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1. INTRODUCTION 

Let W , W , c / 0, and d ^ 0 be a r b i t r a r y rea l number s , and 
define 

( i . i ) 

(1.2) 

(1.3) 

W ^ , = dW ,. - cW , d2 -n+2 n+1 n 

Z n = (an - pn)/(a - p) 

V = an + p n 
n 

- 4c / 0 , (n = 0 , 1 , . . 

(n = 0, 1, . . 

(n = 0, 1, . . 

where a / (3 a r e roots of y - dy + c = 0o We shall define 

(1.4) W = (W V - W ) / c n ( n = l , 2 , . . . ) . 
- n o n n ' v ' 

If W = 0 and W; = 1, then W = Z , n = 0, 1, . . . ; and if W = 2 o . 1 n n o 
and W, = d, then W E V , n = 0, 1, . . . . The ph rase , Lucas func-
tions (of n) is often applied to Z and V , which may a lso be ex-

rr n n 3 

p r e s s e d in t e r m s of Chebyshev polynomials (see (5.1) and (5.2)) . 
In this paper , genera l r e su l t s (see sect ion 3) have been obtained 

that yield new even power ident i t ies (Theorem 1) for sequences de-
fined by (1 .1) . An additional resu l t , Theorem 2, which contains 
Theorem 1 as a special case , yields identi t ies whose typical t e r m is 
the product of an even number of a r b i t r a r y t e r m s taken from a given 
sequence defined by (1 . 1). P a r t i c u l a r applicat ions will be given for 
Fibonacci sequences and Chebyshev polynomials . 

2. PRELIMINARIES 

We shall need the following resul t : 
Lemma 1. Let W , W, , c / 0 , and d 5/ 0 be a r b i t r a r y r ea l num-
b e r s , and let W , n = 0, 1, . . . , satisfy (1. 1). Let m, p = 1 , 2 , . . . , 
and define 

P 
(2.1) Q ( n , p , m , i , . . . , ! ) = n W m n + . = O n ( n = 0 , 1 , . . . ) , 

^ s = 1 s 
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where i 
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. s = 1,2, . . . , p, a r e posit ive in tegers or ze ro . Then Q 
sat isf ies a homogeneous, Linear difference equation of o rde r p + 1 
with rea l , constant coefficients whose c h a r a c t e r i s t i c equation is 
g(y) = 0> where 

(2.2) g(y) = 

( p - l ) / 2 9 
/ 2 mKr , nip. . T o r 

n (y - c JV , *y + c F) ( p = l , 3 , 5, 
j = 0

 y m ( p - 2 j ) ' 

(y - c ^ z ) 
(p-2) /2 

n (y m j i r . mp, c JV , 7 . x y + c H m ( p - 2 j ) ' 
(p = 2 , 4 , 6 , . . . ) . 

Proof. Let A, B, and C , s = 0, 1, . . . , p, denote a r b i t r a r y con-
s ^ 

s tan t s . If a / p denote the roots of y dy + c = 0, then 

W = A a n + B p n 
n 

and 

A is mn . ^ 0 i q 0 m n W .. = A a b Q + B P S P 
mn+i 

s 
Observing that 

P 
2 

Q = z C ( Q m ( P - B ) p m s ) n 9 n = Q j l j 
n s=0 S 

we can now conclude that Q sat isf ies a homogeneous, l inear dif-
n & 

ference equation of o rde r p+1 with rea l , constant coefficients, and 
that a ^ ' p , s = 0, 1, . . . , p, a r e the dis t inct roots of tne c o r -
responding c h a r a c t e r i s t i c equation g(y) = 0, where 

g(y) = n (y - a 
s = 0 

m(p-s ) m s 

which simplif ies to (2. 2) as follows: 
T 4. r> m(p-s ) o^ns r i o r 
Let R = a ^ ' p . , s = 0, 1, . . . , p . If p = 1, 3, 5, . . . , 

t he re is an even number of roo t s , R , and thus (p+l) /2 p a i r s , (y-R.)* 
•(y-R _.) , j = 0, 1, . . . , ( p - l ) / 2 . Since a p = c , V = a11 + p n , n = 0, 1, . . . , 
we have R. + R . = cm^V , 9 . , R.R . = c m p . 

J p - j m(p-2 j ) j p - j 
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If p = Z, 4 , 6 , . . , t h e r e i s a n o d d n u m b e r of r o o t s , R , a n d t h u s 

p / Z p a i r s , ( y - R ) ( y - R ) , j = 0 , 1 , . . . , ( p - 2 ) / 2 . T h e l i n e a r t 
, p m / 2 P - J e r m , 

y ~ R / ? = y - c P / , a c c o u n t s f o r t h e u n p a i r e d r o o t , i . e . , t h e m i d d l e 

r o o t , R /£ . T h i s c o m p l e t e s t h e p r o o f of L e m m a 1 . A p p l i c a t i o n s of 

( 2 . 2 ) f o r m = 1 m a y b e f o u n d i n [1] , [Z] , [3] , a n d [ 4 ] . 

I n t e r m s of t h e t r a n s l a t i o n o p e r a t o r , E , w h e r e E ^ Q = 0 , ., 
n n + j 

j = 0 , 1 , . . . , s e t 

( p - 2 ) / 2 . 
' 2 m u r _ , m p , 

n E - c JV . . E + c F 

j = 0 m ( p - 2 j ) 

G> (p = 2 , 4 , 6, . . . ) . 

/ ? 
T h e n , f r o m ( 2 . 2 ) , s i n c e g ( E ) Q = ( E - c r ) u = 0 , w e h a v e 

& n n 

(2.3) m p n / 2 u = u c ^ ' (n = 0 , 1 , . . . ; p = 2 , 4 , . . . ) . 
n o r 

W e n o w d e f i n e 

P / \ i ( p - 2 ) / 2 0 

( 2 . 4 ) 2 h < P > ( d / ( 2 ^ ) ) y p - k = n ( y 2 - m J 

k = 0 K j = 0 

» 

m ( p - 2 j ) ' 

(p = 2 , 4 , . . 

T h e c o e f f i c i e n t s h^' ( d / ( 2 ^c)), k = 0 , 1 , . . . , p , a r e a l s o d e p e n d e n t 

o n m , w h i c h i s n o t a t i o n a l l y s u p p r e s s e d f o r s i m p l i c i t y . U s i n g ( 2 . 4 ) , 

w e m a y n o w r e w r i t e ( 2 . 3) a s 

(2.5) 2 h ) P d / ( 2 >/£)) n W , , , x , . 
k _ 0 k 7

 x m ( n + p - k ) + i 

i p n / 2 2 h f p ) ( d / ( 2 vTc)) n W 
k=0 

L e t p = 2 q , q = 1 , 2 , 

a p , w e c a n w r i t e ( 2 . 4 ) a s 

^ " m ( p - k ) + i g 

(n = 0 , 1 , . . . ; p = 2 , 4 , . . . ) . 

o- ^r 2 m k n 2 m k , 
S i n c e V~ , = a + p a n d c ~ 

2 m k 

(2.6) 2
2
q h ^ (d/(z vrc))y

k
 = n (y2 - c m ^ - k ) v ? ^ v y + c2^) 

k = 0 q " K k = l 
2 m k ' 
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^ m(q-k) Zmkw m(q-k)nZmk, 
n (y - c v^ ; a )(y - c ^ '(3 ) 

k=l 

^ f mq. / m m k ~ | [ mq, / m - m k l 
= n y - c H(a/p) y - c Ha/p) 

k=l L 

Set y = c x in (2. 6), which now simplif ies to 

(2.7) z % g q > ( d / ( 2 V c ) ) c m < l k x k = c 2 m < l 2 n r x - ( a / P ) m k ] [ x - ( P / a ) m k ] 
k=o Z q " k k=i L 

We now define 

(2.8) b<*q) (d/(2Vc)) = c ' ^ k ^ q ) ( d / ( 2 ^ } ) ( k = 0 , l , . . . , 2 q ) . 

(2.9) ? b ^ ( d / ( 2 V c ) ) y 2 q - k , n [ y - ( a / P ) m k ] [ y - ( P / a ) m k ] 

The, (2. 7), with x rep laced by y, now reads 

Sq b ^ ( d / ( 2 V c ) ) y 2 q - k , n 
k=0 k=l 

= S (y2-c"mSmky + 1 ) 
k=l 

(m, q = 1, 2, , . , ). 
If we rep lace y by ( l / y ) in (2, 9), we conclude that 

(2.10) b [ 2 q ) (d/(2v^)) - b ^ (d/(2 ^ ) ) ( k = 0 , l , . . . , 2 q ) . 

Our r e su l t s will be exp re s sed in t e r m s of b^ (d/(2 Vc)). Recall ing 
(10 2) and that c = a.p, we obtain from (2. 9) for y = 1 

(2.11) ^ b |fq ) (d/(2^))= (_!)<! c-«q(q+D/2 I ( a m k - p m k ) 2 

k=0 k=l 

= ( - l ) q ( a - p ) 2 q c - m q ( q + l ) / 2 q ^ 
k=l m 

,2,q „ -mq(q+l ) /2 q ^2 
k=l 

(4c-d P c ^ " n Z m k . 
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since 

( - l ) V - P ) 2 q = [2aP -(a2 - P 2 )] q =[2c - V^, 

and 

V = dV, - cV = d2 - 2c. 
2 1 o 

We will use (2. 11) in the proof of Theorems 1 and 2. 

3. TWO THEOREMS 

Our first general result is as follows: 

Theorem 1. Let W , W. , c 4 0? and d 4 0 be arbi t rary real 
— o 1 ' J 

numbers, and define W by (1. 1). Let n = 0, 1, . . . ; m, q = 1 , 2 , . . . ; 
n J o ^ 

and r = 0, 1, . . . , qD Then, for n = 0 , 1 , . . . , we have 

.* -, . -mrn q m r k . ( 2 q ) . . 7/_ ,—,, T T r 2 r 
( 3 . 1 ) c s c b ; H / (d/(2N/c ) W , , 9 1 . , 
x ' , „ k ' m(n+2q-k)-fn 

k=0 ^ o 

c r n o + (mq(4r-q- l ) /2 (2 r ) (4c - d2)q""r 

2 2 r q 2 
• (W7 - dW W, + cW ) n Z ! , 

1 o 1 o , ! mk 
k=l 

where b^2q* (d/(2 Vc), k = 0, 1, . . . , 2q, are defined by (2. 9). 
Proof. Since a / (3, the general solution to (1. 1) is W = AQ + BP , 

n = 0, 1, . . . , where A and B are arb i t rary constants whose values 

satisfy W = A + B and W = AQ + B(3. We readily find that 

(3.2) (P-a)A = W (3 - W. , (p-a)B = W, - aW 
\ / \ r / O 1 1 O 

2 2 
Since a + (3 = d, c = a.p, and (p-a) - d - 4c, we obtain from (3.2) 

(3. 3) (d2 - 4c)AB = ~(W2 - dWQW + cW2) 

Using the binomial theorem and then interchanging summations, we 

obtain 
2q 

(3.4) S = c " " " 2 c 
mrn ~ - mr(2q-k) b(2q)• ( d / ( 2 ̂ ) } w 2 r 

, „ 2q-k m(n+k)+n 
k=0 ^ o 
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2q -mrn 

k=o 2 q " k 
n H , Q.-mrk. (Zq) ; j / / 0 /—XWA mn+mk+n , nomn+mk+nn,2r 2 (aP) bv H ' (d/(2v^))(Aa o + Bp °) 

2 r mr(2q-n) s (2r} ^ g Z r - s (QSp2r- S)mn+n0 G ( ( a / p ) m ( s - r)} c 
s=0 S 

where, by (2. 9) with y = (a/p) , we have 

(3.5) G ( ( a / P ) m < S - r ^ 22q b ^ k ( d / ( 2 ^ ) ) [ ( a / P ) m , . S - r ) ] ] 

k=0 ^ q " K 

^ [ ( a /P ) m ( S - r ) - ( a / P ) m k ] 

• [ ( a /P) m < S - r ) - (a / P ) - m k ] . 

k=l 

Since 0 ^ r ^ q and 0 *£ s S. 2r, we have -q < s-r < q. Thus, for 

0 _ s 1~: 2r, s ^ r, the sum in (3. 5) vanishes; but for s = r, we ob-

tain the non-zero term G(l) (see (2.10), (2.11)). Thus, from (3.4), 

we obtain 

(3.6) S = c 2 m r q + r n o (2r) { AB)r _? b i 2 q ) ( d / ( 2 ^ » , 
r k=0 k 

which yields the desired result with substitutions from (2.11) and 

(3.3) 

The following general result yields Theorem 1 as an important 

special case: 

Theorem 2. Let W , W, , c / 0 , and d / 0 be arbitrary real num-

bers and define W by (1.1). Let m, q = 1, 2, . . . , and t = i. + n 7 ^ r 1 
i? + . . . + i? , where i , s = 1, 2, . . . , 2r, (r = 1 ,2 , . . . , q), are posi-

tive integers or zero. Then, for n = 0, 1, . . . , we have 

(3-7) C ™ ? c - k
b ^ ( d / ( 2 ^ ) ) n* W m ( n + 2 q . k ) + i 

k=0 s=l ^ s 

mq(4r-q-l)/2 __ , , j2.q-r.___2 ,_._ _._ . T.r2.r __2 
c M\ H // K (4c_d p (w - dW W, +cW ) n Z , , 

r v 1 o 1 o , , mk 
k=l 
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with 

2 r - l 
r 

( 3 . 8 ) K = 2 c C T ( j , r ) V , • > „ , - , , 
r j = 1 t r -2 f f ( j , r ) ( r = 1, 2, . . . , q ) , 

(3. 9) o(j, r) = i<j) + 4 j ) + 4 j ) + . . . + ij.j) (j= 1 , 2 , . . . , I21";1)) , 

w h e r e , fo r e a c h j , a ( j , r ) , a s the s u m of r i n t e g e r s , i ' J ' , s = 
2 r - l S 

1 ,2 , „ . . , r , r e p r e s e n t s one of t he ( ) c o m b i n a t i o n s o b t a i n e d by-
c h o o s i n g r n u m b e r s f r o m the 2 r - l n u m b e r s , i , i , i , . . . , i 

P r o o f . F r o m L e m m a 1, we h a v e 

( 3 . 1 0 ) Q = Zn W + . = 2 / C ( p m ( 2 r " S ) a m S ) n , x n \ m n + i n s v r ' ' 
s= l s s=0 

w h e r e C , s = 0, 1, . . • , 2 r , a r e a r b i t r a r y c o n s t a n t s i n d e p e n d e n t of n . 

R e c a l l i n g t he p r o o f of T h e o r e m 1, we h a v e ( s e e ( 3 . 7 ) ) 

( 3 . 1 1 ) S = c " m r n ^ c ™ r ( 2 q - k H 2 q ) ( d / ( 2 ^ ) ) 2 r
C ( p m ( 2 r - S ) a m S ) n + k 

k=0 ^ q _ k s=0 S 

= c - m r n + 2 m q r ^ Q ^ r - s ^ m n ^ b<2q) ( d / ( 2 ^ ) ) ( ( a / p ) m ( S - r ) ) k 

s=0 S k=0 2 q " k 

= c 2 m q r c
 2 ^ b ( 2 q ) ( d / ( 2 s / E ) ) # 

r k=0 k 

We p r o c e e d now to e v a l u a t e C . F r o m (3 . 10), we h a v e 

2 r 2 r 
( 3 . 1 2 ) n W ,. J m r n s C ( ( a / P ) m n ) S , 
x ' . m n + i = S n sxx ' 

s-\ s r s=0 

w h i c h i s a p o l y n o m i a l in the v a r i a b l e ( a / P ) . S ince W = A a + BP , 

we h a v e 

W m n + i = [ A a i s ( a / P ) m n + B p i s ] , 
s 
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and thus 

2r ^ 2r 
<3'13> » Wmn+i = P 2 m r n n U a i s (a/P)m n

 + BP^] 
s=l s s = l 

= p 2mrn A 2r a t r ^ [ ( a / p ) m n + ( B / A ) ( p / a ) i S ] . 
s=l 

If we compare (3. 12) and (3. 13), and recall the definition of the ele-

mentary symmetric functions of the roots of a polynomial equation, 

we conclude that 

( 2 r ) 
? r r 

(3.14) C =A a r ( - l ) r 2 (-B/A)r n (P/a^s, k 
r k=l s=l 

(2;> ^' slr^) C!i ^k) r 
= (AB)r S a (3 

k = l 

2r where for each fixed k, k= 1 ,2 , . . . , ( ), each set of numbers, 
2 r r 

i , s = 1, 2, . . . , r, is one of the ( ) combinations obtained by s, JK r 
choosing r numbers from the 2r numbers, i , s = 1,2, . . . , 2 r . It 

should be noted that since (3. 13) is a symmetric function in the var-

iables i , s = 1, 2, . „ . , 2r, the role of i? in the definition of a(], r) 

(see (3. 9)) was a convenient choice. Since a choice of r numbers 

from a set of 2r numbers leaves another set of r numbers, we may 
pair off related terms of the sum in (3. 14), noting our role assigned 

2r 2r-l 
to i~> . Thus., since ( ) = 2 ( ), and 

2r v r ' x r ' 

t r ' °(h r)fi ^(j, r) a(j, r) fitr - a(j, r) _ a(j, r) 
P f a p - c vt _ 2 a ( j j r ) 

(see (1.3)), we have 

(3.15) C = (AB)rKr (r = 1,2, . . . , q ) . 
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R e c a l l i n g d e f i n i t i o n s ( 2 . 1 1 ) and ( 3 . 3 ) , we o b t a i n o u r d e s i r e d r e s u l t 
( 3 . 7) f r o m ( 3 . 11) . 
R e m a r k s , F o r r = 2, we h a v e a(l, 2) = i + i , <7(2, 2) = i + i 

a n d a (3 3 2) = i + i . 
F o r r = 3, we h a v e 

CT(1,3) = i x + i 2 + i 3 

tf(2, 3) = i + i £ + i 

a ( 3 , 3 ) = i j + i 2 

CT(4, 3) = i 

cr(5, 3) = i 1 

+ i„ + i 

+ i, 

+ i„ 

+ i-

<*(6, 3) = i T + i4 + i 5 ' 

ff(7,3) i 2 + i 3 + i 4 

ff(8,3) = i 2 + i 3 + V 
ff(9, 3) = i . 

ff(10, 3) = 

+ i 4
 + ^ ' 

*3 + {4 + {5 ' 

If i = r i ' , s = l , 2 , . . . , 2 r , t h e n t - 2 cr(i, r ) = 2 r n - 2 r n = 0, s o ' ' r \J> / 0 0 

V = 2, and K = c r n ° ( r ) . T h u s , ( 3 . 7 ) y i e l d s ( 3 . 1 ) a s a s p e c i a l 

c a s e . I n d e e d , u s i n g the b i n o m i a l t h e o r e m on W , = A Q ° a + to m n + n 
BP P , w e o b t a i n 

W 2 r 
m n + n - * s 

o s = 0 

2 ( 2 r ) A S B 2 r - S ( a S p 2 r " S ) n o ( p m ( 2 r - s ) a m s ) n 

w h e r e , ( s e e ( 3 . 1 0 ) ) C g = (2
s

r) A S B 2 r " S ( a S p Z r " S ) n ° , s = 0, 1, . . . , 2 r , 

and t h u s C = c r n o ( 2 r ) ( A B ) r . r r 
C o n s i d e r t h e s p e c i a l c a s e i = n , s = 1, 2, . . . , 2 r - 1 , and 

r s o 
i„ 4 n o T h e n o(\, r ) = r n , t = ( 2 r - l ) n + i„ , a n d t h u s ( s e e ( 3 . 8)) 2 r 2 r ' 

K = c r n ° ( 2 r - 1 ) V + . 
r r - n + i~ 

o 2 r 
Next , c o n s i d e r t he s p e c i a l c a s e i = n , s = 1, 2, . . . , 2 r - 2 ; 

