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ON THE DIVISIBILITY BY 2 OF THE STIRLING NUMBERS
OF THE SECOND KIND

T. Lengyel
Occidental College, 1600 Campus Road., Los Angeles, CA 90041
(Submitted August 1992)

1. INTRODUCTION

In this paper we characterize the divisibility by 2 of the Stirling numbers of the second kind,
S(n, k), where n is a sufficiently high power of 2. Let v,(r) denote the highest power of 2 that
divides . We show that there exists a function L(k) such that, for all n> L(k), v,(k!S(2", k)) =
k —1 hold, independently from n. (The independence follows from the periodicity of the Stirling
numbers modulo any prime power.) For k >35, the function L(k) can be chosen so that L(k) <
k—2. We determine v, (k!S(2" +u, k)) for k>u>1, in particular for # = 1, 2, 3, and 4. We
show how to calculate it for negative values, in particular for # = —1. The characterization is gen-
eralized for v,(k!S(c-2" +u, k)), where ¢ > 0 denotes an arbitrary odd integer.

2. PRELIMINARIES

The Stirling number of the second kind S(n, k) is the number of partitions of n distinct
elements into k£ nonempty subsets. The classical divisibility properties of the Stirling numbers are
usually proved by combinatorial and number theoretical arguments. Here, we combine these
approaches. Inductive proofs [1] and the generating function method [10] and [7] can also be
used to prove congruences among combinatorial numbers. We note that Clarke [2] used an
application of p-adic integers to obtain results on the divisibility of Stirling numbers.

We define the integer-valued order function, v,(r), for all positive integers » and a > 1 by
v,(r) = q, where a?|r and a®"'|r, i.e., v,(r) denotes the highest power of a that divides 7. In this
paper we are interested in characterizing v, (), where r = k! S(n, k) and a = 2. In a future paper,
we plan to give a lower bound on v, (k!S(n, k)) for a >3,

Lundell [10] discussed the divisibility by powers of a prime of the greatest common divisor of
the set {k!S(n, k), m<k <n} for1<m<n. Other divisibility properties have been found by
Nijenhuis & Wilf [11], and recently these results have been improved by Howard [5]. Davis [3]
gives a method to determine the highest power of 2 that divides S(n, 5), i.e., v,(S(n,5)). A simi-
lar method can be applied for S(n, 6) according to Davis.

We will use the well-known recurrence relation for S(n, k), which can be proved by the
inclusion-exclusion principle

k
kS, k) = Z(—l)""‘(’i‘)z’". (1)
i=0

For each prime number p and 1<i < p—1, i” =i (mod p), by Fermat's theorem, and this implies
[1] that, for 2<k < p-1, S(p, k) =0 (mod p). We note that S(p,1)=S(p, p)=1

Let d(k) be the sum of the digits in the binary representation of &. Using a lemma by
Legendre [9], we get v, (k!) = k —d (k).

194 [JUNE-JULY



ON THE DIVISIBILITY BY 2 OF THE STIRLING NUMBERS OF THE SECOND KIND

Note that, for 1<k <4, identity (1) implies that v,(S(2", X)) =d(k)—1. By other identities
for Stirling numbers (cf. Comtet [1], p. 227), v,(SQ2", k))=d(k)—1fork, 2" -3 <k <2".

Classical combinatorial quantities (factorials, Bell numbers, Fibonacci numbers, etc.) often
form sequences that eventually become periodic modulo any integer, as pointed out by I. Gessel.
The "vertical" sequence of the Stirling numbers of the second kind, {S(n, k) (mod p")} 5, is
periodic, i.e., there exist 7, > k and 7 > 1 such that S(n+ 7z, k) = S(n, k) (mod pV) forn>n,.

For N =1, the minimum period was given by Nijenhuis & Wilf [11], and this result was
extended for N >1 by Kwong ([7], Theorems 3.5-3.6). From now on, z(k; p") denotes the
minimum period of the sequence of Stirling numbers {S(n, k)},5, modulo p, and n,(k, p¥) >k
stands for the smallest number of nonrepeating terms. Clearly, n,(k, p") <n,(k, p¥*!). Kwong
proved

Theorem A (Kwong [7]): For k >max{4, p}, n(k; pV)=(p-1)pV** -2 where pt*1<f <
p*®, ie., b(k)=[log, kl.

From now on, we assume that p =2, n>1 and apply Theorem A for this case. Let g(k)=
d(k)+b(k)—2 and c denote an odd integer. Identity (1) implies v,(S(c-2", k))=d(k)—1 for
1 <k <min{4,c-2"} We also set f(k)= f,(k)=max{g(k),[log,(n,(k,24®)/c)]}. Therefore,
c-27® > py(k,29®). We note that g(k) <2[log, k1-2. Lemma 3 in [8] yields f(2") =m for
m>landc=1

In this paper we prove

Theorem 1: For all positive integers £ and » such that n> f(k), we have v,(k!S(c-2",k))=
k —1 or, equivalently, v,(S(c-2",k)) =d(k)-1.

Numerical evidence suggests that the range might be extended for all » provided 2" > & and
c=1. For example, for k =7, we get g(7) =d(7)+b(7)—2 =4 and n,(7,2*) = 7; therefore, by
Theorem 1, if n> f(7) =4, then v,(S(2", 7)) = v,(S(c-2", 7)) =2 for arbitrary positive integer c.
Notice, however, that v,(S(8, 7)) =2 also. We make the following

Conjecture: For all kand 1<k <2", we have v,(S(2", k))=d(k)-1.
By Theorem 1, the Conjecture is true for all k£ =2" withm <n.

In section 3 we prove Theorem 2, which gives the exact order of S(n, k) in a particular range
for k£ whose size depends on v,(n). Theorem 2 is the key tool in proving Theorem 1. Its proof
makes use of the periodicity of the Stirling numbers. It would be interesting to determine the
function L(k), which is defined as the smallest integer #’ such that v,(S(c-2", k)) =d(k)—1 for
all n>n'. By Theorem 2, we find that (k) <k —2 and Theorem 1 improves the upper bound on
L(k) if f(k)<k-2.

In section 4 we obtain some consequences of Theorem 2 by extending it for Stirling numbers
of the form S(c-2" +u, k), where u = 1, 2, etc. We show how to calculate v,(S(c-2" —1,k)). In
neither case does the order of S(c-2" +u, k) depend on # (if n is sufficiently large), in agreement
with Theorem A.
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ON THE DIVISIBILITY BY 2 OF THE STIRLING NUMBERS OF THE SECOND KIND

3. TOOLS AND PROOFS

We choose an integer / such that £/ <n. We shall generalize identity (1) for any modulus of
the form 2°. Observe that, for any i even, i" = 0 (mod 2*), and for all 7 odd, (~1)*" will have the
same sign as (~1)*"'. Therefore, by identity (1),

k\S(n, k) = (~1)* f(’l‘) (mod2%). 2)
i=1

iodd

The expression on the right-hand side of congruence (2) is called the partial Stirling number [10].
We explore identity (2) with different choices of » in order to find v, (S(n, k)).
We shall need the following

Theorem 2: Let c be an odd integer and let » be a nonnegative integer. If 1<k <n+2, then
v, (k1S(c-2", k) =k—1,ie, v,(S(c-2",k))=d(k)-1

Roughly speaking, Theorem 2 gives the exact value of v, (k!S(m, k)), for k 22, if m is divi-
sible by 2¥"2. The higher the power of 2 that divides m, the larger the value of k that can be used.
We prove Theorem 1 and then return to the proof of Theorem 2.

Proof of Theorem 1: Without loss of generality, we assume that £ >4. Observe that
v,(S(c-2", k))=d(k)-1 is equivalent to

S(c-2", k)=0 (mod 29"y (3)
and
S(c-2", k)#0 (mod29%), 4)

The proof of identities (3) and (4) is by contradiction. To prove the former identity, we set
N =d(k)—1, hence Theorem A yields

7[(k, 2N) - 2d(k)+b(k)—3 (5)

where d(k)+b(k) -3 < g(k) < f(k).

We assume, to the contrary of the claim, that S(c-27® k)=a# 0(mod2"). By Theorem
A and the period given by (5), we obtain that, for every positive integer m=>c, S(m-2"® k)=a
#0(mod2"). This is a contradiction, for one can select m so that m-27® becomes c¢-2", with a
large exponent », and by Theorem 2, S(c-2", k) =0 (mod2") should be for sufficiently large 7.
It follows that, in fact, S(c-2/®, k)=0(mod2"), and Theorem A implies S(c-2", k) =0 (mod
2901y for all n> £ (k).

To derive identity (4), we set N =d(k). In order to obtain a contradiction, we assume that
S(c-27® k)y=0(mod2"). Now, by Theorem A, we get z(k;2") = 290" =2 \where d(k)+
b(k)-2=g(k)< f(k). We proceed in a manner similar to that used above by noting that the
periodicity now yields S(m-27® k)=0(mod2") for every positive integer m>c. It would
imply that, for a sufficiently large n, S(c-2", k) =0 (mod29®)). However, this congruence con-
tradicts Theorem 2. Tt follows that S(c-2", k) # 0 (mod 29®) for n> f(k), and the proof is now
complete. [
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ON THE DIVISIBILITY BY 2 OF THE STIRLING NUMBERS OF THE SECOND KIND

Proof of Theorem 2: We set m=c-2" and select an ¢ such that 1</<n+1. By Euler's
theorem, ¢(2z )= 2871 therefore, i" =1 (mod 2! ) if i is odd. By simple summation, identity (2)
yields

k
1S k) = Y (K) = (271 (mod29); ©
f'odd
therefore, v, (k! S(m, k)) =k -1, provided 0<k -1< /.
We have two cases if k =n+2. If mis odd, then n=0and £k =2. The claim is true, since

S(m,2)=2""~1; therefore, v,(21S(m,2))=1. If m is even, then we set {=n+2>3. By
induction on ¢ >3, we can derive i2*" = 1(mod 2*) and identity (6) is verified again. [

Remark: By setting £ =n+1, identity (6) implies the lower bound v, (k!S(c-2",k))>n+1, for
kzn+2.

4. RELATED RESULTS

We will use other special cases of identity (2). Similarly to the previous proof, we get that,
forall u>0, n>¢>1 and k<c-2" +u,

k k
K1S(c-2" +u, k)= (-D)** Z(’i‘)i” o= (=) Z(f‘)z (mod 2*%). 7
i=1 i=1
i odd iodd

We set
(ke
Ik, u) = (~1)*! Z(l)z
iodd
By identity x* = X7_ S(u, /) (%) J!, we obtain

h(k, u) = (~1)k- IZ( )ZS(u J)( )J' =0 lmm{zug}(u D! Z( )( )

i odd

We focus on the case in which & > u and derive

K S(u

k)= -0+ 35w (4] 3 (47 1) = o ALK ®)
= foda 7=

We introduce the notation r(k, u) = v, (h(k, u)). Identity (8) implies that r(k,u) >k --u—1. Note

that |A(k, 0)|= 257! and, for u >1,

[k, /25 <Y 2k <u(2u)* (h 12)" = u(uk)*. ©)
j=1

By identity (7), for u >0 and any sufficiently large £ and n > ¢, we have v, (k!S(c-2" +u, k)) =
r(k,u). Infact, n> ¢ =r(k,u)—1 will suffice; for instance, » >k —2 will be large enough if # =0
(Theorem 2). By identity (9), we derive that r(k,u) <k —u—1+ulog, k +(u+1)log, u; there-
fore, k —u—2 +[ulog, k +(u+1)log, u] can be chosen for n if #>0. We note that, similarly to
the proof of Theorem 1, this value might be decreased.
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The values of 7(k, u) can be calculated by identity (8). For example, if £ >u >0, then

k-1, ifu=0,

k—-2+v,(k), ifu=1,
r(k,u)=1k=3+v,(k)+v,(k+1), ifu=2, (10)

k—4+2v,(k)+vy(k+3), ifu=3,

k=5+v,(k)+v,(k+1)+v,(k* +5k -2), if u=4.

We state two special cases that can be proved basically differently; although, in the second case,
only a partial proof comes out by the applied recurrence relations.

Theorem 3: For k >2 and any sufficiently large n, v, (k!S(c-2" +1,k)) =k -2 +v,(k).

Proof: The proof follows from Theorem 2 and using the recurrence relation k!S(m, k) =
k{(k-D!'S(m-1,k-1)+k!\Sm—1,k)} with m=c-2"+1. Notice that, by Theorem 1, n>
max{ f (k), f(k —1)} will be sufficiently large. O

Theorem 4: For k >3 and sufficiently large n, v,(k!S(c-2" +2,k)) =k =3+ v, (k) +v,(k +1).

Proof: By identity (10), we obtain v, (k!S(c-2" +2,k))=r(k,2) =k -3+v,(k)+v,(k+1).
Observe that n > max{ f(k), f(k—-1), f(k-2)} suffices. O

Notice that we could have used the expansion
E'S-2"+2,k)=k{(k—-D)'S(c-2"+Lk-D)+k!S(c-2" +1,k)}.

By Theorem 3, the first term of the second factor is divisible by a power of 2 with exponent
k —3+v,(k—1), while the second term is divisible by 2 at exponent £ —2+v, (k). The first factor
contributes an additional exponent of v, (k) to the power of 2. We combine the two terms and
find that there is always a unique term with the lowest exponent of 2 if k£ # 3 (mod 4). For £ =3
(mod 4), however, this argument falls short and we are able to obtain only the lower bound £ —1
on v, (k!S(c-2" +2,k)).

It turns out that calculating v, (k!S(c-2" +u, k)) for negative integers u is more difficult than
for positive values. The periodicity guarantees that the order does not depend on n (for suffi-
ciently large n).

We extend the function A(k, u) for negative integers u. We will choose an appropriate value
£>1 and then set » so that it satisfies the inequality c-2" +u >2°. We use the convenient nota-
tion 1/ for the unique integer solution x of the congruence i-x =1 (mod 2°*?) if i is odd. Simi-
larly to identity (7), we obtain

k1S(c-2" +u, k)= (-1)*" Zk:(f)(l) (mod 2%). (11)
1

i=1
iodd

Bk, u) = (~1)F! fl(’l‘ )G)

i odd

For u <0, we set
—-u
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and express h(k,u) as a fraction Z"E g in lowest terms. Notice that v,(p, (#)) = k —d(k) holds,
since ! divides both sides of (11) for any sufficiently large ¢. The order of v,(S(c-2" +u, k))
can be determined by choosing £ >v,(p, (x))—1, and the actual order is v,(p, (u))—k +d(k).
We remark that, for ¢ =1, the value of n can be set to v, (p, (v)).

We focus on the case of u =-1. Let

We get

oo (T84 22 o

Similarly,

(cf. Hietala & Winter [4], or Solution to Problem E3052 in Amer. Math. Monthly 94.2 (1987):
185). Combining these two identities, we obtain

o w(\1_1&2 p(-D)
hk, 1)_§(i)i_2,§ i gD "
iodd

For example, for k = 5, we get h(5,—-1)=22 v, (ps(-1))=7, andn27. E.g., v,(5(127,5)) =
v,(S(255,5)) =---=4. We remark that v,(S(63,5))=4 holds, too. Notice that the recurrence
relation S(N,K)=K-S(N-1,K)+S(N-1,K-1) implies that v,(S(c-2"-1,2"-1)=0 for
every sufficiently large n. By the theory of p-adic numbers [6] and (12), we can derive that, for
all sufficiently large n,
k i
(SE2" -1, k))=v2(lzz ) k+d(k) = vz( 3 2 j k+d(k),
291 2.5l
where v,(a/b) is defined as v,(a)-v,(b) if a and b are integers. This fact helps us to make
observations for some special cases. For instance, if #>m >3, then v,(S(c-2" —1,2™)) =2 holds
and, therefore, v,(S(c-2"-1,2" +1))=1. Numerical evidence suggests that, for n>m>4,
v,(S(c-2" -1,2™)) =2m -2, although we were unable to prove this.
We can determine v,(S(c-2" -1, k)) for most of the odd values of & by systematically evalu-
ating v,(XE, 2°), and obtain

Theorem 5: For all sufficiently large n, v,(S(c-2" -1, k))=d(k)-v,(k+1), if £>1 is odd and
k #5(mod 8) and & #59 (mod 64) and & # 121 (mod 128).

We leave the details of the proof to the reader.
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We note that there is an alternative way of determining p, (-1). We set

E 1&2
1k—1=F§Z

~
i=1
One can prove that

k
I, :z(};j and I, =k—;,;11k_1+1-

7=0

J

For other properties vt [, see Comtet ([1], p. 294, Exercise 15). The latter recurrence relation
simplifies the calculation of v, (S(c-2" -1, k)) for large values of £.

We can use (7) in a slightly different way and gain information on the structure of the
sequence {S(c-2"+k,k),S(c-2"+k+1,k), -, S((c+1)-2" +k—1,k) (mod 27)} for every g,
1<g <d(k)—1 and sufficiently large n. We observe that the sequence always starts with a one
and ends with at least d(k)—q zeros. Note that, for every / and u suchthat k >u >/ > k—-d(k),

0=Fk!Su, k)= (D! ‘k;(’,‘)z (mod 2%).

i odd

Weset g =/¢—-k+d(k). Clearly, 1<q <d(k)—1. By (7), we get that k! S(c-2" +u, k) =0 (mod
2"y forall n>/—2>1. This observation yields that the d(k)— ¢ consecutive terms,

S(c-2"+u, k) (mod27?), u=k-dk)+q, k—dk)+q+1,.. . k-1, (13)

are all zeros. Similarly, we can derive k!S(c-2" +k, k) =k!#0 (mod 2), ie., S(c-2" +k, k)=1
(mod 27). Identities (8) and (10) imply that there might be many more zeros in the sequence at
and after the term S(c-2", k) (mod 27).

