F7L—JLI(_1)I F21-3

= ('l)n_an-leZI»B'
For 1 < p < n, according to Lemmas 1 and 2,
-2
5015 wens Lpo1s 2p) = (D) PEy 0,50, -1 (A1 +ees £po1)s
and now, by induction,
-1 Lp -1 -y
Sn(ll, ce e /Q/p--]_’ szp) = (_l)n pFYL—JLP(_l) e e 1F1p—1p
-1 - L -
(D2t RE DT

(DPPE, Py oy e Fyyg oiFy g0 O

_1-1

Lemma 4(a): g, = (-1)"F,_4,
(b): gn(ll, coes ,Qp) = (—1)n—pFn_1p_2 FJL
Proof: According to (7),

p=fpy =177 Fzz-zl—1F11-3‘

Qn(xl, cees T, g, X, F 1) = K (xys ooos 15 x,).
Hence,
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5,815 wens 2p)s if Bp = 7,
gn(lli 5 JZ4p =

Sp(8ys wees 2p) + 5, (015 oony Lps m), if Ly < m.

Particularly, we have

(15)

Now,

and

(16)

and,

i.e.

(17)

g, =68, +5,(n), for n 2 1.
from (15), Lemma 1, and Lemma 3, we have
g, = (1) Fp.p + (—l)nman-g = (-D)"(F,_, - n-3) = (—l)nFn_u,

(a) is proved.
To prove (b), observe that, for &p = n,

n-
gn(’q’l’ ceos Q,p) = Sn(ﬂ‘l, ceo le) = (-1) pF'QP’Ep-l‘I . Fl2_11_1F11_3,
for &p < m,
Qn(ll’ e ey Q,p) = Sn(Q'l’ v o sy Rp) +Sn(g‘l’ s ey /Q/p, ﬂ)
" -
(D" FE, g, Py, . F,
-p-1
+ (-rF L T T T TIPSR T T

n-p
(-1) (Fpogp = Fn~zp-1)5&p-zp-1~1 - 5&2_11_1F11_3,

1]

~fp-y -1 2“11—1F11—3

it

5

9,15 «evs &) = (1) 7P F e oy g 1Fay o3

n-tp-2"0p -850 -1

Taking into account that, for £, = n, F —tp-2 T F_, =1, (16) and (17) can be
written together in the form

(18)

n

= n-p
Gu (815 wvs Bp) = (CDTTE Ly Py Ly eee Byl Py o

Theorem 2: K,(xy, ..., X,)

= (-D'F,_, + D15 wevs )Ly oee &
(-7 Fy_y Len, < 2; (EPSWQW( 1s s Aplay, 05
l<p<n

where g, (%1, ..., Qp) is given by (18).

Proof: Follows from Lemma 4. []
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1. Introduction

Eric Halsey [3] has invented a method for defining the Fibonacci numbers
F(x), where x is a real number. Unfortunately, the Fibonacci identity

(L) F(x) = F(xe = 1) + F(x - 2)

is destroyed. We shall return later to his method.
Francis Parker [6] defines the Fibonacci function by

Px) a® - cos mxo ™%
x = -
/5
where o is the golden ratio. In the same way, we can define a Lucas function

L(x) = o + cos wmxa™%.

F(x) and L(x) coincide with the usual Fibonacci and Lucas numbers when x is
an integer, and the relation (1) is verified. But the classical Fibonacci
relations do not generalize. For instance, we do not have

FQ2x) = F(x)L(x).

Horadam and Shannon [4] define Fibonacci and Lucas curves. They can be
written, with complex notation

a® — eiﬂxu—x
2 F = B
(2) (x) 7
(3) L(x) = o% + et™%q~%,

Again, we have F(n) = F,, L(n) = L,, for all integers n.

We shall prove in the sequel that the well-known identities for #, and L,
are again true for all real numbers x, if F(x) and L(x) are defined by (2) and
(3). For example, we have immediately

F(2x) = F(x)L(x).

We shall also relate these F(x) and L(x) to other Fibonacci properties as well
as to Halsey's extension of the Fibonacci numbers.

2. Preliminary Lemma

Let us consider the set F of functions w:R + € such that
(4) Ve €R, wlx) =w(x - 1) +wlx - 2).
E is a complex vector space, and the following lemma is immediate.

Lemma 1: Let o be the positive root of r2=7r + 1. Then the functions f and g,
defined by

fl@) =a® g) = %"

are members of .
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GENERALIZED COMPLEX FIBONACCI AND LUCAS FUNCTIONS

Let us define now a subspace V of Z by
V={w:R~>C, w=>rf+ug, X, n € C}.
The functions F and L, defined by (2) and (3), are members of V.

Lemma 2: For all complex numbers ¢ and b, there is a unique function w in V
such that

w(0) = a, w(l) = b.
Proof: We have

w0) = A+ u=a, w(l)=1r - ua"l =h.
By Cramer's rule, X and p exist and are unique.

Lemma 3: Let w be a member of V, and % a real number. Then the functions wy
and wé, defined by

w, (@) = wx = k), wix) =e™ukh - x),
are members of V.
Proof: The proof is simple and therefore is omitted here.

Lemma 4: Let u and v be two elements of V and 6 :R%2 + €, the function defined
by
u(x), ulx + 1)

§(x, y) = u(@v(y + 1) - ulx + Dvly).
v(y), vy + 1)

Then we have

(5) §(x, y) = e™¥s(x - y, 0).
Proof: First, we have

ulx), ulx) + ulx - 1) ulx), ux -1)
(6) Sz, y) = =

v(y), v(y) +vly -1 v(y), vy - 1)

-8(x -1, y - 1).
Now, let us define
n(, y) = ez -y, 0) = et (u(x - yv(1) - ulx -y + 1v(0)).
Let x be a fixed real number. By Lemma 3, the functions
y > 8(x, y)s y > nlms y)
are members of V. We have
§(x, 0) = n(xz, 0),
and, by (6),
§(xy, 1) = =8(x ~ 1, 0) = n(x, 1).
By Lemma 2 we have, for all real numbers y,
8@, y) = nix, »).
This concludes the proéf.

Lemma 5: Let F and [ be the Fibonacci and Lucas functions defined by (2) and
(3). Then, for all real numbers, we have:

(7 L(x) = Flx + 1) + F(x - 1)
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GENERALIZED COMPLEX FIBONACCI AND LUCAS FUNCTIONS

(8) 5F(x) = 20(x + 1) - L(x);
9) L(x) = 2F(x + 1) - F(x).

The proofs readily follow from the lemmas and the definitions of the functions.

3. The Main Result

Theorem 1: Let u and v be two functions of V. Then, for all values of z, y,
and z, we have

(10) (@) vy +2) - ulc+z)vy) = eF) [ul@-y)v(l) -ul@-y+1)v0)],

where F is defined by (2).

Proof: For x and y fixed, consider the function A:
A(z) = u(x)v(y + 3) - ulx + 2)vy).

By Lemma 3, A is a member of V, and we have, with the notation of Lemma 4,
AC0) = 0, A(l) = 6(x, y)-

Thus, we have, since the two members take the same values at z = 0, 2z = 1:
A(z) = 8(x, Y)F(2).

The proof follows by Lemma 4.

4. Special Cases

Let us examine some particular cases of (10):
Case 1. u=v=7rF
Since F(0) 0, F(1) = 1, we have

(11) F(x)F(y + 2) - F(z + 2)F(y) = e F(2)F(x - y).
Case 2. u=v =1
Since L(0) 2, L(1) = 1, we have, by (8),

(12) L(x)L(y + 2) - L(z + 2)L(y) = -5¢*"¥F(z)F(z - y).
Case 3. u=7F, v =1L
We have, by (9),

(13) F(x)L(y + 8) - F(x + 3)L(y)
Case 4. u=1>L, v =F

(14) L(x)F(y + 2) - L(x + 2)F(y) = e*"YF(z)L(z - y).
Case 5. Let y = 0 in (12) and (13) to get

(15) 20(x + 2) = L(x)L(z) + 5F(x)F(z),

(16) 2F(x + 2) = F(x)L(2) + F(8)L(x).
Case 6. Let y = 1 in (11)-(14) to get

(17) F(x + 2) F(x)F(z + 1) + F(2)F(x - 1),

(18) L(x + 2) = L(x)L(z + 1) 5F(z)F(x - 1),

(19) F(x + 2) = F(x)L(z + 1) - F(z)L(x - 1),

(20) L(x + 2) L(x)F(z + 1) + F(g)L(x - 1).

- "YF(2)L(x - y).
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Case 7. Let y =x - 2z in (11)-(l4) to get
(21)  (F@)2 - F(z + 2)F(z - 2) = " @=2(F(3))2,
(22) (L(x))2 = L(x + 2)L(x - 8) = -5¢*"@-2)(F(3))2,
(23) F(x)L(x) - F(x + 8)L(z - 2) = -e"¢~®p(2)L(2),
(24) F(x)L(x) - F(x - 2)I(z + 2) = e @ ~3AF(5)L(5).
Remark: (21) and (22) are Catalan's relations for F(x), L(x).

5. Application: A Reciprocal Series of Fibonacci Numbers

Theorem 2: Let x be a strictly positive real number and F the Fibonacci func-
tion. Then we have

o eiwzk_lx YL

Bl - 25 F(x)eE

Proof: We recall the relation attributed to De Morgan by Bromwich and to Cata-
lan by Lucas,
k-1 n
no 22 1 =z - 22
(25) = o
kgll—zzk 1-2z1-22

where z is a complex number (Izl #1). Now put z = e®™q~2% in (25) to obtain:

. k-1 _nk . k-1 . k-1
n eurZ z 2%x n eﬂz x 1 n einZ x
26 = = — -
(26) kz=:1 1 - eiwzkxa-2k+lx kgl aka _ ein2kxu—2kx Skz_‘_‘l F(zkx)
On the other hand, the right member of (25) becomes
imx =2z _ _in2'x -2"*lg inx no_
27 1 e o e o _ 1 e F((2 1)x)
1 - eireg-2z 1 - ety /5F () F(z+ 27

(26) and (27) give us

no in2 e pinap((27 - 1)a)
(28) 3. =

K1 F(2kx) F(2"« x)F(x)

k-1 .
© ewz x gtnx

29) X

=1 F(2kx) F(x)a®

and so

Remark: Put x = m in (29), where m is a natural integer. After some calcula-
tions in the case m odd, we obtain the well-known formula:

> 1 /5

(30) k; F(2fm)  o2m - 1

Formula (30) was found by Lucas (see [5], p. 225) and was rediscovered by Brady
[1]. See also Gould [2] for complete references. -

6. Halsey's Fibonacci Function

First, we recall a well-known formula,

m(n)
-k -1
F, = "

R G

where m(n) is an integer such that (n/2) - 1 < m(n) < (n/2).

),nZI,

16 [Feb.
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We have used the binomial coefficients (Z) only when »n is a positive inte-
ger but it is very convenient to extend their definitions. Then
x)_l <x)_x(x—l)...(x—k+l)
(O T k) k!
defines the binomial coefficients for all values of =z.
From this, we can introduce the function &,

, k> 1,

m(x)
-k -1
(31) G(x) = * , 0,
¥ k; (*7x ) e

where m(x) is the integer defined by (x/2) - 1 < m(x) < (x/2). Then, clearly,
we have

Gn) = F,, n 2 1.

Theorem 3: G coincides with Halsey's extension of Fibonacci numbers, namely,
m ()

Glx) = 3, [(x - K)B(x - 2k, k+ 1)1, = > 0,
k=0
where B(x, y) is the beta-function:

1
B(x, y) = f Tl - )Y ide, x>0, y > 0.
Q

Proof: It is sufficient to show that
1 x -k -1
2 = .
G2 (x - K)B(x - 2k, k + 1) ( k )

In fact, the left member of (32) is

I'(x - k + 1) _ (¢ - kK)(x -k ~-1) «.. (x - 2K)T(x - 2k)
(x - )T (x - 2k)T(k + 1) (x = k)T'(x - 2k)k!
-k -1) oo (- 2k) (x -k - 1)
B k! - k ’

in which we have used the well-known properties of the gamma-function:
T(x) = (x - DI(x - 1), T(k) = (-1
This concludes the proof.
Let p be a positive integer, and let G, be the polynomial defined by

R G}

We see, from (31), that

(33) G(x) = Gp(x), 2p < x < 2p + 23

thus,
Gp(Zp + l) = G(2p + 1) = F2p+1,

Gp(Zp + 2) G(Zp + 2) = F2p+2a

In fact, we have a deeper result, which we state as the following theorem.

Theorem 4: Gp(n) = F, forn=p+ 1, p+ 2, ..., 2p + 2.
Proof: We shall prove this by mathematical induction. If p = 0, we have
Go(l) = 00(2) = 1.

