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THE ZECKENDORF ARRAY EQUALS THE WYTHOFF ARRAY

Clark Kimberling

University of Evansville, Evansville, IN 47722
(Submitted February 1993)

1. INTRODUCTION

it is well known that every n in the set N of positive integers is uniquely a sum of non-
consecutive Fibonacci numbers. This sum 7 is known as the Zeckendorf representation of n. We
arrange these representations to form the Zeckendorf array Z = Z(i, j) as follows: column j of Z
is the increasing sequence of all » in whose Zeckendorf representation the least term is F,;. The
first row of Z therefore consists of Fibonacci numbers:

(L) =1=F 20,2)=2=F z20,3)=3=F - 2z, ))=F, ..,

and the second row begins with the numbers 4=3+17=5+2,11=8+3, and 18=13+5. The
reader is urged to write down several terms of the next two rows before reading further.

The Wythoff array, W =W(i, j), partly shown in Table 1, was introduced by David R.
Morrison [9], in connection with Wythoff pairs, which are the winning pairs of numbers in
Wythoff's game. (See, for example, [2], [12]). Morrison proved several interesting things about
W every positive integer n occurs exactly once in W, as does every Wythoff pair; every row is a
(generalized) Fibonacci sequence [i.e., w(i, j) =w(i, j—1)+w(i, j—2) for every i >1andj>3].
In fact, Morrison proved that, in a sense, every positive Fibonacci sequence of integers is a row of
w.

TABLE 1. The Wythoff Array

1 2 3 5 8 13 21 34 55 89 144
4 7 11 18 29 47 76 123 199 322 521
6 10 16 26 42 68 110 178 288 466 754
9 15 24 39 63 102 165 267 432 699 1131
12 20 32 52 84 136 220 356 576 932 1508
14 23 37 60 97 157 254 411 665 1076 1741
17 28 45 73 118 191 309 500 809 1309 2118
19 31 50 81 131 212 343 555 898 1453 2351
22 36 58 94 152 246 398 644 . 1042 1686 2728

Morrison also proved that the first column of W is given by w(i, 1) =[ia]+i—1, where
a=(1++/5)/2. The rest of Wis then given inductively by

[aw(i, )]+1 ifjis odd,

w(i,j+l):{ fori=1,2,3, ... )

[aw(i, )] if j is even,

2. SHIFTING SUBSCRIPTS: F,,, > F,,,

We define a shift function f: N — N in terms of Zeckendorf representations:

ifn= ZChEzH’ then f(n)= Z b -
h=1 h=1

1995] 3



THE ZECKENDORF ARRAY EQUALS THE WYTHOFF ARRAY

Lemma 1: The shift function f'is a strictly increasing function.

We shall prove Lemma 1 in a more general form in Section 3.

Theorem 1: The first column of the Zeckendorf array Z determines all of Z by the recurrences

2@, j+1) = 1 (2G, ) (@)
foralli>landj>1.
Proof: We have z(1, j) = F,,, for all j>1, so that row 1 of Z is determined by z(1,1) =1 and
/- Assume k >1 and that (2) holds for all j>1, for all i <k. Write the Zeckendorf representa-
tion of z(k +1,1) as z(k +1,1) = X, ¢,F,,,, noting that the following conditions hold:

@B ¢=1

(i) ¢, €{0,1} for every hin N,

(iii) for every hin N, if ¢, =1thenc,,, =0;

(iv) there exists n in N such that ¢, = 0 for every h>n.

Let m= f(z(k+1,1)). Then the representation X c;F,.,, where ¢/ =0 and ¢, =c,_, for all
h>2, is the Zeckendorf representation of m. Also, m is in column 2 of Z, since ¢/ =0 and ¢} =1.
By the induction hypothesis, z(i, 2) = f(z(i, 1)) for i =1,2, ..., k, and since column 2 is an increas-
ing sequence, m must lie in a row numbered >k +1 by Lemma 1. We shall show that this row
number cannot be > k +1.

Suppose m > z(k +1,2) and let the Zeckendorf representation for z(k +1,2) be X  diF,,,.
Then the number g =X}, d,F,.,, where d,, = dj,, for h>1, is the Zeckendorf representation for a
number having d, = 1, so that this number lies in column 1 of Z. It is not one of the first £ terms,
and it is not z(k +1,1) since its sequel in row k +1 is not m. Therefore, ¢ =z(K,1) for some
K>k+2. We now have z(k+1,1)<q and f(q) < f(z(k+1,1)), a contradiction to Lemma 1.
Therefore, z(k +1,2) = f(z(k +1,1)).

Let j>2 and suppose that z(k+1, j) = f(z(k+1, j—1)). The argument just used for j=2
applies here in the same way, giving z(k +1, j+1) = f(z(k +1, j)). The induction on j is finished,
so that (2) holds for all j >1fori=k+1. Consequently, the induction on £ is finished, so that (2)
holds throughout Z. O

Lemma 2:
{[an] +1 ifnisin an odd numbered column of Z,

S(n)=
[an

] if n is in an even numbered column of Z.