For example, if k =7 and £ =5, then S(c-2" +u,7)=0 (mod 2") for #=35 and 6 and for all
n>3. Similarly to the proof of Theorem 1, it follows that identity (13) holds if n> f(k). For
instance, if k =23 and £ =21, then S(c-2" +u,23)=0 (mod 2%) for =21 and 22 provided
n>f(23)=17.
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Author and Title Index

The AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, and ADVANCED PROBLEMS indices for the first
30 volumes of The Fibonacei Quarterly have been completed by Dr. Charles K. Cook. Publication of the
completed indices is on a 3.5-inch, high density disk. The price for a copyrighted version of the disk will be
$40.00 plus postage for non-subscribers, while subscribers to The Fibonacei Quarterly need only pay $20.00
plus postage. For additional information, or to order a disk copy of the indices, write to:

PROFESSOR CHARLES K. COOK

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF SOUTH CAROLINA AT SUMTER
1 LOUISE CIRCLE

SUMTER, SC 29150

The indices have been compiled using WORDPERFECT. Should you wish to order a copy of the indices for
another wordprocessor or for a non-compatible IBM machine, please explain your situation to Dr. Cook
when you place your order and he will try to accommodate you. DO NOT SEND PAYMENT WITH
YOUR ORDER. You will be billed for the indices and postage by Dr. Cook when he sends you the disk.
A star is used in the indices to indicate unsolved problems. Furthermore, Dr. Cook is working on a
SUBJECT index and will also be classifying all articles by use of the AMS Classification Scheme. Those who
purchase the indices will be given one free update of all indices when the SUBJECT index and the AMS
Classification of all articles published in 7he Fibonacci Quarterly are completed.
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UNIQUE MINIMAL REPRESENTATION OF INTEGERS BY
NEGATIVELY SUBSCRIPTED PELL NUMBERS

A. F. Horadam

The University of New England, Armidale, Australia 2351
(Submitted September 1992)

1. BACKGROUND

In this paper, we prove the following uniqueness and minimality result for Pell numbers P,

(see [3]):

Theorem: The representation of any integer N as

N=)aP, (1.1)
i=1
where

a =012
1 bl b 1.2
{a,.=2:>a,.+1=0 (12)

is unique and minimal.
Pell numbers P, are defined in [3] as members of the two-way infinite Pell sequence {P,}

satisfying the recurrence
P

n+l

=2P,+F,,, B,=0, =1 (13)

To compute terms of the sequence with positive subscripts, extend (0, 1, ...) to the right using
(1.3); to compute terms of the sequence with negative subscripts, extend (..., 0, 1) to the left using

B =-2F+F,,. (1.4)
Induction may be used to establish that
P, =(-)""P, (1.5)
Associated with P, are the numbers
qp =5, + Py, (1.6)

where 2g, = 0,, the n™ Pell-Lucas number.
From (1.3) and (1.6), it easily follows that

qn+1 = 2qn +qn—l' (17)

Some of the smallest P, and ¢, are:

TABLE 1. Values of P, and q,,

. =17 -6 -5 -4 -3 -2 -10123 4 5 6 7
B= ..169 -70 29 -12 S5 -2 1 0 1 2 5 12 29 70 169
113 7 17 41 99 239

N
Il
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While values of g, can be readily extended through negative values of n, for our purposes we
need only positive values of n. For negative subscripts, g_, = (-1)"q,,.
It is a straightforward exercise to establish the sums [3, Theorem 2]

n 1-P,,
3 P =——) (1.8)
i=1 2
and
" -P
P, . =—=n 1.9
; 2i+1 2 ( )

Our procedure in demonstrating the truth of the Theorem is to adapt and extend the
technique used in [2] for positively subscripted Pell numbers.

Two important differences between the criteria (1.2) in our Theorem for P, (n>0) and
those in [2] for P, (n> 0) must be noted:

(@) In[2], & =2=¢,_;, =0, whilein (1.2), g, =2=a,,, =0.
(i) In[2], &,=0; & =0,1,2 (i >1), whilein (1.2), a, =0,1,2 (i 2 1).
The restriction on &, in (ii) arises from the fact that, for » positive, a distinction has to be

made between P, =2 and 2F, =2 (the latter being excluded). No such difficulty occurs for nega-
tively subscripted Pell numbers since P, =-2, P, = 1.

2. THE SEQUENCES (a,, a,,..., a,)

Let us now concentrate on the sequence of length n>1,

(a,a,,..,a,), 2.1
with conditions (1.2) attached. Write .S, for the number of sequences (2.1) with (1.2). § is not

defined.
Omitting commas and brackets for convenience, we may enumerate several §, thus:

TABLE 2. Sequences Counted by S, (n=1,2,3,4)
S0 1 2
Sy 00 01 02 10 11 12 20

S; 000 001 002 o010 OI1 012 020
100 101 102 110 111 112 120
200 201 202

S4 0000 0001 0002 0010 0011 0012 0020
0100 0101 0102 0110 O0I11 0112 0120
1000 1001 1002 1010 1011 1012 1020
1100 1101 1102 1110 11il 1112 1120
2000 2001 2002 2010 2011 2012 2020
0200 0201 0202 1200 1201 1202

Perusal of this tabulation reveals the methodical extension of the structure of the sequences
of §, to those of §,,,;.
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Some lemmas are needed for the proof of the Theorem.

Lemmal: S,=q,,.

Proof: This equality is easily checked in Table 2 for n=1,2,3, 4 for which g,,, =3,7,17,41,
respectively.

Proceed by induction on n. Assume the lemma is true for n =k >4; that is, assume that
Sy =G (K >4). Now, to generate S, from S,

(i) prefix 0 and 1 separately to each of the g, ,; sequences, and

(ii) prefix 2 followed by 0, by (1.2), to each of the ¢, sequences.

Therefore, Si.1 =2q;1 +qr =42 by (1.7). Thus, the Lemma is also valid for n =% +1 and the
Lemma is proved.

Observe that ¢, here plays the role for P, (n> 0) which P,,; plays for P, (n>0) in [2].

Consider now
N:aIP‘1+a2P_2 +"'+anP_n, (22)

where g; satisfy (1.2), i.e., the integer N is determined by the sequence (2.1).

Lemma 2:
(i) 1-P,<N<-P,, (nodd
(i) 1-P .y <N<-P, (neven)
Proof: Clearly, the maximum integer N generated by (ay, ..., a,,) is given by

20202...2  (n0dd)
20202...20 (meven)

which are the same, whereas the minimum integer N generated by (a,, ..., a,) is given by

0202...0 (modd)
0202...02 (meven)

which are different.
Appealing to (1.8) and (1.9), we derive (i) and (ii) immediately.

Notice that Lemma 2 can be recast as

Lemma 2a:
() -P,<N<-P.,, (nodd),
(i) P (,y<N-P, (n even).
Next, we link Lemmas 1 and 2.
Lemma 3: The q,,, integers are

1-P,,....,0,.., P, (neven)
sy 0y, Py (modd).
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Proof:
qn+1 :Pn+l+Pn by (16)

= (number of integers < 0) + (number of integers > 0),

the order in the addition being determined by the parity of 7.

Thus, for n =7 (so gg = 577), the numbers are —168, ..., 408.

See Table 3 for numerical details for n=1,...,6. (Cf the result in [2] corresponding to
Lemma 3.)

Calculation yields the following information about S,

TABLE 3
S, Integers Generated by (a,, ...,a,)
S1=q2: 3 0,1,2
Sy=qy= 1 -4,..,-1,0,1,2
Sy=q,= 17 ~4,..,-1,0,1,..,12
S,=qs= 41 -28,.....,-10,1,..,12
Ss=¢gs= 99 -28,....,-1,0,1,.....,70
S, =g, =239 -168,......,-1,0,1,.....,70

Lemma 4: nis uniquely determined by N(a, #0).

Proof: This follows from Lemma 2a.

Lemma 5: a, (#0) is uniquely determined by N.

Proof: Consider N —a,P_,, a specific integer in (2.2). The result follows.

Examples:

Lemma 2a: (i) —P, (=-169) <100<—P ¢ (= 408).
Therefore, N =100= n=7 (Lemma 4).

(i) — P, (=-985)<—500<—P, (= 408)
Therefore, N = -500 = n =8 (Lemma 4).

Lemma 5: Consider N=P  +P,+P,+2P =45

N-P,=16 ie., a;=1,

Therefore, {1\/—21)_5 =13 ie,as=2.

Proof of the Theorem: Combining Lemmas 1, 2, 3, 4, and 5, we see that the representation
(1.1) with (1.2) is unique and minimal.

Minimality occurs since a number given by (a,, ..., a,) is identical with the numbers given by
(a,,a,,...,a,,0,0,0,...) when we adjoin as many zeros as we wish.
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The reader is referred to:

(a) [3] for an algorithm that generates minimal representations of integers by Pell numbers
with negative subscripts, and
(b) [1] for similar work relating to Fibonacci numbers.

Another approach to the proof of the Theorem is to adapt the methods used in [1] for Fibo-
nacci numbers. Basically, this alternative treatment assumes that there are two permissible repre-
sentations of N as a sum, and then demonstrates that this assumption leads to contradictions. To
conserve space, we do not develop this complicated argument here, though it has some interesting
ramifications. Inevitably, there will be some overlap of material in the two approaches.

Note on Maximality

As indicated in [1] for the Fibonacci case, we likewise assert that there can be no maximal
representation of an integer by means of P_,. This conviction is easy to justify from the obvious
fact that

n n—-1
ZaiP_, = Z a,P,;+a,P,,

i=1 i=1

where a, =1 or 2, and then from successive replacements of the last term.
For instance, with n =6, i.e., a, =1 or 2, we have (say)

——t—
=P, +2P;4+2P,+ P4
——t—
=P, +2P;+2P,+2P4,+P,, and soon,
while
-129=P +2P;+2P, (as=2)
———
=P, +2P,;+P-P,
—
=P ,+2P,+P,-2P,- P, andsoon.

Clearly, the summations extend as far as we wish, so there is no maximal representation.
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POWERS OF DIGITAL SUMS

Tom C. Brown
Simon Fraser University, Burnaby, B.C., Canada
(Submitted September 1992)

1. INTRODUCTION

Let s(m) denote the sum of the base 10 digits of the nonnegative integer n, and let logx
denote the base 10 logarithm of x. R. E. Kennedy and C. Cooper have shown [1] that for any
positive integer £,

1 k 9 k k k-1
;Zs(n) = (—) log" x+O(log™ ® x),

n<k 2
and they conjectured that for any positive integer £,
1 9"
=Y s(n)* = (—) log® x +O(log" ™ x).
X n<k 2

Recently [2] the same authors have shown, providing some evidence for the truth of this con-
jecture, that for each fixed positive integer £,

1 1=l 9 k
= > sG)* =(5) n* +om* ™.
i=0

In this note, we extend the result just mentioned. When £ is a fixed positive integer, we show
that for each m it is true that

1 9Y*
— Z s(n)f = (—) log® x + O(log" ' x),
X n<k 2
provided that x is restricted to the set of those positive integers having at most m nonzero digits in
their base 10 representations. (Thus, the Kennedy & Cooper result is exactly the case m=1.) We
use the Kennedy & Cooper result in the course of our proof.

We state our result in the following form.

Proposition: Let m>1and k >1 be fixed integers. Then there is a constant 4 = A(k,m) such
that if x is a positive integer with at most m nonzero digits in its base 10 representation,

155507 ~(3] osa

i=0

< A(logx)*,

2. REMARKS AND LEMMAS

Remark 1: It is easy to check that if m, & are fixed positive integers and

x=1 N 9 k .
;ZS(I) —(‘2') [log x]
i=0

<clogx]*,
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then
1!

k
L3 sy —(3) (logx)*

i=0

<d(logx)* !,

where [ ] denotes the greatest integer function and d is a constant that depends only on ¢ and .
To see this, suppose 10" < x < 10", so that n=[logx]. Let logx =n+a, where 0<a <1.

Then
k
s(z) —(—) n*
xl =0
xl =0

(g e o

<en* Y+ en* T = an* T <d(n+ a)* .

x-1

k
=3 s - ( )(n+a)

i=0

503 )k<n+a)

N X~
—
IS
N
S
_

0
+
_+_
~
=~ =
N
IS
=
—

Remark 2: In view of Remark 1, to prove the Proposition above, it is sufficient (and convenient)
to prove the following statement, which will be done by induction on m.

For fixed positive integers m, k, there is an 4 = A(k, m) such that if 10" < x <10™" and x has
at most m nonzero digits in its base 10 representation, then

LS s —(—)kn"

i=0

< An*

In the following three lemmas, £, n, p, y, and # all denote integers.

Lemma 1: For each k > 1, there is an A(k) such that -

n-107*! Y .
W(l_(;) < A(k) foralln, pwith1<p<n.

Proof: Let s=n—p—1. Then -1<s<n-2 and
n-107* 1_(£)k _n 1_(1 s+l)
n +1 BT -
10" +107 n 10° +1 n
n s+1 k)(s+l)2 (k)(s+1)3 ()(s+l)
— ko ———— + e — 1
10S+1( n (2 3 D n

_k-(s+1)
10° +1

+o(1) < A(k).

Note that fori > 2,

n .(s+l)" (max (s+1)’) 1

- ———>0asn—>oo
10°+1 o ~Igs<e0 10° +1
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Lemma 2: Fix k>1. Let A(k) be as in Lemma 1. Then for any y in the interval 107 <y <
1071 <10" and any 7 > 1,

n k k k
t-10 9
t-10" +y\2 t-10" +y\2 2

(8]
t-10" +y[

10p+1 ( k p+l

<nk———7——;ﬁ- 1-| 2] |<n* —————’110 | 1- E < A(k)-n*",
1-10" +10 n 10" +107

where the last inequality is given by Lemma 1.

< @)k ARy

Proof:

n
I -10 WY P —nt
110" +y " 110" +y

Lemma 3: Let t>1and k >1 be fixed. Then

1 -l . 9 k . .
Zs(i) =(E) n* + 0@ ™).

t * lOn i=0

In other words, there is B(Z, k) with

! tli": () —(—)knk
t-10"

i=0

<B(t, kyn*.

To prove the Proposition, we will only need this lemma forr=1, 2, ..., 9.

Proof: We use induction on 7. For # = 1, this is the result of Kennedy & Cooper mentioned
above. Now fix #>1 and assume the result for this . Then, using the fact that s(z-10" +i) =

s(t)+s(i), 0<i<10" -1,

1 (t+1)10"-1 k 10" k
(t+1)-10" § ()’ _[ ) t+1[t 10" ZO () —(—))
1 10”1

f+1[10,, 10"2"1() —( ) ) Z(Cls(i)k_l+02S(i)k_2+...+ck)

1+1 10" =
<t——B(t kyn*~ 1+——B(1 ™ +Cn* < Bt +1, k)n*

Note that we used the result of Kennedy & Cooper a second time. Here ¢, ...,¢,, C are con-
stants that depend only on & and 7.

3. PROOF OF THE PROPOSITION

According to Remark 2, we need to show that, for each m>1 and k > 1, there is a constant

A(k,m) such that if 10" < x <10™" and x has at most m nonzero digits in its base 10 representa-
tion, then
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1S s —(—)knk

i=0

< A(k, mn*".

If m =1, this follows from Lemma 3 (for all k), since then x =7-10", 1<7<9.
Now assume the result for a given m > 1, and let x have m+1 nonzero digits, say,

10" <x<10™' x=¢-10"+y, 1<1<9, 107 <y <1071 <10",

where y has m nonzero digits. Then, using s(z-10" +7) = £ + s(7),

x=1 k £-10" +10"-1
zs(l) _(_) = 110"+y[t 10" ZO s ( ))

1%
I 10"+y[y,zo i _H)

< A(k, )n* ™" + A(k, m)p*™ + Dp*™' < A(k, m+1)n*".

Y 13 ye k-2
—— ) lS( +c,8(I +--+c
T yg(l( 25(0) ‘)

Here ¢, ...,c,, D are constants that depend on k and 7, but since 1<7<9, they in fact depend
only on £. For the second equality, we used Lemma 3 as well as the induction hypothesis.
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Gregory A. Moore
West Shore Community College, Scottville, MI 49454-0277
gamoore@aol.com
(Submitted September 1992)

1. INTRODUCTION

The "Golden polynomials" {G, (x)} (defined in [2]) are Fibonacci polynomials satisfying

Gn+2 (x) =X Gri+1 (x) + Gn (x)

O

for n>0, where Gy(x) = -1 and G,(x) = x—1. The maximal real root, g,, of the function G,(x),

can be considered to an »n™-dimensional golden ratio.
Our concern here is the study of the sequence {g,} of "golden numbers."

A computer

analysis of this sequence of roots indicated that the odd-indexed subsequence of {g,} was
monotonically increasing and convergent to ¥ from below, while the even-indexed subsequence

was monotoni-cally decreasing and convergent to % from above.

In this paper, the implications of the computer analysis are proven correct. In the process, a
number of lesser computational results are also developed. For example, the derivative of G, (x)

is bounded below by the Fibonacci number F,,, on the interval [%, ).

2. EXISTENCE

We begin with a simple yet useful formula.

Formula 2.1: G, 3)-- l) .
2 2

Proof: The formula is readily verified for » =1 and n = 2 by direct computation:

o)1= w o)3m-(3)

We proceed by induction assuming the proposition is true for all indices less than n:
n-1 n-2
Gn i :ZGn—-l 2 +Gn—2 2 :i — __l +| — _l
2 2 2 2) 2 2 2
o N ! _nyn-1 Y n
_[3:D", ( 1)_2 = -y 322 _(_1)‘ 0
2" 2" 2" 2

Incidentally, it is apparent from this formula that

lim G, (3) = lim— (— l) =0.
n—>co 2 n—w 2
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While suggestive, this is not sufficient to show the desired result about the convergence of the
roots. For example, these same properties hold for the sequence of functions

fn(x) [ .(J_C___%b

However, these roots remain at %4 and 3 for all values of n and do not converge to %.

G,(x) for n=2,...,17 fo(x)for n=2,...,12

Throughout this paper we will limit our discussion to polynomial functions with positive
leading coefficient. These functions have the following easily proven properties.