Now we suppose that Gp_l(n) =F, m=p, ..., 2p). Then we have
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(x -p-1) ... (x - 2p)

Gp(@) = Gy @) + (7 b D= i@ + T

and thus,
Gp(n) = Gp_l(n) =F,, forn=p+1, ..., 2p;
but we have seen above that
Gp(Zp + l) = F2p+l’ Gp(Zp + 2) = F2p+2.
This concludes the proof.
Corollary: G is continuous for all values of x > 0.

Proof: By (33), it is sufficient to show the continuity from the right at x =
2p. But

%z%pG(x) = Gp(Zp) = sz (by Theorem 4)
x >2p = G(Zp).

Finally, we see that Halsey's function is a continuous piecewise polyno-
mial. For instance,

G(x) =1, 0 < < 2,
G(x) = x -1, 2 < < 4,
2 _
Gy = E=222 10, 4 <o cs.
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1. Introduction and Theorem

Let
2: di(w)Z‘i, where d;(w) = 0 or 1 for 2 =1, 2, ...,
=1
denote the dyadic expansion of any element w in the closed unit interval [0, 1].
This expansion is unique except when w is a dyadic rational

Gm- 12", m=1, 2, ..., 2" Y, n=1,2, ...,

in which case there are two such expansions, the terminating one concluding
with an unending succession of zeros and the nonterminating one concluding with
an unending succession of ones. To insure uniqueness, we quite arbitrarily
choose the terminating expansion in such a case.

Of particular interest is the asymptotic behavior of

p,(w) = mt 3 d (w),

=1
the proportion of ones appearing among the first m dyadic places in the expan-
sion of w, for m =1, 2, ... . Borel [2] asserted that "almost all" w in

[0, 1] have the property that the limiting value of this proportion is 1/2.
More precisely, if v is the Lebesgue measure on the class of Borel measurable
subsets of [0, 1] and if
Sz{w:0<w <1, lim P, (w) = 1/2},
m - oo
then v(S) = 1. Borel's arguments in support of this impressive fact were

flawed, but valid proofs were supplied by later workers (see [1]). The set S
defines those numbers in [0, 1] which are said to be simply normal to base 2.

The very definition of simply normal numbers induces rather natural fami-
lies of partitions of [0, 1]. Motivated by the definition of S and the fact
that, for each fixed positive real number e less than 1/2 (to avoid trivial-
ity), the inequality

lpm(w) - 1/2| > €

holds for only finitely many values of m for every w in S, we can sharpen
Borel's landmark result by considering the following measurable functions
which, moreover, can be defined for all w in [0, 1]:

2(w, €) = sup{lm:m =1, 2, ..., and p _(w) > 1/2 + €}

and

i

n(w, €) ii.f({w: 0<w=<1,p (0 >1/2+¢€}),
=1

where the supremum of the empty set is 0 and I(4) is the indicator function of
the set 4. Thus, in the expansion of w, &(w, €) is the "largest" dyadic place,
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and n(w, €) is the total "number" of dyadic places, at which the proportion of
ones up to that place exceeds 1/2 + e. Note that these functions assume the
value +« for infinitely many w in [0, 1], but Borel's result implies that the
sets on which they assume an infinite value have Lebesgue measure zero.

For every w in S, the values of these functions are nonnegative integers.
It is illuminating, therefore, to decompose S according to the values of each
of these functions, creating the families of countable partitions £(e) and ()
having respective members

L,] = {U):(UES) 2‘(0), €)

JYs G =0,1, 2, ...,
and

v; = {lw:wes, n(wy, €) =4y =0, 1, 2,

The following theorem gives the Lebesgue measures of the members of each of
these partitions when € = k/(2k + 4) for any positive integer k.

Theorem: Suppose € = k/(2k + 4) for some positive integer k. Then
v(Lg) = v(ly) =1 - Yy
and for J = 1, 2, ...,

N2 [y L kD LR+ DT+1) - J “G+D)
v(z;) = 1= ]<[j/(k + 2)]>2

if § # 0 mod (k + 2); whereas v(L;) = 0 if j = 0 mod (k + 2), and
CLd/k+2)1] o d
v = (=2 YL - e 2E/7(3).
Here, y; is the unique solution of 2k*t2 - 22 4+ 1 = 0 in the open interval (0, 1)
and [t] is the greatest integer not exceeding t.
Remark 1: 1If j = r mod (k + 2), where » = 0, 1, ..., kK + 1, then we have that
(K +2)(g/k+2)1+1) -g=k+2-r.

Remark 2: For k =1, 2, 3, 4, and 5 and k + «, the values of v(L;) are tabled
in [3] for

h
Jg=0,1, ..., inf{h: 2 v 2 0.9999},
J=0

and the values of v(Nj) are tabled in [7] for

h
F=0, 1, .uus inf{h: vy = 0.9999}.
i=o

Remark 3: Our theorem remains true if p (w) is interpreted as the proportion
of zeros appearing among the first m dyadic places in the expansion of w for
m= 1, 2, ... . Furthermore, since the proportion of zeros exceeds 1/2 + ¢ if
and only if the proportion of ones is less than 1/2 - €, our theorem remains
valid when the strict inequalities are reversed and ¢ is replaced by -e in the
definitions of 2(w, €) and n(w, €).

Note: Because
y K+l
:c+2—2x+l=(x—l)<2x7«—l>

=1

and, for 0 < x < 1/2,

2: xt < 1,

=1

Y is the unique solution of
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k+1

E: x* =1 1n (1/2, 1) for every positive integer k.

=1
We now show that Yi = riil, the reciprocal of the (k-%l)StFibonacci root tabled
in [5] for k = 1, 2, ..., 18. For any positive integer K > 2, consider the X-
generalized Fibonacci numbers defined by fk(j) =0, for j =0, ..., K- 2,
fk(K - 1) =1, and

K
@) = 2 F, G -1) for § =K, K+ 1, ...,
=1

and tabled in [5] for X = 2, ..., 7 and j = 0, ..., 15. Miles [6] proved that
Lin £, G+ D/f @) =z
where r'

, 1s the unique solution of
K-1 .
St =k in (1, 2).
=0
It follows that rgl is the unique solution of

X
@i = 1dn (1/2, 1);

=1

hence, Y, = r;ilfor k=1, 2,

2. Proof of the Theorem

If S¢ denotes the complement of S with respect to [0, 1], then v(S° = 0,
and since, for j =0, 1, 2, ...,

{w:0<w<=<1, 2w, €) =g} = L;ju {w:weS% 2(w, €) =4},
it follows that

v(L;) = v{w:0 < w <1, 2(w, ) = J1).
Similarly, for every nonnegative integer j,
v(l;) = v{w:0 < w <1, n(w, €) = J}).

Now it is well known (see, e.g., [4], Ex. 4, p. 56) that <d;(w)> is a se-
quence of independent random variables (functions) on [0, 1] for which

p = v(lw:0 1, d;(w) = 1}) = 1/2

il
IN
IA
1]

w
and

A
A

q = v({w:0<w <=1, d;(w) =0} =1/2

for every positive integer 7, since d;(w) = 1 on 2¢-1 disjoint intervals each
of length 27%, and similarly for d;(w) = 0. Note that

Kd;(w)>:0 < w <1}

differs from the set of all sequences of zeros and ones only by the set of
sequences corresponding to the nonterminating expansions of the set of dyadic
rationals mentioned above. As this latter set is countable and, hence, of
measure zero, its inclusion or exclusion has no effect in our work.

If we define the Rademacher functions

x@(w) =2d;(w) =1, 2 =1, 2, ...,

so that <x;(w)> is a sequence of independent and identically distributed random
variables such that x;(w) = +1 or -1 with respective probabilities p = 1/2 and
q = 1/2, then p, (w) > 1/2 + ¢ if and only if s,(w) > 2em, where

m
sp(w) = E:;ri(w) for every positive integer m.
=1
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Our theorem then follows immediately from the theorems in [3] and [7], where

u=p-g=0 and A =2 =k/(k+2), k=1, 2,

3. The Special Case € = 1/6

The case in which ¢ = 1/6 (k = 1) is particularly attractive since it is
the smallest € dealt with by our theorem and since y;, the unique solution of
23 - 2c+ 1 =0 in (0, 1), is ¢ = (/3 - 1)/2, the reciprocal of the ubiquitous
golden ratio. In this case, our theorem yields v(Lp) =1 - ¢ = $2 and, for

Jg=0,1, ...,
o] e

v(L3541)

and

Vbajez) = 02(M T 2)2m00 = 1935 + /T + D10,

with v(L3j+3)= 0. Here, the successive values of V(L3j+1) are most easily com-
puted recursively using v(L;) = ¢/4 and the relation

3(34 + 4537 + 2)
16(J + 1)(2J + 3)
It follows that, for j =0, 1, 2, ...,

\)(L3j+l+) = V(L3j+1): J = 0, ]-’ 2,

V(L3541) > v(L3;42) > v(L3543) =0
and
V(L3541) > v(L3544)

so that, for increasing values of the subscript, these measures exhibit an in-
teresting "damped saw-tooth'" pattern, each value of j corresponding to a single
tooth.

It is noteworthy to observe that

¢$=1-v(lp) =1-v({w:weS, p(w) <2/3 ¥m=1, 2, ...})
=v({w:w €S, p, (@) > 2/3 for some m =1, 2, ...}),

that is, the set F of simply normal numbers to base 2 in [0, 1] having the
property that the proportion of ones to some dyadic place in their expansion
exceeds 2/3 has measure ¢. Clearly, S n [1/2, 1], with measure 1/2, is a
subset of F. Yet, E is dense in [0, 1]. For if n is an arbitrarily small but
fixed positive real number, then for any

w = }: di(w)Z_i in [0, 1],
consider emt

Jij . 20 +1

(A), = Z d’L (w) 27 + Z

1=1 Jg=1
where N is the smallest positive integer such that 2% < n. Here,

27D 4 3 9= +2K),
K=1

N
pm(w') = m’l[ 2: di(m) + (2N + 1) + [(m - 3N)/2]], for m > 3N+ 1,
=1
so that lim pm(w') = 1/2; hence, w' € S. Moreover,
m > o

N
Pagsp (@) = 3V + 1)_1[‘Zdi(w) + (20 + 1)] > (20 + 1)/ (3N + 1) > 2/3;

=1
therefore, w' € E. Finally, since w and w' agree in the first IV dyadic places
of their expansions, we have |w' - wl < 270 < q.
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It is also worth mnoting that the measures of the members of £(1/6) given
above yield a simple formula expressing ¢ in terms of the series

/ EJ'Z::O (3jj+ 1) 2737  and & zji:o(?’j; 2) 237 .

For,

vy =v(8) =1 =92+ ¢
i=0
implies ¢y/4 + ¢22/8 = ¢; hence, ¢ = 2(4 - y)/z. Note that

yl4 = 1/(¢¥/5) and z/8 = 1/Y5.
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1. Introduction

Let P and @ be relatively prime integers, a and B (a > B) be the zeros of
22 - Px + @, and, for k = 0, 1, 2, 3, ..., let
ak - gk ,
(1) Uy = Up(Py @ =———— and V, = V, (P, § = ok + gk.
a - B

The following result is well known.
Theorem 0: Let m and n be positive integers, and d = ged(m, n).
(1) ged(Uys Uy) = Ugs

(1) if 5 and 5 are odd, ged(V,, V,) = Vy;

(iii) dif m = n, ged(U,, V,) =1 or 2.

Using basic identities, Lucas proved Theorem O in the first of his two 1878
articles in which he developed the general theory of second-order linear recur-
rences [5]; Lucas had previously proven parts (i) and (iii) in his 1875 article
[4]. Nearly four decades later, Carmichael [1] used the theory of cyclotomic
polynomials to obtain both new results and results confirming and generalizing
many of Lucas' theorems; Theorem 0 was among the results obtained using
cyclotomic polynomials.

Curiously, the value of gcd(V,, V,) when m and n are not divisible by the
same power of 2, and of gcd(U,, V,) for m # n, do not appear in the literature,
and have, apparently, never been established. It is dinteresting that the
values of all three of these gcd's can be rather easily found, for qll pairs of
positive integers m and n, by the application of an approach similar to that
used in establishing the Euclidean algorithm to a single sequence of equations.
We shall prove the following result.

Main Theorem: Let m = 2%m', n = an', m' and n' odd, ¢ and b = 0, and let d =
gcd(m, n). Then

(1) ged(Up, Uy,) = Uy,
V; if a = b,
{1 or 2 if a = b;
V; if a > b,
1 or 2 if a < b.

(i1) ged(V,, V)

(iii) ged(U,, V) = {

The value of ged(V,, V,) is even if any only if ¢ is odd and either P is even
or 3]d; gcd(Uy,, V) is even if and only if ¢ is odd and (1) P and d are even, or
(2) P is odd and 3]|d.