2 r - l S ° 
i . , 4 i ? ^ 4 n . Of t he s e t of ( ) c o m b i n a t i o n s for a ( j , r ) , t h e r e 
2 r - l „ ^ £ o r 

F o r t h e s e c a s e s , 
a r e ( , ) c o m b i n a t i o n s w h i c h c o n t a i n i v r - 1 ' ? i 2 r - 2 2 r - 2 
a ( j , r ) = ( r - l ) n + i ? , ; a n d for t he r e m a i n i n g ( T~L) - ( i ) = ( ) o 2 r - l r - 1 
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combinations, we have cr(j, r) = rn . Thus, from (3. 8), with t = 

(2r~2)n + i0 , + i~ , we obtain x ' o 2 r - l 2r 

(3.16) Kr=c{l-1)n°+hT-i?T:b\ -i? , 
2r 2 r - l 

rn 0 ( 2r -2 
v r i~ , + u - Zn 

2r - l Zr o 

40 IDENTITIES FOR FIBONACCI SEQUENCES 

Generalized Fibonacci numbers, H , are defined by H 1 0 = 
n J n+2 H , , +H , n ~ 0 , l , . . . , where H and H. are arbi trary integers. n+1 n o 1 J & 

In the notation of (1.2) and (1.3), we have Z = F , and V = L , 
n n n n 

the Lucas numbers. The following result is an application of Theorem 
1, where d = -c = 1: 

Theorem 3. Define (see (2Q 9)) 

(4.1) ? b ^ V i A ) y Z q " k = n ( y 2 - ( - D m k L 2 m k y H ) 
k=o k k=i m k 

(m, q = 1, 2, . 0 . ) . 
, q = 1,2, . . 0 ; and r = 0 , 1 , . 

n = 0 , 1 , . . . , we have 

(4.2) ( - l ) m r n ^ ( - l ) m r k b [ . 2 c i ) ( - i / 2 ) H 2 

Let n = 0 , 1 , . . . ; m, q = 1 , 2 , . . . ; and r = 0, 1, . . . , q. Then, for o 

, n ' k v ' ' m(n+2q-k)+n k=0 ^ o 

rn 0 +(mq(q+l)/2) 2r q-r 2 _ R 2 r J p 2 
x ' v r v 1 o 1 o , , mk 

(4.3) ( - l ) " l r n X ( - l ) " ' ^ ^ 4 ' (-i/2) F , - xv m(n+2q-k)+n 
k=0 ^ o 

rnQ + (mq(q+l)/2) 2r q p 2 
v ' r , -, mk 

k=l 
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n+2 n+1 n 

(4 4) ( - l ) m r n Z ( _ n m r k
b

{ 2 q ) ti/2) L
2 r 

= ( _ i ) r n o + ( m c i ( c i + 1 ) / z ) (
2 r ) (_5)q ^ F 2 

k=l 

R e m a r k s , For the same values of r, n , m, and q, the constant 
t e r m on the r ight -hand side of (4. 4) is (-5) t imes as grea t as the 
constant t e r m on the r ight -hand side of (4. 3) 

In the examples given below, valid for n = 0, 1, . „ . , we have set 
2 2 D = H, - H H, - H . Applicat ions of D in the o rder ing of Fibonacci 1 • o 1 o rx^ 

sequences a r e given in [5] , 

(4.5) ( ~ l ) m n ( H m ( n + 2 ) + n " L 2 m H m ( n + l ) + n + H mn+n ) 

v ' o x ' o o 

= 2 ( - l ) m + n o D F 2 (n = 0, 1, . . . ; m = 1, 2, . . . ) , 
m o 

4 4 4 4 4 ? 
(4. 6) H* -4H* -19H* -4H* + H = -6D* , 
y ' n+4 n+3 n+2 n+1 n 

(4. 7) ( - D n ( H ^ + 4 + 4 H 2 + 3 - l 9 H 2 + 2 + 4 H ^ + 1 +H2) = 10D . 

<4-8> H n+4 H n+5 - 4 H n + 3 H n + 4 - 1 9 H n + 2 H n + 3 + 4 H n + l H n + 2 + H n H n + l 

= 3D2 , 

<4' 9> < + 4 H n + 5 " 4 H n + 3 H n + 4 - 1 9 H n + 2 H n + 3 " 4 H n + l H n + 2 + H n H n + l = ^> 

(4. 10) ( - D n ( H ^ + 6 - 1 4 H ^ + 5 - 9 0 H ^ + 4 +350H*+ 3 

-90H6_,_o -14H 6 ^ . + H6) = 80D3 , n+2 n+1 n 
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( 4 . 1 1 ) H 4 , + 1 4 H 4 - 9 0 H 4 - 3 5 0 H 4 - 9 Q H 4 

v ' n+6 n+5 n+4 n+3 n+2 

+ 1 4 H 4 + H 4 '= - 1 2 0 D 2 , n+1 n 

(4. 12) ( - l ) n ( H 2 , - 1 4 H 2 , . - 9 0 H 2 +350H 2 - 9 0 H 2 

n+6 n+5 n+4 n+3 n+2 

- 1 4 H 2 , , + H 2 ) = 200D , n+1 n 

( 4 . 1 3 ) H x A H ,_ - 1 4 H , - H , , - 9 0 H J , AH ,K + 3 5 0 H J , ~ H ,A 
x ' n+6 n+7 n+5 n+6 n+4 n+5 n+3 n+4 

- 9 0 H * H ,~ - 1 4 H 5 , , H ,~ + H 5 H - 4 0 ( - l ) n D 3 , 
n+2 n+3 n+1 n+2 n n+1 

( 4 . 1 4 ) H 3 , H 3 - 1 4 H 3 , , H 3 , A - 9 0 H 3 H 3 +350 H 3 H 3 
v ' n+6 n+7 n+5 n+6 n+4 n+5 n+3 n+4 

n n T T 3 TT3 , ATT3 „ 3 ^ T T 3 „ 3 o n / l x n + 1 ^ 3 
-90 H ± , H , Q - 1 4 H , , H , - + H H = 2 0 ( - l ) D 

n+2 n+3 n+1 n+2 n n+1 

(4 . 15) H ,Q - 3 3 H ° - 7 4 7 H , , +3894 H ° , - +16270 H ° v n+8 n+7 n+6 n+5 n+4 

+ 3894 H 8 -747 H 8 - 3 3 H 8 + H 8 = 2 5 2 0 D 4 
n+3 n+2 n+1 n 

(4 . 16) H 6 ^ + 3 3 H 6
X _ -747 H 6 ^ , - 3894 H 6 ^ + 16270 H 6

x / i v n+8 n+7 n+6 n+5 n+4 

-3894 H* - 7 4 7 H 6 ^ + 3 3 H 6
x l + H 6 = 3600(~ 1 ) n + 1 D 3 

n+3 n+l n+1 n 

Two i d e n t i t i e s , ( 4 . 6 ) and a s p e c i a l c a s e of (4. 5) , w i t h m = 1 a n d 

n = 0, h a v e b e e n g i v e n o r e v i o u s l y i n [6] . 
O <=> . j. 
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5 . I D E N T I T I E S F O R C H E B Y S H E V P O L Y N O M I A L S 

C h e b y s h e v p o l y n o m i a l s [7, pp . 183-187] of the f i r s t k ind , T (x), 

and of the s e c o n d k ind , U (x), a r e s o l u t i o n s of ( 1 . 1 ) w h e n d = 2x and 
n c = 1. T h u s , W = T (x) for W = 1, W, = x; W = U (x) for n nx ' o 1 n ~ n 

W = 1, W, = 2x; Z = U , ( x ) ; and V = 2T (x) . o .1 n ~ n - 1 v ' n ~ nv ' 
We w i l l now show tha t the L u c a s func t ions Z and V of ( 1 . 1), 

n n 
w h e r e c / 0 and d / 0 a r e a r b i t r a r y r e a l n u m b e r s , c a n be e x p r e s s e d 

in t e r m s of C h e b y s h e v p o l y n o m i a l s a s f o l l o w s : 

( 5 . 1 ) Z n + 1 = c n / 2 U n ( d / ( 2 ^ ) ) ( n = 0 , 1 , . . . ) , 

(5 . 2) V n - 2 c n / 2 T n ( d / ( 2 ^ 5 ) ) (n = 0, 1, . . . ) . 

P r o o f . S ince U + 1 (x) = 2xU (x) - U (x), s e t x = d / ( 2 Vc) and 

t h e n m u l t i p l y bo th s i d e s by c ( n + * ) / ^ . T h u s , u s i n g ( 5 . 1 ) , we h a v e 

Z = 0, Z = 1, and Z , = d Z , - - c Z , n = 0, 1, . . . . 
0 1 n+2 n+1 n 

S ince T , 9 ( x ) = 2x T ,, (x) - T (x), s e t x = d / ( 2 >/c). a n d t h e n n+2x ' n+1 n ' 
m u l t i p l y bo th s i d e s by 2 c ( n + 2 ) / 2 e T h u s , u s i n g ( 5 . 2 ) , we h a v e V = 2, 

V, = d, a n d V , 9 = dV ,, - c V , n = 0, 1, . . . . 
1 n+2 n+1 n 

The fo l lowing r e s u l t i s a n a p p l i c a t i o n of T h e o r e m 1, w h e r e 

d = 2x and c = 1: 

T h e o r e m 4. Def ine ( s e e (2. 9)) 

( 5 . 3 ) 2 b [ 2 q ) ( x ) y 2 q " k = n (Y2 " 2T ? - , ( x ) y + l ) (m, q = 1 ,2 , . . . ). 
k=0 k k=l 

Le t n = 0, 1, . . . ; m , q = 1, 2, . . . ; and r = 0, 1, . . . , q. Then , for 

n = 0 , 1 , . . . , we h a v e 

(5.4) z bj2q)(x)T2r
/ ,? , . , (x) 

x ' . n k x ' m ( n + 2 q - k ) + n 
k=0 x ^ o . 
. q - r , 2 r , ., 2 x

q
 TT2 , . 

= 4 H ( ) (1 - x ) n U , T (x) 
. r , m k - 1 k=l 
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(5.5) zV2*>(x)u£(n+2q.k)+n M S 4 ' - r ( 2 ; H l . ^ - r J y n k . l M . 

R e m a r k s . Identi t ies (5. 4) and (5.5) yield t r igonomet r i c ident i t ies by 
reca l l ing that if x = cosfl, then T (cos Q ) - cos(n0 ) and U (cos<9 ) -
sin(n+l) (9/(sin#). Since sin(i0) = isinhfl and cos(i 6) = cosh# , ident-
i t ies for the hyperbolic functions a r e then obtained from the c o r -
responding t r igonomet r i c ident i t ies . Additional complicated ident i t ies 
can be obtained from (5. 4) and (5. 5) by differentiation with r e s p e c t to 
x. Some sample ident i t ies , valid for n = 0, 1, . . . , a r e given below: 

( 5 . 6 ) T 2 . , 9 X , (x) - 2 T 9 ( x ) T Z , X1XJ_ (x) + T 2 ^ (x) x ' m(n+2)+n^ ' 2m% ' m(n+l)+n x ' mn+n ' 
s ' O x o O 

= 2(l-x2)U2i_1(x) (m = 1,2, ...; no = 0, 1,...), 

(5.7) T^+4(x) -(l6x4~12x2)T^+3(x) + (64x6-96x4M0x2-2)T4+2(x) 

-(16X4-12X2)T4
+ 1(X) + T4(X)= 24x2(l-x2)2 , 

(5.8) T
n+4(x)Tn+5(x) ~(1^' lZ^) T

n+3(x)Tn+4(x) 

+ (64x6-96x4M0x2-2)Tj+2(x)Tn+3(x)-(l6x4-12x2)T^+1(x)Tn+2(x) 

+ T3(x)T ..(x) = 24x3(l-x2)2 . n n+1 
Let 

A^x) = 64x6 - 80x4 + 24x2 - 2 , 

A2(x) = 1024x10 - 2304x8 + 1792x6 - 560x4 + 64x2 - 1 

A3(x) =4096x12 - 12288x10 + 14080x8- 7552x +1856x4 - 176x2 + 4 

Then 

(5. 9) T^+6(x) - Al(x)T^5(x) + A2(x)T^+4(x) - A 3 { X ) T J + 3 W 

U A2(x)Tn+2(x) " Al(x)Tn+l(x) + T n ( x ) = 80x2(l-x2)3(4x2-l)2 , 
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(5. 10) T^+ 6(x) - A l ( x ) T ^ + 5 ( x ) + A 2 (x)T^ + 4 (x) - A 3 (x ) T ^ + 3 (x ) 

+ A 2 (x)T^ + 2 (x) - A ^ x J T ^ x ) + T*(x) = 9 6 x 2 ( l - x
2 ) 3 ( 4 x 2 - l ) 2 , 

<5* U > T n + 6 ^ T n + 7 ^ " A l <x>Tn+5<x>Tn+6<x> + A 2 ( x ) T ^ 4 ( x ) T ^ 5 ( x ) 

- A 3 < ^ T r i + 3 ^ T n + 4 ^ + A 2 ^ T n + 2 W T n + 3 ^ " A l <x>T
n + l MTn+2<x> 

+ T
n ( x ) T

n + i ( x > = I 6 x 3 ( 2 x 2 + 3 ) ( l - x 2 ) 3 ( 4 x 2 - l ) 2 . 
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OMISSION AND INFORMATION 

The "Fac to r i za t ion of 36 Fibonacci Numbers F n with n > 100" by 
L. A. G. Drese l and D. E. Daykin should have included the following 
r e f e r e n c e s . 

1. Dov Ja rden Recur r ing Sequences, I s r ae l , 1958, contains 
many factor izat ions of f i r s t 385 L n and F n . This is being r e i s sued 
soon and will be avai lable again from the Fibonacci Associa t ion . 

2. Bro ther U. Alfred and John Br i l lha r t "Fibonacci Century 
Mark Reached" FQJ, Vol. I, No. 1, p. 45, F e b . , 1963. 

3. Bro ther U. Alfred "Fibonacci Discovery" contains fac tors 
of f i r s t 100 F n and f i rs t 50 Ln„ See ad this i s sue page 291. 

The factors avai lable now allows one to factor higher Fibonacci Num-
b e r s since F 0 = L F . 

Zn n n 
John Br i l lha r t r e p o r t s that in a shor t t ime he will have published a 
r epo r t containing al l the p r i m e factors less than 2^0 of F for 
n < 2000 and of L for n < 1000. This is exciting news. n & 



A VARIANT OF PASCAL'S TRIANGLE 
H. W. Gould* 

West V i rg in ia Universi ty, Morgantown, W. Va. 

1. INTRODUCTION 
P r o f e s s o r Char les A. Hal i jakhas called my at tent ion to the fol-

lowing in te res t ing var iant of P a s c a l ' s t r iangle [7] 

1 

( 1 . 1 ) i i * :> :> 1 

1 1 5 4 6 3 1 
1 1 6 5 10 6 4 1 

1 1 7 6 15 10 10 4 1 
1 1 8 7 21 15 20 10 5 1 

The law for format ion is evident. One a l t e rna te ly adds together 
two e lements or br ings down a single e lement in o rde r to obtain a new 
e lement in the next row. It appea r s that the e lements turn out to be 
binomial coefficients. More in teres t ingly , it appea r s that the e le -
ments in any row add to give a Fibonacci number : 1, 2, 3, 5, 8, 13, 
21, 34, 55, 89, 144, e tc . 

The object of the p resen t note is to verify these observat ions and 
to develop some other re la t ions suggested by the a r r a y of n u m b e r s . 

2. RECURRENCE RELATIONS 
We may symbolize the a r r a y (1.1) as follows: 

A° A 0 
A l . 1 

A Q A l 

. 2 2 2 
A 0 A l A 2 

. . . e tc . 
-'-Supported by National Science Foundation R e s e a r c h Grant GP-482. 
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If w e l e t A1}, j = 0, 1, 2, . . . , n, d e s i g n a t e a n a r b i t r a r y e l e m e n t 

of the a r r a y t h e n we m a y u s e t he de f in ing r e c u r r e n c e r e l a t i o n ( law of 

f o r m a t i o n ) to g ive a n i n d u c t i v e d e f i n i t i o n of the a r r a y ( 1 . 1 ) . I n d e e d 

we m a y s a y t h a t t he c o n d i t i o n s 

<2-X> A 2 k + l = A 2 k ' 

(Z 2) A n + 1 - A n + A n 

Kt"C) A 2 k _ A 2 k - 1 + A 2 k ' 

( 2 . 3 ) A ° = 0, j > n o r j < 0 , 

( 2 . 4 ) AQ = 1- n = 0 , 1 , 2 , . . . , A j = 1, 

a r e su f f i c i en t to de f ine t h e a r r a y ( 1 . 1 ) . We m a y c o m b i n e ( 2 . 1 ) a n d 

(2 . 2) i n to a s i n g l e r e c u r r e n c e r e l a t i o n 

( 2 . 5 ) A n + 1 . A * + l + j - 1 ) J A n 

if we d e s i r e . 

It i s no t d i f f icu l t to c o n j e c t u r e (and p r o v e by i n d u c t i o n ) t h a t 

/ n - k^ 

*L-( k 
/ n - 1 - k 

< 2 ' 7 > A 2 k + 1 ^ k 

a n d , a g a i n , t h e s e m a y be e x p r e s s e d in the s i n g l e f o r m u l a 

»-[>H 
( 2 . 8 ) A n = 

J 

w h e r e [x] wou ld m e a n the i n t e g r a l p a r t of x ( the " g r e a t e s t i n t e g e r 

in x " ) . 

