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THE CHARACTERISTIC POLYNOMIAL OF A CERTAIN 
MATRIX OF BINOMIAL COEFFICIENTS 

L. CARLITZ 
Duke University, North Carolina 

A n + 1 = [<n-s>] (r. s = 0, 1, . . . . n) . 

a m a t r i x of o rde r n+1; for example 

A , 
0 0 0 1 
0 0 1 1 
0 1 2 1 
1 3 3 1 

Let 

(1.2) £n + 1(x) ="de t (x I -A n + 1 ) 

denote the c h a r a c t e r i s t i c polynomial of A , . Hoggatt has communi-
cated the following resu l t to the w r i t e r . 

Let F = 0, F . = 1, 
o 1 

F ,. = F + F . (n > 1) n+1 n n-1 

denote the Fibonacci n u m b e r s . Define 

(1.3) 
n, r 

F F . . . . F ,, 
n n-1 n-r+1 

F , F 9 . . . F 1 2 r 
(r > 1), F n ft = 1. n, o 

Then we have 

n+1 

(1.4) WX> = Z <-X> F - X r ( r + l ) / 2 ^ n + l - r 
n+1, r 

r = o 

In the p re sen t paper we prove the t ru th of (1 .4) . Moreover we 
show that 

(1.5) n + L f„+ 1(x) = n ( x - a J p n " J ) , 

81 
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w h e r e 

( 1 . 6 ) a = ( l + / 5 ) / 2 , p = (1 -. y /5 ) /2 . 

T h u s the c h a r a c t e r i s t i c v a l u e s of A , , a r e 
n+1 

( 1 . 7 ) a , a P, . . . , aP , (3 

S ince t h e y a r e d i s t i n c t i t fo l lows t h a t A , , i s s i m i l a r to a d i a g o n a l 

m a t r i x , 

2 . We r e c a l l f i r s t t h a t fo r a n y m a t r i x A of the n th o r d e r w i t h 

c h a r a c t e r i s t i c r o o t s X,, XOJ . . . . X we h a v e 
1 2 n 

(2 . 1) t r ( A k ) = Xk + . . . + X k (k = 0, 1, . . . ) , 
i n 

k k 
w h e r e t r ( A ) d e n o t e s the t r a c e of A . M o r e o v e r o n c e t h e s e t r a c e s 
a r e k n o w n i t i s a s i m p l e m a t t e r to ge t the c h a r a c t e r i s t i c p o l y n o m i a l . 
We s h a l l a c c o r d i n g l y a t t e m p t to e v a l u a t e 

( 2 . 2 ) t r < A n + l ) ( k = 0, 1. . . . ) • 

F o r k = 1 i t i s e v i d e n t f r o m ( 1 . 1 ) t h a t 

<2-3> t r < A n + l > = S <n-r> = F n + l . 
r 

F o r k = 2 we h a v e 

t r (A 2
+ 1 ) = T < r ) ( s ) = T <n~rxn~s> 

n+1 ^ n - s / x n - r —̂» s % r 
r , s r , s 
X" ( n - r ) l ( n - s ) ! _ V nl ^ ( - k ) r ( n - k + l ) r , 

~ 2 - , , „ ,, x2 ~2-k«(n-k)J 2 - r!(-n) ' 
r s ( ( n - r - s ) ) . ' ' r 

r , s xx ' ' k r 
w h e r e 

( a ) r = a ( a + l ) . . . ( a + r - l ) . 
S i n c e [1] p a g e 37 

z 
we get 

( " n ) r ( a ) r ( c - a ) n 
TTfcl = ~JZ) x r ' n 

r 
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2 , ^ n! ( - 2 n + k - l ) k 

^ ^ n + i * X ki (n-k)i Fnj ; 
k k 

n! ( n - k ) ! ( 2 n - k + l ) ! 
( n - k ) ! n! ( 2 n - 2 k + l ) 

k 
X k! (n 

Y1
 (2n-k+l 

2L. l k 
k 

s o t h a t 

< 2 ' 4 > t r < A n + l > = F 2 n + 2 ' 

In t h e n e x t p l a c e we h a v e 

J. / A 3 V -v^ # * w s w t . ^-» , n ~ r w n - s w n - t x 
t r < A n + l > = S (n-s>(n-t>W = S ( s ) ( t ) ( r > • 

r , s, t r , s, t 

but i t d o e s no t s e e m p o s s i b l e to e v a l u a t e t h i s s u m by t h e a b o v e m e 

We s h a l l i n s t e a d e m p l o y the m e t h o d u s e d in [2] . 

S t a r t i n g w i t h the i d e n t i t y 

/ n c x r M , x n - r x ^ / n " r \ n " s 

(2.5) x (1+x) = 2^ < s ) x 

r e p l a c e x by 1+x . We ge t 

/-> L \ /i . \ r / i n \ n _ r XT , n - r w n - s * n - t 
(2.6) (1+x) (l+2x) = 2., ( s M t )x 

s , t 

Nex t m u l t i p l y bo th s i d e s by x and s u m o v e r r . T h i s g i v e s 

2 xr
(i+x)r(i+2x)n-r = x (n;r)(n"t

s^ 
r = o r , s, t 

n - r w n - s x n + r - t x s 

T h e c o e f f i c i e n t of x on the r i g h t i s e q u a l to 

J (n'r)(n"s) = y ( r )( s ) = M A 2 , , ) 
Z - s / x r ' £-* v n - s / x n - r ' v n+1 r , s r , s 
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On the left we ge t 

Z 0<T> ^ - Z 0 0 2n'r-S = «n 
r + s + t = n r + s < n 

s a y . T h e n 

Z n ^ - , r . r + s ^ , n - r w o x n - r - s 
U n X = Z ( s ) X Z < s ) ( 2 X ) 

n=o r , s = o n = r + s 

,r , r + s / T ^ , - s - l 
s 

r , s = o 
Z 0 * r + S ( I - 2 x ) -

Z 2s._ - s - 1 ._ _ - s - 1 x (1 -x ) ( l - 2 x ) 

2 A 2 

l - 3 x + x 2 a 2 - p 2 \ 1 - a 2 x 1 - (32
X / 

w h e r e a, p a r e de f ined by ( 1 . 6 ) . We h a v e t h e r e f o r e 

a 2 n + 2 _ p 2 n + 2 F 2 n + 2 
U n Q Z _ p . = - ^ = 2 n + 2 

i n a g r e e m e n t w i t h (2. 4 ) . 

R e t u r n i n g to (2. 6), a g a i n r e p l a c e x by 1+x . We find t h a t 

( 2 . 7 ) ( l + 2 x ) r ( 2 + 3 x ) n - r = £ (n~B
rnn~t

Bnn~f) x ^ • 
s, t, j 

M u l t i p l y by x a n d s u m o v e r r . We ge t 
n 

( 2 . 8 ) ] T x r ( l + 2 x ) r ( 2 + 3 x ) n " r = £ ( n g r ) ( n " t
S ) ( n : t ) x l l + r " j ' 

r = o r , s, t, j 

T h e c o e f f i c i e n t of x on the r i g h t of (2 . 8) i s e v i d e n t l y 

Z , n - r v ,n- sv ,n-t> ^ / A 3 , 

( s )( t )( r ) ~- t r ( A n + 1 ) . 
r , s, t 
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On the left we ge t 

, r w n - r v ^ Z s 0 n - r - s 

r + s + t = n r + s < n 

s a y . T h e n a s a b o v e 

£ 0<n"t
r) 2S2n"r_t 3t = I OO2^3' 

U n X = I <s>2 X <X"3 x> 
, r , , ,Zs r + s , , 0 x - s - l 

r , s = o 

= V ( 2 x ) Z s ( l - x f ^ ( l ^ x f 8 " 1 = 1 r 
*-* ( l - x ) ( l - 3 x ) - 4 x 

s = o 
1 1 

s o t h a t 

l - 4 x - x 2 ( l - a 3 x ) ( l - p 3 x ) 

1 / a 3 . p 3 \ 

a 3 - p 3 \ l - a 3 x l - (3 3 x / ' 

3n+3 0 3 n + 3 F 0 l 0 
a - (3 _ 3n+3 

It fo l lows t h a t 

( 2 . 9 ) 

U 
n 

3 3 a - ^ F 3 

, / A 3 x F 3 n + 3 

3 . We a r e now a b l e t o h a n d l e t h e g e n e r a l c a s e . In (Z. 6) r e p l a c e 

x by 1 +x and we ge t 

( 3 . 1 ) ( 2 + 3 x ) r ( 3 + 5 x ) n - r = £ ( n ; r ) ( n ' t
B , < n j t ) ( n k > x ° " k • 

s, t, j , k 

T h e g e n e r a l f o r m u l a of t h i s t ype i s 

( 3 . 2 ) ( F k . 1 + x F k ) r ( F k + x F k + 1 ) n - r 

n - r , n - r . , n - r . 
= y (n;r)( r \..( r

k - V ^=1,2 ,3 , . . . ) . 
^ r l r 2 r k 

r l \ 
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Indeed for k = 1, 2, 3, 4, (3. 2) reduces to (2. 5), (2.6), (2.7), (3.1), 
respectively. Assuming that (3. 2) holds for the value k we replace x 

1 n 
by 1+x and multiply the result by x . The left member becomes 

< x F k - i + x F k + F /< x F k + x F
k + i + Fk+i>n" r 

= < F k + x E W r < F k + i + x F k + 2 > n " r • 
while the right member becomes 

^ r l r2 rk rk+l 
r r — , rk+i 

This evidently completes the proof of (3. 2). 
r Next multiply (3. 2) by x and sum over r„ This gives 

n 
*•/,-, , -r̂  , r / r , , _ ,n-r (3.3) £ x (Fk_1+xFk) (Fk+xFk+1) 

r , r r . . . , r k 

n-r, n-r, , n+r-r, 

(n-r
)( V . t k-l

)x
 k 

r l r2 rk 

The coefficient of x on the right of (3. 3) is equal to 

7rwn-r, ^ r -s ^s ^n-r-t t 
Fk+1 

r+s+t=n 

r+s<n 

say. Then 

n=o r, s=o 

CO 

Z _2s 2s,, _ . - s - 1 , , „ x-s-l 

F k x d-Fk_ l X) d-Fk + 1x) 

1 _ -1 • 
T~2 ~ TIZ ir, k 2 • 

< 1 - F k - l x ) ( 1 - F k+ l x , - F k x 1-<Fk-l+ Fk+l) x +<"1 ) X 
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But 

l - ( F k - 1 + F k + 1 ) x + ( - l ) k x 2 = l - ( a k + p k ) x + ( a p ) k x 2 = < 1 - a k x ) (1-pkx) 

and 
1 = 1 / a k _ p k 

U - a k x ) ( l - p k x ) " a k - ( 3 k \ l - a k x 1 - ( 3 k
x 

It fo l lows t h a t 

n . nk+k a n k + k F . ,_ 
(k) _ a - p _ nk+k 

U n ~TE I k F\ • 
a - p k 

C o m p a r i s o n w i t h ( 3 . 4) y i e l d s 

(3.5) tr(A^+1) = 5*±*. . 
k 

4 . We now r e t u r n to t he c h a r a c t e r i s t i c p o l y n o m i a l 

f (x) = d e t ( x l - A , . ) . n+1 n+1 

If we d e n o t e t h e c h a r a c t e r i s t i c v a l u e s by X , X,» . . . , X , w e h a v e 
o 1 n 

n X j=o J k=o j=o k=o 

, , nk+k a n k + k °° , 1
 n ., , .X1 

= £ x'^1 * k " P k •= £ x^"1 X a P 
k=o r k=o j ^ o 

= y 1 . 
~ x - a J

P
n - J 

I t foLlows t h a t 
( 4 . 1 ) f n + 1 ( x ) = n ( x » a J p n " J ) 

a n d t h e r e f o r e t he c h a r a c t e r i s t i c v a l u e s of A , a r e the n u m b e r s 
n - 1 

( 4 . 2 ) a , a p, . . , . , aP , p . 

We s h a l l now show t h a t 
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n+1 

(4.3) n (x-aJpn-J) = £ ( - D r ( r + 1 ) / 2 F n + l j r x n + 1 - , 
j=o r=o 

with F ,. defined by (1 . 3). 
n+1, r J \ i 

To prove (4. 3) we make use of the fami l ia r identi ty 
n-1 n 

(4.4) n d - q j x ) = £ ( - I ) r q r | > 1 » / 2 p x r , 
j=o r=o 

where 
/T n w l n - L ,, n - r + 1 . 

(4.5) [ n ] = (1-q ) d - q ) . - - ( l - q ) # 
( l - q ) ( l - q Z ) . . . ( l - q r ) 

If we rep lace q by |3/a we find that 

2 r-n-i r - n r _ 
L- r J nr 

Thus (4. 4) becomes 

^ ( l - a - V x ) = 2 ( - ! , ' a r ( r + 1 ) / 2 - « P r ( r " 1 ) / 2 F n j 

j=o r=o 
n-1 Now rep lace x by a x. Then 

" n d - a - J " 1 pJx) = X < - D r ( a P ) r ( r - 1 ) / 2 F n r x r 

j=o r=o 
n 

x r 

r ( r + l ) / 2 ^ 
n, r 

r=o 
2 (-D" '" F. .. x' 

Replacing x by x we get 

"n ( x - a a - J " V ) = X ( - l ) r < r + 1 ) / 2 r M x » - ' . 
j=o r=o 

This evidently p roves (4. 3). 
Incidental ly we have proved the s t ronger r e s u l t that (4.3) holds 

when a, (3 a r e any number s such that aP = -1 and 
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F = ^n-^)(-n~1-^'\)-..(^'r+1-^'r+l) 
n , r (a-P)(a' i-pZ).. .(ar-pr) 

If we now compare (4. 3) with (4. 1) it is clear that we have proved 

(1.4). 

5. It is of interest to note that the particular characteristic values 
a , (3 can be predicted directly as follows. We have 

Z , r . s n r ^ , r . £ 

W Q = a Z (n-s> Q 

n. - l . r n-r r n+r 
= a (1+a ) =• a (a+1) = a 

This shows that [ l , a, . 0 . , a ] is the characteristic vector corres-

ponding to a . Similarly [ l , (3, . . . , (3 ] is the characteristic 

vector corresponding to (3 „ 

However it is not evident how to find the remaining characteristic 

vectors when n > 1. We canfor example show that there are no other 

characteristic vectors of the type [ l , 7, . . . , 7 ] . Indeed assume 

that 

(5.1) X (n!s) ^ = X 7 r (r = 0, 1, . . . , n) . 
s 

Then since , 
I<n!B> ^s= A i + ^ 1 ) r = ^n-re»+Dr . 
s 

it follows from (5, 1) that 
^" 2 r (7+ l ) r = X7'n (r = 0, 1, . . . , n) . 

2 
Since the right side is independent of r we must have 7+ 1 = 7 , so 

that 7 = a or (3 . 
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A RECURSIVE OPERATION ON TWO-DIGIT INTEGERS 
CHARLES W. TRIGG 
San Diego, Cal i fornia 

Let d be the sum of the digits of the in teger S, and S, + d = S ? , 
S? + d? = S^, . . . , S, + d, = S , , , ' w i t h e a c h S being reduced modulo 
100. Since the re a r e only 100 two-digit in tegers (with ini t ial z e ros 
being permi t ted) , this operat ion mus t eventually repea t one or m o r e 
in tegers with the product ion of one or m o r e c losu res of the s e r i e s into 
loopSo Indeed, the 100 in tegers fall into four groups of branched chains 
of 2, 11, 25 and 62 in tegers te rminat ing in loops of 1, 11, 13 and 20 
m e m b e r s , r espec t ive ly . The loops consis t of the in tegers between the 
a s t e r i s k s (**) in the following s e r i e s . 

(1) 86*00*00 

(2) #52 59 73 83 94 07 14 19 29 40 44*52 

(3) 2 0 2 2 2 6 3 4 4 1 4 6 56 67 8 0 ^ 8 | 0 4 0 8 1 6 2 3 2 8 

38 49 62 70 77 91 01*02 

64 74 85 98 
(4) 31 35 43 50 55 65 76 89) nZ1 ^ [ 15 21 

53 61 68 82 92 03 

1 85 98 ) 
1} 06 12 j 

24 30 33 39 51 57 69 84 9 6 \ n j 
42 48 60 66 78 93 05 10 j | 13*17 25 32 

37 47 58 71 79 95 09 18 27 36 45 54 63 72 
81 90 99*17. 

Thus al l the numbers can be generated from the eleven in tegers 
52, 20, 75, 64, 31, 53, 24, 42, 97 and 47. 

If the S's a r e reduced modulo 10, two groups a r e formed 
loop of one with one a t tachment , 5*0*0, and a loop of four with four 
a t t achments , ' J X Q, so that it takes five digits to genera te the set . 

xxxxxxxxxxxxxxx 
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THE CHARACTERISTIC POLYNOMIAL OF THE 
GENERALIZED SHIFT MATRIX 

V.E. HOGGATT, JR. and A .P . H ILLMAN 
San Jose State College and University of Santa Clara 

T. A. Brennan [3] obtained the cha rac t e r i s t i c oolynomial for the 
k by k m a t r i x P, = [P..] .with the binomial coefficient ( " .J as the 
e lement P . . in the i- th row and j - t h column. See [6] and |.7| for 
special c a s e s . L. Car l i tz |5J used another method involving some 
very in te res t ing identi t ies to achieve the same r e s u l t . In this paper 
we find the c h a r a c t e r i s t i c polynomial for a genera l iza t ion of the P. . 

Let F be a field of c h a r a c t e r i s t i c zero , let p and q be in F , 
and let 

(i) y n + 2 = qyn + p y n + l v q / o 

be a second o rde r homogeneous l inear difference equation over F. We 
r e s t r i c t n to be an integer in (1). Let a and b be the ze ros of the 
auxi l ia ry polynomial 

x - px - q = (x - a)(x - b) 

of (1). We deal only with the case in which (1) is o rd inary in the sense 
of R. F . Tor re t to and J. A. Fuchs [ 4 ] , i . e . , we a s sume that e i ther 
a = b or a / b for all posit ive in tegers n. Using the notation of 
E. Lucas [ l ] we let U be the solution (a*1 - b n ) / ( a - b) of (1). Also 

n 
we use the notation of [3] and [4] for the general ized binomial coefficient 

U U , . . . U -.,, r n r i _ m m - 1 m-j+1 | ~ m l ~ 1 
L j J " Dy07T77~tr; j L o J ~ 

J 1 2 j 
of D. Ja rden [2] . 