Our definition of Uy and V;, assures that the above result holds for all
second-order linear recurring sequences {U;} and {V,} satisfying

Up =0, Uy =1, Uppp = PUpy1 = QUys
and
Vo =2, V3 =P, Vyup = PVyyy — QVy.
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If P =1 and § =-1, the sequences are the Fibonacci and Lucas number sequences,
respectively; for this case, a nice alternate proof of (ii) has been communi-
cated to the author by Paulo Ribenboim, and appears mow in [6]. If one defines
the sequence {U,} more generally, by

U]_ =, U2 = b, Un+2 = CUYL+1 + dUn,

then Lucas' result [(i) above] will hold under certain circumstances: P. Horak
& L. Skula [2] have characterized those sequences for which (i) holds.

In our last section, we shall observe that a result analogous to Theorem 1
holds for Lehmer numbers and the "associated" Lehmer numbers.

2. Preliminary Results

We base our proof on the following formulas, all of which are well-known,
and are easily verified directly from the definition (1) of Uy and V.

Property L: Let r» > s 2 0, ¢ = min{r - s, s}, and D = P2 - 4q.

L) Up = Vp_glUg % Q@wr_zsl, where the + sign is used iff » - 2s 2 O,
L) Vo= VosVs = @Vjp-2e)>
L) U, =U,_gVe ¢ Q€U|r—23p where the + sign is used iff r - 25 < O,
L(iv) Vp = DUrp-sUs + @V [r_2s)>
L(v) VZ = DUZ + 4Q".

We will use the fact that, for k > 0,

(2) gcd(Uy, &) = ged(Vy, @) = 1,

which is also readily shown from (1) [or see [1], Th. I].

Finally, we require this result concerning the parity of U and Vi, which
is easily deduced from (1), using P = o + B and ¢ = of (or see [1], Th. III):

Parity Conditions: If k =0, U, =1 and ¥, = 2. Let k > O.
(i) If @ is even, both Uy and V; are odd;
(ii) If ¢ is odd and P is even, then I}, is even, and U, is even iff k is;

(iii) I1f ¢ is odd and P is odd, then U, and V), are both even iff 3|k.

3. The Basic Result

Let {y;} and {§;} (¢ 2 0) be sequences of integers. Let mj = 24M and ng =
285 be positive integers with A and B 2 0, X and N odd, and my > ng, and let
dg = |mg - 2ng| and d = ged(mg, ng);
let Gmo and H, be integers, and Kdo be defined by
G = YOHVZO + 60Kd0.

mo
Theorem 1: For g = 1, 2, 3, ..., let

mij = Mi_1, 7’lj = dj_]_, ij = Hn. and Hn~ = de_
or

mJ = dj-]-’ 7’LJ = ﬂj_l, ij = de—l and Hnj = Hn. N if 7’lj_1 < dj—l’
let dj = Imj - 2nj], and let de be defined by

ij = Yanj + (Sjde.
If, for 4 2 0, gcd(ij, 5j) =1, then
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gcd(H,, K,) if A = B,
gcd(G, 5 H, ) ={ 4> %d
0 0 ng(Hd’ Ko) if A # B

Proof: For each pair of integers r and s, we let (r, s) denote gcd(r, s). The
definitions of m;, n;, and d; imply that {m;} is a nonincreasing sequence of
positive integers; let X be the least integer such that my_; = my. Now, it is
clear, from our definitions above, that

(mgs ng) = (ng, dog) = (my»> n1) = My dy) = «+-
= (mg-15 ng-1) = (Mp-15 dg-1)-

Furthermore, by our assumptions that Gmi = yanj + §jkdi and (G,. éj) = 1, we
have, similarly : : : ‘

(Gmos H”O) = (Hno’ Kdo) = ... = big de—)'
Since, by definition, my = max{n;_y, dyx_1}, my-; = ny_y or dy_;.

My -

Case 1. If my_y = ng-1, then dy_1 = |my_1 - 2nxg-1| = my-, also, so
(mgs ng) = (Mg-1s di-1) = mr-1;
that is, d = my-; = ng-1 = dy-,. Hence, in Case 1,
Grys Hyy) = (Hys Kg).
Case 2. If my_y = dy-1 2 ng-y» then dy_1 = |my_y - 2nj_| implies ny_; = 0.
But, then, since nj_; = min{ng_,, dy-5}, dyx-» = 0; this implies
d = (mg, ng) = (Mg-ns 0) = nx_s.
Hence, in Case 2,
Cmgs Huy) = (Hy s Ky ) = (Hy, Kp).

For j > 0, let M; = mj/d, Nj =nj/d, and D; = dj/d. 1f A =B, My, Ny, and
Dy are each odd; consequently, M;, N;, and D; are odd for j =0, 1, 2, 3, .
This is possible only in Case 1, since, in Case 2, dy-, = 0, implying that Dj_,
is even. If A # B, it is easy to see that, for each j, exactly one or exactly
two of the three integers M;, NVj, and Dj is (are) even, and this is possible
only in Case 2, since, in Case 1, My_; = Ny_; = D, _;. This proves the theorem.

4. Proof of the Main Theorem

For j 2 0, we assume that Msis Nis dj, ij, Hnj, and de are as defined in
Section 3, and M;, Nj, and D; are as defined in the proof of Theorem 1. Let
S(r) denote the number of integers j, 0 < j < k, such that ni_y 2 dj—l’ and for
each positive integer ¢, let p(Z) denote the parity of 7.

Lemma 1: If A # B, and if there exists an integer k such that d; = 0, then
S(k) is even if and only if 4 > B.

Proof: Assume A4 = B and that there exists an integer k such that dj (and hence,
Dy) equals 0. It is clear that the number of integers j, 0 < j < k such that
Nj_1 2 D;jy is S(k). Now, A = B implies that, for each j,

J
(p(Mj), p(Nj), p(Dj)) = (even, odd, even) or (odd, even, odd),

and it is clear from the definitions of m; and n; that S(k) is precisely the

number of changes from one of these two forms to the other, as j assumes the
values 0, 1, 2, ..., k. Since dy = 0,

(p(M), p(Ng), p(Dy)) = (even, odd, even);
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it follows that S(k) is even if and only if My is even; that is, if and only if
A > B.

Proof of the Main Theorem: Let e; = min{m; - n;, n;}.

(i) We assume without loss of generality that m > »n, let m = mys n = ng, and
apply Theorem 1 with Gmy = Ung » Hn0 = Ungy» Y o= Vﬁj—np and §; = +(%/, where the
+ sign is chosen if and only if m; - 2n; 2 0, for j > 0. For each j 2 0, G, =
YjHn; + 6jK;; implies that Kg, = Ug;» by property L(i); since (ij, §;) =1, as
observed in Section 2,

ng(Um, Un) = ng(Ud’ Ud)

Ud’ ifCZ:b,
and
ged Uy, Uy) = ged(Uy, Uy) = ged(Uy, 0) = Uy, if a = b.

(ii) Assume, again without loss of generality, that m 2 n, and let m = my and
n = ng. Defining Gmo’ H”o’ de, Yjos and 6j as Vmo’ V”o’ Vdj’ mi-ng and _QEJ’
for j 2 0, respectively, we have, by Theorem 1 and L(ii),

ged(Vy,, V) = ged(Vy, V) = V; if a = b,
and
ged(Vy, V,) = ged(Vy, 2) =1 or 2 if a = b,

proving (ii).

(iii) Case 1. Assume m 2 n, let m = mg and n = ng, and define Gpn s Hyy» Kq)»
Yo, and &g as Umo’ Vﬁo, Udg’ Umo—"o and iQeO, where the + sign is used'if and
only if mg - 2ng < 0. For j = 1, 2, 3, ..., let y; = DUp; _n;» S; = @7, and
Kg. = Vg, if Gm, = Vy._y3 and v; = Up.-p.» 6; = Q% , and Ky, = Uy, 2f Gpu; =

g g J g . g T i ai A
U”j-l’ where the + sign is used if and only if m; - 2nj; < 0. Corresponding to
each j (j 2 0), then, Gp; = Y;H,, + K4, is either L(iii) or L(iv).

If a = b, Theorem 1 implies

ng(Um’ Vn) = ng(Vd’ Ud) [or, ng(Ud, V&)]9

and it is immediate from (2) and L(v) that this integer is either 1 or 2.
If a # b, Theorem 1 implies

gcd(Uys Vy) ged(Vy, Up)

ged (Vg5 0) Vas
or

gcd(U,, V,)

ged(Uys Vo) = ged(Uy;, 2) =1 or 2.

Now, Gp, = YpHn, + 8xK4, changes from one of the forms L(iii) or L(iv) to the
other as r changes from j - 1 to j if and only if nj-1 2 d;_1; hence, the num-
ber of such changes as j assumes the values 0, 1, 2, ..., k, is S(k). Since
K4, = Ug,, the integer k such that K4, = Uj exists if and only if S(k) is even,
and, by Lemma 1, this happens if and only if a > b; that is, if a # b, gcd(U,,
V,) = V; if and only if a > b.

Case 2. Assume n > m, let n = my and m = ng, and define Gmo, H”o’ Kdo, Yo
and 6o to be Vy , U”o’ Va, » DUWO-”O’ and %%, respectively. All the remaining
definitions parallel those in Case 1 in the obvious way, and the proof is
similar.

The conditions determining whether gcd(V,, V,) or gcd(U,, V,) is 1 or 2
follow immediately from the parity conditions in Section 2.

Letting Fy = Ux(l, -1) and Ly = Vix(l, -1) represent the kth Fibonacci and
Lucas numbers, respectively, we have the following corollary.

Corollary: If m = 2%', n = 2’2", m'" and n' odd, @ and b 2> 0, and d = ged(m, n),
then

(1) ged(Fy, Fp) = Fg;
(ii) ged(L,, L,) = Ly if a = b, 2 if a = b and 3|d, and 1 if a # b and 3/d;
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(iii) ged(#,, L,) = Lg if a > b, 2 if a < b and 3|d, and 1 if a < b and 3*d.

5. Lehmer Numbers

Let R be an integer relatively prime to §. We let o and B denote the zeros
of x2 - VRx + @, and redefine

{(uk - 8K /(a - B), if k is odd,

[
i

U Uy (VE,
x i @ (ak = gX)Y /(a2 - B2), if k is even,

and

]

Vk = Vk(}/ﬁy Q)

(ak + BKY/(a + B), if k is odd,
(ak + Bk), if k is even.

The numbers U; and V;, were defined by Lehmer, who developed many of the
properties of this generalization of Lucas sequences in his 1930 paper [3].
The numbers are known, respectively, as Lehmer numbers and the "associated"
Lehmer numbers.

The Main Theorem is true for Lehmer numbers and the associated Lehmer num-
bers, except that appropriate changes must be made in the statement concerning
the parity of the greatest common divisors. We shall not restate the theorem,
and refer the reader to [3], Theorem 1.3, for the parity conditions for Uy and
V-

Both Uy and Vj are prime to @ ([3], Th. 1.1), and it is not difficult to
show, directly from the definitions above, the following counterpart of Prop-
erty L:

Property L': Let » > s 2 0, e = min{r - s, s}, and A = R - 44.
L' (i) Uy = RVyp_oUs = Q2U|P_231, if r is odd and s is even,
Up = Vp_gUg * QQUV—ZsP otherwise;
L' (ii) Vp = RVp_sVs - Q2V1p_25|, if » is even and s is odd,
Ve = VpogVg = Qewp-zsw otherwise;
L'(iii)) Up = RUp_ Vs * Q@U,P_ZSJ, if r and s are odd,
Up = Up_gVy Q9U|p_2sl, otherwise;

L'(iv) Vy

1]

RANUyn_gU, + QZWr—ZsP if » and s are even,
Vo = AUp_sUs + Qemp_zsP otherwise;

L'(v) RVZ

2

VY’

AUZ + 4Q7, if r is odd,
RAU% + 4Q7, if r is even.

The + sign is used in L'(i) if and only if » - 28 2 0, and in L'(iii) if and
only if » - 2s < O.
Each of the identities L'(i) through L'(iv) is of the form

G, = YiHn; + 8;Kqg,-

The proof- that ged(U,, U,), gcd(Vy, V,), and gcd(U,, V,) are set forth in the
Main Theorem is, then, precisely the same as that given in Section 4, with the
slight changes required as the above identities replace the identities of
Property L.
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Introduction

Suppose a (large) integer N is given and we wish to choose positive inte-
gers A, B such that

(a) the sequence {w,} defined by w; =4, wy, =B, and w,4p = W,41 T W,
n 1, contains the integer W,
(b) s A + B is minimal.

What can be said about s in relation to /N, and how are A and B to be found? We
also consider some generalizations.

