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SECOND-ORDER RECURRENCE AND ITERATES OF [an + 1/2]

Clark Kimberling

University of Evansville, Evansville, IN 47222
(Submitted June 1989)

The equation
[e[ne + 1/2]1 + 1/2] = [nx + 1/2] + n

determines a unique real number x, in the sense that there is only one value of
x for which this equation holds for all positive integers n. This special
value of x is the golden mean, (1 + /g)/Z.

The purpose of this note is to prove the above assertion in the more gen-—
eral form of Theorem 1 (of which it is the case when ¢ = b = 1), and to give a
necessary and sufficient condition that iterates of the function [an + 1/2], in
the sense of Theorem 2, form a second-order recurrence sequence.

Notation: Throughout, let f(x) = 22 - axr - b, where ¢ and b are nonzero inte-
gers satisfying a2 + 4b > 0. Write the roots of f(x) as

a = (a+ Va2 + 4b)/2 and B =a - a.

Let [ag, aj, ap, ...] denote the continued fraction of the root o, with conver-
gents pk/qk given in the usual way (e.g., Roberts [l], pp. 97-100) by

p., =0, p_qy =1, P, = %DPr-1 + py_, for k >0,

9.5 =1, g1 =0, qy =1, g = @Gy + G_p for k 2 1.

Lemma 1: |g| < 1 if and only if |b - 1| < |a|, and
|8] = 1 if and only if |b - 1| = |a].

Proof: |B| <1 if and only if
(1) a-2<Vva2 + 4b <a+ 2,

with equality if and only if |B| = 1. This inequality shows that a cannot be
less than or equal to -2, since a? + 4b is positive. Moreover, if g = -1, then
b > 1, so that va2 + 4b > a + 2, a contradiction. Therefore, a = 1. In case
a =1, we have

(2) 2 —a < Va2 + 4b < a+ 2,

and if a 2 2, then the leftmost member of inequality (1) is nonnegative. So,
if a = 1, square the members of inequality (2), and if g > 2, square those of
inequality (1). 1In both cases, the resulting inequalities easily simplify to
-a<b-1¢<a.

Lemma 2: There exists a positive integer X such that
[(pk - aq, - 1)(pk - 1)/qk + 1/2] < bq,

< [(pk - aq, + 1)(pk + l)/qk + 1/2]
for all k = K.

Proof: It suffices to prove for all large enough k the inequalities

(p, —aq, - (p, - /q, +1/2 < bg, + 1

and
bq, < (p, = aq, + D(p, + D/q, - 1/2,

which are equivalent to
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SECOND-ORDER RECURRENCE AND ITERATES OF [an + 1/2]

3 [(p, - D/q 1% + alq, < ap/q, + b+ 1/2q, < [(p, + 1)/q, 1% - alq,.
Substitute o + e for p,/q,, where |el < 1/q39x+1 (e.g., Roberts [1], p. 100),
square where indicated, and use the fact that a2 - gao - b = 0 to see that (3)

is equivalent to
|€qk(a - 20 - €) +1/2 - l/qk| < ]a - 20 - 25[,

which holds for all large enough k, since, as kK » «, the left member approaches
1/2, while the right approaches |a - 2u| = Va2 + 4b > 1.

Lemma 3: If |b - l| < ’a(, then equation (4) below holds for x = a and for all
n = 1.

Proof: By Lemma 1, |B8] <1, so that the fractional part r = na+1/2- [na + 1/2]
satisfies |r - 1/2| < 1/2|B[. Since B = a - a, we have -1< (o - a)(1 - 2r) <1,
so that 0<(a - a + 1)/2 + (a - a)r <1. Since a2 = gqa + b, we then have

0 < (¢ -a)(mo + 1/2 - ») +1/2 - bn < 1,
or
bn < (o - a)[na + 1/2] + 1/2 < 1 + bn,

so that equation (4) holds for x = a.

Theorem 1: Suppose a and b are integers satisfying ib - ll < |a|l . Then there
exists one and only one number x for which

(4) [x[ne + 1/2]1 + 1/2] = a[nx + 1/2] + bn
for all n = 1. Explicitly, = o = (a + Va2 + 4b)/2.

Proof: Let n be the denominator g, of the k' convergent p,/q, to the root o of
22 - qxr - b. We shall show that in order for (4) to hold for this choice of n,
the number % must lie inside infinitely many intervals ([;, Fy), where

L, = (pk - l)/qk and R, = (pk + 1)/qk.

To see that x > L; for all large enough k, observe that, for x < [, and all
large enough k, we have

[x[nxe + 1/2] + 1/2 - a[ne + 1/2]] = [(x - a)[nx + 1/2] + 1/2]
< [((p, - D/gy - a)lp, - 1+ 1/2] + 1/2]
< [py - aqy = D(p, = D/q, + 1/2] < bgy.,

by Lemma 2. This contradiction to (4) shows that x = Lj for all large enough
k. Similarly, Lemma 2 shows that x < R; for all large k. It follows that the
only viable candidate for x is a, since only this number lies inside infinitely
many of the intervals (Ly, Ry).

Lemma 3 shows that the root o does indeed satisfy (4) for all n > 1.
Theorem 2: For any positive integer 7, the sequence {s;} given by
81 = N, 82 = [om + 1/2], S3 = [0632 + 1/2], cees Sy T [OtSk_]_ + ]./2]

satisfies the recurrence relation s; = asy-; + bsy- for all n = 1 and for all
k > 2 if and only if |b - 1| < |a].

Proof; 1f |b - 1| < |al, then 83 = as, + bs;, according to (4). In fact, for
any k > 3, substituting sy-, for » into (4) yields [asy + 1/2] = asx-; + bsx-2,
as asserted.

Now, if b - 1 = a, then a = a + 1, so that

s, =(a+ 1)n and s3 = (a+ 1)sy, = (a+ 1)%n = as, + bs;.
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SECOND-ORDER RECURRENCE AND ITERATES OF [an + 1/2]

By induction,

\
w

s, = (a+ )X ln = asy_y + bsy_p for all k 2
Similarly, if b - 1 = -a, then
s, = (@ - D¥n =asy 1 + bsy_, for all k = 3.

If lb - l| > ]al, then IB[ > 1 by Lemma 1. Then the well-known representa-
tion ajo™ + b1B™ for the mth term of any recurrence sequence

t, =at,_; + bt _,>
for which a2 + 4b > 0, shows that the sequence
at, = ty.q = b18" (0 = B)
diverges, so that the relation tm+l = [atm + 1/2] cannot hold for all m.
In conclusion, we note that the well-known representation
F, = [aF,_1 + 1/2]

for the nth Fibonacci number in terms of the golden mean, o, and only one pre-
ceding term, follows from Theorem 2 when a = b = 1. Theorem 2 reveals many

other second-order recurrence sequences which lend themselves to this sort of
first-order recurrence.

Reference

1. Joe Roberts. Elementary Number Theory. Cambridge, Mass.: MIT Press, 1977.

LT
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ENTRY POINT RECIPROCITY OF CHARACTERISTIC CONJUGATE
GENERALIZED FIBONACCI SEQUENCES

David A. Englund
Belvidere, IL 61008
(Submitted July 1989)

Introduction
Given a pair of integers, A, B, such that (4, B) = 1 and 0 < 4 < %B, we

define a generalized Fibonacci sequence as follows:

Gop=B-4, Gy =4, G, = G,-1 +G,_p formn > 2.
Terms with negative indices can also be defined by:

Gy = Gyp_yy = G-, for m = 1.
We say that

|63 - GoG,| = |4% + 4B - B2|

is the characteristic of {G,}. 1In addition, we define a conjugate sequence
{H,} by:

Hy =B -4, H = B - 24, H,

Hy_1 + H,_p for n 2 2.
It is easily seen that:

1. G, >0 and #, > 0 for all n

Hy = (-1)"G_, = |G_»

[\

03

2 5
3. {G,} and {H,} have the same characteristic;
4

{G,} and {H,} are distinct unless 4 = 1, B = 3, in which case G, = H, =
L, (the nth Lucas number; see [1]).

Let {T,} = {G,} or {H,}. 1If M is any positive integer, we say M enters
{T,} if there exists K > 0 such that M|Ty;. The least such K will be called the
entry point of M in {T,}, and denoted T(M). The entry point of M in the
original Fibonacci sequence {F,} (which is guaranteed to exist) 1is denoted
Z(M). The entry point of ¥ (if it exists) in {L,}, {G,}, {H,} will be denoted
LMy, G(M), H(M), respectively.

In this paper we prove the following theorems.

Theorem 1: If M|G0, then M enters {G,} and {#,}, and G(M) = H(M) = Z(M).

Theorem 2: 1f M*GO but ¥ enters {G,}, then M also enters {H,}, and G(M) + H(M)
= 7Z(M).

Theorem 2 may be considered an entry point reciprocity law. We will make
use of the following identities.

(1) Tosn = Fuo1T, + FpTpy

(2) Gn = Fy 24 + Fy_1B

(3)  H, = <B4 + FyyB

(4) (Tys Tne1) = (Fys Frpn) =1
(5) F_, = (-D)r""1F,

(6) Fnin = Fp-1ly + EnFpin
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The Main Results

Proof of Theorem 1: Since Gy = Hy = B - 4, and (Gy, G,) = (Hy, Hy) = 1, it
suffices to show that, if {7,} is a sequence such that MITO and (Ty, T1) =1,
then M enters {T,} and T(M) = Z(M). (1) implies Ty = Fy_ Ty + FyTy; therefore,
hypothesis implies Ty = FyT; (mod M), so that

TZ(M) = FZ(M)TI =0 (mod M).
Thus, M enters {7,} and T(M) < Z(M). Also

FT(M)Tl = TT(M) =0 (mod M).
But (T, Ty) =1, so (M, Ty) = 1. Therefore, E}MD =0 (mod M). This implies
Z(M) < T(M), so T(M) = Z(M).

Lemma 1: Let {T,} = {G,} or {H,}. 1If X is an integer such that 0 < X < Z(¥)
and Ty = 0 (mod M), then X = T(M).

Proof: Hypothesis implies T(M) < X. Suppose T(M) = Y < X. (1) implies
Ty = Ttx-vy+y = Fy-y 1Ty + Fy_yTy4.

Thus,
Ty = Fy_y1Ty *+ Fy_yTyyq (mod M).

But hypothesis implies Ty = Ty = 0 (mod M), so Fy_yTy4y; = 0 (mod M). Hypothe-
sis and (4) imply (Ty, Ty41) 1, so that (¥, Ty4y) = 1. Therefore, Fy_y =0
(mod M). But 0 < X -= Y < X < Z(M), which contradicts the definition of Z(M).
Hence, T(M) = X.

=

Proof of Theorem 2: 1Let n = G(M). Hypothesis and (2) imply F, A + F,_1B = 0
(mod M). (3) implies

Hyny-n = ~Fzon+2-24 + Fron+1-,B-
Now (6) implies
Fypan+z-n = FrenFaan + FoonFoap+1 = FoopFrape1 = (G TIF,oFgp 41 (mod M)
Faanv1-n = FonFogn + F1onFran+1 = F1onFoane1 = (F1)Fyo1Fpgp+1 (mod ).
[The last steps involved use of (5).] Therefore,
Hygpy-n = (1) FnooFpan+14 + (1) "Fno1Fyan+18
(=1)" Fyy 11 (Frnd + Fpy_1B) = 0 (mod M).

Thus, by Lemma 1,
HM) = Z(M) = n = Z2(M) - G(M).

Corollary 1: For {T,}, if T(M) exists, then T(M) < Z(M); if T(M) = Z(M), then
M|Ty.

This follows from Theorems 1 and 2.
Corollary 2: 1f M enters {L,} and M > 2, then L(M) = %Z(M); L(2) = 42(2) = 3.
Moreover, if M > 2 and if Z(M) is odd, then M does not enter {L,}.

Proof: 2|Ly, so Theorem 1 implies L(2) = Z(2) = 3. If M > 2 and M enters {L,},
then M*LO. Since {L,} is self-conjugate, Theorem 2 implies 2L(M) = Z(M), so
L(M) = %Z(M). Hence, when M > 2, M enters {L,} only when Z(M) is even.
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SUMMATION OF CERTAIN RECIPROCAL SERIES RELATED TO
FIBONACCI AND LUCAS NUMBERS

Richard André-Jeannin
Ecole Nationale d'Ingénieurs de Sfax, Tunisia
(Submitted July 1989)

1. Introduction

Some years ago, R. Backstrom and B. Popov (see [1], [2], [3]) computed sums
of the form

v L N S
Fa?’l+b + ¢ Lan+b+c,

for certain values of a, b, and ¢. For instance, Backstrom obtained

) 1 2/5 + 1 5 1 _/5h
n=0L2n +3 10 ’ n=OEbn+1 +1 2’
and he also gave the estimate
- 1 1 1
(2) ngoLG ¥ 2 ~ 3 +mg—a = 0.64452...,

where o is the golden ratio. Recently, G. Almkvist [4] has given an exact for-
mula connecting the last sum with Jacobi's theta functions.

The aim of this note is to obtain new results of the same kind. For exam-
ple, we show that

1 L. 0.618...,

(3) =
n=OL2n + ‘/g o

which can be compared with (2), and the surprising result

L = 1.

() — 1 .
7Z=0F2n+l + 3/"/5

In the final section, following Almkvist's method, we express the series
S S
”=0F2n+1 + 2/‘/5’

in terms of the theta functions, with the estimate

= 1 V5 V5. 12

(5) ~ .
W0 Fope1 + 2/V5 4 log o (log a)? (ell?/1og o + 2)

2. Main Result

Theorem: Let s be a positive integer. then

- 1 s

(6) = 55
YZ=0F2n+1 +LS//5— 2FS

s even, s #z 0,
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and

& 1 1 /s -1 1
(7) —_— = ——( + - >, s odd.
nz;o Ly, + V5F, Lg\ 2 1 +a® °

3. Preliminaries

As noticed by Almkvist, it is probably better for this study to use direct
calculus rather than Fibonaccian identities.

Lemma 1: Let q, 0 be real numbers, with ¢ > 1, and let s be a positive integer.
Then the following equality holds:

® 1 1 s-1 1
(8 - .
;g% q"to+ g+ qs/z + q—S/Z qs/2 - q~s/2,1=01 + qn+c—s/2

Proof: One can readily verify that

1 1 1 1
qrto 4 g + qs/z + q—s/z = q-s/2 _ qs/2<1 + qn+o+s/2 B 1+ qn+c—s/2>'
Hence, by the telescoping effect, for V 2 s - 1,
d 1 ~ 1 { & 1
n=0q"+°+ q-—n—o + qs/2 + q—s/Z - q—s/z _ qs/z\n=N-s+ll + qn+c+s/2

s-1 1
- weo 1 + qn+o—s/2>'
Letting N » », we obtain (8) (since g > 1).

Lemma 2: Let a and s be positive integers, let b be any integer, and define
Ts(a, b) by

s-1 1
Ts (a, 2 =n=() 1 + qa@nr-s)+b’
Then
_s -1 1

(9) Ts(ly 0) - 2 + 1 + OL-S
and

s
(10) Ts(13 1) = '2_.

Remark: Here, o is the golden ratio or any positive real number.

Proof: 2s -1 -1
1 1 1 S, < 1 1 >
s = = + = + +
T2 (1, 0) nz=:0 1+ 27728 1 4972 2 ,fél 1+ a2k " 1+ a2k
_ 1 1 N S _1
I A e CR S &
On the other hand,
2s 1

Tos+1(1, 0)
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This concludes the proof of (9). The proof of (10) follows the same pattern.

4. Proof of The Theorem and of Other Identities

As usual, the Fibonacci and Lucas numbers are defined by

1 .
= —(@" - (-1)"""), L, =a"+ (-1)"a7".

s

Let a, b be integers, with @ > 1. Put ¢ = b/2a and g = 0?2 in (8) to get

F

an -y L - —2— 7, (a, B),

woo 0L?_arr)—b + a—Zan-b + 9% 4 a8 ads — g

where T;(a,b) is defined above. Let us examine different cases according to
the parity of a, b, and s.

First case: b even, 8 or a even. Since (11) can be written as

Z 1 1
(12) = Ts (a, b),
YLEO Loany + Las @Fas ¢

letting 8 = 1 in (11), we obtain Backstrom's Theorem V. Namely,

- 1 1 1

= —= a even, b even.
ni=0 Loan+p T La V5F, 1 + ab-a’ ’

Letting b = 0, a = 1, and applying (9), we obtain Backstrom's Theorem IV, which
is

{Z 1 _ 1 <8—l+ 1
n=0bon * L \/EFS 2 1+ a™®

Second case: b even, s and g odd. Formula (11) becomes

>, s even.

- 1 1
(13) = Ts (a, b).
VL;O L2an+b -+ /gF(zs Las N

With ¢ = 1 in (13), we have

2: L - L 1 , b even, a odd.
=0 Lognip + /5F, Lag 1 + ab-a

Letting ¢ = 1 and » = 0 in (13) and applying (9), we get (7) so that

£l - st L) o
W=0 Ly, + V5F,  Ls\ 2 1+ o°®

As special cases, we have

> 1

1 1
- and —_— = -+
o n=0 LG + 2/5 4

- 1
n=OL2n + /5_

ol

Third case: b odd, s or g even. Formula (11) becomes

> 1 1
(14) = — Ts (a, b).
ngo FZan+b + Las /‘/5_ Fas g

With s = 1 in (14), we get
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S 1 _1 1
n:Oann+b + La/)/g Fa 1 + Otb—a

s, b odd, a even.

When @ = 2 and b = 1, we have
S~ 1
W20 Fypy1 + 3/75

Now, put a = 1, b = 1 in (14) and use (10) to get (6) so that

1
a

- 1 s
= = -5, S even.
”=OF2;’L+1 + Ls/‘/g ZFS

As special cases, we mention (4) and
i . _2
=0 Foppy + 7//5 3

Last case: b odd, s and g odd. Formula (l11) becomes

3 L _ 5 4 by,

(15) -+
n=0 FZan+b + Fas Lq

Putting ¢ = 1 in (15), we obtain Backstrom's Theorem II, which is
2: I S = ZE ———J;E?E, b odd, a odd.
n=0 Foonsp + Fa Lg 1 + o

With a = b = 1 in (15), we obtain Backstrom's Theorem I, which is

i ; = ﬂ s odd
n=0 F2n+l + Fy 2L° )

Remark: Consider the recurrence relation
W, =pWp_1 + Wy_p, n 22, p>0,

and the solutions

n Nn—"n
U, = OC____.(_..Q.._OL_, v, = o + (_l)na—n’
Vi
) p+ v
where A = p + 4, o = —F— > 1.

2
The results above could be generalized with U,, V,, YA in place of F,, L,, /5.

5. A New Tantalizing Problem

Let us return to (6). When putting s = 0 in the left-hand side, we obtain
the convergent series

2 1
(16) S ———————— = 1.161685787...,
0 Foue1 +2/V5

where the number on the right is not one we recognize. Using the limit process
introduced by Backstrom ([1], p. 20), we would have

1lim /5

S
B - 2 - 1.16168590...,
s»0 2Fs 4 loga

so we see that /g/(4 log o) is a good estimate of the sum (16).
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Using the method introduced by Almkvist, we can now express (16) in terms
of the theta functions. 1In fact, we have

© 1 ) q2n+1
— -y
P=0 Fo, 1 + 2/V5 A0 (1 + g2n+ly2
where g = a”l. By a classical formula (see, e.g., [5], p. 471), we can write
o q2n+l ~ 1 Xg

n=0 (1 + g&nt1)2 ~8n2 vy’

where (with Almkvist's notations)

1
= /= 2n2/log
V37 Y "Tog g ;e !

2 2,2
vl = 21 s (1 + 2 >eH2n2/1og4.

and

log qY log ¢ 4 log q
(The summation is over all integers 7.)
After some calculus, we obtain the final formula
i n2eg=-TN2n2/log o

= 1 _ /5 n2/s  n=-1
W=0 Fope1 + 2//5 4 log o  (log a)? 1+ 2 f:e-nzn2nﬁg o

n=1

5

which can be compared with Almkvist's formula for
1
n=OL2n + 27

Limiting ourselves to the first term (n = 1), we get the estimate (5).
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SEQUENCES OF INTEGERS SATISFYING RECURRENCE RELATIONS
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Let us consider the recurrence relation

(1) n3u, - (34n3 - 51n2 + 27n = S)u,-; + 0 = 1)3u,_5 = 0.

Apery has proved that for (ugp, u;) = (1, 5) all of the u,'s are integers, and
it is proved in [1] and [2] that, if all the numbers of a sequence satisfying
(1) are integers, then (ug, u;) = A(l, 5), where X is an integer. We give here

a generalization of this result, with a simple proof, and applications to
Apery's numbers as well as to the recurrence relation

(2) Ly-1Fpuy = S5FyFy 1Fpp-1Upn-1 = Fy_1lnuy-p = 0,

where F,, L, are the usual Fibonacci and Lucas numbers.

1. The Main Result

Let {a,}, {bn} be two sequences of rational numbers with {u,} the sequence
defined by (up, u;) and the recurrence relation

(3) U, = QuUp-1 T byliy-2, 1 = 2.

We then have two results.

Theorem 1: Suppose that

(4) a) For all integers n 2 2, b, = 0.

n
(5) b) There exists a real number P such that lim I] Ibkl = P.
nrw oy

Then the recurrence relation (3) has two linearly independent integer solutions
only if lbn! = 1 for all large n.

THeorem 2: Suppose that

(6) a) For alln 22, b, # 0 and |bn| = 1 for all large n.
(7) b) For all n = 2, a, = 0 and lim|a,| = a.
N>

Then relation (3) has two linearly independent integer solutions only if a, = a
for all large n, where g is an integer different from zero.

Remark: Recall that two sequences {p,} and {g,} are linearly dependent if two
numbers (A, p) exist (not both zero) such that, for all =,

rp, + ugq, = 0.

In the other case, the sequences are linearly independent. It is easy to prove
that {pn} and {q,}, when satisfying (3), are linearly dependent if and only if

(8) Pod; — P19 = O-

2. Proof of Theorem 1

Let us suppose that {p,} and {g,} are two independent integer solutions of
(3) and define the sequence A, by

(9) by, =P,_19, = P,9,-1> " = 1.
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It is easily proved that
(10) A, = =D, A1, n 2 2.
Hence,
(11) A, = (-1)""1by, ... byby, noz 2.
By the Remark above, Al =pod1 ~ P19 * 0, and by (5) we have
(12) lim|a,| = |8y |P;
n>ow

thus, the sequence of integers ’An] converges and we deduce from (12) that
(13) fAn| = IAIIP’ for all large n.
By (11) we have A, z 0 for all n (since b, # 0 and Aj; # 0). Hence, (13) shows
that P # 0. By (10) we have
Il
|An—11

This concludes the proof of Theorem 1.

= lbnl, for all large n.

3. Proof of Theorem 2

Suppose that {p,} and {q,} are two independent integer solutions of (3) and
define the sequence D, of integers by

Dn = Pn-29, = Ppy9n-2> 7 z 2.
It is obvious that

(14) D, = a,b,_1, n 2 2.

However, by (6) we have, for »n large, since ‘bnl =1,
|a,] = [21]P = 0.

Hence,

(15) IDHI = IanllAllp z 0, for all large =,

and by (7),

1im|D, | = a|sy]P.
n> o
Thus, for all large n,
(16) |Dn| = alaq|P.