Proof: The fact that the continued fraction for « is [1, 1, 1, ...] leads as in [10, p. 10] to the
well-known inequality '

1 1
F, —F, —
Foy Sl Bal<
for h=1,2,3, ..., and this in turn implies
<{aF,} <—— for odd h 3)
Fh+2 h+1

4 [FEB.
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and

1 1
Fl-1<-
<{aF}-1< 7

h+1 h+2

for even A. “

Write the Zeckendorf representation of » as indicated by the sum

n=al+olteF+- (%)
Then
S =al+oF+abi+- . ©)
Also,
na =cqakl, +c,oF5 +cofF, + -
=a(f+Hak}-D+o(F Hak) +a(fs+H{aF} -1+
=fm+F )+, (),
where
F1m) = a({ak} =D +a({aF) - +o({af -1+
and

F2(m) = e {aks) +efals) +clalsy + -

Case 1: nis an even numbered column of Z. In this case, the least nonzero coefficient c;; in (5)
has an even index H, so that

L) + &, (n) = {aFy,} + other terms

<{aFy} HaFya)+ <ot v L by 3)

F}1+2 F}'I+4 F}'I+6
11,1 111,
—2—+'§+‘B+"‘<5+2+§+"'—-1.

Also

>

L)+ (1) > {aFy ) + (1 {aFy ) + (C1+H{aFyel) +
1 1 1
> — p—
Fyws Fyes Py

1 1 ( 1 1 1 ) 1 2
> - I+=+—+=+-|> - > 0.
FH+3 FH+5 2 4 8 FH+3 FH+5

—---by (3) and (4)

The conclusion in Case 1 is that f(n) =[nca].

Case 2: nis an odd numbered column of Z. Then the least nonzero coefficient ¢, in (5) has an
odd index H, and

L)+ ,(n) = -1+ {aFy,} +other terms
<=1+{afya}+{aFya} +{aFye + -

1 1 1

<- + + +--- by (3) and (4
oy s Ty T Y @) and ()
1 2

< - +-——<0.
T Fres

1995] 5
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Also
Fin)+F,(n) 2 -1+ {alFy )+ (1+{aFy3}) + (-1 +{aFy,s)) + -
1 1 1

> - - - - by (4)
FH+2 FH+4 FH+6

>— >-1

FH+2

The conclusion in Case 2 is that f(n) =[na]+1. O

Theorem 2: The Zeckendorf array equals the Wythoff array.

Proof: Let C be the set of numbers in the first column of Z. Let § be the complement of C in
the set of positive integers. Let {s,} be the sequence obtained by arranging the elements of S in
increasing order. It is known [4] that this sequence of one-free Zeckendorf sums is given by
s, =[(m+Dal-1, n=1,2,3,... . We shall apply Beatty's theorem (see [1], [11]) on complemen-
tary sequences of positive integers to prove that z(i, 1) =[ia]+i—1: first, L +25 =1, so that, by
Beatty's theorem, the sequences [na] and [ia]+i are complementary; this implies that the sets
{[(n+Da]} and {[ia]+7} {1} partition N, which in turn implies that the sequences s, and z(i, 1)
are complementary. Since w(i,1) =[ia]+i—1, we have z(i,1) = w(i,1). Now the recurrence (1)
together with Theorem 1 and Lemma 2 imply that Z =W

3. HIGHER-ORDER ZECKENDORF ARRAYS
Let m be an integer > 2. Define a sequence {s;} inductively, as follows:
5 =1 fori=123,....,m,
=8 +s_, fori=m+lm+2, ..,

and define the Zeckendorf m-basis as the sequence {bj(.’”)}, where b}’") = foralljin N. Itis

~ Pmtj-1
proved in [S] and probably elsewhere that every n in N is uniquely a sum

bi(l”') +b,.(2’”) +--+B™ where i, —i, > m whenever ¢ > u. @)

We call the sum in (7) the m-order Zeckendorf representation of n, and we define the m-order
Zeckendorf array Z™ = Z™(i, j) as follows: column j of Z™ is the increasing sequence of all
in whose m-order Zeckendorf representation the least term is b}’”). The first row of Z” is the
Zeckendorf m-basis. Of course, the Zeckendorf 2-basis is the Fibonacci sequence (bj@ =F),
and one may view the work in this section as an attempt to generalize the results in Section 2.
Table 2 shows part of the 3-order Zeckendorf array.