The case N = 1,000,000 was recently the subject of a problem in a popular
computing magazine [1]. Obviously, for ¥ 2 2, A =1, B = N - 1 is one pair
satisfying (a) and so the problem does have a solution for each /. Also s = 2,
and equality here holds whenever N = F,, a Fibonacci number. Hence,

v

lim inf s = 2 as N » =,

In the opposite direction, we shall show that 3:>y/ﬁ for infinitely many /N, but
that for all sufficiently large NV, s < y/ﬁ + 0(~1/2y, where Y = 2/¥o. and o =
(1 + V¥5)/2. We shall also show how to select 4 and B for each /.

The Original Problem

Clearly, for a solution to the problem 4 2 B > 0, for if B > A, then the
pair Ay = B - A, B; = A would yield a smaller s. Starting from 4, B, we then
obtain, successively, 4, B, A + B, ..., t, N and we now define, for each ¢ < I,
the sequence

to =N, t1 =¢, thyp = ¢, = tys1s n 2 0,
i.e., work backwards, so to speak, until we arrive at
‘f}k =4 + B, tk+1 = B, tk+2 =4, tk+3 < 0.

Thus, the only choice at our disposal is t; k is then characterized by being
the smallest integer for which #¢343 < 0, and our object is to choose ¢ so as to
minimize s = %;.

Let o and B be the roots of 62 = 6 + 1. Then af = -1, o + 8 = 1, and
F, = (a" = B™) /(o - B).
Then the roots of 62 = 1 - 6 are -o and -B, so that, for suitable constants ¢
and d,

t, = (-1)"{ca™ + dp™}.

Using the initial conditions ¢y = VN, t; = ¢, we then find that

1) t, = (-)"{NF,_{ - tF,}.

Also, for n > O,

(2) OLFn__l - Fn = _Bﬂ-]. = (_l)na_n+1’
and so
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(3) (-1)"{aF, -1 - F,} > 0.
We now prove the following.
Theorem: Let

t, = (-1)"{NF,_; - tF,},

where ¢, = A + B, t341 = B, ty4+o = A. Then ¢ = [n/a] gives the smallest value
for ¢, = A + B = s and

s < 2/(W/a) = 1.5723V0.
There are two cases. Suppose first that N > ot. Then
t, = (-D"t{aF,_y - F,} + (-1)™{N - ot}F,_; > (-1)"{V - at}F,_;,

s0 ty can be negative or zero only if #n is odd. Thus, k must be even, and if
k = 2K, then tpy41 > 0, toxs3 < 0. Thus, from (1)
Fok t Foxez
< - <
Foxs1 M Fagas

\%

and defining p = N/oa - ¢ 0, we have

Fokvs = %Foxva 0 Foge1 - aFpy
aFop43 N 0Fox+1
i.e., in view of (2),
(4) aZKH1Fyy ) < W < a?X*3Fo, 3,

whence,

aMK+2 41 = g2K+1(g2k+1 _ g2k+1y < p/5/,

< a2K+3(a2K+3 _ 82K+3) = OLL+1K+6 + 13
so
(5) QBK+2 < N/g]p — 1 < gHK+6,
Also, in this case,
(6) § = tox = NFpx-1 = tFyg

1]

N(Fag-1 = Fax /o) + pFay
N/a?X + pFy, = £ + n, say.

Of these two terms, & is always the larger; in fact, from (4), we have

]

af N 03Fou 13
N 2A+1 & _ - < K+ )
Foy N patFyy Fox
whence
(8) a2 < g/n < ab + 2|B|2K3/Fyy.
We now show that, for all ¢ < N/a, t = [N/a] gives the smallest value for s.

For, let ¢t = [N/a] and ¢’ < ¢t be any other integer, yielding, respectively, p,
K, €&, n, ¢ and p', K', €', n', and s'. Then ¢’ < £ - 1, whence p’ > p + 1 and,
in view of (5), K' < K. 1If K' = K, then €' = £ and n' > n, which gives s’ > s,
whereas, if X' < K, then

s'=¢"+n'">¢E"20% = (a+1)§>E+n=s,

in view of (8). Moreover, using (7), we see that
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2 + )2 Foy (03F F
i=u=ﬁ{§+2+ﬂ}s DZZK{_&Q+2+_3_£K__}
[ [ n g a Fy o Foxt3
P
= s (@%Fog43 + Fop)?
0‘UHBFZKH
_ p(a - B) { a3(u2K+3 - 82K+3) + (QZK - BZK)}Z
atk+e 41 (o = B)
_ puL}K+6 . (0L3 — 83)2 . 40‘/5
altk*6 4+ (o = B)
Thus,
9) s < 2N1/2p1/2 51/’4 .
The case in which ¥ < at is entirely similar. Suppressing the details we find
that k must be odd, and if k¥ = 2% - 1, then with ¢ = ¢ - /o, we obtain
) a2¥p,, < Njo < o2M*2F,, .,
(5" o < W55 + 1 < oMtH,
(6" s = N/o2M~1 + 6Fy, 1 = & + n, say.
F n adF
) & < 2M+2
Foy-1 " oa®lryy 1 Fyyog

8" 02 - p4M-3/5 < g/n < ab.
For all sufficiently large W,
“n s < 2W1/2 gl/2 51/ 4 o-1/2)y,

At this stage we may immediately make the observation that, for any I, one of o
and p lies below 1/2, and so (9) and (9') immediately give an upper bound of
2W/5)Y2 + oW -1/2) or approximately 2 - 115N 1/2, It is, however, possible to
improve this.

Let us suppose that p/o = a"2%, so that

(10) p=1/(1 +22%) and o = a2®/(1 + a29),

since 0 + p = 1. Then, if 6 21 - 1/V, i.e., p is small, we use the inequal-
ity (9), and if 6 < -1 + 1/N, i.e., o is small, we use the inequality (9') and,
in either case, obtain

(11) s < 2N1/251/‘+/(l + a2)1/2 + O(N—I/Z) = Y]\71/2 + O(N'l/z),

as required. The remaining case is |6| <1-1/N. Let NW5/p -1 = a*, and let
W5/ + 1 = o*. Then a little manipulation yields

206 > A - u > 26 - 1/W,

and so, certainly, IA - ul < 2. Then we have, from (5), that at > oMk*t2) §.e.,
A > 4K + 2 and, from (5'), that 4M + 4 > u. Since u + 2 > A, 4M + 6 > 4K + 2
and so M > K. Similarly, we find that ¥ < K - 1, and so all in all M = K or
K - 1; in other words, the values of k obtained from p or o differ by exactly
one. It is easy to see that whichever is the larger value would give the
sharper bound for s, but there is no a priori way to determine which does
indeed give the larger k. If it is 2K, then we can improve the bound given by
(9), by observing that

A<+ 20 < LM+ 4+ 20,

and so the upper bound for £/n given by (8) can be improved to a"*28 + 0(1/W)
and then the same argument which led to (9) now leads to

32 [Feb.



RECURRENT SEQUENCES INCLUDING ¥

g2 0(a2+0 4 g=2-8)2 (028 + g~2-6)2°¢
— < + O(1/N
v (o - B) (i (a2 + 1)/5

() +o0(1/yy, say.

+ o(1l/W)

In the same way, it is possible to improve the bound if the larger value is
given by 2M - 1, and the corresponding bound for s2/N is just f(-8) + O(l/N).
Since we do not know which of these will apply, we must take the larger ome,
i.e., g(6) = max{f(6), f(-6)}. It is quite simple to see that f(6) is an
increasing function of 6 and so the worst case arises from (1 - 1/WN), the upper
bound for |6|, giving

82/l < 4/a + O(L/N),
yielding (l11) again. This concludes the proof of the theorem.

Now, we show that this bound cannot be reduced. Choosing N = Fy, 1Fo,42>
we find that

[M/a] = (a""+2 4+ g47+2 — 3) /5. = (a + B¥7+3)/V5,
o= —(B+ Bt /5, X =tbn+ 2, u=lbn+ 4,

and so K =n - 1 and ¥ = n. Therefore, it follows that the latter gives the
larger value for k, and that, in view of (97),

s = N(Xl_zn + Dan_l
(u2n+1 _ 82n+l)(u2n+2 _ 82n+2) (B + 84n+3)(u2n—1 _ 82n—1)

§g2n -1 5
= Lpgontn 4 og2m-2 _ g2 L gentlh 4 o20-2 4 g2n 4 g2n+k 4 gbn+h)
5

1
- g(u2n+1 _ BZ”+1)(u3 _ 83) = F3F2n+1 = 2F2n+1’

and now
EE ~ 4F2n+1 4<u2n+l _ 82n+l) é
o

= >
N F2n+2 (u2n+2 - BZn+2)

This concludes the discussion of the original problem.

Generalizations

Several generalizations are now possible. the simplest of these consists
of choosing a given integer a 2 1 and replacing the original relations by

(al) the sequence {w,} defined by w; =4, wy) = B, and wW,4p = aw,4+1 + W,
n = 1, contains the integer W,
(bl) s aB + A is minimal.

This creates but minor changes in the working above. We now let a > 0 and B <
0 be the roots of 62 = g6 + 1 and then aBf = -1, o + B8 = a, o - p = (a2 + 4)1/2,
We define F, as before imn terms of o and B, although, of course, F, will no
longer be the Fibonacci number. The effects of this are to replace /5 wherever
it occurs by the new value of a - B, and to replace the number 2 = F3 in
formulas (9), (9'), and (11) and in the value of y, by g2 + 1. The form of the
result remains identical, with

y = (a® + 1)//a and o = (a + (@ + 4)12y/2.

The details are omitted.
The next generalization we consider consists of replacing the original
relations by
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(a2) the sequence {w,} defined by w; =4, wy = B, and w,,5 = AW, 4i — Wu»
n =2 1, contains the integer W,
(b2) s =aB - A > 0 is minimal.

Here the integer a cannot be 1, otherwise any such sequence would contain only
six distinct numbers, or 2, otherwise the problem becomes trivial since we
could always take w; =1, w, = 2, and then wy = ¥ with s = 3. So we assume
that ¢ =2 3. We now let the roots of 62 = g6 - 1 be

a=(a+ (a?-4)V2y/2 and 8 = (a - (& - 4)1/2)/2,
and then oaf = 1, o + B = g, with
0 <B<l<o and o - B =aq = (az - 4)1/2-

Again we let F, = (a” - B")/ (0 - B), and proceeding as before we let the inte-
ger in the sequence before VN be ¢, and obtain 4, B, aB -~ 4, ..., t, N, and so,
if 29 =N, t1 = t, ty4o = aty+] — tn, we get a reverse sequence where

(12) t, =tF, - NF,_1,
(13) F, - aF,.1 = "1 > 0,
(14) t, = - - ta)F,_; + 8" 1.
What happens now depends on the sign of (VN - ta).
Case I. VN > ta. Then, eventually, ¢, becomes negative, and we find that
8 =F, Fry1 =B, Fyryp =4, and Fp,3 < 0.

All this parallels the previous work with only minor differences, and if p =
N/o - ¢, then we find that

(15) 02k > 1 + N(a - B)/p > aZkth,
(16) g = tk = tFk - NFk—l
]V(Fk/oc - Fk-l) - ka

= N/ok - pF, = £ - n, say.
(17) at < g/n < ab + 0(1/W).

Unfortunately, it is no longer necessarily the case that s' > s whenever t' < ¢
= [N/a]. For we have t' < ¢ - 1, whence p’ 2 p + 1, and so, in view of (15),
k' < k. Now, if indeed k' < k, then s' > s, for

g'=¢"=n'">¢g'(1 - 1/a") = a&(l - 1/a%) > £ > & - n = s.

However, if k' = k, then s' < s, since now p’ > p. Although this is true, we
shall see presently that it causes no problems, for them p' > 1, and in such a
case a choice with ¢ > ¥/a would always yield a smaller s. In any event, we

obtain a result analogous to (9),
(18) s < (a? - 1)N1/201/2(a2 - 4)1/4 + O(N_l/z).

Case II. N < ta, is entirely different. Let ¢ = N/o + o. Then
t, = t8" 1 + caF,

is positive for all n > 0, and we now need to choose X = K to minimize g = Ty
Then ty < tyx4+; gives, in view of (12),

N(FK - FK-I) < (FK+1 - FK)t = (FK+1 - FK)(N/OL + O)
and so, using (13),

(Fyo1 - F)o 2 N(RK - gK*l)
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and so

(1 - B @ + 850 2 N - B)(1 - B)BY
which, together with a similar inequality obtained from %, < ty.; yields
(19) a? "L < N(a - B)/o - 1 < o(F1,

and then
Ty

tFK - NFK—].
N/ + 0)Fy ~ NFy_,
N/oK + oFy = £ + n, say.