Ja rden showed that the product z of the n-th t e r m s of k-1 
r n 

solutions of (1) sat isf ies 

<*> I <-nh[h
k] <-q>h(h-1)/2=vh 

h=0 

91 
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T o r r e t t o and F u c h s s h o w e d t h a t (1) i s o r d i n a r y if and on ly if the " s e -
q u e n c e s " ( i . e . , f unc t i ons of the i n t e g r a l v a r i a b l e n) 

(3) zn(i, k) = u£ _ : V ; J ; i= 1, 2, . . . . k 

f o r m a b a s i s for the v e c t o r s p a c e of a l l s e q u e n c e s s a t i s f y i n g (2) . 

Le t C = C (k) be the k - d i m e n s i o n a l c o l u m n v e c t o r w i t h z ( i , k) n n* n ' 
t he e l e m e n t in the i - t h r o w and le t S = S(k) be the k by k m a t r i x 

' i j -

(4) s . . = ( k _ L ) q Jp 

We show be low t h a t S h a s the sh i f t ing p r o p e r t y SC = C , , and t h a t 
to r ^ J n n+1 

the c h a r a c t e r i s t i c p o l y n o m i a l of S i s the a u x i l i a r y p o l y n o m i a l 
k 

(5) f(X) = £ (~Dh[J;](-q)h(h-1)/2xn-h 

h=0 

of the d i f f e r e n c e e q u a t i o n (2). 

U s i n g (3) a n d (1) we h a v e , 

i -1 
IL\ /• i \ TT^"i / TT i TT \ i - l "V / ' i - 1 \ h i - 1 - h T T h T T k - l ~h 
(6) z n + 1 ( i , k ) = U n + 1 ( q U n + P U n + 1 ) = 2 . ( h ) q P U n U n + l ' 

h=0 

L e t t i n g h = k - j in (6) and r e v e r s i n g the o r d e r of the t e r m s l e a d s to 

k 
/-7\ /• i \ V"1 / i - l \ k - j i + j - k - 1 T Tk-j T T j - l 
< 7 > z

n + l ( l ' k ) = 2 ( k - j ) * ' P Un Un+1 ' 
j = k + l - i 

Us ing (4) and the fac t t h a t ( j = 0 for m < r , we c a n r e w r i t e (7) a s 

k 

<8> Z n + l^ k > = X S i j Z n^ k > ' 
j = l 

Le t T =jTt . . l be the m a t r i x f (S) , w h e r e f(X) i s a s de f ined in (5). In 

m a t r i x n o t a t i o n (8) i s SC = C . , . By i n d u c t i o n it fo l lows t h a t 
' n n+1 J 

S C = C . . . S ince the e l e m e n t s of the C in a f ixed p o s i t i o n s a t i s f y n n+i n r 



1965 GENERALIZED SHIFT MATRIX 93 

the difference equation (2), so do the vec tors C . This is equivalent 
n to TC = 0 for all in tegers n, i. e. , n & ? 

(9) t u z n ( l , k) + t . 2 z J Z , k) + . . . + t . k zn(k, k) - 0 

for all n. Since it was proved in [3] that the sequences 

z n ( l , k ) , . . . , z j k , k) 

a r e l inear ly independent, (9) impl ies that each t . . = 0. Hence T = 0 
and we have shown that S sat isf ies f(X) = 0. Let g(X) = 0 be the 
monic polynomial equation of least degree over K for which g(S) = 0. 
Then g(X) divides f(X). 

Clear ly the last column of S is C, . Since only the last column 
of S is involved in finding the last column of S by the formula 
S 'S = S and since SC = C ., , it follows by induction that the 

n n+1 J 

last column of S is C . In pa r t i cu la r , the e lement in the f i rs t row 
n r 

and k- th column of S is z (1, k), which we shor ten to z in what 
n n 

follows. By definition 
Tk-1 r, n . nx /, . . ~| k-1 = n = U n " = [ ( a n - b n ) / ( a - b ) ] 

Expanding the b inomial (a -b ) we see that 

/ir»\ / k - l . n . . k-2 xn / U k - L n 
(10) z n = C l ( a ) + c z (a b) + . . . + cR(b ) 

with each c, different from z e r o . h 
Since g(S) = 0, the e lements in the S in a fixed position, and 

in pa r t i cu la r the z , sa t isf ies the difference equation for which g(x) 
r n 

is the auxi l ia ry polynomial . J a rden showed in [5] that the ze ros of 
f(x) a r e 

k-1 k-2, k - 3 , 2 , k - l 
(11) a , a b, a b , . . . , b 

The ze ros of g(x) thus a r e some or all of these ze ros of f(x). If 
f(x) / g(x), then g(x) has lower degree than f(x) and so 

J n J J n . i J n 

z = d , r 1 + d ~ r ^ + . 0 . + d r n 1 1 2 2 m m 
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with m < k, the d. in F, and each r . one of the e lements of (11). 
Since no c, in (10) is zero , this would mean that (10) is not unique and 
hence that the sequences (a b ) , 0 £ h < k - 1 , a r e l inear ly de-
pendent. As in [4] , this would contradict the fact that (1) is o rd inary . 
Hence f(X) = g(X). Since the c h a r a c t e r i s t i c polynomial 0(X) of S 
is monic, of degree k, and a mult iple of g(X), 0(X) mus t a l so be f(X) 
and (11) gives the c h a r a c t e r i s t i c values of S. This completes the proof. 
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(Continued from page 134) 
A m o r e extensive ana lys is of the genera ted composi t ions which 

yield Fibonacci numbers will be jointly a t tempted by Dr. Hoggatt and 
the author in a subsequent paper . In addition, the author is planning 
to submit some pape r s in the future, which will furnish some or iginal 
models and theo rems connected with Fibonacci number s and the i r 
p r o p e r t i e s . These models and theo rems have been incorpora ted in pa r t 
in the au thor ' s doctora l thes i s , which has been cited as a r e fe rence in 
this a r t i c l e . 



SUMMATION FORMULAE FOR 
MULTINOMIAL COEFFICIENTS 

SELMO TAUBER 
Portland State College, Portland, Oregon 

1. INTRODUCTION 
In [ 1] we have given some h i s to r i ca l background to the mul t inomial 

coefficients and proved some of the basic summat ion formulae . More 
of the summat ion formulae can be found in [ 2 ] . In this paper we shall 
prove additional re la t ions involving mul t inomial coefficients. Some of 
these can be cons idered as genera l iza t ions of cor responding formulae 
for binomial coefficients. We shall re fe r to [3] for these formulae . 

2. FIRST SET OF FORMULAE 
In o rde r to simplify the notation used in [l] , at least for the 

proof, we shall wr i te 

n n 
N : / n ks: = ( k

 N
 k ) , with, s kg = N , 

8=1 V Z ' " " n 8=1 

and, for, k 1 +k-+. - . .+k = N+l, we shall have the simplified notation 

(k k k \ - l k k ) = [ N . ( k . - l ) , k ] . 

Under these conditions equation (6) of [ l ] can be wr i t t en 
n 

(1) 2 [ N , ( k . - l ) , k n ] = [ N + l , k n ] . 

j=l 
For 0 = p = n, we can wr i te (1) in the form 

p-1 n 
2 [ N . ( k r l ) . k p f k n ] + [ N , k p - l f k n ] + X [ N , k p 5 ( k r l ) , k n ] 

j=l j=p+l 
= [~N+1, k , k 1 . L p n J 

and s imi l a r re la t ions for N - l , N-2, a s o , N-q, . . . , N-k , thus, 
P 

[N- l , (k.- l ) ,k - l , k l + [ N - l , k -2,k 1+ S fN- l ,k - l , ( k . - l ) , k 1 L j ' p nJ L p nJ L p j nJ 
j=l r , , , -i J=P+1 

95 
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p -1 n 
1 [ N - q , ( k j - l ) A p - q , k j H { N - q , k p - q - l , k n ] + 1 [N-q, k p -q , ( k . - l ) , k j 

j=l j=p+l 

= [ N - q + l , k - q . k j 

p -1 n 
2 [ N - k , ( k . - l ) , 0 , k n ] + 2 [N-.k , 0 , ( k - l ) , k n ] = [N-k + l , 0 , k n ] . 

j=l J=P+ 1 

By adding the f i r s t q equations and simplifying we obtain 

q 
2 

a=0 

"p-1 n 
2 [NTQ, (k . - l ) , k -a , k ] + 2 [N-a, k -a , ( k . - l ) , k 1 

J = l J=P+1 

or , using the c l a s s i ca l notation, 

q rp-1 
(2) 2 

a=0| 
I ( N - a 

K 1 , K 0 , 9 . . , K . . . , K . - l , l c . - , # . . , K - a, . . . , K, + 1 L j - i j j+1 p n 

x ( N"a ) 
. = + 1

 k l ' k 2 ' k p - a , . . . . k . ^ . k . - l . k . . ^ . . . . , ^ 

- ( N+l 

V k, , k-j, o o » , k , • . . , k k, , k~, • . • , k - q , . . • , k 
N-q 

c -
P 

Fo r q = k , we obtain 
P 

(3) 2 
a=0 

rp-i 
2 ( 

u =i 

N-a 
k , , K~, • • . , K. , j K. - 1 , k. ,, , • • • , k - a, . . . , k i c* j -1 j J"'"-'- P " 

) + 

n 
. 2 . ( 

j=P+l 
= ( 

N-a . 
k-, 9 i C 0 , . • . , k - CL, » „ . , K . 1 , K . - 1 , K . 1 , . . . , K 

1 Z p j - 1 j j+1 n 
N+l 

R., , K^> # . . , K- f • • . , K 
I L p n 
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It "will be noted that in both (2) and. (3) the sum is independent of p, thus 
by summing on p we obtain 

k _ n p 
(4) 2 2 

p=l a=0 | j = l 
n 

-p-i 
s ( N - a 

k., , k~, • . . , k. 1 , k . - l , k . . , , . . . , k - a j e i L j - l j j+1 p + 

2 ( 
j=p+l 

= n( 

N - a 
lk, , k ? , . . . , k -a , . . . , k. , , k . - l , k. , , . . . , k 

J - l ' J i+r 

N+l 
k x , k 2 , . . . , k g , . . . , k n 

For n = 2, (2) and (3) reduce to (3) and (4) of [3] , p. 246. 

3. SECOND SET OF FORMULAE 
Consider the formulae leading to (2) and (3). If we mult iply the 

f i r s t re la t ion by +1, the second by - 1 , . . . , the (q+l)- th re la t ion by 
(-1) , e tc . , . . . we obtain 

q 
(5) 2 

a=0L 

p - 1 
N - a (-1) 2 ( 

k j , ^ , . B . , k . ^ r k . - l , k . + r . . . , k p - a , . . . , k n 

) + 

N - a 
n 

,= + 1 k i ' V - ' - ' V ' 0 " " • , k J - l , k j " 1 , k J + l " " " , k n 
q 

N-a+l )+d k, , ko J . . . , k -a , . . . , k ^ , k- , . . . , k , . . . , k 1 2 p n l Z p n 

and, 
k r P 

(6) 2 
a=0 

2 2 ( - l ) a ( 
a=l 

( - l ) q + 1 ( N " q ) 
k-. » k_ j . o . , k - q - I j . . . , k 

D - l 

N - l ) + 

* * \ . k 2 k j . ^ k M ' V l V a , , , , k n 
) + 

2 ( 
j=P+l 

k P 
2 2 ( 

N - a 
k r k2 , . . - » k

p - a » • • • ' k j - l , k j " 1 , k j + l ' ' ' * , k n 

N-a+l N+l 
i k, , k~, . . . , k - a, . . o , k k, , k 9 , . . - . , k , • . . , k 

a=l 1 2 p n I 2 p n 
) . 
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(5) and (6) for n = 2 reduce to (7) of [3] , p . 247. 

4. THIRD SET OF FORMULAE 
Using the notation of sect ion 2 we wri te for 

n 
2 k = N+l, k = 0 , ^ s p 

s=l 
p-1 
2 [N, ( k . - i ) , o , k n ] 

n 

2 
j= 

+ 2 [N, 0, (k . - l ) ,k n ]=[N+l ,0 ,k ] 

J=P+1 

[N+l, (k.-l), l , k n ]+[N+l ,0 ,k n ]+ 2 [N+l, l . (k . - l ) , kn]= [N+2, l . k j 
j=p+l 

2 
j= 

[N+q, (k.-l), q, kn]+ [N+q, q - l , k j + 2 [N+q, q, (k.-l), k j = [N+q+1, q, k n ] 

J = P + 1 

P" 
2 
j= 

[N+h, (k.-l) .h, k ]+[N+h, h - l , k n ] + 2 [N+h, h, (k.-l), k 1= [N+h+1, h, k n ] , 
j=p+l 

By adding and simplifying we obtain 
q 
2 

Q=0 

p - 1 

2 [N+a, (k . - l ) , a, k ]+ 2 [N+a, a, ( k . - l ) , k ] 

J=l j=P+l 

[N+q,q,kn] , 

or, using the c l a s s i ca l notation 
p-1 

( 7 ) 2 S ( k , , k 0 , . . . , k . ^ k . - ^ k . , . , . . . , a, . . . , k ' + 

A • i 1 2 j - 1 j l + l n 

n 
2 ( 

j=p+i 

N+a . 
k l ' k 2 a k j - l * k j - 1 ' k j+l k n 

N+q+1 
k l ' k 2 " - " k p - l ' q + 1 ' k P + l ' , ' , ' k n 
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and s imi l a r l y 

-p-1 h 
(8) 1 

MULTINOMIAL COEFFICIENTS 

N+a 
•K-i > K _ , . , . , K . 1 , K . - I , K , 0 . 0 , a , B . . , K 

i . , 1 L l - l i l + l n 
a = q | _ j = l J J J 
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n 
i .( 

j=p+i 

N+a 
1 ' 2 ' • • • » a » • ° " ' i _ i ' k . ~ l , i-i-i » • " • » -r, 

, n+h+1 , 
k l ' k 2 ' • ' • ' k p ~ 1 ' h + 1 ' k p + l ' B • • ' k n 

( n+q-1 ^ 
k r k 2 ' • • • , k p - i , q ' 1 ' k

P + r e e , , k
n 

Fo r n = 2 (8) reduces to (11) of [3] p. 248. 

5. FOURTH SET OF FORMULAE 

(8) of [1] can be simplified in wri t ing by introducing the notation 
k , k 

(9) 
1 2 ^n-1 n-1 s 

1 1 . . . 1 = ( n • 2 ) 
j =0 j =0 j . n .s=l j =0 
Jl J2 Jn-1=0 J s 

where II ope ra tes on the opera to r 2 . Under these conditions (8) of 
[ l ] can be wr i t t en for, 

n n 
1 kg = p+q, 1 j g = p , 

s = l s = l 
i k 

n-1 s 
(io) ( n • 2 )(, • )(,. )-d. p+q 

s=l j =0 
h'h'-'-> jn kl "V V j 2 ' • • • ' V j n = k l ' k 2 ' • • • ' kn 

Let us substi tute p+r for p in (10), we obtain for (j . , j _ , . . . , j ) 

p+r 
n-1 

) = ( n • 2 )L )(v 
'h'h'""3n \ " , ' J r h l ' j 2 - h 2 ' - - " V h n h l ' h 2 ' - ' - ' h r t=l h =0 

with 
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2 h . = r , 2 j . = p + r , 2 k. = p+q+r , 

i= l i= l i= l 

s o t h a t s u b s t i t u t i n g in to (10) we o b t a i n 

n - 1 s n - 1 J t 

( i i ) ( n • S ) ( n • 2 )(, _k : k
 p . k ) ( k i

 q
 k . ) . 

Jl K i » JT S J • • • J J K K, - J , , . . . , K -J 
s = l j =0 t= l h =0 ! ! 2 2 J n n 1 J l 

Js t 
• ( r ) = / P + c l + r ) v h , , h 9 , . . . , h ; l k l 3 k 0 , . . . , k ' ' 1 Z n 1 Z n 

M o r e g e n e r a l l y a s c a n be p r o v e d by i n d u c t i o n we c a n w r i t e 
k m - 1 n - 1 i, j m - 1 

( 1 2 ) n ' ( n ' 2 } n ( k - k k - k
q j k k >• 

i=l i= l k =0 i=l J j l J + 1 , 1 J ' 2 J + 1 ' 2 J ' n J + 1 ' n 

J j + l , i J 

. / in x _ , ^1 q 2 * * ' q m v 
m , 1 m , 2 m , n 11 12 I n 

w h e r e , 

S < k j , t ~ V l , t ) = q j ' f ° r j J = 1 . 2 - - - n 
t=l 
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EXPANSION OF ANALYTIC FUNCTIONS IN TERMS 
INVOLVING LUCAS NUMBERS OR SIMILAR NUMBER SEQUENCES 

PAUL F. BYRD 
San Jose State Col lege, San Jose, Cal i fornia 

1. INTRODUCTION 

In a previous a r t i c l e [_ 1J , ce r t a in available r e su l t s concerning 
polynomial expansions were applied in o rder to i l lus t ra te a s imple gen-
e r a l technique for obtaining the coefficients p (a) in the s e r i e s 

(1.1) f(a) = X Pn(a) F n + 1 , 
n=0 

where f(a) is an " a r b i t r a r y " analytic function of a, and F a r e F ib-
onacci n u m b e r s . The same method may a lso be applied to develop 
s e r i e s expansions of the form 

(1.2) f(a) = i -A (a) L + 2 A (a) L 
x ' 2 o o • n n 

n=l 
w h e r e L a r e the L u c a s n u m b e r s (L = 2, L, = 1; L ,~ = L ., + L n ~ o 1 n+2 n+1 n 
for n - 0 , 1, o . . ) . Such s e r i e s , w h i c h c a n be d e r i v e d a s s p e c i a l c a s e s 

of m o r e g e n e r a l e x p a n s i o n s , a r e of u s e w h e n one d e s i r e s to m a k e s o m e 

g i v e n func t ion f s e r v e a s a g e n e r a t i n g func t ion of t he F i b o n a c c i o r 

L u c a s s e q u e n c e — t w o f a m o u s s e q u e n c e s w h o s e m a n y n u m b e r - t h e o -

r e t i c a l p r o p e r t i e s a r e of p r i m a r y c o n c e r n to t h i s j o u r n a l . 