Lemma 2.2:
A. Ifr is the maximal root of a function £, then f(x)> 0 for all x>r. Conversely, if f(x)>0
forall x>¢, then r <t. If f(s) <0, then s<r.

B. Suppose R is an upper bound for the roots of the functions f,(x), f,(x),..., f,(x), and the
functions u,(x), u,(x), u,(x), ..., u,(x) have no positive real roots. Then R is also an upper
bound for the roots of the function f(x) defined by

S )= 1,001, () + fr 1 (0) 4,1 (¥) + oo+ f(6) 241 (x) + 24 ().

To demonstrate the existence of the sequence { g, }, we will require two minor results from
[1]. First, from Corollary 2.4, G,(1) = —F,_, and G,(~1) = (-1)"L,_, [where F,_, is the (n—1)"
Fibo-nacci number and L, , is the (n—1)" Lucas number]. Second, from Corollary 4.3, each
G, (x) is monic with constant term -1.

Proposition 2.3: Existence of { g, }

Foreach n>1: A. G,(x) has a maximum root g, in the interval (1, 2).
B. G,(x) has no rational roots. In particular, each g, is irrational.
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Proof:

Part A. Since each G, is monic and G, (1) = —F,_, <0, then G,(x) must have a root larger
than 1 (Lemma 2.2A). Since g, is the largest root by definition, we have g, > 1.

By direct computation, G,(x) and G,(x) are strictly positive on the interval [2, ). Using
the recursive relation (1) and an inductive argument, it is easy to see that each G,(x) is strictly
positive on [2, ). Therefore, g, <2 (Lemma 2.2A).

Part B. Suppose 7 is a rational root of G,(x), say » =%,. Then G, would be divisible by a
linear factor of the form (cx—5). In this case, b would divide the constant term of —1, and ¢
would divide the leading coefficient of +1. The only possibilities are £(x —1) and +(x +1), which
indicate G,(x) has a root of +1 or —1, respectively. However, G,(1)=-F,_; and G,(-1)=
(-D"L,_,. Hence, G,(x) has no rational roots. [

3. EVEN/ODD DISTINCTIONS

It is useful to note that when n is odd, G,(x) can be expressed entirely in terms of smaller
odd-indexed functions and the seed function G,(x). Similarly, when 7 is even, we can write
G,(x) in terms of smaller even-indexed functions and the seed function G,(x). Specifically, by
repeated substitution, we obtain
Formula 3.1:

@ Gpa(¥) = (2 +1Gyrs (1) + ¥ Gy (9) -+ X2 Gy () +¥Gy (¥),

b.  G,,(x)=(x* +1)Gy, () + %G,y (x) + -+ +x°G, (x) + xG, (x).

We can now show that ¥ is an upper bound for all of the odd-indexed g, and a lower bound
for the even-indexed g, .

Observation 3.2: g,, , <% <g, foralln>0.

Proof:
Case: Even Indices. (¥ <g,,)

By Formula 2.1, G,,(3%)=-2"2"<0. Since g, is defined to be the largest root of G, (x),
the result is indicated by Lemma 2.2A.

Case: Odd Indices. (g,,.; <)

Note that g, =1<3. Assume then that the proposition is true for g,,_, for kK <n. Using
Formula 3.1, we write

Gt (¥) = (¢ +1)- Gpp (%) + 37 Gy (¥) - +27 - Gy (x) + .

We can apply Lemma 2.2B because the functions x, x*, and (x* +1) have no positive roots, and
3, is an upper bound for the roots of the G, (x) on the right side. 0
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4. MONOTONICITY
Formula 4.1: G, (g,)=(-D""G,_,(g,).

Proof:

k=1. Write (1) in the form G,,,(x) = x-G,(x) + G,_,(x), and evaluate at x = g,, noting that
G,(g,) =0.

k=2. Write (1) in the forms G,(x) =x-G,_;(x)+G,_,(x) and G,,,(x) =x-G,,;(x) + G, (x).
Now plug in x =g, and note that G,_,(g,)=G,,,(g,) (the case of k=1) to get G, ,(g,)=
_Gn+2 (gn )-

k <j. Now assume the proposition is true for k =1,2, ..., j—1 (holding » fixed) and define 4
as the quotient
_ Gn+k (g n)

Gn—k (gn)

We will show 4 = (~1)’*' to complete the proof. We can simplify A using (1) for the numerator

and (1) solved for the last term, G, = G,,,, —x-G,,,,, for the denominator:

A= gnGn+j—1(gn) + Gn+j—2 (gn) — gnGn+(j—1) (gn) + Gn+(j—2)(gn)
Gn—j+2 (gn) - gnGn—j+i(gn) G, -(j-2) (gn) - gnGn—(j—l) (gn)

Also define B and C and simplify using the validity of the formula for smaller values of £.
B= Gn+j—l(gn) = Gn—(j—l) (g.)= (“DjGn—(j—l) (g,
C= Gn+j—-2 (&)= Gn—(j—Z)(gn) = (‘l)j_lGn—(j—z)(gn)

Substituting B and C into the simplification of 4, we get

B g,B+C B g,B+C
-»'C-g,(-1YB (-)’*'(C+g,B)

= (D",

This shows the formula to be valid for k= j. O

Proposition 4.2: The subsequence of {g,} with odd indices is a monotonically increasing
sequence; and the subsequence with even indices is monotonically decreasing.
Proof:
Odd Indices. By direct computation, g; > g, =1. Assume the proposition holds up to g,,_,,
that is, g, < g3 <--- < gy,_3 <&y-1- Then Gy;_3(g,;-1) >0 (Lemma 2.2A). Using Formula 4.1,
Gop1(&241) = G(2k—-1)+2 (8a-1) = _G(Zk—l)—z (824-1) = ~Gop—3(824-1) <O

G,y+1 must have a root greater than g,, ; by Lemma 2.2A. It follows that g,, ., > g,,_;.

Even Indices. Note first that g, =)/ >3 Since g,, , <% (Observation 3.2), then
G,,1(x)>0o0n[%, o). Rewriting (1), we have G,,-G,, , =x-G,, ;>0 on [¥,o). Thus,
G,, > G,,_, for all x>%; and G,, has no root greater than g,, ,. But G,,(34) <0 by Formula
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2.1. By the intermediate value theorem, there must be a root between % and g, ,. This root

must be g,,. U

5. THE ODD-INDEXED CONVERGENCE

We now know that the odd-indexed {g,} form a monotonically increasing sequence bounded
above by ¥, and the even-indexed {g,} form a monotonically decreasing sequence bounded

below by 3. Thus, limits do exist for both subsequences. We need two additional lemmas.

Lemma 5.1: The derivatives Gj,_,(x) are bounded below by F,, on the interval (g,,_,, ),

where F,, is the (2n)™ Fibonacci number.
Proof: Substituting for both G,,,,(x) and G,,_,(x) in Formula 3.1, we obtain

G () = Gy (%) =[(6 + 1) Gy (¥) + %Gy (x) + -+ + X2 Gy (%) + XGy ()]
—[(% + )Gy (%) + X7Gps (%) + - + X7 Gy (%) +XGy ()]
= (¥* + )Gy (¥) = Gy s (%).
Solving for G,,,,(x) gives us G,,,,(x) = (x* +2)G,,_,(x) — G,,_5(x). Differentiating gives
G (%) = (¢ +2)G5,4 (¥) = G, 5(x) +2xG,,; (%),
For x> g,,_,, the last term is positive; thus, for all x> 1,
G2'n+1 (x) > (x2 + 2)G2'n-l (x) - G2,n—3 (x) >3- Gl’n—l (x) - G2’n—3(x)~
We compute
Gix) = (x-1y =1= 5,

Gijx) = -x* -1y =3x*—2x>3=F, (forx>g;> V2),
Gi(x) >3Gj(x)>3(3)-1=8=F; (forx>g;).

Using induction and the Fibonacci identity F,, =3- £, , — F;,_4, (2) becomes

G (¥) > Fypyy. U

2

Actually, the growth rates of these derivatives can easily be shown to be even greater,
although they are adequate for our purposes here. We are ready to demonstrate that the odd-

indexed roots converge to ¥, with the aid of the following simple lemma.

Lemma 5.2: If polynomial functions f(x) and g(x) have the properties that f(b) = g(b) >0 and
f'(x)>g'(x)>0 for all x in (a, b), then f(x)<g(x) on (a,b). Furthermore, if g has a root ¢ in

(a,b), then f(x) also has arootin (c, b).

Proof: Let h(x)= f(x)—g(x). Then A'(x)=f'(x)—g'(x)>0, which implies /i(x) is
increasing. Since A(x) < h(b) =0 for all x in (a,b), we have f(x)— g(x) <0 and the first result
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follows. If g(c)=0, then f(c)<g(c)=0. Since f(b)=g(b)>0, f must have a root in the
interval (c,5). O
Proposition 5.3: The odd-indexed subsequence of {g,} converges to ¥ . That is,

3

I ==,
nl_r::o 8an-1 2

Proof: Because the odd-indexed subsequence {g,, ,} is monotonically increasing and
bounded above by ¥,, we know that the limit exists and is less than or equal to %;. We need only
show it is no less than 3.

We apply Lemma 5.2, setting f(x)=G,, ,(x) and g(x) = x—(3%—-2*"""). We note that
G5 =g(3%)=2"*" >0 (Formula 2.1), and f'(x) = G},_,(x)> F,, >1=g'(x) (Lemma 5.1).
Since g(x) has a root at x=(3%-2>""), it follows that G,, ,(x) has a root in the interval
(3%-2"",%). Thus, % >g,,,>%—-2""" foralln. O

6. THE EVEN-INDEXED SUBSEQUENCE

We now address the even-indexed subsequence in a somewhat analogous way.
Lemma 6.1: The derivative G;,(x) is bounded below by the Fibonacci number F,,,; on [}, «).

Proof: For x>%, Gj(x)=2x-1>2(3%)-1=2=F. Assume G}, ,(x)>F,, . Differen-
tiating (1) gives G;,(x) =x-G;,_(x)+G;,_,(x)+G,,_,(x) Keeping in mind that G;,_(x) > F,,
(Lemma 5.1) and G,,_;(34)=2"" >0 (Formula 2.1 and Lemma 5.1), we write

G2'n (X) > (%) ' En + };‘Zn-l + 2-2’1_1 > F2n + En—l = F‘2n+1' u
Combining Lemmas 5.1 and 6.1, we have the side result
Corollary 6.2: G!(x)> F,,, on the interval [¥, ).

Lemma 6.3: Suppose polynomial functions f(x) and g(x) have the properties f(a)= g(a)<0
and f'(x)> g'(x)>0 forallxin (a,b). Then f(x)> g(x) on (a,b). Furthermore, if g(x) hasa
root ¢ in (a, b), then f(x) also has a root in (g, ¢).

Proof: Apply Lemma 5.2 to the functions —f(a+b—x) and —g(a+b—x). U

We can now show that the even-indexed roots converge to ¥ from above.
Proposition 6.4: The even-indexed subsequence of { g, } converges to %. That is,
limg,, = 3
e & = 2 :

Proof: Because the sequence {g,,} is monotonically decreasing and bounded below by ¥,
we know that the limit exists and is no less than ¥,. We need only show that the limit is no more
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than ¥. Apply Lemma 6.3, letting f(x)=G,,(x) and g(x)=x—(3%+27""). Then f(34)=
g4 =272 and f'(x)> F,y>1=g(x) Lemma 6.1). Thus, f(x)=G,,(x) has a root inter-
val (%, % +272"). This means that % < g,, <¥%+2""" foralln.

7. CONCLUDING REMARKS

While the golden numbers form an irrational sequence converging to % with odd and even
subsequences converging monotonically from below and above, respectively, there are other
questions to consider. For example, computer analysis also yields the apparent approximation.

& =+ A (=D,

which could be explored. Also, it is quite likely that these results can be extended to other Fibo-
nacci polynomial sequences. Many of the formulas and lemmas here relied only on the basic
Fibonacci relationship (1) and not the specific definition of the particular functions { G, }. Possibly
there is a number like ¥ for each Fibonacci polynomial sequence.
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THE MULTIPARAMETER NONCENTRAL STIRLING NUMBERS
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1. INTRODUCTION

The Sterling numbers of the first and second kind were introduced by Stirling in 1749 (see
[9]). Recently, sevzial generalizations and extensions of the Stirling numbers are given and many
combinatorial, probabilistic, and statistical applications are discussed (see [1], [2], [3], [4], and
[81).

In a recent paper [6], Koutras defined s(n, k; @) and S(n, k; @) [we used these symbols
instead of s,(n, k) and S, (n, k) to avoid ambiguity with Comtet's numbers], the noncentral Stir-
ling numbers of the first and second kind, by

n

), =Y. s(nk;a) (t-a), (1.1)
k=0
(t—a)y' =3 St k@) (1), (12)
k=0

In this paper we use the following notations:

n-1 4
t/a),= H(t—aj), (t/a),=1, and (a;), = H(ak -a;), k<t
=0 o
Comtet [5] defined s,(n, k) and S, (n, k), the generalized Stirling numbers of the first and
second kind associated with ¢, @, ..., @,_;, by

(t/a),= isa(n, k)t*, (1.3)
k=0
"= isa(n, k) (t/a),. (1.4)
k=0

The main purpose of this paper is to modify the noncentral Stirling numbers of the first and
second kind.

In sections 2 and 3 we define s(n, k; @) and S(n, k; @), the multiparameter noncentral Stir-
ling numbers of the first and second kind; recurrence relations, generating functions, and explicit
forms are obtained.

Some special cases are discussed and a relation between the multiparameter noncentral
Stirling numbers and other Stirling numbers are found. Finally, in section 4, some applications are
derived.
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2. THE MULTIPARAMETER NONCENTRAL STIRLING NUMBERS
OF THE FIRST KIND

Definition: Let t be a real number, n a nonnegative integer, and « = (@, @, ..., @,_;) Where
a, <o, <---<a,_; are real numbers.

We define the multiparameter noncentral Stirling numbers of the first kind, s(n, k; «,, a,,
a,_;), briefly denoted by s(n, k; @), with parameters a = (a,, ay, ..., @,_;), by

ceey

n

®, = Zs(n, k;a)(t/a), 2.1)

k=0
where s(0,0; @) =1 and s(n, k; &) =0 for k > n.
Theorem 2.1: The multiparameter noncentral Stirling numbers of the first kind s(n, k; @) satisfy
the recurrence relation

sm+Lk;a)=s(n k-1 a)+(a, —n)s(n, k;a) fork=>1, (2.2)
where s(0,0; @) =1 and s(n, k; @) = 0 for k >n and

s(n,0;a)=(ay—n+D)(a,—n+2)-(a, - Day, =(a),-

Proof: Since (1),,, = (1),[(t—a,)+(a;, —n)], we have
n+l n n
Zs(n+ Lk,a)(/a), =(- ak)Zs(n, k;a)(t/a), +(a, —n)z s(n, k; ) (t/ o),
k=0 k=0 k=0
n+l n
= Zs(n, k-La)(t/a), +(a,—n)) s(nk,a)(/a),.
k=1 k=0
Equating the coefficients of (#/ ¢), on both sides, we get (2.2). For k=0 we get s(n+1,0; @) =
(ay —n)s(n, 0; @); therefore, s(n, 0; @) = («,),, follows by induction.
Remarks: We discuss the following special cases:

i) Ifa,=a,i=0,1,...,n—1, then from (2.2) we have
s(n+Lk;a)=s(nk-1,a)+(a-n)s(n, k; a),

where s(n, k; a) denotes the noncentral Stirling numbers of the first kind that is defined by
Koutras [6].
i) Ifa; =0,i=0,1,...,n—1, then we have
s(n+1,k)=s(nk—-1)—ns(n, k),
where s(n, k) denotes the usual Stirling numbers of the first kind [9].
i) If a,=i,i=0,1,...,n—1, then s(n, k;a) reduces to the C-numbers, where r =1, ie.,

C(n, k,1) (see [3]).
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Theorem 2.2: The multiparameter noncentral Stirling numbers of the first kind have the exponen-
tial generating function

" 1+10)*

" ( <
¢.(1.@) = 25(71 k: a) ' Z @) (2.3)

Proof: Let ¢, (2, @) be the exponential generating function of s(n, k. «). then

b, (1:T) = Y 501 k@) . where
o !

(2.4)
po(t.a) = Zs(n 0: a\_ Z(ao) = (1+1)®

n=0

Differentiating both sides of (2.4) with respect to z. we get

n—I

k:
. (t.a) = WZ(S(H a)( T

and from (2.2) we get
"‘1 n—l

p.(t.a)= Zs(n—l k-1 a) +a, Zs(n L k. a)
n=k ( ) n=k+1 l)'

2

-t Xs(n—l k.a)

n=k+1 ( 7)'
=g (na)+~a. b, (1.a)- 14, (1. @)
hence.
w2 s D e T
¢ (1 ) (1+l)¢<(7~a) 1+[¢(_1(l.a)4

Solving this difference-differential equation. we obtain (2.3).

Theorem 2.3: The numbers s(n. k: @) have the following explicit form:

s(n. ki) = Z ( )"‘ZHI_ D ¢ (2.

E ._O(a e

[\S)
U
o

where, in the second sum, the summation extends over all ordered n-tuples of integers (¢,, ¢,. ...,
¢,) satisfying the conditions ¢, + ¢, +---+¢ =nand £, 21, i=1,2.....7.