In this case, it is clear that the smallest s is provided by taking ¢ as small
as possible, and we find, using (19), that the ratio n/¢ lies between a and
(22X - 1)/(e?(*1 + 1) < 1/a, and so we obtain, as before,

2 + 2
i_=(_5____l‘_)_=§3{5+2+3}
i v N tn €
OFK alk 1 a2+l 4+ 1
s Kl 42 e
ok o268+l + 1 a2k + 1
_ ga2k+l 4+ 1) . o(a + 1)
@Z* L+ 1)@-1) (a-1)
Thus,
1 + 1/2
(20) g < Nl/zol/z{l E}

and this bound is much better than that provided by (18) unless p is extremely
small, certainly less than 1. This justifies our earlier remark that we need
only consider the smallest value of p. Since, at any rate, we can always take
o < 1 in (20), we obtain immediately

< Nl/z{_lj_@}l/z
1+ gf

This can be improved slightly, and we prove that s < vY2 s, where

62=_1__+._B__£_____
1 -81+ 83
As before, we define 6 by p/o = 028 obtaining (10), and define X and p by
N(a - B)/p - 1 =a* and N(a - B)/o + 1 = o¥,

whence
20 < X = u <

If now 8 < 3/2, then
whereas if 6 > 5/2 -

02 < B/ (1 +

20 + 1/N.

o < (1 + 63)_1/2 and then (20) gives the required result,
1/, then we find that

BS) + o(1L/M)

and then, using (18), we find that

2 3 332 5
8 (0 - B°) B
— < + o(1/N),
il a -8 L+8d /m
and since B < 1, the result easily follows. The remaining case is where

J <A -uc<b

and then,
whence

1991]

in view of (15) and (19), we find that 2k <

A - 4 and 2K 2y - 1,
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2(K - k) >u-x+3>-2,

and so, since both k and K are integers, X =z k. Thus, from (16) and (19), we
find that

s < Nfak < NjoK < §Y2 (1 - g2)~V2 4 o-1/2)

and again the result follows.
The following example shows that the result is best possible. Let ¥ =
(F,41 - F,,)L, where the integer L is to be chosen later. Then

L
a - B
(F, -~ F,_1)L - LR"(1 - B),

n

N/o = {a” - g~ 1 = 8n+2 + Bn+1}

and so
[M/a] = (E% - Fn—l)L -1,

provided that LR™(l - B) < 1. It is easily seen that this latter condition is
equivalent to L < Fy4y + Fy, so we let L = F,,, + F, — x, where x > 0 is to be
chosen later. If we now take ¢t = (¥, - F,_1)L = [N/a], then

ty = (Fn—r+1 - Fy_pi,
so the least ¢, = t, = t,,; = L. On the other hand, if ¢ = [N/a] - 1, then
t, = (Fn-r+1 - Fpop)l - Frs

r

S50
ty =1L -F, = F,q - x,
tpel =L - F oy =F, - x,
and tn+2 = Fn—l - x(a - 1).

Now, if we choose x to be the least integer 2 F,_;/(a - 1), then we find that
k =n - 1, and the value of t; exceeds L, the value given for s by the other
choice. Hence, for such an N, we obtain

32 Fn+1 + E% -z (a - 1)(Fh+l + E%) - Fn—l

= = + 0(1
ZV Frry - F, (@ = 1)(Fyy = Fu) ™
a1 - Fy
= + 0(1
(a-1F,,; - F) o
2y _ @2
~ (1 + B°) B + 0(1)
(L -8+ 82)(1 -8
1 +8 1

+ 0(1) = 62 + 0(l), say.

1-51+83
Thus, letting # + =, we find that s < N1/2§ + o(¥~1/2).
Reference
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1. Introduction

For select real values of p and for real x;, the expression

(1) lim x, + (oc1 + (x, + (ev- + (xk)p <.)PYPyP

k> o«

is practically ubiquitous in mathematics. For instance, (1) represents nothing

more than the old familiar §:Z=0xk when p = 1. When p = -1, it becomes a novel
notation for the continued fraction

1

Lo + 1
Ty + 1
T, + T—

When p = 0, the expression is identically 1 (provided that the terms are not
all 0).

Not quite ubiquitous, but certainly not rare, is the case p = 1/2, in which
(1) becomes

(2) lim x;, + Yz, + /&2 + Veeo + V2,

K+ o
a form variously known as an "iterated radical," "infinite radical," '"mnested
root," or "continued root." The literature reveals an assortment of problems

involving (2) but only a smattering of other direct references. Of the few
treatments of nested square roots as a research topic, one of the sharpest and
most thorough is a paper by A. Herschfeld from 1935 [4], wherein he refers to
(2) as a '"right dinfinite radical" and derives necessary and sufficient
conditions for its convergence. Recently, some of Herschfeld's results have
been independently rediscovered [10].

A mathematical construct which includes infinite series, continued frac-
tions, and infinite nested radicals as special cases ought to merit serious
investigation. On the other hand, cases of (1) for other powers, for instance
p = 2, seem likely to produce little more than irritating thickets of nested
parentheses, and integer x; clearly cause rapid divergence. [Herschfeld men-—
tions the form (1), calls it a "generalized right infinite radical," notes the
cases p = 1 and p = -1, states without proof what amounts to a necessary and
sufficient condition for the convergence of (1) for 0 < p < 1, and drops the
subject there.] Yet, surprisingly, it turns out that (1) may converge even for
very large p; even more surprisingly, there is a sense in which the convergence
gets '"better" the larger p grows.

In this article we gather and derive some basic properties of expression
(1), especially its necessary and sufficient conditions for convergence. (For
logistical reasons, we will deal only with positive powers p and nonnegative
terms x;; negative powers, complex terms, and interconnections between the
variations represent unmapped territories which appear to be inhabited by
interesting results.) We note the peculiar fickleness of infinite series in
this context, and we conclude with a few comments interpreting (1) as a special
composition of functions.
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2. Definitions, Notation, and Qualitative Aspects

Given a sequence {xn|n =0, 1, 2, ...} of real numbers (called terms), and
given a real number p, define a sequence {y,} by

k
(3) Y = ,C s Zi) = Zg + (@ + (@ 4 (o + @)F )DL

The limit of y; as k » « will be called a continued (p™) power, denoted by
(};=O(p, x;). If the 1limit exists, the continued power will be said to
converge to that limit. (We do not insist that the limit be real, although it
will be in what follows, given the assumption of positive terms and powers.)
Borrowing from the jargon of continued fractions, Cf=0(p, x;) will be called
the kM gpproximant of the continued power. With the intent of both empha-
sizing and streamlining their retrograde associativity, we will make a slight
deviation from standard notation and write continued powers and their kth
approximants, respectively, as

_§O(p, ©1) = my + Py + Pla, + e))

and

k
_go(p, x;) =%y + p(ac1 + Pleee 4 Play) -+0)).

Implicit in this notation is the convention P(x) = x?, and the raising of quan-
tities to powers will be effected both ways. For j = 1, we will call

ingn ;) = x5+ p@%+1 + pc%+2 + .ee))

and

1]

k
C.(p, ;) =x; + p(?j+1 + PCee + P(zy) --0))
i=]

the truncation at xj of a continued power and of its kth approximant, respec-—

tively. If the arguments p and x; are understood in a given discussion, then
Ci;-;(p> x;) will be shortened to C;. Note that

k

C=xk(k20),

k

k 7 )

C==z; + (C) (0 <4 < k).

J J+1
In the event that p = 1/m, m a positive integer [or, more loosely, for m € (1,

»)], we may use the notation developed in [10]:
C (P> x) =@y + Vi, + Viw, + V(-
7=

and will call such an expression a continued root (dropping the m, of course,
when m = 2).

The contrary associativity of a continued power is at the outset perhaps
its most prominent and daunting feature. Not only must the evaluation of a
finite approximant be performed from right to left, but the kth approximant
cannot in general be obtained as a simple function of the (k - 1)St; that is,
there is in general no simple recursion formula relating CS'I to Cg. To mani-
pulators of dinfinite series and continued fractions, this annoyance is less
severe than it is to us, because the essentially linear and fractional nature
of series and continued fractions permits the elimination of nested parenthe-
ses. For most continued powers, however, nonlinearity will subvert or preclude
such simplification.
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Since computation of the k'™ approximant "begins" at x; and "ends" at xg,
one might say that continued powers "end, but never begin'" as the number of
terms increases without bound. This is in stark contrast to most other infi-
nite constructs (borne for the most part by truly iterated processes) which
"begin, but mnever end." To have an end, but no beginning, seems rather
bizarre; perhaps this is because our intuition, abstracted from the natural
world, prefers infinite processes with finite origins. After all, anyone who
is born can wish never to die, but what sense can be made of the possibility of
dying, having never been born? For now, we will accept the informal idea of
expressions that "end, but never begin'" without dwelling on its deeper implica-
tions, lest by sheer grammatical duality the familiar processes that '"begin,
but never end" come to look equally doubtful.

3. Continued Powers of Constant Terms

Continued powers turn up in the literature often as continued square roots
having constant terms, as in the formula (mentioned in [8]) for the golden
ratio
1+ 75

2

Such expressions invite consideration of continued powers of the form

= /(1 + 7/ +/Q + V(-

,Eo(p, @) =a+ Ya+ Ya+---)).
s

For a given p > 0, what values of a > 0 (if any) will make this continued power
converge?

To answer this question, we conjure up an insight so useful that in one way
or another it makes possible all of our later results: namely, the order of
operations can be reversed in a continued power of constant terms. That is,
the evaluation of a finite approximant may be performed by associating either
to the right or to the left when all the terms are equal, as the following
construction demonstrates:

(4) a = a

a+ Pla) = @F +a

I

a+ P(ees + Plag + P(q)) ---) (cor (D + )P + .. + ¢

where each side of the last line has the same number of terms. WNote that this
does not work i1f the terms are not equal. 1f you index the terms as you add
them, you will find that neither the left- nor right-hand expressions are
approximants of a continued power.

As mentioned in Section 2, associativity in the "wrong" direction is the
main impediment to the study of continued powers in general. The appeal of the
present situation lies in the fact that a continued power of constant terms is
equivalent to a form whose associativity proceeds in the '"right'" direction, and
whose convergence can be studied using known techniques. The tool we will make
most use of is the algorithm known in numerical analysis as ''successive
approximation' or "fixed-point iteration"; for those whom it may benefit, we
briefly synopsize this algorithm and its properties. In fixed-point iteration,
a generating function g is defined on an interval I, a starting point wg is
chosen in 7, and a sequence {wy} is generated by w, = g(w-;) for k =1, 2, 3,
... . The sequence {w;} converges to an (attracting) fized point X in I [with
the property that g(A) = X ], provided that g and I satisfy certain conditions.
For our purposes the following conditions due to Tricomi (mentioned in [3])
will suffice, although others are known (cf. [5]):
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(1) g(x) must be continuous on the (closed, half-open, or open) interval
¥
(ii) there must exist a number A € I such that g(A) = A;
(iii) |g(x) - A| < |z = A| for all x € T, x = A.

Despite notational vagaries, it is no secret ([7], [9]) that, for p = 1/2,
the expression (((a)? + a)? + a)? + ... is simply an "unabbreviated" fixed-point
algorithm generated by g(x) = g,(x) = 2P + a at the starting point x = 0.
Extending this interpretation to the general case, we invoke the identity (4)
to claim that the convergence of C;=O(p, a) depends only on g,(x) and a suit-
able interval I containing the starting point & = 0 and the fixed point A. 1In
fact, Cg converges just when g and I conform to conditions (i), (ii), and
(iii) above. With this strategy in hand we obtain

Theorem 1: The continued p™ power with nonnegative constant terms x, = 4 con-
verges if and only if

az0 for 0 < p < 1;
a=20 for p = 1; and
0<.as<R forp>1

where _ -1
P AL
pp

The set [0, =) will be called the <nterval of convergence for a continued
pth power, 0 < p < 1. Likewise {0} and [0, R] will be the intervals of conver-
gence for p = 1 and p > 1, respectively.

Proof: The case p = 1 is trivial, since the only value of a for which Z:=Oa is
finite is ¢ = 0, and R = 0 when p = 1. Indeed, (j;=o(p, a) converges whenever
a =0 for any p > 0.

For g,(x) = 2P + g and p > 0, continuity is not an issue for x and a in RT.
Condition (i) is satisfied by any positive interval.

Condition (iii) is fulfilled for 0 < p < 1 and p > 1, since in both cases
the function g, (x) = x? + g is strictly increasing, and it is easily shown that
either X > g, (x) > x or A < g, (@) < x for x = A in the interval(s) I which per-
tain.

The remainder of the proof, then, involves determining those intervals I
and establishing the existence of A € I for positive p # 1. Because the func-
tions involved are very well-behaved, we offer remarks about their graphs
rather than detailed derivations of their properties. Essentially, the problem
is to determine how far a power function can be vertically translated so that
it always possesses an attracting fixed point.

0 <p <1. The curve y = g,(x) = xP 4+ a (typified by y = Ve + a) is
strictly increasing, concave downward, and vertically translated +aq units. For
a > 0, take I = [0, »). From a graph, it is clear that y = g, (x) intersects
Yy = x exactly once in I, at the point = = A = g, (x). (For a treatment of this
case when p = 1/2 and @ is complex, see [11].)

p > 1. Here the curve y = g (x) is exemplified by y = x2 + q; it is con-
cave upward, strictly increasing, and elevated q units. There is a point g =R
at which y = g,(x) is tangent to y = x; for a > R, the two curves do not inter-
sect; hence, mo A = g, ()) exist.