3 . F I B O N A C C I N U M B E R S 

The F i b o n a c c i n u m b e r s , F , m a y be de f ined by the c o n d i t i o n s 
n J J 

F~ = 0, F 1 = l , a n d F ,, = F + F , . E x p l i c i t l y i t i s e a s y to show t h a t 0 1 n+1 n n - 1 ^ J J 
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(3 1) F = ^ f (n ' V (1 + ^ ) n + 1 - (1 - ^5)n+1 

and this well-known formula provides the clue to our next r e s u l t s . 
We have 
Theorem 1. For the a r r a y (1.1) we have 

(3.2) 2 A * = F . n > 0 . 
J = 0 J 

Proof. 
n [n/2] n [ (n-l) /2] 

X A* = X Aj + 2 A* 
j = 0 J k = 0 Z k k = 0 ^ k + i 

= F + F = F 
n+1 n n+2 

as des i r ed to show. 
Next we may es tab l i sh 

Theorem 2. For the a r r a y (1.1) we have 

n 
(3.3) 2 (-1)J A n = F , , n > 1. 
X ' • A J n ~ l 

Thiswouldalso .be t rue for n = 0 if we extend the Fibonacci sequence 
backwards as is usual ly done. As for the'proof, the same steps as 
used for Theorem 1 give us at once F ., - F or F , as c la imed. & n+1 n n-1 

4. A GENERAL POLYNOMIAL 
We now define the polynomial A (x) by 

(4.1) A (x) = 2 A * x J . 
j = 0 J 
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In view of (2. 6) and (2. 7) we have 

[n/2] /n - k\ , [(n-1,/2] /n - 1 - k^ 2 k + 1 
(4.2) A (x) = X x + 2 

k = 0 \ k / k = 0 

The polynomial A (x) satisfies a simple recurrence relation 

which we may find as follows. By means of (2. 5) we have 

n + 1 , i . n + 1 . T n + 1 . , n + 1 
2 A n + 1 xJ = I An . xJ + I 2 An xJ + 1 2 (-DJAnxJ, 

j = 1 J j = 1 J j = 1 J j = 1 J 

n + 1 , n , n . , n 
2 An + 1 xJ = 2 An xJ+1 + 1 2 An xJ + I 2 An (-x)J , 

j = 0 J j = 0 J j = 0 J ^ j = 0 J 

or therefore 

(4. 3) 2 A X 1 (x) = (2x + 1)A (x) + A (-x). 
n+1 n n 

It would be possible to set down a closed expression for A (x) 

by means of the summation formula 

[n/2] /n - k\ , „n+l 
(4. 4) £ ( ) xK 

k = 0 \ k / ( u - l ) ( l + u ) n jT+u)2 

but this does not seem to simplify very nicely. It would be of interest 
to evaluate A (x) for values of x other than x = 1 and x = - 1 , how-n 
ever. We remark that (4. 4) may be written in the alternative form 

[n/2] /n - k\ 0 1 1 n+1 n+1 / , , / r i 
(4.5) 2 2 n ~ 2 k x k = U " V ( u = l + v / l T T l , 

k = 0 \ k / u - v ) v = 1 - v x + 1 

5o LUCAS NUMBER VARIANT OF PASCAL'S TRIANGLE 

Using the same law of formation as we imposed to generate rows 

in (1.1) we may form the array 
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1 
I 2 

1 1 2 
1 1 3 2 

1 1 4 3 2 
1 1 5 4 5 2 

1 1 6 5 9 5 2 
1 1 7 6 14 9 7 2 

1 1 8 7 20 14 16 7 2 
1 1 9 8 27 20 30 16 9 2 

where the only difference is that we use a different ini t ial value in the 
second spot on the second row* Let us symbolize the a r r a y by using 
the notation B. in the same way we d i scussed A . . We f i rs t observe 

J J 
that the rows add to give the Lucas number s : 1, 3, 4, 7, 11, 18, 29? 
47, 76, 123, 199, e t c In other words , we have, evidently, the two 
re la t ions 

(5.2) 2 if? = L ,, 
j = o J n + 1 

a n d 

n 
(5.3) 2 (-1)J B; = L 2 , 

j = 0 J n " z 

where the Lucas number s a r e defined by 

L = 2, L = 1, L ,T = L + L , 0 1 n+1 n n-1 
Explici t ly, we have 

n /2] / n - k' 
(5.4) L^ = 2 n 

n " k = 0 n " k \ k . / 2 n 

(1 + ^ 5 ) n + (1 - v/5)1 

The a r r a y (5. 1) may be specified by the conditions 
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<5 ' 5> B 2 k l l = B2k> 

(5.6) B X 1 = B Z k - l + B 2 k ' 

(5.7) B n = 0, j > n or j < 0 , 

(5.8) BQ = 1, n = 0, 1, 2, . . . , B* = 2, 

We may combine (5. 5) and (5. 6) by wri t ing 

(5.9) B n + 1 = B n , + 1 + ( ' 1 ) J B n , 
J J"1 2 J 

and we conjecture on the bas is of (5.4) and the above that 
.'n - k\ 

(5.10) B n n 
2k n - k x , k 

and 
/n - 1 - k\ 1 

< 5 - n > BLr^TTF^ k j > B 1 = 2 . 
The two re la t ions could be combined into a single express ion , however , 
the r e su l t is not as s imple as was the case with (2. 8). 

Assoc ia ted with the Lucas var iant of P a s c a l ' s t r iangle we may 
consider the polynomial 

n 
(5. 12) B (x) = X Bn xJ . 

n . « j 
J - 0 J 

In view of the r e c u r r e n c e (5. 9), jus t as in the case of (2. 5), we may 
show that the companion re la t ion to (4. 3) is 

(5. 13) 2B ,. (x) = (2x + 1)B (x) + B (-x) . 
\ / n+lN ' v ' nx ' . nx ' 
The formula 

n/2l / n - k\ ~, , n . n 
1 J ^ ' » n-2k k „ u + v , (5.14) X — ^ I 2 x = 2 ^—jr2-

1 ' k ^ 0 n - k \ ^ / u + v 
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where 

u = 1 W x + 1 , v = 1 - Vx + 1 , 

could be used to give a closed form for (5. 12). 

6. GENERALIZATION 
A genera l a r r a y suggested by the two cases we have d i scussed 

may be set down as follows: 

a 
a b 

a a b 
a a a+b b 

(6. 1) a a 2a+b a+b b 
a a 3a+b 2a+b a+2b b 

a a 4a+b 3a+b 3a+3b a+2b b 
a a 5a+b 4a+b 6a+4b 3a+3b a+3b b 

a a 6a+b 5a+b 10a+5b 6a+4b 4a+6b a+3b b 

We may define the a r r a y by the following conditions: 

(6.2) C° = oj = a, c} = b, 

(6. 3) C n = 0, if j > n or j < 0, 

(6.4) C n + 1 = C° + 1 +
?

( - 1 ) J C n , n > l , j > 0 . 

For the r e c u r r e n c e (6.4) we have imposed the condition that n ^ 1. 
We do this for the following reason . Choose Cn = a. Then, by (6.4) , 
we have Cn = C , + Cn = Cn provided we impose (6. 3). But then we 
have C, = Cn + 0 = a, not b. To avoid this difficulty we may define 

1 
C-, = b. For the next row we have then 

C 0 = C - l + C 0 = ° + A = a ' 
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ci = cl+ ° 

2 1 1 
C 2 = C l + Z = b + ° 

Thus a simple condition to at tach to the r e c u r r e n c e is that n ^ 1. 
Another way to proceed would be to define Cn = b and Cn = a. E v e r y -
thing would be the same except the topmost e lement , and the r e c u r r e n c e 
would hold in al l c a s e s . However, then the n iceness of the a r r a y (5. 1) 
would suffer by having B n = 2 which would not fit so well with the 
Lucas n u m b e r s . There is a ce r t a in a r b i t r a r i n e s s in combining the 
var ious p rope r t i e s which seem to be of in t e re s t . Because of this , the 
r eade r may find it ins t ruc t ive to examine other possible definit ions. 

F r o m our definition it is easy to show that the r o w - s u m s a r e 
given by 

n 
(6. 5) S (a, b) = 2 C n = a F ,, + bF / n > 0, 

n j = 0 J n 

in t e r m s of the Fibonacci n u m b e r s . Thus we find S (1, 1) = F ., + F 
n n+1 n = F ,- as before. Also, S (1, 2) = F ^ + 2F = F ,. + F + F n+2 n n+1 n n+1 n n 

= F , - , + F = L , , as before. (It is easi ly proved that L = F , , + F , . ) n+2 n n+1 J ^ n n+1 n-1 
The a r b i t r a r i n e s s involved in the f i rs t two rows, however, shows 

up again when we consider the a l te rna t ing r o w - s u m s . We find these a r e 

n 
T (a, b) = 2 (-1)J C n = b, a - b, b, a, a + b, 2a + b, 3a + 2b, . . . 

n j ' = o J 

and, except for the f i rs t such sum, we can show that 

n 
(6.6) T (a, b) = 2 ( - l ) J C n = a F 9 + bF _ n > l . 

n . r, 1 n-2 n - i 
J = 0 J 
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Remark : The usual definition of Fibonacci numbers with negative 
index is 

F M - D ^ F -n n 

so that the doubly infinite sequence of Fibonacci numbers is 

. . . , 5, - 3 , 2, - 1 , 1, 0, 1, 1, 2, 3, 5, . . . 

In view of this , the formula (6. 7) b reaks down for n = 0 as it then 
gives the value -a + 2b instead of the value b. However, for n ^ 1 
ag reemen t is found. In pa r t i cu la r , when a = 1 = b, we have T (1,1) 
= F n + F 0 = F , a s in (3. 3) A s imi l a r r esu l t holds for the n-2 n-3 n-T 
Lucas number var iant (5. 1). 

7. FURTHER RELATIONS FOR THE POLYNOMIAL A (x) 

By means of re la t ion (4. 2) we may show readi ly that A (x) s a t i s -
fies the second-o rde r r e c u r r e n c e re la t ion 

(7.1) A n + 2 ( x ) = A n + 1 ( x ) + x 2 A n ( x ) . 

In fact we have 

A n + l ( x ) = 

0 < k <5+L 

a n d 

,2A(x.= s r•%*<"• s r ' ~ V k t 3 
o <k < £ X k / o <k i B l i V k 

1 < k < ^ 

n + 1 - k 

k - 1 
2k , 

x + 
1 i k 

Using the fact that 

/P-k^ + /P"kx _ (P+l'K 1 k } *k- l ' " { k h 

it then readi ly follows that 
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7 /n + 2 - k\ 
A n + 1 (x )+x^A n (x )= 1 ( 1 x ^ + 2 

0<k<H±i k ' 0<k<^i 

= A n + 2 ( x ) . 

/n + 1 -

\ k 

Dec. 

' k \ 2k+l 

r 
Assoc ia ted with A (x) we may next introduce a re la ted poly-

nomial K (x) defined by 
n J 

(7.2) K (x) = x n A (I) = S A n x n _ j . 
n n x - n ^ 

Relat ion (7. 1) then becomes 

(7. 3) K ' (x) = xK ,. (x) + K (x), with Kn(x) = 1, K. (x) = x + 1 . n+Z n+1 n 0 . 1 

This r e c u r r e n c e re la t ion is of the same form as one studied by Cata-
lan [4] . This is mentioned by Byrd [3] . 

It may be of i n t e r e s t to indicate how the Q - m a t r i x technique ( I j m a y 
be applied to a study of K (x). Define 

(7.4) Q = ( X 

Then 

/ f , , (x) f (x) \ 
(7.5) Q n = { n + 1 n ] . n>l , 

Vfn<X> fn-lW/ 
where the f's a r e Fibonacci polynomials defined by 

(7.6) f
n + 2

( x ) = x f
n + l ( x ) + f

n
( x ) ' f 0 ( x ) = ° ' f l ( x ) = 1 -

It is eas i ly shown that 

(7.7) K (x) = f . . (x) + f (x) . \ / n n+1 n 

F r o m (7. 7) we have next 

( - l ) j + 1 K . (x ) = ( - l ) j + 1 f . + 1 ( x ) - (- l) j f . (x) 
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(7.8) 1 (-1)J K(x) = ( - l ) n f (x) 
j = 0 J n + i 

so that the Fibonacci polynomials f (x) may be expres sed in t e r m s of 
the K or A polynomials ve ry eas i ly . 

We next observe that (7. 5) and (7. 7) yield 

(7.9) 
, / K (x) K . (x) 

Q n + Q n - 1 = [ n< ' n -1* 
\ K n- l< X > Kn-2<X>, 

F r o m this r e su l t it is poss ible to evaluate the de te rminan t of the K's 
as follows. To begin with, |Q 

K (x) K ,(x) 
nx ' n - l v ' 

| Q | n = ( - l ) n . Then we find that 

K ,(x) K ?(x) n-1 n-Z 

Q n + Q n - l | = | Q a - l ( Q + I ) | ? j = (1 0) 

n - 1 Q 

( - 1 ) X 

Q + 11 

We may state the resu l t m o r e elegantly in the form 

(7.10) 
K . . (x) K (x) 

n+1 n 
K (x) n K n - l ( x ) 

= (-Dnx 

This may be compared with the re la t ion 

(7 .n ; 
F F 

n+a n+a+b 
n+b 

- l ) n F F. a . b 

for the o rd ina ry Fibonacci number s (F =0, F = l , F L O = F f1 + F ) 3 0 1 n+Z n+1 n 
which was posed as a problem in the Amer i can Mathemat ica l Monthly[8]., 
In pa r t i cu l a r , this r a i s e s the quest ion about a s imi la r genera l iza t ion 
of the de te rminan t (7. 10). Indeed, we shall now prove by induction 
that 
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(7.12) 
K (x) K , , , (x) 

n+a n+a+b 
K (x) K ,. (x) 

n n+b 

= (-1) 
K K ,, a a+b = (-1) (K K - K , J . v a b a+b' 

This will be t rue for al l in tegers if we define 

(7. 13) K - n
( x ) = K n - l ( " x ) 

as is suggested by r e c u r r e n c e re la t ion (7. 3). 
As for the proof of (7. 12), we may f i rs t show that (as is obvious 

for n = 0) 

(7.14) K ,! K ,u + K K , , , . = (-1) (K. Ku - KnK, , J , n+1 n+b n n+b+1 x ' N 1 b 0 1+b 

where , for brevity, we omit wri t ing x which will r e m a i n unchanged,, 
Now, in fact, by means of (7. 3) we have 

( - l ) n [K L1K , U - K K i K i i l = ( " l ) n r K ,, (K ± L J O - x K l u . i ) - K K ,U,J x ' L n+1 n+b n n+b+lj x ' L n+1x n+b+2 n+b+1; n n+b+lj 

= ( - l ) n [K , . K , , 7 - (xK , ,+K )K , , , , 1 L n+1 n+b+2 n+1 n n+b+lj 
L+l 

( " i ) n [Kn+2Kn+b+l " K n+l K n+b+2] ' 

so that the exp res s ion is unchanged when n is rep laced by n + 1. By 
induction, then, re la t ion (7.14) follows. 

In the same way, we could show that (7. 12) holds for a = 2, that 
i s , 

(7.15) K , 9 K , , - K K ,, ^ = ( - l ) n (K„K u - K„K9 J_J . 
x ' n+2 n+b n n+b+2 2 b 0 2+b' 

We may complete the a rgument by an induction on a. Suppose 
that (7. 1 2) holds for fixed n, b and up to a ce r t a in value of a(>l) . Then 

K , K - K K _, ,, = (-l)n K K - K nK ,, 
n+a n+b n n+a+b a b 0 a+b 

and 

K , , K ,, - K K , , , = ( - 1 ) K ,KU 
n+a-1 n+b n n+a- l+b n a-1 b 

K 0 K a - l + b ' 

and if we mult iply the f i r s t of these by x, add to the second, and r e -
cal l the basic r e c u r r e n c e re la t ion (7. 3), -we obtain p r ec i s e ly 
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Kn+a + lKn+b " K
n

K n + a + l +b = ^ K
a + l K

b " V a + l + b • 

so that the induction goes through. This proof is nothing more than a 

variant of a similar proof for Problem E 1396, relation (7.11) above, 

suggested by Mr. John H. Biggs who was then a graduate student at 

West Virginia University. Clearly the same technique may be used in 

other cases where a recurrence relation of a suitable sort is presup-

posed. Thus (7. 12) also holds for f (x) in place of K (x). 
n ^ n 

We should like to mention still another interesting relation in-

volving the polynomial K (x). The reader may find it worthwhile to 

carry out an inductive proof that 
(7. 16) Kn(x) + (-l)aKn+2a(x) + xKn+a(x) = 0 . 

When a = 1 this becomes again (7. 3). It is possible to base a proof 

of (7. 12) on this relation. The idea traces back as far as George 

Boole [2] , and may have further unsuspected possibilities. Under 

miscellaneous propositions, in Chapter XII, pp. 229-231, Boole uses 

an invariance technique which may be of interest. By (7. 1 6) we have 

(omitting x for brevity) 

K + (-l)aK , 9 = -xK , . 
n n+2a n+a 

This relation being true for all integers n, a, we next replace n by 

n + b, and we have, for arbitrary n, a, b, 

K ,, + (-l)aK , 7 , K - -xK , ,, . n+b n+2a+b n+a+b 

Here, -x plays the part of the number p in Boole's argument. We 
may eliminate -x from the last two relations by multiplying the for-
mer by K , ., , the latter by K , , and equating the resulting left-

y n+a+b y n+a ^ to to 

hand members. This yields 

K , K ,, + (-l)aK , K _,_„ MU = (-l)aK , 9 K , ,, + K K , ,, . n+a n+b x ' n+a n+2a+b n+2a n+a+b n n+a+b 

Multiplying through by (-1) we have, transposing terms, 

(7.17) (-l)n|K , K X U -K K , J . J=(- l ) n + a [K , 9 K , , - K , K , 7 , J x ' x ' L n+a n+b n n+a+bj x I n+2a n+a-b n+a n+2a+bj 
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Call the left-hand member of this F(n). Then the crux of Boole's 

argument would be that (7. 17) asserts that F(n) = F(n + a). This be-

ing so for a perfectly arbitrary integer a, as we supposed to begin 

with, then it follows that F(n) is invariant with respect to n. Hence 

we have only to set n = 0, and we find that 

F(n) = F(0) = K K - KnK ,, 
x ' v ' a b 0 a+b 

and this of course is precisely what we claimed in relation (7. 12). 

The beauty of Boole's method is that one may oftentimes begin 

with a non-linear recurrence relation (difference equation), such as 

(7. 12) is indeed, and relate this back to a linear relation, as (7. 16) 

actually is. The method is especially useful in the study of determinants 

of polynomials which satisfy suitable recurrence relations. 

The relations (7.11) and (7.12) may be called Turan relations, 

and the reader is referred to [5, 6] for pertinent journal references 

and some variations. A detailed bibliography on the Turan expressions 

(and Turan inequalities) would contain over 110 references to journal 

articles and books according to the author's current file on the literature. 
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ON A GENERATING FUNCTION ASSOCIATED 
WITH GENERALIZED FIBONACCI SEQUENCES 

I. I. K o l o d n e r ( 1 ) ( 2 ) 

Carneg ie Ins t i t u te of Techno logy , P i t t s b u r g h , P e n n s y l v a n i a 

Let p, q, a and b be complex numbers and a s s u m e that q j / 0 
and q / p . Let the sequence u (p, q;a, b) be the solution of the r e -
c u r r e n c e re la t ion 

(1) u = 2pu , - qu ~, n > 2, 
n ^ n-1 ^ n-2 

with the "init ial condition" 

(2) u = a, u, = b + pa. 

Here and below we omit a rgument s whenever they a r e obvious. 
If p = l / 2 and q = - 1 , the above sequence reduces to u ( l / 2 , 

- l ; a , b) = H , the genera l ized Fibonacci sequence. Fu r the r , u ( l / 2 , 
-1 :0 ,1) = F , the Fibonacci sequence, and u (1 /2 . -1 ;2 ,0) = L , the n ^ n ' n 
Lucas sequence. 

(k) (k) 
For any in teger k, define the function x—>u (x;p, q;a, b) = u (x) 

by the formula 

(3) u ( k ) (x) = 2 (u ) k x11. 
0 < n < » n 

Since, as is eas i ly verified, u <. A s where s = |p | + v |p | . + 
-k 

| q | 
the s e r i e s in (3) converges at leas t for x < s . A few y e a r s ago 
Car l i tz [l] summed the s e r i e s for u in special c a se s when a = 1, 
b = p (using the p r e sen t notation) and a = 2, b = 0. For re la ted r e -
sults see a l so the pape r s by Gould [ 2) and Riordan [3] . A. F . Horadam 
recent ly studies the generat ing functions u and indicated that 
they can be summed by using methods analogous to those employed by 
Car l i tz , which a r e r a the r complicated. The objective of this paper is 

(k) to give a s t ra ight forward der ivat ion of a formula for u with any 
a and b. 

(k) Theorem. If u (p, q;a, b) is defined by (1-2) and u is defined by 
(3), then 

272 



273 ON A G E N E R A T I N G F U N C T I O N A S S O C I A T E D D e c . 

(k), ._ V \ , k ^ ' B T , k V 2 y 1 P | ( ' : 0 ' 1 » - A
T , k V 2 7 ( p ' ' ' ; 1 ' ( ) ) ! x 

0 < 7 < k / 2 l - 2 q u k - 2 ? ( p > q ; 1 ' 0 ) x + q x 

+ ( l + ( - l ) V k / 2 ) k 

4 [1 - q k / 2 > 

w h e r e - A , a n d B , w i t h 7 < [ k /2 ] a r e h o m o g e n e o u s f o r m s in a, 
— r- 7 , K 7 j K 
a n d b of d e g r e e k de f ined by 

. - , l - k , k w 2 a,y y , k - 2 7 x k - 2 7 - 2 j J 
A 7 j k = 2 (7)(a - P) Z , ( 2 j ) a (3J . 