Proof: From (2.3).

| (1+[) k a , log(1+1)
¢k(t’ z ‘ z:;) a,-)k
koo (a,log(l+1) & S il
1
g(a)fg r! ga)k;) (Z( : )

and using Cauchy's rule of multiplication of infinite series, we get (2.5).
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In the following, we find a relationship between s(n, k) and s(n, k; @). From (2.1), we have

n

(1), =2 s(n, k; @) (t/ @), ;

k=0

hence,
n

> s(n, i)t = Zs(n k; a)Zs (k, i)t

i=0 k=0
= z (Z s(n, k; a)s, (k, i))ti .
i=0 \ =i

Equating the coefficients of #' on both sides, we get
s(n,i)= Z”:s(n, k; @)s,(k,i).
k=i
Similarly, we can express s(n, k; @) in terms of s(n, k). Since
), = Y. s(n, )t

k=0

we have, from (1.4) and (2.1),

n k
O = 2500, 0)Y. S, (k, 1) (1 @)y
k=0 i=0
therefore,

is(n, ha)(tla),= i(zn: s(n, k)S, (k, i)) (t/a),

i=0 i=0 \ k=i

and hence,
s(n,i; @) =Y. s(n, k)S, (k,i).
k=i

Also we can express S, (n, k) in terms of s(n, k; ). Since

Zn:S(n k) (1), = ZS(n k)Zs(k Ja) (1 @),
we have -

znj S, (n,i)(t] ), = Z[Z S(n, k)s(k, i; 5)) (t/a);

i=0 \ k=i
hence,

S, (n,i)= Zn:S(n, k)s(k,i; o).
k=i

(2.6)

2.7)

(2.8)

Combining equations (2.6) and (2.7), we get an orthogonality relation of s,(n, k) and S, (1, k).

Since
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s(n,i) = }i s, (k, i)zn: s(n,1)S,(¢, k)= zn:(i s, (k,1)S, (4, k)] s(n, £);
k=i =k

£=i \ k=i

hence,
14
Z Sa ((5 k)sa (ks l) = 551’5
k=i

where &, is Kronecker's delta.

3. THE MULTIPARAMETER NONCENTRAL STIRLING NUMBERS
OF THE SECOND KIND

Definition: Let ¢ be a real number, n a nonnegative integer, and @ = (o, ay, ..., @,_;), Where
a, <a, <--<a, are real numbers.

We define S(n, k; oy, ay,...,a,_,), briefly denoted by S(n, k; @), the multiparameter non-
central Stirling numbers of the second kind with parameters @ = (¢, @4, ..., @,_;), by

t/a), =Zn:S(n, k) (@), 3.1
k=0

where S(0,0; @)=1and S(n, k; @) =0 fork >n.
Theorem 3.1: The numbers S(n, k; o) satisfy the recurrence relation
S k;ay=Sm-Lk-La)+(k-a,)S(nh-1,k; a). (3.2)

Proof: Since (t/a),=(t/a), (t-a, )=({/a),,[(t-k)+(k-a,_)], we obtain, from
(3.1,

iS(n, k;a) (), = (l—k)nfS(n— Lk; @) (1), +(k—an-1)nz_15(n— L ks @) (),
k=0 k=0

k=0

which gives us (3.2).
We discuss the following special cases:

i) Ifa,=a,i=0,1,...,n—1, then from (3.2) we have
Snk;a)=Sm-Lk-La)+(k-a)S(n-1k; a),

where S(n, k; @) denotes the noncentral Stirling numbers of the second kind as defined
by Koutras [6].

i) fa; =0,i=0,1,...,n—1, then from (3.2) we have
S(n, k)=Sn-1,k-1)+kS(n-1,k),
where S(n, k) denotes the Stirling numbers of the second kind (see [9]).

iii) If «, =i,‘i= 0,1,...,n—1 then S(n, k; @) reduces to the C-numbers, where r =1, i.e.,
C(n, k; 1) (see [2]).

In the following, we find a relationship between s, (n, k) and S(n, k; «).
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From (3.1) we have
n n k
(tla), =2 S ka) (1), = Sk a)) sk,ir';
k=0 k=0 i=0
hence,
D s, (n, i)t = Z{Z S(n, k; @) s(k, i)) t
i=0 i=0 \ k=i
and equating the coefficients of 7' on both sides, we get
s, (n,i)= ZS(n, k; @) s(k,1). (3.3)

k=i
Similarly, we have

n n k
/@), =D s, k)" = 5,(n, k)Y S(k,i) (1),
k=0 k=0 i=0
therefore,

Zn: S(n,i; ) (1), = i(i s, (n, k)S(k, i)) ®);,,

i=0 \ k=i
and hence,

S(n,i;a)= Zsa (n, k)S(k,i). (3.4
k=i
Also, we can express S(n, k) in terms of S(n, k; @). It follows from (1.4) that

(=Y S, k) (t @), = Y Su(n, )Y, SCk, @) (8),.
k=0 k=0 i=0
Thus,

S Smi) (0, = (}: S, (n, B)S (s, a‘)) o8
i=0 i=0 \ k=i
implying that

S(n,i)= ZSa (n, k)S(k,i; ). 3.9
k=i
Moreover, we can find a relationship between s(n, k; @), s,(n, k), and s(n, k; o), as follows.

From (2.6) and (1.9) in [6], we get

n

32 (7)ot @)= st £, (6.
l=i

£=i

hence,
3 (s(n, E@s, (60~} -y esto a)) -0 (3.6)
t=i

Similarly, from (2.5) and equation (2.5a) in [6], we get
i(sa (n, k)S(k, i, @) - (Z)a"’kS(k, i a)) =0, (3.7)
k=i
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4. APPLICATIONS

i. From (2.6), and since

s(n, i) = Z (1Y L(n, k)s(k, i),
k=i

where L(n, k) denotes the Lah numbers (see [3]); hence, we obtain the combinatorial identity

i((—qu(n, k)s(k, i) - s(n, k; @)s, (k, 1)) = 0. (4.1)

k=i

Similarly, from (2.6), and since
s(n, 1) =r""3 C(n, k,r)s(k, 1),
k=i

where C(n, k,r) denotes the C-numbers (see [3]), we have the combinatorial identity

n

X (s(n, k; a@)s, (k, i)' C(n, k, r)s(k, 1)) =0. (4.2)
k=i

ii. We find an orthogonality relation of s(n, k; @) and S(n, k; @). From (2.1) and (3.1), we get

(0, = Y 5n, k@) (11 @), = 3. 5(n, ;@) (ﬁ S(k, i, @) (t)i)
k=0 k=0 i=0
- z[z s, ks @S (ko 5)) OF
i=0 \ k=i
hence,
Y. stn, ks @S(h,is @) = 5, (43)
k=i

where &, is Kronecker's delta.

ili. Let M, ,(x) denote the B-spline of Curry Schoenberg with knots &, <&, <---<&
(Je€Z,k=1,2,..) as defined in [7]. The moments u,(k, &) of the B-spline M, ,(x) when the
index j is equal to 0 is given by

e, &= [~ x' My ()dx, £=0,1,..;k=1,2,..;
§:(§0a gl’ EES] fk)

From (3.3) and Proposition 3.1 in [7], we get

-1 n

s, =(7) XSk @sCi ) 44
k=i
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AN "ALL OR NONE" DIVISIBILITY PROPERTY FOR A CLASS OF
FIBONACCI-LIKE SEQUENCES OF INTEGERS

Juan Pla
315 Rue de Belleville, 75019 Paris, France
(Submitted September 1992)

In this note, we prove the following theorem.

Theorem: Let u, be the general term of a given sequence of integers such that u, , =u,,, +u,,
where u, and u, are arbitrary integers. Let x be an arbitrary integer other than —-2,-1,0, and 1.
Let D be any divisor of x* +x—1 other than 1. Then, the sequence w, = xu
is such that:

w1 —U,, where n>0,

(a) D divides every w,,;
(b) D dividesno w,,.

Proof: Tt is a well-known fact [1] that
un+p+l = Fp+lun+l + Fpun’ (1)

where F), is the p™ Fibonacci number. Considering the following product of two polynomials in

the variable x,
p=n

(*+x+1) Y F,x?, ()
p=0

and taking advantage of the fundamental properties of the Fibonacci sequence, we can see that
most of the terms in (2) vanish when we develop the product, to obtain

p=n
(P +x+1) Y F, xP = -1+ x"((1+x)F,,, + F,). 3)
p=0

Since x is an integer, the two integers x> + x—1and k, = (1+x)F,,, + F,, by (3), cannot share any
common divisor. That is,

*+x-1k)=1 n>0. 4)
Letting

{kp =(1+X)F,,, +F), “

k Fon+xF,,

p-1-

we have a linear system whose determinant is x> +x—1. Since we assume that x is an integer,
and that this polynomial has no integer as a root, this means that the system (5) has one solution,
which can be expressed as

(x*+x- DE, =xk,—k,_,, ©
(P +x-)F, =(1+x)k,, —k,.
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If we substitute the values of F,,, and F, from (6) into (1), we have

O 4% =Dty = (k= kot + (L4 X0k, — K, Ju

= (xun+1 - un)kp + ((1 + x)un - un+l)kp—l'

n

)

Recalling that w, = xu,,, —u, and that u,,, =u, +u, ,, we can substitute these values into the
right-hand side of (7) and by simplifying obtain
(o +x - Dty s =Wk, + Wik, . )

Now let D be any divisor of x* +x —1 (except 1) and assume D divides w, for some n. Since, by
(4), D does not divide k,, we see that D divides w,,_,. It is now obvious, by induction, that all the
terms of {w,} are divisible by D. Similarly, if there exists one w,, that is not divisible by D, then
there is no w,, that is divisible by D.

Examples:
a) The first interesting value is x = 2, for which x* +x—1=5, and
W, = 2ur1+1 Uy T Uy U,

., where L_isthe n™ Lucas number. Since 5 does not divide
L, =w,, we have established the well-known fact that no L, is divisible by 5. On the contrary, if
weletu,=L,, thenw, =L ,+L, _,. Here, all terms of w, are divisible by 5, since w; = 5.

Letting u, = F,, we have w, = L

b) A consequence of this "all or none" property is that no Fibonacci-like sequence of integers u,
exists such that F, =u,,, +u,_, for all n because some of the Fibonacci numbers are divisible by 5
and some are not.

¢) When x* +x~1 is composite, it is easy to build sequences displaying the "none" property for
some of the divisors and the "all" property for the other ones. For instance, when x=7,
x*+x-1=55=5*11andw, =Tu,, —u, With u,=3andu, =2, we get w, = 11, which means

n

that w,, displays the property "none" for 5, and the property "all" for 11.
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A GENERALIZATION OF MORGAN-VOYCE POLYNOMIALS

Richard André-Jeannin
IUT GEA, Route de Romain, 54400 Longwy, France
(Submitted September 1992)

1. INTRODUCTION

Recently Ferri, Faccio, & D'Amico ([1], [2]) introduced and studied two numerical triangles,
named the DFF and the DFFz triangles. In this note, we shall see that the polynomials generated
by the rows of these triangles (see [1] and [2]) are the Morgan-Voyce polynomials, which are well
known in the study of electrical networks (see [3], [4], [5], and [6]). We begin this note by a
generalization of these polynomials.

2. THE GENERALIZED MORGAN-VOYCE POLYNOMIALS
Let us define a sequence of polynomials { P} by the recurrence relation
PO (x) = (x+2)PN)(x) - PY)(x), n>2, (1)

with P (x)=1and B (x)=x+r+1.
Here and in the sequel, 7 is a fixed real number. It is clear that
P® =b, ®)
and that
PP =B, ©)

where b, and B, are the classical Morgan-Voyce polynomials (see [3], [4], [5], and [6]). We see
by induction that there exists a sequence {af,f )c}nZO, x>0 Of numbers such that

PO (x) = Za,(,,’}cxk ,
k20
with a{}, =0ifk>nand a?), =1ifn>0.

The sequence a{) = P{"(0) satisfies the recurrence relation
(r) — 954" (r)
Ao =20, g =@, 0, M2 2,

with a§) =1and a{’) =1+r.
From this, we get that

a,(:2,=1+nr, n>0. @)
In particular, we have
a,(q?()) =1, nx0 (%)
and
a,% =1+n, n>0. 6)
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Following [1] and [2], one can display the sequence {a(’) } in a triangle:

k1|0 1 2 3
1
1+r 1

1+2r 3+f 1
1+3r 6+4r 5+r 1

W N = O

Comparing the coefficient of x* in the two members of (1), we see that, for n>2 and & > 1,
ay) =2a0  —a  +a . ()

By this, we can easily obtain another recurring relation
r(lr)l et Za,(;)k_l, nxlLk>1 (8)

In fact, (8) is clear for n <2 by direct computation. Supposing that the relation is true for n>2,
we get, by (7), that
D = a0+ (6~ )+l

el
= afﬁc + zag)k 1 +a;(qr;c 1= a(r) + Zac(zr)k—la

and the proof'is complete by induction.

We recognize in (8) the recursive definition of the DFF and DFFz triangles. Moreover, using
(5) and (6), we see that the sequence {a )} (resp. {a(l) }) is exactly the DFF (resp. the DFFz)
triangle. Thus, by (2) and (3), the generatlng polynomial of the rows of the DFF (resp. the DFFz)
triangle is the Morgan-Voyce polynomial b, (resp. B,).

3. DETERMINATION OF THE {a%"),

In [1] and [2], the authors gave a very complicated formula for {a(o) } and {a,(:)k}, We shall
prove here a simpler formula that generalizes a known result [5] on the coefficients of Morgan-
Voyce polynomials.

Theorem: For any n>0 and k >0, we have

) =1+ k n+k

Inke = ( 2k )”(2k + 1)’ ©)
where (g) =0ifb>a.

Proof: 1f k =0, the theorem is true by (4). Assume the theorem is true for £ —1. We shall
proceed by induction on #. Equality (9) holds for »=0and n=1 by definition of the sequence
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{a(’)} Assume that n>2, and that (9) holds for the indices n—2 and n—1. By (7), we then
have a), =2af,’_)1 —a, k+a,(, )Lk = Xk +71, k, where

_Aofn+tk-1\ (n+k-2\ (n+k-2 nt+k-1\ _(rn+k-2 n+k-2
Xn’k*z( 2% ) ( 2k ) (2k—2)a“dYn (2k+1) (2k+1)+( 2k—1)~
Recall that
al_[(a-1 a-1 a-2 a-2 a-2
(5)-(5 )+ (5=0)- (") 523 (53)
From this, we have
_Af(n+k-2 n+k-2 n+k-2 n+k-2
L (e N Crary) S g R vy

_(n+k-2 n+k-2 n+k-2\_(n+k
‘( 2k )*2( 2k-1 )*( 2k-2 )“( 2%k )

In the same way, one can show that ¥, , = (5*¥); this completes the proof.

The following particular cases have been known for a long time (see [5]). If » =0 (DFF tri-
angle and Morgan-Voyce polynomial b, ), then

(© _(n+k
"n,k—( 2k )

and, if » = 1 (DFFz triangle and Morgan-Voyce polynomial B,), then
a® = n+k + n+k\_(n+k+1
ke =\ 2k 2k+1)7\ 2k+1 )

Remark: The sequence w, = P"(1) satisfies the recurrence relation w, =3w,_; ~w, ,. On the
other hand, the sequence {F,,}, where F, denotes the usual Fibonacci number, satisfies the same
relation. From this, it is easily verified that

Pn(r)(l) Fopy t(r=DFy, = Fy, +1Fy,.

For instance, we have two known results (see [1] and [2]), PO()=F,,,, and PP () = F, ,,.
We also get a new result,
PO = Fypy + By = Ly,

where L, is the usual Lucas number.

4. MORGAN-VOYCE AND CHEBYSHEV POLYNOMIALS

Let us recall that the Chebyshev polynomials of the second kind, {U,(w)}, are defined by the

recurrence relation
U,(®)=20U,_(0)-U,,(»), (10)

with initial conditions U,(@)=0and U;(w)=1. It is clear that the sequence {P{” (2w -2)}
satisfies (10). Comparing the initial conditions, we obtain
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B 20 -2)=U,, (@) +( 1)U, ().

If o = cost, 0<t <, it is well known that
U (0) = sin.(nt) .
sin £

Thus, we have
_sin(n+ 1) +(r —1)sinnt

P o -2) —
sin

From this, we get the following formulas, where @ = cost = (x+2)/2,

= pO)(y) = S0S@n*DI/2
Pate)= £ = cost/2 11)
B, (x) = PO (x) = S0+ D1 12

sin ¢

Formulas (11) and (12) were first given by Swamy [6]. We also have a similar formula for
PP (x), namely,
sin(2n+1)t/2

13
sint/2 (13)

PO ()=
From (11) and (12), we see that the zeros x, (resp. ;) of the polynomial b, (resp. B,) are given

by (see [6])

X = —4sin2( k
2n+2

Q2k-Drx
4dn+2

),k:1,2,...,n, and yk=—4sin2( ),k:1,2,...,n,

Similarly, the zeros z, of the polynomial P (x) are given by

z =—4sin2( kn ),k=1,2,---,”-
2n+1
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ANOTHER INSTANCE OF THE GOLDEN RIGHT TRIANGLE

Ian Bruce
Department of Physics and Math. Physics, University of Adelaide, Adelaide, S. Australia, P.C. 5001
(Submitted October 1992)

The golden ratio 7=(1 +J§) /2, the positive root of x*> =x+1, makes an unexpected
appearance in [1], where a certain right triangle turns out to be a "Golden Right Triangle" (GRT),
one having sides proportional to (1, 72, 7). The author wonders about the existence of other sets
of circumstances where the GRT makes an unexpected appearance. In this note, such an occasion
arises.

Suppose you are given two line segments of length a and b, then consider the problem in
Euclidean geometry of constructing a right-angled triangle with hypotenuse of length equal to the
arithmetic mean (4) of @ and b, that is,
a+b

2

A=

>

and one other side equal to their geometric mean (G ), that is

G =+ab.

This problem is readily solved, as indicated in Figure 1.

o A4 ®
<
<

a

<« (a+b)/2—>

Figure 1

If we now demand that the shortest side AC of AABC in Figure 1 is the harmonic mean (H )
of a and b, that is, 2/ H =1/a+1/b, then we obtain the triangle with sides of length indicated in
Figure 2. The problem now is to determine a and b so the lengths are proportional to (4, G, H).

We can set b =1 without loss of generality, and apply Pythagoras' Theorem to obtain,
after some algebra: a* —18a” +1=0, giving a* =9+4+/5=17° and 1/7° for positive and nega-
tive signs, respectively.