When g = R, A is the point of tangency of y = gp(x) and y = 2. The deriva-
tive of gp(x) is 1 at x = A, whereby A = X = (1/p)1/(p-1. Then, from A = gR(A)
= AP + R and )\ = X, we fiﬁd

L b - -
pe e (7 ()T ) e
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This form for R was chosen to foreshadow a recurrent theme in the field of con-
tinued powers, namely the persistent appearance of expressions of the form
A%/BB. At any rate, for g = R, take I = [0, X].

Finally, when 0 < g < R, y = g,(x) intersects y = x at two points lying on
either side of the point X. Take I = [0, X], so that the single intersection
point less than X is the point A € I satisfying condition (ii). We have shown
that g,(x) sgenerates convergent fixed-point algorithms over I = [0, X] for
0 < a £ R, which ends the proof.

Theorem 1 reveals that, for instance

C (2, a) =a+ 2@+ 2@+ ---))
=0
converges for any a € [0, 1/4]; the proof shows that
m 1y 1
iSL (2’ 4) C 2
One may show that as p + « the point # + 1, hence the interval of convergence
grows larger as p increases beyond 1. 1In this context, we can reasonably say

that the convergence.of a continued p'™™ power gets "better" as p grows large,
and is "worst" for the famous case p = 1, namely infinite series.

4. Continued Powers of Arbitrary Terms; 0 < p < 1

The first discussion of the convergence of the continued square root

= (1

igo (5, xi> =@y + V(e + (e, + V(-

appears to have been made in 1916 by Pélya & Szegd [8], who showed that it con-

verges or diverges accordingly as

log log x,

lim sup————
n > n

is less than or greater than log 2. This result was encompassed by a theorem

of Herschfeld, which gives a necessary and sufficient condition for the conver-

gence of a continued square root and which easily generalizes to the main

theorem of this section.

Theorem 2: For 0 <p < 1, the continued p" power with terms x, = 0 converges
if and only if {zF"} is bounded.

This follows simply by substitution of 1/pt™™ roots for square roots in
Herschfeld's proof of the case p = 1/2. 1In lieu of a proof by plagiarism, we
merely convey the proof's salient features; and to that end, let us take a
moment to establish three useful properties of approximants and their
truncations. (Remember that {x,} is nonnegative and p is positive in what
follows.) First, successive truncations of the approximant Cj conform to the
inequality

k k P
C =z < C ) (04 <k-1)
g J+1

which follows from Cj:= xj4-(C;;1)p. Furthermore, the approximants form a non-
decreasing sequence:

k+1 k
C > C (k=0).
0 0

To see this, start with x;, + Plag 1) 2 x, and construct each approximant back-
wards to xg. Finally, from the formula
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k p p p vk
C=x, + (x, + oo + (x, . + (C
0 1 -1 /
0 J
it is clear that a continued power convefges if any truncation converges.

The necessity of Theorem 2 is easily proved by applying the inequality for
successive truncations n times to Cg and letting n - o:

6= (¢)" -=r

n

n
N> o

C > lim z?".
0
C; converges; hence, {xfn} is bounded.
On the other hand, suppose there is an M > 0 such that xﬁ" < M for all n =

0 or, equivalently, x, < MP". With this, one can construct the inequality
@+ Py + (e Ply) -o2)) < M+ PQUPT 4 PCooe + PQUPT) L)),

Multiplying the right side by M/M and distributing the denominator through the
successive parentheses results in

u.("};

(p> ;) < M[1 + P + PCev + P(1) -+2))]

=0

or
C (p> ;) <M C (p, 1).
7=0 =0

The continued root on the right converges as n + «, because 1 is in the set of
constants for all continued roots. The nondecreasing approximants on the left
are therefore bounded; hence, C;;O(p, x;) converges, which finishes the proof.

The condition of Theorem 3 is met by most common sequences. An example of
a divergent continued root is

C (% 2“) =2+ Y+ Y@+ Jbt + Y ...

=0

where the sequence of terms fails the "upper bound" test: (247)P"= 2%/ 5 o,

5. Continued Powers of Arbitrary Terms; p2 1

As p exceeds the critical value 1, continued p'™" powers converge with mark-
edly lower enthusiasm. They behave stubbornly, although not pathologically—
for, given the hypotheses of this discourse, we are favored at least with a
nondecreasing sequence of approximants—and in one sense the most reticent
examples are infinite series (p = 1). 1In this section we will show that, among
other things, the better-known convergence tests for series are just limiting
cases of conditions which hold for general continued p™™ powers (p > 1).

For instance, it is common knowledge that, if an infinite series converges,
then its n'M term must approach zero. The analogous property for continued
powers is summarized in

Theorem 3: For p > 1, the continued p™ power with terms x, 2 0 and interval
of convergence [0, F] converges if lim sup x, < F. For p 2 1, it diverges if
lim inf x, > R.

Proof: We first prove the latter assertion. If lim inf x, = B > K, then for
each ¢ > 0 there is a natural number N such that B - ¢ < x, for all n 2 V. 1In
particular, choose € = ¢y > 0 such that # < B - ¢ < x,, and for convenience,
set v = B - g5, Then use v < x, for all n 2 I to construct

v+ P+ Peee + P0) c00)) <apt Play,, + P(oee + Pxy) -o0)).
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More compactly we have, in the limiting case,
C (p, v) < C (p> x;).
=N =y

But C;;N(p, v) diverges, because v = B - gy is greater than R and not in the
interval of convergence. Therefore, the truncation C;;N(p, x;) diverges, and
likewise the entire continued power.

A similar argument shows that, if lim sup x, = B < R, the continued power
converges. However, if K = 0, we would be assuming that 1lim sup %, = B < 0,
which for a nonnegative sequence is a malfeasance. By excluding the case p =1
(for which F = 0), we salvage this argument and complete the proof.

We come now to a situation wherein continued powers show substantially
greater resistance to examination. The deep questions of our present line of
inquiry involve powers greater than one and terms x, for which

lim inf z, < B £ lim sup «,.

One of the simplest examples with these features is the continued square
C (2’ tl)s
=0

where we have nonnegative constants ¢ and b such that ¢,;4,1 = a, ty; = b, and
a £1/4 <b (R =1/4 for a continued square). That is,

,50(2, ) =b+2(a+ 2+ 2@+ --))).

7=

Our approach to this example parallels the development of Section 3. The prob-
lem of "backwards'" associativity is overcome by the identities

(5) b+ 2a+ 20+ 2@+ 2(B)) -0
= ((-or (D)2 + )2+ )2+ a)? + b,
where each side has the same odd number of terms, and
(6) b+ 2a+ 20+ 200+ 2(@) -+0))
(o (@2 + D)2+ +-)2 +a)? + b,

where each side has the same even number of terms. The right-hand sides of
these equations can each be thought of as an unabbreviated fixed-point algo-
rithm generated by the function ga’b(x) = (x2 + a)? + b; in equation (5) the
starting point is x = b, while in (6) it is 2 = 0. We want this algorithm to
converge to the same limit regardless of the point at which it starts. Under
our hypotheses, g, , is positive, strictly increasing, and "concave upwards" in
R*; g and b are not both 0; thus, it follows that there is a unique point in R*
where the derivative of g, ;, equals 1. This leads to the equation 43 + bax - 1
= 0, having a single positive real solution which we call y (stated explicitly
below).

The convergence of the fixed-point algorithm using g, , can now be assured.
For p = y - (y2 + a)?, the unique attracting fixed point in R* of Ja,p 1s the
point of tangency of y = g, ,(x) and y = x. When b < y - (y2 + a)?, y =
ga,p(x) intersects y = x in two points lying on either side of x = y, and the
left one is the desired attracting fixed point. The interval I = [0, y] maps
into itself, and since both 0 and b are contained in 7, they may be used as
starting points for a convergent fixed-point algorithm using g, ;. Thus, we
are led to the following
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Proposition: For 0 < a < 1/4 < b, the continued square
b+ 2(a+ 20+ 2@+ +++)))

converges if and only if b < vy - (y2 + )2, where

i e a

(The reader may find it entertaining to show by this Proposition that b =
1/4 if a = 1/4, as Theorem 1 requires.) This is not a particularly graceful
conclusion to an admittedly rough sketch. But not much more elegant, and con-
siderably less specific, is the generalization to powers other than 2, via the
same argument.

Theorem 4: Given p > 1, interval of convergence [0, F], and 0 < a < F < b, the
continued pth power

b+ Pla+ P+ Pla+ --4)))
converges if and only if b < y - (yP + a)P, where y is the unique root in R' of

p2(xP*l + ax)P~1l - 1 = 0.

And so the simplest continued power for which lim inf x, < F < lim sup =z,
leads to a result whose application will in most cases require solution of an
equation by numerical approximation. Worse yet, note that Theorem 4 has
virtually no relevance to

b+ Pb+ Pla+ P+ PB+Pla+--)))))

or to similar constructions in which various arrangements of two constants make
up the sequence of terms. Such apparitions are manageable to the extent that
we can find generating functions for equivalent fixed-point algorithms; these
functions and their derivatives, however, are not likely to be pleasant to work
with, especially for noninteger p.

On the other hand, one should not be left believing that the situation is
near hopeless when lim inf 2, <R < lim sup x,. For instance, satisfying
results are attainable for a continued power whose terms monotonically decrease
to F. Subsumed by this special case are (not necessarily convergent) infinite
series whose terms decrease to 0. Just as the ratio of consecutive terms
sometimes imparts useful information about the convergence of series, so too
does a kind of "souped-up" ratio test apply to continued pt! powers. In fact,
the continued powers test almost reduces to d'Alembert's ratio test for series
as p > 1, but the precarious nature of infinite sums considered as special
continued powers causes an interesting and instructive discrepancy.

Theorem 5: For p > 1, the continued p™" power with terms x, > 0 converges if
@ 41)? _ (p - 1)P1
@ PP

for all sufficiently large values of n.

Proof: Assume the validity of the ratio test (for m = 0, without loss of gener-—
ality) in the form (x,4+,)P < cx,, where ¢ = (p - 1)P~1/pP. Using this inequal-
ity, a proof by induction on the index k (k < n) shows that

n
7 ck < (@, Pll+e PA +c P(eov + 2 P+ ) ---N1,
"=
where the number of ¢'s on the right is k. When k = n, (7) becomes

(8) 8 <zgll+c P(L+c P( e+ PQ+e) N1,
0
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where the number of ¢'s is now #n. The right side of (8) contains a variation
on a continued power of constants, equivalent to an unabbreviated fixed-point
algorithm generated by the function g(x) = 1 + exP at the starting point z = 0:

(9) l+c Pl +cP(evi +c PA+e) --2))
= ((++s (c+DDP e+ -.)P e+ 1P c+1,

where both sides are of equal length. By applying the conditions (i), (ii),
and (iii) from Section 3, this algorithm can be shown to converge on the inter-
val I = [0, p/(p - 1)], which just manages to include both the starting point
x = 0 and the fixed point A = p/(p — 1). Thus, the right side of (9) converges

in the limiting case to p/(p - 1), which when combined with (8) shows that

10)  1lim C =
(10) in € o

nrw p - l>'

We therefore infer the congruence of C;ﬂ which completes the proof.

The continued square C?;O(Z, “2'i-l» is an example of a continued power
which converges by the test of Theorem 5. The sequence of terms

{1, 4—1/2’ 4=3/4 s 4=7/8 , ...}

satisfies the inequality (x,4+1)2/x, < 1/4; in fact, equality holds for all #.
That the ratio test is not necessary for convergence, even when the terms
decrease monotonically, is demonstrated by

i(jo (2, %+ 2“7;),

which converges by comparison with the other continued square mentioned above.
(The proof depends on the inequality

% 4 2-(142) ¢ 427" =D,
whose verification is a mildly interesting exercise in its own right.) The
terms x, = 1/4 + 27" satisfy the necessary condition lim inf x, = 1/4, but fail
the ratio test for all » because

(1) 2/, = % +1/(22n + 2n+2y.

Since (p - 1)p'1/pp > 1 as p » 1, Theorem 5 seems to tell us that an infi-

nite series converges if x,,;/x, < 1. The many erroneous aspects of this con-
clusion arise because the fixed point of g(x) =1 + cxP, namely X = p/(p - 1),
ceases to be finite when p = 1. Thus, in the inequality (10), the series is

not bounded, and the construction used to prove the ratio test becomes indeter-
minate.