0 < 2j < k - 2 7 

„ * l ~ k / k w 2 m 7 V , k - 2 7 k - 2 7 - 2 j - l j 
B 7 j k = 2 (7)(a - P) b 2 , t 2 j + l ) a P ' 

0 < 2j-+l i k - 2 7 

w i t h p = b 2 / ( p 2 - q ) . 
No te t h a t in t h e l a s t t e r m in the f o r m u l a for u ; (x ) the f i r s t 

f a c t o r i s z e r o if k i s odd so t h a t we s h o u l d no t be c o n c e r n e d by t h e 

f ac t t h a t A, /~ , i s no t de f ined w h e n k i s odd . 
k / 2 , k 2 

Our p r o o f e x p l o i t s the f ac t t h a t t h e z e r o s of z - 2z c o s 0 + 1 , 
ifl -iB 

w i t h a n y 6 r e a l o r c o m p l e x , a r e e a n d e w h o s e p o w e r s a r e 

e a s i l y m a n a g e d . L e t a a n d 6 be s u c h t h a t 

(4) a = q, p = a c o s 0 . 

S i n c e q ^ 0 a n d p ^ q , a ^ 0 a n d c o s 6 ^ ± 1. S i n c e the func t ion 
z —> c o s z i s on to t h e c o m p l e x p l a n e , a n u m b e r 6 s a t i s f y i n g (4) e x i s t s ; 

2 2 i t m a y b e , o r c o u r s e , a c o m p l e x n u m b e r . Note t h a t a s i n 6 = 

a - a c o s 0 = q - p f 0 . 
Se t u = a n v . T h e n v = 2 ( c o s 0 ) v , - v 9 (n > 2) f r o m n n n n - 1 n - 2 

w h i c h i t f o l l o w s , by u s i n g w e l l known r e s u l t s for l i n e a r r e c u r r e n c e s 

w i t h c o n s t a n t c o e f f i c i e n t s , t h a t v = s e + t e w i t h s o m e s and 
n 

t w h i c h a r e d e t e r m i n e d by the " i n i t i a l c o n d i t i o n s " (2) . We now c o n -

c l u d e t h a t 
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/c\ / u\ n / i n # . * -in0v 
(5) u (p, q;a, b) = a (s e + t e ) . 
Setting n = 0, 1 in success ion we get 

(6') s •+ t = a 

and Q(COS 0 )(s + t) + ia(sin 0)(s - t) = b + pa, whence it follows, on 
using (6') and (4), that 

(6") s - t = b / ( i a s in0) . 

The express ions for s and t may be eas i ly obtained but will 
not be n e e d e d h e r e . On the other hand we note that if s = t = l / 2 then 
a = 1 and b = 0, while if s = -t =. 1/2 then a = 0 and b = ia sin 0. 
Thus it follows from (5) that 

(7) 
a cos n0 = u ( p , q ; l , 0 ) , 

a sin n0 = a(sin 0)u (p, q;0, 1), 

(4) 
identifications which will be used in the sequel . 

(k) 
We a r e now ready for the evaluation of u (x). Using the b i -

,k. 7 k-7 in(27-k)0 (y) s t e 

nomial theorem, 

(8)(s 

we 

in0 . , - in0.k e + t e ) 

g e t 

-

o< 

0 < 

I 
7 

I 
7 < 

< k : 

k / 2 

7kw ^ i k-27 in(k-27)0 , k-27 -in(k-27)0. (7)(st) (s e +t e ) 

+ 2 ' 1 ( 1 + ( - l ) k ) ( k / 2 ) ( s t ) k / 2 

where the las t equality follows by pair ing off t e r m s with 7 and k - 7, 
and where the last t e r m is to be set equal to ze ro if k is odd. On 
substi tuting (5) in (3), using (8), in terchanging the o rde r of summation, 
and finally summing geomet r i c s e r i e s we obtain 



275 ON A GENERATING FUNCTION ASSOCIATED Dec. 

(9) 
u ( k ) (x) = ^ /kw <-\7 V r k ~ 2 7 / k i(k-27)0 n 

Z . (7)(st) £ LS (XQ e ' ) 
0 < 7 < k/2 n=0 

, Jo 27, k -(k-27)0 n + t (XQ e v ) 

+ 2"1(1 + ( - l ) k ) ( k / z ) ( s t ) k / 2 ^ ( ^ V 
n=0 

k-2 7 Jc-27 > k 7 s^ *"* ' t^ 
^ (7Ms t) [" k i(k-2 7)e + : k -i(k-2-Y.)fl] 

0 < 7 < k / 2 1 - xa e 1 - x a e 

+ 2 _ 1 ( 1 + ( - D k ) ( k / 2 ) ( s t ) k ^ 2 

1 - xa 

Observing that a = q , a = q ' i f k i s even, a cos(k-27)0 = 
q 7 u

k _ 2 7 (P» Q'1* °) a n d a sin(k-2 7) = q 7 a ( s in 0 )u k _ 2 7 (p , q;0, 1) if 
27 < k, see formulae (7), the form for u (x) a s s e r t e d in the theorem 
foLlows from (9) if we define 

(10) A7> k = (k)(s t)7 [ s k ' 2 7 + t k " 2 T ] , 27 < k, 

B.. k = i ( k ) ( s t ) 7 [ s k " 2 7 - t k " 2 7 ] a sin 0, 2 7 < k. 

It r ema ins to evaluate A , and B , in t e r m s of a and h. 
Let (3 =[b/(ia cos 0)]2 = b 2 / ( p 2 - q). F r o m (6') and (6") we get: 

st = (a2 - (3)/4, 

whence (s t ) 7 = 2~ 2 7 ( a 2 - (3)T, 

m . jcn 0 - m . r, . .. . . iV-im . u . ̂  / ^ i m , ~J -m > ,m. m - 2 i _j s +t =2 .([(s+t)+(s-t)J +[(s+t)-(s-t)] ) = 2 Z , <2 j ) a P ' 
0 < 2j < m 
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s -t = 2 ([(s+t) + (s-t)J - [(s+t)-(s-t)J ) 

_ ? 1 _ m b V / m \ _m-2j-l j 
" Z i a s i n 0 ~ ^ <2j+l ' a P • 

0 <2j+l <m 

Substituting these in (10) we get the stated result. This completes the 

proof of the theorem. 

It might not be superfluous to point out some special cases which 
may be obtained from the theorem. If p = 1 /2 and q - - 1 , then 
u (x;l/2, - l ;a, b) = H (x;a, b), the generating function for k powers 
of the generalized Fibonacci sequence H (a,b). In this case the for-
mulae for A , and B , do not simplify appreciably except that 

y9 k ^ r, K 

we have now p = 4b /5 , while u (1/2, -1 ;0, 1) = F and u (1/2, -1;1, 0) = 
L /2 . Furthermore, if also a = 0 and b = 1, then A,v ir = 0 if k 
is odd and B^ = 0 if k is even, while B^ , = (-1) (£) 5 ^ - K / / ^ 

' k -k/2 
if k is odd and A , = 2(-l) (y) 5 ' if k is even. The theorem 
then yields the well known formulae 

^(xJ-S^-^x 1 ^ , F k - 2 7 

( H ) 

yj 2 ' 
0 < 7 < ( k - l ) / 2 1 _ ( _ 1 ) Lk-2TX"X 

if k is odd, 

<J$,> _ ( k ) ( , 5 -k/2 f y M(2( -D' - L k , 2 7 x ) <k/2 
F (x) = 5 [ ZJ 2 + £72 

0 < 7 < k / 2 M - ^ L k - Z T * ^ <-*> ' 

if k is even, 

Lastly, if p = 1/2, q = - 1 , a =2 and" b = 0, we get A , = 2(7) and 

B^ i = 0 whence T, k 
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(12) L^'(x) = (k)( £ j f r 2 - t-^hc-ZT*) 
0 < 7 < k / 2 l - ( - l ) 7 L k . 2 7 x + (-l) x 

^k/2^ . 1 + (-l)k 

l - ( - l ) k / 2 x 2 

In conclusion we note that by squaring the two equalities in (7) 

and adding we get the identity 

(13) q n = [ u n ( p , q ; l , 0 ) ] 2 + ( q - p 2 ) | u n ( p , q ; 0 , I ) ] 2 

If p = 1 /Z and q = - 1 , the identity (13) simplifies to the well-known 

identity 

(14) 4 ( - l ) n . = L 2 - 5 F Z . 
' n n 
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(3) Oral communicat ion. 
(4) Formulae (7) show the connection between u and the Chebyshev 

polynomials . For example , u (p, q ; l , 0 ) = a T (p/a) , where 
a = q. 
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1. INTRODUCTION 

In number theory one encounters such numbers as 

. 105263157894736842 

(the period of 2 / l 9) and . 102564 (the period of 4/39) one of whose very-
in te res t ing p rope r t i e s will be t r ea ted h e r e . If the t e rmina l digit be 
removed from the end of the number and placed at the beginning, the 
r e su l t is the product of that digit and the or iginal number . 

Examples : 

.10526315789473684,2 .102564 
and 

x 2 x 4 
,2_1052631578947 3684 .410256 

The purpose of this paper will be to invest igate the exis tence and 
c h a r a c t e r i s t i c s of such n u m b e r s . 

2. DEFINITIONS 

A posit ive number G will be called a gauntlet if it has a cyclic 
permuta t ion with the p roper ty that, when the na tura l number g making 
up its last n digits be moved to the f i rs t n d ig i t s ' posit ions of the 
number , then the resu l t is exactly the product gG. When such a num-
ber G exis ts for a na tura l number g we will occasional ly wri te G(g) 
for emphas i s . The product gG is called the second o rde r gauntlet, 

(2) 
wr i t t en G 

We a lso define the function D whose value D(x) is the number 
(2) 

of digits in x. It follows from the above definitions that D(G) = D(G ). 

3. FAMILY OF GAUNTLETS 

The quest ion a r i s e s : a r e the re many gauntlets for a single nat-
u r a l number1? We answer with a theo rem. 

279 
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Theorem 1. Each natural number for which a gauntlet exists 

has infinitely many gauntlets each consisting of a number of sets of the 

same period. 

Proof. Let . p p ? . . . p , . be a digit-wise representation of 

G, a gauntlet of the natural number g. We observe that gG is of the 

form .q19L ?. . .qn/ K because D(G ) = D(G). This means there is no 

carry on the left after multiplication of G by g. This implies 

g . ( . P l . . . P D ( G ) P I • • • P D ( G ) ) = • qL • • • q D ( G ) q ! • • • q D ( G ) 

and the theorem follows by induction. 

Example: 

g= 4 

G,(g) = . 102564 

G[2)(g) = .410256 

G2(g) = . 102564102564 

G^2) = .410256410256 

Let us call numbers which are gauntlets for the same natural 

number and whose digits are repetitions of the digits of a simpler gaunt-

let members of the family of that gauntlet. Similarly we define a fam-

ily of second order gauntlets. Hereafter unless otherwise stated G 
(2) 

and G will be understood to be the least positive gauntlets of their 
families. 

4. DIGITS COMMON TO ALL GAUNTLETS 

Theorem 2. The leading non-zero digit of a gauntlet is 1. 

Proof. Let g be represented by the digit-wise expansion 
(2) 

c l C 2 " - c D ( g r T h e n G = • c l C 2 - - - C D ( g ) x l x 2 - - ' X D ( G ) - D ( g ) - N o W 

• 0 . . . 0 1 
( 1 ) c l ' * * CD(g))' CT • • CD(g)-lCD(g)XlX2- * -XD(G)-D(g) 

and by definition the quotient must be G. 
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Corol la ry 2. A gauntlet of the na tura l number g has exactly 

D(g)-1 leading z e r o s . 
Proof. Count the leading ze ros of the quotient of (1). 
Note. The leading ze ros a r e par t of the repeat ing set of digits 

in the family of a gauntlet. 
Theorem 3. For g not a power of 1 0 there a r e exactly 2D(g)-l 

ze ros to the immedia te right of the leading non-ze ro digit 1 of G. 
Proof. F r o m (1) 

G = - 0 r - - 0 D ( g ) - i l x r - - x D ( G ) - D ( g ) 

(the x. a r e now the unknown digits of the numera to r ) where 

X D(G) -2D(g )+r - ' x D(G) -D(g ) = C T " • cD(g) = g" 

Whence 

G - . c r . . c D ( g ) 0 r . - 0 D ( g ) - 1 l x ! x
2 - - - x D ( G ) - 2 D ( g ) -

Then by definition 

1 D(g)-1 1 D(g)-1 D(g) 
g ) e C r " C D ( g ) - l C D ( g ) ° r "°D(g)~\l X l X 2 " - X D ( G ) - 2 D ( g ) 

which impl ies 

1 D(g)-1 1 D(g)-1 D(g) 

This means that 

• • ° l , " ° D ( g ) - l 1 ° r - - 0 D ( g ) - l 0 D ( g ) 0 D ( g ) + r - - 0 2 D ( g ) - l X - - -
8 ) - c l - " c D ( g ) - l c D ( g ) 0 l " - 0 D ( g ) - l 1 °1 • • • °D(g)-l ° D ( g ) " -

(and x is non -ze ro because 1 0 . . . . . 0 . . is g r ea t e r that g) which 
p roves the theo rem. 

Coro l la ry 3. The gauntlet of a na tura l number g which is a 
power of 10 is exact ly . 0, . . . 0 ^ . . . 1 0 ' . . . . . 0,^, . , . H y 1 D(g)-1 1 D(g)-1 

Proof. That g=10n impl ies D(g)=n+1. That is to say 
g=10, . . . 0 = 10, . . . 0^ / . , , the t e rmina l D(g) digits of & 1 n 1 D(g)-1 x& to 

. o 1 . , . o D ( g ) _ 1 i o l . . . o D ( g ) _ 1 . 
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and 

'°i-Vi10i-Vi 
x 1 0 r - 0 D ( g ) - i 

• 1 0 T • * ° D ( g ) - l ° r * ' °D(g)- l Q. E..D. 

Exceptions mus t always be made in the following d i scuss ion for 
g=10 because only with such a g a r e the D(g) ini t ial digits of g the 
digits of g itself. 

Examples for the co ro l l a ry . 

G ( l ) = . l 

G(10) = .010 
It should be obvious by now that it is la rge ly inconsequent ial 

whether we cons ider gauntlets as in tegers or dec ima l s , because whether 
the number is 010 or .010 the digits a r e the same and our p r i m a r y 
concern is which leading or t ra i l ing ze ros a r e pa r t of the number , not 
where the dec imal point goes . It is m o r e amenable to the notion of 
famil ies to use dec imals because of the obvious s imi l a r i t y to per iodic 
dec ima l s . However, in a following theorem (Theorem 5) the proof is 
expedited by re fe rence to gauntlets as i n t ege r s . 

5. GENERATION OF A GAUNTLET IN SETS OF DIGITS 

Let us now examine the in te r re la t ionsh ips of the digits within a 
gauntlet and the way in which a na tu ra l number genera tes i ts own gauntlet . 

Remark . The following d i scuss ion develops an a lgor i thm which 
finds G for g^lO . Coro l la ry 3 found G for every g=10 , and it 
may be readi ly verif ied that the a lgor i thm of this sect ion finds a l a r g e r 
m e m b e r of the family of G(10 ). 

The t e r m i n a l D(g) digits of G m a k e u p g itself. Consequently 
the t e rmina l D(g) digits of G mus t be the t e r m i n a l D(g) digits of 

2 
g which a r e a lso the D(g)+lst through the 2D(g)th digits of G, 
counting from the righthand s ide . That i s , 

G = " XD(G)' " ' X2D(g)+ld2D(g)? • * dD(g)+lCD(g)- • • C l 
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where the d 's a r e the D(g) t e rmina l digits of g 2 and of gG=G* . 
Moving leftward along G we see that the next set of D(g) x ' s mus t 
r e p r e s e n t the t e rmina l D(g) digits of the sum of the leading digits of 

2 
g not included in the set d^, . . . . d , and g- (d^ . x . . . d . , ) . So is the 

D(g) i & D(g) r 
next set of D(g) digits re la ted to those to the r ight of it . To r e s t a t e 
symbolical ly what we have jus t verbal ized, the ith set of D(g) digits 
(counting from the r ight where the a ' s a r e the sets) m a y be wr i t t en 

(2) 

where 

(3) 

a. 
i s a i - i + r i - r 

a i _ l ! 

*a. , +r. ,* 3 l - l i~ l 

^D(U 

10 D(gy 

a x = £ and 

D(g) 10 

r =0. 

(Brackets indicate g rea t e s t in teger division. ) 
These equations, which follow d i rec t ly from the definitions, con-

sti tute an a lgor i thm which, depending upon g alone, inevitably p r o -
duces G(g) if it ex i s t s . Since the a lgor i thm genera tes only se ts of 
D(g) digits each we may conclude D(g) divides D(G) and when G ex-
i s t s it has a lef t -most set a. whose digi t -wise r ep re sen ta t ion is 
0 . . . 0 1 and that r . + 1 = 0 . These conditions provide c r i t e r i a for stopping 
the a lgor i thm at a.. 

R e m a r k . The single exception to the rule "D(g) divides D(G)" 
is for g=10 . The r ea son is that the two a. of Gr(10 ) share the com-
mon digit 1. However, the a lgor i thm will find a G'(10 ) > G such that 
D(g) divides D(G'). That G(10n) is the only possible exception for 
the success of the a lgor i thm may be readi ly verif ied. 

Theorem 4. If G ex is t s for a given g the a lgor i thm (given 
above) gene ra t e s G, and the condition a.=l and r . ,~0 is sufficient 
to t e rmina t e the a lgor i thm. 

Proof. That the a lgor i thm genera tes G follows from the p r e -
ceding r e m a r k s in this sect ion. If a.=l and r... =0 the a lgor i thm 
begins to repea t the digits of G because a. =g. l+0-0=g, and r . ? = 0. 
This is ident ical ly the si tuation at the beginning of the a lgor i thm, which 
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m e a n s from this point it would r egene ra t e the same digi ts . Hence if 
a. is the f i r s t set equal to 1 and such that r . =0 then the digits gen-
e ra ted up to that point make up the leas t posit ive m e m b e r of the fam-
ily, that is G. 

Remark . An a lgor i thm mentioned by Johnson [2] will find the 
per iod of the r ec ip roca l of 10m- l (where m is a na tura l number) , 
but the r e su l t does not have the combined mult ipl icat ive and p e r m u t a -
tive p roper ty , which is the subject of this paper , for m of m o r e than 
one digit. 

Example . The per iod . 10027, a cyclic permuta t ion of that 
found for m=37 by Johnson 's method, has not the same p rope r ty as 
has the number found by my method for m=37, namely 

.01000 27034 33360 36766 6937. 
x 37 

37010 00270 34333 60367 6669 

THE EXISTENCE THEOREM 

Theorem 5. For every na tu ra l number there exis t s at least one 
gauntlet and hence one family of the gauntlet . 

Proof. That G(10 ) ex is t s follows from Coro l l a ry 3. Assume 
g^lO . As usual we a s s u m e G is the sma l l e s t posi t ive m e m b e r of i ts 
family. We r eca l l that D counts al l the digits in a number which a r e 
pa r t of that number . This includes leading z e r o s . Let G be con-
s idered an in teger . The re la t ionship between g and G, from the def-
ini t ions, is 

Cbg + g l 0 D ( G ) - D ( g ) = g G = g ( 2 ) 
1 0D(g) 

which simplif ies thus: 

G-g + l O ^ g ^ O ^ g G 

G d - l O ^ g ) + g ( 1 0 D ( G ) - l ) = 0 

c _ g ( i o D ( G ) - D 
1 0 D ^ g - l 
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Now we r equ i r e that G be an in teger , which is t rue if and only 

ongruent to 0 modulo 10 fe 

1 0 D ( G ) g E g m o d ( 1 0 D ^ g - l ) . 

if g(10 -1) is congruent to 0 modulo 10 ^ g ' g - l . This means 

Since 10 g ' g - l and g a r e re la t ive ly p r ime 

1 0 D l G > s l . m o d ( 1 0 D t e > g - l ) . 