Note that g # 0, since D, # 0, and that g is a rational number by (16). Com-
parison of (15) and (16) shows that

!anl = q, for all large n.
Let us now write aq = p/q, where p and ¢ are relatively prime integers. With-

out loss of generality, we can assume that

a7n o, = i%z¢n_1 * Up_p, for m > 2.

Consider the solution {v,} of (17) defined by the initial values (0, 1). Note
that Ayv, is an integer, namely,

Alvn = ~q4P, + Pod,-
The relation
_,P
vy = 2000, 1 * AUy
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shows that
qlAIUnhl, for n = 2.

By mathematical induction, it is easy to prove that for all integers m=1
and n =2 1, qm|Alun. Therefore, g = 1, and ¢ is an integer.

4. Application

Suppose that |b,| = C,_1/C,, with C,, # 0 for all n, C
lim C, = C.

n
1> oo

. % C,_1, and

We can then write

[ 15| = 2 hat P = UL
= —=—, SO0 that = —.
k=2 k Cy C

By Theorem 1, the sequence (3) cannot have two linearly independent solutiomns,
since |b,| # 1.
This result can be applied to (1) with C, = n3, and also to the recurrences

(18) nu, - (2m+ 1)(2n - Duy-; + (n - Duy_» = 0,
and
(19) n2u, - (11n? - 11n + 3)u,.; - (n - D2u,_, = 0,

with ¢, = #n in (18), C, = n% in (19). Note that (18) and (19) admit integer
solutions defined by the initial wvalues (1, 2m + 1) [resp. (1, 3)]. The inte-
ger solution of (18) is simply u, = B, (-m), where

I n)(n + k) Nk Lk
Bu@) = oy Zten( - @1 = 11 (5)(" % 7)ente
is the n'™h Legendre polynomial over [0, 1] (see [3] for another proof). Equa-

tions (1) and (19) appear in Apery's proof of the irrationality of z(3) and
z(2).

Now, let us consider recurrence (2), in which we have

_ E%—an
n Ln_an'
Then
ﬁbL”dplL”f
= — an = 1lim — = V5.
k=2 k Fn N> Fn

By Theorem 1, the sequence (2) cannot have two linearly independent integer
solutions. it will be shown below (and in [4]) that the solution {g,} defined
by the initial values (l, 0) is an integer sequence. On the other hand, the
solution {p,} defined by the initial wvalues (0, 1) cannot be an integer
sequence. Let us write the first few values of these two sequences in order to
see this. They are:

n 0 1 2 3 4 5

8225 999146
3 5 Tt

du 1 0 3 25 816 59475

p, O 1 10 84

It can also be shown that

= 1
lim 22 = > = = 3.35988566624...
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Notice how quickly p, /q, converges. We have

Eﬁ = 3.3598856... and Eé = 3.35988566624...
qy qs

One can deduce from this that 2::=1(1/Ek) is irrational (see [4]).

5. Generalization

Consider the recurring sequence defined by ujy, ..., u,_; and
= o1 2 r,
(20) Up = QpUy, | T auu, _, + oo+ ayu,_ 1>,

where r is a strictly positive integer, and where {all}, ..., {al} are sequences
of rational numbers. By analogy with Theorem 1, we have the following result.

Theorem 1': Suppose that

(a) For all m > r, a, # 0.

n
(b) There exists a number P such that lim rl‘aZI = P.
nrw k=p

Then (20) has r linearly independent integer solutions only if ]a;‘ =1 for all
large 7.
Proof: Suppose that {p%}, ..., {p;} are r linearly independent integer sequence
solutions of (20) and define the sequence A, of integers by r x »r determinant

bp = pn—f+j‘1sigr’ n=zr-1l.

l<sjsr

It is easily proved that A, = (—1)T—1anAn_1. Hence,
"
iAn| = |Ar—1] I] |a£|» n =z r.
k=r

We have A,_; # 0, since the {pi}'s are independent, and the end of the proof is
as in Theorem 1.

The reader can also find a theorem analogous to Theorem 2.
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A strictly increasing sequence of positive integers ays Qps .. is defined
to be s-additive [1] if, for n > 2s, a, is the least integer greater than a,.;
having precisely s representations a; + aj = a,, ¢ < j. The first 2s terms of
an s-additive sequence are called the base of the sequence. An s-additive
sequence, for a given base, may be either finite or infinite; the sequence is
assumed to be maximal in the sense that the total number of terms is as large
as possible. Consider, for example, the case in which s = 1, a; = 1, and
ap = 2. The next fifteen terms of the sequence are 3, 4, 6, 8, 11, 13, 16, 18,
26, 28, 36, 38, 47, 48, 53. The sequence is infinite (as is any l-additive
sequence) since a,-3 + a,-; is an integer greater than a,_-; with no other
representation a; + a; and, hence, there exists a least such integer. It is
the archetypal s-additive sequence, and was first studied by Stanislaw Ulam
[2]. An example of a 2-additive sequence is 1, 2, 3, 4, 5, 6, 8, 10, 12, 15,
17, 19, 29, 31, 33, 43, 44, 47, 51, ..., which also appears to be infinite
(though a proof of this fact is not known). Not all 2-additive sequences are
infinite, as illustrated by the sequence 1, 3, 5, 7, 8.

For s 2 1, Raymond Queneau [1] showed that an s-additive sequence has at
least 25 + 2 terms if and only if there exist positive integers u and v such
that the 2s numbers in the base (up to ordering) are U, 2u, ..., Su, v, u + v,
2u + v, ..., (8 = 1)u + v. This is called Condition u,v. We denote an s-
additive sequence satisfying Condition u, v by the ordered triple (s, u, v).
Note that the correspondence between such sequences and ordered triples is not
one-to-one, since (s, 1, s + 1) = (s, 2, 1). Queneau undertook a detailed
examination of various properties of s—additive sequences, including conditions
for sequences to be infinite and conditions for sequences to be regular (in a
sense to be defined shortly). Some of the conjectures in [1] are consistent
with conjectures presented here; some others are false due to several unfortu-
nate errors in Queneau's computations.

We examine first conditions for s-additive sequences to be infinite.

Conjecture 1: A 2-additive sequence is infinite if and only if Condition u, v
is met.

For s 2 3, Condition ©#,v is necessary but not sufficient for infinitude, as
evidenced by the finite 4-additive sequence (4, 1, 5) =1 (1) 10, 12 (2) 20, 23
(2) 31, 36, 38, 47, 48, 49, 51, 53, 60, 80, 85. In order to state Conjectures
2 through 4, we assume that Condition u,v is satisfied and that, without loss
of generality, u and v are relatively prime. These two assumptions hold
throughout the remainder of this paper.

Conjecture 2: An s-additive sequence, when 3 < s < 6, is infinite if and only
if

(a) u =1 and v is as in Table 1,
(b) u =2 and v is as in Table 2, or
(¢) u =z 3.
Conjecture 3: An s-additive sequence, when s is even and 8 < g < 20, is infi-

nite if and only if

(a) u
(b) u

2 and v is as in Table 3, or
3.

vl
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Table 1: Conditions associated with Conjecture 2(a)

Conditions on v

3

v =8, 12, 13, 17, 22
6, 9, 13, 15

8

v

AV

]

v~ W e

5
v
%

Table 2: Conditions associated with Conjecture 2(b)

s Conditions on v

3 v =1, 5 0r =3 mod 4

4 v =3, 7, 9 mod 10

5 v =1 or 29 mod 12

6 v =3, 5,7, 9, 11 mod 14

Table 3: Conditions associated with Conjecture 3(a)

S Conditions on v

8 v = 3,11, 21, 25, 29, 39, 57, 61, 65, 75, 83, 93, 97, 101, 111, 119, 129, 133,
137, 147 or 151 < v = 3,7, 11 mod 18

10 v =19, 23, 45, 51, 67, 89, 95, 107 or 111 < v = 1,7, 19 mod 22

12 v = 47, 143, 169, 177, 183, 235, 261, 307, 313, 333, 339, 365, 391 or
411 < v = 1, 21 mod 26

14 v = 189, 249, 279, 309, 339, 369, 375, 399, 429, 459, 489, 519, 525, ..., 939
or 945 < v = 9,15 mod 30

16 v = 187, 323, 663, 731, 833, 893, 935, 969, 995, 1003, 1029, 1037, 1063, ...,
1649 or 1675 < v = 9, 17 mod 34

18 v = 417, 645, 759, 873, 979, 987, 1101, 1215, 1329, 1443, 1519, 1557, ...,
3305 or 3343 < v = 37 mod 38

20 v = 439, 1333, 1343, 1543, 1573, 1615, 1627, 1637, 1657, 1699, 1741, 1783,

1867, 1889, ..., 4429 or 4451 < v = 19, 41 mod 42

Conjecture 4: An s-additive sequence, when s is odd and s 2 7, is infinite if
and only if u > 3.

The sequence (24, 2, 1523) appears to be infinite, whereas (22, 2, v) is
never infinite. Proof that certain sequences are finite is not difficult; for
example, (3, 2, v) has (7v + 53)/4 terms (@7 r53y/y = 100 + 10) when 5 < v =1
mod 4. However, no s-—additive sequence, s > 1 and # < 2, has been proven to be
infinite. Note that the example involving (3, 2, v) shows that arbitrarily
long finite sequences exist. Long sequences are computationally unwieldy since
all terms Ays +--> Q,_; must be considered when determining a,. Thus, the com-
puter evidence leading to Conjectures 1 through 4 is necessarily limited.

We turn now to regularity issues. An infinite s-additive sequence is regu-
lar if successive differences a,4] - 4, are eventually periodic; i.e., there is
a positive integer N such that ayi,+1 = Ay+n = An+1 — a, for all sufficiently
large n. (The smallest such N is called the period.) An equivalent condition
involves arithmetic multiprogressions [1] which are infinite sequences of the
form

Cls Cps wves s Dty b+ cys vy bt ocys

2b + ¢y, 2b+ cys e 2D+ s oens
where 0 < ¢} <c¢p <:.--<cy <b +c}. If some arithmetic multiprogression, after
at most finitely many deletions of certain terms or insertions of additional

terms, is equal to the s-additive sequence (s, u, v),then (s, u, v) is regular.
We write this condition more compactly as
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(s, U, v)~bn+[cl, Cys cees Cfl n=0, 1, 2, ...,
in which the symbol ~ is to be interpreted as eventual equality. If greater
precision is required, we write

(8, U, v)=bn+[cl, Cys ...,ck]f&)dl, cees dp© ey, cees Egos

where dy, ..., dp and e;, ..., eq are, respectively, the inserted and deleted
terms on the right-hand side that make equality hold.

The nature of Conjectures 2 through 4 might lead one to suspect that some-
thing is special about the case u > 3. This is true, in fact, as proved by
Queneau in [1].

Theorem 1: 1f s > 1 and u = 3, then (8, u, v) is regular and
(s, U, v) =nu + [v] Du, 2uy, ..., su, (28 - Du + 2v.

A consequence of this result and Conjecture 4 is that there do not exist
infinite irregular sequences when s is odd and s 2 7. No analogous general

formulas appear to hold for the remaining cases s = 1 or u < 2. A limited
computer search for regular l-additive sequences has uncovered many examples,
some of which are exhibited in Table 4. (The first three of these were found

by Queneau [1].) We conjecture that (l, u, v) is regular for a wide variety of
u and v. Though a proof is not known, a sensible argument might be based on
Theorem 2 and (deceptively simple) Conjecture 5. Periods for (1, 2, v) and for
(L, 4, v), as fascinatingly intricate functions of odd v > 3, are listed in
Table 5. [Some cases have either incalculably long periods or long initial
stretches before periodicity begins. For example, the period for (1, 2, v),
where 35 < v < 41 is odd, probably exceeds 109.]

Table 4: Regular l-additive sequences

(1,2,5) = 126m + [5 (2) 15, ag = 19, ajg = 23, ..., az, = 119] @ 2, 12
(1,2,7) = 126n + [7 (2) 21, a1y = 25, ajp = 29, ..., dazg = 1171 ® 2, 16
(1,2,9) = 1778n + [9 (2) 27, a3 = 31, ajy = 35, ..., ayyg = 1767] & 2, 20
(1,2, 11) = 6510n + [11 (2) 33, ais5 = 37, ayg = 41, ..., aig3g = 6497] ® 2, 24
(1, 2, 13) = 23622n + [13 (2) 39, ay7 = 43, ayjg = 47, .oy asgpg = 23607] ® 2, 28
(1,2,15) = 510m + [15 (2) 45, a9 = 49, azg = 53, ..., agp = 493] @ 2, 32
(1,2, 17) = 507842n + [17 (2) 51, ap] = 55, dpp = 59, ...,
a126962 = 507823] @ 2, 36
(1, 4,5) = 192n + [5 (4) 17, 19, 21, ajq = 25, ay; = 27, ..., ass = 173]
® 4, 14, 24
(1,4,9) = 640n + [9 (4) 29, 31, 33, 37 (2) 41, a5 = 45, ayjg = 47, «..,
ag; = 6091 @® 4, 22, 40
(1, 4,11) = 1318n + [11 (4) 27, 37, 39, 43 (2) 47, 51 (2) 57, 61, 67, 69, 75, 77
83, 85, 89, 91, 99, 105, azg = 111, asq = 123, ..., dzyg = 1309]
® 4, 26, 31, 35, 48 © 57, 105
(1, 4,13) = 896m + [13 (4) 41, 43, 45, 49 (2) 53, ay7 = 57, dyg = 595 ...,
ayjop7 = 853] @ 4, 30, 56
(1, 4, 17) = 2304n + [17 (4) 53, 55, 57, 61 (2) 65, 69 (2) 73, ajzy =77,
Ap3 = 79, «..s apsy = 22491 @ 4, 38, 72
(1, 4,19) ~ 2560n + [aps50 = 14753, apssy = 14761, ..., asgp3 = 17275]
(1, 4, 21) = 2816n + [21 (4) 65, 67, 69, 73 (2) 77, 81 (2) 85, ayy = 89,
Qg = 91, ..., azgs = 2749] @ 4, 46, 88
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Table 5: Periods for (1, u, v), u =2 and 4

v u=2 u =54
5 32 32
7 26 -
9 LY 88

11 1628 246

13 5906 104

15 80 -

17 126960 248

19 380882 352

21 2097152 280

23 1047588 5173

25 148814 304

27 8951040 10270

29 5406720 320

31 242 -

33 127842440 712

35 - 826

37 - 776

39 - 108966

41 - 824

Theorem 2: If a l-additive sequence has only finitely many even terms, then
the sequence is regular.

Proof; Let e denote the number of even terms in the l-additive sequence aj, aj,
ass . Let z; <%y < ... < x, be the even terms and let y, = x,/2 for each
k, where 1 < k < e. Given an integer n 2 y,, define

bn

Observe that a; + a; = 2n + 1 only if either a; or a; is equal to some x; (since
a sum of two integers 1is odd if and only if one of the integers is odd and the

the number of representations a; + a; = 2n + 1, 7 < 4.

other is even). This observation gives rise to the following recursive
formula:
e
by = 2, 8(by-y - 1)
k
k=1
where §(0) = 1 and 6(») = 0 for » = 0. The summation simply counts the number
of times (out of e) that 2n - x;, + 1 is a term in a;, az, ... . Define now,

for each n 2 x,, a vector of y, components
— T

Bn = (bﬂ—ye bn-y2+l bn—ye+2 cee byo1)
Regularity of the l-additive sequence a;, a,, ... is clearly equivalent to even-
tual periodicity of the vector sequence B;,, By, +1> --- - The components of B,
obviously do not exceed e. Since the number of vectors of length y, contain-
ing 0, 1, ..., e = 1 or e is (e + 1)¥% < o, some B, must recur, which, in turn,
brings about periodicity by the recursive formula. This completes the proof.

Recall that u# and v are assumed to be relatively prime. ' Assume, moreover,
that u < v.

Conjecture 5:

(1, 1, v) has infinitely many even terms.

(1, 2, v) has two even terms (specifically aj; = 2 and au+7)y2 = 2v+2) when
v > 3; it has infinitely many even terms when v = 3.

(1, 3, v) has infinitely many even terms.
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(1, 4, v) has four even terms when v = 2k - 1 for some kK = 3, 4, 5, .3
otherwise, it has three even terms.
(1, 5, v) has thirteen even terms when v = 6;

otherwise, it has infinitely many even terms.
(1, u, v), for even u =2 6, has 2 + u/2 even terms.
(1, u, v), for odd u 2 7, has 2 + v/2 even terms when v is even;
otherwise, it has infinitely many even terms.

There is no reason for even terms to be small; for example, (1, 4, 255) has
ag7sg = 260606.

Other interesting trends exist in the distribution of successive differences
an+1 — an for these sequences. Let us focus on (1, 2, v), v > 3, for definite-
ness. The successive differences are always even beyond a certain point. For
most of a period, the successive differences remain relatively small. As the
end of the period draws near, the successive differences seem to explode to a
maximum value (= 2v + 2), which concludes the period and a new period begins.
In contrast, the sequence (l, 2, 3) appears to possess unbounded successive
differences. This seems to occur as well for the sequence (s, 1, s + 1), for
each ¢ = 1, 2, 3, and 5; e.g., when s = 2, ag3gy—agsgs = 174886 -174579 = 307.
Many questions arise. Is the converse of Theorem 2 true? Do there exist regu-
lar s-additive sequences for s > 1 and u < 2? Is it possible for successive
differences of an infinite Zrregular s-additive sequence to be bounded?

Queneau also introduces several generalizations of s-additivity, of which
we discuss one. (Replacing addition by multiplication in the definition of s-
additivity defines s-multiplicativity. This has not been studied. Nor has
substituting the condition ©Z < J by © < j.) A strictly increasing sequence of
positive integers aj, ap, ... is defined to be (s, t)-additive with base B if B
consists of the first m terms a;, a3, ..., a, for some positive integer m and
if, for n > m, a, is the least integer greater than a,-; having precisely s
representations of the form

a;, +ag, + o toa;, = ap, 1] < Tog < wo0 < Ty,
Note that an s-additive sequence is the same as an (s, 2)-additive sequence with
m=2s. Note also that, while m > 2sg is necessary for (s, 2)-additivity and m=> ¢
is mecessary for (1, t)-additivity, m =5 is possible in conjunction with (2, 3)-
additivity. Lacking a suitable analogue of Condition u, v for s-additivity, we
write an (s, t)-additive sequence as (s, t; a;, ...»> ayp). For example,

(2,35;1,2,3,4,5) = 1(1)5, 8(1)11, 25, 28, 29, 49, 66, 67, 69, 89, 92, 110, 111, ...

which appears to be infinite. As previously, any (l, t)-additive sequence, for
t 2 2, is infinite, while extension of the proof to (s, t)-additive sequences,
for s > 1, does not seem possible. We conclude with several more arithmetic
multiprogression formulas obtained by limited computer search for regular
(1, 3)-additive sequences (see Table 6). The first of these was found by Peter
N. Muller and also appears in [3].

Table 6: Regular (1, 3)-additive sequences

(1,3;1,2,3) ~ 251 + [80, 82, 104]
(1,33;1,2,9) ~ 572n + [581 (1) 590, 645 (1) 653, 708 (1) 717, 772 (1) 781,
836 (1) 844, 899 (1) 908, 963 (1) 972, 1027 (1) 1035, 1090 (1) 1098]

(1,3;1,3,4) ~ 219n + [4l11, 412, 444, 446, 481, 482, 517, 521, 554, 555, 591, 626]
(1,33;1,3,5) ~ 82n + [87,89, 115, 117, 141, 143]

(1,3;1,3,6) ~ 5ln + [164 (1) 167, 211 (1) 213]

(1,351,3,7) ~ 20n + [23]

(1,3;2,3,4) ~ 148n + [157, 159, 160, 203, 204, 206 (1) 208, 253 (1) 255,

258, 302]
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Postscript

Recent computations show that

(1, 4, 7) ~ 113010987 + [ay367,499 = 80188457, ..., Gjssqgusy = 91489549]

(1, 5, 6) ~ 17201 + [aygg595 = 1579049, ...y dysesyp = 158076713

thus, (1, 4, 7) and (1, 5, 6) have periods 1927959 and 208, respectively. Fur-
ther results on the regularity of certain l-additive sequences will appear in a
forthcoming paper.
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A NOTE ON EULER'S NUMBERS

Nenad Cakié
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Recently, Y. Imai, Y. Seto, S. Tanaka, and H. Yutani [1] defined the coef-
ficients Z(m, r) by

W 2 = 3 O D A I T P OF

Z(my ) =0 (mM<0or v <0o0rmc<zyp),
and proved that

x™ = i(%ﬂ ﬁ(m+i—r)>

r=1 =1

(x, m € N),
Z(m, )y = Z(my m+ 1 - r),

(2) ZZ(m, r)y =m m=21, »r=1, ..., m,

r=1

Zm+ 1, )y = m-2+ 2)Z(m, » - 1) + vrZ(m, r).

In this short note we will show that the coefficients Z(m, r) are just Euler's

numbers 4, , introduced in 1755 by

r-1
m+ 1
Am,r= E(_l)k< k )(I‘— k)m
k=0
Indeed, using the substitution J§ = » - k, from (1) follows
r r-1
kfm+ 1\, m jifm+ 1 .\
NG IR U RIS DN C P (M GO LR
K=1 r -k i=o0 J
i.e., that Z(m, r) = 4n, ».
In [1] the authors mentioned that it would be interesting to find a connec-
tion between the coefficients Z(m, ) and Stirling's numbers of the second kind

S(n, k). Since Z(m, r) = 4, ., we have the following relations (see, e.g.,

[2], [3])
Z(m, r)

i(—l)k<PZZfI Do -k -2+ 1S m-r-k+ 1),
k=0

- - _1ym=-r+k=-1(M ~ k
Zm, x) = 3 (DT (% - 1>k13(m, k),

KS(m 1) = 3 Z(m, r)<Z B ;)

r=1
If we take m = k in the last equality, we obtain
m
mtS(m, m) = 3. Z(m, »),
r=1

which is equivalent to (2), because S(m, m) = 1. This is Lemma 2 from [1].
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Preamble

In what follows, we have

The Golden section:, t = 6-2;—1— = 0.618...

Fibonacci numbers: Fy = 0, I

1, F1 =F‘L—1 +Fi~2’ 2 2.

The Zeckendorf representation of -a number is simply the representation of
that number as the sum of distinct Fibonacci numbers. If the number of terms
of this sum is minimized, that representation is unique, as also is the repre-
sentation when the number of terms is maximized. (See Brown [1] and [2].)

A general Zeckendorf representation will be written as

h
> Fy s where ky > kyp > oo > ky 2 2.
J=1
Thus, 16 can be represented as

F7+F1+, F6+F5+FL+, F7+F3+F2, andF6+F5+F3+F2.

The first is the unique minimal representation; the last is the unique maximal

representation. The others show that representations of any intermediate
length need not be unique.
It is easy to show that only numbers of the form %, - 1 have a unique Zeck-

endorf representation (i.e., one that is maximal and minimal).

From here on, we will refer to the minimal Zeckendorf representation and
the maximal Zeckendorf representation as the minimal and maximal.

We define

Beta-sequence: {g;}, 4 =1, 2, 3, ..., Bj = [(§ + )t] - [Jt].
This takes on only the values zero or unity.