' i n g e n e r a l , a n y in f in i t e s e r i e s of the f o r m 

00 

f(a) = G[a; j y n [ ] = 2 g^a) yn 

n=0 

is called a generat ing function of a number sequence jy | if g (a) a r e 
l inear ly independent functions of a. The famil iar type, when g (a) 
is taken to be a or a /nl , is a special case of the m o r e genera l 
definition. 

101 
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The main purpose of the present article is to review one tech-

nique for finding the coefficients of (1. 1) or (1. 2), and to give explicit 

expansions of a variety of transcendental, functions in terms involving 

Lucas numbers. Another objective is to point out how certain extensions 

might be made to considerations involving similar sequences of integers. 

2. EXPANSIONS IN TERMS OF GEGENBAUER POLYNOMIALS 

We begin by first seeking a formal series expansion expressed by 

(2.1) £(2ax) = Do> k(2a) Co> k(x) + £ D ^ k<2a) C ^ fc(x) . 

m=l 

where the functions C ^(x)> the well-known Gegenbauer polynomials 

[2 J , are given by C , (x) = I, and 

fm/2] 
m.k1"' _ rTk) ^ v " ' r(m-r + l) 

r=o (for k >-l /2,k/0) 

[™/2] 
_ (-1) / m - r \ n .m-2r ,- , n . n x 

= S ~~^ \ r / ( * ' ( = ' m > 0 ) 

r=o 

These polynomials satisfy the orthogonality relation 

1 2 k ' 2 77r(2k+m)§ 
(2.3) / A i ^ J _ c (X)C k ( x ) d x = - E j H E - , ^ ( k ^ O ) , 

1 / S T ? 4K(m+k)r(m+l)[r(k).r 

= 2 TT§ /m for k = 0, m / 0, 
mp ' 

(2.2) C m , » = ^ s (-D^ ^ : : ; r : ( m ; r ) ( 2 X ) 

with 8 being equal to 0 when m 4 p and to 1 when m = p. If we 
mP 2 k-1/2 

multiply both sides of (2.1) by (1 - x ) ' C , (x) and then integrate 
p , K 

from -1 to 1, we obtain (upon setting x = cosy and making use of (2. 3)) 

the coefficient formulas 

We find it convenient to write C , (x) instead of using the standard 
k m, k & 

notation C (x). r- mV 
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D , (2a) = ^ ^ ^ m, kv 2 rr (2k+m) 

° (for m = 0, 1, . . ; k ^ 0) 

Vf(2a cosy)C , (cosy)dy m, k 7 

D i, o ( 2 a ) = T F J" f ( 2 a c o s y ) Cm, o( c O S y ) d y ( f o r m ^ °» k = °) > 

D o , k( 2 a> 
r(k + i) 

•r(-i)J \ATr 

7T 

I 
2 k sin 7 f(2a cosy )dy 

Now it will be seen that both (1.1) and (1 . 2) can eas i ly be obtained as 
special ca ses of the m o r e genera l s e r i e s (2» 1). 

3. RELATIONSHIP BETWEEN GEGENBAUER POLYNOMIALS AND 
THE SO-CALLED FIBONACCI AND LUCAS POLYNOMIALS 

The Gegenbauer (u l t raspher ica l ) polynomials C , (x) of degree 
m and order k satisfy the r e c u r r e n c e formula, given in re fe rence |_2 J , 

(3.1) ( m + 2 ) C m + 2 > k ( x ) = 2 ( m + l + k ) x C m + l j k ( x ) - (m+2k)C m j k (x ) , 

which reduces to 

(3.2) C x_ . (x) - 2xC ,, . (x) + C . (x) = 0 m+2, 1 m+1,1 m, 1 

when k = 1. Relat ion (3.2) , with conditions Cn , (x) = 1 and 
C, (x) = 2x, is the well-known r e c u r r e n c e formula defining the 

1 , 1 

Chebyshev polynomials U (x) of the second kind, and one may thus 
wr i te 

( 3 . 3 ) C m > 1 ( x ) = Um(x) = U m ( c o s y ) = ^ g ^ - . (x = cos y ) . 

When k = 0, formula (3„ 1) becomes 

(3.4) ( m + 2 ) C m + 2 ) 0 ( x ) - 2 ( m + l ) x C m + 1 ) 0 ( x ) - m C m ) 0 ( x ) = 0 , 

so that, since C (x) = 1, C, (x o, o 1, o 2x, and 

(3.5) C (x) = — T (x) = — T (cos y) ^ - C O S m y : , (x= cos y , m / 0 ) , 
m, o m m 

we have 
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( 3 . 6 ) T , 7 ( x ) - 2x T (x) + T (x) = 0 , 
v ' m-l-2N m + 1 m 

A p r i l 

w h i c h i s the r e l a t i o n s a t i s f i e d by C h e b y s h e v p o l y n o m i a l s T (x) of t he 

f i r s t k ind . 
Now, a s p o i n t e d out in r e f e r e n c e s [1] and [3] , t he F i b o n a c c i p o l y -

n o m i a l s <f> (x) a n d the L u c a s p o l y n o m i a l s X (x) a r e s i m p l y m o d i f i e d 
m m 

C h e b y s h e v p o l y n o m i a l s h a v i n g t h e r e l a t i o n s h i p 

( 3 . 7 ) <£ m + 1 (x) = ( - i ) m U m ( i x ) , X m ( x ) = Z ( - i ) m T m ( i x ) , (i = / T ) . 

In v i e w of ( 3 . 3) a n d ( 3 . 5), we h a v e 

( 3 . 8 ) 4> ^ ( x ) = ( - i ) m C , ( i x ) , X (x) = m ( - i ) m C ( ix) , (m > 1) , v ' ^ m + l m , 1 m m , o 

t h u s s h o w i n g t h a t t he F i b o n a c c i and L u c a s p o l y n o m i a l s a r e r e l a t e d to 

m o d i f i e d G e g e n b a u e r p o l y n o m i a l s fo r t he s p e c i a l c a s e s of k = 1 a n d 

k = 0 . 

M o r e o v e r , t h e F i b o n a c c i and L u c a s n u m b e r s a r e p a r t i c u l a r v a l -

u e s of ( 3 . 8) w h e n x = 1/2; t h a t i s 

(3.9) 

V C o > 1 < i / 2 ) = I , F m + 1 = ( - i ) m C m f l ( i / 2 ) 

L = 2C ( i / 2 ) = 2, L = m ( - i ) m C ( i / 2 ) 
o o, ov ' ' m v ' m , o ' 

(m > 1) 

Wi th t he a b o v e r e l a t i o n s h i p s , t h e s e r i e s e x p a n s i o n s ( 1 . 1) o r ( 1 . 2 ) fo r 

a g i v e n f u n c t i o n f i n t e r m s i n v o l v i n g F i b o n a c c i o r L u c a s n u m b e r s c a n 

be o b t a i n e d f r o m (2 . 1) by t a k i n g 

( 3 . 10) x = i / 2 a n d 2a = - 2 i a 

T h u s , we h a v e the s e r i e s 

( 3 . 1 1 M 

f(a) = \ D ( - 2 i a ) L + 1 D ( - 2 i a ) L 
2 o, o o m m , o in 

m = l 

(i= f^) 

f(a) = 1 I D 1 ( - 2 i a ) F , . 
m , 1 ' m + 1 

m = o 
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w h e r e , f r o m ( 2 . 4 ) , ( 3 . 3 ) , and ( 3 . 5 ) , t he c o e f f i c i e n t s m a y be e x p r e s s e d 
by the de f in i t e i n t e g r a l s 

n 
D o , o ( " 2 i a ) = W f f ( " 2 i a c o s y )dy = A Q (a) , 

o 

D ( -2 i a ) = — f f ( - 2 i a c o s y ) c o s m y d y = ( - i ) m m A (a) , 

° ( m > l ) 

( 3 . 1 2 ) 

. . m r D _ , ( -2 i a ) = - f f ( - 2 i a c o s y ) s i n y s i n ( m + l ) y d y = ( - i ) " 1 (3_ (a ) m , T m 

( m >„ 0) . 
4. E X A M P L E S 

S ince m a n y s p e c i f i c e x a m p l e s w e r e p r e s e n t e d in r e f e r e n c e [l ] fo r 

c e r t a i n s e r i e s i n t e r m s of F i b o n a c c i n u m b e r s , we s h a l l now on ly g ive 

s o m e e x p l i c i t e x p a n s i o n s in t e r m s i n v o l v i n g L u c a s n u m b e r s . 

C o n s i d e r f i r s t t he func t ion 

( 4 . 1 ) f(a) = e a , 

s o t h a t f r o m ( 3 . 12) we h a v e 

n 
( 4 . 2 ) D ( -2 ia ) = \-[ e " 2 i a C O S y d y = J ( -2a ) = J (2a) , 
x ' O , O TT J ' O O 

O 
a n d 

77 

IA o\ T-N / o- \ ni f - 2 i a c o s y . . , m _ lo . 
(4 . 3) D ( -2 ia ) = — I e ' c o s m y dy = m ( - i ) J (2a) , 
x m , o 77 J r r m * 

o 
w h e r e J a r e B e s s e l f u n c t i o n s of o r d e r m [41 . ( E v a l u a t i o n of t h e m 
a b o v e i n t e g r a l s , a s w e l l a s o t h e r s to fo l low, w a s m a d e by u s e of t a b l e s 

a n d f o r m u l a s i n [2] , |4] , a n d [5] . ) S u b s t i t u t i n g t h e v a l u e s of ( 4 . 2 ) 

a n d (4 . 3) i n t o ( 3 . 11) t h e n y i e l d s t he e x p a n s i o n 

(4 .4) e a = I J (2a) L + £ J (2a) L 
~x o m m 

m = l 
2 °ox 
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which converges for 0 <_ j a ) < °° , since 

a 1 + \f~5 
(4.5) 

J (2a) L ,-
r m ._ m + l 

m —^ <*> ~—J (Za)L 7 m m 
lim —-TTT —r~ m .-^ co m+1 2 

for all finite values of a. If application is now made of the familiar 
relations 

( cosh a = (e + e )/2? sinh a = (e - e )/2 , 

(4.6) { . ia -ia, , . . . -la ia. / 
cos a = (e + e )/2, sm a = i(e - e )/2 , 

I J (ia) = i I (a), m m V " ^ * - 1 * J
m<Q> • 

the following series expansions' can be easily derived from (4, 4): 

(4.7) { 

sin a = £ (-1) -L, . (2a)L„ - , ** s ' Z m - r 2m-l 
m=l 

cos a = I (2a) + 2 (-1) I„ (2a)L„ 
o 2m 2m 

m=l 

where I are modified Bessel functions of order m, and m 

(4.8) 

sinh a = 2 Jo i (2a) L_ , 
2m-1 2m~l 

m=l 

cosh a = J (2a) + 2 Jn (2a) L» , o 2m 2m 
m=l 

The four examples in (4.7) and (4.8) ail converge for 0 .<_ | a | < °° . 

Although these series are apparently not found in the literature in the 

specific form we have given for our purposes, they are modified cases 

of some expansions due to Gegenbauer (e .g . , see [4] , pp. 368-369). 

Series for such functions in terms involving certain powers of Lucas 

numbers may also be obtained and will be presented in a later article. 
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(4 . 9) f(a) = a r c t a n a . 
Now 
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( 4 . 1 0 ) 

but 

D 9 ( -2 i a ) = 0, fo r m = 0, 1, 
2 m , o ' ' ' 

(4 . 11) D ? . ( -2 i a ) = I a r c t a n ( - 2 i a c o s y ) c o s ( 2 m - l ) y d y , 

o 

w h i c h c a n be i n t e g r a t e d by p a r t s to g ive 

iA i o \ T-* / ->• \ ^ i a f s i n ( 2 m - l ) y s i n y , , , 0 . 
( 4 ' 1 2 ) D 2 m - l , o ( - 2 l a ) = - - 7 T - J - \ 2 1 * ^ ( m = l , 2 , . . . ) , 

J l - 4 a c o s y 

i a r c o s 2m y - c o s ( 2 m - 2 ) y l a f c o s 2m y - co __ _ | 2 
^ 1-4a co 7" 

s y 
d y , 

o r , f i na l l y , 

( 4 . 1 3 ) D - - ' > 2 i a ) = i ^ ^ ^ 2 m - l , o 

U s e of (4 . 10) and (4 . 13) i n t h e f i r s t e q u a t i o n of ( 3 . 11) y i e l d s t he s e r i e s 

e x p a n s i o n s 

(4 . 14) a r c t a n a = £ 

m = l 

( - l ) ™ ' 1 (I - J ^ 4 j \ Z m - 1 . . , m 
^ ^ T T - ( Z H — J * L 2 m - 1 ( a ^ 0 ) ' 

w h i c h w i l l c o n v e r g e for 0 <. | a | < l / \ / 5 . If we now t a k e a = \ /2 - 1, 
w e o b t a i n , s i n c e a r c t a n ( J~Z~ - 1) = TT/8, t he i n t e r e s t i n g e q u a t i o n 

(4.i5),= 8 I t^lri^+Dd-yrTf^Ti)' 
Zm -1 

m = l 

2 m - l 

" 2 m - 1 

F o r a = 0, t h e r i g h t - h a n d s i d e of (4 . 14) b e c o m e s a n i n d e t e r m i n a t e 

f o r m , but t h e c o r r e c t r e s u l t i s o b t a i n e d in t h e l i m i t . 
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Cer ta in higher t r anscenden ta l functions such as the Besse l func-
J (a) can a l so be eas i ly expande* 

b e r s . Thus, if f(a) = J (a), we have 
tion J (a) can a l so be eas i ly expanded in t e r m s involving Lucas num-

o 

(4. 16) DQ} Q(-2ia) = i J J Q ( -2 ia cos y )dy = [ l Q (a ) ] 2 ; 

a n d 

(4. 17) D^ (-2ia) = —2L I J (-2ia cos y )cos 2m y d y = 2m [l (a) 1 , 

and hence from (3. 11) we obtain, since for an even function D~ . = 0, 
2 m - l , o 

the s e r i e s 
00 

(4.18) Jo(a) 4 [lo(a)] 2 L Q + 2 (-1)™ [lm(a)] 2 L ^ „ 
m=l 

It can be shown in a s imi l a r manne r that the expansions of Besse l func-
tions for al l even o r d e r s a r e given by 

CO 

(4.19) J ? (a) = I [i ( a ) ] 2 L + 1 ( - l ) m " n I , (a)I (a) L , , x 2n 2 Ln J o m+n m - n 2m 
m=l 

(n= 0 , 1 , 2 , . . . ) 
and a r e convergent for 0 <. \a\ < co . 

A proposed problem for the r e a d e r is to show that the Besse l 
function J, (a) m a y be exp re s sed in the form 

CD 

(4.20) JA*)= S (~ l ) m I (a)I , (a) L9 . 
x ' Is ' x ' m

x ' m - 1 2 m - l 
m=l 

The r e a d e r may a l so use the las t equations in (3. 11) and (3. 12) to show 
that, in t e r m s of Fibonacci num ber s F 0 , 

.—.—— 2m 

(4.21) a r c t a n a ^ £ ( - l )™" 1 [ * - ^ L 1 l , 2"1"1 F 
s ' ** \ t L2m-1 2m+l J 2m 3 

m=l 
and whence 
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TT= 8 X (-1) 
m=l 

m - 1 1 
2 m - l 2m+l d F 2m 

(4 .23) b = ̂ L [l - Jl-4*2\,. d = I [( JZ + 1)(1 - /8 /T"- 11 

The r e su l t s (4.21) and (40 22) can actual ly be obtained m o r e readi ly , 
as indicated in the following r e m a r k s , 

5. REMARKS 

If one has a l r eady found the coefficients A (a) in (1«2) for an 
expansion in t e r m s of Lucas n u m b e r s , it is not n e c e s s a r y to c a r r y out 
the in tegra t ion in the las t equation of (3, 12) in o rde r to obtain the co-
efficients P (a) in (1.1) for a s e r i e s in t e r m s involving Fibonacci 

n u m b e r s . Fo r , s ince F 
easy to show that 

(5.1) 

0, L = 2 , and L o n F + F . , it is 
n+1 n-1 

Pn(a) = A n + 1 ( a ) + A n _ 1 ( a ) , 

and thus that 

(5.2) f(a) * [An<Q>+ An+2<Q> 
n=o 

n+1 

Expansions in t e r m s of Fibonacci numbers or of Lucas n u m b e r s , 
however, a r e not very efficient for computing approximate values of a 
function. For example , to compute n co r r ec t l y to 6 p laces using 
formula (4. 15) r e q u i r e s 36 t e r m s in compar i son to 9 t e r m s using the 
s e r i e s 

(5 .3) 2 fe^r- (vT- i) 2m+l 

which is based on a slowly convergent Maclaur in expansion. But the 
s e r i e s 
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n = 16 2 I— 
2m 

U^- [ (/T-+1H/4-2 A - X)] 2m+l 

based on a m o r e rapidly convergent expansion in t e r m s of Chebyshev 
polynomials , yields 6-place accuracy with only 5 t e r m s . 

As pointed out by Gould [6] , if f(a) has a power s e r i e s expansion 

(5.4) f(a) = I y n a n , 
n=o 

then the s e r i e s 
CO 

(5. 5) G(a) = f(a1a) + f(a2a) = £ y a n L n , 
n=o 

where 

, , M 1 + /5~ 1 - / 5 " (5.6) ax = 2 — , a 2 = z — , 

will furnish a whole special c l a s s of generat ing functions for the Lucas 
sequence. Similar ly , the s e r i e s 

CO 

(5. 7) H(a) = f(a1a) - f(a a) = 1 / ? y a11 F n 

n=o 

yields a c l a s s of generat ing functions for the Fibonacci sequence. It 
is to be noted, however, that this technique of Gould for obtaining gen-
era t ing functions for Lucas or Fibonacci numbers is not intended to a c -
complish our purpose of making some given function f se rve as the 
generat ing function by the expansion (1.1) or (1 . 2). Clear ly the func-
tions G( a) and H( a) in (5.5) and (5.7) a r e not the same as the given 
function f. 