For the positive sign, and the larger root, we have @ = 7> =27 +1. In this case the required
triangle has sides of length

((z’+l), (21+1)V2,%). |
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This can be written as (72, 732, 7), which is proportional to (z, V2, 1), the GRT above.

C
(a+b)/2 Jab
4 (1B
2ab
a+b
Figure 2

For the negative sign, and smaller root, we have a =1/ 73 and b = 1. This results in a triangle
with sides of length

(t+1) 1 1
2r+1)’ Qr+DV2° (z+1) )
Again, this is proportional to GRT, the side lengths being reciprocal to those above.

Here, then, is another situation in which the golden ratio makes an unexpected appearance.
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INFINITE PRODUCTS AND FIBONACCI NUMBERS

Don Redmond

Department of Mathematics, Southern Illinois University, Carbondale, 1L 62901-4408
(Submitted October 1992)

In this paper we wish to describe how certain identities for infinite products lead to some
striking infinite products involving terms of binary recurrences.

1. INFINITE PRODUCTS
We begin with the result on infinite products.

Theorem 1: 1If |x|<1, § is a set of positive integers and 4 and g are functions such that |g(x)|,
|A(x)|< Cx= for all x, where C >0 and & = 0 are constants, then

[T (1 )20 (1 0% — expd 3" Z(h(d)+(—1)"/"g<d))3‘,; .

keS n=1 dn
desS

Proof: Let

F(x) — H(l + xk )g(k)/k (1 _ xk)h(k)/k )
keS

Note that the infinite product converges absolutely for |x|<1. Then

log F(x) = z{$1og(1 +x) +ﬁ(7?10g(1 - xk)}

keS

_ 5 8 ) h)E
Gk E w ko

Since |x|<1 and g(k) and A(k) are bounded by powers of k, we see that the two double series
converge absolutely, and so we may interchange the order of summation. We obtain

og F) =3 3 (-1 g(d) -3 2 3 h(dl)
n=1 T apn n=1 B g
deS deS
=5 S () + (-1 g()).

If we exponentiate, the result follows.

The following two corollaries are the results we will be using in what follows. In the first
corollary, we take § to be the set of odd integers and g = —A = f, where f is any function that
satisfies the order of magnitude bound on Theorem 1. In the second corollary, we take S to be
the set of natural numbers and g = —h = f as before.
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Corollary 1.1: Under the hypotheses of Theorem 1, we have

F(2k+1)/(2k+1)
oo (] 4 2kH oo L2k
Z(l—x”“ = exp 22 Zf(d) :

k=0 k=0\ dl2k+1 2k +1

Corollary 1.2: Under the hypotheses of Theorem 1, we have

S22 ol a2

=i\ 1-x n=1\_dn

2. BINARY RECURSIONS
Consider the binary recursion relation
U,y =QU,, +bu,, n=0, €))

where u, and u, are some given values. Let aand § be the roots of x* —ax—5b =0, where we
take

If we assume a > 0 and a* +4b > 0, then we have that

|f/al<l )

Let {P,} be the solution to the recursion (1) with initial conditions Fy =0 and /4 =1. Then it
is well known that we may write

an _ﬂn
P, = : 3
= ©)
If we let {Q,} be the solution to (1) with J, =2 and O, = a, then we have
O,=a"+p". ©)

The most well known of these sequences are the Fibonacci and Lucas numbers that satisfy (1)

with a = b =1. In this case,
1++/5 . _1-45
2 2

nd S

3. SOME ARITHMETIC FUNCTIONS

In our applications of Corollaries 1.1 and 1.2, we will take f to be some well-known
arithmetic functions, namely, the Euler function, ¢, and the Mobius function, . The reason for
discussing these two function is that they have the following well-known properties:

2 od)=n (%)
din
and
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Su@-{5 ny ®

din

These two results allow us to easily sum the infinite series that appear on the right-hand sides
of Corollaries 1.1 and 1.2. Unfortunately, not many other arithmetic functions have such simple

sums as in (5) and (6).
A generalization of the Euler function, namely, the Jordan functions, .J,, satisfies
Z Je(d)= n* >
din
but this leads us to sums of the form
+o0
z nk—l xn ,
n=1
which have closed-form expressions of the form
£ (x)
1-x)*’

where P, is a polynomial. For general £, the polynomial P, is not that tractable, and so we have
chosen to go with just the Euler function.

A function that generalizes both the Euler function and the Mgbius function is the Ramanujan
sum, c,(m), which can be defined by

¢, (m)= Zd,u(u/d)
di(n, m)

Then we have c,(1) = u(n) and ¢,(0) = ¢(n). The Ramanujan sum has the nice property that
_[n nm,
%:cd (m) = {0 otherwise.
If we use this in the corollaries, we end up with sums of the form
2x,
dlm

which are easy to deal with for individual m, but not in general.
Therefore, in what follows, we shall restrict ourselves to the use of only the Euler and
Mobius functions.

4. APPLICATION OF COROLLARY 1.1

If we let f =g@or u, then, since ¢(n) <nand |u(n)|<1, we see that we can use either of
these choices in Corollary 1.1. If {x|<1, then we have, by (5),

oo (11 2k P(2k+1)/(2k+1) soo 2] - .
H(—rm = exp; 2 2 o(d)r=expi2) x*" ZGXp(l_x2 ) Q)

k=o\ 1—x nm02n+1 450 n=0
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Similarly, if we use (6), we obtain, for |x|<1,

21 2R/ (2k+1)
X _ 2x
=e™. ®)

1+

o\ 1-x

Theorem 2: We have

P(2k+1)/(2k+1)
ﬁ[ Q2k+1 ) - exp( —2b ) (9)
r=o\ (& =B Pypyy ava® +4b

k k
i 2 ]“” T p[ 2bm)

and

10
H (=) Py -b (19

k=0
Proof: Let x=p/a. By (2), we see that |x|<1, and so we can use (7) and (8). We have

ﬁ(l+(ﬂ/a)2k+l Jf(2k+l)/(2k+l) o (az"“ o )f(2k+l)/(2k+l)
a

= 1- (ﬂ/ a)2k+1 0 2k+1 _ﬂ2k+1
Fk+1)/(2k+1)
— ﬁ( Q2k+1 )
=0\ (@ =) Py

Taking f = @ and u gives the left-hand sides of (9) and (10), respectively.
If we put x = #/ « into the right-hand side of (7), we obtain

2la)y  2af  2(=b) -2bla _ -2b
1-(B/a)* (@*-p) (a-P)P, a-P oo +4p
which completes the proof of (9).
To prove (10), we put x = #/ ¢ into the right-hand side of (8) and obtain

2(_,{3_)_ a’+2b—-ava® +4b

a -b ’

which proves (10) and completes the proof of Theorem 2.

If we take a = b =1 to obtain the Fibonacci and Lucas sequences, we get the following corol-
lary.

Corollary 2.1: We have

P(2k+1)/(2Kk+1)
ﬁ( 2+ ) e
VS
and
oo p(2k+1)/(2k+1)
H( 2k+1 } 5
V5P
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5. AN IDENTITY FOR MULTIPLICATIVE FUNCTIONS

Theorem 3: Let fbe a multiplicative function.
1) Ifmisodd, then
2N ()= f(@).

din din

2) Ifniseven, n=2'm, s>1, and m is odd, then

DED )= f(d) =222 f(s).

dn dln slm

Proof: Ifnisodd and d|n, then n/d is also odd. Thus, if n is odd, we have

YEY (@)= (Df ) == f(d),

dln dn din
which proves 1).
Suppose » is even and write n = 2"m, where s> 1 and m is an odd integer. Then

DEV = Y fd)- D= fd)-2 Y ().

din din dln dn din
n/d even n/d odd n/d odd

Now if d|n and n/d is odd, we can write d = 2°5, where &|m. Thus,

DY fA) =Y f(d)-2) f(2°6).

din din Sim
Since f is multiplicative, we can write f(2°8)= f(2%)f(6) and this gives 2) and completes the
proof of the theorem.

The following corollary is just a rewriting of Theorem 3 in a form applicable to Corollary 1.2.

Corollary 3.1: Let fbe a multiplicative function. Then, with the notation of Theorem 3, we have

2y f(d) if nis odd,
Dl1—(— nidY _ din
azp,f( )(1 D ) 2f(2s)Zf(d) ifn=2"mis even.

dim

We now apply the corollary to our specific choices of function, namely, @(n) and u(n).
Since both of these are multiplicative, we can apply Corollary 3.1 to obtain the following result.

Corollary 3.2: We have

> p(@(1-(-)") = {2" if nis odd,

n ifniseven,

dln
and
2 ifn=1,
TuE(1- (") =12 ifn=2,
din 0 ifn>2.
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Proof: If nis odd, then we have
22 o(d) =2n,

din
and if n =2°m is even, with s >1 and m odd, then

2¢(2s)z p) =221 m=2"m=n.
Slm
This proves (11).
If nis odd, then we have

2) u(d) =

din

2 1=2 ifn=1,
ifn>1

If n=2°m is even, then

SCWOR {2”(2 ) m=s

o ifm>1,

and
ifs=1,
if s>1.

-1
Sy —
If we combine these last two results, we see that

2u(2°)) 1) =

{—2 ifs=1, m=1,
Slm

otherwise.
This proves (12) and completes the proof of the corollary.

6. APPLICATION OF COROLLARY 1.2

If we proceed as we did in section 4 and now apply Corollary 3.2, we obtain the following
theorem and corollary.

Theorem 4: We have

400 o(k)k 2 o0 p(k)/k 2
0 (P r2ap 0, (2ap-p
g((a—;})&] _exp[ az—ﬂ] E((a ﬂ)PkJ _exp( o’ )

Corollary 4.1: We have

p(k)/k (k) k
ﬁ L, _ e—(1+f)/2f and H L, _ e<_13+5‘/§)/2.
\/ng ‘\/_Fk

k=1
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MAXIMAL REPRESENTATIONS OF POSITIVE INTEGERS
BY PELL NUMBERS

A. F. Horadam

The University of New England, Armidale, Australia 2351
(Submitted October 1992)

1. INTRODUCTION

In [4], the uniquc Zeckendorf representations of positive and negative integers by distinct
Pell numbers was minimal, i.e., the number of terms in each representational sum was the least
possible.

Here we show how to represent positive integers maximally by means of Pell numbers. That
is, each positive integer is to be given as a sum in a maximal representation by using the greatest
number of terms involving distinct Pell numbers (see Table 1).

Short tables for minimal and maximal representations of positive integers in terms of (i) Fibo-
nacci numbers and (ii) Lucas numbers, are given in [3].

Our theory for Pell numbers will be analogous to that used for Fibonacci numbers in [1],
where a "Dual-Zeckendorf theorem" is established. Enough variations and complications exist,
however, to make this investigation worthwhile per se. (Theorems for Lucas numbers corre-
sponding to those for Fibonacci numbers may be found in [2].)

Positive Pell numbers are defined by the recurrence

Pn+2:2})n+l+Pn’n20’ (11)
with

F=0,A=1 (1.2)
Thus, the first few Pell numbers are
n= 0123 4 5 6 7 8 9 - 1.3)
P =012 512 29 70 169 408 985 --- ’

n

Repeated use of (1.1) leads to

Pon=2B + P, + B s+ + B g2)+ B g (1.9
in which
t=12,..,% k even,
(1.5)
= 1,2,...,-"‘—%L k odd.
Consequently,
Py —-1=2(B,+PF,_,+P,_,+-+P+F) keven (1.6)
and
Pk+1_1:2(Pk+Pk—2+Pk—4+"+])1)_—1 kOdd (17)
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Also, by repeated use of (1.1),

PytPyy-1
i=1 I lZiL%fk:l k’Z 2. ‘
2. MAXIMAL REPRESENTATION THEOREM
Theorem: Every positive integer # has a unique representation in the form
k
n= BF (=01, or2), 2.1)
i=1
where
B,=0=>p,_=2 (2<i<k) (2.2)
and
B,=1or2 2.3)
For a given n in (2.1), the unique integer £ satisfies
P, +P,_,-1<n<P +P -1 24
Prolof,’
(i) Maximality. Suppose n satisfies (2.4). Then, equivalently from (1.8),
k-1 k
2) P<n<2) P. (2.5)
i=1 i=1

But, by the Zeckendorf theorem [1] for a positive integer, namely, the left-hand side of (2.5),
we have

k o
2 P-n=Y a;F, (20), (2.6)
with
a;=0,1,or2and @; =2=>a, ;=0 (=1). 2.7
Now, from (2.5),

1

k k-1
P,.—ZP,.)zzpk, (2.8)
=1 j=1

i=

k
2> P —n<2(

i=1

This implies &, =0 in (2.6) for i >k, and a, =0 or 1. Consequently, (2.6) can be rewritten
as

k k
ZZP,-—n:Za,-PI- (a,=00r1) 2.9
i=1 i=1

which, in turn, may be expressed as
k k
n=) Q-a)B=3 B (B.=1or2), (2.10)
i=1 i=1
where
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B=2-a, (i=12,..k) (2.11)

in accordance with the statements (2.1) and (2.3) of the Theorem.
Lastly, by (2.11), the characteristic Zeckendorf condition (2.7) for Pell numbers becomes
B; =0= S, =2, which confirms the requirement (2.2) in the enunciation of our Theorem.

(ii) Uniqueness. Assume that the positive integer n has two different representations

m

where 8, B, =1 or 2 and ﬂ,:0:>ﬁ,._1=2 for i=2,3,..,m-1 and B;=0= p/_=2 for
i=23,...,m-1

Suppose m>m'. Now

,B {2(13 +P, ,+---+PB) m even

2(P,+P,,+--+F)-1 modd (2.13)
by (1.6) and (1.7), whereas
PiP <2 P,.sz P,..—-P,-1 by(1.8)
= =R - (2.14)
<Pm+1

Conclusions (2.13) and (2.14) involve a contradiction. Similarly for m <m'.
Hence, m' =m.
Ifa,=2-6,, al=2-p! (i=1,2,...,m), then (2.12) leads to

i(2~a;)1?=i(2~a,’)1’,~, (2.15)
i=1 i=1

where o, =2 =, , =0, a] =2 = a/_, =0, whence

M=
R
b
™M
]
ine]

(2.16)
i=1 i=1

Both sides of (2.16) are Zeckendorf representations of positive integers by Pell numbers, the
uniqueness of which [4] yields o/ = «;.

Thus, B; = p,.

Consequently, the uniqueness of (2.1) with (2.2) and (2.3) is demonstrated.
Remarks:

(@) Implications (2.2) and (2.7), which characterize the representations, are one-way only.
(b) As a numerical illustration of (2.4), take n = 25. Then
Py +P—1(=16) <25< P+ P, —1(=40)
so that £ = 4 here. Likewise, when n =999, then k = 8.
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(c) Integers having identical maximal and minimal representations are worthy of a separate inves-
tigation. Please see the Concluding Remarks.

3. CONCLUDING REMARKS

In Table 1, which may be extended indefinitely, the pattern of digits O (blank space), 1, and 2
reveals the visible mechanism of the representation. Two successive zeros do not occur in this
table. Observe that in the maximal representations (Table 1) we write 2 (= ) =2P (=20 + L),
whereas in the minimal representations (Table 2) we retain 2 = £,.

For the Pell-Lucas numbers (J,, defined by the recurrence relation

Qn+2 = 2Q}1+1 + Qn (7’1 2 O) (3 . 1)
with
Q=2 0=2, (3.2)
we observe that they are all even. It follows that there can be no representation of integers, maxi-
mal or minimal, involving Pell-Lucas numbers, since odd integers would necessarily be excluded.

TABLE 1. Maximal Representations of Positive Integers
by Sums of Pell Numbers

il EA A A A I LA AR AR AR A N L AR AR AR A
1|1 2612 1 2 1 sty1 2 1 1 1
212 2711 2 2 1 5212 2 1 1 1
311 1 28012 2 2 1 532 2 1 1
412 1 2911 2 2 5411 1 2 1 1
s5i1 2 3012 2 2 55(2 1 2 1 1
612 2 31} 2 12 5611 2 2 1 1
712 1 3211 1 1 2 5712 2 2 1 1
811 1 1 312 11 2 5811 2 2 1
912 1 1 3411 2 1 2 5912 2 2 1
1w|r 2 1 3512 2 1 2 602 2 1
mypz 2 1 3612 2 2 6111 1 1 2 1
1212 2 371 1 2 2 6212 1 1 2 1
1B3j1 1 2 3812 1 2 2 6311 2 1 2 1
14,2 1 2 3911 2 2 2 6412 2 1 2 1
151 2 2 4012 2 2 2 6512 2 2 1
1612 2 2 4112 2 pje6|1 1 2 2 1
17|11 2 i 4211 1 2 1j67y2 1 2 2 1
1812 2 1 4312 1 2 1(68({1 2 2 2 1
1912 I 1 411 2 2 116912 2 2 2 1
2011 1 1 1 4512 2 2 11702 2 2
212 1 1 1 4611 2 1 1711 1 2 2
2211 2 1 1 4712 2 1 1]7272 1 2 2
2312 2 1 1 481 2 1 1 1|73;j1 2 2 2
242 2 1 4911 1 1 1 17412 2 2 2
2501 1 2 1 5002 1 1 1 117511 2 I 2
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TABLE 2. Mirimal Representations of Positive Integers
by Sums of Pell Numbers

n|R BB AR K AP B A B K AR B FE A K
1|1 26 1 2 51 2 1 1
2 1 27|11 1 2 521 2 1 1
3 (1 1 28 2 2 53 2 1
4 29 1 5411 2 1
5 1 3011 1 55 1 2 1
6|1 1 31 1 1 5611 1 2 1
7 1 1 3211 1 1 57 2 1
811 1 1 33 1 58 2
9 2 1 34 1 1 5911 2
10 2 3511 1 1 60 1 2
111 2 36 1 1 1 6111 1 2
12 1 3791 1 1 1 62 2
1311 1 38 1 1 63 1 2
14 1 1 39 2 1 64| 1 1 2
1511 1 1 40 | 1 2 1 65 1 1 2
16 2 1 41 1 1 6611 1 1 2
17 1 1 4211 1 1 67 2 1 2
181 1 1 43 1 1 1 68 2 2
19 1 1 1 411 1 1 1 691 2 2
2001 1 1 1 45 2 1 1 70 1
21 1 1 46 1 1 1 7101 1
22 2 1 4711 1 1 1 72 1 1
23| 1 2 1 48 1 1 1 1 73|11 1 1
24 2 4911 1 1 1 1 74 2 1
2511 2 50 2 1 1 1 75 1 1

Further references to Zeckendorf representations may be found in [4].