Golden sequence: Any sequence such as abaababa... which is obtained from the
Beta-sequence B, B85, B3, ..., where "P" corresponds to a zero and "g" corre-
sponds to a unit.

We will prove that the final term of each maximal representation is either
Fy, or F3 and show the pattern associated with the final terms in the represen-
tations of 1, 2, 3, 4, 5, 6, ..., namely: Fy, F3, Fy, Fy, F3, Fy, ... is a Golden
sequence with the term F, corresponding to a unit and the term F3 corresponding
to a zero.

More specifically, we will show that the last term in the maximal represen-—
tation of the number n is F3_g, = 2 - B,.

We note a similar result for the "modified" Zeckendorf representation which
may include F; as well as F,.

Main Results

Theorem 1: The maximal ends with F, or Fj.

Proof: We note that F3 cannot be replaced by F, + F; in a Zeckendorf expansion
as Fp = Fy. If F, with k > 3 is the smallest term in an expansion of a number
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n, then F, can be replaced by Fj_j; + Fy., and so the expansion is not maximal.
Thus, if an expansion is maximal, it must end in F, or Fj.

Lemma 1: [(j + F;)t] = F;_1 + [gt] if © 22 and 0 < J < Fyy;.

Proof: Fraenkel, Muchkin, and Tassa proved in [3] that if 6 is irrational,
0 <J <q;and p;/q; is the ith convergent to 6 in the elementary theory of
continued fractions, then

[(J + q;-1)8] = p;_q + [48], 2 = 1.

As F;_,/F; is a convergent to T, our result follows.

h h
Lemma 2: 1If ), ij is a Zeckendorf expansion, then Fr; < Fryv1 - 1.
i=1 i=2
h n
Proof: 3. F, < Fp -1+ Fyp + oo + Fy = Fp 41 = 2, since 3, F; = Fip = 1.
j=2 7 i=1

The result is now obvious.

h
Lemma 3: If j has a Zeckendorf expansion ) F, , then
i=1 "

(a) [4t] = Feo-1t By toeee Fkh-1_1+ [1Fy, ]
(b) [(j+1)'{]=Fk1_1+Fk2_l+---+Fkh_1_1+Fkh_l.

Proof: h
(a) Let m = Z F, , then by Lemma 2, m < Fg 41 and so by Lemma 1,
o, ks

i=
[JT] = [(Fkl + m)t] = Fkl-l + [mt].
h
Similarly, if n = 35 F, , [mt] = F, -1 + [nt], so eventually
. i=3 "¢
[dt] = Fkl-l + ... + Fkh_l"l + [tFg, 1.
(b) As in (a) (this time with m + 1 < Fy +1),
[G+ D] = [(F, + -0 + (F, + 1))7]
= Fkl"l S o Fkh-l_l + [(Fkh + 1)T1]
= Fkl—l + ... + Fkh-l_l + Fk;,-l by Lemma 1.

h
Lemma 4: 1f j has a maximal ZFki , then
=1

(a) [gtl = Fkl—l + ... + Fkh_1’1 + Fkh - 1.
(b) BJ' =2 - Fkh'
Proof:

(a) If ky 2, then [TFkh] 0 Fkh - 1.
If k;, = 3, then [Tfkh] 1= Fkh -1,
so the result follows by Lemma 3(a).
(b) By Lemmas 4(a) and 3(b),
Bj =[G+ D] - [gt]l = Fy, -1 - F, +1=2-F,,
as ky = 2 or 3 and so Fy -1 = L.

Theorem 2: The last term in the maximal for j is F3_g; = 2 - B;.
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Proof: By Lemma 4(b), if Fkh is the last term in a maximal for Jj, then
B; = 2 - Fkh .
If k, = 3, then B; = 0 and F3_g, = F3 = 2 - B;.
If ky = 2, then B; = 1 and F3_g; = F, = 2 - Bj.

We now see that the last term of the maximal for any integer j is either 1
or 2. It also follows immediately that the sequence of the last terms for the
maximals for 1, 2, 3, 4, ... form a Golden sequence 1211212112..., where a unit
is unchanged but a zero is replaced by 2.

Suppose we form the modified maximal from the maximal by forcing the last
term to be unity; that is, the last two terms are F3 + F,, F3 + Fy, or Fp + Fj.
Then it follows easily from the above that the second last terms of the
modified maximals for 2, 3, 4, ... correspond to the same golden pattern as the
last terms in the maximals for 1, 2, 3,
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Introduction

The properties of the period lengths of the continued fraction convergents

modulo m of reduced quadratic irrationals are studied in this paper. These
period lengths vary wildly, yet will be shown to satisfy strong divisibility
properties. Wall [6] studied these period lengths for the Fibonacci numbers

that arise as convergents of the simple continued fraction with all partial
quotients equal to 1. Many other papers, including [1], [3], [4], and [5],
extend and complement those results. Some of the theorems in Wall extend in a
direct manner to the continued fraction investigation given here; however, a
key theorem of Wall about occurrences of zeros does not generalize so that new
approaches are -required. In some cases, known properties of continued frac-
tions, for a reference see Rosen [2], yield simpler proofs for the analogs of
theorems from Wall. Two theorems presented here give properties of the periods
for reversals and rotations of the continued fractions which have no analogs
from the Fibonacci numbers. Matrix computation of the convergents is developed
and analyzed to produce further results including remarkably good bounds on the
period lengths.

Definition of the Period

Reduced quadratic irrationals, denoted o in this paper, are those real num-
bers that have purely periodic simple continued fraction expansions. Consider
such an a:

+ 1
o = a
1
+ 1
a
2
v 1
Ay o
where a; € Z° and t is chosen as small as possible. This is abbreviated by
o = [ad1, Az -.-5 azl, where t is said to be the period of a. Associated with

each continued fraction are the p,g sequences defined in the following manner:
Po1 =0 pg=1,p, =Pl 1 +Pyp
g1 =1, q94=0, q,=a,9, 1+ q,_,-

*This work was done at Moravian College during an NSF REU program which was supported by grant
DMS-8900839.
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We illustrate the calculation of these sequences with a = (1 + V3)/2 = [1, 2].
Ayt 1 2 1 2 1 2 1 2 1 2

p,: O 1 1 3 4 11 15 41 56 153 209 571
q,: 1 0 1 2 3 8 11 30 41 112 153 418

Below are the values in this table modulo 2. One can see that the sequence p ,
the sequence ¢q,, and both sequences taken together are all periodic.

Ayt 1 0 1 0 1 0 1 0 1 0

p: 0 1]/1 1 o 1 1 1 0o 1 1 1
g: 1 of1 o 1 0o 1 o0 1 0 1 0

Theorem 1: The p,q sequence modulo m is purely periodic.

Proof: Consider the 2 x2 block of p's and g's (mod m) at st - 1 and st, where
s =0, 1, 2, ... and ¢ is the period of a. Since there are only m' possibili-
ties for this block, it eventually repeats so that, for some %, J, say with
T < g

Pit-1 = Pjp-1> Pip = Pyyo

Aip-1 = 94p-10 94 = Q5p  (mod m).

Since Aji4y, = Qjt+n»> the defining relations give that the p,g sequence repeats.
Also, from the defining relations, we see that

Pit -2 = Pig = %P -1 = Pje = %Pip -1 = Pjr -2

DPig-3 = Pip-1 = Fe-1Pip -2 = Pjy -1 = Fjp -1Pje -2 = Pjy -3

Pit-it-1) = P1 = Pjp -(it-1 T PG-oye+ 10

The same argument holds for the g sequence. Therefore, the p,q sequence is
purely periodic. [

The period of the p,q sequence modulo m is denoted k(ou, m), or k(m), or k

if no ambiguity occurs. It is evident from the proof of this theorem that
k(a, m) < mtt. The remainder of this paper will explore the properties of
k(a, m).

Elementary Properties

In light of the initial conditions for the p,q sequences and the definition
of k, we get an immediate corollary.

Corollary 2: When k = k(m), then p, =0, p, =1, q_; =1, and g, =0 modulo m.

Next is a theorem which establishes that k is even for all moduli greater
than 2.

Theorem 3: 1f m > 2, then k(m) is even.

Proof: Suppose that k = k(m) is odd. Then, by using the continued fraction
identity ppqy -1 - Px-19x= (-1)* and substituting the values of the p,q sequence
from the corollary into this equation, we have (1)(1) - (0)(0) = -1 mod m.
Therefore, 2 = 0 mod m, which implies a modulus of 2. [J

Theorem 4: 1f mj|my, then k(mp) |k(my).

Proof: Let k = k(mp) and my|m,, then my|py-1 implies my|px-1» and mp|qr-1 - 1
implies my|qz-1 — 1. Likewise, for p, - 1 and g;. Hence, k(my) |k(mp) . O
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The following theorem shows that, if the periods of the prime power factors
of a modulus are known, then the period of the modulus can readily be calcu-
lated.

Theorem 5: 1If m has the prime factorization m = IIp and if k; denotes the
length of the period of the p,q sequence mod pfi, then k(m) = lem[k;].

1 mod p7¢

Proof: Since k;|k for all i, lem[k;]|k. On the other hand, since Px =
= 0. There-

for all ¢, p, = 1 mod lcm[pfé]. Similarly, p,_; = 0, q,_; =1, q4
fore, kllcm[ki]. 0]

For the sequence of Fibonacci numbers modulo m, the zeros are known to be
in arithmetic progression. The placement of zeros is not simple for continued
fractions in general. Consider an example with m = 3:

a,: 1 352 352 352 352 352 352 352 352
p,s 0 1 012 110 122 202 021 220 211 101
1 0 121 202 021 220 211 101 012 110

q,:
The theorem below begins giving insight into the structure of the convergents
without controlling the zeros.

Notice that, for some o's and moduli m, the period of o reduces mod m. For
example, a = [1, 2, 3, 4] mod 2 is '"the same as" [1, 2] mod 2. We say the
period of o 1is preserved modulo m when this does not occur. It is frequently
convenient to restrict consideration of k(a, m) to the case where the period of
o is preserved modulo m. Of course, one can get information about k(a, m) when
the period of o is not preserved. For example, one can consider [1l, 2] instead
of [1, 2, 3, 4] when the modulus is 2.

The next theorem states that k(a, m) is always a multiple of the period of
a. This is useful information about the structure of the periods and also
gives a trivial lower bound.

Theorem 6: 1f o = [a;, ap, ..., a,] and the period of o is preserved mod m,
then t|k(m).

It

Proof: Suppose that k = k(m), then p, =p, ., forn=1, 2, ... . So,

Uplp-1 F Pu-2 = GurPrsr-1 T Pryr-p mod m.
Thus,
ayPy -1 = D4 kPt k-1 = Dy 4 kPr-1-
Similarly,
2,9, -1 = 419, -1 mod m.
Multiplying the congruences by ¢, and p,, respectively, and subtracting gives

a,(-1)7-1

an(qnpn-l - pnqn—l) = an+k(qnpn—l - pnqn—l)
= an+k<—l)n_1'
It follows that a, = a,4+; mod m and, therefore, t’k(m). 0

The hypothesis that the period of o is preserved mod m is indeed necessary,
since for = [1, 2, 3, 4, 5, 6], t = 614 = k(a, 2) and o reduced mod 2 is "the
same as'" [1, 2].

It is now known that in order to determine k(m) one need only look at the

nt - 1 and nt places in the p,q sequence, where n = 1, 2,

Corollary 7: If the period of a is preserved mod m, the period length k is of
the form k = ct, where ¢ is the smallest positive integer with

pct—l =0, Pot =1 qat—l =1, qct = 0.
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Matrix Formulation

The following theorems allow us to look at only these blocks of integers
without going through the intermediate calculations. First, we establish the
following lemma.

Lemma 8: Define r, =a,r,_1+r,_, with initial conditions r_; = a, rg= b, where
a, b €Z*. Then r, = bp, + aq,.

Proof: For n = -1 and n = 0, the relation holds trivially. Now suppose that
r, = bp, +aq, and v, | = bp,,, +aq,,;. Then,
? ., =0a,,,bp, +aq, ) +Dbp, +aq,=Dbp, ,+aq, ., ,. O

We now define a matrix W called the fundamental matrix which depends only
on o and that can be used to compute the blocks of convergents at the end of
blocks of length ¢.

Theorem 9: Let
W = <qt—1 qt>; then W" = (qnt-l qnt>.
P:-1 Py pnt—l Put

Proof: Consider the function Fy: Z2 + 72 which takes an initial condition pair
(as b) to the pair (r,-1, r,) giving the last two terms resulting from applying

one period of recursions rj = a;r;-] + -, Jj=1, ..., t, to initial condi-
tions r_; = a, v = b. In light of the lemma, F, can be written in matrix
form:

Fa (a’ b) = (a, b)W.

On the other hand, applying n periods of the recursions is just n iterations of
Fy and (p,; _q» pnt) is the result of applying #n periods of the recursion to
(0, 1). Hence,

Py —15 Pue) = F(0, 1) = (0, W™
Likewise,

(@15 Que) = (1, 007
and the conclusion follows. []

Notice in the example below that W, W2, and W3 appear upside down in the
list of convergents of o = [3, 5, 2].

. < 5 11)’ 2 - (201 440>, 3 - ( 8045 17611)’

16 35 640 1401 25616 56075

a: |3 5 2 3 5 2 3 5 2
p,: 0 1|3 16 35 121 640 1401 4843 25616 56075
g+ 1 0|1 5 11 38 201 440 1521 8045 17611

The following corollary is a direct consequence of Theorem 9 and Corollary
7.

Corollary 10:

(i) If W™ = I mod m, then k(m) |nt.
(ii) If the period of o is preserved mod m, then ¢ is the smallest integer such
that W€ = I mod m if and only if k(m) = ct.

Remark: If p is an odd prime, the order of the multiplicative group of matrices
{4 € My(Zp) |det(4) = £1} is 2(p + 1)p(p - 1) and it follows that

k(p)lZ(p + Dp(p - t.
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This establishes a slightly better upper bound for k(p) than the p“%t observed
earlier. Furthermore, this remark limits the factors appearing in k(p).

Reversals and Rotations

Given an a = [al, A2s «ues a;l, we construct other quadratic irrationals
related to a: the reversal of a, a® = [a,, a;-15 ..., a;] and the rotation of
by one position, ao* = [a;, a1, aps ..., ar-1]. The rotation of a by J posi-
tions to the right is dindicated by a*/. The following theorems show that
k(ay, m) dis mnot changed when o is reversed or rotated. Thus, 1if we know
k(a, m), then we really know k(m) for up to 2t different quadratic irrationals.
Theorem 11: k(a, m) = k(a*, m) = k(a*?, m) = ... = k(o™ "1, m).

Proof: First, notice that if the period of o is not preserved mod m, then the
period of a*/ is not preserved mod m for all j. If o = [ay, dgs «--> Ayl
degenerates into a' = [a;, dp, ..., ay] mod m. That is, t' is the smallest

positive integer so that for all j, a; = a;j+¢ mod m. Then for all j, k(a* , m)
= k(a'*7 ,m), but the period of o' is preserved mod m. Thus, without loss of
generality, we will assume the period of o is preserved mod m.

Let W be the fundamental matrix for o, let ¢ be the smallest positive inte-
ger with W¢ = I mod m, let F, be the function as in the proof of Theorem 8
which gives the last two terms resulting from applying one o period of
recursions to given initial conditions, and let p:, q: denote the p,g sequence
for o*.

Note that o* = las, a1, a2, «.., az]l. Thus, (p:, p:+l) arise from apply-
ing one period of the a recursion relations to initial condition (pg, pf). That
is,

(pfs pro1) = Fu(pys p1) = (pys PV

and applying "¢" periods of the o recursions gives

(®Zy» Pleer) = Fa 3> P = (Ps POV

Likewise for the ¢ sequence. Thus, k(a™, m)|k(u, m). Applying this fact to
further rotations gives

k(a, m) = k(**, m) |k(**" 1, m| ... [k(a*, m)|k(a, m)
and, hence, the required equalities must hold. [
Theorem 12: k(a, m) = k(a®, m).

Proof: 1f k = k(a, m), then, from well-known identities (see Rosen [2, p. 363])
of continued fractions pf/qf = p;/py-; and pf_1/qf ) = qx/qy-,- Therefore,

PE1=dx =0 P =p =1,
W-1= Q-1 =1 qf =P =0

which implies k(a?, m)[k(q, m). It is evident that k(a®,m) = k(o, m) since, by
applying the process on a?, we obtain k(a, m) [k(a®, m). O

Periods of Powers of Primes

The relation between k(a, p) and k(o, p®) is explored next. Consider the
periods of a = [1, 1, 1, 1, 1, 2] for several prime power moduli.

p | k(e p)  Kk(a, pP)  k(a, p?)  k(a, p*)

2 12 24 48 96
3 18 18 18 54
5 36 36 180 900
7 84 588 4116 28812
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Notice when the exponent of p in the modulus is increased by one the period
seems to "increase" by a factor of p or 1. Indeed, the following theorems show
that as the exponent of p increases the period k(p€) will increase by a factor
of p after some initial constant sequence. An exception is p = 2, which is
slightly more complicated.

It is interesting to note that for the analogous theorem of Wall [6] about
the Fibonacci numbers there are no known examples with k(p) = k(pz). For the a
given above, k(p) = k(p¢) for some e > 1 does occur. Identifying when this
occurs remains an open problem.

We now turn to proving the above properties. Let 4 be a matrix with inte-
ger entries. If p¢ divides each element of A but p¢*! does not divide some
element of A, we say p¢ exactly divides A, and write p®||A. Thic means that 4
can be written A = p°®S for some matrix S with integer entries where S contains
an element which is not divisible by p.

Lemma 13: Let U be a matix with integer entries, I be the identity matrix,
and p be an odd prime number. If p®|U - I for some e > 1, then pe+l|UP - T.
Moreover, for p = 2, if e = 2 and 2°|U - I, then 2°*1|02 - I.

Proof: Suppose first that p is an odd prime with p¢|U - I, so U = I + p°S where
S is a matrix with integer entries and p does not divide some entry in S. The
binomial theorem is not true for matrices in general, but it is true when one
of the matrices is the identity. The third and higher terms of the binomial
expansion below have at least two factors of p¢ plus another factor of p coming
from the binomial coefficient or from an additional factor of p¢. Thus, for
some matrix 7, we have

UP = (I + peS)P =jéi)(§)pjesi = (5)r + (D)pes + p2erir.

Thus, UP - I = pe*ls + p2¢*17. Notice that p¢*l|UP - I and that if pe*? did,
then p would divide all the elements of S, which contradicts the hypothesis.
Therefore, p¢*l|UF -~ I as required.

Similarly, if p = 2 and 2¢|lU = I, U has the same form as above and

U2 = T + 2¢*lg 4 22e52,

Thus, 2@+1|U2 - I. Now, for e 22, 2¢ 2 ¢ + 2 so that if 26+2|U2 - T then 2]3,
which is not so. Thus, 2°*1|02 - 1. 00

Theorem 14: Let p be an odd prime which preserves the period of a. There is
a positive integer e so that

k(p) = k(p?) = -+ = k(p®) and k(p®*d) = pik(p) for all j > I.
Moreover, for p = 2 there is an integer e = 2 such that

k(22) = k(23) = --- = k(2°) and k(2°*9) = 29k(2) for all 4 > I.
Also, k(2) = k(&) or k(2) = %k(4).

Proof: Let p be an odd prime and W be the fundamental matrix for a. Notice
that p” preserves the period of o for all n. So, by Corollary 10, k(p®) = nt
if and only if 7 is the smallest positive integer with W" = I mod p¢. Select c
to be the smallest exponent for which W = I mod p. Then let e be the largest
exponent (possibly 1) for which k(p) = k(pz) = ... = k(p®). Notice that e must
be finite, since for large enough ¢, p¢ will be larger than the entries in W¢
and, hence, W° Z I mod pe. Now p¢|W° - I so that, by the lemma, petl|wPe - I.
Thus, ct = k(p®) |[k(p®*1)|pct. So, k(p®*l) = ct or pet. If k(petl) = ct, then
pe*l|W° - I, which is impossible since p¢|W°® - I. Therefore, k(p¢*!) = pk(p®).
Continuing inductively gives k(p¢*J) = pJk(pe).
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Moreover, for p = 2, the same argument works beginning with k(22), since
the lemma used requires e¢ 2 2 in this case. Also, if W° = I mod 2, then for
some matrix T, W¢ = I + 2T; hence, W2° = I mod 4 and the ratio k(4)/k(2) is 1
or 2. [1

The special possibilities mentioned in the theorem for p = 2 do occur as
indicated by the examples:
a | k(2) k() K(8)  k(l6) k(32)
(1, 21 4 8 8 16 32
[1, 1, 21 6 12 24 48 96
(L, 2, 3] 6 6 12 24 48

Bounds for Prime Periods

It was shown in Corollary 10 that ¢ is the smallest positive integer such
that W¢ = I mod m if k(m) = ct. To facilitate the analysis of W°, we diagon-—
alize the fundamental matrix. The eigenvalues of this matrix are

Ay o= %[(pt +q..) + Vd] and Ap = %[(Pt +q,4) - vdl,
where
d=(p, + q,_?%+ 4(-1)t"1,

It is evident from the definitiocns of A; and XA, that
)\1)\2 = (’“].)t and )\1 + )\2 = (pt + qt"l)'

These identities are used in the following lemmas and theorems. Computing the
eigenvectors and completing the diagonalization, we find the following form for
W,

Theorem 15: Let W be the fundamental matrix for o and let %, = (A? - Aé)//&.

Then,
n [(—1)t_13n—1 a2, A &, :l
W= = for n
pt—lizn i?n+1 - qtmlign

Proof: The fundamental matrix can be diagonalized by the matrix P, where

P= [ % 1t } e [ A2 = Gy ‘qt}
Al - G A2 - g, qt/c—z -(A1 = q4y) 9t

Computing W" = PD"P~!, where D is the diagonal matrix with Aj; and XA, on the
diagonal, we get

1 q (g = gy = (g = g DD qZ(\] - )
qt/a J .

=1, 2,

n

g 7D O = g, (A =25 g (NTOy = gl = A0y = gy

This simplifies into the required matrix using the properties of the eigen-
values. []

Remark: An interesting consequence of this diagonalization is that
Put-19+ = 9uePr -1 for all n = 1, 2,
Lemma 16:
t
gn“l = (_1) [(pt + qt~1)3n - _g’}“_l] for n = ]_’ 2’

226 [Aug.