Now 

(4) 10 X = l . m o d ( 1 0 D ( g ) g - l ) 

has a solution x = <p(!0 g-1) by F e r m a t ' s theorem because 10 and 
10 ^ g-1 a r e re la t ive ly p r i m e . That is to say 

(5) 10Xg = g m o d ( 1 0 D ( g ) g - l ) 

has a solution which means the re ex is t s an in teger K such that 

1 0 ^ l g ; g - l 

for a given in teger g, 
All solutions to (4) may be found in the following way. We divide 

success ive ly inc reas ing powers of 10 by 10 g-1 until finally we a r e 
left with a r ema inde r of 1. This impl ies the solution to (5) m a y b e 
found s imi l a r ly . We divide the product of g and success ive ly i n c r e a s -

D(g) ing powers of 10 by 10 g-1 until finally the re is a r ema inde r of g. 
The number of ze ros we use is the solution x. 

Now (6) has a l eas t posit ive solution x n . Let the n u m e r a t o r (7) 
of the following expres s ion be the leas t posit ive such numera to r , that 
is let the appearance of g as a r e m a i n d e r be the f i r s t such appearance 
of g. If we can show that (7) is G we a r e finished since D((7)) which 
is x n will a l so be D(G), and x n is known to be the least posit ive solu-
tion of (6) such that K is the leas t posit ive in teger , and G is a s sumed 
to be the leas t posi t ive gauntlet of g. 
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(7) 
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• P 1 P 2 - - - P V 

Dec. 

10 D(g) 0̂ 
g-1 )g.O 0 . . . 0 

(8) q, 
(9) _ 
(10) g 

F o r keeping t r a ck of our ze ros we will r e v e r t to the use of d e c i m a l s . 
Adding t e r m i n a l ze ros to 1 . 0 0 0 . . . is simplified by the na ture of the 
number (i. e. 1.0 followed by infinitely many ze ros is equivalent to 1.0). 
We find ourse lves studying 

1 
glO D(g) 1 

or , equivalently, 

g l O ^ - l 

a s far as x n is concerned, r a the r than 

10 ° 
, 1 0 ° ^ - ! 

gio 
glO D(g) 

D(gh Let g be expanded digitwise as c , . . . c n . .. Since 10 5 ' g - l 
e n d s i n 9 . and (8) ends in 0 while g ends in c „ , ., then p x can only 
be c D , .. We r ewr i t e (8), (9) and (10) as (13), (14) and (15) below: 

(11) 
(12) . . . 

(13) 

(14) 

(15) 

Si 
c D(g) 

(g10D<g>-l) 

'1 'D(g) 

We introduce the convention of b r ace s about the d igi t -wise ex-
pansion of a number to clarify a r i t hme t i c e x p r e s s i o n s . Then we may 
wr i te (14) as 

! c r - - c D(g) i 10 D(g) CD(g)_CD(g) 
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Adding g we have (13): 

| C l - - - C D(g ) | • CD(g)1 0 D ( g )-CD(g)+ iCl---CD(g) 

which reduces to 

D(g). 10 . i C l - C D ( g ) i • CD(g)10 ™ + | C l - - - C D ( g ) - l i • 

But (13) without the suffixed 0 is 

| 1 D(g)\ D(g) J 1 D(g)-lJ 

which terminates in c~, x , . This means that 
D(g)-1 

P x o _ 1 = c D ( g ) - r w h e n c e ( 1 2 ) i s (%l°B(g)-l^cD(g)-v 

This implies that (11) is 

| C r - - C D(g)S • CD(g)-l1 0 g"CD(g)- l 

+ ! C l - - - C D ( g ) i - C D ( g ) 1 0 D ( g ) " 1 + | C l - - - C D(g)- l i • 

Redcuing as before and removing the suffixed 0 we have for (11) 

j c l - - C D ( g ) | • |CD(g)-lCD(g)| • 1 ° D < g > ' Z + - j c r - - c D ( g ) - 2 ( • 

By induction after D(g) such steps the remainder is 

(16) h - . - c ^ J j C l . . . c D ( g ) } . 10 0
+ ]o| . 

At each step the terminal digit in the remainder was a c . This implies 

0-D(g)+l 0 L Kg) 

At this point the remainder ends in \g / . (The newnotation 

means the last digit of. ). This means 

p X o - D ( g r (g2) • 

This seems to indicate generation of the same digits of the algorithm 

of section 5. Indeed they are identical because the minuend producing 

the remainder (16) is 
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which after removal of the suffixed zero is 

h . . . c D ( g ) ( ( / ) , 0 ^ - ' *2- U) 
10 

which ends in(g •- (g ) / , and we see we must exhaust D(g) powers 

of 10 again, thereby setting p . . . p r\t \ e<~Lua-l- to the 
• i TM x A- • + * Z X0-2D(g)+l *0'U{g) 

terminal D(g) digits of g . 0 / 

Alternatively we must, every D(g) steps, exhaust the D(g) dig-

its of a set which corresponds to some a. of the algorithm. There-

fore by Theorem 4 the numerator is G if its first D(g) digits are 

0, . . . Op, . ,1 and its next B(g) digits are 0. This latter condition 
is sufficient to make r. . , = 0 . 

i+l 
We write the initial situation in the division process as 

n/ \ D(g)-1 
K- - - C D(g ) [ - 1 0 { g ) - M c 1 . . . c D ( g ) . 0 1 . . . 0 D ( g ) _ 1 0 D ( g ) . . . 

i c l ' " C D ( g ) °1 ' • ^ ( g ) } " 1 

because 

and since 

we have 

10D^g> = c , . . . c^, x0, . . . 0, j C r ' - C D ( g ) ( * ^ ~ L r i , v - D ( g n D(g) 

r>(p) l D (g)-1 1 ZP(g)-1 

I 1 D(g)f ' 1 D(g) 1 D(g)-1 D(g) D(g}+1 

Q.E.D. 

Corollary 5. For every natural number there is only one fam-

ily of gauntlets and only one G, the least positive gauntlet. 

Proof. The uniqueness of the algorithmic process and also of 

the division in the previous theorem. 



1965 M U L T I P L E S O F T H E N A T U R A L N U M B E R S 289 

7. A D D I T I O N A L T H E O R E M S 

The fo l lowing t h e o r e m s , w h i c h m a y be e a s i l y v e r i f i e d , a r e s u b -

m i t t e d w i t h o u t p roof . 

T h e o r e m 6. The p e r i o d of n / ( n l O -1) w h e r e n i s a n y 
p o s i t i v e i n t e g e r i s t he s a m e a s t h e p e r i o d of t h e r e c i p r o c a l of nlO - 1 . 

T h e o r e m 7. E a c h d i g i t of the p e r i o d on n / ( n l O -1) a p p e a r s 

i n s u c c e s s i o n a s t h e t e r m i n a l d ig i t of a r e m a i n d e r w h e n d e c i m a l d i v i -

s i on i s c a r r i e d ou t . 

E x a m p l e : 

g = 4 
D(g) = . 1 0 2 5 6 4 

g 1 0 D ( g ) - l = 39 

. 102564 
39 ) 4 . 0 0 0 0 0 0 

22 
(Do 
00 
i@o 

78 
2(2)0 
1 9 5 

2(5)0 
2 3 4 

1 © 0 
1 5 4 

T h e o r e m 8. The d i g i t s of t he p e r i o d of l / ( n l 0 * n ' - l ) a r e a 

c y c l i c p e r m u t a t i o n l e f t w a r d D(g) p l a c e s of t h o s e of n / ( n l 0 -1 ) 

w h e r e n i s a n y na tu raL n u m b e r , a n d t h e o r e m 7 h o l d s for l / ( n l 0 - 1 ) . 

T h e o r e m 9. F o r G the g a u n t l e t of a g i v e n g, the fo l lowing r e -

l a t i o n h o l d s , 2 D ( g l O D ( g ) - l ) <D(G) < g l O D ( g ) - 2 . 

T h e o r e m 10. D(g) d i v i d e s the p e r i o d of g / ( g l 0 g -1 ) and 

h e n c e of l / ( g l 0 - 1 ) , p r o v i d e d g / 1 0 , and , for g=10 , t h e n 

D(G) = 2 D ( g ) - l . 
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PARTIAL TABLE OF THE FIRST 100 GAUNTLETS 
The Pe r iod 

D(G) 
1 1 • I 

2 .10526 31578 94736 842 18 

3 .10344 82758 62068 96551 72413 793 28 

4 .10256 4 6 

7 .10144 92753 62318 84057 97 22 

34 .01000 29420 41776 99323 33039 12915 5634 34 

37 .01000 27034 33360 36766 6937 24 

100 .00100 5 

9. APPENDIX 

of a 
permuta t ion 

of of 
1 
9 
2 

19 
3 

29 
4 

39 
7 

S9 
34 

1 
9 
1 

19 
1 

29 
1 

39 
1 

69 
1 

3399 3399 
37 1_ 

3"5"99 3^99 
100 1 

99999 99999 

An in te res t ing quest ion i s , a r e the re any m o r e in t ege r s , g, such 
as 1 and 34, where D(G) = g? 
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The appearance of a booklet entitled: "Introduction to Fibonacci Dis-
covery" by Bro ther U. Alfred, Managing Edi tor of the Fibonacci 
Quar te r ly , As the t i t le impl ies the a im of this publication is to p r o -
vide the r e a d e r with the opportunity to work out var ious facets of the 
Fibonacci number s by himself. At the same t ime , the re is sufficient 
help in the form of answer s and explanations to r e a s s u r e him r e g a r d -
ing the c o r r e c t n e s s of his work. 

The t r ea tmen t is re la t ive ly brief, the re being some sixty pages in alio 
The m a t e r i a l was set up by typewr i te r and subsequently l i thographed. 
The books have a paper cover and a r e held together by glue binding. 
P r i c e per copy is $1. 50 with a quantity p r i ce of $1 . 25 when four or 
m o r e copies a r e o rde red at once. The following topics a r e t r ea ted : 

Discover ing Fibonacci F o r m u l a s 
Proof of F o r m u l a s by Mathemat ica l Induction 
The Fibonacci Shift F o r m u l a s 
Explici t F o r m u l a s for the Fibonacci and Lucas Sequences 
Division P r o p e r t i e s of Fibonacci Numbers 
Genera l Fibonacci Sequences 
The Associa ted " L u c a s " Sequence 
The Fibonacci Sequence and P a s c a l ' s Tr iangle 
The Golden Section 
Mat r i ces and Fibonacci Numbers 
Continued F rac t ions and Fibonacci Numbers 
This booklet should provide the means of becoming acquainted with 
Fibonacci number s and some of their ma in ramif ica t ions . It should 
se rve as a useful r e fe rence for r e a d e r s of the Fibonacci Qua r t e r ly who 
wish to l ea rn about the main aspec t s of Fibonacci n u m b e r s . It should 
a lso prove of value to groups of competent high school or college s tu-
dents . While not r ecommended for the "pro" , it might be a useful 
r e fe rence to have on hand to loan to students or fellow faculty m e m b e r s 
who want to know something about Fibonacci n u m b e r s . 

These booklets a r e now avai lable for p u r c h a s e . Send al l o r d e r s to: 
Bro ther U. Alfred, Managing Edi tor , St. Mary ' s College, Calif. 94575 
(Note. This a d d r e s s is sufficient, since St. Mary ' s College is a post 
officeo ) 

Fibonacci Discovery $1.50 
Fibonacci Ent ry Points I $1.00 
Fibonacci Ent ry Points II $1.50 
Construct ions with Bi -Ruler & Double Ruler by Dov Ja rden $5.00 
P a t t e r n s in Space by R. S. Beard $5.00 

xxxxxxxxxxxxxxx 



ON A CLASS OF NONLINEAR BINOMIAL SUMS 

D. A. Lind 
U n i v e r s i t y of V i r g i n i a , C h a r l o t t e s v i l l e , V i r g i n i a 

It is known ( [ 2] ; [4] ; [5 ] ) that the Fibonacci numbers m a y b e 
formed by adding the binomial t e r m s on diagonals of P a s c a l ' s T r i -
angle. Recently in this Quar t e r ly V. C. H a r r i s and Carolyn C. Styles 
[ 3] genera l ized the Fibonacci sequence by extending thei r cons ide ra -
tion to sums along s t ra ight diagonals of any posit ive " s lope" or ig ina t -
ing in the f i rs t column. As they noted, those sums a r e specia l c a se s 
of the l inear binomial sums invest igated by Dickinson [ l ] . Here we 
cons ider a nonlinear genera l iza t ion of this connection, in which each 
sum contains a "dogleg" of binomial t e r m s . We then note that these 
sums obey the same difference equation as the binomial coefficients. 
F r o m this equation and a set of auxi l ia ry number s we der ive some 
a r i thmet i c p rope r t i e s , including connections with the Fibonacci num-
b e r s , and develop some genera l r e c u r r e n c e s . Because of this c lose 
connection with the binomial coefficients, it is not su rp r i s ing that mos t 
of the p r o p e r t i e s g ivenhe re s tem from cor responding p rope r t i e s of the 
binomial coefficients. 

We define L(n, r) , the r - t h o rde r nonlinear binomial sum, as 
the sum of the f i r s t r t e r m s of the ( n - l ) - t h row of P a s c a l ' s Tr iangle 
plus the t e r m s on the r i s ing s t a i r s t e p diagonal originating at the r - t h 
t e r m . Thus 

[ ^ ] 
r - 1 LA 

(1) M n . . r ) = 2 ( n [ 1 ) + 2 ( £ £ } ) , 
i=0 j= l 3 

where | ] denotes g rea t e s t in teger , and the r i gh t -mos t sums is ze ro 
i f [ ; 2 i l ] < l . The sums L(n, 1) = L(n-1,2) = F , the n- th Fibonacci 
number , a r e those prev ious ly cons idered in [2] , [4] , and [5] . For 
r = 3 we obtain the following s e r i e s . 
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Dec. 

Thus L(l, 3) = 1, L(2, 3) = 2, L(3, 3) = 4, etc. The 4-th order sequence 

is 1, 2, 4, 8, 15, 27, 47, 80, 134, • • • . ' 

The connection between the Fibonacci numbers and binomial co-

efficients previously mentioned may be written as 

1 — 1 
n I 

i = 0 

The difference between the nonlinear binomial sums and Fibonacci 

numbers is therefore 

r-1 . r-1 
Fn+r-l " L { n ? r ) = S ( i ) - 2 ( ) , 

nTT i=0 i=0 

which is a polynomial in n of degree r-3 for r L. 3. By evaluating 

the right side of this equation for small values of r, we find, in addi-

tion to L(n, 1) = L(n-1, 2) = F , that 

(2a) 

(2b) 

L * n ' 3> = Fn+2 - l > 

L(n, 4) = F n + 3 - n - 1 
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Also, since 

n-1 , . 
s (n:l)-zn-1 , 

i=0 

we see from the definition that 
L(n, r) = 2n~l (n < r) . 

Let the difference opera tor A be defined by A f(n) = f(n+l) -
f(n). Then the r e c u r r e n c e re la t ion for the binomial coefficients may-
be r ep re sen t ed as 

(3) J ( ? = ^ n ^ . 

F r o m this and the explicit r ep re sen ta t ion in (1), the impor tan t differ-
ence equation follows that 

(4) A L(n, r) = L(n, r -1) . 

Defining the i t e ra ted difference opera to r ^ by A f(n) = A f(n), 
Ak VI n n 
A K f(n) = A [ A k _ 1 f(n) | for k > 1, it is of i n t e r e s t to note that n n 

A r " 2 L(n , r ) = L(n, 2) = F n + 1 , 

V 1 
A " L(n, r) = L(n, 1) = F . n n 

It is apparent that (4) is indeed the same difference equation sat isf ied 
by the binomial coefficients in (3), the only change being in the ini t ial 
va lues . Thus by using (4) and the eas i ly de te rmined boundary conditions 

L(n, 1) - F n , L ( l , r ) = 1 , 

we may cons t ruc t a table of L(n, r) in which each t e r m is the sum of 
the t e r m above it and the t e r m above and to the left. 

Since the sequence L(n, 2) = F , sa t isf ies the r e c u r r e n c e 
re la t ion 

L(n+2,2) = L(n+1,2) + L(n, 2) , 
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we take the ant i -di f ference of this r - 2 t imes and obtain the. genera l 
r e c u r r e n c e re la t ion for r - t h o rde r t e r m s as 

(5) L(n+2, r) = L(n+1, r) + L(n, r) + A(n, r) , 

Table of L(n, r) 

\ r - 1 

1 

i • 1 

i 2 
1 • 3 

| 5 

8 

1 13 
21 

34 

1 55 

2 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

3 

1 

2 

4 

7 

12 

20 

33 

54 

88 

143 

4 

1 

2 

4 

8 

15 

27 

47 

80 

134 

222 

5 

1 

2 

4 

8 

16 

31 

58 

105 

185 

319 

6 

1 

2 

4 

8 

16 

32 

63 

121 

226 

411 

7 

1 

2 

4 

8 

16 

32 

64 

127 

248 

474 

8 

1 

2 

4 

8 

16 

32 

64 

128 

255 

503 

_JL-
1 

2 

4 

8 

16 

32 

64 

128 

256 

511 

10 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

n 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

where the auxi l ia ry numbers A(n, r) obey 

A r " 2 A(n, r) = 0 n 

with the ini t ial conditions 

A(n, 1) = A(n, 2) = 0 (n > 1); A( l , r) = 1 (r > 3) . 

These num ber s a l so obey the binomial r e c u r r e n c e 

A A ( n , r ) = A(n, r -1 ) , 

so that we may eas i ly cons t ruc t a table of A(n, r) from the ini t ial con-
ditions using the same rule of format ion as that for L(n, r ) . It appea r s 
from this table that while L(n, 1) and L(n, 2) a r e sequence of the F ib -
onacci type, the next two obey the slightly m o r e complicated r e c u r r e n c e s 

L(n+2, 3) = L(n+1, 3) + L(n, 3) + 1 , 

L(n+2, 4) = L(n+1, 4) + L(n, 4) + n . 
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These a r e readi ly proved by using equations (2a) and (2b). 
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Table of A(n, r) 

10 
n 
1 ; 
2 

3 

4 

5 

6 

7 

8 

9 
10 

0 

0 

0 

0 

0 

0 

0 

l °  
0 

1 o 

0 

0 ] 

0 1 

0 1 

0 ] 

0 3 

0 3 

0 3 

0 3 

0 3 

1 1 

2 

3 

4 

5 

6 

7 

8 

9 
10 

1 

2 

4 

7 

11 

16 

22 

29 

37 

46 

1 

2 

4 

8 

15 

26 

42 

64 

93 

140 

1 

2 

4 

8 

16 

31 

57 

99 
163 

256 

1 

2 

4 

8 

16 

32 

63 

120 

219 
382 

1 

2 

4 

8 

16 

32 

64 

127 

247 

466 

1 

2 

4 

8 

16 

32 

64 

128 

255 

502 

We may es tab l i sh from (4) and (5) that the r e c u r r e n c e formula 
with r e spec t to r is 

L(n, r) = L(n, r -1) + L(n, r -2) - A(n, r) . 

F r o m this , with (4) again, it follows that 

A(n, r) = L(n+1, r -1) - L(n, r) . 

This las t equation may be used to es tab l i sh that 

r - 1 
L(n, r) + Z A(n+i, r -1) = F 

i=0 n+r-1 

Taking n = 1, we see that the slant sums of the A(n, r) a r e Fibonacci 
numbers diminished by a unity, i. e. 

2 A(i, r- i+1) = F - 1 . 
i=l 

I t i s a l so in te res t ing to note that the A(n, r) obey the cur ious diagonal 
r e c u r r e n c e 
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A(n+1, r + 1) = 2 A(n, r) + (^~*) . 

The r e c u r r e n c e (5) m a y be eas i ly extended by induction to 

k 
L(n, r) = F k + 1 L(n~k, r) + F R L ( n - k - l , r) + S F. A ( n - i - l , r) (0 < k < n), 

i=l 

and the analogous extended r e c u r r e n c e with r e spec t to r is 

L(n, r) = F k + 1 L(n, r - k ) + F k L(n, r - k - 1 ) - 2 F . A(n, r- i+1) (0 < k <n) . 
i=l 

We r e m a r k that sett ing r = 1 in the fo rmer r e c u r r e n c e gives the 
fami l ia r Fibonacci identi ty 

F = F F + F F 
n k+1 n-k k n -k -1 

We may prove by induction that for r > 1 

k 
2 L(i, r) = L(k+1, r+1) - 1 , 

i=l 

k 
2 A(i, r) = A(k+1, r+1) - 1 , 

i = l . • • 

which together imply 

n 
Z [L(i, r) + A(i, r)] = L(n+2, r ) -2 (r > 1) . 

i=l 

Final ly, we extend the definition of L(n, r) to negative r from 
(4) by putting 

Mn, r)= F ^ ^ ^ (r < 0) . 