6. CERTAIN EXTENSIONS 

In re fe rence [1] , we cons idered the expansion of functions in 
t e r m s involving numbers (those of Fibonacci) a s soc ia t ed with modified 
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Gegenbauer polynomials for the special case when k = 1, and in the 
p r e sen t a r t i c l e in t e r m s of numbers (those of Lucas) for the case when 
k = 0. Now from the genera l c l a s s , the re appear to be other special 
ca ses w h i c h m a y a lso prove of i n t e r e s t to students "devoted to the study 
of in tege r s with specia l p r o p e r t i e s . " 

For ins tance , upon taking k'= 1/2, one may consider the set of 
polynomials R (x) defined by 

(6. 1) R (x) = 4™(- i ) m C . / ? ( ix ) = 4 m ( - i ) m P (ix), (m = 0, 1, . . . ) , 
i i i m j I / d m 

where P a r e the Legendre polynomials . F r o m equation (3.1) Ave 
then have the r e c u r r e n c e re la t ion 

(6.2) (m+2)R ^ ( x ) = 4(2m+3)xR L. (x) + l6 (m+l)R (x) 
m+2 m+1 m 

with R (x) = 1 and R, (x) = 4x; or , m o r e explicit ly, from (2. 2), we 
can wr i te 

[m/2] 
(6.3) RmW = 2 m 2 ( T ) ( 2 m m 2 j ) x m " 2 j ' 

which has a generat ing function exp re s sed by 

(6.4) i = S R n ( x ) z n , ( | 8 x z | + | l 6 z 2 I < 1) . 
y i - 8 x z - l 6 z „_„ 

Now let H be the sequence of numbers (which we shall cal l m 
"H-numbers" ) obtained from R (x) by taking x = 1/2. Thus / m 

, 6 . 5 , H m = " S ( » ) ( J ° ^ ) 4 i . , m > 0 , , 
j = o 

with H = 1, H, = 2, H~ = 14, H- = 68, . . , ), and one may invest igate 
O 1 L ^ D 

what pa r t i cu la r p rope r t i e s ' these numbers might have . 

''What, for ins tance , is i m (H / H ,, ) ? Are the re any in te res t ing 
' m — â> m / m+1 3 & 

ident i t ies , e tc . ? 
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By the p rocedure we have i l lus t ra ted , one may a l so find expan-
sions which would make a given function se rve as a generat ing function 
for such n u m b e r s . Thus, from (2. 1), (2.4), (3.10), and (6.1) , we ob-
tain the s e r i e s 

(6.6) f(a) = D . , 9 ( -2ia) H + X — D . / 9 ( -2 ia ) H , x ' x o, 1/2X ' o ** /m m, 1/2X ' m 

m=l 

where the coefficients a r e exp re s sed by 

2 +1 n 

( 6 . 7 ) D m , l / 2 ( " 2 i a ) = ~ 2 T ~ ^ f S i n y f ( - 2 i a c o s y ) P m ( c o s y ) d y ( m = 0 , 1 , . . . ) . 
o 

For example , if we take the analytic function 
(6.8) f(a) = e a 

then 

iL n\ T̂  / o- A 2m+l r ' • +. -2 ia cosy _ / x , , 
(6 .9) D ^ x / 2 ( -2ia) = — j — I s in y e r P m ( c o s y ) d y 

o 
1 

/
- 2 i a z _ , x , 2m+l , . .m nj~ . . . 

e P (z)dz = —=— (-1) & J / 9(2a) , 
m 2 y a m + l / 2 x ' 

(m = 0 , 1 , 2 , . . . ) 

2m+l 

• 1 

and hence from (6. 6) we have the expansion 

, ( a / 0 ) (*'10> **-lzK J, / 7 (2a)H + 1 ^Hi l 1 J ., / 9 (2a)H l / 2 ^ u ^ o x * — ^ J m + l / 2 ^ ' m 
m=l 

where J , /? a r e Besse l functions of o rde r half an odd in teger . Other 
functions f may be expanded in a s imi l a r way. 

The Lucas n u m b e r s , the Fibonacci n u m b e r s , and our so -ca l l ed 
H - n u m b e r s , in t e r m s of which we have expanded a given analytic func-
tion, a r e a l l seen to be m e r e specia l c a se s of a m o r e genera l sequence 
<V . /•, where I m, kj 

[m/2] 
(6.11) V t = a < S » k ) H m - r + k ) / m - r \ { k > . l / 2 ) . 

m, k r (k ) T(m-r+l ) \ r / ' 
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Our t h r e e p a r t i c u l a r c a s e s of t h e s e m a y be s u m m a r i z e d a s f o l l o w s : 

r k = 1, 

(6 . 12W k = 0, 

q ( m , k) = 1, 

q ( m , k) 
r(k) 

t h e n V m , 1 m+1 ' 

m , t h e n V = L 
m , o m 

(m = 0 , 1 , 2 , . . . ) 

L k = 1/2, q ( m , k ) = 4 m , t h e n V i 3 l / 2 H 

In t he f a m i l y (6 . 11), h o w e v e r , t h e r e m a y be m a n y o t h e r i n t e r e s t i n g 

s e t s of i n t e g e r s w o r t h y of c o n s i d e r a t i o n . F o r e x a m p l e , ' if k i s a n y 

i n t e g e r > 1, t h e n 

( 6 . 1 3 ) V 

[m/z] 
q ( m , k) ( m - r + k - l ) J 

m , k ( F T ) ] 
r = o 

( m - r ) I 
m - r 

w i l l o b v i o u s l y l e a d to v a r i o u s s e q u e n c e s of i n t e g e r s w h e n e v e r q ( m , k ) / 

(k-1)1 i s a n y a r b i t r a r i l y c h o s e n func t ion y i e l d i n g a p o s i t i v e i n t e g e r . 

E x p a n s i o n of a g i v e n func t ion f( a) in t e r m s i n v o l v i n g the n u m b e r s 
V , m a y e a s i l y be m a d e by t h e f a m i l i a r p r o c e d u r e a l r e a d y d e s c r i b e d . m , k 

B e s i d e s t h e G e g e n b a u e r p o l y n o m i a l s , t h e r e a r e of c o u r s e o t h e r 

w e l l - k n o w n f a m i l i e s of o r t h o g o n a l p o l y n o m i a l s w h i c h m a y be m o d i f i e d 

to f u r n i s h s t i l l o t h e r s o u r c e s of i n t e g e r - s e q u e n c e s . A g i v e n func t i on 

c o u l d be e x p a n d e d in t e r m s of s u c h n u m b e r s by a t e c h n i q u e s i m i l a r t o 

t h e one p r e s e n t e d in r e f e r e n c e [ l ] , o r in t h i s a r t i c l e . 

It c a n be e a s i l y s h o w n t h a t 

V 
L i m m , k 

V m + l , k 
L i m q ( m , k ) 

m _ ^ oo q ( m + l , k) 

a n d t h u s t h a t t he v a l u e of t h i s Limit fo r a l l s e q u e n c e s of t h e g e n e r a l 

f a m i l y h a s t he c o m m o n f a c t o r ( J5 - l ) / 2 , w h i c h i s the c l a s s i c a l 

" g o l d e n m e a n " for t h e F i b o n a c c i o r L u c a s s e q u e n c e . (Of c o u r s e , a n 

a p p r o p r i a t e c h o i c e of q ( m , k) s h o u l d be m a d e so t h a t the l i m i t on t h e 

r i g h t - h a n d s i d e e x i s t s . ) 
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INFORMATION AND AN OMISSION 

Reference related to H-37.. 

References by R. E. Greenwood: Problem 4047, Amer. Math. Mon, 

(issue of Feb, 1944, pp. 102-104), proposed by T. R. Running, solved 

by E. P. Starke, Problem #65, Nat. Math. Mag. (now just Math, Mag. ) 

issue of November 1934, p. 63, 

Omission H-37. Also solved by J. A. H. Hunter. 

CORRECTION 

H-28 Let 
r11"1 N +JSL+. . . N , 

GO o 1 n - 1 

S( r , a ,b ) = £ C . ( r , n ) a V n - n - j = b ( r " 1 ) n 2 (I) 
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Send all communications concerning Advanced Problems and 

Solutions to Verner E. Hoggatt, Jr. , Mathematics Department, San 

Jose State College, San Jose, California. This department especially 

welcomes problems believed to be new or extending old results. Pro-

posers should submit solutions or other information that will assist 

the editor. To facilitate their consideration, solutions should be sub-

mitted on separate signed sheets within two months after publication 

of the problems. 

H - 5 9 Proposed by D.W. Robinson, Brigham Young University, Provo, Utah 

Show that, if m > 2, then the period of the Fibonacci sequence 

0, 1, 1, 2, 3, . . . , F , . . . reduced modulo m is twice the least 
n 

positive integer n such that F . , = (-1) F 1 (mod m). 

H - o 0 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

It is well known that if p, is the least integer such that F , = F 
k K • , n i " P k n 

mod 10 , then p = 60, p2 = 300 and p = 1 . 5 x 1 0 for k > 3. If 
Q(n, k) is the kth digitofthe nth Fibonacci, thenfor fixed k, Q(n, k) 

is periodic, that is q, is the least integer such that Q(n+q, , k) = 0(n, k) 

mod 10. Find an explicit expression for q, . 

H - 6 1 Proposed by P.F. Byrd, San Jose State College, San Jose, California 

Let f . =0 for 0< n<k-Z,.f . . . =1 and n, k k- l ,k 

Show that 

Hence 

f , = 2 f . , for n 1 n, k n-j, k 
j = l 

1 fn, k ^ 1 , 1 , 
z < r — — < 2 + 2k f o r n ^ 

n+1, k 

lim lim n, k 1 
k->°° n - ^ f x l . ~ 1 n + 1 , k 

115 
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See E . P . M i l e s , " G e n e r a l i z e d F i b o n a c c i N u m b e r s and t h e i r A s s o c i a t e d 
M a t r i c e s , " T h e A m e r i c a n M a t h e m a t i c a l Mon th ly , Vol . 67, No. 8. 

H - 6 2 Proposed by H.W. Gould, West Virginia University, Morgantown, West Va. 

F i n d a l l p o l y n o m i a l s f(x) a n d g(x), of the f o r m 

f (x+l ) = 2 a . x , a . a n i n t e g e r 

s 

g(x) = £ b .x , b . a n i n t e g e r 

s u c h t h a t 

2 ] x 2 f 3 ( x + l ) - ( x + l ) 2 g 3 ( x ) [ + 3 J x 2 f 2 ( x + l ) - ( x + l ) 2 g Z ( x ) [ 

+ 2 ( x + l ) j x f ( x + l ) - ( x + l ) g ( x ) | = 0 . 

H - 6 3 Proposed by Stephen Jerbic, San Jose State College, San Jose, California 

L e t 

F F . . . F 
_>, \ 1 j T-/ \ m m-1 m-n+1 ^ ^ 
F ( m , o) = 1 a n d F ( m , n) = _ ~ = o < n <. m , r r , . . . r , n n - 1 1 

be the F i b o n o m i a l c o e f f i c i e n t s , w h e r e F i s t h e n th F i b o n a c c i n u m -
n 

b e r . Show 

2 m - l m - 1 

2 F ( 2 m - l , n ) = n L ^ , m > l . 

n= o i= o 

H - 6 4 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va. 

Show 

F n + 1 = n (1 - Z i c o s ^ ) . 

w h e r e F i s the n th F i b o n a c c i n u m b e r . n 
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A L L T H E S O L U T I O N S 
H - 3 0 Proposed by J. A. H. Hunter, Toronto, Ontario, Canada 

Find al l non- ze ro in tegra l solutions to the two Diophantine equa-
t ions, 

2 2 
(a) x + xy + x - y • = 0 

(b) x - xy - x - y = 0 

Solution by John L. Broivn, Jr., Pennsylvania State University, State College, Pa. 

We f i rs t observe that (x , y ) is a solution of (a), if and only 
(-x } y ) is a solution of (b). Thus we may l imit our cons idera t ions 
to just one of the equations, say (b). 

Equation (b) has the form 

x 2 - (y+l)x - y 2 = 0 

which, consider ing y as a p a r a m e t e r , has solutions 

_ (y+1) ± / ( y + l ) 2 +4yZ 

x - 2 

For x to be an in teger , it is c l ea r ly n e c e s s a r y and sufficient that 
2 2 

(y+1) + 4y be a perfect square , that i s , the re exis ts an in teger z 
such that 

(y+1)2 + 4y2 = z 2 , 

or , 

(y+1)2 + (2y)2 - z 2 

Let us look f i rs t for solutions with y > 0. Note that 2y/d and 
(y+l)/d a r e re la t ive ly p r i m e in tege r s , where d >. 1 is the g r ea t e s t 
common divisor of 2y and y+1, so that, by the well-known theorem 

2 2 2 on solutions of x + y = z , t he re exist two re la t ive ly p r ime posit ive 
in tegers r and s of different par i ty , with r > s, such that e i ther 

2 2 
/ y+1 = d(r - s ) 

(i) 
( 2y = d(2rs) 
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(2) 
i y+1 = d(2rs) 

V 2y = d ( r 2 - s 2 ) . 

For case (1), it follows eas i ly that d = 1, while in case (2), 
d - 2. Hence, solving case (1) is equivalent to finding re la t ive p r ime 
posit ive in tegers r and s of different par i ty satisfying 

(3) 

Now, in case (2), let 

2 
r - r s = 1 . 

r ' = r+s 

Then, recal l ing that d = 2 in case (2), we have 

(4) 
,2 ,2 r ' - s 

v 2 y = 2 r ' s ' , 

which has formal ly the same appearance as case (1) and impl ies 

2 2 
r« - r ' s ' - s ! = 1 . 

Thus, since 

y U c 1 r ' - s ' 
and s = —= , 

r '+s" 

solving case (2) is equivalent to finding odd positive in tegers r ' and s' 
satisfying (3). 

In e i ther case , we see that every solution of (b) with y > 0 is 
generated by an appropr ia te solution of the diophantine equation: 

(*) 2 2 
r - r s - s 

1 

Note that any solution (r, s) of (*) inpos i t ive in tegers has r and 
s re la t ive ly p r ime and r > s. Note that the case (r even, s even) 
cannot occur as a solution of (*). 

Now, if (r, s) is a solution of (*) with posi t ive in tegers r and 
s of different par i ty , then case ( l ) i s indicated with y = r s and e i ther 
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2 2 

x = r or x = - s . Thus, we obtain two solutions (x,y) of (b), namely 
(r , rs ) and (-s , r s ) . 

If (r ' ? s') is a solution of (*) with odd positive in tegers r ' and 
2 2 

s ' , then we have case (2) and y = r ' s ' with both x = r ' and x = - s ' , 
again giving two solutions of (b). 

Thus, every positive solution (r, s) of (*) leads to two solutions 
of equation (b) having posit ive values for y, namely (r , rs ) and 
(-s , r s ) . 

It r ema ins to consider solutions of (b) having y < 0. 
If y < 0, let y = - | y | ; then, from (b), 

(-lyl + i ) ± 7 ( | y | - i ) 2 +4y2 

so that ( ly l - 1) + 4 | y | mus t be a perfect square , or equivalently, 
the re exis ts an integer z such that 

y 
2 i i 2 . 2 

i r + {2\y\r = * 
As before, letting d = the g rea tes t common divisor of | y | - 1 

and 2 | y | , we deduce the exis tence of two re la t ive ly p r ime posit ive 
in tegers r and s of different par i ty , with r > s, such that e i ther 

( i )* 

or 
(2)* 

l y | - i 
2 | y | 

lvl-1 

At 2 2 V 

d(r - s ) 
d(2rs) 
d(2rs) 

I I 2 2 
2 |y I = d(r - s ) 

Clear ly , d = 1 i n c a s e (1)* and d = 2 for case (2)*. Incase (1)*, 
we find that r and s mus t satisfy 

(**) 2 2 
r - s - r s 

• 1 

while in case (2)*, the substi tut ion r ' = r + s, s' = r - s yields (using 
d'= 1 for case (1)* and d = 2 for case (2)*) 

,2 ,2 r - s | y | - i 

Z | y [ = 2 r ' s ' , 
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w h i c h s h o w s t h a t ( r ' , s ' ) i s a l s o a soLution in p o s i t i v e i n t e g e r s of (**). 

Note t h a t a n y s o l u t i o n ( r , s) of (*#) in p o s i t i v e i n t e g e r s h a s r 

a n d s r e l a t i v e l y p r i m e and r > s if we e x c l u d e the s o l u t i o n r = s = 1. 

A l s o the c a s e (r e v e n , s even) c a n n o t o c c u r a s a s o l u t i o n of (**). T h u s , 

e v e r y s o l u t i o n of (**) in p o s i t i v e i n t e g e r s e i t h e r h a s bo th t e r m s odd o r 

r e v e n and s odd. The l a t t e r c a s e g i v e s a s o l u t i o n of (b) w i t h | y | = r s 
2 2 

a n d bo th x = - r and x = s , s o t h a t the two g e n e r a t e d s o l u t i o n s of (b) 
2 2 

a r e ( - r , - r s ) and (s , - r s ) . 
S i m i l a r l y , if ( r 1 , s ' ) i s a s o l u t i o n of (**) w i t h r 1 and s ' bo th 

I I 2 2 
odd and r ' > s ' , t h e n | y | = r ' s ' w i t h x = - r ' and x = s ' . 

T h u s , e v e r y s o l u t i o n of (**) in p o s i t i v e i n t e g e r s ( r , s) ( i nc lud ing 
2 

( 1 , 1)) y i e l d s two s o l u t i o n s of (b) w i th n e g a t i v e y, n a m e l y ( - r , - r s ) 
a n d (s , - r s ) . 