THE PERIOD OF CONVERGENTS MODULO M OF REDUCED QUADRATIC IRRATIONALS

Proof: The eigenvalues A; and A, satisfy the characteristic equation of W.
Thus, )\% - (py + q_ I + (-1)* = 0 and, likewise, for Xo. Multiplying these
equations by A7 and Ag_l, respectively, and subtracting yields

"gn+l - (pt + qt—l)“gn + (_1)t$n-l = 0.
Solving for an_l gives the conclusion. []

Notice that 3% and ﬁflare integers and that %, ,; is an integer combination
of ¥, and £, ;. Therefore, %, is an integer for n = 1, 2,

Lemma 17: 1If p is an odd prime and Q%) is the Legendre symbol, then

i) 4, = (g) mod p, and

. o= d
(ii) £%9+1 =2 l(pt + qt—l)[(ﬁ) + l} mod p.
Proof: By writing out Af and Ag in their respective binomial expansions, can-

calling the even terms, reducing modulo p, and applying Euler's criterion, we
get that

1 ..
1) % = =0 - A = 2177 P P-dqG-1/2
W =207 -2) =2 1§§SP(J)(pt +q,.)P"9d
J odd d
= (P\gp-D/2 = (&
(e (€ b
. _ +1 i
(il) "gp‘*'l = T—d( Zi"‘l - )\Z*‘l) =2 Plsé:sp<p J >(pt + qt_l)p+l Jd(J 1)/2
J odd
=2 +1 +1 -
=2 1[<p 1 )(pt + qt-—l) + (p p >(pt + qt_l)d(p 1)/2] mod P

27 Np, + q,_pDIp, + qt_l)p-l + d%V/2] nod p

2_1(pt + qt—l)[(g> + 1] mod p. [

The following three corollaries are direct consequences of the previous two

. . . . . n — _ (4
lemmas. They provide information about the entries in W~ when n = p (p).
Corollary 18: If (%) = 1, then

i

(1) Zp-p = (-1)*7! mod p,

(ii) ifp_l =0 mod p, and
(iii) %p =1 mod p.
Corollary 19: If (£) = 0, then

(1) Zpar=27'-Dt"Yp, + g, ;) mod p,
(i) %, =0 mod p, and
(iii) Zpy1 = 27Np, + g,y mod p.
Corollary 20: 1f (%) = -1, then

(i) %, = -1 mod p,

(ii) ﬁfp+1 =0 mod p, and
(ii1) Zpi2 = (-1)* mod p.

Corollary 10 describes the relation of k(p) to ¢ such that W¢ = I and Theo-
rem 15 gives a form for W". These are combined to obtain divisibility proper-
ties for k(p). These multiples of k(p) also give upper bounds on k(p).

Theorem 21: If p is an odd prime, then k(p) divides 4pt if (%) =0,
2(p + 1)t if (£) = -1.
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Proof:
Case 1. Suppose that (’%—) = 1, and then apply Corollary 18 to WwP~!l:
t-1
wP-l = [(—1) Zp-2 T 415 U Zp-1 j‘
Pe-1%p-1 Lo~ G-1Zp-1
(_l)t“l(_l)t-l 0
= = I mod p.
0 1
d\ =
Therefore, k(p)|(p - 1)t for (?) = 1.
Case 2. Suppose that (%) = 0, and then apply Corollary 19 to WP:
-1
WP = [(—l)t Zp-1F 1D 7% }
Pe-1%p ZLpi1 ~ 412,
[2"1(pt + qt-—l) 0 ]
= mod p.
0 27 p, + q,_)
Thus, W2p2§ f‘l(p, + qt_l)ZI, but since (pt + qt_l)2 =d+ 4(-1)t = 4(-1)t mod P

we have W (-13*I. “Therefore, W'’ = I and k(p) |4pt in this case.

Case 3. Suppose that (%) = -1, and then apply Corollary 20 to WP*l:

p+l [(_l)t_lgp +t 4180 2y 41 :] ~ [-Df o ]
= = L . mod p-
p7&-1‘$p+1 3p+2 - 41241 0 D

Thus, 2@+ = T ang k(p) |2(p + 1)t in this case. [J
The proof of the previous theorem allows tightening of the bound when the

W

period of o is even. (p - )t if (-‘pi) =1,
Theorem 22: 1f t is even, then k(p) divides {2pt if (4) = o,
(p+ 1t if (%) = -1.

The bounds given by Theorems 21 and 22 are met with some frequency. For exam-—
ple, considering the primes less than 1000 for the modulus, the bounds are met
about 66 percent of the time for a = [2, 1, 4, 3, 5] and 35 percent of the time
for a = [4, 5, 1, 3, 2, 5].

Questions

We leave the reader with some questions. First, when does k(p) = k(p®)?
Wall stated that, for o = [I], no examples for k(p) = k(p?) occur for p < 10,000
and we have checked this for p < 100,000. Does k(p) = k(p2?) ever happen in
that case? Given a = [ay, dp, ..., az], can bounds be given on the p's for
which k(p) = k(pz)? Does t play a role in such bounds? Can anything be said
for k(p) = k(pe) for e = 3, 4, ... ?

Wall gives considerable discussion of the period length of the sequence of
r,'s defined in Lemma 8 for the case in which a, = 1 for all n. There, the
period is often independent of the initial conditions a and b. To what extent
does that theory work for periodic sequences of a,'s? '

The next question concerns the upper bounds for k(p) given by Theorems 21
and 22. We would like to know when k(p) equals its upper bound. We conjecture
that k(p) is the upper bound with some frequency; perhaps two-thirds of the
k(p) equal their upper bound when ¢ is a prime. Can the bounds be improved
when ¢ is composite?
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Addendum on Lower Bounds

Theorem 6 gives a trivial lower bound on k(p). It seems reasonable to
expect k(m) > ¢ log(m) for some constant ¢ depending on a. Are such bounds
possible? The referee offered the following solution. Let ai, ap, ..., a, be
the complete list of the partial quotients for a given quadratic irrational a.
Set 4 = max{a;, ..., a,} + 1. Then

p, < (4 - Dp,_y +p._, <A4p,_; for all t 22
and p; = a; < 4 so that
p, < A? for all ¢ > 1.

For At < m < At*!, this means that k(m) = ¢#. It follows that

1
k(m) > o ™
log 4

-1 for allm = 1.

References

1. Derek K. Chang. "Higher Order Fibonacci Sequences Modulo m." Fibonacei
Quarterly 24.2 (1986):138-39.

2. Kenneth H. Rosen. Elementary Number Theory and Its Applications, 2nd ed.
New York: Addison Wesley, 1988.

3. A. P. Shah. "Fibonacci Sequence Modulo m." Fibonacci Quarterly 6.2 (1968):
139-41.

4, T. E. Stanley. "Powers of the Period Function for the Sequence of Fibo-
nacci Numbers" and 'Some Remarks on the Periodicity of the Sequence of
Fibonacci Numbers II." Fibonacci Quarterly 18.1 (1980):44-47.

5. John Vinson. "The Relation of the Period Modulo to the Rank of Apparition
of m in the Fibonacci Sequence." Fibonaccei Quarterly 1.1 (1963):37-46.

6. D. D. Wall. "Fibonacci Series Modulo m." Amer. Math. Monthly 67 (1960):
525-32.

skkkkok

1991] 229



ON THE NOTION OF UNIFORM DISTRIBUTION MOD 1
Rita Giuliano Antonini*
Universita di Pisa, Via Buonarroti, 2, 56100 Pisa, Italy

(Submitted August 1989)

0. Introduction

The notion of a uniformly distributed sequence mod 1 is a classical tool of
number theory (see, e.g., [1], [2]), but it is well known that there exist
sequences which are not uniformly distributed; it turns out that this kind of
sequence is more conveniently treated by notions other than the classical omnes.

In this paper one such notion is used, which enables us to study the
sequence formed by the fractional parts of decimal logarithms of the integers
(it is well known that this sequence is not uniformly distributed in the
classical sense; see, e.g., [1]).

With our result, we obtain a simple solution of the so-called first digit
problem.

1. Preliminary Results

In this section we list some definitions and results used in the sequel.
We begin with the definition of uniform distribution with respect to a measure
on IN*.

Definition 1.1: Let u be a measure on IN*, which we assume to be positive and
unbounded; for each integer n, write

S, = u(ll, =nl).

Now let (x,),,; be a sequence of real numbers in [0, 1]. We say that (x,),.;
is p-uniformly distributed in [0, 1] if, for each function f in C([0, 1]), we
have "
Wk G)
lim &2t — - f F(x) de .
0

n>e S,

Remark 1.2: It is easily seen that we may replace (S5,) by any equivalent se-
quence.

Remark 1.3: The notion of uniform distribution in the sense of Definition (1.1)
has been introduced by other authors, although they used different names and
symbols.

It is also clear that it can be expressed by saying that the sequence of
measures (v,) on [0, 1] defined by

ik}
v, = —c

n X,
S, k

nxl

weakly converges to the Lebesgue measure on [0, 1] (see, e.g., [8]).

In what follows, we shall use the following proposition, a direct conse-
quence of well-known results concerning weak convergence; note that it is a
straightforward generalization of a classical theorem in number theory (see

(11, [2D).

*Lavoro svolto nell'ambito del GNAFA e con finanziamento del MPI.
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Proposition 1.4: The following conditions are equivalent:

() (x,),., is p~uniformly distributed in [0, 1];
(b) for every interval [a, b[ in [0, 1], we have

E:u{k}lhhb[(xk)

lim k=1
N+ o Sy

=b - a,
where l[a 5| stands for the indicator function of [a, b].

For each integer =, write
(1.5) H, = exp S,.

We shall assume that the sequence (H,),,; is obtained by restriction to IN*
of a function H defined on R" and having the following property:

(1.6) There exists a positive constant & and an increasing, slowly
varying function L such that

H(y) = y*L(y).
(We recall that L varies slowly at infinity if, for every & > 0, we have
Lxy)
im ——— =
y—>+oo L(y)
For further properties, see [5].)
To handle the case & = 0, we make an additional assumption:

(1.7) For each (aj, a,, asgs a) in R%, where s Ays Ay, @ are strictly
positive numbers such that ay 7 Ay Az % Q, We have

Llayy) - L(ayy)  Llagy) - Llayy)
log(ajaz!) log(aza, )

as Yy converges to infinity.
We prove the following proposition.
Proposition 1.8:

L(x +
(a) For every & > 0, we have lim MS___‘ﬂl =
Y to L(y)

(b) In the case § = 0, for each (bl, bz’ b3, bq) in R"%, where
bl’ bz, bg, bq are positive numbers, we have

L(aly + bl) - L(azy + bZ) _ L(agy + b3) - L(aqy + bq)

log(alagl) log(asaal)
as Yy converges to infinity.
Proof: Part (a) follows from the inequalities
- L(x + y) < L(Zy),
L(y) L(y)
the second of which holds for y sufficiently large.

The assertion of part (b) is proved by noting that, for every e > 0, we
have, for y sufficiently large

L{ayy) - IL(a, + €)y) . L{ayy + by) - Llayy + by) . L((ay + edy) - L{ayy)
L((ag + e)y) - I(ayy) Llagy + by) - L(ayy + b,)  Llagy) - L((a, + e)y)
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Definition 1.9: Let p be a measure on IN*; we say that p has property P if (1.6)
holds [in the case & = 0, if (1.6) and (1.7) hold].

We shall also use some results concerned with the notion of density on IN¥*,
which is studied, for example, in [6].

Definition 1.10: Let u be a measure on IN*, and (S,) its distribution function as
defined in Definition (1.1).

Consider the density on IN* generated by the sequence of measures, (W), >
defined as follows:

1
Hy = a 1[1,,1] ° M

this density will be called the p-density.
Definition 1.11: For each t > 0, let {i be the measure on N* defined by
fly = 2: [exp(-tSy) - exp(~tS¢+1)]ey-
k=21
The density generated by (fiy) will be called the exponential density with
respect to u (or, more briefly, the u-exponential density).
We state the following result, the proof of which is given in [6].

Proposition 1.12: Assume that the sequence (u{nl}), .; is bounded. Then the u-
density and the p—exponential density agree everywhere.

The following theorem, proved in [7], gives a practical method for calcu-
lating an exponential density.

Theorem 1.13: Let (%y),.,> (my),,; be two sequences of positive real numbers,
such that

(i) 1im &, = lim m, = +w and &, < m, £ % for every integer n;
N> oo n N> o n n VL+1 y g

(ii) the sequence (my - %&y),,,; 1s bounded;
(iii) we have m, ~ m,4+15 %, ~ %,+1 as n converges to infinity.

Last, let A be a real number, with 0 < 4 < 1; then the following conditions
are equivalent:

n "
Z(Uk - Qk) Z (Uk - 2
(a) lim 22— = 45 (b) lim X2l —— - g

n+>w my n>ow %y

(¢) lim  [exp(-tRy) - exp(-tm,)] = A.

n>0t k=1

2. The Theorem of Uniform Distribution

We shall prove the following result.

Theorem 2.1: Let u be a measure on IN* , with property P. Then the sequence
({log19n}),,»; is p-uniformly distributed in [0, 1].

Proof: Proposition (l.4) applies, so we can show that, for every interval [a, b[
in [0, 1], we have

"
> u{k}l[a,b[({loglok})

k=
lim 221 =pb - a.

n>w log Hy
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We can write
L p(({Tog g }K) = 1,00,

where & is the subset of N* the elements of which are the integers k satisfying
the relation

10774 < &k < 10mth

for some integer »; hence, calculating the limit above amounts to finding the
w~density of F (in the sense of Definition 1.10).
First we note that, because of the relations

107P = 10"7 > 1 and 107D - 10770 2 1,

which hold for m sufficiently large, £ is neither finite nor cofinite. Denote
by (p,),.1s (g4), ., the two sequences of integers such that

Moreover, for every x > 0, write

x if & is an integer
[x] + 1 otherwise,

§(x) = {

so that we have the obvious relations
p, = 8(10"7%; g = 8(10""").

Because of our hypotheses on u, the sequence (u{nl}),.; is bounded; hence, Pro-
position 1.12 applies, and our goal is equivalent to finding the p-exponential
density of £, that is, we calculate the limit

1im }: lexp(~-t log Hp ) - exp(~t log Hg, )1;
t+ 0 w3 1 § i
we do this by means of Theorem 1.13, where we put
Ly = log Hp 3 my = log Hq,.
The inequalities x < 8(x) < x + 1, together with Proposition 1.8, give
My, = &
lim —2—" = b - g3
n>oo My — M, 1
now, a well-known theorem of Cesaro gives the same value for the limit we con-

sidered in Theorem 1.13(a).

Remark 2.2: Paper [3] treats, using different techniques, the particular case
of the preceding theorem where p{n} = 1/n (so that S, ~ log m). Paper [3] also
contains a reference to another paper [4] in which the same particular case is
studied. The same result is extended in a different direction in Theorem 7.16
on page 64 of [1].

Now, let r be an integer, with 1 < r £ 9 and, in the proof of Theorem 2.1,
take a = log,,», b = log;,(r + 1); then £ turns out to be the set of integers
the decimal expansion of which has » as the first digit and the preceding proof

gives 1L
> uik 1, (k)
=1

nre u([l, n])

This simple remark may be rephrased as follows:

r + 1

= lOglOT“
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Corollary 2.3: Let E be the set of integers the decimal expansion of which has
r as the first digit; if u is a measure on N* satisfying the property P, then

the

234

u-density of E is loglo(r + 1)/r.
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1. Introduction

We consider a generalized Fibonacci sequence {#,} defined by the Ilinear
homogeneous recurrence relation

(1.1) Hn = Hn_]_ + H?Z—Z’ n > 29

with initial conditions %y = 1, Hy = X, where X can be real or complex. In [6]
Horadam has studied the properties of these sequences. Among these proper-
ties, it is well known that
(1.2) lim A, 1/H, = a,

" >

where o = (1 + V5)/2 is the positive root of the associated auxiliary polyno-
mial. The other root is B = (1 - V5)/2.

The purpose of this paper is to look at two variations of (1.2) and at two
curves that result. Before that, we recall that the general term for {#,} is
given by

(1.3) H, = Aa® - B,
where 4 = (X — B)/o/5 and B = (X - a)/BY5.

2. Curves

We next comnstruct the function
Hyp
CHy
At first sight, this would appear to be indeterminate. However, with the use
of (1.3), we can establish that

o - B

A/B

accordingly as n is even or odd. With the repeated use of a2=a+1, (2.2) can
be reduced to

(2.3) I(x) = £#Ca + DX - )/ (X - B).

Figure 1 is a sketch of I(X) plotted on the Cartesian plane. We have a pair
of intersecting hyperbolae with asymptotes given by I(X) = £(3a + 1) and X = B,
and X-intercept of X = a.

Now put X = x + Zy, so that we have I(X) = I(x, y) and

(3o + 1)

(o + (z - 1))2 +

Figure 2 is a sketch of I(x, y) plotted on the Argand plane, holding y con-
stant and varying . We have a pair of parabolic pencils of coaxal circles.

The radius of each circle is (5 + 50)/2y, and each is tangential to the real
axis at the points (x(3a + 1), 0).

(2.1) I(X) = lim o2n

n+>w

o -

(2.2) I(X) ==

(2.4) I(x, y) =% yz{(xz +y2 - x - 1) + iy(2a - D}
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In the terminology of Deakin [3], consider the following numbers:

complex: x + 1y, 12 = -1,
dual: x + ey, €2 = 0,
duo: T 4wy, w2 = 1.

I(x, y) generates circles in the complex plane, parabolas in the dual plane,

and hyperbolas in the duo plane.
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SOME RECURSIVE ASYMPTOTES

3. Other Generators of o

We define the iterative root sequence {v,} ={v,(k, x; a, b)} by means of the
recurrence relation

(3.1)  v,(k, 23 a, b) = (bv,_1(k, 3 a, b) + a)l/k
with initial term vi(k, %; a, b) = x!/k. For example (see [13]),
lim v, (k, a; a, b) = a.

N> o

It is known (see [2]) that if lim v, (k, a; a, b) = A then

N> oo
(3.2) a + bA = 4k
and
(3-3) lim \)n(k, Fk"l; Fk-l’ Fk) = Qo
n>o
or

(3.4)  Fy_1 + Fpa = ok,

where F;, is the k™M Fibonacci number. An early example of (3.4) occurs in Basin
& Hoggatt [1] and a later geometric illustration in Schoen [11]. For a back-
ground to this in the more usual context of continued fractions, see Hoggatt &
Bruckman [5] and Kiss [9]. We wish to consider here the rate of convergence of
(3.3).

Whitaker [12] recently showed that for sequences {v,(k, x; a, b)}, a finite
nonzero function I(X) can be constructed in the form

kAk-l n
I = 1in (4 )" - vk Z5 @ b))
n > o

The equivalent form for the Fibonacci case is

. (koK1
(3.5) I(X) = %yg( >

)"(a = on(ks X3 Fops Fi)).

k
As before, this can be considered on the real or complex planes, although there
is no closed form for I(X). Comparing (2.1) and (3.5), we can comment on the

rates of convergence of the methods of generating o from the ratio of succes-
sive terms of the generalized Fibonacci sequence and from the iterative root
sequence. The rate of convergence of the former method is proportional to 0z,
whereas the other rate is proportional to kak'l/Ek. If k= 2, kak‘l/Fk > a2,
because

azﬁk = (a3ak"1 - Bk=2)//5 < (a3/V5)ak"1 = (1.89)ak"1.

Thus, the iterative root sequences produce the faster convergence rate. If we
consider noninteger values of k, we can find an iterative root sequence that
converges to o at the same rate as the ratio of the generalized Fibonacci
number; that is, we can find k, such that (i) kak~! = o2 and (ii) a + o = ak.
This occurs when k = 1.790048745 and a = 0.74841991. Calculation shows that
both H,4+1/H, and v,(k, a; a, 1) with these values of k and a require 22
iterations to provide eight-figure accuracy for oa.

4. Concluding Comments

The ideas presented here can be extended by altering the recurrence rela-
tion. One way is to include real coefficients, another is to increase the
order. Kiss & Ticky [10] have determined the asymptotic distribution function
for the ratios of the terms in the former case, and Goldstern, Tichy & Turnwald
[4] 4in the latter. They have also established several estimates for the
discrepancy or error term. Another generalization would be to consider
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H
I(X) = lim o2"|ak - —ntk

n > o

n

by analogy with (3.1) of Horadam [7]. In the Fibonacci sequence (4.1) can be
rearranged as

(4.2)

I(X)/ (3o + 1) = 2F (X - a)/(X - B).

Graphs of these are directly related to Fibonacci sequences as in Horadam &
Shannon [8].

10.

11.

12.

13.
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1. Introduction

The Schrbder-Bernstein theorem states that if f is a one-to-one mapping of
X into Y and g is a one-to-one mapping of Y into X, then there exists a one-to-
one mapping 4 of X onto Y; see, for example, [1].

The proof of the theorem involves the construction of three disjoint sub-
sets of X satisfying certain criteria. Applied to a specific example, the sub-
sets produced are unions of intervals bounded by ratios of successive Fibonacci
and Lucas numbers and the singleton {2/(l1 + V5)} where (1 + V5)/2 is the golden
ratio. More generally, the subsets produced are the unions of intervals
bounded by ratios of successive elements of two general second-order recurrence
sequences with the same characteristic equation and the singleton {l/a} where a
denotes the positive root of the characteristic equation of the given
recurrence.

As usual, we define the Fibonacci and Lucas sequences for all n by

(D) Fo=0, F1 =1, Fyp = Fyp + F

and

(2) Ly =2, L1 =1, Lysp = Lpsy + Ly

We further define the sequences {#,} and {X,} for all =n by
(3) Hy = ¢, Hy = ac, H,,» = aH,41 + DbH,

and

(4) Ky =d, Ky = e, Kyyp = akyy) + DKy,

where a, b, ¢, d, and e are positive. Since we will need it later, we further
require that

(5) a >

Ao

2. Proof of the Schroder-Bernstein Theorem

Before showing how it is related to second-order recurrences, we outline
the proof of the Schrdder-Bernstein theorem.

With f and g as defined, let g(Y) be the subset of X that is the image of Y
under g. Let Ap=X - g(Y) and let A,= g(f(4,-1)) for each integer n 2 I. Let
f(X) be the subset of Y that is the image of X under f, let By = g(¥- f(X)), and
let B, = g(f(B,-1)) for all n» > 1. Finally, set

A=U Ai’ B = l'%Bi’ and X, = X - (4 U B).
=

Then it is not difficult to show that 4, B, and X, are disjoint, that
X=4uUBuUJX,,
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and that the function %, defined by
f(x) forxeduvuiX,,
h(x) =

g'l(x) for x € B,

is a one-to-one mapping from X onto Y.

3. An Example Involving Second-Order Recurrences

Theorem 1: Let X = (0, 2), Y= (1, =), f(x) = x + 1, and g(y) = 1/y. Then the
sets 4,, By, and X, of the proof of the Schrdder~Bernstein theorem are given by
the following:

Foel L,
5 ) n =2 0, n even,
(6) A - Fn+2 Ln+1
' < L E%+1} n =0, n odd
s = o
Lpv1” Fuuo ’ ’
F L
<F ”l, Ln+1} n 2 0, n even,
+ n+2
(7) B, = ;
" Ln+1 n
— > n 2z 0, n odd,
Inv2” Fasl
and

2
®  f= {1775}-

More generally, the following theorem holds.

Q,

Theorem 2: Let a, b, ¢, d, ¢, {Hxl,50» and {X,},,, be as in the introduction.
Let X = (0, d/e), Y = (a, =), f(x) = bz + a, g(y) = 1/y, and H_; = 0. Then the
sets A,, B,, and X, of the proof of the Schroder-Bernstein theorem are given by

v

0, n even,

[ HVl K?’l
A1’ K ) n
9 Ay =t T
( - L ] n 20, n odd
Kn+1’ Hn+1 ’ ’
(Hn—l Kn+l]
, n 2 0, n even,
Hn Kn+2
(10) B, =
Kovy Hyo
s n =2 0, n odd,
Kn+2 "
and

2
11 K = q————————— .
ab {a + Va2 + 4b}

Before proving these theorems, it will be convenient to prove the following
lemmas.