Finally, a natural question to ask is this: Are there any numbers for which the maximal and
minimal representations are the same? Examination of Tables 1 and 2 leads us to the reasonable
conviction that this situation arises only when all the coefficients of the Pell numbers in the
summations are unity. That is, the required numbers are >* P fork>2 [see (1.8)], namely,
1, 3, 8, 20, 49, 119, ... . Compare this with the corresponding situation for Fibonacci numbers in
[3] and [5].

Properties of the sequence of numbers, 1, 3, 8, 20, 49, 119, ..., are the subject of a further
research article.
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ON THE INTEGRITY OF CERTAIN FIBONACCI SUMS

Piero Filipponi and Marco Bucci
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(Submitted October 1992)

1. AIM OF THE PAPER

Some years ago we were rather surprised at the integrity of the infinite sum

ZF,- /2" =2 (F, the i™ Fibonacci number) a.n
i=0
which was obtained in [2] as a by-product result. Qur mathematical curiosity led us to investigate
(see [1] and [3]) the rational values (in particular, the integral values) of » for which the sum

iF, /7 (1.2)
i=0

gives a positive integer.
The aim of this paper is to extend the results established in [1] and [3] by finding the sef of all
rational values of r for which the sum

S(r,n):f:Fm/ri (r #0) (1.3)
i=0

[ is an arbitrary natural number, r is an arbitrary (nonzero) real quantity) gives a positive integer
k. Since both r and & turn out to be Fibonacci number ratios, the results established in this paper
can be viewed as a particular kind of Fibonacci identities that are believed to be new [see (4.7)
and (4.8)].

Throughout the paper we shall make use of the following properties of the Fibonacci
numbers and of the Lucas numbers L, which are either available in [5] and [11] or can be readily
derived by using the Binet forms for F, and L,:

By =F,L, (1.4)

SE? = I2 - 4(-1), (1.5)

L, —2(-1)"=5F?, (1.6)

FE, divides F, iff n divides £ (for n>3), 1.7
L, =1L, (mod5) iff n =k (mod 4), (1.8)
Ly (DL, =5F,F,, (1.9

L, +(-D* L, = L,L;. (1.10)
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2. THE VALUES OF r FOR WHICH S(r, n) IS A POSITIVE INTEGER

The closed-form expression

it 2.1)

S(r,n) = -t
) r2_an+(_1)n

which is valid if and only if the inequality

IF|> " =[(1++/5)/2]" (2.2)

is satisfied, can be obtained as a particular case of formula (5.2) in [6]. On the other hand, (2.1)
and (2.2) can be obtained with the aid of the Binet form and the geometric series formula. If (2.2)
is not satisfied, then S(r, n) diverges. Now let us ask ourselves the following question:

"For which values 7, of r does S(r, ) equal a positive integer £?"

To answer this question, let us equate the right-hand side of (2.1) to %, thus obtaining the second-
degree equation

kr* —(F, + kL )r +k(-1)" =0 (2.3)
in the unknown r, the roots of which are
F,+kL, +D E,+kL,—~D
h=—t——r———), nh=—"t—, (2.4)
2k 2k
where
D =(F, +kL,)* - 4k*(-1)". (2.5)
Observe that, by (1.4) and (1.5), D can be equivalently expressed as
D = (Sk* +1)F} +2kF,,. (2.6)
After some tedious manipulations involving the use of the Binet forms, it is seen that, for k, n>1,
n>a’,
2.7
n=0E=D"r,.

From (2.7), we get the inequality |7,|< ", so that only the "plus" sign must be considered in (2.4)
[see (2.2)]. It follows that S(r, n) equals a positive integer & iff

def F,+kL,+D
r=n=r(n)=-"2—"———.
: 2k

(2.8)
3. THE RATIONAL VALUES OF r FOR WHICH S(r, n)
IS A POSITIVE INTEGER

Since the numbers r(n) defined by (2.8) are, in general, irrational, let us ask ourselves
whether or not there exist rational values of them. This is equivalent to asking whether there exist
positive integers & for which D is the square of an integer: the answer is in the affirmative, as we
shall see in the sequel.
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In [1] it has been proved that the set of rational numbers » for which S(r,1) is a positive
integer is

{Fopn  Fyplh =1,2, ..} (G.1

moreover,

S(F2h+1 /ths D= F2hF2h+1' (3.2)

For the general case (i.e., n>1), we state the following

Theorem 1 (Main Result): Let S(r,n)=%2,F, /7.

ni

(i) Ifnis even, then the set of all rational numbers » for which S(r, ») is a positive integer is

Epayn | Frnlh=1,2, ...}; (3.3)
moreover,
S(Ehﬂ)n /Ezn’ n) = thi-l)nF;m /E1 (34)
(i) If nis odd, then the set of all rational numbers r for which S(#, n) is a positive integer is
{F(2h+1)n I Ey,lh=1,2,..}; (3.5)
moreover,
S (F(2h+l)n /| Fypy, ) = F(2h+1)nF 2 | - (3.6)

By means of formula (11) in [4], it can be proved that

E,. . F h
I =N By (n even) (3.7
F, i3
and
F F. "
_W?ﬂ = > Fancaoppa (modd). 67
n i=1 j=1

Since (3.7) and (3.7’) are nothing but marginal results, their detailed proofs are omitted.

To prove Theorem 1 we have to prove the following two theorems.

Theorem 2:
(i) Ifnis even, the discriminant D = (Sk* +1)F? +2kF,, [see (2.6)] is the square of an integer iff
k= FonsrynEm 1 F- (3.8)

(ii) Ifnis odd, the discriminant D is the square of an integer iff

k= F(2h+1)anhn/ F,. (3.9)

Theorem 3:

(i) Ifniseven and (3.8) holds, then [cf. (2.8)] () = Fji1yn / Fin-

(ii) Ifnis odd and (3.9) holds, then r(n) = Fiypi1y, / Fopn-
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Proof of Theorem 2: We shall prove that, if D is the square of a generic integer, then & must
necessarily be either of the form (3.8) (if n is even) or of the form (3.9) (if n is odd). Let us
suppose that D = X? (X eN). From (2.6) we can write

Sk*F* +2kF, +F* - X* =0, (3.10)
whence we have

n—

k=[~F,, £ [FL -5F2(F2 - X*)]/ (5F}). 3.11)

After some simple manipulations involving the use of (1.4), and taking into account that £ must be
positive (by hypothesis), (3.11) can be rewritten as

k=[~L,+I2 - SF* +5X*]/ (5E,). (3.12)
Now let us distinguish two cases according to the parity of n.

Case 1: nis even.
From (1.5), (3.12) becomes

k=[-L,+V5X%+4]/(5E,).  (3.13)
For & to be an integer, at least we must have that
5X*+4=0% (QeN). (3.14)

The solution in integers of the above Pell equation is (e.g., see Lemma 1 in [7] or formulas (3.7)-

(3.8)in[1])

O=L,, X=F, (s=0,12,..), (3.15)
so that, from (3.13)-(3.15), we have
k=(Ly,~1L,)/ (5F,). (3.16)
Now, for k to be a positive integer, both the inequality
2s>n, 3.17)
and the congruences
L,,—L,=0 (mod5), (3.18)
L,,~L,=0 (modF,) (3.19)

must simultaneously hold. Let us find conditions on s for (3.18) and (3.19) to be satisfied. From
(3.18) and (1.8), we see that the congruence

2s=n (mod4) (3.20)

must hold. Now let us rewrite the numerator of (3.16) as

L2s - Ln = L(2s+n)/2+(2s—n)/2 - L(2S+n)/2—-(2s—n)/2 (3-21)

and observe that, in virtue of (3.20), the integer (2s—n)/2 must be even. Under this condition,
we can use (1.9) to obtain

Ly, -L,= SEZS—n)/ZFiZH—n)/Z‘ (3.22)
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First, let us consider the case n=2. From (3.16) and (3.22), we obtain the equality
k =F;_,F;,,, where, from (3.17) and (3.20), s ranges over all odd integers greater than 1. It fol-
lows that the above equality can be rewritten as k = F,,Fy,,1y (h=1,2,...) [cf. (3.8) for n=2
and take into account that F, =1].

For n >4, the equality (3.22) shows clearly that (3.19) is satisfied iff [see (1.7)]

5— +
25 n (or 28 n)sO (modn).
2 2

Taking (3.17) into account, the above congruence can be written as

25—n

=hn (h=1,2,..). (3.23)

From (3.23) we have
2s+n

=(h+Dn (h=12,...). (3.24)

Finally, from (3.16) and (3.22)-(3.24), we obtain the desired result

4 < Sl _ Finron (h=12,..).
5F, F,

n n

Case 2: nis odd.
The proof is analogous to that of Case 1, so it is simply sketched. From (1.5), the equality
(3.12) and the Pell equation (3.14) become

k=[-L, +J5X* 4]/ (5F,) (3.131
and
5X%2-4=0% (QeN), (3.14")
respectively. The solution in integers of (3.14") is (see Lemma 2 in [7])
0=l X=F, (5=0,12,.). (3.15)
Therefore, by means of the same argument as that of Case 1, we get the following relations:
k= Ly~ L)/ (5F,), (3.16)
2s+1>n, (3.17")
2s+1=n (mod4), (3.20")
Lysn = Ly = 5Fasony2F@sitenya- (3.22)

Taking (3.17’) into account, and recalling that » is odd and (2s+1-#)/2 must be even [in virtue
of (3.20")], we can write [see (1.7)]

25411 opn (h=1.2,.). (3.23")
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From (3.23") we have

254 10N _ ohen (h=1,2,..). (3.24")

Finally, from (3.16") and (3.22)-(3.24’), we obtain

F, F
k:_z_hy_]gm (h=1,2,...) QED.

Proof of Theorem 3: Let us distinguish two cases according to the parity of n.

Case 1: niseven.
First, let us replace & by the right-hand side of (3.8) in (2.6), thus obtaining

D = SFg oy, B + 2 +2F 0, F, L, S D(n), (3.25)

where (1.4) has been invoked. With the aid of (1.9) and (1.5), the relation (3.25) can be rewritten
as

D(n) = S[Lyp1yn — Ly ISV +F} +2L, (Liapsyn = La) 15
= (L%2h+l)n ~ L) 15+ F} = (Lgpayn = L) 15+ (L —4)/5 (3.26)
= (L%2h+1)n -4)/5= Féhﬂ)n'
Then, let us replace & by the right-hand side of (3.8) and D by D(n) in (2.8), thus obtaining

2
F;l +Ln]:(h+1)nF}1n+E1F£2h+l)n déf A[L

r(n) =
2F(h+1)nF n N,

(3.27)

Now, it is plain that, in order to prove the theorem, it is sufficient [cf. (3.3)] to prove that
N, = 2F(§, +1y»- In fact, using (1.9), we get, from (3.27), the equality
N, = E12 + L, (Ligpryn — L) 15+ (Loygnaryn = Lawn) /'S,
whence, using (1.5) and (1.10), we have
5Ny =—4+L, Loy, + Lygeryn = Lomn

(3.28)
= =4+ Ly, + Lopn + Lognyn = Lo = 2(La(enyn = 2)-

Finally, using (1.6), equality (3.28) becomes 5N, = IOF(%1 +1yn» Whence, as desired, we obtain
N, = 2}7(%1+1)n'

Case 2: n odd.

The proof is obtained by replacing k by the right-hand side of (3.9) and by using the same
properties of Fibonacci numbers as those used in Case 1. Thus, the proof is omitted for the sake
of brevity. We confine ourselves to putting into evidence that, in this case, we have

D(n) = Fglh-ﬂ)n (3.26)
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and
Ny = F} + L FopeayFam + FFanan = 2Fanyn QED.

4. CONCLUDING REMARKS

The Fibonacci-type sum S(r, n) has been investigated and the rational values of » for which
this sum is a positive integer have been determined. We can observe that, as required [see (2.2)],

Fprw  Fopen
(h+1) ) (2h+1) >an. (41)
F;m Ehn

More particularly, with the aid of the Binet form, we can see that the two quantities on the left-
hand side of (4.1) tend to a” as A tends to infinity.

Remark 1: Let us answer the question of whether or not there exist integral values of r for
which S(r,n) is a positive integer. From (1.7), (3.3), and (3.5), and taking into account that
F, =1 divides F; for all £, it follows that the only integral values of r for which S(r,n) is a
positive integer are

r=F,/F=L (n=2,4,.) 42)
and

r=F/F,=2 [cf (1.1)]. 4.3)

Recalling that I, = 2, it is apparent that the set of such values of 7 is constituted by all the even-
subscripted Lucas numbers.

Remark 2: The generalized Fibonacci numbers U,(m) have been considered in [1], [3], [6], [9],
and [10]. These numbers are defined by

U,(m)y=0, U(m)=1, U,(m)=mU,_j(m)+U,_,(m) ifi>1, “4.4)

where m is an arbitrary natural number. They give the Fibonacci numbers and the Pell numbers
when m =1 and 2, respectively. Once [ has been replaced by U in (1.3), the solution in integers
of the Pell equations (e.g., see [8], pp. 305-09)

(m* +4)X* +4=0* (4.5)

allows to prove that the results established in Theorem 1 apply to the numbers U,(m) as well,
provided the inequality |r|>[(m++/m* +4)/2]" is satisfied.

Finally, we point out that the results established in this paper give rise to the following Fibo-
nacci identities which we hope will be of some interest to the reader:

© o F F

Z F,:,th _ Loiynt'nm (n>2 even, h>1), (4.6)
i=0 Fohriyn £,

o i F E
Z F,;,th,, _ Temyntam (n>10dd, h>1). @.7
i=0 F£2h+l)n F”
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Observe that the right-hand sides of (4.6) and (4.7) can be replaced by those of (3.7) and (3.7)
according to the parity of n. As particular instances, letting # =1 in (4.6) yields

e
D 7 =F,, (nx>2even), (4.6
i=0

whereas letting n =4 =1in (4.7) yields (1.1).
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1. INTRODUCTION

The purpose of this paper is to outline an application of number theory in medicine. More
specifically, a linear second-order recurrence relation is utilized in a technique for the diagnosis of
breast cancer. This continues a tradition in this journal of applications of second-order recur-
rences. Indeed, the very first issue contained an article by Basin [1] on the Fibonacci sequence in
art and nature, and the tradition has been maintained over the years by such authors as Botten [2]
who applied the more general sequence of Horadam to a problem in optics. Number theorists,
while rightly valuing their work for its beauty and intrinsic worth, are not always aware of the
extensive application of the elegant techniques they develop.

In this paper we develop an inhomogeneous linear second-order recurrence relation of the

form
S, - BISt—l - Ber—Z =B, (1.1)

for S,, the relative thermal energy lost by the skin during ultrasonography. (Ultrasonography is a
process of visualization of deep structures of the body by recording the echoes of pulses of ultra-
sonic waves directed into the tissues.) The solutions of (1.1) are then used to distinguish benign
and malignant lesions.

The single recurrence relation of the form (1.1) was derived from three interrelated difference
equations in a diagnostic model of a breast screening aid (Thornton, Hung, & Hirst [9]). It
described the temporal energy changes S(7) (S, = S(#)/ S(#,)) in infrared response of the breast
surface when ultrasound is applied to a suspect lesion for an extended time and the results used to
evaluate successively the dependent biophysical variables of metabolic energy generated M(f)
and the blood perfusion P(¢) at each time period. (Perfusion refers to the passage of blood
through vessels of a specific organ.) In the present paper an alternative use is made of the three
basic difference equations to establish a matrix method which allows S, M, and P to be evaluated
at any subsequent time period in one set of matrix operations from the curve fitting to a set of
experimental data. This avoids the need for the previous successive dependent calculations at
each stage. The biophysical model [9] and clinical background to the project are summarized
below in order to appreciate the manner in which the equations arise.

There is a need to minimize biopsies for benign impalpable lesions—those unable to be felt by
touch—detected in breast cancer screening programs for healthy women (Hirst & Kearsley [4]).
It is the purpose of this project to help reduce unnecessary and potentially harmful interventions
into the lives of healthy women yet not miss any malignant cases.

Mammography is currently the only reliable means of detecting breast cancer before a mass
can be felt by the act of physical breast examination. More sensitive diagnostic techniques used at
early stages of breast cancer, as well as improved management of the disease itself, are now
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saving more than half of the women in whom breast cancer is detected at its early stage
(Henderson [3]). However, because of the nonspecificity of the mammographic appearance of
many malignant lesions, false positives can occur: that is, they are positive on screening but cancer
is not subsequently diagnosed. Ultrasonography is used as a complement to mammography
because the ultrasound characteristics of malignant lesions are often highlighted in dense
parenchyma (the functional elements of an organ) and cystic lesions usually can be differentiated
from solid masses.

2. THE BIOPHYSICAL BASIS AND MATHEMATICAL MODEL

Human skin emits infrared radiation, and the total radiated power per unit area, W, (watts
per meter squared per second), is given by

W, = eoT*, 2.1

where ¢ is the skin's emissivity and 7" (°K) is the temperature of the skin area concerned. (The
emissivity is a measure of how well a body can radiate energy; it has a value between 0 and 1.) &
is Stefan's constant, which comes into many biomathematical applications (Reuben & Shannon
[8]). The emissivity is approximately unity throughout the spectral region used in infrared
thermographic studies. For a local change in skin temperature from 7'(z,) at time #, to 7(¢) at
time ¢,

Wy Wrayy =S 5(t0) = (T(0) 1 T(1,))*. 22

Therefore, within a specific spectral range such as the small changes in the breast skin
response during sonification of a suspect lesion we can plot the observed values of 7(z)/ T(¢,) as
a convenient basic parameter of thermal energy transfer which permits direct comparisons with S,
calculated from the difference equations of the model described below.