To find the a c t u a l s o l u t i o n s , we r e c a l l t h a t e v e r y s o l u t i o n of 
2 2 

r - r s - s = 1 in p o s i t i v e i n t e g e r s r , s h a s the f o r m r = F ? , , a n d 
s = F ? , for s o m e i n t e g e r k >. 1. (See s o l u t i o n of H - 3 1 ) . The c o r r e s -

p o n d i n g s o l u t i o n s of (b) a r e ( F 2 k + 1 , F . , k F 2 k + 1 ) and ( - F ^ , F 2 k F . , k + 1 ) 
fo r k = 1, 2, 3, . . „ 

2 2 
The o t h e r e q u a t i o n r - r s - s = - 1 m a y be t r a n s f o r m e d to 

2 2 
r ' - r ' s ' - s ' = 1 by the c h a n g e of v a r i a b l e , r ' = r + s , s ' = r ; i t f o l lows 

2 2 
t h a t e v e r y s o l u t i o n of r - r s - s = -1 in p o s i t i v e i n t e g e r s ( r , s) h a s 

the f o r m r = F ? , , s = F ~ , , for s o m e i n t e g e r k >. 1. The c o r r e s -

p o n d i n g s o l u t i o n s of (b) a r e ( - F 2 k , - F 2 k F 2 k _ 1 ) and ( F
2 k - T ~ F 2 k F 2 k - 1 ^ 

for k = 1, 2, 3, . . . 
2 

S u m m a r i z i n g , the s e t of s o l u t i o n s , ( F ? , , , F - , F ? , , ), 
( - F F F ) ( - F - F F ) ( F 2 - F F ) for 
{ *Zk' 2k Zk+1 1 , { 2k ' " 2 k Z k - 1 1 , l * 2 k ~ r r 2 k r 2 k - l ; 

k = 1, 2, 3, . . . , c o n s t i t u t e a l l t he n o n - z e r o i n t e g r a l s o l u t i o n s of 
2 2 

x - x y - x - y = 0, a n d the s e t 
2 2 2 

( " F 2 k + l J F 2 k F 2 k + l ) ? * F 2 k ' F 2 k F 2 k + l ^ ( F 2 k J " F 2 k F 2 k - l ) j 

( " F 2 k - r " F 2 k F 2 k - l ) f ° r k = l . 2. 3. . . . 
? 2 

c o n s t i t u t e a l l n o n - z e r o i n t e g r a l s o l u t i o n s of x^ + x y + x - y = 0 . 
AN O L D P R O B L E M 

H - 4 1 Proposed by Robert A. Laird, New Orleans, La. 

F i n d r a t i o n a l i n t e g e r s , x, and p o s i t i v e i n t e g e r s , m , so t h a t 
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2 2 

N = x - m and M = x + m 
a r e ra t ional s q u a r e s . 

Solution by Joseph Arkin, Spring Valley, New York 

P r o f e s s o r Oystein Ore, Sterl ing P r o f e s s o r of Mathemat ics at 
Yale Universi ty, in his book, Number Theory and Its History, 1st ed. , 
1948, gives the complete solution to this problem on pages 188-193., 

Also solved by Maxey Brooke, Sweeny, Texas 

COMMENTS ON THE HISTORICAL CASE 

Solved by Rober t A. Laird 
A solution to the h i s to r i ca l problem submitted to Fibonacci 

(Leonardo of Pisa) by John of P a l e r m o , an impe r i a l notary of E m p e r o r 
F r e d e r i c k II, about 1220 A. D. (see page 124, Cajor i ' s "His tory of 
Ma thema t i c s " for r e fe rence) . The problem: Find a number x, such 

2 2 
that x + 5 and x - 5 a r e each square n u m b e r s . In other words , 
find the square which i nc rea sed or dec reased by 5, r ema ins a squa re . 
Leonardo solved the problem bya method (not known to me) of building 
squares by the summat ion of odd n u m b e r s . 

Solution to this problem was published in the "Mathemat ics 
T e a c h e r " in December 1952. 

I offer it he r e for your i n t e r e s t and p l ea su re . Let 
x = side of the des i r ed square 
x + b = side of a l a rge r square 
x - a = side of a sma l l e r square 

a and b a r e posi t ive, ra t ional number s 

(1) 

(2) 

Solving (1) and (2) 

(3) 

(x + b) 2 = x 2 + 5 

(x - a) = x - 5 

5 + a 2 
x = —«_ 
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Equating (3) and (4) 

2 2 
5 + a^ 5 - t / 

2a ""^b 

Solving for b in t e r m s of a, we have 

-(5+a2) ± 7a 4 +30a 2 +25 (5) b = — 
2a 

In o rder for b to be a ra t ional number , the rad ica l mus t c l ea r . So 
find value of a that will do th i s . 

We can find a by t r i a l substi tut ion or by factoring. Let ' s take 
factoring: 

a 4 + 30a2 + 25 

(a2 + 13 ) 2 + 4(a2 - 36) 

If a = 36 or a = 6, the rad ica l will c l ea r . For immedia te resul t , 
subst i tute a = 6 in (3) 

5 + a 2 _ 5 + 3 6 _ 41^ 
X " 2a " 12 " 1 2 Q . E . D . 

General ly , find the square which if i nc reased or d e c r e a s e d by m will 
r e m a i n a square (m = posit ive in teger) . Strangely, when m = 6, a 
solution can be found, but not for m = 1, or 2, or 3, or 4. 

FROM BEST SET OF K TO BEST SET OF K+l ? 

H - 4 2 Proposed by J.D.E. Konhauser, State College, Pa. 

A set of nine in tegers having the p rope r ty that no two pa i r s have 
the same sum is the set consis t ing of the nine consecutive Fibonacci 
number s , 1, 2, 3, 5, 8, 13, 21, 34, 55 with total sum 142. Start ing with 1, 
and annexing at each step the sma l l e s t posi t ive in teger which p r o -
duces a set with the s tated p rope r ty yields the set 1, 2, 3, 5, 8, 13, 21, 



1965 ADVANCED PROBLEMS AND SOLUTIONS 123 

30, 39 with sum 122. Is this the best result? Can a set with lower total 
sum be found ? 

Partial solution by the proposer. 

Partial answer. The set 1, 2, 4, 5, 9, 14, 20, 26, 35 has total sum 

116. For eight numbers the best set appears to be 1, 2, 3, 5, 9, 15, 20, 

25 with sum 80. Annexing the lowest possible integer to extend the set 

to nine members requires annexing 38 which produces a set with sum 

118. It is not clear (to me, at least) how to progress from a best set 

of k integers to a best set for k + 1 integers. 

H - 4 3 (Corrected) Proposed by H.W. Gould, West Virginia University, Morgantoivn, West Va. 

Let 
00 p 

/ . v mn 

n=l 

where F. is the i-th Fibonacci number, find 

lim <̂ (x) 
x —>1 - log (1 -x) 

See special case m = 2 in Revista Matematica Hispano-Americana (2) 

9 (1934) 223-225 problem 115. 

A FAVORABLE RESPONSE 

H - 4 4 Proposed by V.E. Hoggatt, Jr., San Jose State College, San Jose, California 

Let u = q and u. = p, and u . 0 = u n + u , then the u are o ^ 1 r n+2 n+1 n n 
called generalized Fibonacci numbers. 

(1) Show u = pF + qF . x ' n n n-1 

(2) Show that if 

V, n = u + u . . and V0 = u . . - u , , 2n+l n n+1 2n n+1 n-1 

then V are also generalized Fibonacci numbers. 
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Solution by Lucile R. Morton, San Jose State College, San Jose, California 

We p r o v e f o r m u l a (1) by i n d u c t i o n on n . It i s o b v i o u s t h a t 

u x = p = p F L + q F Q a n d u 2 = p + q = P F 2 + qY x . 

Now le t u s a s s u m e f o r m u l a (1) h o l d s for n = k a n d n = k + 1 . T h u s 

a n d 

Add ing we g e t 

u k = p F k + q F f c _ 1 

Uk+1 = p F k + I + q F k 

U k + 1 + U k = P ( Fk+l+ Fk ) +^Fk + F k - l ) • 

Uk+2 = P F k + 2 + < ^ F k + l ' 

w h i c h w a s to be p r o v e d . 

We p r o v e V a r e g e n e r a l i z e d F i b o n a c c i n u m b e r s by s h o w i n g t h e y s a t i s -
n 2 

fy the r e c u r s i o n f o r m u l a V 1 0 = V ,-, + V , w h e r e V~ = 2pq - q a n d 7 2 2 
Vi = P + q » We c a n do t h i s by s h o w i n g 

(3) 

(4) 

F r o m f o r m u l a s (2) 

V = V + V 2n+l 2n 2 n - l 

V = V + V v 2 n + 2 v 2 n + l V 2 n 

a n d 

V 7 + V 7 , = (u 2 , - u 2 . ) + (u 2 , + u 2 ) 2n 2 n - l v n+1 n - 1 ' v n - 1 n ' 

2 2 
n+1 n 2n+l 

V , , , + V 7 - (u 2 + u 2 , . ) + (u 2 , - u 2 . ) 2n+l 2n n n+1 n+1 n - 1 
2 2 , 9 2 

= u - u . + 2u . , n n - 1 n+1 
= (u ,, )(u 9 ) + (u , , )(u , , + u + u , ) n+1 n - 2 ' n+1 n+1 n n - 1 
= u , , ( u 7 + u , + u , 9 ) n+1 n - 2 n - 1 n+2 

2 2 
= (u 9 - u )(u 9 + u ) = u 9 - u n+2 n n+2 n n+2 n 

= V 9 x 9 . Q. E . D. 
2n+2 



1965 ADVANCED PROBLEMS AND SOLUTIONS 125 

Now let us c a r r y our problem a little fur ther . Let m be a fixed in te-
ger, and let V = u . . Are the re any r e s t r i c t i ons on p and q ? 
° n n+m 3 ^ ^ ' 
Since V and u a r e genera l ized Fibonacci numbers 

n n to 

V ,, = V n F + V , F ,, = (2pq-q 2 )F + (p2 + q 2 ) F ,. n+1 O n 1 n+1 r n ^ n r ^ n+1 

and 

u = u F + u F = (pF + q F )F + (pF + qF (F 
n+m+1 m n m+1 n+1 r m m-1 n ^ m + 1 ^ m n+1' 

Thus we have 

(5) 2pq-q 2 = pF + q F . x ' ^^ ^ r m m-1 

(6) p 2 + q2 = p F , 1 + qF 

Our quest ion becomes : For what in tegra l values p and q do equa-
tions (5) and (6) hold? Obviously p = q = 0 is a solution. Then 
V = u = 0 . Let n n 

x + F ,. y + F 
m+1 , m 

p = and q = « , 
substi tuting into equations (5) and (6) we have 

(7) 2xy - y2 = F 2 ,. - F 2 . = F 0 and x ' y 3 m+1 m-1 2m 

(8) x 2 + y2 - F 2 ,. + F 2 = F ? . N ' J m+1 m 2m+l 

El iminat ing x and simplifying 

5y 4 + 2 (F 9 - 2 F 7 ,. )y2 + F 2 = 0 , 
7 x 2m 2 m + l / ; 2m 

or 
4 2 2 

5y - 2L 0 y + F , = 0 . 
7 Zm; 2m Thus 

y 
, L0 ± / 4 L 2 - 2 0 F 2 

2 2m y 2m 2m 10 

L , ± / L 2 - 5 F 2 
2m v 2m 2m 
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Then 

2 ^ m * ^ " 1 ) 2 1 " L 2 m
± 2 < - 2 ( - D m

± 2 
Y 

2 2 
and we have 5y = L , which has no in tegra l solutions, or 

J m to 

(9) 5yZ = L2 ± 4 = 5 F 2 + 4 ( - l ) m ± 4 . 
J m m 

2 2 2 2 
Now 5y = 5F ± 8 . which has no in tegra l solut ions, or 5v = 5F , 
and y = ± F . Therefore the equations (7) and (8) have the solutions 
x = F ., , y = F and x = - F ., , y = - F for al l m, and x = - F ,. , m+1 J m m+1 J m m+1 
y = F and x = F ., , y = - F for m = 0, - 1 . J m m+1 J m 

Thus 

p = F ,T p = 0 
r m+1 ^ 

or 
q = F q = 0 
^ rn ^ 

a r e solutions of (5) and (6) for al l m, and 
p = 0 p = F ,. 
r r m+1 

or 
q = F q = 0 
m 

a r e solutions of (5) and (6) for m = 0, - 1 . 
Therefore V = u , = F • , when p = F .. and q = F 

n m+n Zmtn m+1 m for al l m, or V = u , = 0 when p = q = 0. n m+n 
If we cons ider nonintegral solutions, from (7) and (8) we had 

y = 

5y 2 = 

L 
= ± and 

L 2 
m 

x = ±
 L m+1 

v/5" 

which gives us 

Thus the solutions of (7) and (8) a r e 

L , -i L L . , 1—» 
m+1 m , m+1 m 

x = 9 y = and x = , y = -
v5~ sfs >/5" 4S 

for al l m . Therefore 
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L 4.1 m + 1 + F 
/p- m+1 m + I 

p = _V 2 =- a 

and 

L 

yr m 

L 4-! 

N / 5 " m + 1 p m + 1 

p = = 7s" 
L 

- _ ^ + F 

q = z — - - — . 

A/so solved by Clifton T. Wbyburn, Douglas Lind, Clyde A. Bridget, Charles R. Wall, 
John L. Brown, Jr., Joseph Arkin, Raymond E. Whitney, John Wessner, W.A. Al-Slalm 
and A. A. Gioia (jointly), Charles Ziegenfus and L, Carlitz. 

ITERATED SUMS OF SQUARES 

H - 4 5 Proposed by R.L. Graham, Bell Telephone Labs., Murray Hill, N.J. 

P r o v e 

n p q r 

I 1 1 1 F ^ = F ^ + 2 - I ( 2 n 2 + 8 n + l l - 3 ( - l ) n ) 

p=0 q=0 r=0 s=0 

w h e r e F i s t he n th F i b o n a c c i n u m b e r . n 

Solution by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

U s i n g the i d e n t i t i e s 

k 2 k 2 
* F n = * < = T k F k + 1 . 

n=0 n=l 

k k 
V F F - F 2 l + ( ~ l ) 

Z n n+1 " k+1 " "" 2 ' 
n=0 
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we have 

n p q r n p q 

I 2 2 S F J = I 1 2 F F , _ 
s r r+1 

p=0 q=0 r=0 s=0 p=0 q=0 r=0 

- Y ^F F £ l i 1 + (-DP I z ) p+1 p+2 ~ 2 " I ( 
p=0 ^ ' 

= v {F F - E - 2 - Lil! I 
^ ) p+l p+2 2 4 4 ( 

p=0 '- ' 

- F 2 I ( - l ) n n(n+l) 3(n+l) 1 + (-l) r 

n+2 ~ 2 " 2 4" " 4" 8 

= Fn+2 " \ ( 2 n 2 + 8 n + U ' 3<"1)n) • 

Also solved by Douglas Lind, L. Carlitz, and Al-Slalm and A. A. Gioia (jointly). 

XXXXXXXXXXXXXXX 

HAVE YOU SEEN? 

J. Arkin, "An Extension of the Fibonacci Numbers, " American Math-

ematical Monthly, Vol. 72, No. 5, March 1965, pp. 275-279. 

Marvin Wunderlich, "Another Proof of the Infinite Primes Theorem, " 
American Mathematical Monthly, Vol. 72, No. 5, March 1965, p. 305. 
This is an extremely neat proof for the Fibonacci Fanl 
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SEEKING THE LOST GOLD MINE OR 
EXPLORING FOR FIBONACCI FACTORIZATIONS 

BROTHER ALFRED 
Saint Marys College 

Now that s u m m e r is coming on, everybody is looking for a good 
way to waste t ime . See^ no f a r the r . The s e a r c h for factors of F ib-
onacci numbers is the perfect answer . 

And f i rs t , some ground r u l e s . People with compute rs who p r o -
g ram the i r machines and then sit idly by while they grind out an swer s 
should not be cons idered in the c lass of working Fibonacci f a c t o r i z e r s . 
The challenge is to be able with the available tables and the ma themat i ca l 
bow-and -a r row — the ca lcula tor — to find some method or methods 
that faci l i tate the de te rmina t ion of fac tors in Fibonacci sequences . 

Jus t to get away from the we l l -worn path we s t a r t in virgin t e r -
r i t o r y with a sequence 1, 4, 5, 9? 14, 23, e tc . We discover very soon 
that this has a prolongation to the left of . . . . . . . . 1 9, 12, -7 , 5, -2 , 3, 
1, 4, 5, 9. . o • • • • and since the factors of both port ions of the sequence 
a r e the same we might cal l the sequence 2, 5, 7, 12, e t c . , the conju-
gate sequence to 1, 4, 5, 9? 14, e tc . This is a f i rs t help in factoring 
the ini t ia l hundred t e r m s of each port ion of our sequence — a not too 
modes t goal . 

Next, we can de te rmine the p r i m e s that do not divide the m e m b e r s 
of our sequence . Taking the square of any t e r m minus the product of 
the two adjacent t e r m s gives ± 1 1 . Thus 

5 2 - 4 • 9 = - 11 

In genera l , if we designate the t e r m s of the sequence T , 

T 2 - T J . = ± 1 1 n n-1 n+1 

Hence if a p r i m e divides T . , for example, it would follow that 

T 2 = ± 11 (mod p) n 

Thus if ne i ther +11 nor -11 is a quadrat ic res idue of a given p r ime p, 
then this p r i m e cannot be a factor of the sequence . "We can e l iminate 
from cons idera t ion in this way: 11, 13, 17, 29* 41, 61 , e tc . 

The s m a l l e r quant i t ies in our sequence can be factored e i ther by 
inspect ion or factor tables* Next, apa r t from 11, the p r i m e s have the 
same period in as in the Fibonacci sequence. Hence we can have some 
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FOR FIBONACCI FACTORIZATIONS 

April 

idea of when they should be entering the sequence by looking at the size 
of the period and more specifically the entry point in the Fibonacci se-
quence. For the spacing of the members of our sequence that are di-
visible by the given prime is the same as in the Fibonacci sequence 
should it be a factor of the sequence at all. For small spacings we can 
then extend the factor to other members of our sequence by using this 
information regarding the period and entry point of the prime in the Fib-
onacci sequence. 