6. Continued Powers as Function Compositions

The analytic theory of continued fractions has long recognized that contin-
ued fractions, infinite series, and even infinite products can be defined in
the complex plane by means of the composition

(11) Frg) = fg o f1 0 «++ o fi (wy)
of linear fractional transformations
ak + Ckw

fiw) = Z;“;“EZB, k=0,1, 2, ...,
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by suitable choices of a;, by, ¢y, and d; [6]. Many other constructs can be
defined similarly using different functions for the f;. For instance fj (w) =
ap + tw and wy = 0 produces polynomials in t. For real x, f3(x) = (a3)¥, with
a, > 0, k=0, 1, 2, ..., generates what is sometimes called a "tower" or a
"continued exponential'':
Fk (l) = aol

where evaluation is made from the top down ([1l], [2]).

This paper has investigated the limiting behavior of (11) when

fr(®) =, + 2P, with x 2 0, p > 0, and &, 2 0 for k = 0, 1, 2,

The order of composition in (11) is synonymous with the problematical associa-
tivity of continued powers. In retrospect, our progress depended on establish-
ing the convergence of (11) for the special case fy = f1 = ... = f; = g, where
we variously used g(x) = P + a, g(x) = (x? + a)P + b, and g(x) = 1 + cxP. In
these cases the composition (11) reduces to

Fk(O) =gogo «+- 0o g(0)
whose handy recursion formula
£ (0) =g o Fp_1(0)

paves the way for conquest by fixed-point algorithms. This method promises to
be helpful in exploring continued negative powers and other function-composi-
tional objects that distinguish themselves by uncooperatively mnesting their
operations.
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1. Introduction

Wiliam [8] showed that, for the recurring sequence defined by u; =0, u, =1,
and

(1.1)  uy4p = auy + by 41,
(1.2) Y u,/10" = 1/(100 - 10b - a),
n=1

where (b +a)/20 and (b ~a)/20 are less than 1 and b = vb2+ 4a (cf. [8]). Thus,
for the Fibonacci numbers defined by the same initial conditions and a = b = 1,
we get the '"staggered sum" of Wiliam:

(1.3) .0 + .01 + .001 + .0002 + .00003 + --. = 1/89.

It is the purpose of this note to generalize the result for arbitrary-order
recurring sequences, and to relate it to an arithmetic function of Atanassov

[1].

2. Arbitrary-Order Sequence

More generally, for the linear recursive sequence of order k, defined by
the recurrence relation

k
(2.1)  uy, = 2:1(—1)J+1E3un_j, n>1,
I

where the P; are integers, and with initial conditions uy = 1 and u, = 0 for
n < 0, we can establish that the formal generating function is given by

(2.2) S wux = (xkf(1/x)L,
n=20
where f(x) denotes the auxiliary polynomial

k .
(2.3)  flx) =zk+ 2 (1) xk .

Jg=1
Proof: 1f u(@) = ug + U + upx? + o0+ wpxk + --n,
then -Pixu(xz) = -Piugx - Piujx? — «++ = Plug_qxk = -+,
and (-DFa*P u(e) = (-DFPaugak + - .-,

so that k i . k .
u(x)(l—+;§%(—l)nyxJ> = ug oOr u(x)kux‘k +j§%'04JE3xJ'k) =1
or

u(@)xkf(1/x) = 1.

We see then that, for Xk = 2 and P} = -P, = 1, we get Wiliam's case in which
x = 1/10, namely
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z n o_ -2 = 1/ - -
Jé%)un/lo 1/1072f(10) 1/100(100 10b a)s

or

©

3 u,/102%7 = 1/(100 - 10b - a)

n=20

(where his initial values are displaced by 2 from those here).

3. Atanassov's Arithmetic Functions

Atanassov [1] has defined arithmetic functions ¢ and ¥ as follows. For

J ..
ZailoJ_l, aie N’
i=1

Salaz ..-CZJ', Osai§9,
let ¢: N » N be defined by

0 for n = 0,

n

¢(n)y =

J
> a; otherwise;
=1
and for the sequence of functions ¢g, ¢1, dos «.us

do(m) = n, dgp1(m) = ¢(¢,(n)),

let ¥: ¥+ A =1{0, 1, 2, ..., 9} be defined by ¥(n) = ¢,(n), in which
b (n) = dg41(n).

For example, ¢(889) = 25, ¥(889) = 7, since
$0(889) = 889,

$1(889) = 25,
$,(889) =7
= $3(889).
It then follows that
(3.1)  ¥(¥Q@o*/u(0.1)) + k) = 1,
as Table 1 illustrates.
TABLE 1
k 2 3 4 5 6 7 8§ 10 11
¥(8 ... 89) 8 7 6 5 4 3 2 9 8

ey
k-1 times

The result follows from Theorem 1 and 5 of Atanassov, which are, respectively,

(3.2) ¥+ 1) =YY@ + 1);

il

(3.3) ¥+ 9) = ¥(n).
Thus, 10%/%(1/10) = 8 ... 89, and so,
[ ——
k-1 times
Y(10%/4(1/10)) = 8(k - 1) + 8 + 1 = 8k + 1,
and Y(Y(10%/1(0.1)) + k) = ¥(9%k + 1) = ¥(9 + 1) = 1, as required.

4. Other Values of X

The foregoing was for x = 1/10. 1In Table 2, we list the values of ¥(f(x))
for integer values of k and 1/x = X from 2 to 10 when P; = -1, j =1, 2, ..., k,
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in the appropriate recurrence relation.

TABLE 2
Xk} 2 3 4 5 6 7 8 9 10
2 1 1 1 1 1 1 1 1 1
3 5 5 5 5 5 5 5 5 5
4 2 7 9 8 4 6 5 1 3
5 1 4 1 4 1 4 1 4 1
6 2 2 2 2 2 2 2 2 2
7 5 7 3 2 4 9 8 1 6
8 1 7 1 7 1 7 1 7 1
9 8 8 8 8 8 8 8 8 8
10 8 7 6 5 4 3 2 1 9
To prove these results, we let x = 1/X and so
(4.1)  FO) = Xk = xk=1 _ yk=2 _ ... - x2 -y - 1.

The calculations which follow are mod 9. Thus, 3% =0, 6t =0, 9% = 0 when ¢

(Of course, 9%= 0 when ¢ = 1.)

Case A: X =3, 6, 9 =1,
f) =z -N - 1 (mod 9) for all k,
f(3)5_455’
f) =-7:=2,
f(9) = -1 = 8 as in the appropriate rows of Table 2.
Case B: X=4,7,10=3+1,6+1,9+1=0N+1,
(4.2) FW+1) =W+ 1% - @+ Dk -0 - @+ 1D%2-W+1) -1.

2.

The only terms that interest us, mod 9, in the expansions are the second

last and last in each expansion. Then (4.2) becomes
Nk - N(k = 1) = N(k =2) = «ee =Ne3 =Ne2-0N-1
+1-1-1-1-.+.. -1-1-1-1
k k-2 times
Nk - VY n- (k-2 -1
n=1

]

= Nk - % Nk - Dk - (k - 1)

Nk{l - Lk - 1)} - (k- 1)
= Vk2 - (k - 1) since -N = 2N for N = 3, 6, 9.

Thus, f(4) =3k%2 -k +1
F(7) = 6k — k + 1
f(10) = -k + 1 since 9k2 = 0.

Substitution of the values X = 2, 3, ..., 10 gives the tabulated values.
Case C: X=2,5,8=3-1,6-1,9~-1, =0V-1,
(4.3) fW@W -1) =@ -1k =@ -1k - .o - W-12-@-1) - L.
As in Case B, this becomes
Nk(-1)%"1 = Wk - 1)(-1)%"2 = N(k - 2)(-1)%"3 = «o. =W 2(-1)!
- N 1(-1)0 + (-1)k - (-1)F"1 - (-Dk"2 — ..o -1 41 - 1.

1991]

49



GENERALIZED STAGGERED SUMS

When k is even, this becomes
=Nk - qﬂk - 1) = Wk - 2) - Nk - 32 + e + 2V -N+ 1+ 1
- 14+ 14+ ..o -1+1-1 -2NK + N+ N+ -« + T +1
[N —_— ) LS -} -
k/2 terms
—2NK+%7<ZV+1

]

3
-sz+1

= 3Nk + 1 since -3 =

=1 since 3V = 0,

i
[e)]

which agrees with the appropriate entries of Table 2.
When Kk is odd, (4.3) becomes

Nk + Nk = 1) = Nk = 2) + Nk = 3) = oo = N+2(-1)! = y«1(-1)0 =1

-1+1~1+1=-...-1+1-1=PnNk+ N+ 1N . N,- 2
(k - 1)/2 terms

=Nk+%(k—l)lv—2,

=3 1y
=7 Nk 3 N 2
= -3Nk + 4 - 2 since 3 = -6,
-1 =8
= 4N - 2 since =38 = 0.
Thus,
f@2) =1,
f(5) = 4,
f(8) = 7, as required.

5. Concluding Comments

Wiliam's staggered sum for Pell numbers [4] can be written as
(5.1) .0 + .01 + .002 + .0005 + .00012 + .000029 + -.- = 1/79.
This is a particular case of Hulbert [5] who also noted a result like (1.3)
which can be found in Reichmann [6]. Hulbert stated, without proof, that
(5.2) ii 107"F, = 1/(9.9 - k)
for ik
(5.3) Foo1=KkF, + Fy_y with 7y -1, Fy =k (k=1, 2, ..., 8).

When kX = 2, we have the Pell case. We can generalize the Pell sequence by set-—

ting P} = 2, P; = -1, j =2, ..., k, ... . Then we may extend the work of Sec-

tion 4 by the addition of a term —-X*~1 in f(X), for X = 2, 3, ., 10. -
Hulbert also noted a staggered sum formed from

(5.4) 210-"(” + o 1) = 1071¢0.9)"*! (=0, 1, 2, ...).

n=1

This is a particular case of Equation (1.3) of Gould [2], namely

5.5) 3 (” + ”)xr = (1 - z) L,

r=0 r
Curiously, the same issue of the Bulletin where Hulbert's note appeared had in
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its Puzzle Corner the problem of finding

-2 n -4
s.e) (0)+ ("5 %)+ ( )+ e
-6 o 2 )P0t
the series terminating when the binomial coefficients become improper. This,
too, follows from Gould whose Equations (1.74) and (1.75) are, respectively

[n/2]

2 (") @ -ty - p,

[n/2] _

2 CDF(* ) = gDt s pte o,
=0

where o = (1 + ¥5)/2, 8 = (1 - ¥5)/2, and [-] represents the greatest integer
function. It can be seen then that the series (5.6) equals

[n/2]
1 (" T k
2+ “(* ")

= (ol - gntly/2(a - B) + ((-1)/3] 4+ (—1)[2n+1)/31y /4,

It is also of interest to note that the generalized sequences of Section 2 are
related to statistical studies of such gambling events as success runs [7] and
expected numbers of consecutive heads [3].

N~
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SOLUTIONS OF FERMAT'S LAST EQUATION IN TERMS OF
WRIGHT'S HYPERGEOMETRIC FUNCTION

Allen R. Miller

Naval Research Laboratory, Washington, D.C. 20375-5000
(Submitted January 1989)

Introduction

In this paper we study a problem related to Fermat's last theorem. Suppose
that X, Y, and 7 are positive numbers where
(L) Xa+ 7%= 79,
We show that we can solve this equation for a; that is, we find a unique
a=alX, Y, 2)

in closed form. The method of solution is rather elementary, and we employ
Wright's generalized hypergeometric function in one variable [1], as defined
below: p
r . I(ag + 4;
(ay, A1)s oens (cxp, Ap), - iIJI (g in) 2
r¥q z| = _O-j?——-————————
_(81: Bl), e (Bq, Bq); n= H F(Bi + B,Ln)
=1

n!

When p = g = 1, we see that

(a, 4); >, T'(a + 4An) 2"
z| = S
(B, B); n=o LI'(B + Bn) n!

which is a generalization of the confluent hypergeometric function ;F;[a; B; 2].

An Equivalent Form of Equation (1)

In Equation (1), the case X = Y is not interesting since, clearly,
In(1/2)
T In@/2)"
Therefore, we shall assume, without loss of generality, that
7 >Y>X>0,

and write Equation (1) as
ealn(X/Z) + ealn(¥/2) o1 = 0.

Now, making the transformation
(3) ealn(¥/z) = Ys
we obtain

in(x/2)
ylan;Zi +y-1=0,

and since
In(X/Z)  1n(Z/X)

In(Y/Z)  1n(Z/Y)
we arrive at
1n(z/X)
4) yInz/v) +y - 1 = 0.
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Equation (4) is then equivalent to Equation (1), and our aim is to solve this
equation for y, thereby obtaining a. We note that it is not difficult to
verify that Equation (4) has a unique positive root y in the interval (1/2, 1).