Lemma 1: 1f f, g, {H,}, and {X,} are as defined in Theorem 2, then

() -5 e b)) -2

for all n = 0.
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Proof: Since g(f(x)) = 1/(bx + a),

NS
Hn b Hn—l + an_l + aHn Hn+1
i, ¢

by (3). Note that this is even true for n = 0, since H_; =0 is consistent with
(3). Similarly, we show that

(f( K, )) _ Knv1

EAAV o Kyvo”

Lemma 2: For the sequences {H,} and {X,} as defined in Theorem 2, the follow-
ing inequalities hold.

H Kn+l
(12) s n = 0, n even,
oyl Kpso
H K
(13) ool 50, noodd.

Hn+1 Kn+2

Proof: Since a, b, ¢, d, and e are positive, it follows from (3) and (4) that
Hy c e K

H ~ ac " ae + bd - Ky
Since g(fi(x))
Hy Hy <K1) K3
w7 = Ag) g

it follows that

o K
i "X

1/(bx + a) is a decreasing function and

and the argument for all n 2 0 is easily completed by induction.

Lemma 3: I1If X, A,, and B, are defined as in Theorem 2, then

Kne1 Hy
n n (K > g ) n =2 0, n even,
X - [( U AZ) U ( UB1,>] = n+2 n+1
=0 =0 ( Hn Kn+1 0 ad
s n 2 0, n odd.
Hn+l Kn+2>

Proof: For n = 0, it follows from (3) and (4) that

HO KO H-l K]_ c d 0 e
0 0 H].’ Kl HO ? Kz ac’ e e’ ae + bd

Thus, since X = (0, d/e) and e/(ae + bd) < e¢/ac as above,

x- oy 50 - (i &) - (B 7D

as claimed. Assume that, for k even,

- [(92)« (G2)] - G )

Then, since Hy41/Hx+o < Kiyo/Ki+3 by Lemma 2, it follows that
k+1 k+1 Kp41 Hy K1 Hps1 Kp 4o Hk
X’[(UAi>U<UBi>]=< ’ >‘<K ' ]'[K  E)
=0 i=0 Kewo’ Hivn k+2 Heo k+3  He+l
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~ (Hk+1 Kk+2>
Hyvo® Kiss/'

This proves the result for kX + 1. The proof for k + 2, which completes the in-
duction, is the same as for k + 1 except that it requires the inequality

Kyt < Hys2
Kevy  Heas

which also follows from Lemma 2, since k is even.

Proof of Theorem 2: As in the sketch of the proof of the Schrdder-Bernstein
theorem, we consider

g = g(a, =) = (0, 1)

a

and )it X
wmiean -0 - 0.0 [ 9-[2R)

by (3) and (4), since 1/a < d/e by (5). Now, assume that
H K
Ak = [_k, —l(_'>’
Hey1’ Kre

where k 2 0 is even. Then

B X Kx+1 Hrel
A =(A>=<([w,m>)=( ]
kel = (D g\ Brvy” Kped Kevo” Hiio
by Lemma 1 since, as noted above, g(f(x)) is a decreasing function. Repeating
this argument with k + 1 replacing k, we have that

Hyvo  Ki+o
Ak+2 = [: >.

Hiy3” Kpy3
Thus, by mathematical induction, the 4, are as described in (9). Moreover, we
note that we have also shown that
H, X, g, K

n
-— < for n even and ——— > ——— for »n odd.
Hyv KrH—l Hn+1 Ko

To prove (10), we recall from the sketch of the Schrdder-Bernstein theorem that

g(¥ - f(X)) = g<(a, ) - f((o, é))) - g<(a, ©) - (?, bd + ae))

e e

_ <[M <)) = (o L]=<.H_1. il
g e ’ > bd + ae HO,KZ’
since we take A_; = 0 as noted in the proof of Lemma 1. The proof of (10) is

now completed by induction exactly like the proof of (9). Finally, to prove
(11), we use Lemma 3. As in the sketch of the Schrdder-Bernstein theorem

X, =X- (AU B)

(00 2 (O] = pme- [(950) o (2}

By

]

(Kn+1, Hn ) n even,
- i KZ+2 §ﬂ+1 = {1/a},
(Hn:l’ K::;) # odds
where o = (a + Va2 + 4b)/2, since it is well known that
1im Kona = 1lim sl = a,
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SECOND-ORDER RECURRENCES AND THE SCHRODER-BERNSTEIN THEOREM

the positive root of the characteristic equation of the recurrences in (3) and
(4). This completes the proof of Theorem 2.

It is interesting to note that, since o is a root of x2 = qx + b,

2
£(g(a)) b _an+ b _ a® _

[
Q
-+
I
[
I
[
Q

and

1)) - 1 = 0o a1
g<f<cx>> (b/a) +a b+ an a? «a
so that o is a fixed point of f(g(x)) and 1l/a is a fixed point of g(f(x)).

Proof of Theorem 1: This follows immediately from Theorem 2 by taking a = b =
c=e=1and d= 2.

0f course, similar results obtain for the Pell and other well-known sequen-
ces by other appropriate choices of a, b, ¢, d, and e.

Reference

1. George F. Simmons. Introduction to Topology and Modern Analysis. New York:
McGraw-Hill, 1963, pp. 29-30.
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SETS OF TERMS THAT DETERMINE ALL THE TERMS OF A
LINEAR RECURRENCE SEQUENCE

Clark Kimberling
University of Evansville, Evansville, IN 47222
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A second-order linear homogeneous recurrence sequence uUg, Ujls Us «++ 1S
defined by a recurrence relation u, = au,-1 + bu,-,, where a and b are complex
numbers with b # 0, and two initial terms u( and u;. We raise the following

question: for given a and b, what sets of terms, other than ug and u, are
sufficient to determine the entire sequence? We shall see that any two terms
are often sufficient, but mnot always. A comparable result will then be
presented for recurrences of higher order.

Suppose a and b are given and vy, and vq, where p < g, are known terms of a
sequence satisfying v, = av,-1 + bvy-2. Then the terms wu, and u, of the
sequence defined by u, = Vy4+,, where n = g - p, are known. Accordingly, with-
out loss of generality, we recast the original question as follows: under what
conditions on a, b, and n do the values of u, and u, determine the values of uy
for all m 2 07

The answer depends on a sequence of bivariate polynomials defined recur-
sively by F,(x, y) = xF,-1(x, y) + yFn-o(x, y), beginning with F;(x, y) = 1 and
Fo(x, y) = x. These are often called Fibonacci polynomials; indeed, F,(1, 1)
is the mth Fibonacci number.

Theorem 1: Suppose a and b are complex numbers satisfying F, (a, b) # 0, where
b # 0 and F,(x, y) denotes the Fibonacci polynomial of degree n - 1 in x. Then
ug and u, determine u, for all m 2 O.

Proof: If n = 1, then the recurrence u,= au,-1+ bu,-, determines u, inductively
for all m =2 0.

If n = 2, then the equation up, = auj; + buy yields u; = (up, - bug)/a, so that
u; and hence all u, are determined. [Note that a # 0, since a = Fy(a, b).]

For n 2 3, we have a system u; = aug-] + bug_, of n - 1 equations, for s =
2, 3, ..., n. Write the first of these as au; - up, = -bug, the last as bu,_, +
auy-1 = Uy, and all the others as bug_, + aug-1 - us = 0. As an example, for
n = 5, we have
auy - up = -buyg
buy + aus - ug =0
buy, + aug - uy, =0

bu3 + auy = us.
The coefficient matrix of this system,

a -1 0 0
b a -1 0
0 b a -1
0O 0 b a

clearly has determinant Fg(a, b) given by Laplace expansion about the first
column: aFy(a, b) + bF3z(a, b).

For the general case, n 2 3, it easy to see, inductively, that the deter-
minant of the coefficient matrix is F,(a, b). Accordingly, if F,(a, b) = O,
then the system has a unique solution. In particular, u; is determined, so
that u, is determined for all m > 0.
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Theorem Z: Suppose u; and u, are known for some n 2= 1. Suppose, further, that
a?/b is a nomnzero integer and one of the following holds:

(1) a@2/b does not equal -1, -2, or -3;

(i1) if » = 0 mod 3, then a® + b = 0
P - _ . 2 01
(iii) 4if »n = 0 mod 4, then a¢ + 2b = (3

(iv) 41if n = O mod 6, then a* + 3b = Q.

Then u, is determined for all m = 0.

in

Preof: The polynomial F, {(x, y} is an even functier if » is odd, and odd in

1
x 1if wn d1is even. Accordingly, by the Fundamental Theorem of Algebra, this
polynomial factors in the form

Fnx?, yy = (2% - eyp(a? - ¢

5/> e (‘xz - Cl:m

,}y)

if n is odd, and xf,_ (2%, y) if n is even, where ¢; is a complex number for
7 =1, 2, .., n ~ 1.

1f a?/b is a nonzero integer k, then a? ~kb = 0, so that ¢; = a2/b for some
1. Thus, x® - (a?/b)y divides F,(x, y).

It dis known {[l], Theorem 6) that the only divisors of F,(x, y) over the
ring J[{x, y] that have degree 2 in x are the three second-degree Fibonacci-
cyclotomic polynomials: z? Ys x? + 2Y s x? + 3y, and that these are divisors
if and only if »n dis divisible by 3, 4, or 6, respectively. Therefore, except

=)

for the four recognized case we have F,(a, b} = 0, so that, by Theorem 1, u,
is determined for ail m =z 0.

Theorem 3: Suppose a? + b = 0 and uy is known. Then u, = (-a)"uy for every
m = 0 mod 3. Also, if u; is known for some k not congruent to 0 modulec 3, then
U, 1s determined for all m = 0. In fact,

€b) U = (@) ’u,

for m=3i + 4, § =0, 1, 2, where up = au; - a%ug.

Proof: First, we shall establish equation (1). The statements
us; = (=D%a%%ug, wuge = (-D%a%uy, and ugyeo = (-DPa%u,

are clearly true for 7 = 0. Assume them true for arbitrary © = 0. Then
Uzg+3 = Auzzen + bugie

a(-1)"a%u, - a?(-1)ta%y,

(»1)"‘@:3”1@12 - aul)

(_1)71a37f+l(_a2uo)

(_l)i+la3i+3uo’

i

If

and, similarly,
_qyi+l 3743 = (—1)tt1g31+3

Usiy {(-1) a wy and Uz, g (-1) a Uy
By induction, therefore,

Uy = (-a®)’u; for m =34 + j, j =0, 1, 2.
Now equation (1) shows that uy determines those u, for which m is a multiple of
3, and no others. However, if Uz g is also known for some 7, then

= (3T

Uz = (Fa?)tug,
so that u; is determined, and hence u, is determined for all m = 0. A similar
argument obviously applies if ug, ., is kmown for some 7.
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Theorem 4: Suppose a® + 2b = 0 and ug is known. Then
Uy = (—l/h)m/qamuo for every m = 0 mod 4.

If u; is also known for some k not congruent to 0 modulo 4, then u, is deter-
mined for all m = 0. Imn fact,

Uy = (—a“/4)iuj form=47 + 3, § =0, 1, 2, 3,
where u, = auy - (a?/2)uy and uz = (a2/2)uy - (a3/2)uq.
Proof: (The proof is similar to that of Theorem 3 and is omitted here.)
Theorem 5: Suppose a? + 3b = 0 and ug is known. Then

U, = (=1/27)"®a™u for every m = 0 mod 6.

If wu; is also known for some k not congruent to 0 modulo 6, then U, is deter-
mined for all m = 0. Explicitly,

U, = auy - (a2/3)u0,

7/[3 = (2@2/3)2/{1 - (a3/3)u0,
uy, = @3/3)u; - (2a%/9)uy,
Ug = (a”/Q)u1 - (a5/9)u0,

and Uy, (—a6/27)iuj,
form=671+4 =0, 1, 2, 3, 4, 5.
Proof: (The proof is similar to that of Theorem 3 and is omitted here.)

Second-order sequences for which u; # 0 and ug = u, = 0 for some 7n = 2 are
of special interest, since in this case F, (a, b) = 0, so that Theorem 1 does not
apply. Theorem 6 describes such sequences. [To see that F,(a, b) = 0, note
that the recurrence u, = au,_,; + bum_z gives

U, = auy, ug = au, + bu; = (a® + b)u; = u;Fy(a, b),
= u,F, (a, b).]

Theorem 6: Let F,(x, y) denote the nth Fibonacci polynomial, where n 2 2. If
uy = 0 and uy = u, = 0, then F, (a, b) = 0, and there exist nonzero real numbers
¢, r and positive integers p, g such that

and by induction, u,

U, = cr™ sin mpw/q,
where #n is an integer multiple of g, for m = 0, 1,

Proof: From the Binet representation for the general term of a second-order
homogeneous recurrence sequence,

Uy, = wo™ + zam,
It is easy to check that z must be a complex conjugate of w, so, after writing
w=a+ bi and o = r(cos 6 + < sin 6), we have

U, = (a + bi)r™(cos m6 + < sin mb) + (a - bit)r™(cos mb - 7 sin m0)

= 2r™(a cos m6 - b sin mb).

Now a must equal 0, since u, = 0, and sin n6 must equal 0, since u, = 0. It
follows that 6 must be of the form pm/q, where n is a multiple of ¢g. Thus, the
asserted form for u, has been demonstrated. Since u, is not uniquely deter-

mined, Theorem 1 shows that 7 (a, b) = 0 (as was already proved differently just
before the statement of Theorem 6).
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Sequences of Higher Order

The method of proof of Theorem 1 extends readily to recurrence sequences of
arbitrary order k > 2, as indicated by Theorem 7.

Theorem 7: Suppose k 2 2, and suppose Cys Cps «--5 Cp_; are complex numbers
satisfying ¢, ; # 0. A set of k terms,

uoy uml’ Mng ce s uml\'—l’

where 0 < my < my <«.. < m_1, uniquely determine all the terms of a recurrence
sequence given by
(2) Uy = Cp U,y F Cp oy o T e+ cou,

if and only if the matrix M defined below is nonsingular: let /N denote the
(mg-1 = kK + 1) x (my-1 + 1) matrix (aij) given by

ej'i+1 forj=i—1,i,...,i+k—2
ag; =4-1 for g =i+ k- 1
0 for all remaining j, 0 < J < mg-1»

for ¢ =1, 2, «ov, Mgy - kK + 1,

and define M to be the (my-7 — kK + 1) x (my-y - K + 1) matrix obtained by delet-
ing from N the columns numbered O, my, Mp, <.y Mr_1-

Proof: Equation (2) generates, for n = k, kK + 1, ..., myp-1, a system of my_; -
k + 1 equations of the form

(3) CpqUn 1 * Cpgy_ o T +or + o, 5 — u, = 0.

If all the terms ug, %], Ups ..., Up, , are regarded as unknowns, then the coef-
ficient matrix of the system is V. If ug, Uy 5 Up,s +--5 Uy, , 8T€ NOW regarded
as known, and accordingly transposed to the right-hand side of each of the
equations (3), then the coefficient matrix of the resulting system is M. By
Cramer's Rule, this system has a unique solution if and only if IMI z 0.

As an example, consider a third-order recurrence

U, = au,_; + bu, _, + cu, _3,

and suppose ug, 41, and u, are known. (In the notation of Theorem 6, k = 3,
my = 1, and my = m.) Define T} =1, T, = a, and find for m = 4 that

[V|+= »

which on deletion of columns 0, 1, and 4 leaves

[a -1
Mj+=

b a

with determinant a? + b. Define T3 = a® + b. For m = 5,

ec b a -1 0 O a -1 0
Ng=]0 ¢ b a -1 0] yieldsMs=|Db a -1|,
0 0 c b a -1 e b a

with determinant T, = aT3 + bT, + ¢l;. Continuing with m = 6, 7, 8, ..., we
obtain recursively a sequence of trivariate polynomials:
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Tm = aTm_1 + bTm-—Z + CTW—I‘

Since, for example, T,(1,~1,1) = 0, Theorem 6 tells us that ug, u;, and ug are
not sufficient to determine all the terms of a sequence obeying the recurrence
Uy = Uy-1 = Uy-o + U,-3. On the other hand, as Ts5(l,~-1,1) = 0, the terms wug,
1, and ug do determine the entire sequence.

Reference
1. C. Kimberling. "Generalized Cyclotomic Polynomials, Fibonacci Cyclotomic

Polynomials, and Lucas Cyclotomic Polynomials." Fibonacci Quarterly 18.2
(1980):108-26.
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SOME CONVOLUTION-TYPE AND COMBINATORIAL IDENTITIES
PERTAINING TO BINARY LINEAR RECURRENCES

Neville Robbins
San Francisco State University, San Francisco, CA 94132
(Submitted September 1989)

Introduction

Let sequences {r,} and {s,} be defined for m = 0. Letting
"
tn = 2: PrSn-k»
k=0

we obtain a sequence {¢,} which is called the convolution of {r,} and {s,}. 1In
keeping with the ideas of V. E. Hoggatt, Jr. [7], one may define iterated con-
volution sequences as follows:

- n .
PO = o B r, 7D for g o= 1.
n n n =0 kn-k

In particular, if {F,} denotes the Fibonacci sequence, then

n
1 _
E% - 2:5%5%—k
k=10

is the convolution of the Fibonacci sequence with itself. Hoggatt [7] obtained
the generating function:

/(1 -z - x2)i*t = 5 Fn(J)x”.
n=20
The convolved sequence Fgl)was also considered by Bicknell [2] and by Hoggatt &
Bicknell-Johnson [8]. For related results, see also Bergum & Hoggatt [l] and
Horadam and Mahon [9].
Let primary and secondary binary linear recurrences be defined, respective-

ly, by
ug =0, uy =1, u, = Pu, 1 - Qu,_, for n 2 2;
vy =2, vy =P v, =P |- & _, fornz= 2,

where P and { are nonzero, relatively prime integers such that D = p? - 4¢ = 0.
In this paper, we generalize prior results of Hoggatt and others by developing
formulas for weighted convolutions of the type

n
2 Fns Kyrys, 4
k=0
where each of r, and s, is u, or v, and the weight function f(n, k) is defined
for n 2 0 and 0 < k n and satisfies the symmetry condition
fn, n - k) = f(n, k) for all k.
In addition, we prove some results about the sums

3 (3 ana 5 (7)o

k=0 k=0

IA
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Preliminaries

Let the roots of the equation: t2 - Pt + @ = 0O be
a=%P+D%, b=X%P-DY,

so that
(1) a+b =P
(2) ab = @
(3) a-b=D*
(4) u, = (@" - b")/(a - b)
(5) v, =a® + b"
(6) v, = 2“n+1 - Pu,
(7 v, = Pu, - 2Qu, _,
(8) Uy = Upyy ~ Qun—l
(9 E/(1 = Pt + Qt2) = 3O u,t”
n n=20
10 S () = 2n
ao (%)
Lon\2 2n
(an kgo<k> - (n)
n 3 _
(12) S k(n - k) =2 : n
K=0

u 2 _ 2 - 77,5 -n
(13) k‘;ok (n - k) T

The Main Results

Theorem 1:

@ Z”:u y _(nt+ Do, - 2, _ W = Puy (n - Vv, - 20u, _,
Ko Kk D D D
n 2"y, - 2P"
n n
b <=
(b) k§0<k>ukun_k >

Proof: Without restriction on f(n, k), (4) implies

3 g, = 3 £ (S E ) (£

a

(@ = Db) 23 f(n, k)(a® + b* - akp"~k - gn-kpk)
k=0

D‘1<un > fn, k) - i f(n, k) (@*p"* + a”‘kbk)>,
k=0 k=0

using (3) and (5).
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(a) If f(n, k) = 1, we get

7 1
Y upuy, oy = D71 <(n + Do, - 3 @k + a”‘kbk)> .
k=0

k=0

Now
it n n+1 n+1l n+l
kin-k _ n-kpk n((a/b) - l> a - b
a“b = a’~ p* = b ( = = ..,
kgo kz=:0 (a/b) -1 a-b !
S0
n (n+ Do, - 2u,,
Z(goukun--k - D

The other parts of (a) follow from (6) and (7), since
(n+ v, - 2u,, =n, +v, - 2u, | =nv, - Pu,

=Mm-0v, +v, - Pu, = (n- Dv, - 20u,_;.

n

(b) 1f f(n, k) = (Z), we get

-1 Lon _ Lo(n n-kpk kpn-k
D (Uﬂkgo(k) & (7)ot + akpn )

k=0
-1 /on n va - 2P
DT (2"v, = 2(a + b)) = D

n

Z (Z)Mkun—k

k=0

n

using (1) and (10).

Theorem 2:

"
(@ 2. 0,0, = (n+ Do, + 2u, .,
K=0

n
() 3 <Z>ukun_k = 2"y, + 2P".
k=0
Proof: The proof is similar to that of Theorem 1, except that we use (5) instead
of (4).

Theorem 3:

n
w, _q = ggouku"“k for n > 1

if and only if wy = 0, wy; = 1, w, = Fu

y)
n n-1

- Qw,_, +u, for n 2 2.
Proof: (Sufficiency) Following Carlitz [4], let
W) = 3 w,t".
n=0
Then
(1 - Pt + QL2)W(t)

wy + (W — Pwg)t + ZE(w71 - Pu,_| + Qu,_,)t"
n=

1]

t+ S u "= Y u,tt = /(1 - Pt o+ gt?),
n=2 n=20

so W(t) = t/(1 - Pt + Qt2)2, from which it follows by (9) that

n
wn—l = Z UpUhp -k
k=0
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(Necessity) (Induction on n). Let
n
W, = kzoukun_k for n > 1.

By direct evaluation, we have
- = = = 2 _
wy = 0, wy =1, w, = 2P, wy = 3P 24).
Theorem 1(a) implies w,_ 1 = D'l(nvn - Pu,). Now
Poy = Quy +u, = P(1) - Q0) + P = 2P = w,;
P(2P) - (1) + (P2 - Q) = 3P%2 - 20 = w

[

sz - le + ug 3

Puy) - £((n = Do

P
Pwn—l - an—Z = 'D_(nvn - Pun_l)

n-1

1

= B(Pvn + (- 1DFy, -, ) - P(Pu, - Qu,_1))
1

= —5(pvn + (- 1)vn+l - Pun+1)
1

= E(Pvn =20+ (m+ Do g - Puyyq)

1
=w, - 5(20”+1 - Pv ).

n

But 20,47 - Pv, = 2(a**! + p**l) - (a + b)(a™ + D) = a**l + prtl - " - a'b =

(a® - b*)(a - b) = Du,. Therefore,
1
P, = Qu,_p t oy, =0, - 5(0u,) +u, = w,.
Theorem 4: 1f

n
x, =k}:ovkvn_k for n =2 0,

then
Ty = by, X = 4P, x, = P;cn_l - @, _, + Du, for m z 2.

Proof: This is similar to the proof of Necessity in Theorem 3, and therefore is

omitted here.