With this extension, the readi ly proved formula 
k k 

L(n, r) = 2 ( ) L(n-k, r - i ) 
i=0 1 

if valid for a l l k such that 0 — k < n. 



1965 ON A CLASS OF NONLINEAR BINOMIAL SUMS 298 

The author would like to thank Vincent C. H a r r i s for his helpful 
suggest ions . 
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The Fibonacci Bibl iographical R e s e a r c h Center d e s i r e s that any 
r e a d e r finding a Fibonacci r e fe rence , send a ca rd giving the r e fe rence 
and a brief descr ip t ion of the contents . P l e a s e forward al l such in-
format ion to: 

Fibonacci Bibl iographical R e s e a r c h Center , 
Mathemat ics Depar tment , 

San Jose State College, 
San Jose , California 



ADVANCED PROBLEMS AND SOLUTIONS 

Edited by Verner. E. Hoggatt, Jr. 
San Jose State College 

San Jose, Ca l i fo rn ia 

Send al l communicat ions concerning Advanced P r o b l e m s and 
Solutions to Verne r E. Hoggatt, J r . , Mathemat ics Depar tment , San 
Jose State College, San Jose , California. This depar tment espec ia l ly 
welcomes p rob lems believed to be new or extending old r e s u l t s . P r o -
p o s e r s should submit solutions or other information that will a s s i s t 
the editor,, To facil i tate the i r considera t ion, solutions should be sub-
mit ted on sepa ra t e signed sheets within two months after publication 
of the p r o b l e m s . 

H - 7 0 Proposed by C. A. Church, Jr., West Virginia University, Morgantown, West, V a. 

For n = 2m show that the total number of k-combinat ions of the 
f i r s t n na tu ra l number s such that no two e lements i and i + 2 ap -

2 pear together in the same select ion is F ,~, and if n = 2m+l , the ^ 6 m+2' 
total is F . 0 F , - . m+2 m+3 

H - 7 1 Proposed by John L. Brown, Jr., Penn State University, State College, Pennsylvania 

Show 
2n 
Y (-!)¥£) 2k"1 Lk=5n 

k=0 

2n 
V / ixky2nv -k -1 
z f-1'*;'2 Fi = ° k 

k=0 

H - 7 2 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Let u = F , , where F is the mth Fibonacci number , and k n nk m 
is any posit ive integer ; and let 

[ml_ fml_ . [ml _ m ' 1 
I 0J~ ImJ ' InJ u u . o . . u, u u , . . . u, ' 
L J L J *- -1 n n-1 1 m - n m - n - 1 1 

299 
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then show 

2H= L J m ~ T + L , uJm"fl • 
LnJ nk L n J (m-n)k Ln-lJ 

H - 7 3 ' Proposed by Vemer E. Hoggatt, Jr., San Jose State College, San Jose, California 

Let f (x) = 0, fx(x) = 1, and 

Wx>= x fn+l<X>+ fn<X> " i 0 , 
and let b (x) and B (x) be the polynomials in H-69, show 

a n d 

f 2n+2 ( x ) = x B n ( x 2 ) ' 

f 2 n + l ( x ) = b n ( x 2 ) ' 

thus the re is an int imate re la t ionship between the Fibonacci polynomials , 
f (x), and the Morgan-Voyce polynomials b (x) and B (x). 

H ~ 7 4 Proposed by Douglas hind, University of Virginia, Charlottesville, Va. 

Let f(n) denote the number of posit ive Fibonacci number s not 
g r e a t e r than a specified in teger n. Show that for n > 1 

f(n) = [K ln(n ^5 + J)] , 

where [x ] denotes g r ea t e s t in teger not exceeding x, and K is a con-
stant near ly equal to 2.078086943. (See H. W. Gould's Non-Fibonacci 
Numbers , Oct . , 1965, FQJ) . 

H - 7 5 Proposed by Douglas hind, University of Virginia, Charlottesville, Va. 

Show that the number of se t s of dis t inct in t ege r s with one e lement 
n, a l l other e lements less than n and not l e ss than k, and such that 
no two consecutive in tege r s appear in the set is F , ,, . 

H - 7 6 Proposed by V. E. Hoggatt, Jr., San Jose State College, San Jose, California 

It is well known that the Fibonacci numbers a r e sums of the 
r i s ing diagonals of P a s c a l ' s t r i ang le . Find a r e c u r r e n c e re la t ion for 
the r i s ing diagonals for the Fibonomial t r iangle : 
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u u - u Q u , . . . 

^•^C l^^- ....---"' ..^--~'" 

^ ^ Z - r"Z^~ ^ "* 
j ^ ^ ' ^ - r ^ 1 

^--^^ 2 2 1 
1 3 6 3 1 - - - - L E V E L 4 

r m l L lm-11 + " Tm-11 fml = Tml = x 
LnJ n L n J m - n L n - U LoJ LmJ 

u , = 1, u ? = 1, u« = 2, u . = 2, U(- .= j ^ , Uy = g e t c . See H - 6 3 A p r i l 

1965 F Q J p . 116 and H - 7 2 t h i s i s s u e . 

H - 7 7 Proposed by Vemer E. Hoggatt, Jr., San Jose State College, San Jose, California 

Show 

2n+l 
_n 

2k+2j+l '" J ~2n+2k+2 
J = 0 
J (2l5+1) F?1 , . ,„•= 5n L 

for a l l i n t e g e r s k . Se t k = - (n+1) a n d d e r i v e 

1 o «•-... •»-• - n 

2 j+l " b 

j=0 

a r e s u l t * of S„ G. Guba P r o b l e m # 1 7 4 I s s u e #4 J u l y - A u g u s t 1965 p . 73 
V 

of M a t e m a t i k a V S k o l e . 

AN A L T E R N A T E F O R M 

H - 4 9 Proposed by C. R. Wall, Texas Christian University, Ft. Worth, Texas 

Show t h a t , for n > 0, 

* , [m/2] (m) 
2 n \ T 5 L / J r«x 

' n+1 Z-* " m I 
m = 0 

• R e p o r t e d by H. W. Gou ld . 
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where [x] deno tes the in tegra l p a r t of x, and x*n' = x(x-1) . . . (x-n+1). 

Solution by Douglas Lind, University of Virginia, Charlottesville, Va. 

Solution: We f i r s t note ( ) = n /m i Horner ("Fibonacci and 
P a s c a l , " Fibonacci Quar te r ly , Vol. 2, No. 3, p . 228) has given 
equivalently 

m 
k=0 

so that 

k=0 

n 
= y 5 [m/2] (n 

m = 0 

the de s i r ed result,, 

OOPS! 

H-26 was finally solved by Douglas Lind and the solution appeared in 
the last i s s u e . 

PROBLEMS AND PAPERS 

H - 4 6 Proposed by F. D. Parker, SUNY at Buffalo, Buffalo, New York 

Prove 

D •= | a . . | = ( - l ) n K , 
n ' i j ' 
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4 where a. . = F . 1 . . „ (i, j = 1, 2, 3, 4, 5) and find the value of K. ij n+1 +J-2 J ' 

This p rob lem and i ts genera l iza t ions will be d i scussed in sepa ra t e 
pape r s by D. Klarner and L. Car l i tz to appear la ter in the Quar t e r ly . 

NON-HOMOGENEOUS FIBONACCI 

H - 4 8 Proposed by ]. A. H. Hunter, Toronto, Ontario, Canada 

Solve the non-homogeneous difference equation 

C . ~ = C , , + C + m , n+2 n+1 n 

where C, and C a r e a r b i t r a r y and m is a fixed posi t ive in teger . 

Solution by Raymond E. Whitney, Lock Haven State College Lock Haven, Pennsylvania 

Using the s tandard technique of convert ing the difference equa-
tion to a differential equation with the t r ans fo rm 

Y(t) = J c.tVi: (co = c 2 - .Cj - i), 

we obtain 

Y"(t) = Y'(t) + Y (t) + e m t 

Thus 

Y(t) = A e [d + > ^ ) / 2 ] t + B e [d " ^ ) / z ] t + [ l / ( m 2 _ m _ ^ e ^ 

Hence 

C = Y ( n ) ( o ) 
n 

= A [(1 + V T ) / 2 ] n + B-[(l - x / 5 ) / 2 ] n + m n / ( m 2 - m - 1) , 

where A, B a r e de te rmined via boundary conditions C , C, | . 

XXXXXXXXXXXXXXX 



CONTINUED FRACTION CONVERGENTS AS A SOURCE OF 
FIBONACCI AND LUCAS IDENTITIES 

Clyde A Br idger and Mar jo r ie B i c k n e l l 
Sp r ing f i e ld , 111 inoi s-

Adr ian Wi lcox High School , Santa C la ra , C a l i f o r n i a 

P r o p e r t i e s of the convergents of continued fract ions can be used 
to develop a number of Fibonacci and Lucas ident i t ies . Since ref-
e r e n c e s for continued fract ions a r e so commonly avai lable , only those 
p rope r t i e s of continued fract ions n e c e s s a r y to the development of this 
paper a r e p resen ted . 

Let 5a., b. [ be a sequence of r ea l numbers where an = 1, b n 

may be ze ro , and all the other a. and b. a r e not z e ro . Then, the 7 l i 
continued fraction is given by 

(1) X = b + 
a l 

0 a , 
b, + 1 a 

b„ + 2 a 4 
3 

b 4 + . . . 

The convergent to X after i t e r m s is given by 

(2) 
A. b.A. , + a.A. _ 

I I l - l I I - Z 
B. b.B. , + a .B. . 

l l l - l i l - L 

for i = 2, 3, 4, . . . , AQ = bQ, BQ = 1, B1 = b^, and A^ = b Q b 1 + &^ . 
(In the special case that a. = b. = 1 for all i, A = F , 0 and B = v ^ l i n n+2 n 
F , , , where F is the nth Fibonacci n u m b e r . ) n+1 n 

It is known that the difference between two success ive conver-
gents is 

( 3 ) 
A. A. , (-1)1" a, a 0 . . . a. i l - l _ 1 2 I 

B. B. , B.B. , 
I l - l i i - l 

3 0 4 
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N e x t , l e t S = u n + u , + u~ + a . . be a n y s e r i e s w i t h p a r t i a l s u m s 

S„ = u_, S, =• u n + u . , . . . , S. = u„ + u , + u~ + . . . + u . , a n d s e t S. = 0 0 1 0 1 1 0 1 2 I i 
A V E . for a l l i . S ince S. - S. .. = u . , f r o m E q u a t i o n (3), 

r i . -, I I - I i n v ' 
u. = (-1) a , a~. . . a . / B . B . 1 ? y i e l d i n g a. = - B . u . / B . ~U. , and b. = 

I 1 2 v I i - I 7 to i I r i - 2 i - l i 
(u. , + u . ) B . / u . , B . n . S u b s t i t u t i n g t h e s e v a l u e s for a. a n d b . i n to 

i - l i l i - l i - l to i i 

(1) w i l l g ive t he c o n t i n u e d f r a c t i o n r e p r e s e n t a t i o n of S. b e l o w , but 

the r e s u l t i s v e r y c u m b e r s o m e to e v a l u a t e . The p a r t i a l s u m S. c a n 

be w r i t t e n in the s i m p l e f o r m 

(4) S . = u 0 + ^ _ 
1 " — 

( U1 + U2> 
U 1 U 3 

(u z + u 3 ) - . 

u. ~u. 
i-2 i 

( u . . 1 + u . ) . 

T h e d e v e l o p m e n t t h u s f a r i s found in v a r i o u s s t a n d a r d s o u r c e s d e a l i n g 

w i t h c o n t i n u e d f r a c t i o n s * At l a s t , we h a v e r e a c h e d the p o i n t of d e -

p a r t u r e for the p r o m i s e d F i b o n a c c i and L u c a s n u m b e r r e p r e s e n t a t i o n s . 

Se t u. = F . , t he i - t h F i b o n a c c i n u m b e r de f ined by F , = Fn - 1, 
i i J 1 2 

F ,, = F + F T . Then , s i n c e F . ,., = 1 + ( F 1 + F 0 + F~ + . . . + F . ) = n+1 n n - 1 i+2 x 1 2 3 r 
1 + S., 

(5) F 9 = F + 
i+2 2 F 

F L 
2 F F 

F 3 

F 4 

F i - 2 F i 

< F i - l + F i> 
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For example , 

F i i 
F , = F n + — _, = 1 + 6 2 F~ 7 1 

? F F ? - x ^ 
F - - z. ?. _ i f_ 

3 F F 
F 4 

F 5 

Similar i ly , if we set u. = L., the i - th Lucas number defined by L, = 
1, L~ = 3, L ,, = L , + L , we can wr i te an analogous express ion ' 2 n+1 n-1 n & r 
by replacing each F with an L in the above continued fract ion 
r epre sentat ion. 

Equation (2) provides 

(6) b. = (A.B. , - B.A. 9 ) / (A . , B . 9 - B. ,A. 9) 
1 1 i - 2 1 i - 2 " 1-1 i - Z i - l i - Z 

A. 9 \ 
i -2 \ 

B. 9 1-2 

As above, let u. = F. so that S. = A . / B . = F. , ~ - F», and compar ing 1 1 . 1 1 1 I + Z Z ° 
Equations (1) and (5) observe that b. = F. , . Then, from (6), 

F
i + i =[<Fi+2 - F

2> - <Fi - F 2>W B i - r [< F i+ i - Fz} - (Fi - Fz3 

which reduces at once to B. = B. , F. , . Then, the equation above 
1 i - l i - l 

can be wr i t t en as 
F . , ! = ( F . , 9 - F . )F . 1 / ( F . , 1 - F.) 

1+1 x i+2 1' i - l ' 1+1 r 

which becomes 
2 2 

F F = F - F 
i+2 i - l i+l 1 

F2
X 1 - F . X 1 F . - ( F . , 9 - F . )F . . = 0. i+l i+l 1 v i+2 i7 i - l 

The second form has solution 



307 CONTINUED FRACTION CONVERGENTS AS A SOURCE Dec. 

(7) 2F. , 1 = F. ± V F 2 + 4 F. . , (F. , 7 - F.) 
l + l I i i - l . i + 2 i 

where obviously the radicand mus t be the square of a posi t ive in teger 
Taking t r i a l M 
and suggests 

2 2 2 2 
Taking t r i a l values i = 5 and i = 6 leads to 11 = L r and 18 = L/ , 

b o 

(8) F 2 + 4 F. . F. = L2
? 

I i - l l + l I 

which can be es tabl ished by ma themat i ca l induction. Taking the posi-
tive sign in (7) gives 

2 F . , , = F. + L. or L. = F . , , + F. , , l + l 1 1 i l + l i - l 

a well-known re su l t . 
A pa ra l l e l development can be used for the Lucas number s lead-

ing to 

2 2 
Li+2 L i - 1 = Li+1 " L i J 

L2 - L . , 1 L. - ( L . , ? - L.)L. 1 = 0 l+l i+l l i+Z i i - l 

with solution 

_ 
(9) Z L. ,, = L. ± V L ^ + 4 L. , (L. , ? - L.) . 
N ' i + l i i i - l i+Z i 

By using the identity L. = F + F . , , the radicand can be reduced to 
25F. , leading to the pa ra l l e l of Equation (8), 

(10) L 2 + 4 L. , L.^. = 2 5 F 2 . v ' I i - l i + l i 

As a side benefit^ combining Equations (8) and (10) gives us 

6 F 2 = L. , L. ,1 + F . , F . , , , I i - l i+l i - l i+l 
2 

and substi tuting 25F. for the radicand in Equation (9) yields 
5F. = L. , + L. , , . l i - l i + l 
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R e t u r n i n g to E q u a t i o n (3) a n d s o l v i n g fo r a . , we h a v e 

- a. = (A .B . 1 - B .A. - , ) / (A. , B . 9 - B. 1 A . 0) I I l - l i i - l / / x i - l i - 2 i - l i - 2 ' 

/ A . A. A / B . \ / / A . . A. 0 \ i I - 1 \ / I \ / / l - 1 i - 2 \ 

i B . B . i I \ B . -%// \ B . , B . -, 
\ 1 1 - 1 / \ 1 - 2 / / \ 1 - 1 l-Zy 

C o m p a r i n g E q u a t i o n s (1) a n d (5) s h o w s - a. = F . F . ?, s o t h a t 

i ! 1 ' ¥ i r i F
i + 2 - F 2 ) - ( F i i r F 2 ' ] V B i J | F i + r F

2 ' - t V F 2 ' ] 
= < F i + 2 " F i + l > < F i - l F i - 2 > / < F i + l ' F i>-

S i m p l i f y i n g , we h a v e 

F^ - F . F . , , + ( F . , 9 - F . . J F . 1 - 0 
I I i+ l i+2 i + l ' i - l 

w i t h s o l u t i o n 

2 F . = F . x l ± ^ F ? , , - 4 F . , ( F . , 9 - F . , , ) 
i i+ l i+ l i - l x i+2 i + l ; 

F . j , ± %^FZ_U1 - 4 F . . ( F . ) i+l i+ l i ~ l x i 

2 2 
R e p l a c i n g F . , by ( F . + F . ,) l e a d s to 

F ? , , - 4 F . F . . - F 2
 ? i+ l i i - l i - 2 

so t h a t t he e q u a t i o n a b o v e b e c o m e s 

2 F . = F . x l + F . 9 0 i i+ l i - 2 

The L u c a s n u m b e r e q u i v a l e n t s a r e found by r e p l a c i n g e a c h F by a n 

L f r o m E q u a t i o n (11) o n w a r d s . 

xxxxxxxxxxxxxxx 



FIBONACCI SUMMATION ECONOMICS PART I I * 

Albert J. Faulconbridge 
Chicago, I l l ino is 

El l io t ' s observat ions have a le r t ed us to the possible exis tence 
of untouched fields of Fibonacci summat ion pr inc ip les re la t ing to 
economic prediction* Dependence upon coincidence and seemingly 
unre la ted facts invites e r r o r . An a t tempt to induce o r d e r l i n e s s into 
the invest igat ion will be made , When reasoning has gone as far as 
poss ible at the moment a working model consis tent with the products 
of the fledgling reasoning will be cons t ruc ted which model , if it works., 
provides some evidence that the reasoning might not be sufficiently 
e r roneous to discard* To induce this o r d e r l i n e s s pa ra l l e l topics will 
be developed to a degree such that they can la ter be fused to purpose„ 
These topics a r e : 

1. What cycles have been obse rved? 
2. What re la t ionsh ips , if any, do these cycles have to the 

Fibonacci sequences? 
3. What other apparent co- inc idences exis t that might be 

re la ted to the p r o b l e m ? 