But how should we organize a systematic and convenient method 
of factoring using previous information on the Fibonacci and Lucas 
sequences? The following approach was tried0 Since 

T i = l - Fo + h 
T2 = 4 = F l + L2 

it follows in general that T = F T + L . Thus if we know the Fibonacci 
XL n— i n 

numbers modulo p and the Lucas numbers modulo p, it is simply neces-
sary to checkand see whether the sum of the residues of F , and L 
is congruent to zero modulo p. Another dividend comes fr om the fact 
that if we call the members of the conjugate sequence R then 

R l = 2 = F2 + L l 

R 2 = 5 = F 3 + L 2 

so t h a t i n g e n e r a l R n = Fn_j_^ + L n . T h u s t he r e s i d u e s c a n be u s e d i n 
two w a y s . T h e o r i g i n a l t h o u g h t w a s t h a t o n c e t h e s e r e s i d u e s a r e on 
h a n d , i t w o u l d be p o s s i b l e t o u s e t h e m fo r f a c t o r i n g m a n y F i b o n a c c i 
s e q u e n c e s . 

The m e t h o d w o r k s . But — a s we g e t t o l a r g e r a n d l a r g e r p r i m e s 
t he p e r i o d s i n c r e a s e a n d so l i k e w i s e do t he e n t r y p o i n t s so t h a t t he 
p r o b a b i l i t y t h a t t h e p r i m e w i l l be a f a c t o r b e t w e e n T ^ Q Q a n d R ^ Q Q S e t s 

l e s s . A l s o , w i t h l a r g e p r i m e s s u c h a s 911 w i t h a n e n t r y po in t of 70 in 
the F i b o n a c c i s e q u e n c e ( 1 , 1 , 2 , 3 . . . ) t he p r o b a b i l i t y t h a t t h i s w i l l be a 
f a c t o r of a F i b o n a c c i s e q u e n c e c h o s e n a t r a n d o m i s r e l a t i v e l y s m a l l , 
b e i n g on ly 7. 6%. T h i s s a m e p a t t e r n a p p l i e s to a l l l a r g e p r i m e s w i t h 
r e l a t i v e l y s m a l l e n t r y p o i n t s . 

A g a i n the s e q u e n c e of p r i m e s t h a t f a c t o r a l l F i b o n a c c i s e q u e n c e s 
h a v e t he m a x i m u m p e r i o d , 2p + 2 a n d h e n c e t e n d to h a v e a s m a l l p r o b -
a b i l i t y of f a c t o r i n g o u r s e q u e n c e s w i t h i n t he l i m i t e d r a n g e f r o m T ^ Q Q 
to R].oo° 

Al l in a l l , t he h i g h h o p e s e n t e r t a i n e d for t h i s m e t h o d w e r e no t 
r e a l i z e d , , D o e s s o m e one h a v e a b e t t e r w a y of a t t a c k i n g t h i s p r o b l e m ? 

As a b y p r o d u c t , i t w o u l d a p p e a r to be a w o r t h w h i l e g o a l to h a v e 
a v a i l a b l e f a c t o r i z a t i o n s of t h e f i r s t h u n d r e d t e r m s of a few F i b o n a c c i 
s e q u e n c e s s u c h a s (1 , 4) and (2, 5) — e v e n if s o m e b o d y d o e s i t on a 
c o m p u t e r . XXXXXXXXXXXXXXX 



TIME GENERATED COMPOSITIONS YIELD 
FIBONACCI NUMBERS 

HENRY WINTHROP 
Universi ty of South Flor ida, Tampa, Florida 

1. INTRODUCTION 
Imagine a pa r t i c le the number of whose col l is ions with other p a r -

t ic les during the t t ime i n t e r v a l i s given by <£(t). Assume that this 
pa r t i c l e p o s s e s s e s a p roper ty , p, which it can t r a n s m i t by col l is ion to 
eve ry pa r t i c l e with which it co l l ides . F u r t h e r suppose that eve ry pa r -
t ic le that has rece ived p rope r ty p by col l is ion can a lso t r a n s m i t it by 
col l is ion. Assume that for an indefinite per iod of t ime eve ry pa r t i c l e 
posses s ing p roper ty , p, coll ides only with those pa r t i c l e s not p o s s e s s -
ing this p rope r ty . The number of new pa r t i c l e s to which proper ty , p, 
has been impar ted is given by the following model , 

2. THE MODEL 
Let A. be the number of col l is ions with new pa r t i c l e s in the t ime 

i 

in te rva l i < t <, i + 1 by pa r t i c l e s possess ing proper ty , p, at t = i. 
The new pa r t i c l e s do not s t a r t the i r pr iva te t imes until the end of the 
t ime in te rva l of thei r init ial collision* 
(1) A0 = 1 

\ = 0(D 
A2 = 0(2) + <pZ(l) 

A3 = 0(3) +20(2 )0 (1 ) + 03(1) 

A4 = 0(4) + [20(3)^(1) + 0 2 (2 ) ] + 30(2)<£2(1) + <p4(l) 

A. = F ( h . , 0 ) 

The model is obtained as follows: 
Up to t = 1, An genera tes the inc remen t A, , whose magnitude 

is 0(1), the number of pa r t i c l e s with which A0 collided in the f i r s t 
t ime in te rva l . 

A t t h e t i m e t = 2, An has collided with <£(2) m o r e new pa r t i c l e s 
during the second t ime in te rva l and A has collided with <fi(l) new 
p a r t i c l e s , since i ts col l is ions a r e subject to the phase rule cons t ra in t 
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of i ts own pr iva te t ime . Therefore when t = 2 in public t ime , 

^2 A, = 0(2) + 0(1)0(1) = 0.(2) + 02(1). 
When t = 3, An has collided with 0(3) m o r e new pa r t i c l e s during 

the thi rd t ime in te rva l for it is in phase 3 of i ts p r iva te t ime , each 
pa r t i c l e of A-. = 0(1) has collided with 0(2) m o r e new p a r t i c l e s , p r o -
ducing 0(1)0(2) new pa r t i c l e s a l together , because A is in the s e c -
ond phase of i ts p r iva te t ime . Each par t i c le of A? coll ides with 0(1) 
new pa r t i c l e s since it is in the f i r s t phase of i ts pr ivate t ime , thus 
producing 

A., 0(1) - (0(2) + 02(1))0(1) = 0(2)0(1) + 03(1) 
p a r t i c l e s . Therefore when t = 3, we have 

A3 = [0(3)] + [0(1)0(2)] + [0(2)0(1) + 03(1)] 
= 0(3) + 20(2)0(1) + 03(1) . 

Now if we subst i tute 0(t) = t into the model display (1), we obtain 
(2) AQ = 1 

\ = 1 

A , = 2 + l 2 = 3 2 
k3 

*4 

A. = 3 + 2 2 ' 1 + I 3 = 8 

A, = 4 + 2 • 3 • 1 + 2 2 + 3 • 2 • I 2 + l 4 = 21 

Neglecting An, one obse rves that the number s 1, 3, 8, 21, 55 
U 

quence 
U ,-, = 3U M - U a r e the a l t e rna te t e r m s of the Fibonacci s e -n+2 n+1 n 

1 ,1 ,2 , 3, 5, 8, 13, 21, 34, 55, . . . , F n + 2 = F n + 1 + F n 

so that the sequence of cumulat ive sums (including An) is 
1, 1 + 1 = 2, 1 + 1 + 3 = 5, 1 + 1 + 3 + 8 = 1 3 , . . . , 

U ,-, = 3 U in - U which is the other set of a l t e rna te Fibonacci num-n+2 n+1 n 
b e r s . The proof of these s t a tements will follow as a specia l case of 
the theorem in the following sect ion. 

3. ANOTHER SPECIAL MODEL 

If we a s s u m e that the t ime genera to r is 0(t) = kt (k a posi t ive 
in teger) , the same model display (1) yields 
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(3) AQ = 1 

Ax = k 

A2 = k2 + 2k 

A0 = k 3 + 4 k 2 + 3k 3 
k 4 + 6 k 3 + 1 0 k 2 4- 4k 

A. = P . (k ) 
i i 

Note : T h e c o e f f i c i e n t of k in the p o l y n o m i a l P (k) i s the n u m b e r 

of d i s t i n c t c o m p o s i t i o n s of i n t e g e r n in m p o s i t i v e i n t e g e r s . The 

c o e f f i c i e n t s a r e a l s o t he a l t e r n a t e r i s i n g d i a g o n a l s of P a s c a l ' s a r i t h -

m e t i c t r i a n g l e u p w a r d f r o m left to r i g h t . 

We now p r o v e the fo l lowing t h e o r e m . 

T h e o r e m : If (f>(t) = k t , t h e n m o d e l d i s p l a y (3) h a s a s i t s n th r o w a 

p o l y n o m i a l P (k) s a t i s f y i n g t h e r e c u r s i o n r e l a t i o n : 
P n + 2 ( k ) = (k + 2 ) P n + 1 ( k ) - P n ( k ) . 

w h e r e P , ( k ) = k and P 2 ( k ) = k 2 + 2k. 

4, P R O O F O F T H E T H E O R E M 

Le t T (k) be t he t o t a l n u m b e r of p a r t i c l e s p o s s e s s i n g p r o p e r t y , 

p, a t t i m e t = n . C l e a r l y T , , (k) = T (k) + A . , , w h i l e c o l l e c t i v e l y 
r J n+1 n n+1 ' } 

t he T (k) p a r t i c l e s c o l l i d e w i t h A t 1 n e w p a r t i c l e s d u r i n g the n e x t n n+1 r to 

t i m e i n t e r v a l , e a c h p a r t i c l e c o l l i d e s w i t h k m o r e n e w p a r t i c l e s t h a n 

d u r i n g t h e p r e v i o u s t i m e i n t e r v a l so t h a t 

<4> A n + 2 = k < T
n

( k > + An+1> + A n + 1 = k T n + l < k ) + K+l ' 
T h u s , s i n c e A ,, = T - (k) - T (k) e q u a t i o n (4) y i e l d s 

(5) T n + 2 ( k ) = ( k + 2 ) T n + 1 ( k ) - T n ( k ) . 

But , s i n c e A , , = T , , (k) - T (k) i s t h e d i f f e r e n c e of two s o l u t i o n s of n+1 n+1 n 2 
(5), i t i s a l s o a s o l u t i o n o f (5) . Now, A = k = P 1 ( k ) and A 2 = k + 2 k = P 2 ( k ) 

a n d the p r o o f i s c o m p l e t e . If k = 1, t h e n (5) b e c o m e s 

<6> U n + 2 = 3 U n + l " U n 
If U, = P , ( l ) = 1, and U ? = P ? ( l ) = 3, t h e n the n u m b e r s g e n e r a t e d a r e 
t h e a l t e r n a t e F i b o n a c c i n u m b e r s p r o m i s e d a f t e r (2), w h i l e 

UQ = T Q (1) = AQ = 1, a n d Uj = T ^ l ) = \ + \ = 1 + 1 = 2 , 
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r e c u r s i o n re la t ion (6) yields the other set of a l t e rna te Fibonacci num-
bers as the sequence of cumulat ive suras, the total pa r t i c l e count. 

5. CONCLUDING REMARKS 
One is d i rec ted to advanced problem H-5Q December 1964, F ib-

onacci Quar te r ly , for the part i t ioning in te rp re ta t ion of the in teger n of 
the model for <p(t) - kt. 

Suppose one defines two se ts of Morgan-Voyce polynomials 
bQ(x) = 1, b}(x) = 1 + x; BQ(x) = 1, B ^ x ) = 2 + x , 

both sets satisfying 

(7) P
n + 2 ( x ) = (X + 2 ) P n + l ( x ) " P n ( x ) j n ~ ° • 

It is easy to es tab l i sh that 
P (k) = A = k B , (k) n n n-1 
T (k) = An + A, + . . . + A • = b (k) . n 0 1 n n 

Thus for k = 1, we again find B ,(1) = F n and b (1) = F~ ( 1 . See 
° n-1 2n n 2n+l 

c o r r e c t e d prob lem B-26 with solution by Douglas L ind in the E l e m e n t a r y 
P rob lem Section of this i s sue , where the binomial coefficient re la t ion 
mentioned in the note of Section 3 is shown. A future paper by Prof. 
M. N. S. Swamy dealing extensively with Morgan- Voyce polynomials will 
appear in an ea r ly i s sue of the Fibonacci Quar t e r ly . 
Acknowledgment: The author is completely indebted to Dr. V. E. 
Hoggatt, J r . , for bringing to his at tention the theorem and its proof. 
Additional r e fe rences to work along the lines of genera ted compos i -
tions -— some of which yield numbers with Fibonacci p rope r t i e s — w i l l 
be found in the r e fe rences at the end of this paper . (See note, page 94) 
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MYSTERY PUZZLER AND PH! 
MARVIN H. HOLT 
Wayzata, Minnesota 

A problem proposed by P r o f e s s o r Hoggatt is as follows: Does 
the re exist a pai r of t r i ang les which have five of thei r six pa r t s equal 
but which a r e not congruen t? (Here the six pa r t s a r e the th ree s ides 
and the th ree angles . ) The ini t ial impuls ive answer is no J The p rob-
lem a lso appea r s in | 1 | as well as in the MATH LOG. 

I have taken some t ime to work on the problem you suggested. 
I think you will agree that the solution I have is in te res t ing . One p rob-
lem, as you have stated it, is posed in a high school geomet ry text 
entitled, "Geomet ry" byMoise and Downs, published by Addison Wesley 
Company, (page 369)* 

In thei r solution key, they gave one possible pai r of t r i ang les 
that work: 

I d i scovered this after I solved the problem myself. But the above 
solution does not do jus t ice to the problem at all, since my old friend 
r is rea l ly the key to the solution. Note: Golden Mean = 96 = r in what 
follows. 

I at tacked the problem as follows: F i r s t , the five congruent pa r t s 
cannot contain all t h ree s ides , since the t r i ang les would then be con-
gruent , Therefore , the five pa r t s mus t be th ree angles and two sides 
which means that the two t r i ang les a r e s im i l a r . But, the two sides 
cannot be in cor responding o rde r , or the t r i ang les would be congruent 
e i ther by ASA or SAS. So, the si tuation mus t be one of two poss ib i l i t ies 
as I have sketched below: (My sketches a r e not to sca le . ) 
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t r iangle 1 

t r iangle 2 

poss ibi l i ty 1 

possibi l i ty 2 

In both c a s e s , by using re la t ionships from s imi la r t r i ang les , it follows 
that |:= or b = ka and c = kb = k a from possibi l i ty 2 and ~ = 3 or 

2 b d 
b = ka and d = kb = k a from possibi l i ty 1. 

So, the th ree s ides of the t r iangle mus t be th ree consecutive 
2 

m e m b e r s of a geomet r ic s e r i e s : a, ak, ak , where k is a p ropor t ion-
al i ty constant and k > 0 and k ^ 1. If k = 1, the t r i ang les would both 
be equi la te ra l and thus congruent . Therefore , k / 1. 

F r o m my previous a r t i c l e on the Golden Section (Pentagon, Spring 
1964) I worked out two p rob lems on right t r i ang les where the s ides 
formed a geomet r ic p r o g r e s s i o n and the constants turned out to b e / ^ " 
and y — «, So, I knew of two m o r e si tuat ions where the or iginal p rob lem 
could be solved. Then I began to consider var ious other values of k 
and I began to wonder what values of "kM will work. In other words , for 
what values of k will the number s a, ak, and ak be s ides of a t r i -
angle . Once we know th is , then another t r iangle with s ides ^ , a, ak 

2 3 k 

or ak, ak , ak wi l lhave five p a r t s congruent but the t r i ang les would 
not be congruent . 

I n o r d e r f o r a, ak and ak to be s ides of a t r i ang le , t h ree s t a t e -
ments mus t be t rue : 
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These a r e ins tances of the s t r i c t . t r i ang le inequality. 
1. a + ak > ak 2 (a + b > c) 

2. 

3. 

a + ak > ak 

2 
ak + ak > a 

[a > 0, k > 0, 

For Case 1, consider k > 1 

(a + c > b) 

(b + c > a) 

k ^ l ] 

(a) k > 1—>k > k ->1 + k > k 

the re fo re , a + ak > ak (condition 2 above) 

(b) k > l—>k + 1 > 1—>k + k > 1 

the re fo re , ak + ak > a (condition 3 above) 

(c) if k > 1 show a + ak > ak (condition 1 above) 

This pa r t revolves around the problem of finding out when 1 + k > k , 
2 or, graphical ly: For what x > 1 will 1 + x = y be above y = x ? 

2 • 1 

p™_^«—-
Jf— Y = 

2 
— y = x 

2 

1 + x 

Solving this problem produces the r e su l t that 

k < ~ or_ k < r . 
2 So, if 1 < k < r then the number s a, ak, ak a r e the s ides of the 

a 2 3 
t r iangle that can be matched with -- , a, ak or ak, ak , ak to solve 
the or iginal p rob lem. (Incidentally: 1 < v ^ < r . So this fits i n h e r e . ) 

For Case 2, consider k < 1 
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(a) 

(b) 

(c) 

MYSTERY PUZZLER AND PHI 
z z z 

if k < 1—->k < k ~ > k < k + 1 Therefore ak < ak + a 
(condition 1) 

Apri l 

if k < 1 —> 1 + k > 1 —>a + ak > ak (condition Z) 

Now, if k < 1 show ak + ak > a. This i s , essentially,finding 
Z 

what values of k make k + k > 1. 
2 Again, graphical ly, for what x < 1 will the parabola y = x + x 

be above the line y = 1 ? 

pm X7p y = l 

— X = 1 

-1 + /5~ Solving this problem produces the resu l t that k > ~ . If you 
-1 + / 5 will follow this closely, ^ is the additive inve r se of the conjugate 

of ^ . (i. e, j r = ^ . Therefore , the conjugate of r is « 
1 4 - /"cT I _L /C, 

and its additive inve r se is -= . ) So, if ^ < k < 1 the p rob -

-1 + v/5 / l n < 1, so my second problem lem is again solved. (Again, 
fits h e r e . ) 

Therefore , the complete solution can_be summed up as follows, 
1 + \/5 - I + /5 if k is a number such that 1 < k < ^ = r or ^ < k < 1. 