Breast tissue is glandular, fibrous, and fatty, the last of which is the main bulk of the breast.
Let U, M, P, and S be, respectively, the ultrasound energy transmitted, the metabolic energy gen-
erated, the thermal energy carried away by perfusion and the thermal energy lost by emission from
the skin. Figure 1 shows the energy distribution for these variables, which are all functions of
time, when diagnostic ultrasound is directed on to the skin in the direction of the suspected lesion.

S U

(1-b)P

bP

FIGURE 1. The Energy Transfer Diagram
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Diagnostic ultrasonography utilizes a frequency range between 1 and 10 million hertz (1x10°
cycles per second). Such sound waves can only be transmitted in solids and liquids. By way of
comparison, a frequency range of 20 to 20,000 cycles per second provides the stimulus for the
subjective sensation of hearing [10]. When an ultrasound beam passes through tissue, energy is
partly absorbed and converted to heat. This causes a rise in tissue temperature which depends
upon several factors such as the heat conduction and transport by blood flow from the exposed
tissue into surrounding regions. Figure 2 is a flow diagram to link these energy components.

1
FIGURE 2. The Fiow Diagram

If P represents that part of the ultrasound energy which is absorbed and carried away by
perfusion (0< b <1), then U —bP is the ultrasound energy which reaches the lesion. The perfu-
sion factor b is typically about 0.85 in this sort of work. Since it is generally recognized that there
is increased metabolic activity within breast tumors, we can assume that the ultrasound energy
received on the lesion will increase the local metabolic activity as formulated in

M(t)- M(t-1) = J{U(t - 1) - bP(1 - 1)]. (2.3)

The metabolic energy that remains after deducting part of it due to the energy lost from the skin
and perfusion is M —S§—-(1-b)P. Since increased blood flow is associated with increased
metabolic activity (Love, [7]), the increase in perfusion rate is associated with the increase in this
remaining metabolic energy as expressed in

POY-P-D=A[Mie-1)-St-D)-1-b)P(r-D]. 2.4)

Furthermore, skin temperature results primarily from blood perfusion to the tissues and the blood
flow in the superficial veins (Love, [7]), as represented by

S()y=aP(?). (2.5

There are two negative feedback loops shown in Figure 2, in which a line with an arrowhead

represents a proportional effect and a line with a spearhead represents an integral effect. The

proportional effect occurs when a high level of one variable leads to a high level (positive effect
indicated by solid line) or low level (negative effect indicated by dotted line) of another variable.
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An integral effect is one in which the rate of increase of one variable depends upon the level of
another variable. For example, in the loop formed by the lines marked 1, 2, and 3, if P is very
high, then S will be very high, but high S will lead to a low value of M —S§—(1-5)P, which in
turn will cause a decrease in P. The second negative feedback loop is formed by lines with heads
marked 4, 6, 7, and 3. If P is very high, then U —bP will be low, which will cause a low M and,
hence, a low M —§—(1-5)P, which in turn will cause a decrease in P.

3. THE DIFFERENCE EQUATION
The three equations (2.3), (2.4), and (2.5) can be combined as follows [9]:

alulU(t —2)=alM(t - 1) —aAM(t - 2) +aAubP(t —2) [from (2.3)]
=aP({t)—aP(t-1)+alS(t-1)+ai(1-b)P(t-1)
—aP(t-1)+aP(t-2)—alS(t-2)—al(1-b)P(t-2)
+aAubP(t -2) [from (2.4)]
=8@)-SE-D)+aAS(t-1)+A(1-b)S(t-1)
-St-1)+S8S(t-2)-alS(t-2)-A(1-b)S(-2)
+ AubS(t-2) [from (2.5)]
=5@t)-Q2-ail-A(1-b6)S(¢t-1)+(1-al—-A(1-b)+ Aub)S(t - 2).
Since the ultrasound energy applied at the surface is constant, we set £ =U(¢—2). For

scaling convenience we express S(f)/S(t,) asS,, so that we can rewrite the second-order
inhomogeneous linear difference equation as

S, —[2-2Aa-A(1-b)]S,_, —[Aa -1+ A(1-b) — Aub]S,_, = aluk / S(t,). (3.1
The characteristic equation of this is
r?—[2-Aa-A(1-b)-[la—1+A(1~b)— Aub] =0, (3.2)
from which we get
r=(2-ia-A(1-b)+JD)/2, (3.3)

where D = A*(a~b+1)* —4Aub. The solutions of the homogeneous part of (3.1) are of the form

CH +Cyry if D> 0,
S =2Cr' +Cytr! if D=0, (3.4)
C\R' cos(0f) + C,R" sin(0f) if D <0.

In the context of the present paper, we note that equations (2.3), (2.4), and (2.5) can also be
expressed in matrix form:

b 7 e A
0 1 0| P@|=|-4 1-20-b) A||P@-1)|+| 0 | (3.5)
0 0 1/|M@®)]| |o ~bu 1| M(t-1) l:,UU(t‘l):l
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Now
1 —a 0] [1 a o
0 1 0| ={0 1 0},
0 0 1 0 0 1
so if we let Vi)=[S@), P(@), M@
1 a 0] 0 0 0 -da a(l-A(1->b)) al
and L={0 1 0f|-4 1-A(1-b) Al=| -4 1-2Q0-b) A
0 0 1j|lo0 ~bu 1 0 ~bu 1
1 a 0 0 0
and C=|0 10 0 = 0 ,
0 0 1{juUE-D| [pU@E-1)
then

Vi)=LV(-1D)+C
=IVO+(I'+ 2+ +L+])C
=LV +(L' -INL-D)'C.
Although this latter expression is algebraically tedious, it can be numerically useful as fol-
lows: The first step of fitting S, to a set of experimental data yields the parameters a, A and u (as
in the example of Table 1). These parameters can then be used in the above matrix equation to

evaluate S, M, and P at any subsequent time period in one set of matrix operations rather than
carry out a series of successively interdependent calculations.

4. SOLUTIONS

Horadam and Shannon [5] expound a method for solving equations of the form (3.1). For
notational convenience, we let

B =2-Aa-A(1-b),
B, = Aa—1+ A(1-b) — Ab,
By = aduk 1 5(1),

so that the recurrence relation (3.1) can be rewritten as
3
S, =Y.B;S,_,,
J=1

in which §,_; is treated as though it were unity and 7=0,1,...,n, where n+1 is the number of
data points. Suppose S, is the experimental data. The method of least squares is employed to
estimate B; (the estimate of B; is denoted as l§'j~). The sum of squares of errors, SSE, has the
form of

3 2
SSE = Z[S, - ZBjS,_j] : (4.2)
Jj=1

t=2
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By differentiating equation (4.2) with respect to B, (i =1,2,3) and equating each of them to
zero, three normal equations will be obtained, that is,

SUBI + S121§2 + 51333 =k
Sy1By + 8B, + 8385 = E,
83,8y +83,B, + 8338y = E5

or
SB=E, 4.3)
where
Sy S Si N {31 E,
S: S21 S22 S23 5 B: B2 5 and E= Ez 5
S35 S S A E;
in which
S;=>.8.8_ and E=%858_ (,j=12.73).
1=2 t=2
Therefore,
B=S"E. 4.4)

The matrix S is symmetric, so the Choleski-Turing method can find the inverse in an efficient
manner (Irving & Mullineux [6]). There are five different situations that can occur depending on
the values of D and r in an equation (3.3) and details are given in [9]. As described there, the
parameters a, 4, and u were computed from the equations in Section 4 by fitting the model to the
thermal data. The values presented in Table 1 are for several cases for a value of b = 0.85 which
corresponds to perfusion conditions for a lesion of approximately Scm below the skin surface.

TABLE 1. Results of Fitting the Model to the Experimental Data Using b = 0.85

Patient Remarks D a A y7;
A Benign 1.9828 0.8050 1.6222 0.0757
B Benign 2.3857 0.8144 2.2098 0.2869
C Malignant —1.4888 0.8491 2.7175 0.9589
D Malignant -1.2115 0.8409 1.8230 0.7220

5. CONCLUSION

Results from the project suggest that an infrared temporal response measured over an interval
of several minutes with simultaneously applied ultrasound stimulation of the suspect region can
provide additional information which may help to distinguish between benign and malignant
lesions. Where a malignant process is present, a differential cooling pattern occurs in the local
skin surface zone prior to recovery to the initial temperature at the skin [9]. Different responses
(no recovery) were observed in benign lesions. From the experimental observations so far, it
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seems that, if the response curve shows an initial cooling and the fitting of data gives D <0 and
4> 0.7, then it indicates a malignant lesion. The second-order difference equation of the original
model [9] reasonably accounts for the thermal changes observed on the skin of the breast, and the
matrix method presented here permits improved computational convenience in determining the
response, metabolic energy, and perfusion in the successive time periods.

10.
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INTRODUCTION

In [8], A. Schinzel studied the distribution of the residues of certain two-term recurrence
sequences modulo a prime p, and classified the sets of distribution frequencies that occur
according to the length of a full period. In the present work, we demonstrate a kind of stability
that arises in one case of Schinzel's work, which allows an extension of his classification to prime
powers. We conclude by giving some examples that show his results do not extend as naturally in
the other cases. Related results concerning distribution questions for recurrence sequences can be
found in [1]-[7] and [10]-[13].

DEFINITIONS AND NOTATION

Define the two-term recurrence relation
Uy =0, uy =1, u,=Au, ;+u, , for n>1,

where 4 # 0 is a fixed rational integer. Let p>7 be prime, p| A(4% +4). Let & be a real root of
f(x)=x? - Ax—1 in its splitting field X over Q, and let & denote the ring of integers in K. Let
P be a prime ideal of R lying over (p) in Z. By assumption on p, we do not incur any ramifica-
tion. It will be clear during our discourse that any splitting that may occur is not a problem. Let
O<eeZ, and let 6(p°) denote the order of £+%¢ in R/P°. Note that since & divides 1in R,
O(p®) exists for all e. For notational ease, for x € R we denote x+%P¢ by ¥. Define k(p°) to be
the length of a shortest period of #, and S(p°®) to be the set of residue frequencies within any full
period of #,. Note that since u,, is a rational integer for all n, studying u, (mod %°) is equivalent
to studying %, (mod p°).
We prove the following theorem.

MAIN THEOREM
Let p>7 be prime and e > 1. If k(p) =4 (mod 8), then S(p°) = {0, 2, 4}.

We need some results from [8] and [16], which are stated here for the reader's convenience.

Ward [16, pp. 619-20]. Let 7 be the largest integer with k(p) = k(p'). Then k(p°) = pk(p°™)
fore>1.
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In fact, Wall [15] conjectured that k(p)# k(p*) for every p in the special case of the
Fibonacci sequence, but this remains a difficult and open problem.
Schinzel [8, Theorem 1]. For p> 7 prime, and p[A(A* +4),

(1) if k(p) =4 (mod 8), then S(p) = {0, 2, 4};

(2) if k(p)=0 (mod 8), then S(p) =1{0, 1,2} or {0,2,3} or {0,1,2,4} or {0,2,3,4};

(3) if k(p) £ 0 (mod 4), then S(p) =1{0, 1,2} or {0, 1,2, 3}

The proof of the Main Theorem will proceed by induction on e, after some preliminary

lemmas.

Lemma 1. The Binet formula

holdsin K, and in R/ ¢, fore>1.
Proof: Observe that £and — &7 are the distinct roots of f{x), hence
(E=&h=g224872
= AE+1+2- A& +1
= A=)+
=A% +4,

which is nonzero in K, and hence &+ £7!is a unit in K. The condition that pfA(A* ~4) ensures

-

that £+ &7 is a unit mod 7°. Lemma 1 now follows easily by induction onn. —

For the rest of the paper, we assume additionally that k(p)=4 (mod 8). Hence. Ward's
result gives immediately that £(p®) =4 (mod 8) for every e > 1.
Lemma 2. Foreverye>1, k(p®)=3(p?).

Proof: Set k = k(p®) and 6 = 5(p®). Since k is even, and @, = 0, u,.; = 1, it follows from
Lemma 1 that & — &% =0and &+ &% 1= £+ &1 Thus,

e o g E o (B -T)(E+ET) =D
=& =T
Hence ¢ |k
Since S(p)|6(p?), it will follow that §(p®) is even if we can show that 6(p) is even. But
this follows directly from [8, Lemma 1] and the fact that k(p) =4 (mod 8), so that u; = 0 and
i;,)=1,and thus k <5. —

Definition: Let n . denote the smallest positive integer n such that p® u,. called the rank of
apparition of p°.

Lemma 3: Forevery e>1, i, =0 ifand only if n=0 (mod k(—fl) that is, ne = k(p®)/4.
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Proof: First note that £(&—4) =1, so £ is a unit. Thus,
7,=0: & ~(-¢")"=0
P gn - (_é—l)n
& EM = (-1)".
If n is odd, then since 5(p°) = 4 (mod 8), £ = -1 & =T o 8(p°) = k(p%)|4n.
If n is even, then since k(p°)/4 is odd, EZ” =1 8(p%)12n < k(p®)/4|n. O

Lemma 4: Foralln, h>0,

Upip —Up = (fh - l)un + (_f_l)nuh'

Proof: By Lemma 1,

(&" =D, +(=&7")"'u, = E +1§_1 (€ -DE" - &N +EEN(E - (=EhM)
1 n+ n —-1\n —1\n+
2@(5 P (=& = (=T h)

=Uppp — Uy U

Lemma 5: Let A(d, p°®) denote the number of times the residue d appears within a full period of
{u,} (mod p°). If k(p°®) =4 (mod 8), then A(d,; p°) is even.

Proof: Denote k = k(p°®). First, if nis even, then by Lemmas 1 and 2,

ék/Z—n _ (_g—l)k/z—n
g+g
_ gk/Zf—n _ (_g—l)klz (_5—1)—n
g+e!
e
g+e

=1u,.

Upjpn =

Similarly, if n is odd, then #,_, =u,. Since k =4 (mod 8), the result follows. 0

For the rest of the paper, assume e >, where 7 is the largest integer with k(p)=k(p"), and let
k=k(p®"). Define the pxk integer matrix T by setting T =uy_yygyjy (mod p°), where
0< 7, < p°®. Then each row of 7'is congruent to a full period modulo p°", and the rows laid end

to end correspond to a full period modulo p°. We will show that the entries in any column of T
are distinct.

Lemma 6: The first column of 7T has distinct entries.
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Proof: Assume that u#;, =1u, forsome 0<i<?<p-1. ByLemma4,
iy~ = 0= (% — 1y, +(-E)* Uiy
Since & =1 (mod p°™') by Lemma 2, we have
g _1epet, (1)

Clearly u, €%, therefore, (&% —1)u, €P*? = P and, hence, Uy €P° also. Thus,
e |(—i)k. But N =PpH e and k£ = 4npe_1, so pl4(t—i), a contradiction. O

Lemma 7: Every column of T has distinct entries.
Proof: Assume that #, ; =i, ; for some 0<j<k—-1,0<i<¢<p-1. ByLemma4,
Upyj — Uy = (51 —Duy, +('§—l * u;,
Uprj — Uy = (& =Dy, + (=" u;.
Subtracting these equations, and using the assumption,

iy~ = (& - D@, — ) +7,((-EH* - (-&™")

and

so that
& Gty ) = -, ((-E)* - (&),
By Lemma 6, u,, —u,, € P \%° and hence
_uj (_f—l)ik((_g—l)(t—i)k _ l) c 9)2—1 \@)e‘ (2)
By Lemma 1, setting n =tk + j and m =ik + j, and noting that n+m is even,
0=(@,-7,) ¢+
=& - (N =g (=)
=&"(E =T+ ™)
Since p does not divide #—i, it follows that & —1= &% _1cP*\®P°  Therefore,
1+(=D"(=EY™ €P and thus £ —1eP. Then k(p)|2(n+m)=2(t+i)k+4j. Since

k(p)|k, we get k(p)|4j and so plu;. Finally, this gives u; €% and hence (EHEE 1y ¢
%°! by (2), which contradicts (1). O

PROOF OF MAIN THEOREM

Assume p > 7 is a prime with p}A(A* +4) and k(p)=4 (mod 8). The case e = 1 is just
Schinzel's result.

As before, let 7 be the largest integer such that k(p) = k(p"). It is easy to see that {|u,|} is a
strictly increasing sequence for n>2. Since #; =1 and u, = 4, it follows that 7 exists. We now
consider the case in which # > 1. Let 1<e<t. Let A(d; p°) be as in Lemma 5. Clearly,
A(d; p?) < A(d; p). Since {0} < S(p), it follows that 0 € S(p®). By Lemma 3, k(p°) :4npe.
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Thus, A(0, p°)=4 and 4 €S(pe). By Lemma 5, A(d; p°) is even for every residue d. Since
2 €S(p), there is a residue d such that A(d; p)=2. Let u, be such that u, =d (mod p), and
suppose u, =d' (mod p®). Since A(d’; p®) is even, A(d’; p°)=1, and A(d’; p°) < A(d; p) =2,
we must have A(d’; p®) =2. Thus, S(p°)={0,2,4}

We now proceed by induction on e. Assume the theorem is true for e—1, e27+1. By
Ward's theorem, k(p®) =4 (mod 8).

Let x be any residue modulo p® appearing in 7. Let j be the least positive integer such that
u, =x(mod p°), and let 0<y < p! satisfy u, =y (mod p°Y). By hypothesis, y occurs either
two or four times in any full period modulo p°™.

Notice any two entries in the same column of 7 are congruent modulo p°', since their sub-
scripts differ by a multiple of k(p°™'). Hence, y will occur in either two columns or four columns
of 7. Since x=ap®' +y for some 0<a < p, x must occur once in each of the same columns,
and nowhere else, so x will occur in T either two or four times. Thus, S(p°) < {0,2,4}. Since
there is at least one residue modulo p that does not occur in 7, there will also be at least one
residue modulo p° not occurring in 7, so S(p°) =1{0,2,4}. =

Remark: 1t follows by the proof of the Main Theorem that if e > ¢, then A(d; p®) = A(d, p").