1. WHAT CYCLES HAVE BEEN OBSERVED? 
The source for these cycles is re la t ive ly incomplete for at the 

t ime this a r t i c l e will appear in pr in t the re will have been published a 
complete compendium of cycles identified to date by the Foundation for 
the Study of Cycles,, P a r t i a l l y completed data shows a l ist of cycles 
in many phenomena which on superf ic ia l examinat ion b e a r s no re la t ion 
to Fibonacci s e r i e s but when a r r a n g e d into subgroups consis tent with-
in themse lves do in fact show some tendency toward summat ion r e -
la t ionsh ips . Some l a rge r cycle groups show two or m o r e summat ion 
re la t ionships but with different t ime periods* 

Notably the re a r e 17y week cycles in indus t r ia l s tocks and e l e c -
t r i c a l potential of t r e e s , 5 .9 , 12 and 13 month cycles in indus t r i a l 
s tocks; a 1Z month or 1 3 lunar month cycle in many phenomena including 
indus t r i a l s tocks, some commodity p r i c e s , ra t io of male to female 

Refer to P a r t I, Fibonacci Quar te r ly , December 1964, page 320. 
309 
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concept ions , s leep c h a r a c t e r i s t i c s , beef cat t le p r i c e s , egg laying of 
domest ic fowl, incidence of p u e r p e r a l seps i s ; a 1708 month cycle in 
indus t r ia l s t o c k p r i c e s , a 21 month cycle in rainfal l in the Great Lakes 
region; a two yea r cycle in indus t r i a l stock p r i c e s , Grea t Lakes r a in -
fall, sunspot number s and Nile River floods; a grouping around 34 
lunar months of such cycles as res iden t ia l cons t ruct ion con t rac t s , 
copper commodity p r i c e s , pig i ron p r i c e s , automobile factory sa l e s , 
Canadian Pacif ic Railway revenue ton -mi l e s , Grea t Lakes rainfal l , 
rayon production, some individual company sa l e s , motor ca r and t ruck 
sa les , depar tment s to re sa les and copper company sha re p r i c e s ; a 3 
year cycle in factory sa les of pa s senge r c a r s ; a 3,2 to 3. 4 year group-
ing in stock p r i c e s , bank c l ea r ings , copper sha re p r i c e s , genera l 
bus iness conditions, pig i ron production, factory sa les of c a r s , a t -
mosphe r i c e lec t r ic i ty , bus iness fa i lu res , cocoa bean p r i c e s , and the 
so lar constant; there is a 4. 2 to 4. 4 year or roughly a 55 lunar month 
cycle in company sa les , t e m p e r a t u r e , indus t r ia l common stock, r a i l -
road stock p r i c e s , adver t i s ing effect iveness, European wheat p r i c e s , 
pig i ron p r i c e s and Great Lakes ra infal l . 

There is an i m p r e s s i v e group of cycles c lus te red within the 5. 90 
to 5. 96 year per iod including the one fifth s ide rea l per iod of Saturn, 
l iabi l i t ies of bus iness fa i lu res , r a i l road stock p r i c e s , sunspots with 
a l t e rna te cycles r e v e r s e d , sunspots , the combined index of s t o c k p r i c e s , 
copper, cot tonand pig i ron p r i c e s , coal s tocks , t r ee r ing s ize , wheat 
p r i c e s and b a r o m e t r i c p r e s s u r e . 

There is an 8 year cycle in cotton p r i c e s , c iga re t t e production, 
lynx abundance, pig i ron p r i c e s , r a i l stock p r i c e s , crop yie lds , bi rd 
abundance, indus t r ia l s a l e s , rainfal l , wholesale p r i ce index, s tee l 
ingot production, sunspots with a l t e rna te cycles r e v e r s e d , wheat p r i c e s , 
an 8. 8 to 9. 6 year cycle in sunspots , widths of p r e - g l a c i a l t r e e r ings , 
pig i r o n p r i c e s , number s of cat t le r a i sed , wholesale commodi ty p r i c e s , 
var ious stock p r i ce ca t egor i e s , g rasshopper abundance, auto p roduc-
tion, Br i t i sh Consol p r i c e s , bus iness activity, copper p r i c e s , in-
dus t r i a l , r a i l road and combined s t o c k p r i c e s , l iabi l i t ies of c o m m e r c i a l 
and financial fa i lu res , manufactur ing production, new m e m b e r s of 
P r o t e s t a n t churches , pig i ron p r i c e s , manufacturing sa l e s , c u r r e n t 



1965 FIBONACCI SUMMATION ECONOMICS PART II 311 

t r e e ring widths, wool p r i c e s , bus iness fa i lures , patents i ssued, cot-
t o n p r i c e s , abundance of ma r t en , rabbi t s , lynx, foxes, t icks , wolves, 
a c r eage planted to wheat, Atlantic salmon and other fish abundance, 
human h e a r t d i sease incidence, India rainfal l , lunar cycle, ozone at 
London and P a r i s and tent ca tep i l l a r s ; an 11 ,4 to 11.8 year cycle in 
rainfal l , twin and genius b i r ths , infectious d i sease incidence, sex 
ra t io of ma le to female b i r ths , s l ende rness of newborn, sunspots , and 
in the number of in ternat ional ba t t l e s , 

There is an i m m e n s e group of cycles whose per iods lie between 
17. 0 and 18. 3 y e a r s and some of whose exact Length has been worked 
out accu ra t e to two d e c i m a l p l a c e s . This group includes the Smith-
sonian solar constant , rainfal l f igures , cat t le p r i c e s , mean t e m p e r a -
t u r e s , building const ruct ion, r e a l es ta te activity, population, common 
stock p r i c e s , wheat p r i c e s , sunspot number s r e v e r s e d , Nile floods, 
ea r thquakes , pig i ron p r i c e s , cycle in the var iab le s ta r Scorpius V, 
in war incidence, Ar izona t r e e r ing, bus iness fa i lu res , cotton p r i c e s , 
in terna t ional ba t t les , and in civil war , sunspots with a l t e rna te cycles 
r e v e r s e d , advances and r e c e s s i o n s of g l ac i e r s , immigra t ion , Java 
t r e e r ings , sa les of a public ut i l i ty company, common stock lows, 
Canadian Pacific Rai l road freight traffic, furni ture production, loans 
and discounts , lumber production, financial panics , pig i ron produc-
tion, m a r r i a g e s , sunspots with a l t e rna te cycles r e v e r s e d , and wheat 
a c r e a g e inver ted . 

There is a 34 to 36 year grouping which includes cycles in E-uro-
p e a n h a r v e s t s , U .S .A . Immigra t ion , plant and t r e e growth i n E u r o p e , 
European t r e e r ing th ickness , lynx abundance, ear thquakes in China, 
European weather , frequency of the A u r o r a Borea l i s , European b a r o -
m e t r i c p r e s s u r e , manufactur ing production of the U. S» A. , p r i c e s of 
Br i t i sh Consols , and European wheat p r i c e s . 

A 42 year cycle exis ts in ag r i cu l tu re and re la ted phenomena in-
cluding t r e e ring widths, cotton p r i c e s , wheat p r i c e s , and sunspots . 

A 55 year cycle ex is t s in indus t r ia l and re la ted phenomena in-
cluding German coal production, var ious English, F r ench and U. S. 
indus t r ia l s t a t i s t i c s , worldwide pig i ron and coal product ion and r a i l -
road stock p r i c e s . There is a l so some reflect ion in European wheat 
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p r i c e s and t r e e ring widths. FinaLly there is a 67 and 144 year cycle 
in in ternat ional ba t t l es . 

When individual phenomena a r e invest igated a number of cycles 
have a l r eady been identified. Rai l road s t o c k p r i c e s show cycles of 4. 4, 
5 .9 , 5 .92, 6 .4, 7 .95 , 8. 39, and th ree cycles of 9. 18, 9. 20, and 9. 30 
y e a r s , 18-^- yea r s and 55 y e a r s . Pig i ron p r i c e s show 2 .7 , 4 . 4 , 
5 . 9 1 , 6 .3 to 6 .5 , 8, 8 .9 , 9o 0, to 9 . 3 , 9 .2 , 17.69, 17.75 y e a r s . 
Copper commodity p r i c e s show 2 .7 , 5 . 9 1 , 9.0 to 9 .3 year cyc les . 
Coal product ion and coal stocks show 5 . 9 1 , 8.0, 17.75 and 55 year 
cyc les . Sunspot numbers with a l t e rna te cycles r e v e r s e d show 5. 9, 
5. 91, 8, 17, 17. 3, 17. 66, 17. 75, 18. 33 year cyc les . Fac to ry sa les 
of c a r s show 2, 2„ 72, 2. 75, 3, 3. 4 year cycles and 6. 3 to 6. 5 year 
cyc les . Cotton p r i c e s show 2, 5. 91, 6. 3 to 6. 5, 6. 9, 7. 44(89 m o s , ), 
7„88, 7 . 9 1 , 7 .95 , 8 .42, 9 .47, 9 .65 , 11 .3 , 12.7 to 12.9 , 14.27, 17 .25 , 
17.75 and o thers peaking around 21, 42 and 89 y e a r s . Indus t r ia l 
s tocks show cycle groups averaging 21, 55, and 89 weeks , 3, and 3 .4 
y e a r s , 42 and 55 months , 5 . 9 1 , 5 .90, 9 .0 , 9 .2 , 9. 3 y e a r s , 17 .2 , 
17 .3 , 17.7 yea r s and th ree cycles of 18.33 yea r s in length. Copper 
sha re p r i c e s show roughly a 34 and 42 month cycle . Sunspot number s 
show a 2 .0 , 5. 91, 8. 7 6, 8. 8, 8. 94, 9. 0 to 9. 3, 11, 11 .5 , 18. 2, 22, 
22. 75 and 42 y e a r s . Wheat p r i c e s show a 55 lunar month cycle , 5. 96 
year , 8, 9.0 to 9 . 3 , 17 .3 , 34 to 36, 42, 4 2 . 5 , 54, 55 year cyc les . 
Tree r ings show 5. 91, 5 .93 , 6 .3 to 6 . 5 , 9. 0 to 9. 3, 17 .75 , 18 .2 , 35, 
42 and roughly 55 year cyc les . Grea t Lakes rainfal l shows a two year 
group, and a l so a 21, 34, 42 month ave rage group, and a 55, 89 and 
144 month cyc les . Ear thquakes show 17.5 and 35 year cyc les . 

2. WHAT RELATIONSHIP IF ANY DO THESE CYCLES 
HAVE TO FIBONACCI SEQUENCES? 

At f i r s t glance, none. On c lose r examinat ion the 1, 2, 3, 8, 21, 
34, 55, 89 and 144 unit length cycles speakfor t hemse lves , but the ap -
paren t anomales of 4 . 5 , 5 . 9 1 , 9, 17~- to 18 and 42 unit length cycles 
mus t be explained. No shor tage of reasonable explanations exis ts yet 
to be su re of the r ight one impl ies m o r e unders tanding of the under -
lying pr inc ip les then we have at the moment . 
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Should these cycles in te rac t with one another they might summate 
at the i r mean . The 5. 90 to 5. 96 year cycle is roughly 72 months which 
is the mean between the 55 and 89 month cyc les . The 4. 5 yea r cycle 
is both half of the 9 year cycle and nea r ly equal to a 55 month cycle . 
The 5. 91 year cycle is roughly both 1. 618 t imes the 42 month cycle 
and 0.618 t imes the 9* 3 year cycle . In teres t ingly , if the cycles a r e 
plotted from the same s ta r t ing point on a graph in the form of sinu-
soidal waves it is noted that the 13 and 21 unit and the 34 and 55 unit 
cycles will summate to ze ro eve ry 11 j - and 42 units r espec t ive ly . A 
21 and a 34 unit cycle never do summate to ze ro , whe reas a 21 and a 
55 unit cycle will max imize at 5. 9 and summate to ze ro at 17y uni t s . 
In addition, the 17+ unit cycle might be half of a 34+ unit cycle . The 
explanation for the 9+ year group is not so s imple . It might be half of 
an 18+ unit cycle, such as that of the solar constant or i t might be 
double the 55 month or 4y year cycle, or as mentioned above 1. 6 t imes 
the 5. 91 year cycle . Invest igat ion of these anomales can become com-
plex but seem to re ta in in te rna l cons is tency. For example the re have 
been identified 6, 12 and 13 month cycles in stock p r i c e s . If these 
were set in motion to summate Ave would have 

A) 6+13 = 19 19+13 = 32 32+19=51 51+32 = 83 months 

B) 12+12 = 24 24+12 = 36 36+24=60 months . 

Now 83 and 60 months averaged together amount to 71-~- months , or 
5.91 y e a r s . 

3. WHAT OTHER APPARENT COINCIDENCES EXIST THAT 
MIGHT BE RELATED TO THE PROBLEM? 

Wesley Mitchell in his book Business Cycles: The P rob lem and 
i ts Setting came to the conclusion after compiling an exhaustive co r -
re la t ion of bus iness cycles with eve ry conceivable proposed cause that 
the only phenomenon with which the re is any reasonable co r re l a t ion 
is that of sunspots , The s imi l a r i t y between sunspot cycle length and 
the length of a number of economic cycles has at the leas t called our 
at tention to the poss ib i l i ty of such a re la t ionship being in some way 
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involved with ce les t i a l m e c h a n i c s . If event groupings which a r e cycles 
were bunched together by energy due to planet polar i ty in te rac t ion it 
would not pay to re jec t the poss ib i l i ty out of hand before the following 
was considered,, Angular momentum of a polar ized planet rotat ing 
within a solar magnet ic field could like a genera to r produce p red ic t -
able amounts of energy to affect any number of factors including sun-
spots and weather which c o r r e l a t e well with cycles observed . Con-
cerning unit energy production by rota t ional angular momentum through 
the ce les t i a l field it is to be noted that the angular momentum involved 
in the diurnal ea r th rota t ion is 

5. 9 1 x l 0 4 0 gm, cm? , 
sec . 

the angular momentum of the ea r th moon sys tem rota t ion is 
34. 4 x l 0 4 0 gm. cm? 

sec . 

and that of the e a r t h ' s orbi ta l motion around the sun is 
42. 31xlQ 4 5 g m . c m ? . 

seco 

There may be exposed now the s ta r t ing point for an o rde r l y in-
vest igat ion of a new sys tem of quanti tat ive economic predic t ion . The 
purpose in presen t ing the information he re in is to enl is t the aid of in-
ves t iga to r s t ra ined in a different discipl ine than the a u t h o r ' s , and it 
is felt that the Fibonacci Qua r t e r ly Journal is an ideal means of com-
municat ing with them. 

On that account enough m a t e r i a l has been p resen ted ini t ia l ly to 
provide some guidelines concerning where solutions may lie while for 
the moment r e s t r i c t i n g descr ip t ion of the au tho r ' s approaches which 
might pre judice an independent and m o r e sys t emat i c s t a r t b y o t h e r s , 
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GAUSSIAN FIBONACCI AND LUCAS NUMBERS 
J. H. Jordan 

Washington State Universi ty 
Pullman, Washington 

R e c e n t l y A. F . H o r a d a m [2] i n t r o d u c e d the c o n c e p t of t he c o m -

p l e x F i b o n a c c i n u m b e r s and e s t a b l i s h e d s o m e q u i t e g e n e r a l i d e n t i t i e s 

c o n c e r n i n g t h e m . It i s t he p u r p o s e of t h i s p a p e r to c o n s i d e r m e r e l y 

two of t he C o m p l e x F i b o n a c c i s e q u e n c e s and e x t e n d s o m e r e l a t i o n s h i p s 

w h i c h a r e k n o w n a b o u t the c o m m o n F i b o n a c c i s e q u e n c e s to the C o m -

p l e x F i b o n a c c i e s . 
Def. 1: The G a u s s i a n F i b o n a c c i s e q u e n c e i s GF~ = i; G F , = 1; G F = 

^ 0 1 n G F , ' + G F 0 fo r n > 1. It i s e a s y to s e e t h a t G F = F +' F , i . n - 1 n-Z - n n n - 1 
Def. 2: The G a u s s i a n L u c a s s e q u e n c e i s G L n = 2 - i ; G L , = 1+2i; 

G L n = 3+i G L = G L , + G L ~ for n > 2 . It i s e a s y to s e e t h a t 2 n n - 1 n -Z J 

G L = L + L , i . n n n - 1 
A n a l o g o u s to the u s u a l i d e n t i t i e s s t a t e d by S. L. B a s i n and V0 E . 

H o g g a t t , J r . [1] , the fo l lowing i d e n t i t i e s a r e e a s i l y a t t a i n a b l e . 

F o r n > 2 

(1) 1 G F j G F , 7-l 
n + 2 

j = o 

(2) £ G L . = G L n + 2 - (1 + 2i) 

J = ° 

(3) G F , G F 1 - G F 2 - ( - l ) n ( 2 - i ) 
x ' n+1 n - 1 n 

(4) G L ± 1 G L . - G L 2 = ( - l ) n + 1 5 (2 - i ) 
x ' n+1 n - 1 n x 

(5) G L = G F ,- + G F , 
x ' n n+1 n - 1 
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(6) GF ± 1
 2 + GF 2 = F , (1 + 2i) 

n+1 n 2n 

(7) GF 2 - GF 2 = F 7 1 (1 + 2i) 
n+1 n-1 2n~i 

(8) GF GL = F , i (1 + 2i) 
n n 2n- l ' 

(9) GF ,, GF ± 1 + GF GF = F , (1 + 2i) 
x ' n+1 p+1 n p n+p v ' 

(10) ^ G F . 2 = F n
2 (1 +2 i ) + ( - l ) n i - i 

j=l 

(11) G L n
2 - 5 G F n

2 = ( - l ) n 4 ( 2 ~ i ) 

(12) GF = iGF = i (F - F , i) 
-n n n n-1 

Coro l la ry to (11): GL is composi te for n > 2. 
The occurence of 1 + 2i, 2 + i, ( l -2 i ) , and (2-i) s e e m s poetic 

in these formulae in view of the fact they a r e factors of 5. Some of 
the usual r e su l t s mentioned in Vorob 'ey [5] can be extended yielding 

n 

1 G F2j- l = GF2n " i 

2. G F2j = G F2n+l - X 

j = l 

2n 
Y ( - l ) j GF. = G F , , -1 + Z J J 2n- l 
j = l 

xx 

I <• • l ) j GF. = ( ~ l ) j + 1 GF -1 + i 

j = l 



1965 GAUSSIAN FIBONACCI AND LUCAS NUMBERS 317 
2 2 The norm of the Gaussian Fibonacci is N(GF ) = F + F , = F^ 

n' n n-1 2n- l 
A well known theorem mentioned in Hardy and Wright [3] is 

Theorem A: For n ~ 2, F F if and only if n m 
n ' m y ' 

And a theorem mentioned recen t ly by G. Michael [4] is 
Theorem B: (F , F ) = F , x* 

n m (n, m) 
The cor responding r e su l t for Theorem A with Gaussian F ib -

onacci number s is 
Theorem 1: For n > 2, GF | FG if and only if 2n-1 I 2 m - 1 , di-

n ' m 
visibi l i ty in the sense of Gauss ian In tegers e 

We s t a r t with the following p re l im ina ry . 
Lemma: If 2n- l | 2m-1 then 2n- l | m + n - l . 
Proof: It follows that if 2n-1 | 2 m - l t h e n 2 n - l | 2m- 1 - (2n- 1) = 2m-2n. 
Now ( 2 , 2 n - l ) = 1 since 2n- l is odd therefore 2n- l | m - n . It now 
follows that 2n-l | (2m-1) - (m-n) = m + n - 1 . 
Proof of the Theorem 1: A n e c e s s a r y condition for GF GF is 

2 n rn that N(GF ) N(GF ). But this happens only when F 0 . F 0 . x n ' m 2n- l ' 2 m - l 
or by Theorem A only when 2n- l | 2 m - l . Therefore one concludes 
that a n e c e s s a r y condition for GF GF is that 2n- l 2 m - 1 . 

J n ' m ' 
On the other hand if 2n- l | 2 m - l then N(GF ) = F 0 -, F 0 1 = 

1 x n 2n- l ' 2m-1 N(GF ). This means that N(GF / G F ) is a posit ive in teger . Now x m ' v m / n ^ to 

GF F + F , i 
m m m - 1 

GF F + F "i 
n n n-1 

F F. + F , F T + (F , F - F . F ) i m n m - 1 n-1 m - 1 n n-1 m 
p 2 + F Z 

n n-1 

F F + F , F , F T F - F T F i 
m n m - 1 n - 1 , m - 1 n n - I m 

F 2 n - 1 F 2 n - 1 

F , 1 F 1 F - F 1 F i 
m+n-1 m - 1 n n-1 m F F 

*2n~l rZn-l 
But by the l emma and Theorem A it follows that F£n_ \ | Fm_j_n_]_0 
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Hence F , / F„ , is an integer a. It follows that 
m+n-1 ' 2n~l to 

F , F - F , F m-1 n n-1 m 

2n-l 

must also be an integer, b, since the norm is an integer. Therefore 

GF /GF = a+b i. Q. E. D. rrr n 
The following interesting, by-product has been established. 