Then the three sets of t r i ang les with s ides -r- , a, ak or a, ak, ak 
or ak, ak 2 , or ak 3 can be used to produce two t r i ang les with five 
p a r t s equal and the t r i ang les themse lves not congruent . 

So, the re a r e an infinite number of p a i r s of t r i ang les that solve 
this problem and once again, r p roves to be an in te res t ing number 
and a key to the solution of in te res t ing problems,, 

REFERENCES 
1. Moise and Downs, Geometry , Addison-Wesley, p. 369. 
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LADDER NETWORK ANALYSIS USING POLYNOMIALS 
JOSEPH ARKIN 

Spring Valley, New York 

In this paper we develop some ideas with the r e c u r r i n g s e r i e s 

(1) B = k, B , + k^B OJ B n = 1, (k. and k0 / 0) , 
n 1 n-1 2 n-2 0 1 2 ' ' 

and show a re la t ionship between this sequence and the s imple network 
of r e s i s t o r s known as a Ladder-network. 

The ladder -ne twork in F igure 1 is an impor tan t network in com-
municat ion s y s t e m s . The m - L sect ions in cascade that make up this 
network can be cha rac t e r i zed by defining: 

(2) a) the at tenuation (input voltage/output voltage) = A, 

b) the output impedance = z , 

c) the input impedance v 

e ° 1 

1 R, 

- O - t -

* 2 > 
R~ 

Figure 1 

R, 

R_ 

R, 1 " 1 

R. 
* - • . 

A resu l t obtained by applying Kirchhoff's and Ohm's Laws to 
l adder -ne tworks with m = 1, 2, 3, . . . , R, = 'R~k-, was tabulated with 
the r e su l t s in Table 1, where sett ing k, = 1, R- = 1 ohm, the network 
in F igure 1 was analyzed by inspect ion [1] . 
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0 
R n 

V M R 2 
~k+Z~ 

k ^ + 3 k 1 + l \ R 2 

k^+4kx+3y 

( k ^ l ) 

( k ^ + 3 ^ + 1 ) 

( ^ + 5 ^ + 6 ^ + 1 ) 

T a b l e 1 

( k x + l ) R 2 

k x + 3 k +1 \ R 

' ^ + 5 ^ + 6 ^ + 1 \ R 2 

, k ^ + 4 k 1 + 3 / 

We o b s e r v e t h a t t he n th r o w in T a b l e 1, m a y be w r i t t e n 

m 

n 

zo 
( C 2 n - 2 / y 2 n - l ) R 2 

A 

C 9 
2n 

z i 

( C 2 i A 2 n - l ) R 2 

w h e r e , 
1/2 (3) a) C = k ; C , + C 9 , C n x ' n 1 n - 1 n - 2 0 

b) y r k, ' i n - 1 + y n - 2 ' y 0 = IA; 
1/2 

It t h e n r e m a i n s to s o l v e for y and C i n (3), to be a b l e to a n a l y z e 
J n n 

( F i g u r e 1) by i n s p e c t i o n for a n y v a l u e of k (k ^ 0) , w h e r e R = 1 o h m . 
So t h a t , i n (1), we le t 

(4) a) w = (kL + (k* + 4 k 2 ) l / 2 ) / 2 , 

b) v = 

w h e r e i t i s e v i d e n t , 

(kx - (k 2 + 4 k 2 ) l / 2 ) / 2 

c) k, W + V 

and 

d) k~ = - wv 

T h e n , c o m b i n i n g (c) and (d) w i t h (1), l e a d s to 

(5) B ((w - v )B , - w v ( w - v ) B 9 ) / ( w - v ) n - l n - L 
o o 2 2 

B = ((w ~v )B 0 - wv(w - v )B o ) / ( w - v ) , n n - 2 v ' n - 3 " 
• » • • • i 

B = ((w - v )(w+v) - wv(w " - v ) B 0 ) / ( w - v ) 
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and we h a v e , _ 
n+1 n+1 

(6) B = ™—--a— . 
n w - v 

1/2 
W h e r e , i n (1) w e r e p l a c e k, w i t h k, ' and k 9 w i t h 1, and c o m b i n -
ing t h i s r e s u l t w i t h (3) and (6), l e a d s to 

( k ; / 2
 + ( k 1 + 4 ) i / 2 ) n + 1 - ( k ! / 2 - ( k 1 + 4 ) 1 / 2 ) n + 1 

( 7 ) a ) C n = ~ ' 1/2 n + l = 0 ( k 1 ) , 
n ((k +4) ' ) 2 n l 

and . /,, 
b) y n = ^ ( k ^ / k } ^ . 

(8) T h e o r e m . 
T h e a t t e n u a t i o n ( input v o l t a g e / o u t p u t v o l t a g e = A) of m - L s e c -

t i o n s in c a s c a d e i n a l a d d e r - n e t w o r k i s g i v e n by 

2 m - 2 

A 2 = 2 c ( ( - c 7 1 ) / c 9 7 ) r ) . 
^ r 2 m - l " 2 m - 2 ; ' 

r=0 
T h e p r o o f of t he t h e o r e m r e s t s on the fo l lowing 

(9) L e m m a , 
T h e p o w e r s e r i e s 

n 

( - l ) n 2 B r x r , 

r = 0 
i s a l w a y s a s q u a r e , w h e r e B i s de f ined i n . ( l ) . 

P r o o f of l e m m a , 

Le t 
n 

(10) 1 = (1 -k jX - k 2 x 2 ) ( 1 B r x r ) , 
r=0 

t h e n , by c o m p a r i n g c o e f f i c i e n t s a n d by (1), we h a v e 
- ( B k. + B , k 9 ) - B , . 

,, . . n 1 n-.l 2 ' n+1 
(11) X = _ = - _ - , 

n 2 n 2 
2 

and r e p l a c i n g x w i t h ( - B > i ) / ( B k ? ) i n ^ - k j ^ - k ? * 1 ^ l e a d s t o 

(12) l - k l X - k 0 x 2 = ( B 2 k » + B B ^ . k , - B 2
x 1 ) / ( B 2 k 9 ) . x ' 1 2 x n 2 n n+1 1 n + l , / v n 2 ' 

By (4, d) and (6) i t i s e a s i l y v e r i f i e d 
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(13) B 2 - B , . B . = ( - k - ) n , 
n n+1 n-1 2 

so that 
(14) B2k„ + B B . . k . - B 2 = ( - l ) n k ^ + 1 . x ' n 2 n n+1 1 n+1 x ' 2 

Then, replacing the n u m e r a t o r in (12) by the r e su l t in (14) leads to 

(15) 1-k x - k ? x 2 = ( ( - l ) n k * ) / B 2 , 

so that (10) may be wr i t t en as 
n 

(16) ( - l ) n B 2 = 2 B x r , 
n r 

r=0 
which completes the proof of the l emma. 
(17) The proof of the theorem is immedia te , when in (11) and (16), we 

. _ . _ _ __ 
rep lace n with 21X1-23, k, with k , ' , k ? with 1, and combine the 
r e su l t with (7, a) and the values of the at tenuation in Table 1. 
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CONCERNING LATTICE PATHS AND FIBONACCI NUMBERS 

DOUGLAS R. STOCKS, JR. 
Arlington State College, Arlington, Texas 

Rs E. Greenwood [1] has invest igated plane Lattice paths from 
(0, 0) to (n, n) and has found a re la t ionship between the number of paths 
in a ce r t a in r e s t r i c t e d subclass of such paths and the Fibonacci s e -
quence. Considering such paths and using a method of enumera t ion 
different from that used by Greenwood, an unusual r ep re sen ta t ion of 
F ibonacc i ' s sequence is suggested. 

The paths cons idered he re a r e compr i sed of s teps of th ree types: 
(i) hor izonta l from (x, y) to (x + 1, y); (ii) ve r t i ca l from (x, y) to (x, y + 1); 
and (iii) diagonal from (x, y) to (x + 1, y + 1). 

V 5 
V 4 
V 3 
V 2 
V l 

H5 H 4 H 3 H2 HL 

F igure 1 

In the i n t e r e s t of s impl ic i ty of r epresen ta t ion , we will h e r e con-
s ider the paths from H. to V., for each posit ive in teger i. Note 
that the number of paths from H. to V. is the number of paths from 
(0, 0) to (i, i ) . However, ins tead of consider ing the total number of 
paths from H. to V. as was done by Greenwood, we will count only 
the number of paths from H. to V. which do not contain as subpaths 
any of the paths from H. to V., for j < i. This number plus the 
number of paths from H. . , to V. , is the total number of paths from 
H. to V.. The use of this counting device suggest the 
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Theorem: 

Le t 

i D = i 

2 = «—j L where denotes the g rea t e s t in teger functioi 

3 = 3 + 2 
D D- l D- l 

4D = V2 + 3D-2 

(2n)D = ( 2 n ) D - 2 + ( 2 n - l ) D - 2 

(2n+l ) D = ( 2 n + l ) D ^ + ( 2 n ) D - 1 

D, let D 

with the r e s t r i c t i o n that k n = 0 if k > D. For each posi t ive in teger 

f(D) = S k D . 
k=l 

The sequence {f(D) ] D = 1, 2, 3, . . . } is the Fibonacci sequence. 
The proof is d i rec t and is there fore omit ted. 
The geomet r ic in te rp re ta t ion of the number s k and f(D) m e n -

tioned in the theorem is in t e res t ing . However, before cons ider ing this 
in te rp re ta t ion it is n e c e s s a r y to define a sect ion of a path. For this 
purpose we will now consider a path as the point set to which p belongs 
if and only if for some step ((x, y), (u, v)) of the path, p belongs to the 
line in te rva l whose end points a r e (x, y) and (u, v). A sect ion of a path 
is a line in te rva l which is a subset of the path and which is not a subset 
of any other line in te rva l each of whose points is a point of the path. 

The above mentioned geomet r i c in te rp re ta t ion follows: By defi-
nition f(l) = 1. For each posi t ive in teger D > 2, let L~ denote the 
set of paths from H n to V n which do not contain as subpaths any of 
t h e p a t h s f r o m H. to V., for j < D. f(D) is the number of paths be-
longing to the set L n . k is the number of paths in the subset X of 
L n such that x belongs to X if and only if x contains as subse ts 
exactly k diagonal sec t ions . 
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F igure 2 p o r t r a y s the five paths which belong to L- . In F igure 
2a appea r s the one path of L- which contains only one diagonal s e c -
tion ( 1 - = 1). The two paths of L- which contain exact ly two diagonal 
sect ions appear in F igure 2b (2- = 2)* In Figure 2c the two paths of 
L c which contain exactly th ree diagonal sect ions a r e shown (3 r = 2). o 5 
It is noted that 4_ '= 5 r = 0. 

Fig . 2a 

f(5) 

Fig. 2b 
2 5 = 2 

1 + 2 + 2 + 0 + 0 
Figure 2 

= 5 

Fig. 2c 
3 5 = 2 
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REPLY TO EXPLORING FIBONACCI MAGIC SQUARES* 
JOHN L. BROWN, JR. 

Pennsylvania State Universi ty, State Col lege, Pennsylvania 

P r o b l e m . F o r n > 2, show t h a t t h e r e do not e x i s t a n y nxn m a g i c 
s q u a r e s w i t h d i s t i n c t e n t r i e s c h o s e n f r o m the s e t of F i b o n a c c i n u m -
b e r s , u, = 1, u , = 2, u , n = u . , + u for n > I . 

1 2 n+2 n+1 n 

P r o o f . T r i v i a l for n = 2 . 

If a n nxn m a g i c s q u a r e e x i s t e d for s o m e n > 3 w i t h d i s t i n c t 

F i b o n a c c i e n t r i e s , t h e n the r e q u i r e m e n t t h a t the f i r s t t h r e e c o l u m n s 

add to the s a m e n u m b e r wou ld y i e l d the e q u a l i t i e s : 

(*) F . + F . + . . . + F . = F . + F . +. . . + F . = F 1 + F . +. . . + F . . 
1 2 n J l J 2 J n 1 2 n 

Since the e n t r i e s a r e d i s t i n c t , we m a y a s s u m e w i t h o u t l o s s of g e n e r -
a l i t y t h a t F . > F . > . . . > F . , F . > F . > . . . > F . and 

X l X 2 \ h h ^ 
F k , > F k > ' • • > F k • 1 2 n 
Not ing t h a t t he c o l u m n s c o n t a i n no c o m m o n e l e m e n t s , and by r e a r r a n g e -

m e n t if n e c e s s a r y , we a s s u m e F . > F . > F , a g a i n w i t h o u t l o s i n g 
h h k i 

g e n e r a l i t y ; t h u s , F . > F + 2. 
1l k l 

Now 
F . + F . + . . . + F . > F . > F , , - , i , i 9 i ^ i , - k, +2 

1 2 n i l 

while 
ki 

Fk, + F k ?
+ - - - + F k - 2 F i = % + 2 - 1 • 1 2 n , 1 

T h i s c o n t r a d i c t s t he e q u a l i t y p o s t u l a t e d in (*), and we c o n c l u d e no m a g i c 

s q u a r e s in d i s t i n c t F i b o n a c c i n u m b e r s a r e p o s s i b l e . 

The F i b o n a c c i Q u a r t e r l y , O c t o b e r 1964, P a g e 216 . 

xxxxxxxxxxxxxxx 
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THE FIBONACCI NUMBER Fu WHERE u IS NOT AN INTEGER 

ERICHALSEY 
Redlands, Cal i fornia 

INTRODUCTION 

Fibonacci number s , like fac tor ia l s , a r e not na tura l ly defined for 
any values except integer va lues . However the gamma, function extends 
the concept of factor ia l to numbers that a r e not i n t ege r s . Thus we find 
that (l /Z)I = ^/JT/2. This a r t i c l e develops a function which will give 
F for any integer n but which will fu r the rmore give F for any 
ra t ional number u. The a r t i c l e a lso defines a quantity n $ m and de-
velops a function f(x, y) = x ^ y where x and y need not be in tegers 0 

(1) DEFINITIONS 

Let n$ = 1 (Definitions (1) hold for all n c N) 

Let 

rdjL (read "n cardinal") = 2 k^ = 2 1 = n 
k=l k=l 

This gives the card ina l numbers 1, 2, 3, 

Le t 
2 1 

n$ (read "n t r i angula r" ) = 2 k$ = 2 k 
k=l k=l 

This gives the t r i angula r numbers 1, 3, 6, 10, . . . 
Let n 

n $ 3 (read "n t e t r ahedra l " ) = 1 k ^ 2 . 
k=l 

This gives the t e t r ahed ra l numbers 1, 4, 10, 20, . . 
In genera l , let 

n 
n$ (read "n de l t a - s l a sh m") = 2 k$ 

k=l 

147 
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This gives a f igurate number s e r i e s which can be ass igned to the 
m-d imens iona l analog of the t e t r ahedron (which is the 3-dimensional 
analog of the t r iangle , e tc . ). 

Let us cons t ruct an a r r a y ( a. .), where we ass ign to each a. . 
an appropr ia te coefficient of P a s c a l ' s t r i ang le . 

1 1 1 1 
2 3 4 5 

3 6 10 15 

4 10 20 35 

5 15 35 70 

(a. .) 
i , 3 

It is c lear that in this a r r a n g e m e n t the usual rule for forming P a s c a l ' s 
t r iangle is just 

(2) a. . = a. . - + a. . . 

But a compar i son of this rule with the definitions (1) shows that P a s c a l ' s 
t r iangle can be wri t ten: 

1 / a 1 i^2 
i< 

2#° 2jLl 2 / . . . 2 ^ 

3^° 3JL1 3fi2 3Ar 

n(L n$ n£ 

where a. . = iA 
a. . = a. .. Therefore 

i»J J*1 

F r o m the s y m m e t r y of P a s c a l ' s t r i angle , 

(3) i ^ " 1 = j ^ 1 " 1 ; nfi™ = (m+l)^1 1"1 

P a s c a l ' s t r iangle is a well-known genera tor of Fibonacci numbers in 
the way shown in the following d i ag ram. 
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/ / / / / 
1 / 1 / 1 

/ 

2 

3 

4 

5 

1 1 

3 4 5 

6 10 15 

10 20 35 

15 35 70 

1 = 1 = F , 

1 = 1 = F_ 

1+1 

1+2 

1+3+1 = 5 = F r 

We can apply the same course to our abs t rac ted P a s c a l ' s t r i ang le . 
/ / / 

0̂ 

3^° /3tLl 3^ . 

/ • 

F 3 = 3<X° + l ^ 1 

F 4 = 4^° + Zfk1 

It is c lea r that, if we keep forming Fibonacci numbers from P a s c a l ' s 
t r iangle in this way, F = n^ + (n-2)$ + (n-4)$ + . . . + (n-2m)$ , or 

(4) 1 (n-2k)£K 

k=0 

where we requ i re that m b e a n integer and that 0 < n-2m.< 2, or in 
other words that n /2 - 1 <_ m < n / 2 . Now let us prove 

(5) Theorem 1 ^m _ (n+m-1 ] 

Proof: It is sufficient to per form induction on n. Let the theorem be 
E(n). Then if n = 1, E(l) s ta tes 

/ n + m - l \ _ / l + m - l \ _ mj_ _ . 
\ m / \ m / ml 
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But by d e f i n i t i o n (1), ( m + l ) $ = 1 for a n y (m+1) t N . T h e n by e q u a -

t i o n (3) 1 ^ = 1 for m = 0, 1, 2, 3, . . . and E ( l ) i s t r u e . Now 

le t us a s s u m e tha t , for a r b i t r a r y m i N, E(n) i s t r u e . T h e n 

Mm / n + m - l \ 
n ^ = ( m ) • 

F r o m the d e f i n i t i o n s (1) i t c a n be s e e n t h a t 

. v m - 1 Mm - 1 . . *m -1 ^m 
1$ + 2 ^ + . . . + nfi = n^k 

T h e r e f o r e the i n d u c t i o n h y p o t h e s i s c a n be r e s t a t e d 

(6) i f 1 + Z ^ ' 1 + . . . + ( ^ m I 2 ) = (n +™- 1) • 

Add ( 1 ) to bo th s i d e s of e q u a t i o n (6) to o b t a i n 

(7) lA""1 iZfi"-1 + . . . +("l m i 2 ) + (°i"i') 

T h e r i g h t - h a n d s i d e of e q u a t i o n (7) i s ( ) by t he s t a n d a r d i d e n t i t y 
fo r c o m b i n a t i o n s , so we h a v e 

o r 

I^111-1+ z^m-1+ .. . +(n^mi2)+(( n +^!!r"2) 
( ( n + l ) + m - l \ 

w h i c h i s E ( n + 1 ) . T h e r e f o r e E(n) i m p l i e s E(n+1) and T h e o r e m 1 i s 

t r u e by m a t h e m a t i c a l i n d u c t i o n . 