Examples: We have shown that in the case k(p)=4 (mod 8), Schinzel's result holds for any
power of p; that is, S(p®) ={0,2,4} for all e>1. We give examples here to show that an analo-
gous generalization does not hold in the other cases of Schinzel's result.

First, we consider the case £ # 0 (mod 4). There are two subcases to consider:

(1) S(p)={0,1,2,3}. If A=1and p =11, then S(p*)={0,1,2,3,11}.
(2) S(p)={0,1,2}. If A=4 and p =19, then S(p*)={0,1,2,19}.

Next, we consider £ =0 (mod 8). There are four subcases to consider:
(1) S(p)=1{0,1,2,4}. If A=1and p =23, then S(p*)=1{0,2, 4,23}
(2) S(p)=1{0,1,2}. If A=3 and p=11, then S(p*)=1{0,2,11}.
(3) S(p)=1{0,2,3}. If A=2and p=17, then S(p*) = {0, 2, 19}.
(4 S(p)=1{0,2,3,4}. If A=2andp=11, then S(p*)=1{0,2, 4,13}.

REFERENCES

1. G. Bruckner. "Fibonacci Sequences Modulo a Prime p =3 (mod 4)." The Fibonacci Quar-
terly 8.3 (1970):217-20.

2. S. A Burr. "On Moduli for Which the Fibonacci Sequence Contains a Complete System of
Residues." The Fibonacci Quarterly 9.5 (1971):497-504.

3. E. T. Jacobson. "A Brief Survey on Distribution Questions for Second Order Linear Recur-
rences." In Proceedings of the First Meeting of the Canadian Number Theory Association,
pp. 249-54. Ed. Richard A. Mollin. Walter de Gruyter, 1990.

4. E. T. Jacobson. "Distribution of the Fibonacci Numbers Mod 2*." The Fibonacci Quar-
terly 30.3 (1992):211-15.

5. H. Niederreiter, A. Schinzel, & L. Somer. "Maximal Frequencies of Elements in Second-
Order Recurrences over a Finite Field." Elem. Math. 46 (1991):139-43.

264 [JUNE-JULY



6.

10.

11.

12.

13.

14.

15.
16.

DISTRIBUTION OF TWO-TERM RECURRENCE SEQUENCES MOD P°

J. Pihko. "A Note on a Theorem of Schinzel." The Fibonacci Quarterly 29.4 (1991):333-
38.

. A P. Shah. "Fibonacci Sequences Modulo m." The Fibonacci Quarterly 6.2 (1968):139-41.
. A. Schinzel. "Special Lucas Sequences, Including the Fibonacci Sequence, Modulo a Prime."

In A Tribute to Paul Erdos, pp. 349-57. Ed. A. Baker, B. Bollobds, & A. Hajnal. Cam-
bridge: Cambridge University Press, 1990.

. L. Somer. "The Divisibility Properties of Primary Lucas Recurrences with Respect to

Primes." The Fibonacci Quarterly 18.4 (1980):316-34.

L. Somer. "Primes Having an Incomplete System of Residues for a Class of Second-Order
Linear Recurrences." In Applications of Fibonacci Nubmers 2:113-41. Ed. A. N. Philippou,
A. F. Horadam, & G. E. Bergum. Dordrecht: Kluwer, 1988.

L. Somer. "Distribution of Residues of Certain Second-Order Linear Recurrences Modulo
p." In Applications of Fibonacci Numbers 3:311-24. Ed. G. E. Bergum, A. N. Philippou, &
A. F. Horadam. Dordrecht: Kluwer, 1990.

L. Somer. "Distribution of Residues of Certain Second-Order Linear Recurrences Modulo
p—IL" The Fibonacci Quarterly 29.1 (1991):72-78.

L. Somer. "Upper Bounds for Frequencies of Elements in Second-Order Recurrences over a
Finite Field." In Applications of Fibonacci Numbers § (to appear).

J. Vinson. "The Relation of the Period Modulo m to the Rank of Apparition of m in the
Fibonacci Sequence." The Fibonacci Quarterly 1.1 (1963):37-45.

D. D. Wall. "Fibonacci Series Modulo m." Amer. Math. Monthly 67 (1960):525-32.

M. Ward. "The Arithmetical Theory of Linear Recurring Sequences." Trans. Amer. Math.
Soc. 35 (1933):600-28.

AMS Classification Numbers: 11B50, 11K36

o % o
DX XX

1994] 265



A PERFECT CUBOID IN GAUSSIAN INTEGERS

W. J. A. Colman

Department of Mathematical and Physical Sciences, University of East London
(Submitted November 1992)

1. A perfect cuboid (if such exists) has rational integral sides x, y, and z, with xyz # 0, such
that the four equations

X2+ =u?, ¥ +z20 =V, Y2 +z28 =w?, and x* +y? +22 = 72 1.1)

are satisfied for rational integers u, v, w, and £. No such perfect cuboids are known, but their
nonexistence has not been demonstrated. It is known that any six of the quantities x, y, z, u, v, w,
and ¢ can be integral and that, in this case, an infinity of solutions exist (see [1] and [2]). We
shall use the word "cuboid" in this case even when any square quantity is negative, and refer to
the cuboid as nonreal, following Leech [2]. For example:

x=63, y=60, z2 =-3344, u=87, v=25 w=16, and £ = 65.
?
In this paper, a parametric solution will be determined that has two integral sides x and y

(say), integral face diagonals #, v, and w, and integral internal diagonal £ . The third side z will, in
general, be irrational or complex. However, by a suitable choice of the parameters, a perfect
cuboid in Gaussian integers results that satisfies the requirement that xyz # 0.

2.. From the equations above, we have that
202 +y* +22) = +vE +w? =207 @D
The equation #* +v* +w? = 2¢* has the four-parameter solution
u = 2(mt +mn+ st —sn),
v=2ms+2nt+n* + s* —m* — 12,
w=2ms—2nt +n* —s* +m* —12,
C=m* +n? +5* +1%,
Substituting these values into equations (1.1) gives
x* = +n +5* 12 —Qms -2t +n* — 5" +m” —1%)?,
Y= +n* +5* +12) - Qms+2nt +n* + 57 —m? —1*)?,
22 = +n* +57 +1%)? - (2(mt +mn + st — sm))*.
The first two equations give
x* =4(m* +n +ms— nt)(s* +1* —ms+ nt),
Y =4 + 57 +ms+nt)(m® +1* —ms—nt).

Letusput m=ab,n=ac,s=—cd, and t = bd , then ms-+nt =0 and

y:=4(@’e +d*)a’b + b2 d”) = 4P (" +d7)’,
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Hence, y = 2bc(a® +d?) and
x* = 4(a’b® —2abed +a*c*)(c*d® +2abed +b*d?)

=4a*d? (bz - 2bed +cl)(b2 +—2£:1£c—+c2).

a
Write
pro2bed 2.2)
a
and
p? 4 200¢ | o2 = f2, (2.3)

Putting b = 2bcd / a or ab = 2cd in (2.2) and substituting in (2.3) gives b* +5¢* = 2. In which
case, x=2adcf and z° = (a’b* +c*d* +a*c* +b*d*)? — 4(ab(ac +bd) +cd(ac — bd))*. There-
fore, we have the following parametric solution in which x, y, #, v, w, and d are all integral:

x =2adcf,
y =2bc(a* +d?),
22 = (@ +d*)(b* +¢*))? — 4(ab(ac +bd) + cd(ac — bd))?,

where 5% +5¢* = f? and ab = 2cd with a # d; otherwise, z> = 0.
We can tidy up this solution as follows: The equation 5% +5c? = f? has the solution

b=5a"-f%, c=2ap, and f =5a*+ >

The equation ab = 2cd or a(5a® — ) = 4afd can be satisfied if a = 4af and d = 5a® — *. The
solution can now be written as

x =16a*f*(25a* - p*),
y =4af(5a’ - f*)(25a" +6a’ B + BY), 2.4)
2% = (25a* +6a*B* + B (25" — 62 52 + f*)? '
—16a24*(5a* - fA)* (25" +14a*B* + p*)*.
Ifa=1and =2, we have
x=576, y=520, z*=618849,

which is the smallest real cuboid with one irrational edge (see [2]).
If « =1and =3, we have

x=63, y=60, z*=-3344,

which is the smallest cuboid (nonreal) in this category, according to Leech [2].

3. Looking at the form for z* in (2.4), we see that we cannot choose positive integral  and

to make
1622 4*(5a* - f*)*(25a* +14a* B2 + p*)? 3.1
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zero. But we can put 25a* - 6a* 4% + B* = 0 (say) to give
o’ _3+4i
g 25
Putting a® =3+ 4i and % =25, we get @ =2 +i and f=5. This gives, after cancelling com-

mon real factors
x=96+28i =424 +7i),

y=T2421i =3(24 £ 71),
z =35%120i = 5(7 F 24i),
and we have
x=4, y=3, z=%+5,
x? +y* = (5,
x* +z% = (3i)%,
y? +2% = (4i)?, and
x*+y*+22 = (0)%

This is clearly so for the following Pythagorean values

x=2pq, y=p’'—-q*, and z=i(p’+q").

Hence, according to the original definition, since xyz # 0, we have a perfect cuboid in Gaussian
integers.

It would be interesting to know it if is possible to have a solution in Gaussian integers such
that xyzuvwl #0.
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A NOTE ON THE NEGATIVE PASCAL TRIANGLE

Jack Y. Lee
Brooklyn, NY 11209
(Submitted November 1992)

We arrange the rising diagonals of Pascal's triangle in vertical columns so that the column
sums form a Fibonacci sequence (see [1]). Let us arrange the coefficients of the expansion of
(1—-x)" symmetrically to the Pascal triangle, then in the resulting triangle, the negative Pascal
triangle, the sums of the columns form the negative branch of the Fibonacci sequence. This is
displayed in Table 1, where the u,'s stand for Fibonacci numbers.

TABLE 1. Pascal's Array and Corresponding Fibonacci Numbers

-1 1
1 1
-8 -1 1 8
7 1 1 7
-21 -6 -1 1 6 21
15 5 1 1 5 15
-20 -10 -4 -1 1 4 10 20
10 6 3 1 1 3 6 10
-5 -4 -3 -2 -1 1 2 3 4 5
1 1 1 1 1 1 1 1 1 1
55 34 21 13 -8 3777277177710 11 2737578 13 21 34 55

U, U U U, Uy U, U Uy U Uy, Uy U, U U U

The fact that the sum of numbers in a column (diagonal) in the positive Pascal triangle is a
Fibonacci number is well known. It is clear that the same holds for the negative Pascal triangle by
its construction and by the relation u_, = (-1)"u,,.

To see that this extension of Pascal's triangle is made in a natural way, read the sequences
parallel to the main diagonal from bottom right to upper left in Table 1. The sequences in the
negative triangle constitute the coefficients of the expansion of (1+ x)™”, since the negative Pascal
triangle in Table 2(a) is also expressed as (b) by means of the relation

()77

This enables us to redefine the negative Pascal triangle as the binomial coefficients of negative
exponents. Similarly, the sequences parallel to the sequence 1, 2, 3, ... consist of the coefficients
of the expansion of (1—-x)™" in the extended Pascal triangle.

The array corresponding to the general second-order recurrence u, = cu,_, +bu,_,, where b
and ¢ are nonzero integers, is given in Table 3. In this case, the sequences parallel to the main
diagonal are generated by the function (c+bx)” for any integer n, and the sequences parallel to
the sequence 1, b, b2, ... are generated by the function ¢"~!(1—bx)™ for any integer n.
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TABLE 2. Two Expressions of the Negative Pascal Triangle

)
0
()

(a) (b)

TABLE 3. The General Second-Order Array

b4 /05 b4
-5 /c b3
3% /¢! b’/c’ b 3ch?
-2b/c* ~b/ct b 2cb
e . ye Ve 1 e &
Us Uy Uy U, Uy Uy Uy Uy Uy Uy U
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FORMULASFOR 1+27 +3? +...+ n*

G. F. C. de Bruyn and J. M. de Villiers

Department of Mathematics, University of Stellenbosch, Stellenbosch, South Africa
(Submitted December 1992)

1. INTRODUCTION

Let §,(n) =1+27 +3” +---+n”, with n and p positive integers. In [3]R. A. Khan, using the
binomial theorem and a definite integral, gave a proof of the general recurrence formula for
§1(n), 8,(n), S3(n), ... in terms of powers of n. A matrix formula for §,(n), obtained by solving a
difference equation by matrix methods, is given in [2].

In this note the recurrence formulas in terms of powers of n and of n+1 are given in
symbolic form, only using the binomial theorem. These formulas are both easily remembered and
applied.

These recurrence formulas are then used to establish, employing Cramer's rule, explicit
expressions for §,(n) in determinant form.

Finally, the usual formulas for §,(n) as polynomials of degree p+1inn and n+1, with coef-
ficients in terms of the Bernoulli numbers, are derived from these determinants. It is noted that it
is possible to do this without prior knowledge of the Bernoulli numbers.

2. FORMULAS IN TERMS OF POWERS OF n

2.1 A Recurrence Formula

Let n € N, with N the set of positive integers. For k£ e N, let
Sy =1+2F 435 4o en® =K,
S, (0) =0, and take Sy(n) =n. Then
n* =8, (m)~ S, (n-1)

= 5,(m-3 (D"

r=1

= 5,01 —i(ﬁ(’f )(—1)""‘#)

r=1\i=0

k
=s5.00-2 (4 Jen=s, @1
k-1
=3 (F)en s @12)
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The equation
SE—(S-DF =nF, (2.1.3)

in which the binomial power is expanded and S’ (i=0,1,2,...,k) are then replaced by S,(n),
provides a mnemonic for (2.1.1).
For example, for £ =2, formula (2.1.3) yields

S*—(S*-285+1)=n",
and thus
28, (m)-n=n",
giving the well-known result

S,(n) = -’%(m 1. (2.1.4)
Next, for k£ = 3, it similarly follows that
38,(n)-3S,(n)+n=n,
so that substitution of (2.1.4) leads to the formula

S, (n) = %(n+ )(2n+1).

2.2 §,(n) as a Determinant

Let peN and let k=1,2,..,p,p+1 in (2.1.2). Then, solving for §,(n) in the resulting
(p+D) x(p+1) lower triangular linear system by means of Cramer's rule, the determinant
representation

1 0 0 0 0 n
-1 () 0 0 0
. 1 ) () 0 0o
§,(n) = 1| : : : (2.2.1)
) o) e (B e
(VN It (O I G Vo ey IR () I
+ 0 0 0 -~ 0 L
—L . 0 0 0 =z
3
¥ "w  ow 0 - 0%
=pl : : : (2.2.2)
() L ) L o Vit 1 i
p! (p-Dt  (p-2)! It p!
() N G VAR Co ) Ll 1 _nP*
(p*D! P! (D! T2 (pH)!
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is obtained. The step from (2.2.1) to (2.2.2) follows by first multiplying the i™ row of the
determinant by 1/i! for i=1,2,..., p+1, and then multiplying the ;™ column of the resulting

determinant by (j—1)! for j=2,3,.... p.

2.3 §,(n) as a Polynomial

By expanding the determinant (2.2.2) with respect to the last column,

P
Sp (71) = Z ap+1~rnp+l—r >

with a,,; = ﬁ and, forr=1,2,..., p,

_ % 0
1 1
1y p! 20 1
ap+1_r - 1 DY .r+l : r :r-l
(p+1-r!y e
[ =D (-2
(_1)r+2 (_1)r+l (_l)r
(r+D)! rt (r=1)!
_ﬁ 0
— 1 1
| 2 1
- P | : :
(P+1-Nley™? ot
! (r=1)! (r=2)!
(_1)r+3 (_I)r+2 (_l)rﬂ
+D! i =Dt

Now multiply the 2™, 4™ .. columns of the determinant in (2

2™ 4™ rows of the resulting determinant by —1. Then

b

___ P
C(p+1-1)!

ap+1—r

[~ 2]~

.. ggl... =

oo W

Next, recall (see, e.g., [4], p. 323) that the Bernoulli numbers B;,

by the determinants

.o g[.— 33,.—

B, = (-1 j!

1994]

L
I
1

G+D)!

1

1
r!

1

(r-2)!

1

(r-1!

(=)

I.... =

[

(2.3.1)
0
0
1
1
1
2!
0
0
(2.3.2)
1
1!
1
2!

.3.2) by —1 and then multiply the

(=]

(2.3.3)

[p- =] C

N

j=1,2, ..., can be represented

(2.3.4)
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Hence, by (2.3.3) and (2.3.4),
__1 r(p+1 -
ap+1_,—-pj(—-1) ( » )Bra r—1,2,..,,p.

Thus, by (2.3.1),

____1_p 1 p+l p+l-r
Sp(n)_pHZ( 1)( . )B,n . (2.3.5)

r=0

Since B,,,, =0 (r eN),

Sp(n):_._l_np"‘l_i_lnp +_l_(€)anP'l+_]_(€)B4np—3+”.’
p+l 20 2 4

with the last term either containing n or n. This is the form in which § »(n) was given by Jacques
Bernoulli in [1].

3. FORMULAS IN TERMS OF POWERS OF n+1

3.1 A Recurrence Formula

Let neN. For keN, let S,(n)=1+2F +3* +-..4+n* =3 r* and take Sy(n)=n+1.
Then, arguing as in the steps leading to (2.1.1) and (2.1.2),

n+DF =S, (n+1)-S,(n)

k
:Z(I;)Si(”)_sk(") (3.1.1)
i=0
k-1 k
:g(i)S,-(n). (3.1.2)
The equation
S+DF =S¥ =(n+1)F, (3.1.3)

in which the binomial power is expanded and S’ (i=0,1,2,..., k) are then replaced by S, (n),
provides a mnemonic for (3.1.1). Note i<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>