Corollary: For n > 2, F0 , I F , F - F , F if and only if: • J— Zn-1 ' m-1 n n-1 m J 

2n- l j 2 m - l . 
Def, 3: If z and w are Gaussian Integers and the greatest common 

divisor of z and w is that Gaussian Integer y such that y | z and 

y I w and if t | z and t | w then N(t) < N(y). Notationwise (z, w) = y. 

The analogy to Theorem B is as follows: 

Theorem 2: (GF , G F ) = GF, where 2k-1 = (2m-l, 2n-l). m n k 
Proof: Since 2k-1 divides 2m-1 and also 2n-l it follows from 

Theorem 1 that GF, I GF and GF, I GF : If H I GF and H I GF k ' m k ' n ' m ' n 
then N(H) | N(GFm) = F ! and N(H) | N(GFn) = G2 y Now by 

T h e o r e m B ( F 9 , , F 9 . ) = F / 9 , ' ' . = F 9 1 . . Now 2 m - l 2 n - l ( Z m - 1 , 2 n - l ) 2 k - 1 
N(H) j F 2 k ^ x = N ( G F k ) h e n c e N(H) < N ( G F k ) . Q. E . D. 
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EXPLORING GENERALIZED FIBONACCI-LUCAS RELATIONS 
Brother U. Alfred 

St. Mary's College, California 

A generalized Fibonacci sequence with positive terms can be 

formed by taking any two positive integers and then applying the law 

of formation of Fibonacci sequences which states that each term is 

the sum of the two preceding terms. As a further refinement, one 

might number the terms of the sequence according to the scheme set 

up in [_1 J. In this arrangement, if f. is the term of a generalized 

Fibonacci sequence, then f. if characterized by the fact that f- < f?/2u 

(Note. This manner of notation does NOT apply to the Fibonacci se-

quence: 1, 1, 2, 3, 5, 80 . . • as usually numbered. ) Then the characteris-

tic number of the sequence -which we have denoted D (see ref. 1) is 

given by: 

D = f l - f 0 f 2 

We now associated with this generalized Fibonacci sequence a 

Lucas sequence whose terms g are defined by: 

g = f i + f . i ton n-1 n+1 

It can be shown that this is also a Fibonacci sequence and that the 

characteristic number of the sequence is numerically equal to 5D. 

A. F. Horadam has worked out and reported a large number of 

relations that apply to generalized Fibonacci sequences L2J. The pres-

ent exploration is concerned with relations involving both f and g. 

A few samples are: 

S2n - 4 = 5 ( f2n " f0> 

§n+l V l + gn g
P

 = 5(fn+l fp+l + fn fp} 

2n+l n Bn+1 x ' 1 

where F is a member of the Fibonacci sequence properly so-called. 
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We would urge r e a d e r s to r epo r t any and al l re la t ions of the 
above type that they may find, whether thei r work is extensive and 
formal or whether it is in the nature of a pa r t i cu la r notes Proofs of 
r e su l t s a r e a lso in o rde r , but thei r absence should not prevent r e -
port ing a known re la t ion . 

REFERENCES 
(1) Bro ther U. Alfred, On the Order ing of the Fibonacci Sequence, 

Fibonacci Quar te r ly , D e c , 1963, pp. 43-46. 
(2) A. F . Horadam, A General ized Fibonacci Sequence, A m e r . 

Math. Monthly, May 1961, pp. 455-459. 
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These booklets a r e now avai lable for pu rchase . Send all o r d e r s to: 
Brother U. Alfred, Managing Edi tor , St. Mary ' s College, Calif. 94575 
(Note. This a d d r e s s is sufficient, since St. Mary ' s College i s a p o s t 
office. ) 

Fibonacci Discovery $1.50 
Fibonacci Ent ry Points I $1.00 
Fibonacci En t ry Points II . $1. 50 
Construct ions with Bi -Ruler & Double Ruler 

by Dov Ja rden $5. 00 
P a t t e r n s in Space by R. S. Beard $5. 00 



A NOTE ON FIBONACCI SUBSEQUENCES 

John H. Hcilton 
Brookhaven National Laboratory 

Upton, New York 

The question has been raised, whether certain subsequences of 

the Fibonacci sequence 

( 1 ) F 0 = 0, F 1 = l , F n + 1 = F n + F n _ 1 , 

can themselves be obtained directly from a recurrence-relation, 

First , consider a periodic subsequence, P = F , . of every - n nq+r J 

q-th Fibonacci number, starting with F . It is known (see, e. g. , D. 

Ruggles, Fibonacci Quarterly 1(1963)2:77) that 

(2) F , = L F + (-l)q"X F 
p+q q p p-q 

Putting p = nq + r and substituting the appropriate P , we obtain the 

hoped-for relation, 

(3) P n = F , P. = F , , P ,_ = L P + (~l)q~l P , . 
v ' 0 r 1 q+r n+1 q n n-1 

On the other hand, we may wish to consider the complementary 

sequence of those F. which are not of the form P . If these are 

written Q, , it is easy to see that, after an initial (r - 1) terms, this 

sequence comes in cycles of (q - 1) consecutive F., and that 

Ql. = F l • Q2 = F 2 ' ' • ' ' ° r - l - F r - 1 ' Q r = Fr+1 

Qn(q-l)+r = Fnq+r+l ' e s o s Qn(q-1 )+r+q-2 = Fnq+r+q-l ' °" 

Thus, Q, , , = Q, + Q, 1 3 except when a P intervenes,, If q = 2, we k+1 k k-1 r n ^L 

have the special situation, that there is a P between each adjacent 

pair of Q, , and the complementary sequence is itself periodic and 

satisfies the relation (3): 

<4> Q k + l = i : 2 Q k - Q k - l = 3 Q k - Q k - l -

if q - 3, at most one P can intervene between GL , and Q. „ ^ n k-1 k+1 
This occurs if k = n(q- 1 )+r- 1, so that the remainder R^ when (k-r4T) 
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is divided by (q - 1) is 0, when Q ^ F
n +r + Qk = 2 Q k + Q k - 1 ' a n d 

if k=n(q-l>+r, sothat R k = l , when Qk + 1 = F + r •+ Qfc = 2Qfc + 0 ^ ^ 

andif k= n(q- l)+r, so that R, = 1, when Q. , . = Q. + F . , = 2Qk - Q, •• . x^ ' k k+1 k nq+r k-1 
If q = 3, R, can only be 0 or 1, and we get the rather simple 

relation 

<5> Q
k + i = 2 Q

k
 + i-v** Q

k - i = 2 Q
k

 + ( - 1 > k " r + 1 Q
k - i ; 

but if q > 4, the neatest formula I could find was to define 

Sk = max (2 + Rk - R2 , 1), TR = min (RR , 2), 

when 

(6) V ^ k ^ ^ - ^ ^ k - r 

Alternatively, in terms of Kronecker's 8, 

< 7 > Qk+rl1 + SORV
+ s i R l K + ! l - 2 5 i R J Q

k - i • 
k k k 

An investigation of subsequences of the forms X = F 0 , 
& n n n2 and 

X = F n , for example, strongly suggests that only periodic sequences 
of the form P yield linear recurrence-relations with constant co-

n J 

efficients. 
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ELEMENTARY PROBLEMS AND SOLUTIONS 

Edited by A. P. Hi l lman 
Universi ty of New Mexico, Albuquerque, New Mexico 

Send al l communicat ions concerning E lemen ta ry P r o b l e m s and 
Soltuions to Prof. A, P , Hillman, Depar tment of Mathemat ics and 
Sta t i s t ics , Univers i ty of New Mexico, Albuquerque, New Mexico 
87106. Each problem or solution should be submitted in legible form, 
p re fe rab ly typed in double spacing, on a sepa ra te sheet or sheets in 
the format used below. Solutions should be rece ived within two months 
of publication. 

B - 7 6 (Originally P-l of this Quarterly, Vol. 1, No. 2, p. 74) 
Proposed by James A. Jeske, San Jose State College, San Jose, California. 

The r e c u r r e n c e re la t ion for the sequence of Lucas number s is 
L l o - L .. - L = 0 with L. = 1, L0 = 3. n+2 n+1 n 1 2 
Find the t r ans fo rmed equation, the exponential generat ing function, and 
the genera l solution,, 

B - 7 7 (Originally P-2 of this Quarterly, Vol. 1, No. 2, p. 74) 
Proposed by James A. J eske, San Jose State College, San Jose, California. 

Find the genera l solution and the exponential generat ing function 
for the r e c u r r e n c e re la t ion 

7n+3 'n+2 Jn+1 J n 

with yn = 0, y1 = 0, and y? = -I. 

J 3 - 7 8 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va. 

Show that 
F = L o + L , + o e o + L 0 A + e , n > 2 , n n-2 n -6 n - 2 - 4 m n 

v/here m is the g rea t e s t in teger in (n - 3)/4, and e = 0 if n = 0 
(mod 4), e = 1 if n / 0 (mod 4). 

3 2 3 
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B - 79 Proposed by Brother U. Alfred, St. Mary's College, St. Mary's College, California 

Let a = (1 + S^b)/Z, Determine a closed expression for 

Xn = [a] + [a2] + . . . + [a11] 

where the square brackets mean "greatest integer in. " 

B - 8 0 Proposed by Maxey Brooke, Sweeny, Texas 

Solve the division alphametic 

PISA 
FIB I XONACCI 

where each letter represents one of the nine digits 1,2, „». , 9 and 

two letters may represent the same digito 

B - 8 1 Proposed by Douglas hind, University of Virginia, Charlottesville, Va. 

Prove that only one of the Fibonacci numbers 1, 2, 3, 5, . . . is 

a prime in the ring of Gaussian integers. 

SOLUTIONS 

A LUCAS NUMBERS IDENTITY 

B-64 Proposed by Verner E. Hoggait, Jr., San Jose State College, San Jose, California 

Show that L L . - =s L0 .,+(-1) , where L is the n-th Lucas n n+1 2n+l n 
number defined by L, = 1, L„ = 3, and L l o = L ., + L . * 1 2 n+2 n+1 n 

Solution by John Allen Fuchs, University of Santa Clara, Santa Clara, California 

By the Binet formula 

T n un L = a + b n 



1965 E L E M E N T A R Y P R O B L E M S A N D S O L U T I O N S 325 

w h e r e a = (1 + v / 5 ) / 2 a n d b = (1 ~ ^ 5 ) / 2 a n d a b = - 1 - T h e n 

T T / n . u n w n + 1 , T_n+1, 2n+l , n. n+1 , n + 1 , n , 2n+l 
n n+1 = ( a + b )(a + b ) = a + a b + a b + b 

2n+l , 2 n + l . . , xn. , . . _ , . . , n 
= a + b + (ab) (a + b) = ^Zn+l + (-1) . 

Also solved by John E- Homer, Jr.; Douglas Lind; Benjamin Sharpe; M. N. Srikanta Swamy; 
John Wessner; and the Proposer 

O P E R A T O R S 

B - 6 5 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

L e t u and v be s e q u e n c e s s a t i s f y i n g u ,~+au p 1 + b u = 0 n n ^ 3 to n+2 n+1 n 
and v

n + 2 + c v n + l + < ^ v n ~ ^ w h e r e a, h, c, and d a r e c o n s t a n t s and 
l e t ( E 2 + a E + b ) { E 2 + c E + d ) = E 4 + p E 3 + q E 2 + r E + s „ Show t h a t y = u + v 
s a t i s f i e s 

y _i_/!+py jLO+qy r . 9 + r y _ L I + s y - o • 

7 n + 4 ^ ' n + 3 n j n + 2 ' n + 1 J n 

Solution by David Zeitlin, Minneapolis, Minnesota 

Le t P ( E ) = E 2 + a E + b and Q(E) = E 2 + c E + d, w h e r e P ( E ) u = 

0, Q ( E ) v = 0, P ( E ) 0 = 0? a n d Q(E)0 = 0, S ince P(E)Q(E) = Q(E)P(E) 
w e h a v e 

P(E)Q(E)(u + v n ) = Q(E) [ P ( E ) u n ] + P(E)0 = Q(E)0 = 0, 

w h i c h i s the d e s i r e d r e s u l t . 

Also solved by Douglas Lind; M.N. S. Swamy; and the proposer 

B - 6 6 Proposed by D. G. Mead, University of Santa Clara, Santa Clara, California 

F i n d c o n s t a n t s p , q, r , a n d s s u c h t h a t 

y n + 4 + p y n + 3 + C ^ n + 2 + r y n + l + S y n = ° 

i s a 4 th o r d e r r e c u r s i o n r e l a t i o n for the t e r m - b y - t e r m p r o d u c t s y = 

u v of s o l u t i o n s of u , 0 - u , , - u = 0 and v , 0 - 2 v , , - v = 0 . n n n+2 n+1 n n+2 n+1 n 



326 ELEMENTARY PROBLEMS AND SOLUTIONS Dec. 

Solution by Jeremy C. Pond, Sussex, England 

u = Aa + Bb where a, b are the roots o f x - x - 1 = 0 and n -, 
v = Cc + Dd where c, d are the roots of x - 2x - 1 = 0. Thus n 
y = AC(ac)n + AD(ad)n + BC(bc)n + BD(bd)n, and so ac, ad, be, bd 

are the solutions of 
4 -L 3 4- 2 4- 4- \ 

x + p x + q x + r x + s = 0 , 

I . e . , 

p = -(a + b)(c + d) = -2 

2 2 2 2 
q = b cd + abd + 2abcd + abc + a cd 

= (a + b)2cd + (c + d)2ab - 2abcd = -1 -4 -2 = -7 

r = -abcd(bd + be + ad + ac) = -abcd(a + b)(c + d) = -2 

s = (abed)2 = 1. 

Summarizing: p = -2; q = -7; r = -2; s = 1. 

Also solved by Douglas Lind; M.N.S. Swamy, David Zeitlin; and the proposer 

B - 6 7 Proposed by D. G. Mead, University of Santa Clara, Santa Clara, California 

Find the sum 1- 1+1- 2+2-5+3- 12+, . . +F G , where F J_0 = F . T+F 
n n n+2 n+1 n 

and G , =2G ,.+G . n+2 n+1 n 

Solution by M.N.S. Swamy, University of Saskatchewan, Regina, Canada 

Using the result of Problem B-66, we have the recurrence 
relation, 

yn+4 - 2yn+3 - 7yn+2 " Z?n+1 + Y n = ° ( 1 ) 

where, y = F G . Jn n n 
Substituting successively 1,2, . . . , n for n in (1) and adding 

we get 



1965 ELEMENTARY PROBLEMS AND SOLUTIONS 327 

<y
n
 + y2

 + • • • + yn> - 2yz - 9 y
3 - l l y

4 - 1 0 < y
5
 + • • • + W 

- 8 y n + 2 - y n + 3 + y n + 4 = ° 
or 

9 = ^ = < 1 0 y l + 8 y2 + y3 - y4> - 1 0 y n + l - 8 yn+2 " y
n + 3 + yn+4 • 

Now, 10y, + 8y + y - y = 10 + 8- 1- 2 + 2- 5 - 3-12 = 0. 

Hence, 
n 

9 2 y = -lOy f 1 - 8y l 0 - y I O +y , A . 
1
 yr yn+l 'n+2 yn+3 yn+4 

Substituting for yn+4 from (1), the above equation reduces to 
n 

9 J y r = yn+3 " yn+2 " 8yn+l " ^ 

Again using (1), this may to reduced to 

n 
9 I y r = yn+2" Vhl + y n " V l ' 

Therefore we have 

!• 1 + 1-2 + 2-5 + 3- 12 + . . . + F -G 
n n 

= (F ,9G ,9 - F ,,G ,, + F G - F ,G , )/9. n+2 n+Z n+1 n+1 n n n-1 n-1 

A/so solved by Douglas Lind, Jeremy C. Pond, David Zeitlin, and the proposer. Pond and 
Zeitlin simplified the sum to the form (Fmm G + F G ) / 3 . 

72+1 72 n n + 1 

F I B O N A C C I DIMENSIONS F O R P A R A L L E L E P I P E D S 

B - 6 8 Proposed by Walter W. Horner, Pittsburgh, Pennsylvania 

Find expressions in terms of Fibonacci numbers which will gen-

erate integers for the dimensions and diagonal of a rectangular parallel-

epiped, iD e. , solutions of 
2±, 2^ 2 ,2 a +b +c = d 

Solution by Douglas Lind, University of Virginia, Charlottesville, Va. 
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Let F and F be any two Fibonacci number s of opposite 

par i ty . Then 

F 2 + F 2 = 2k + 1 = (k + l ) 2 - k 2 . r s 

1 2 2 
Since k = •=• (F + F - 1), an express ion of the des i r ed type is 

Also solved by the proposer 

S I M U L T A N E O U S E Q U A T I O N S 

B - 6 9 Proposed by VemerE. Hoggatt, Jr., San Jose State College, San Jose, California 

Solve the sys tem of s imul taneous equations: 

x F ,, +yF = x +y 
n+1 n J 

x F n + 2 + y F n + l = x 2 + 2 x y 

where F is the n- th Fibonacci number . n 

Solution by Jeremy C. Pond, Sussex, England 

It is easy to check two solutions: 

(a) x = 0 and y = 0 

(b) x = F ,, and y = F . 
n+1 J n 

Now from the second equation: y = x(x - F , ? ) / ( F , - 2x) unless 
F ,, = 2x0 This specia l case leads us to (a) and (b) with n = - 1 . 

Substitute this exp re s s ion for y in the f i r s t equation and m u l -
2 tiply by (F + 1 - 2x) . This leads to 

x (F ,. - x)(F ,. - 2x)2 = x(x - F , , ) ( x 2 - x F ^ - F F ,. + 2xF ) n+1 n+1 x n+2 n+2 n n+1 n 
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One s o l u t i o n i s x = 0 and the o t h e r s s a t i s f y : 

(x - F ,, ) ( F , , - Zx.)'' + (x - F , ~ ) (x 2 - x F n - F F _,_,) = 0 . n + l ' x n+1 ' * n+2'^ n - 1 n n + 1 ' 

T h i s i s a c u b i c wi th t h r e e s o l u t i o n s . It i s e a s y to v e r i f y t h a t 

t h e s u m of t h e s e two r o o t s i s 2 F ... a n d t h e p r o d u c t i s ( -1) F , , / 5 . 
n+1 ^ . ' n + 1 ' 

We know t h a t one of t h e s e s o l u t i o n s i s F , , so t he o t h e r two 
n+1 h a v e s u m F , , a n d p r o d u c t s (-1) / 5 ; i» e„ t h e y a r e : n + 1 \ i i J 

<F +1 ± N T F * ^ - l ) * + 1 / 5 } )/2 __ o ^ _l 
n+1 0 n + l 

+i - — _M + [ 4 ( - l ) n T i / 5 ] ) / 2 = -C 
n+1 n+1 I u yg" JJ 

T h u s the c o m p l e t e s o l u t i o n of the s y s t e m of e q u a t i o n s i s 

(a) x = 0; y = 0 

(b) x = F n + 1 ; y = F n 

(c) and (d) 

— . _ _ „ ™ ™ _ ^ ^ n+l n + 1 

= ^ W F ! + 1 + [4( - l ) n + 1 /5] ) /2 = ^ f - , - P 7 f -

n Q n a p 

X ^ n + 1 ~ v ^n+1 

/5 /5 

Also solved by M. N. $. Swamy and the proposer 

xxxxxxxxxxxxxxx 
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OP ART By M r s . Betty Naysmith 

The Fibonacci sequence used in the "OP ART" above s ta r ted 
with one r ep re sen t ed by ^y of an inch so that the biggest rec tangle is 
(55/32) x (89/32), The rec tangles adjacent to the main diagonal would 
approach the Golden Rectangle as the Op Art is extended downward and 
to the r ight . M r s . Naysmith is a student of P r o f e s s o r Ruth Bal lard 
of Univers i ty of I l l inois . 
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