Now le t u s p r o v e 
1 

(8) T h e o r e m 2 n ^ m = [ (n+m) f xn'l(l - x ) m d x J " 1 

0 

P r o o f : r (n ) = ( n - l ) I ( g a m m a func t ion) 

B ( m , n) = B(n, m ) = -1 . ' ~}-—- (be ta func t ion) 
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Therefore 

1 _ r(m-fn) 
B(m, n) " r(m)r(n) ' 

and 

1 r(n+2) _ (n+l)! 
, n-m+1) r(m+l) r(n-m+l) ml (n-m)! 

- ( n 4 ^ v , = (n+l) C) . 
ml (n-m): 

Then 

(9) ( n ) = 7-xrvoT-4i m = [(n+l)B(m+l,n-m+l)] "l . 
w / \m/ (n+l )B(m + l, n-m+1) Lx ' J 
We can now substitute the right-hand side of equation (5) into equation 

(9) to obtain 

n£m = ( n + ™ _ 1 ) = [ ( n + m ^ m + ^ n ) ] - 1 , 

where -, 

B(m+l,n) = B(n5m + 1) = J x11™1 (1-x)mdx . 

0 

Therefore 

1 

n£m = [(n+m) J x11"l (1 - x ^ d x ] " 1 . 

0 

Both equations (5) and (8) assert that n$ = (m+l)£ " . Some inter-

esting special cases of equation (5) are 

JD / n - l \ (n - l ) I , 
n^ = ( o ) = k^nr = l * 

vl / n \ n! 
^ = ( l ) = ( n - l ) i l l = n ' 

a n d 

v , J _ / n + 1 \ - (n+1)i _ (n)(n+l) 

k=l. 

Now we can put equation (8) into equation (4) to obtain 
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1 
n - 2 k - F (10) F n - I [(n-k) J x — ^ l - x ^ d x ] " 1 , 

k=0 0 

where m is an in teger , n /2 - 1 < m < n / 2 . But whe reas equations 
(4) and (5) have meaning only for integer a rgumen t s , equations (8) and 
(10) can be used to find x $ / and F t where x, y, and u a r e any 
ra t ional n u m b e r s . 

In pa r t i cu l a r 
m 1 

(11) F , = 1 [<u-k) J x ^ ^ ^ d - x ^ d x ] " 1 , 
k=0 0 

where m is an in teger , u /2 - 1 < m < u /2 e The equation (11), and 
the definite in tegra l in it, a r e eas i ly p r o g r a m m e d for solution on a 
digital computer . A few values of F follow. 

4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
5. 
5. 
5* 
5. 
5. 
5. 
5, 
5. 
5, 
58 
6. 

1000000 
2000000 
3000000 
4000000 
5000000 
6000000 
7000000 
8000000 
9000000 
0000000 
.1000000 
2000000 
3000000 
4000000 
5000000 
.6000000 
7000000 
8000000 
.9000000 
0000000 

3. 
3. 
3. 
3. 
3. 
4. 
4. 
4. 
4. 
5. 
5. 
5. 
5. 
6. 
6. 
6. 
6. 
7. 
7, 
8. 

1550000 
3200000 
4950000 
6800000 
8750000 
0800000 
2950000 
5200000 
7550000 
0000000 
2550000 
5200000 
7950000 
0800000 
3750000 
6800000 
,9950000 
3200000 
6550000 
0000000 

0. 1 
0 . 2 

4 . 0 

1.0 
1.0 

1.0 
1. 1 
1.2 

2 . 0 
2 . 1 

3 . 0 

xxxxxxxxxxxxxxx 



ELEMENTARY PROBLEMS AND SOLUTIONS 
Edited by A.P. HILLMAN 

University of Santa Clara, Santa Clara, California 

Send all communicat ions regard ing E lemen ta ry P r o b l e m s and 
Solutions to P r o f e s s o r A. P . Hillman, Mathemat ics Depar tment , Uni-
ve r s i t y of Santa Clara , Santa Clara , California. Any problem believed 
to be new in the a r e a of r e c u r r e n t sequences and any new approaches 
to exist ing prob lems will be welcomed. The p ropose r should submit 
each problem with solution in legible form, preferab ly typed in double 
spacing with name and a d d r e s s of the p roposer as a headinge 

Solutions to p rob lems should be submitted on separa te sheets in 
the format used below within two months of publication. 

B - 6 4 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Show that L L ,, = L~ , ,+(-1) . where L is the n-th Lucas n n+1 2n+l n 
number defined by L, = 1, L0 = 3, and L l 0 = L M + L . y 1 2 n+^ n+1 n 
B - 6 5 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Let u and v be sequences satisfying u , J a u , ,+bu =0 and n n n+2 n+1 n 
v . T+CV ,, +dv =0 where a, b, c, and d a r e constants and let 

n+Z n+1 n A % 7 
(E2+aE+b)(E2+cE+d) = E 4 +pE +qE + r E + s . Show that y =u +v sat is f ies 

y j / i + p y j -2+qy . o + r y . i + s y ~ ° 
7n+4 r / n + 3 n / n + 2 7n+l Jn 

B - 6 6 Proposed by D.G. Mead, University of Santa Clara, Santa Clara, California 

Find constants p, q, r, and s such that 
y n + 4 + p y n + 3 + q y n + 2 + r y n + 1 + s y n = o 

is a 4th o rde r r e c u r s i o n re la t ionfor the t e r m - b y - t e r m products y =u v 
3 r J n n n of solutions of u l 0 - u M - u = 0 and v , 0 - 2 v ,, -v = 0. n+2 n+1 n n+2 n+1 n 

B - 6 7 Proposed by D.G. Mead, Uni versity of Santa Clara, Santa Clara, California 

Find the sum 1' 1 +1 * 2+2B 5+3' 12+. . . +F G , where F ^ = F ,. +F 
n n n+Z n+1 n 

and G n + 2 = 2 G n + 1 + G n . 

153 
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B - 6 8 Proposed by Walter W. Horner, Pittsburgh, Pennsylvania 

Find express ions in t e r m s of Fibonacci numbers which will gen-
e ra t e in tegers for the dimensions and diagonal of a rec tangula r pa ra l l e l -
opiped, i. e. , solutions of 

2 , , 2 , 2 ,2 
a +b +c = d 

B - 6 9 Proposed by Werner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Solve the sys tem of s imultaneous equations: 

x F ,, +yF = x +y n+1 J n J 

x F n + 2 + y F n + l = x 2 + 2 x y 

where F is the n- th Fibonacci number . n 

SOLUTIONS 

CHEBYSHEV POLYNOMIALS 

B - 2 7 Proposed by D.C. Cross, Exeter, England 

Correc ted and r e s t a t ed from Vol. 1, No. 4: The Chebyshev 
Polynomials P (x) a r e defined by P (x) = cos(nArccos x). Letting 
(f>= Arccos x, we have 

:os <f> - x = P (x), 

cos (2$) = 2cos 0 - 1 = 2x - 1 = P ? (x) , 

cos (3<f>) = 4cos 0 - 3cos <j> = 4x - 3x = P~(x), 

cos (40) = 8 c o s 4 0 - 8 c o s 2 0 + 1 = 8 x 4 - 8x2 + 1 = P 4 (x) , e tc . 

It is well known that 

Pn+2<x> = 2 x P n + l< X > " P n ( x > ' 

Show that 
m 

P (x) = I B. x n ' 2 j 
nx j n 

j=0 



155 ELEMENTARY PROBLEMS AND SOLUTIONS 155 

where 
m = [n/2 J , 

the g rea t e s t in teger not exceeding n / 2 , and 

(1) B = 2 n _ 1 
' on 

(2) B . , , x l = 2 B . . . - B. . 
j + l , n + l j + l , n j , n - l 

(3) I f S = | B I + | B . | + . . . + | B I, then S 10 = 2S , . + S 
n ' on ' ' I n 1 ' m n ' n+2 n+1 n 

Solution by Douglas Lind, University of Virginia, Charlottesville, Va. 

By De Moivre ' s Theorem, 

(cos <f> + i sin </>) - cos n 0 + i sin rub 

Letting x = cos <fi, and expanding the left side, 

/——2 n 
c o s n 0 + i s i n n 0 = (x + i vl - x ) 

. n . 
= 2 (- l ) j / 2 (Jxn- j ( l - x V / 2 • 

j=o 

We equate r ea l p a r t s , noting that only the even t e r m s of the sum a r e 
r ea l , 

[n/2] k 
cos n<£ = P j x ) = h X ( - l ) k (2^) x n " 2 k ( l - x2) . 

k=0 
We m a y p r o v e from this (cf. Fo rmula (22), p. 185, Higher T ranscend-
tal Funct ions , Vol. 2 by Erde ly i et al; R. G. Buschman, "Fibonacci 
Numbers , Chebyshev Polynomia ls , General iza t ions and Difference 
Equat ions, " Fibonacci Quar te r ly , Vol. 1, No. 4, p. 2) that 

(*) 

F r o m this , 

(1) 

B. J, n 

we have 

11 \ - l / O \1L-J-Xf. 

H (n-Zj): 

B = 2n~l . o, n 
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It is a lso easy to show from (*) that 

(2) B. ,, ,, = 2 B. ,, - B. • . 
j + l , n + l J + l , n J, n-1 

Now (*) impl ies 

J ,n ' j , n ' 
so that (2) becomes 

B. = (-1)J | B . 

("D j + 1 | B . + 1 + J = 2 ( - l ) j + 1 |B . + T I + ( - D J + 1 |B. , 1 j + l , n + l J ' j + l , n J ' j , n - l 

B . , , , , = 2 B . , T + B . .. 
1 j+1, n+1 ' ' j+1, n1 j , n -1 

Summing both sides for j to I —=—J, we have 

(3) S ,. = 2 S + S . 
v ' n+1 n n-1 

Also solved by the proposer. 

A S P E C I A L C A S E 

B - 5 2 Proposed by Venter E. Hoggatt, Jr., San Jose State College, San Jose, California 

Showthat F 0 F ^ - F 2 = ( - l ) n + 1 , where F is the n - th F ib -n-2 n+2 n x n 
onacci number , defined by F , = F~ = 1 and F 0 = F , + F . 

3 1 2 n+2 n+1 n 
Solution by John L. Broivn, Jr., Pennsylvania State University, State College, Pa. 

Identity XXII (Fibonacci Quar te r ly , Vol. 1, No. 2, Apr i l 1963, 
p . 68) s t a t e s : 

F F - F . F ,. = ( - l ) n ~ k F, F ,. n m n -k m+k k m+k-n 

The proposed identi ty is immedia te on taking m = n and k = 2. 
More general ly , we have 

F Z - F _ F „ = ( - l ) n " k F , 2 for 0 < k < n . n n -k n+k k 

Also solved by Marjorie Bicknell, Herta T. Freitag, John E. Homer, Jr., J.A.H. Hunter, 
Douglas Lind, Gary C. MacDonald, Robert McGee, C.B.A. Peck, Howard Walton, John 
Wessner, Charles Ziegenfus, and the proposer. 
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SU MMIN G M U L T I P L E S O F S Q U A R E S 

B - 5 3 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Show t h a t 

(2n - 1 ) F ? + (2n - Z)Y* + . . . 4- F ^ _ = F!T 1 2 Zn-1 2n 

Solution by James D. Mooney, University of Notre Dame, Notre Dame, Indiana 

Remember ing that 

I F,2 = F F , , , ^ k n n+1 
k=0 

2 2 
we m a y proceed by induction. C lea r ly fo r n = 1, F , = 1 = F - . Assume 

[2(n- l ) - l ] ? \ + [>(n- l ) - 2] T\ + . . . + F ^ ^ ^ = 

= (2n-3)F2 + (2n-4) F 2 + . . . + F 2 n _ 3 = F ^ . 

Then 
( 2 n - l ) F j + . . . + F 2 n _ x = [ (2n-3)F j + . . . + F 2 n _ 3 ] + 

2n-2 2n- l 

2(F? + . . . + F 2
 9) + F 2 . = F 2

 ? + 1 F 2 + 2 F ? > v 1 2n-2 2n- l 2n-2 k k 
k=0 k=0 

F 2 n - 2 + F 2 n - 2 F 2 n - l + F 2 n - l F 2 n = F 2 n - 2 + F 2 n - 2 F 2 n - l + 

+ F 2 n - l ( F 2 n - 2 + F2n-1> = F 2 n - 2 + 2 F 2 n - 2 F 2 n - l + F 2 n - 1 = 

<F2n-2 + F 2 n - l ) 2 = F 2 n " Q ' E " D ' 

Also solved by Marforie Bicknell, J.L. Brown, Jr., Douglas Lind, John E. Homer, Jr., 
Robert McGee, C.B.A. Peck, Howard Walton, David Zeitlin, Charles Ziegenfus, and 
the proposer. 
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RECURRENCE RELATION FOR DETERMINANTS 

B - 5 4 Proposed by C.A. Church, Jr., Duke University, Durham, N. Carolina 

Show that the n- th o rde r de te rminant 

ax 1 0 0 

-1 a 2 1 0 

0 -1 a . 1 

0 0 

Apri l 

£(n) 

~3 
-1 

0 

0 

0 

0 

0 

0 

0 

0 

n-1 
-1 

sat isf ies the r e c u r r e n c e f(n) - a f (n- l ) + f(n-Z) for n > 2. 

Solution by John E. Homer, Jr., La Crosse. Wisconsin 

Expanding by e lements of the n- th column yields the des i r ed re-
lation immedia te ly . 

Also solved by Marjorie Bicknell, Douglas Lind, Robert McGee, C.B.A. Peck, 
Charles Ziegenfus, and the proposer. 

AN EQUATION FOR THE GOLDEN MEAN 

B - 5 5 From a proposal by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Show that x - x F - F , = 0 has no solution g r ea t e r than a, n n-1 to 

where a = (1 + >/fT)/2, F is the n- th Fibonacci number , and n > 1. 

Solution by G.L. Alexanderson, University of Santa Clara, California 

For n > 1 let p(x, n) = x - x F - F , , g(x) = x - x - 1, and 
i , x n-2 n -3 , - n - 4 . , „ n -k -1 . . _ , _ 
h(x, n) = x + x + 2 x + . . . + F , x + . . . + F 0 x + F . . 

k n-2 n-1 
It is eas i ly seen that p(x, n) = g(x)h(x, n), g(x) < 0 for - l / a < x < a, 
g(a) = 0, g(x) > 0 for x > a, and h(x, n) > 0 for x > 0. Hence x = a 
is the unique posi t ive root of p(x, n) = 0. Also solved by J.L. Broum, Jr., Douglas Lind, C.B.A. Peck, and the proposer. 
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GOLDEN MEAN AS A LIMIT 
B - 5 6 Proposed by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Let F be the n- th Fibonacci number . Let x^ > 0 and define n 0 
x, , x„, . 0 . by x. .. = f(x, ) where 1 Z J k+1 k 

f(x) = n \ /F . + x F . n-1 n 
For n > 1, prove that the limit of x, as k goes to infinity exis ts and 
find the l imit . (See B-43 and B-55. ) 

Solution by G.L. Alexanderson, University of Santa Clara, Santa Clara, California 

For n > 1 let p(x) = X
n - x F - F . . Let a = (1 + \[5)/2. As r v n n-1 

in the proof of B-55, one sees that p(x) > 0 for x > a and that 
p(x) < 0 for 0 < x < ae If x, > a, we then have 

(x ) > x F + F = (x ) 
k k n n-1 k+1 

and so x, > x. , , . It is a lso c lear that x, > a impl ies k k+1 k 
(x. ^ ) n = x, F + F , > a F + F . = a11 

k+1 k n n-1 n n-1 
and hence x, , , > a. Thus x > a impl ies x > x, > x^ > . . . > a. k+1 o r o 1 Z 
Similar ly , 0 < x < a impl ies 0 < x < x. < x_ < . . . < a. In both ' • o o 1 Z 
ca ses the sequence x , x, , . . . is monotonic and bounded. Hence x, n o 1 k 
has a l imit L > 0 as k goes to infinity. Since L sat is f ies 

L = n^Y+rr , 
n-1 n 

L mus t be the unique posit ive solution of p(x) = 0. 

Also solved by Douglas Lind and the proposer. 

A F I B O N A C C I - L U C A S I N E Q U A L I T Y 

B - 5 7 Proposed by G.L. Alexanderson, University of Santa Clara, Santa Clara, California 

Let F and L be the n- th Fibonacci and n- th Lucas num-n n 
ber respec t ive ly . P rove that 

( F 4 n / n ) n > L 2 L 6 L 1 0 . . . L 4 n _ 2 

for all in tegers n > 2. 
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Solution by David Zeitlin, Minneapolis, Minnesota 

Using mathemat i ca l induction, one may show that 

n 
F 4 n = 2 L 4 k - 2 ' n = 1, 2f . . . 

k=l 

If we apply the well-known a r i t h m e t i c - g e o m e t r i c inequality to the un-
equal positive numbers LOJ L, , L. AJ . . . , L . „, we obtain for 

2 o 10 4n-Z 
n = 2, 3, 

n 
2 L 4 k - 2 

4n k=l _ _ _ _ N / L 2 L 6 L 1 0 . . . L ^ ^ 

which is the des i r ed inequality. 

Also solved by Douglas hind and the proposer. 

XXXXXXXXXXXXXXX 
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Page 27, lines 4 and 5 

F ^ + F . + F , * . . . +F = F ,, -1 (n even) 
2 4 6 n n+1 

FQ+FC+F^+. . . + F = F ,. -1 (n odd) 
3 5 7 n n+1 
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