Solution of Equation (4)

In 1915, Mellin [2, 3] investigated certain transform integrals named after
him in connection with his study of the trinomial equation

(5) yV+ xy? -1 =0, N > P,

where 2 is a real number and N, P are positive integers. Mellin showed that,
for appropriately bounded x, a positive root of Equation (5) is given by
c+iw

(6) y = — F(z)z#dz, 0 < ¢ < 1/P,
2T Je-iw
where
1 P
I'(z)T{= - ==z
F(z) = (1‘7 v )
1 P
nr|1+ 1+ (1 _EH
and
M e < ®/MFM (1 - P/INEIN-T < 2,

The inverse Mellin transform, Equation (6), is evaluated by choosing an appro-
priate closed contour and using residue integration to find that

1 p
— 4 —
) Ll o5+ 57) ()"
Y N”=01‘|:1+1+<Z—D-l>n] e
v o\n
Under the condition shown in Equation (7), Mellin, in fact, found all of
the roots of Equation (5). However, suppose we relax the restriction that N
and P are positive integers. Instead, let N and P be positive numbers. We
then observe that Equation (8) gives a fortiori a positive root of Equation (5)
for positive numbers N and P. Further, without loss of generality, we set P =

1, ¥V = w. Then, using the Wright function defined by Equation (2), we arrive
at the following. The unique positive root of the transcendental equation

(9 y  +axy -1 =0, w>1,

where
lz] < w/(w - 1)i-1/w
is given by
1
(o) ;
1

G+ g1

We observe that for any |x] < ®, Equation (9) has a unique positive root y.
Equations (9) and (10) may also be obtained from Equation (30) on page 713 of
[4].

Let us now apply the latter result to Equation (4). On setting
L @/

In(Z/X)
and noting that 1 < w/(w - 1)1-1/v | we find

-1
(10) y =5 1% .\

€|~ g |~

x =1, w = A,
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[CYY) 3
(11) y =¥ -1{, 0 < A < 1.
(A + 1, » - 1);

Solution of Equation (1)

We now solve Equation (1) for a. From the transformation Equation (3), we
see that

(12) a In(¥/Z) = 1n y.

Then, using Equation (ll1), we arrive at the following. If Z > Y > X > 0 are
such that

X+ 7% = 29,

then
(As X)) 3
11’1{)\ l\Pl -1
A+ 1, x - 1);
(13) a = )
In(Y/Z)
where /
_ 1In(Z2/Y)
(14) )\:ln(Z/X))O<)\<l-

We now prove the following. Consider for X < Y, M 2 1, the diophantine
equation

X"+ Y = Z¥,
Then the positive integers X, Y, and Z must satisfy
(15) Xry=1zi=r =1,

where A is an irrational number such that 0 < A < 1.
From Equation (12) we have

(16) Y/ =y,

so that y is a rational number in the interval 1/2 < y < l as we noted earlier.
If A is rational, there exist relatively prime integers s and ¢ such that

A= wl = s/t
Hence, y is the unique positive root of

yt/s +y -1 = 0.
Now, since A < 1, then s < ¢, and we obtain the polynomial equation of degree ¢
with integer coefficients:

yt + (-1)Sys + ... + 1 = 0.

The only positive rational root that this equation may have is y = 1 (see [5],
p. 67). But y < 1, so the assumption that A is rational leads to a contradic-
tion. We have then that A is irrational, and Equation (15) follows from Equa-
tion (14). This proves our result. W. P. Wardlaw has given another proof that
A is irrational in [6].

The Wright function ;¥; appearing in Equation (13) depends only on the par-
ameter A. Thus, for brevity, we define

()\9 )\) 5
Y(x) = 1Y, =1, 0 <A < 1.
A+ 1, A - 1);
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From our previous result, we see that, if Fermat's theorem* is false, then
there exist positive integers X < ¥ < Z such that X is irrational.

Therefore, Fermat's theorem is false if and only if there exist positive
integers Y < Z, M > 2, and an irrational number X (0 < A < 1) such that

(Y/2)M = AW,

Thus, Fermat's conjecture may be posed as a problem involving the special func-—
tion AY(A). We remark that recently, Fermat's conjecture has been given in
combinatorial form [7].

Some Elementary Properties of AV(})

Although the series representation for A¥(X), which follows below in Equa-
tion (17), does not converge for A = 0, 1, it is natural to define
AW(A)\ =1/2, AW(A)l = 1.

Using this definition, we give a brief table of values for A¥Y(A), which is cor-
rect to five significant figures:

A AY(A) A AY(A)
0.0 1.00000 0.6 0.58768
0.1 0.83508 0.7 0.56152
0.2 0.75488 0.8 0.53860
0.3 0.69814 0.9 0.51825
0.4 0.65404 1.0 0.50000
0.5 0.61803

Observe that we may write the inverse relation
A= 1n A¥Y(W)/1In[l - AY(M)].

Note also that when A = 1/2, w = 2 and Equation (9) becomes y2-+y-—l = 0, whose
positive root is (-1 + /3)/2.

The following series representations for AY(A), 0 < X < 1 may easily be de-
rived from the first one below:

(A, M) 5

R I(x + An)
an- A Ot 1, h-1); A T TG r 1t G- D
A S (-1)" .
=AYy T - B\, 7 - A
(18) T - on -1 sin[w (1l MnlB(An, n n)
(19) S 1oAY (<D, (L= V(4 25 25 1]
n=10
s (“1)P (L +n) - 1
(20) =1+ xrz;l——;f—( v 1 ).

Equation (18) follows from Equation (17) by using
I(z)r(-~z) = -v/3 sin mz;

B(x, y) is the beta function. Equation (19) follows from Equation (17) by using
Gauss's theorem for ,Fi[a, b; ¢; 1]. Equation (20) follows from Equation (17) by
using

(;)= I(l + a)/m!T(l +a - m).

*Fermat's theorem states that there are no integers x, y, # > 0, n > 2 such that z" + y* = an,
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Equation (20), for 1/X an integer greater than one, is due to Lagrange ([2], p.

56).

Conclusion

The equation X% + Y% = 7% has been solved for a as a function of X, Y, and

Z in terms of a Wright function ;¥; with negative unit argument. An equivalent
form of Fermat's last theorem has been given using this function. Further,
some elementary properties of ¥; have been stated.

[o XN, §

56
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A GENERALIZATION OF A RESULT OF SHANNON AND HORADAM
Dario Castellanos
Universidad de Carabobo, Valencia, Venezuela

(Submitted January 1989)

1. Introduction

In a recent note in this magazine [5] Professors A. G. Shannon and A. F.
Horadam generalize a result proposed by Eisenstein [2] and solved by Lord [4]
to the effect that

Dt =D”-

(1.1 1, 7 7 cee = g,
n - n -

where [, is the n'™® Lucas number and o is the positive root of 2 - 2 - 1 = 0.
They introduce the sequence {w,} = {w,(a, b; p, q)} defined by the initial
conditions wy = a, w; = b, and the recurrence relation

(1.2)  wy, = pw,-1 = GWu-2, N 2 2,

where p and g are arbitrary integers.
They let o = (p + V(p? - 49))/2, 8 = (p - Y(p? - 4q))/2, for |B| <1, be the
roots of

(1.3) z22 -pxr+q =0,

so that {w,} has the general term
(1.4) w, = Aa™ + BR",

where

A

(b - aB)/d, B = (ao - b)/d, AB = e/d?;
pab - qa® - b2, d=o -8, p=a + B, ¢ = aB.

They also let @, = ABg”.
The Fibonacci sequence is

e

{F,} = (0,00, 15 1, -1)}, @, = (-1)"+1/5;
the Lucas sequence is

(L} = wy(2, 13 1, 1)}, @, = (-1)";
the Pell sequence is

{P,} = {w,(0, 15 2, -1)}, @, = (-1)"/8.

Shannon and Horadam's result is

4 &
(1.5) w, - — 2 ... =40".
Wy — Wp —
They establish this result by finding a general expression for the conver-
gents of the continued fraction (l.5) and determining the limiting form with an
appeal to some results of Khovanskii [3].

2. An Alternate Approach

Consider the identity
(2.1) Vs -t=(s-t2/Q2t+ (Vs - 1)),
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which gives at once the continued fraction (see [1])
s - t2 g -t s -t2
2t + 2t + 2t + ..

(2.2) Vs =t +

In (2.2), replace s and t by %t2 - s and %t, respectively, to obtain

V(32 - - == = = ,
G ) -3 t 4t o+t
or equivalently,
(2.3) V(G2 -g) +x=t-2> 2 2
t -t -1t-
With the notation of Section 1, let s = §, = AB(ap)", t = w, = Aa™ + BR".

Simple arithmetic shows that the left-hand side of (2.3) becomes Ao”, and we
find
n n

(2.4) A" = w, - — = ,
Wy = W, — +=-

DO

which is the result of Shannon and Horadam.

Similarly, let s = (-1)"*1, ¢ = 2F,, and recall that Ff + (D" = Fy1Fu1s
and (2.3) gives
(-n" ="
2F, + 2F, + .-
As the reader no doubt knows, V(F,_1F,41) is approximated by %,, the approxima-
tion becoming better as 7n increases. The continued fraction in the right-hand
side of (2.5) gives the error committed in the approximation.

Classes of expressions can be found by choosing suitable values of s and ¢.
Especially interesting is the choice

(2.5)  V(F,_1Fpy1) - F, =

= ky k, k
t = alwn1 + azwnz + ... + amwn:,

where k1, Ko, «u.s Kys M1 %y, ..., Ny are arbitrary integers, @), Qo> .-.5 dpn
are arbitrary real numbers, and s is an arbitrary parameter.

Many other expressions can be found by giving appropriate values to s and
t. It is left to the reader to discover them.
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FIBONACCI NUMBERS ARE NOT CONTEXT-FREE

Richard J. Moll and Shankar M. Venkatesan

Department of Computer Science, University of Minnesota
(Submitted February 1989)
The Fibonacci numbers, given by the recurrence relation
F(n+2) =Fn+1) + F(n), F(1) = 1, F(2) = 1,

are considered to be written in base b, so "trailing zeros" correspond exactly
to "factors of b." From [4], Theorem 5, page 527, it follows that, for any

prime p, there exists n s.t. F(k x n) = 0 (mod p%) for positive 7 and k. The
existence of J s.t. F(j) = 0 (mod b?), for arbitrary positive b, follows by
applying the above to the prime factoring of b and choosing j to be the least
common multiple of the n. Thus, in any base, there exist Fibonacci numbers

with arbitrarily many trailing zeros.

In the proof of this same theorem [4], it is established for any prime p
that, if F(n) is the first term = 0 (mod p¢) but # 0 (mod p®*l), then F(p x n)
is the first term = 0 (mod p@+1), also F(p x n) Z 0 (mod pe+2).

This establishes, for each prime base p, a lower bound on »n which increases
exponentially with the number of trailing zeros in F(n) base p. This bound
generalizes to composite bases because when F(n) has e¢ trailing zeros in base b
it must also have e trailing zeros in all bases p, where p is a prime factor of
b. Specifically, there is some constant k such that, for all sufficiently
large n,

TZ2(F(n)) < k x log(n),

where 7Z(x) is the number of trailing zeros in x.

Since. the Fibonacci sequence is asymptotically exponential, there is some
constant ¢ s.t. n < ¢ X ]F(n)], where |F(n)| denotes the length of F(n) as a
string, i.e., the number of digits in F(n) in base b. Combining these, and
adjusting k to also account for ¢, gives

(1 TZ(F(n)) < k x log(|F(n)]).

These facts can be used to show that the Fibonacci numbers do not form a
context-free set. A set of strings is context-free iff it is the set generated
by some context-free grammar or, equivalently, a set of strings is context-free
iff it is the set recognized by some pushdown automaton. Ogden's Lemma, stated
below, gives a property true of all context-free sets, and is used in Lemma 1
to show a set of strings closely related to the Fibonacci numbers to be not
context-free.

Ogden's Lemma [2]: Let @ be a context-free set. Then there is a constant g
such that, if o is any string in ¢ and we mark any j or more positions of o
"distinguished," then we can write a = wvwxy, such that:

1) v and x together have at least one distinguished position,
2) wvwx has at most n distinguished positions, and
3) for all ¢ 2 0, wuvtwxty is in Q.

Lemma 1: Let ¢ be the set of strings such that the members of ¢ are the Fibo-
nacci numbers written in base b with a new symbol "#" inserted immediately fol-
lowing the last nonzero digit. The set ¢ is not context-free.

Proof: The proof is by contradiction. Assume that § 1is context-free.
Let j be the number of "distinguished" positions required for Ogden's Lemma
(see [2] for a description of Ogden's Lemma). Since we know there are
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Fibonacci numbers with arbitrarily many trailing zeros, let a be a member of §
corresponding to a Fibonacci number with at least j trailing zeros. The
trailing zeros, which follow the "#," are used as the distinguished positions
for purposes of Ogden's Lemma.

Applying Ogden's Lemma, o may be partitioned as follows:

0 = uvwry,

where x contain<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>