Lemma 1: Let f(n, k) be a function such that f(n, n - k) = f(n, k) for all k

such that 0 < k < #n, where n and k are nonnegative integers. Then

"
kZ%)Qkf(n, Ky, o = 0.
Proof: Let

n nk
5, =kEOQkf(n, K)u,_pps n% = [5(n = 1)1, 5, = kE Q*F(n, K)u,_ -
= =0
Then

n*

S, = Sl = E *ij(n’ j)un-Zj‘

Jj=n-n
Letting kK = n - J, we obtain
n¥x nk
Sn - Sl = kZ Q‘fl—kf(n’ n - k)qu_n = E f(n: k)Qn_k(—un_Zk/Qn_Zk)’
=0 k=0

by (14), that is,
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n* "
5, -8, = -k‘_,;og f(n, Ku, 5, = =5, so 5, = 0.
Theorem 5: 1f f(n, k) satisfies the hypothesis of Lemma 1 above, then
n n
k};of(n, k)“kvn-k = un(kzof(n, k)>‘

" k _ Bk ;
Proof: ij(n, Wuw, =3 fn, k)(%—:—%)(a”"k + bRy
= k=0

bt - an—kbk + akbn~k>

giéfK”’ k)<an - a-b

O
= Mn(\ Zf(n’ k)> - ~}:0@27(.—/&(7’1’ k)uank = <i f(ns k)>
K: =

i

by Lemma 1. k=0
Corollary 1
n n ”
(@ 3wy, = (n+ Du, m) 3 (k)ukvn-k - 'y,
k=0 k=0
- - (2m LN _ _ w3 - n
(c) Zo\k fuvy g = (%) (@ 3 k= Koy, ("
‘e) ik21 12 _nd -
(e 2 (n -~ RKywo, 4 = K__EE__)u”

Proof: This follows from Theorem 5 and (10) through (13).

Theorem 6: Let u, and v, be the primary and secondary binary linear recurren-
ces, respectively, with parameters P and ¢, as defined in the introduction, and
with discriminant D = P2 ~ 4{. Define

14

_ n\ _ in
A N v T R L

k=0 k=

JA‘

(==}

Then, U, and V, are also primary and secondary binary linear recurrences, re-
spectively, with parameters P*¥ = P + 2, g% = P + § + 1, and discriminant D¥*= D.

PV’OO)C.' n " % 7 n
_ n ak - b\ _ ey N\ g s (K
4= 5 (- EOESE) - E0 - 6
(e + D) -+ D (a+ D" - D+ D"
a - b C{a+ L) - B+ D)
If we let A =aq+ 1, B=5b + 1, then
’ A" - B"
U =75

a primary binary linear recurrence with parameters

Pr=A+B=((a+ 1)+ GBH+1)=(+b)y+2=PF+2,
and

1991] 253



SOME CONVOLUTION-TYPE AND COMBINATORIAL IDENTITIES PERTAINING TO BINARY LINEAR RECURRENCES

@Gk =A4AB=(a+ )b +1)=ab+(a+b) +1=P+g+1.

Similarly, if

1

Vn = Z(Z>Uk’

k=0

then V, = A" + B", a secondary binary linear recurrence with 4 and B as above.
Furthermore,

Dk = (P*)2 - 4% = (P + 2)2 = 4(P+ @ + 1)
= P2+ 4P+ 4 ~ 4P - 4 - 4 = P2 - 4Q = D.

Theorem 7: Let {u,}and {v,} be primary and secondary binary linear recurrences
with discriminant D > 0. Then there exists a positive integer, m, such that

311 TS oY () P

k=0 =0
if and only if m= 2, u, =F,, v, = L,.

|
<

Proof: To prove sufficiency, we note that, if P = - = 1, so that u, = F,, v, =

L, then a2 = a+ 1 =4, b2 = b 4+ 1 = B, so that Theorem 6 implies

Lo (n A" - B" _ g®" - p2n
> < )uk S TA B T T a-bp T Hone

A™ + B"

i

™
S
xS
~—
<
P
il

a2n -+ bZn = Vo,

To prove mnecessity, using the notation of Theorem 6, we note that hypothesis,
(4), and (5) imply

An - BH amn - bmn
a-b  a-<b

Therefore, 4 = @™, B = b™, so that " =a + 1, b = b + 1. Let
fp@) = 2"~ x - 1.

Then f;(a) = f;(b) 0. TIf m is odd, then f, (x) has critical values at
x = +pl-Y0m-1I]

, A" + B" = g™ + B

It is easily verified that f,(zm[-V(m-DIy < 0. Therefore, fm(x) has a unique
real root, so a = b, which implies D = 0, contrary to hypothesis. If m is
even, then f,(x) has a minimum at x = ml~1/m=-DI" and £, m-¥m-Dly < 0, so
fm(x) has two real roots a and b with a > b. Now,

Fu(=1) = 1, £,(0) = £, (1) = -1, £ (2) = 2" -3 >0, for m 2 2,

so we must have -1 < b < 0 and 1 < ¢ < 2. Therefore, 0 < g+ b < 2 and -2 < gb
< 0. Since a + b and ab must be integers, we have P=a + b =1, @ = ab = -1.
It now follows that u, = F,, v, = L,, a" =a+ 1 = a2, som = 2.

Concluding Remarks

If P=-Q =1, then D = 5, u, = F,, and v, = L, (the nth Lucas number). In
this case, Theorems 1(a), 1(b), 2(a), 2(b), say, respectively:

nk, - F

n

n
(1) kZ:OFan—k = T
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non _2'L, - 2
@ ()R, s s

"
(111) kZ:OLkLn_k = (n+ 1)L, + 2F,

7
n = o
(V) k%(k)%%k 2"L, + 2

(I) was obtained by Hoggatt & Bickmell-Johnson [8]; an alternate form of
(I) was given by Knuth [10]; (I) and (II) appeared without proof in Wall [11];
(IT) and (IV) were given by Buschman [3].

Theorem 7 also yields the identities

(V) i(Z)Fk = Fays }n: (Z)Lk = Lou-

k=0 k=0

(V) appeared in papers by Gould [6] and by Carlitz & Ferms [5].
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A NOTE ON A CLASS OF LUCAS SEQUENCES*
Piero Filipponi
Fondazione Ugo Bordoni, Rome, Italy

(Submitted September 1989)

1. Introduction

In a short communication that appeared in this jounal [12], Whitford con-
sidered the generalized Fibonacci sequence {G,} defined as

(1.1) G, = (aF - 8})/Vd,
where d is a positive odd integer of the form 4k + 1 and
a; = (1 + /d)/2
(1.2)
Bd (1 - I/C—Z)/Z.
The sequence {G,} can also be defined by the second-order linear recurrence
relation

(1.3)  Guyp = Gpyp + ((d - 1)/4)G,3 Gg =0, G = 1.

Monzingo observed [7] that, on the basis of the previous definitions, the
analogous Lucas sequence {H,} can be defined either as

(1.4)  Hpyp = Hyy1 + ((d = 1)/&)H,; Hy =2, H =1
or, by means of the Binet form

(1.5) H = ag + B;.

n

Our principal aim is to extend the results established in [7] by finding
further properties of the numbers A, which, throughout this note, will be refer-
red to as Monzingo numbers.

2. On the Monzingo Numbers Hn(m)

Letting
(2.1) (d-1)/4 =me W
in (1.3) and (l.4), we have

(2.2) Gpyo(m) = Guyp1(m) + mG,(m); Go(m) =0, Gi(m) =1
and the Monzingo numbers
(2.3) Hypo(m) = Hyp1(m) + mH,(m); Ho(m) =2, Hy(m) =1,

respectively. Note that both {G,(m)} and {H,(m)} are particular cases of the
more general sequence {W,(a, b; p, g)} which has been intensively studied over
the past years (e.g., see [3], [4], [5], and [6]). More precisely, we have

(2.4)  A{H,(m} = {W,(2, 15 1, -m)}.

The first few values of H,(m) are given in (2.5).

*Work carried out in the framework of the agreement between the Italian PT Administration and
the Fondazione Ugo Bordoni.
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(2.5)  Hy(m) = 2
Hl(m) 1
Hy (m) (d+1)/2 =2m+ 1
Ha(m) = (3d + 1)/4 = 3m + 1
Hy, (m) (d?> + 6d+ 1)/8 = 2m2 + 4m + 1
Hs(m) = (5d2 + 10d + 1)/16 = 5m2 + 5m + 1.

Using Binet's form (1.5), (1.2), and the binomial theorem, the following gen-
eral expression for #,(m) in terms of powers of d can readily be found to be

where [-] denotes the greatest integer function.
From (2.3), it must be noted that H,(l) and the #»'™0 Lucas numbers L, coin-
cide. As a special case, letting m = 1 (i.e., d = 5) in (2.6), we obtain

[n/2]

jz% (57)57-

1
271—1

(2.7) L, =

Countless didentities involving the numbers 4, (m) and G,(m) can be found
with the aid of (1.1) and (1.5). A few examples of the various types are
listed below.

(2.8)  Hy(mH,43(m) = Hypyr (m) + (-m)"Hy(m) (cf. [7, (3)]),
whence Simson's formula for {#,(m)} turns out to be
(2.9)  Hyoy(MHyey(m) = Bi(m) = (-m)"~1(4m + 1).
(2.10) Hy,(m) = H2(m) - 2(-m)",
(2.11) Gy, (m) = G,(m)H,(m),
(4m + 1)Gp, (m) + Hpy (m)

(2.12) H2n+1(m) = 2 )

Go, (m) + Hy, (m)

(2.13) G2n+1(m) = 2 })

(=) (Hapapy (M) = Hy (M) = Ha(ny1yap(m) + Hy(m)
(-m)@ + 1 - H,(m) ’

(2.14) 2 Hyi,p(m) =
j=0

Observe that (2.14) may involve the use of the negative-subscripted Monzingo
numbers

(2.15) H_,(m) = (-m)""H,(m).

[2m(2n = 1) + nlH,4e1 (m) - 2m2H, 1 (m)

n
1 _ =
(2.16) ¢V = j;lHj(m)Hn—j—fl(m) = pr—— ,

({C;D}, the Monzingo 1°¢ Convolution Sequence)

HH%+4(M) - (n + 1)Hn+3(m) + 3m + 1
2 5

(2.17) 3 jH;(m) =
Jj=1 m

Hy (m) <1 + Vhm + 1y <1 - Vim + 1)

gt P 2 ) exP 2 '

(2.18) 2: = ex
i=0
The usefulness of (2.10)-(2.13) will be explained later.
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Some properties of the Monzingo numbers can also be found by using appro-
priate matrices. As a minor example, we invite the reader to prove that

(2.19) H,(m) = tr M",

where tr A denotes the trace (sum of diagonal entries) of a generic square mat-
rix A and

(2.20) M= [ Lom }.

Letting
(2.21) m=k(k+ 1) (kem

in (2.3) leads to a simple but rather interesting case. In fact, we have [cf.

(2.1)1]

(2.22) d=4k? + 4k + 1 = (2k + 1)?,
so that [cf. (1.2)]

(2.23) a; = k 4+ 1 and By = -k
are integral and

(2.24) H (k2 + k) = (k + )" + (-k)".

On the basis of (2.24), it can readily be seen that the numbers Hn(kz + k) can
be expressed by means of the following first-order linear recurrence relation

(2.25) H, (k2 + k) = (k + DH,_1(k? + k) + 2k + Dk (-1)";
Hy(k? + k) = 2.

This suggests an analogous expression for #,(m) (m arbitrary). In fact, using
(1.2), (1.5), and (2.1), it can be proved that

(2.26) H,(m) = agh,_1(m) - Yam + 18}"Y; Ho(m) = 2,
whence, as a special case, we have

(2.27) L, =oal,_1 - 58" L; I, =2,

where o = ag and 8 = Bg.

Now, let us consider a well-known (e.g., see [6], Cor. 7) divisibility pro-~
perty of the numbers #,(2, b; b, g) which, obviously, applies to the Monzingo
numbers. Namely, we can write

(2.28)  Hyp(m) |Hps41) (M)
whence it follows that
Proposition 1: If H,(m) is a prime, then 7 is either a prime or a power of 2.

Proposition 1 and (2.24) give an alternative proof of a particular case (g and
b, consecutive integers) of well-known number-theoretic statements concerning

the divisors of a” * b” (e.g., see [10], pp. 184ff.). More precisely, we can
state

Proposition 2 (n odd): 1If (k + 1)" - k™ is a prime, then »n is a prime.
Proposition 3 (n even): If (k + 1)" + k™ is a prime, then n = 2" (h € ).

It must be noted that, for kX = 1, Proposition 2 is the well-known Mersenne's
theorem, while Proposition 3 is related to a property concerning Fermat's num-
bers (e.g., see [10}, p. 107). We point out that, from the said statements
concerning the factors of a” * b", it follows that, if p is an odd prime and
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Hp(k2 + k) is composite, then its prime factors are of the form 2lp + 1. For
example, we can readily check that, for k = 2 and p = 11, we have

Hy1(6) = 175099 = (2« 1«11 4+ 1)2(2+ 15«11 + 1).

Finally, let us consider the sum
h
(2.29) S, = Z%Hn(m)
e

and ask ourselves whether it is possible to find a closed form expression for
(2.29) in terms of powers of h. A modest attempt in this direction is shown
below. Taking into account that #,(0) = 1 V n > 0, expressions valid for the
first few values of »n can easily be derived from (2.5) and from the calculation
of Hg(m) = 2m3 + 9m? + 6m + 1:

(2.30) Sy, =h +1 Sy, n = (213 + 9h2 + 10k + 3)/3
Sy,p = h* + 20+ 1 Sg = (5h3 + 15h2 + 13k + 3)/3
S3,n = (3h% + 5n + 2)/2  Sg 5, = (A" + 8h3 + 16h% + 11k + 2)/2.

3. Some Congruence and Divisibility Properties
of the Monzingo Numbers

If we rewrite (2.6) as
[71/3] " i
(3.1) 277 lg (m) =1+ ) ( .)dJ,
=0 \2d
it is easily seen that
(3.2)  277lH, (m) =1 (mod d).

From (2.24), Proposition 1, and the definition of perfect numbers (e.g., see
[9], p. 81), it follows that all even perfect numbers are given by ZP“IHP(Z),
where Hp(2) is prime (p 2 3, a prime). Since m = 2 implies d = 9, from (3.2)
we can state

Proposition 4: Any even perfect number greater than 6 is congruent to 1 modulo
9.

By using either [1, (2)] or [2, (1.2)] and taking into account that [cf.
(1.2)1

ag + By =1
(3.3)
0z8; = (L - /4 = -m,

we obtain the following expression for H,(m) in terms of powers of m [cf.

(2.5)]

[n/2] )
(3.4)  Hy(m) = 2 nC, smd (n 2 1),
§=0
where
-1 m- j)
3.5 Cuy=5(" 3 7)-
Rewrite (3.4) as
[n/2] .
(3.6) H,(m) =1+mn 3, C, . m? (n=z1)
j=1
and observe that, if »n is a prime, then (, ; is integral. It follows that

(3.7) H,(m) =1 (mod n) if n is prime.

1991] 259



A NOTE ON A CLASS OF LUCAS SEQUENCES

Note that (3.6) allows us to state that
(3.8) (i) H,(m) =1 (mod m) (n = 1)
(3.9) (ii) H,(2k) is odd (»n > 1),

. =1, (mod 2),

[n/2]
(3.10) (iii) H,Q2k+1) =1+ Y nC, .
J=1 ’

(3.10') that is to say, H (2k + 1) is even iff n = 0 (mod 3).

Curiosity led us to investigate the divisibility of H,(m) by some primes
p > 2. A computer experiment was carried out to determine the necessary and
sufficient conditions on 7 for an odd prime p < 47 to be a divisor of H,(m)
(2 <m < 10). The case m = 1 has been disregarded, since the conditions on 7
for the congruence L, = 0 (mod p) (p < 47) to hold are well known. For p and m
varying within the above said intervals, the results can be summarized as
follows

(3.11) H,(m) = 0 (mod p) iff n = r (mod 27r).

The values of r are displayed in Table 1, where a blank value denotes that p is
not a divisor of the Monzingo sequence {H,(m)}.

TABLE 1. Values of r for 3 <p < 47 and 2 <m < 10

2 3|4 |56 |7]8 |9 |00
3p- -2 -] ]2- -2
502 (3 [ - - 123 1-]-
703 |24 |- |- |-]3|3]|2
|- e |62 |- |3]-1]5]-
1Ble |- (3|7 26|77 |-]-
17 (4 |8 |- |8 |8 |of2|-]|o9
19 (- |- |9 |03 |wofs5|2]s
B n jun |26 |11 |-|4 |12]-
20 (14 {14 |- |- 17 |-|14]|- |5
31 |5 |4 |16 |16 |- [16]15 |16 | 3
37 |18 |- |- 18 |18 |- {18 - |°-
41 (10 {21 | - |- |20 |21|10 |5 | -
- o - a2 |- - 22
47 |23 |8 [23]- [23]8]2a]23]56

Let us give an example of use of Table 1 by considering the case m =
p = 29. For these two values, the table gives r = 7. It means that H,(6
(mod 29) iff n = 7 (mod 14).

Of course, the above-mentioned experiment led us to discover also the repe-

tition period Py, , of the Monzingo sequences reduced modulo p. Some values of
P, p are shown in Table 2.

TABLE 2. Values of P, , for 3 < p <47 and 2 <m < 10
m

D 2 |13 |4 5 6 7 8 9 10
3 2 1 8 2 1 8 2 1 8
5 4 (24 |6 1 4 4 24 6 1
7 6 |24 |48 3 6 1 16 6 |24
11 | 10 {120 [120 | 40 5 60 | 10 |10 | 6
13 112 (12|12 | 56| 12| 12| 56 |84 |42
17 8 |16 |8 16 | 16 | 288 | 16 |144 |288
19 | 18 |90 |18 [360( 18 | 120 | 60 |72 |180
23 (22 |22 (528 |264 | 22 | 11 | 176 |528 | 11
29 (28 |28 |35 |105( 28 | 28 | 28 210 |280
31 | 10 {240 (320 | 192 | 30 {960 | 30 {960 | 30
37 |36 {171 |171 | 36 | 36 | 684 | 36 |36 | 36
41 | 20 [336 1105 | 40 | 40 |1680| 20 |40 |20
43 114 |42 |42 | 42 | 42 | 33 | 77 |1848| 42
47 | 46 [736 [ 46 | 23 | 46 | 736 |2208 | 46 |552
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3.1 The Numbers H4 (m): A Divisibility Property

Both the definitions and most of the properties of the numbers #,(m) and
G,(m) remain valid if m is an arbitrary (not necessarily integral) quantity.

Let us define the numbers #, "(m) as the first derivative of H,(m) with respect
to m ’

(3.12) #V(m) = % H,(m).

From (3.12) and (3.4), we have

[n/2] . [n/2] - 1
1 ey - . _n ,<”je7> -1 = . (n =g = D15
(13 #m = 2d ) G- "
[n/2]

)mj'l (n =21).

I
S
™
3

|
O
=
—

Now it is plain that H&U(m) = 0 (mod n). Moreover (cf. [6], p. 278), (3.13)
leads to the following cute result
(3.14) —, = Gpoa(m)y (n z21).

4. The Monzingo Pseudoprimes

Of course, the converse of (3.7) is not always true. Let us define the odd
composites satisfying (3.7) as Monzingo Pseudoprimes of the mth kind and
abbreviate them m-M.Psps. Incidentally, we note that the 1-M.Psps. and the
Fibonacci pseudoprimes defined in [8] and investigated in [2] coincide.

For m> 1, the m-M.Psps. are not as rare as the Fibonacci pseudoprimes.
Let u,(x) be the m-M.Psp.-counting function (i.e., the number of m-M.Psps. not
exceeding x) and let My(m) be the smallest among them. A computer experiment
has been carried out to obtain u,(1000) and ¥;(m) for 1 < m < 25. These quan-
tities are shown against m in Tables 3 and 4, respectively.

TABLE 3. Values of u,(1000) for TABLE 4. Values of M(m) for
1 <m< 25 1 <m< 25

m |p,1000)| m |, (1000) m o Mm| m M, (m)
1 1 14 11 1 705 14 21
2 3 15 22 2 341 15 9
3 6 16 2 3 9 16 85
4 5 17 5 4 25 17 51
5 8 18 8 5 15 18 9
6 15 19 13 6 9 19 25
7 9 20 17 7 49 20 15
8 3 21 29 8 231 21 9
9 15 22 9 9 9 22 33
10 14 23 4 10 25 23 69
11 7 24 10 11 33 24 9
12 15 25 9 12 9 25 25
13 12 13 49

The reader who would enjoy discovering many more m-M.Psps. can use the sim-
ple computer algorithm described on pages 239-40 of [2], after replacing the
identities (3.5)-(3-8) in [2] by the identities (2.10)-(2.13) shown in Section
2 above.
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It can be proved that certain odd composites are m-M.Psps. In this note,
we restrict ourselves to demonstrating that, for p an odd prime and s an inte-
ger greater tham 1, p® is a p-M.Psp.

Theorem 1: Hps(p) = 1 (mod p?®).

Proof: By observing (3.6), it is plain that it suffices to prove that Cpe, 507
is integral for 1 < j < (pS - 1)/2. More precisely [cf. (3.5)], if (p, J) = 1,
then Cps,; is an integer; thus, it suffices to prove that the power a with
which p enters into j! is less than j. This is true for any j and p (odd). 1In
fact, it is known (e.g., see [11], p. 21) that

(4.1) a-= }3 [d/p%]1s
=1

whence we can write
a< Y jlpi = gl(p-1) < 4. Q.E.D.
i=1

Let us conclude this note by pointing out that the numerical evidence turn-
ing out from the above said computer experiment suggests the following

Conjecture 1: 1If p 2 5 is a prime and s is an integer greater than 1, then pS
is a (p - 1)-M.Psp., that is

(4.2) Hps(p = 1) =1 (mod p?).

For some values of p, we checked Conjecture 1 by ascertaining that, while the
addends (ps,; (p - 1)7 are in general not integral, the sum

!

(pe-1)/2 .
(4.3) -21 Cpe, j(p = 1)7

J=

18. For example, let us consider the case p = 7, s = 2 and show that (4.3) is
integral. The nonintegral addends in (4.3) are those for which g.c.d.(ps-J,
J) # 1, that is .

(4.4) 4, = J;(42)67, Ay ='l“(35)614, 43 = J;<28)621.

i

42\ 7 35\14 28\21
Let us write >
(4.5) A + Ay + Ay = 41 « 39 - 38- 37 - 267 + 34 0 31« 29 - 23{;11- 504« 3614
" 26 23« 11«9 5621

7
and reduce the sum of the numerators on the right-hand side of (4.5) modulo 7

643226+ 6¢e3c1lc2ebe5043c] +520c04e20e¢506
=6+2+6 =0 (mod 7).
It follows that A; + 4, + A3 is integral, so that 49 is a 6-M.Psp.
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1. Introduction

For a positive integer n, let f(n) be the number of multiplicative parti-
tions of n. That is, f(n) represents the number of different factorizations of
n, where two factorizations are considered the same if they differ only in the
order of the factors. For example, f(12) = 4, since 12 = 6+ 2 = 4¢3 = 3+2+2
are the four multiplicative partitions of 12. Hughes & Shallit [2] showed that
fn) < 271‘/E for all n. Mattics & Dodd [3] improved this to f(n) < m, and in
[4] they further improved this to f(n) < n/log(n) for m = 144. 1In this paper,
we generalize the notion of multiplicative partitions to bipartite numbers and
obtain a corresponding bound.

By a j-partite number, we mean an ordered j-tuple (7}, ..., n;), where all
n; are positive integers. Bipartite refers to the case j = 2. We can extend
the idea of multiplicative partitions to bipartite numbers as follows. For
positive integers m and n, define f,(m, n) to be the number of different ways
to write (m, n) as a product (aj, byp)(as, bo)...(ay, by), where the multiplica-
tion is done coordinate-wise, all a; and b; are positive integers, (l, 1) is
not used as a factor of (m, m) # (1, 1), and two such factorizations are
considered the same if they differ only in the order of the factors. Hence,
(2, 1)(2, 1)(1, 4) and (1, 4)(2, 1)(2, 1) are considered the same factoriza-
tions of (4, 4), while (2, 1)(2, 1)(1, 4) and (1, 2)(1, 2)(4, 1) are considered

different. Thus, for example, f5(6, 2) = 5, since the five multiplicative par-
titions (6, 2) are
(6, 2) = (6, 1)(L, 2) = (3, 2)(2, 1) = (3, 1)(2, 2)

(3, D@2, (A, 2).

It is clear that f(n) = fo(n, 1) for all n. 1In Section 2, we give an upper
bound for f,(m, n). The definition of f,(m, n) may be extended to fﬁ(nl, ey
nj) in an obvious way.

Throughout this paper, unless otherwise stated, p; = 2, p, = 3, ... will
represent the sequence of primes.

2. An Upper Bound for f,(m, n)

When first considering the function f,(m, n), some conjectures immediately
came to mind:

(1) folm, n) = f(m)f(n) (2)  folmy, n) < f(m)f(n)
(3) folm, n) = f(m) (4)  folm, n) < f(mm)
(5) fo(m, n) < mm/log(mn) (6) fo(m, m) < mm.

Surprisingly, none of these is true. The values f(2) = 1, f(6) = 2, f(12) = 4,
and f,(6, 2) = 5 provide counterexamples to (1)-(5). As it turns out, (6) is
also false (see Section 3).

In the next theorem, we establish an upper bound on fo(m, #n). We will first
need the following three lemmas.
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Lemma 1: Let {p;, ..., p;}, {qys -..s qi}s and {ry, ..., r;;;} each be a set of
distinct primes, and let
_ .a a; _ b b _ a a;j b by
=pyt e pits =gt s s e =it e L Iyik,

where all a; and b; are positive integers. Then, f(3) = fy(x, y).
Proof: With each factorization

- €11 ,C12 C1,i+k €21 ,C22 €2, +k Ct1 Ct,i+i
2 [ritr, cee Ty Ir?tr, . ry+g 1 oo [7y cee iy 5]

we associate the following factorization of (x, y):
cll Cl' cl.' 1 cl,; k Ci1 Ctj c e [
[P, s P Tooqitith s gt e Ipytt - p;t s gyt LA
This association is obviously a one-to-one correspondence.

Lemma 1 can easily be extended to j-partite numbers. Thus, for example,
fo(l2, 4) = f(180) = f3(4, 4, 2) = (36, 2).
It is well known that

(a) p, >n logn for n 2 1, and

(b) p, < n(logn+ log log n) for n 2 6 (see [5]).
As a consequence, we have the following lemma.
Lemma 2: For n = 4, p, _1p,, < p>97.

Proof: Direct computation shows the inequality holds for m = 4, 5, and 6. Note
that, for n =2 7,

(2n - 1) (log(2n - 1) +1log log(2n - 1))2n(log 2n+log log 2n) < (n log n)2:97,
Thus, from (a) and (b) above, p, _,p,, < (n log n)2-97 < p2:97.
Lemma 3: Let ¢} 2 ¢y 2 --- 2 ¢, > 0. Then

k k
[T [py; 1P 1% < T P3"0326i~
=1 3

=1

Proof: If k = 1, the inequality holds, since p;p, < pf'585. For k = 2, since
pspy < p%237, we have

[pp, 1% [pap, ]2 < p2-58501p3:237¢, [piker /ps252e2] = [p§ipG2]2:985,

If k = 3,

3
[ . - 047 .052
W L0 15 < (3050175953004 (5 552 047 ;052
3
= []p3032e .
i=1

If k 2 4, the inequality follows easily from (1) and Lemma 2.
Theorem 1: Let m and n be positive integers with (m, n) # (1, 1). Then

fol(m, n) < (mm)1-518/10g(m).

Proof: We can assume that m = p{! ... p/* and n = p?‘ . pfr, where k > r and
a; 2 a;y1, by 2 byyy for each ©. Then, by Lemma 1,
a b a b a b
Folms m) = £y Pr'P3* Py -+ Pok-1P2i)>
where b; = 0 if © > r. For 2 =1, ..., k, let

o; = max{a;, b;}, B; = minla,, by}, ¢; = (a; + by)/2.

We first consider the case in which
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k
i Bi
[1 p2i_1py; = 144.
=1

Then, by Lemmas 1 and 3 and the known bound for f(n),

k o 8:

1

Il [py; -1pa;
=1

B B 8
Falms m) = FIPY Py P3*PY” --+ Pok-1P2k] <

k
Oz Bi
10%‘:}31[?21' -1P2z ]]

k % %

¢ pk @ . ‘

J1l[pgi—lp2i] _IIfPZi_lpzi)c II pg 032¢;
i= i

=1
Togom)  ~ Togtm)  ~ log(m)
k
a;+biy1.516
-~ Bl(pi ) B (mn) 1-516
h log (mn) log(mm)

k . .
In case I]i=1p§£_1p§; = 144, it then follows by Lemma 1 that mm > 2°. Not-
ing that f(l44) = 29, we see that the theorem is true in this case as well.

3. Remarks and Computations

3.1. Using the algorithm from [1], the values of f,(m, n) were found for all m
and 7 such that mm < 2,000,000 and for other selected values of m and » with mm
as large as 167,961,600 by calculating the corresponding values of f as
described in Lemma 1. Since large values of m and # tended to give the
greatest values for the ratio f,(m, n)/mn, and since these are the values that
require the greatest computing time, we used the observations made in Remark
3.2 below to determine which pairs (m, n) to study.

3.2. Using the notation in the proof of Theorem I, the pairs (m, n) can be
described by the ordered 2k-tuple a;b; ... agby. In Table I below, we use this
notation to list those 2k—tuples we have found for which there exist ordered
pairs (m, n) having ratios r(a1b, ... axby) = fo(m, n)/mm > 1.5 [given the 2k-
tuple, m and % are chosen so as to maximize fy(m, n)].

TABLE I. Forms Yielding Large Ratios f, (m, n)/mn

albl e akbk fz(m, n) fZ(m’ 7’1)/(7779 7n)
663311 162,075,802 2.17115
772211 61,926,494 1.86652
762211 30,449,294 1.83553
662211 15,173,348 1.82935
872211 119,957,268 1.80781
553311 33,439,034 1.79179
862211 58,256,195 1.75589
652211 7,126,811 1.71846
752211 14,096,512 1.69952
553211 10,511,373 1.68971
552211 3,400,292 1.63980
643311 30,428,542 1.63047
962211 107,097,889 1.61401
852211 26,610,876 1.60415
643211 9,584,844 1.54077
554411 255,339,989 1.52023
543311 14,162,812 1.51779
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The prevalence of the forms gabbll in the table is noteworthy. Although
the forms (a¢ + 1)(a - 1)bbll also appear, the ratio is higher for qabbll. Sim—
ilarly, the forms (a + 1)abbll have higher ratios than (a + 2)(a - 1)bbll. We
suspect that sequences of the form aabbecll also have large ratios, but the
lengthy computation time made this infeasible to verify. A result which helps

explain the prevalence of trailing 1's in the sequence a;b; ... aqib; is as fol-
lows: Let

. _ §2k if by = 0

I T2k -1 if By = 0

and let ¢y ... ¢; denote ayb; ... ayby. Then, if 1 < ¢ < 2%,

6P [+ 2)/21/5P1 5 + py21] 7oy o e vev )

< riey ... e; ¢ c;1l) when ¢; = 2,

i+1
where [ ] denotes the greatest integer function. This result follows easily
from the lemma on page 22 of [1].

3.3. For the more general function f}(nl, e nj), note that

f;(ql’ LA QJ) = f(pl’ ce sy Fy) = B(j)’

where B(j) is the jtP Bell number and the q; are any primes. (B(j) grows very
fast. See, e.g., [6].)

2;2' 1f we set
fo(m, n) = (mm)* /log(mn),

then, for all m and n for which f,(m, n) was calculated, o < 1.251. The lar-
gest value of o occurred when m = n = 24 with f5(24, 24) = 444. (This was the
only case in which o > 5/4.) Based on these data, we propose the following

Conjecture: f,(m, n) < (mu)}251 /log(m) for all m and n.
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1. Introduction

The Fibonacci numbers have a well-known combinatorial interpretation in
terms of the total number of subsets of {1, 2, 3, ..., n} not containing a pair
of consecutive integers. Recently, Konvalina & Liu [4] showed that the squares
of the Fibonacci numbers have a combinatorial interpretation in terms of the
total number of subsets of {1, 2, 3, ..., 2n} without unit separation. Two
integers are called wuniseparate if they contain exactly one integer between
them. For example, the following pairs of integers are uniseparate: (1, 3),
(2, 4), (3, 5), (4, 6), etc.

In this paper, we will show that the squares of the Lucas numbers also have
a combinatorial interpretation in terms of subsets of {1, 2, ..., 2n} without
unit separation if the integers {1, 2, 3, ..., 2n} are arranged in a circle
instead of a line.

Let F, denote the n'™™ Fibonacci number determined by the recurrence rela-
tion:

Fy =1, Fp =1, Fpop = Fyyy +F, (n21).

Kaplansky [2] showed that the numbers of k-subsets of {1, 2, 3, ..., n} not con-
taining a pair of consecutive integers is

!

Summing over all k-subsets, we obtain the well-known identity
n+1-k
W e (") 7 B
k=0

Let f(n, k) denote the number of k-subsets of {1, 2, 3, ..., n} without unit
separation. Konvalina [3] proved

[k/2]<n +1-k- 24
=0

P ) a2k - D),

(2) fn, k) =
0 if n < 2(k - 1).

Summing over all k-subsets, Konvalina & Liu [4] showed
{ F2 .,  if n = 2m,

FrpyoFpyy if m=2m+ 1

(3) Y fn, k) =

k=0
Next, let L, denote the n'™™ Lucas number determined by the recurrence relation:
Ly =1, Lp = 3, Lyyp = Lyyy + L, (n=z1).

The following identity expressing a Lucas number in terms of the sum of two
Fibonacci numbers is well known (see Hoggatt [1]):

(4) Ln = Fy4 t F‘Vt"l‘
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The Lucas numbers have a combinatorial interpretation in terms of the total
number of subsets of {1, 2, 3, ..., n} arranged in a circle and not containing
a pair of consecutive integers (n and 1 are consecutive). One way to prove
this is as follows: Kaplansky [2] showed that the number of k-subsets of {1, 2,
3, ..., n} arranged in a circle and not containing a pair of consecutive
integers is

nm -k -1 _ (n -k n-k-1
5 AU I R G
Summing over all k-subsets and applying (1) and (4), we obtain:

k§0%(n ; Zj I l> - kgo(n ; k) + kzzzo(n ; .Zf I 1) = Fpp1 + Fpop = Ly,

2. The Main Result

Let g(n, k) denote the number of k-subsets of {1, 2, 3, ..., n} arranged in
a circle and without unit separation. Konvalina [3] proved the following
identity:
(6) gn, k) = f(n -2, k) +2f(n -5, k-1) +3f(n -6, k - 2).

Let (, denote the total number of subsets of {1, 2, 3, ..., n} arranged in
a circle and without unit separation. The following result relates the square
of a Lucas number and Cp,.

Theorem: 1f n > 2, then
Lz if n = 2m,
Cn =L, ifn=o2m+ 1.

Proof: Summing over all k-subsets and applying (6), we have

(7 C, =S gn, k) =3 fn -2, k) +2f(n -5, k-1) +3f(n -6, k- 2).
k=0 k=0

Even Case: n = 2m

Applying identity (3) to (7), we obtain

C =3 fn-2,k)+23 fin-5, k-1)+3) f(n-6, k- 2)

k=0 kz0 k=0
= p2 2

=Fr o+ 2F, _F, + 3F5

- g2 L p2

=FEf ., +2F, _((F, +F )+ FE5

- 2 = 2
- (E%+1 + Eh—l) - Lm'

0dd Case: n = 2m + 1

Applying identity (3) to (7), we have

Fre1Fryg + 25 + 3F, . F,

= FoprFneo + 28, (Fy + Fpo1) + FpaFy

= Fpy1Fpyo + 2B Fpyy + Pyl

= (FpsrFpao + BFpp)) + BBy + Fpoafip)

CYL

= Fopgo * Fopy = Loy = Ly

Note: We have applied the following known identity (see [1], p. 59, identity
I, withm=mn - 1): Fo, = F, Foiq + Fo 1F,.
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RECIPROCAL GCD MATRICES AND LCM MATRICES

Scott J. Beslin

Nicholls State University, Thibodaux, LA 70310
(Submitted October 1989)

1. Introduction

Let S = {zy, 3, ..., xy} be an ordered set of distinct positive integers.

The nxn matrix [§] = (s;;), where S5 = (s> x;), the greatest common divisor
of x; and x;, is called the greatest common divisor (GCD) matrix on S. The
study of GCD matrices was initiated dimn [1]. In that paper, the authors

obtained a structure theorem for GCD matrices and showed that each is positive
definite, and hence nonsingular. A corollary of these results yielded a proof
that, if § is factor-closed, then the determinant of S5, det[S], is equal to
¢(xy)¢(xy) ... ¢(x,), where ¢(x) is Euler's totient. The set S is said to be
factor-closed (FC) if all positive factors of any member of S belong to §.

In [4], Z. Li used the structure in [1] to compute a formula for the deter-
minant of an arbitrary GCD matrix.

In this paper, we define a natural analog of the GCD matrix on S. Let
{{s}] = (tij) be the nx»n matrix with tij = [x;, xj], the least common multiple
of x; and ;. We shall obtain a structure theorem for [[S]] and show that it
is mnonsingular, but never positive definite. As it turns out, the matrix
factorization of [[S]] emerges from the structure of the related reciprocal
GCD matrix 1/[S], the <, j-entry of which is 1/(%; ;). Reciprocal GCD
matrices are addressed in the next section.

2. Reciprocal GCD Matrices

Definition 1: Let S = {xy, 23, ..., &,} be an ordered set of distinct positive
integers. The matrix 1/[S] is the nx#xn matrix whose %, j-entry is 1/(x;, x;).
We call 1/[S8] the reciprocal GCD matrix on S.

Clearly reciprocal GCD matrices are symmetric. Furthermore, rearrangements
of the elements of § yield similar matrices. Hence, as in [1] and [2], we may
always assume X] < Ty < ... < Xy,

We shall show that each reciprocal GCD matrix can be written as a product
of 4 and AT, the transpose of 4, for some matrix A4 with complex number entries.
In what follows, we let u{(m) denote the Moebius function
1 if n=1
um) = < (=17 if n = PiPy---Pp» distinct prime factors
0 otherwise.

The lower-case letter "p" will always denote a positive prime.

Definition 2: 1f n is a positive integer, we denote by g(n) the sum

g(n) =% s e ule).

eln
We observe that g(n) = F(m)A(n), where £(n) = 1/n and h(n) = 2ugjne- u(e).
Since f and % are multiplicative functions, g is multiplicative. Furthermore,
if p is a prime, A(p™ = 1 - p. Hence, g(p™ = (1 - p)/p™. It follows that

gm) =1 a-» - 20 I o).
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Moreover, by the Moebius Inversion Formula {see, e.g., [5]), it is true that

fny =1/n= 3% gle).

eln
These results are summarized in the following lemma.

Lemma 1: Let n be a positive integer. Then g(n) =1 if n = 1, and

gn) = % Iia- p) if n > 1.
Moreover, pln

I/n =% ge)y. [

eln
It is clear that any set of positive integers is contained in an (minimal)
FC set. We obtain the following structure theorem for reciprocal GCD matrices.

Theorem 1: Let S = {xy, %, ..., ®,} be ordered by %} < &3 < ... < z,. Then
the reciprocal GCD matrix 1/[S] is the product of an #n xm complex matrix 4 and
the m x n matrix AT, where the nonzero entries of 4 are of the form Vg(d) for
some d in an FC set that contains 5.

Proof: Suppose F = {dy, dy, ..., dp} is an FC set containing S. Let the complex
matrix 4 = (a;;) be defined as follows:
vg(d;) 1if d; divides x,,
4ij = 0 otherwise.
Then m
4D = Tagap = 2 Vgld) - Vg(dy) = 2 9l =
k=1 dil @ dy [z, = 5) 2 g
J
since F is factor-closed. Thus, 1/{S} = 447 . 0

Remark 1: Some of the entries Yg(d;) of 4 in Theorem 1 may be imaginary com-
plex numbers. A real matrix factorization for 1/[5] could be obtained by
defining B = (b;;) via

{g(dj) if d; divides «;,
i =

0 otherwise.

Then, if ¢ is the incidence matrix corresponding to B, it is true that 1/[S] =
B.CT

Corollary 1: Let S be an FC set. Then
det(1/[S]) = g(xpig(xo) .. glx,).

Proof: In Theorem 1, take F = S5; then 4 and AT are lower triangular and upper
triangular, respectively. So

det (1/[5]) = det(4) « det(4T)
(det (A))? = g(xpglxy) .. glz,). O

I

Remark 2: The set F in Theorem 1 may be chosen so that dy =21, dy = Xos «ues
dn = %,. Hence 4 = [Ay,4,], where Ai1s an mxn lower triangular matrix of the
form
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Vg(xy) 0
Vg (xy)
* T Vg (z,)

Therefore, rank (4) = n. However, since 4 has nonreal entries, we cannot con-
clude that 44T is nonsingular.

Remark 3: Unlike GCD matrices, reciprocal GCD matrices are never positive def-
inite. Recall that the 4AT factorization in Theorem 1 is a complex matrix
product, whereas, in [1], A is real. The fact that a reciprocal GCD matrix is
not positive definite follows readily from the observation that its leading
principal 2 x2 minor

1 1
X1y (X1, xp)?

is negative.

Remark 4: As in [4], a sum formula for the determinant of an arbitrary recip-—
rocal GCD matrix may be obtained from the Cauchy-Binet Formula (see, e.g., [3])
and the factorization 44”'. We omit this formula due to its length.

3. LCM Matrices

Definition 3: Let S = {x;, x5, ..., X,} be an ordered set of distinct positive
integers. The nxn matrix [[S]] = (£;;), where ti; = [z, xj], the least com-
mon multiple of x; and x;, is called the least common multiple [LCM] matrix on
5.
The structure and determinants of LCM matrices come directly from results
on reciprocal GCD matrices, since
XX
(o, ;] = ——1—.
(x; x;)
1f [[S]] is an LCM matrix, we may factor out x; from Row < and x; from Col-
umn J to obtain 1/[S]. Hence, every LCM matrix results from performing ele-
mentary row and column operations on the corresponding reciprocal GCD matrix.
The following theorem is a direct consequence of the preceding remarks.

Theorem 2: Let S = {xy, %3, ..., x,} be ordered by x; < x, < --- < x,, and let
A be the nxn matrix in Theorem 1. Then

[[S1] = D <447« D = D «»(1/[S]) « D,

where D is the nxn diagonal matrix diag(xy, %o, ..., %,). [

Corollary 2: An LCM matrix is not positive definite. [
Corollary 3: If S is an FC set, then .
det[[S]1] = 2 ... 22« g(xy) ... glx) = ]I [qJ(xi) - 1 f—p)}- 0

=1 p’xi
As before, the Cauchy-Binet formula may be used to obtain a sum formula for
det[[S]], S arbitrary.

Remark 5: We know from Corollary 3 that det[[S]] # O when § is FC. A natural
question arises: When is det[[S]] zero? For instance, when S = {1, 2, 15, 42},
det[[S]] = 0. Furthermore, when is det[[S]] positive? This does not depend
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entirely upon the parity of n, even in the factor-closed case. For example,
when S = {1, 2, 4, 8}, det[[S]] < 0, but when S = {1, 2, 3, 6}, det[[S]] > O.
In view of these comments, we leave the following as a problem.

Problem: For which sets S is det[[S]] positive? For which FC sets S is det[[S]]
positive? For which sets S is det[[S]] = 07?
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SUMMING INFINITE SERIES WITH SEX

Herb Silverman
College of Charleston, Charleston, SC 29424
(Submitted December 1989)

The usual way of computing the sum of the series E::=1nx” for particular
choices of x, [x] < 1, is to start with the geometric series

W Yan= ot

n=0 -z

and then appeal to uniform convergence and interval of convergence properties
to obtain

Al pn) = % s 4L y___
£ dx(ng%f ) - Jginx” =7 dx(l - x) - (1 - 2)2°

What follows is a more insightful proof for O < x < 1 that is accessible to stu-
dents in finite mathematics classes who are familiar with neither infinite
series nor calculus.

The expected value of a finite random variable X = {x;, ..., x,} with asso-
ciated probabilities {f(x;), ..., f(x,)} is

2w f ().

Consider the problem of determining the number of children a couple would expect
to have if they continued to reproduce until a girl was born. The probability
of having exactly n children would be

()@ - &)

which means that

= n

n=12n
children would be expected. But, since exactly one girl is expected and a boy
is as likely as a girl, this sum must be "two." More generally, suppose the
probability of a boy is x and of a girl is 1 - x. Then, for every girl, we

would expect x/(l1 - x) boys, so the expected number of children /(1 - x) + 1
could be expressed as
X 1

-x 1= 1 -2

5

iinx"‘l(l - @) =g

n=1

from which we conclude that
> x
Szt = ————.
n=1 (1 - x)2

One could similarly find different sums by specifying other gender restric-
tions. For instance, the probability of the kth girl being the »n'™® child is
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n -1 -
X - .
( > n k(l x)k

k-1
Therefore,
= n-1 ki1 _ ook x __k
};k”(k B e R I e

or, equivalently,
® k
x
@ B

et (1 - a)k+l’

Since the probability of a girl being born

<fx"‘1<1 - x))

n=1
must be '"one," we have an alternate proof of (l). Note that (2) may also be
established by differentiating k times the identity (1).

*kkkk
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ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
Stanley Rabinowitz

IMPORTANT NOTICE: There is a new editor of this department and a new
address for all submissions.

Please send all material for ELEMENTARY PROBLEMS AND SOLUTIONS to
DR. STANLEY RABINOWITZ; 12 VINE BROOK RD.; WESTFORD, MA (01886-4212
USA.

Each solution should be on a separate sheet (or sheets) and must be
received within six months of publication of the problem. Solutions typed in
the format used below will be given preference. Proposers of problems should
include solutions.

BASIC FORMULAS

The Fibonacci numbers F, and the Lucas numbers L,, satisfy
Bovo = Fppn + By Fo =0, Fp =13
Lyyo = Lyyy + Ly, Lo =2, Ly = 1.
Also, o = (1 + V5)/2, 8 = (1 - V/5)/2, F, = (a" = 8™)/V5, and L, = o + B™.

PROBLEMS PROPOSED IN THIS ISSUE
B-694 Proposed by Sahib Singh, Clarion U. of Pennsylvania, Clarion, PA
Prove that L,. = 7 (mod 40) for n = 2.
B-695 Proposed by Russell Euler, Northwest Missouri State U., Maryville, MO

Define the sequences {P,} and {g,} by

PO =0, P1 =1, E;+2 = ZE;+1 + P, formnm=20
and
Qg =1, @ =1, &,,, = 20,,, + @, formnz= 0.

Find a simple formula expressing ¢, in terms of P .
B-696 Proposed by Herta T. Freitag, Roanoke, VA

Let (a, b, ¢) be a Pythagorean triple with the hypotenuse ¢ = 5F,,,3 and
a = L2n+3 + 4(—1)YL+1.

(a) Determine b.
(b) For what values of n, if any, is the triple primitive? [The elements
of a primitive triple have no common factor.]

B-697 Proposed by Richard André-Jeannin, Sfax, Tunisia

Find a closed form for the sum
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where w, # 0 for all n and w, = pw,-1 - qW,-, for n 2 2, with p and g nonzero
constants.

B-698 Proposed by Richard André-Jeannin, Sfax, Tunisia

Consider the sequence of real numbers Ays Aoy wens where a, > 2 and

= 42 _
A, e1 = ay 2 forn =2 1.
Find lim b,, where
n>o
an+1

h= " for m oz 1.
alaz...an

B-699 Proposed by Larry Blaine, Plymouth State College, Plymouth, NH
Let a be an integer greater than 1. Define a function p(n) by
p(l) =a -1 and p®) =a*-1- Y p(d forn =2,

where 3 denotes the sum over all d with 1 < d < n and d|n.
Prove or disprove that nlp(n) for all positive integers n.

SOLUTIONS
edited by A. P. Hillman

Application of Generating Functions

B-670 Proposed by Russell Euler, Northwest Missouri State U., Maryville, MO

© nk,
Evaluate 2: o

n=1

Solution by Russell Jay Hendel, Dowling College, Oakdale, NY

The generating function

B _ x
F(m) = L E,@" = -5y

has radius of convergence a1, Differentiating both sides with respect to
and then multiplying by x gives:

S nF,x™ = F(z) + (F(x))2(2z + 1), for |x| < a7l.

n=1
Therefore, letting x = .5 in the last equation, we find
e, nky,
= 10.
ngazn

Also solved by Richard André-Jeannin, Barry Booton, Paul S. Bruckman, Joe
Howard, Hans Kappus, Joseph J. Kostal, Y. H. Harris Kwong, Alex Necochea,

Bob Prielipp, Don Redmond, H.-J. Seiffert, Sahib Singh, Lawrence Somer, and
the proposer.

Even Perfect Numbers Are Hexagonal and Triangular

B-671 Proposed by Herta T. Freitag, Roanoke, VA

Show that all even perfect numbers are hexagonal and hence are all trian-
gular. [A perfect number is a positive integer which is the sum of its proper

278 [Aug.



ELEMENTARY PROBLEMS AND SOLUTIONS

positive integral divisors. The hexagonal numbers are {1, 6, 15, 28, 45, ...}
and the triangular numbers are {1, 3, 6, 10, 15, et ]

Solution by Y. H. Harris Kwong, SUNY College at Fredonia, Fredonia, NY

The formulas for the k™M triangular number Ty and the kth hexagonal number
H, are
k

T, = 5i53;~ll and A, = kK(2k = 1) = Ty 1,

respectively. It is well known that every even perfect number #n is of the form
n=20"10P - 1),

where 2P - 1 is prime; so n is the (2P~1)th hexagonal number, which is also tri-
angular.

Also solved by Richard André-Jeannin, Charles Ashbacher, Paul S. Bruckman,
Russell Euler, Russell Jay Hendel, L. Kuipers, Bob Prielipp, H.-J. Seiffert,
Sahib Singh, Lawrence Somer, and the proposer.

Proposal in 10199, Solution in 11-181

B-672 Proposed by Philip L. Mana, Albuquerque, NM

Let S consist of all positive integers »n such that n = 10p and n + 1 = 1llg,
with p and g primes. What is the largest positive integer d such that every =
in § is a term in an arithmetic progression a, a + d, a + 2d, ...?

Solution by Richard André-Jeannin, Sfax, Tunisia

Let n be a member of §. It is clear that 11(qg - 1) = 10(p - 1); hence,
p=1llr +1 and g = 10r + 1.

Since p, g are prime numbers, it is easily proved that r is even and r = 0
(mod 3). Hence, r = 6s, p = 66s + 1, g = 60s + 1, and the members of S5 are
terms in the arithmetical progression u, = 660s + 10.

Now we have

Uupg = 10+ 661, + 1

Uqg 11 - 601,
and

uy, = 10+727, u;y + 1 = 11+ 661;

hence, Uy and Uy, are members of S, and the largest d such that every » in S
is in an arithmetical progression is d = 660.

Also solved by Charles Ashbacher, Paul S. Bruckman, Y. H. Harris Kwong,
Bob Prielipp, H.-J. Seiffert, Sahib Singh, Lawrence Somer, and the proposer.

Fibonacci Infinite Product

B-673 Proposed by Paul S. Bruckman, Edmonds, WA
© Fo, + 1

Evaluate the infinite product 11 ~gﬁ———~.
n=ZF2n ~ 1

Solution by Joseph J. Kostal, U. of Illinois at Chicago, IL
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o Fo, +1 F4n+l Fupeo 1

n=2F2n_l_nl;ll<F‘+n_l F’-m+2_'1

)

© (Fo, 1Lon+1 Fonsolon
i ( :
e

Fops1lon-1 Fonloyso

©

Fyo Ly
Fy I

-1.3
11

= 3.

Also solved by R. André-Jeannin, Bob
proposer.

ﬁ <F2n—1F2n+2_ LonLon+1 >
n=1\ FonFonsr  Loy-1Lo,42

Fon-1Fons2 = Lonlon+l
n=1 FonFons1 =1 Lon-1Llon+2

Prielipp, H.-J. Seiffert,

Trigonometric Recursion

B-674 Proposed by Richard André-Jeannin,

Define the sequence {u,} by

Sfax, Tunisia

ug = 0, w3 =1, u, = gu,-1; - u,-», for n in {2, 3, ...},

and the

where g is a root of #2 - =z - 1 = 0. Compute u, for »n in {2, 3, 4, 5} and then
deduce that (1 + V5)/2 = 2 cos(n/5) and (1 - V5)/2 = 2 cos(31/5).

Solution by Paul S. Bruckman, Edmonds, WA

Since g satisfies the equation

€8] g2 =g+1,
we have
2) g=a=201+7/5 or g=8=301-75.

The characteristic equation of the given recurrence is

(3) 22 - gz +1=0,
which has roots z; and z, given by

@) A =g+ (@2 - DYDY, oz =1 -

(92 - 4)1/2).

Making the substitution g = 2 cos 6, we may express the roots in (4) as follows:

(5) 27 = exp(26), 2, = exp(-76).

From the initial conditions, we find that we may express u, in the following

Binet form:

2] = 3
(6) un=z—_-z—2, n=20,1, 2,
Equivalently, using (5), we obtain

%) sin »n6

up = T, n =0, 1, 2,

Using (1) and the given recurrence, we find
U, =g+l -0=9g; ugz=gerg-1-=
280

the following values:

gs u, =g-g-g=1;
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Ug = g- 1 -g=20; Ug = g- 0-1=-1; U, = g(-1) - 0 = -g, etc.

Clearly, from (2), g # *2; hence, 6 # mm, and sin 6 # 0. Since
us = sin 56/sin 6 = 0,

we see that © = mn/5 for some integer m, not a multiple of 5. We may restrict
m to the residues (mod 10), since 106 = 2mm. Also,

Up = 2 cos 6, uy = sin(20 + mmw)/sin 6 = (-1)"sin 26/sin 6 = (-1)"u,.

However, as we have seen, u; = -u,; therefore, m must be odd. Moreover, since
cos(2m - 0) = cos 0, we may eliminate the values m = 7 and 9. Therefore, m = 1
or 3. Then, a and B must be equal to 2 cos 7/5 and 2 cos 37/5, in some order.
Clearly, oo > 0 and 8 < 03 also, 2 cos ©/5 > 0 and 2 cos 37n/5 < 0. Therefore,

(8) a =2 cos /5, B = 2 cos 3m/5.
Also solved by Herta T. Freitag, Hans Kappus, L. Kuipers, and the proposer.

Another Sine Recursion

B-675 Proposed by Richard André-Jeannin, Sfax, Tunisia

In a manner analogous to that for the previous problem, show that

V2 + V2 = 2 cos % and V2 - VY2 = 2 cos %}.

Solution by Paul S. Bruckman, Edmonds, WA
We have the same characteristic equation for 2z and the same substitutions
as in B-674; however, in this case, g satisfies the equation
(1) gt = 4g? - 2.
In this case, we may obtain the following values:
up =g, uz = g2 -1, uy = g3
Uug = g, uy =1, ug = 0, ug = -1, ujg = -g, etc.

- 29, us = g* - 3g2+1=g%-1,

As before,

(2) U, = sin n6/sin 6, n =10, 1, 2, ..., where g = 2 cos 6.

Again, we note that g # *#2, so sin 6 # 0. Since ug = 0, therefore 86 = mmw, or
6 = mn/8, for some integer m (not a multiple of 8). We see, from above, that
Uyg = ~Up. But

Uypo = sin(26 + mm)/sin 6 = (-1)"uy;

hence, m must be odd. Again, we may restrict m to the residues of the period,
in this case, mod 16; moreover, we may eliminate the values m = 9, 11, 13, and
15, since cos(2m - 6) = cos 6. Therefore, we may restrict m to the values
m =1, 3, 5, or 7. The roots of (1) are given by *v2 + V2 and /2 - /f; thus,
these must be equal to 2 cos mn/8, m =1, 3, 5, 7, in some order. Since

%WT < mn/8 < m, for m=5o0r 7,

it is clear that the positive roots (which are the ones we are interested in)
are generated by m = 1 or 3. Also, cos x decreases over the interval [0, %n],
from which it follows that
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2 cos /8 = V2 + V2, 2 cos 3n/8 = V2 - V2.

Also solved by Herta T. Freitag, Hans Kappus, and the proposer.
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PROBLEMS PROPOSED IN THIS ISSUE
H-455 Proposed by T. V. Padma Kumar, Trivandrum, South India

Characterize, as completely as possible, all "Magic Squares" of the form

a, a, as a,

b, | b, | by | by

3] cy C3 cy

dy | dy | d; | dy

subject to the following constraints:

1. Rows, columns, and diagonals have the same sum

2. ay+a,+d+d,=b,+byg+tcy,t+eyg=a +b+ta,+b, =K
3. ey +dyte,+d,=a,+az+t b, +by=c,+tey+d,+dy=K
4. ay+a, +b +by,=cy +c,+d +d, =az+a,+by+b, =K
5. cy3te,+dytd,=ecy+dy+az+b,=a +a,+d +d, =K
6. az+a, +dy+d,=by +b,+cytecy,=Dby+b,+tcygtec,=K
7. ay +tag+dy,+dy=>by+cy+b,+ec, =K

8. a,+by+ecy+ta,+b,+ay=b,+cy+ec,+d,+dy+d, =3K2
9. by+ey+d  +e,+d,+dy=a,+ay+a, +by+ b, +c,=3K2
10. a3 +a§+d3 +d§ =0} +c?+bl+ck

11. c? +c3 +d3 +d2 =a}+b}+al+hi
2 2 2 2 o 42 2 2 2

12. c§+cf+dj+df =af + by +a5+ D3
2

1

13. a+a3+af+a2 +b}+Db3+Db3+Db2=M

2 2 2 2 2 2 2 2 =
14. cl+cz+ca+cq+d1"’dz+d3+du M

2 2 2 2 2 2 2 2 -
15. a1+bl+cl+dl+a2+b2+02+d2 M

2 2 4 52 2 2 2 2 2 o
16. a3+b3+.,3+d3+a“+bk+ck dg =M

17. ay + b, + ey +d, +d; +c, + by aL.‘bl+C’1+a2+dz+aa+d3+bq+cu
18. aya, + aza, + byb, + b3, = cjc,

19. ab, + e;d; + a,b, + c,d, = azb,

cgey, + d,d, + djd,

+ o+ o+

cqdy + ab, + e d,
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H-456 Proposed by David Singmaster, Polytechnic of the South Bank,
London, England

Among the Fibonacci numbers, F,, it is known that: 0, 1, 144 are the only
squares; 0, 1, 8 are the only cubes; 0, 1, 3, 21, 55 are the only triangular
numbers. (See Luo Ming's article in The Fibonacei Quarterly 27.2 [May 1989]:
98-108.)

A. Let p(m) be a polynomial of degree at least 2 in m. Is it true that

p(m) = F, has only finitely many solutions?

B. If we replace F,, by an arbitrary recurrent sequence f,, we cannot
expect a similar result, since f, can easily be a polynomial in n.
Even if we assume the auxiliary equation of our recurrence has no
repeated roots, we still cannot expect such a result. For example, if

fo = 6fn-1 = 8fn-2> fo =2, f1 =6,

then

I

271 + 47’[,

fn

so every f, is of the form p(m) = m? + m. What restriction(s) on I
is(are) needed to make f, = p(m) have only finitely many solutions?

Comments: The results quoted have been difficult to establish, so Part A is
likely to be quite hard and, hence, Part B may well be extremely hard.

H-457 Proposed by Piero Filipponi, Fond. U. Bordoni, Rome, Italy

Let f(N) denote the number of addends in the Zeckendorf decomposition of W.
The numerical evidence resulting from a computer experiment suggests the
following two conjectures. Can they be proved?

Conjecture 1: For given positive integers k and n, there exists a positive in-
teger n; (depending on k) such that f(kF,) has a constant value for n 2 ny.
For example,

24Fn = Fn+6 + Fn+3 + Fn+1 + Fn—’-f + F?’l—G for n > 8.

By inspection, we see that n; =1, ny = 2 for k. = 2 or 3, my, = 4 and n; = 5 for
5 <k <8.

Conjecture 2: For k > 6, let us define:

(i) u, the subscript of the smallest odd-subscripted Lucas number such that
k <L,,

(ii) v, the subscript of the largest Fibonacci number such that k > F, + F, _g.

Then, 7y = max(u, V).
H-458 Proposed by Paul Bruckman, Edmonds, WA

Given an integer m > 0 and a sequence of natural numbers Ags Ays oees @

m’
form the periodic simple continued fraction (s.c.f.) given by:

(1) 6 = lags ay, ags «vvs ays aps 2a,].

The period is symmetric, except for the final term 2a,, and may or may not con-
tain a central term [that is, a, occurs either once or twice in (1)]. Evaluate
0 in terms of nonperiodic s.c.f.'s.
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SOLUTIONS
No Doubt

H-437 Proposed by L. Kuipers, Sierre, Switzerland
(Vol. 28, no. 1, February 1990)

Let x, y, n be Natural numbers, where n is odd. If
(%) Ly/Lyso < xly < Lye1/Ly43, show that y > (1/5)L,, .
Are there fractiomns, x/y, satisfying (%) for which y < Ln+4?

Solution by Russell Jay Hendel & Sandra A. Monteferrante, Dowling College,
Oakdale, NY

We prove that the rational number with smallest denominator satisfying (%)
is F,41/F,4+3. An easy induction then shows that 5F,,3 > L,.,, from which the
first assertion readily follows. For n 2 1, F,oi3 < Lyyo < L4y This answers
the second question in the affirmative.

Proof: if n = 1, an inspection shows that 1/3 is the rational number with the
smallest denominator between 1/4 and 3/7. We therefore assume n = 2.
First

L,/Lys1 = /(1 + L,,_1/L,).
Hence, the continued fraction expansion of 7, is [0; 1, ..., 1, 3] withn -1
ones. Similarly,

Ln/Ln-i-Z = l/(z + Ln—l/[‘n>
and, therefore, L, /L,,» = [0; 2, 1, ..., 1, 3] with n - 2 ones.

Next, let 2 be a real variable and fix an odd n. Define

Py=0, @ =1, P =1, 9 =2, B, =F;, @, =F,, (for 2csi<n-1),

PH(Z) = ZFn_.l + Fn-Z’ and QH(Z) = gF, 4 t+ Fn,
Define the function f(2) = P,(8)/¢,(2) = {0; 2, 1, ..., 1, 2} with n - 2 ones.
Then f(3) = L,/L,40, f(4/3) = L,41/L,.3, and f( ) maps the open interval, 4/3 <
2 < 3 onto the open interval (L,/L,i0, Lye1/LDy43).
It follows that, if f(z) is a rational inside the interval (f(3), f(4/3)),
then its continued fraction must begin [0; 2, 1, ..., 1, 2, ...]. Clearly,
among all such continued fractions, f(2) has the smallest denominator. Since

f(Z) = Pn(Z)/Qn{Z) = Fn+l/FVz+3’
the proof is complete.

The above analysis can be generalized to describe other rationals with

small denominators. For example: F,/F,,» = [0; 2, 1, ..., 1, 2] with m - 3
ones where m is an integer bigger than 3. It follows that F,/F,,, is always in
the open interval (I,/Lni9s Lni1/Ln+3), if m 2 n + 1. In particular, F,/F,.o
satisfies (%) with F,,, < L, 4y, if n+ 1 <= m < n + 3.

Also solved by P. Bruckman, R. André-Jeannin, and the proposer.

A Fibonacc-ious Integral

H-438 Proposed by H.-J. Seiffert, Berlin, Germany
(Vol. 28, no. 1, February 1990)
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Define the Fibonacci polynomials by
Fo(x) =0, Fi(x) =1, E%(x) = xF, _1(x) + F,_o(x), for n > 2.
Show that, for all odd integers n = 3,

-f+m dzx E(l + 1/cos %).

w F,y () T

Solution by Paul S. Bruckman, Edmonds, WA

As is readily established,

no_ yn
(1) Fn(x)=%, n=20,1, 2, ...,

where
(2) u=u® =%+ /a2 +4), v =0v@) = 3@ - /22 + 4).

Let

(3) I, = J. Ef%%y, for odd n = 3.

Note that F, (x) is an even polynomial (for odd n); hence,
® dx

W I - zf .
" o Fnlx)

We may make the substitution: x = 2 sinh 8 in (4); then u(x) = e9, v(x) = -e7%,
F, (x) = cosh 6/cosh n6, and dxr = 2 cosh 6 df. Therefore,

’

(5) I = AJ. cosh?6/cosh 6 d6.
0
Since n = 3, we see that (5) is well defined; indeed, the integrand may be ex-
panded into a uniformly convergent series. We do so, as follows:
4 cosh26/cosh n6 = 2(e2® + 2 + 2728)/(e™® + e™9)

9p(2=n)8 {1 + 22728 4 g8
1 + g=2n0

ze(Z—n)e(l + 28_29 + e—us) Z (_l)ke—ane.
k=0

Hence, I, is equal to:

2 i (_kao [e778 (2k+D1)+28 4 9 =n8(2k+1) 4 ,=n8 (2k+1)-26] g
k=0

23 (~DF[(n(2k + 1) - 2)7L + 202k + 1))"1 + (n(2k + 1) + 2)71],
K=o

or, after some simplification:

4 & X = (DREk+ D)
(6) I, =~ -1)*/ 2k + 1) + 4n .
Toon kgo k§=:o 2k + 1)%n? - 4
The first series in (6) is the well-known Leibnitz series for %m.

The second series in (6) may be evaluated from the Mittag-Leffler formula
(see [1]):

©  _1yk
(7) T sec Tz =k20 %Zl%_£§%_i_§%’ provided (z - %) ¢ Z.
= A
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Setting z = 1/n in (7), we obtain:
T sec w/n = 4n? z:(~l)k(2k + 1)[(2k + 1)2n2 - 4]°1L.
k=0

Comparing this with the second series in (6) yields the desired result:
I, = m/n(l + sec w/n).

NOTE: By similar methods, we may prove the following result:

J~ x dx/F,(x) = w/n(tan n/2n + tan 3w/2n), if n 2 4 is even.
Reference

1. Louis L. Pennisi. Elements of Complex Variables, 2nd ed. Urbana: University

of Illinois, 1976, p. 336.

Also solved by P. Byrd, R. André-Jeannin, Y. H. Kwong, N. A. Volodin, and
the proposer.

Another Lucas Congruence

H-439 Proposed by Richard André-Jeannin, ENIS BP W, Tunisia
(Vol. 28, no. 1, February 1990)
Let p be a prime number (p # 2) and m a Natural number. Show that

= +1
szm + Lqpm + oeee + L(p_l)pn7_ 0 (mod p™™t).

Solution by the proposer

From the formula: p-l

p-1 p-1 2
2+ 2 (-1)k"1(ab)k‘1(ap'2k+14—bp“2k+1)},
k=1

al + P = (a + b) \:(—1) 2 (ab)

we get, when taking a = of", b = gP",
L

prot = Lpnll b Ly gy o+ D gy + oee + Ly T,
hence:
(1 Lynet = Lyn = LpnLgoyypm + o0+ L0 ]
But it is known (see Jarden, Recurring Sequences, p. 111) that:
(2) Lymet = Lyn  (mod pm*1)
and thus (1) becomes:
= . m+ly
(3) 0 = me[L@—i)pm + + szm] (mod p™*h)

Now we have: gecd(p, me) = 1 [since, by (2): me = 1 (mod p)]. Thus, (3) shows
that

= +1
Qp_me + - + L = 0 (mod p™*h).

Zp"‘

Also solved by P. Bruckman and G. Wulczyn.

A Square Product

H-440 Proposed by T. V. Padma Kumar, Trivandrum, South India
(Vol. 28, no. 2, May 1990)

NOTE: This is the same as H-448.
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If a1, azs ..., aps n are positive integers such that n > ay, dy, ..., dy
and ¢§(n) = m and a; is relatively prime to n for 7 =1, 2, 3, ..., m, prove

( f% ai>2 = 1 (mod n).
i=1

Solution by Sahib Singh, Clarion University of Pennsylvania, Clarion, PA

Consider the ring (Z,, +,, «,) with Z, = {0, 1, 2, ..., (n - 1)}, where the
operations are addition modulo 7 and multiplication modulo %, respectively.
Under this hypothesis, the given members. a;, dps ..., an are precisely the
members of the multiplicative group of units of this ring. These m units can
be partitioned into two classes. The first class consists of those members a;
(as well as a;) such that

a;a, =1 (mod n), where 7 = ¢3 1 < ¢, t < m.

The second class contains the remaining members aj; that satisfy a; = 1 (mod 7).

Without loss of generality, we can name the members of the first class as
a1s Aps -+., ; and the members of the second class as djx41s Ar+gs +ves Ap-
(Note that it is possible that the first class is empty, so that k = 0: this

can be verified when n = 8.)

Consequently,

m k y

Il a; =<.nai>(ak+1‘ Ty v ® dn) -

i=1 =1

Since I];zlai = 1 (mod n), we conclude that:
m 2 k 2 2

<Hai> ={ Hay) (@ qypr oo ma)” =1 (mod n).
i=1 i=1

Also solved by P. Bruckman, B. Prielipp, and L. Somer.

Editorial Notes:

1. Lawrence Somer's name was inadvertently omitted as a solver of H-424.
2. A number of readers pointed out that H-451 is the same as B-643.

3. Paul Bruckman's name was inadvertently omitted as a solver of H-434.

He mentioned that line one of the solution should read "[clff + %1" and that

the value reported for the approximation of ¢; should be 1.22041 mot 1.22144.

Heokesk ki
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