Next, we generalize the shift function f: N — N as defined in Section 2. In terms of m-
order Zeckendorf representations, the generalized function 7™ is given as follows:

0 @0
ifn= Z c,b™ . then f™(n) = Zchb;(,i"l) .
=1 h=1

6 [FEB.
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TABLE 2. The 3rd-Order Zeckendorf Array

1 2 3 4 6 9 13 19 28 41 60
5 8 12 17 25 37 54 79 116 170 249
7 11 16 23 34 50 73 107 157 230 337
10 15 22 32 47 69 101 148 217 318 466
14 21 31 45 66 97 142 208 306 448 656
18 27 40 58 85 125 183 268 393 576 844
20 30 44 64 94 138 202 296 434 636 932
24 36 53 77 113 166 243 356 522 765 1121
26 39 57 83 122 179 262 384 563 825 1209

Lemma 1: The shift function £ is a strictly increasing function.

Proof: As a first inductive step, we have 2= f™(1) <3 = f(2). Assume K >2 and that
for every k, <K it is true that £ (k) < f“(K). Let k be any positive integer satisfying k < K.
Let
hy = big%’il{J} and ;= max {7}

Case 1: A <hy. Let x=b0"+b"  +b , +--+b", where s=h,—1-[22}m.  Since

x+1=5", we have k <x <K +1and
FO%) < FO) = b + b0, + B0, + -+ B <BI < B < fO(K +1).
Case 2: hy=h,. Here, k—b{" <K +1-b{". By the induction hypothesis,

f(’")(k —b,S;”)) <fM(K+1 —b,f;”)).
Then

FOE) = Ok~ B +BI, < FOK +1=5) +50% = K +1).

In both cases, (k)< f™(K+1) for all k<K +1, so that we conclude that " is strictly
increasing. O

Theorem 3: The first column of the m-order Zeckendorf array determines all of the array by the
recurrences (2) foralli>1landj>1.

Proof: The proof'is analogous to that of Theorem 1 and is omitted.

Theorem 4: For every m > 2, the m-order Zeckendorf array is an interspersion.

Proof: Of the four properties that define an interspersion (as introduced in [7]), it is clear
that Z™ satisfies the first three: every positive integer occurs exactly once in Z(: every row of
Z™ is increasing; and every column of Z™ is increasing. To prove the fourth property, suppose
i, j,i', j* are indices for which

z(i, j)<z@@', jN) <z(@, j+1).

Then, by Lemma 1,
FO=G, ) < fO, 7)) < (=, j+ D),
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so that, by Theorem 3,
z(i, j+ ) <z(i’, j +1) <z(i, j+2),
as required. O

Consider the recurrence (1) which defines the Wythoff array # in terms of the golden mean,
a. Since a is the real root of the characteristic polynomial x? —x —1 of the recurrence relation
for the row sequences of W, one must wonder if the real root ™ of x” —x™ ' —1 can, in some
manner comparable to (1), be used to generate rows of the m-order Zeckendorf array. The
answer seems to be no, although certain "higher-order” Wythoff-like arrays have been investi-
gated (see [3], [6]).

However, Beatty's theorem leads to conjectures about column 1 of Z™_ Tt appears that each
row of Z™ has "slope" a™, so that the complement of column 1, ordered as an increasing

sequence, is comparable to the set of numbers [ia™]. Beatty's theorem then suggests that

column 1 is "close to" the sequence {c;} given by ¢, = [é%f%] For example, taking m=3, let s, =

[—‘&J—[a@)]‘ Let x, denote the i number in column 1 of Z. We conjecture that |z, — s, [< 1

™1

foralli>1.
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ON THE (3, F) GENERALIZATIONS OF THE FIBONACCI SEQUENCE

W. R. Spickerman, R. L. Creech, and R. N. Joyner

East Carolina University, Greenville, NC 27858
(Submitted May 1993)

Recently the (2, F) generalized Fibonacci sequences were derived (see [1], [4], [5], [6]). The
purpose of this paper is to derive formulas for all (3, F) generalized Fibonacci sequences as
functions of the terms of seven sixth-order recursive sequences.

Let S={a,b,c} and S, be the group of permutations on §. Let i be the identity; and
a=(ab), f=(ac), y =(bc)bethe two cycles; and § =(a b c), € =(a c b) be the three cycles.
Finally, let ¢ and = be arbitrary permutations of S, and 1; = {a;, b,,¢;}. Atanassov [2] considered
the 36 possible systems of three second-order difference equations:

Wy =9+, n=0, e))

with initial conditions ¥ = {ay, by, ¢y} and ¥} = {a;, b;, ¢}, where ay, by, ¢y, a;, b;, and ¢, are real
numbers. Since the permutation in the left member of (1) is always the identity (z), these systems
can be represented by the ordered pair (¢, 7), where ¢ and v are the permutations of the right
member. Spickerman et al. [7] proved that the 36 systems are members of the eleven equivalence
classes. The solutions of one of these classes is three generalized Fibonacci sequences. The solu-
tions to three other classes consist of one generalized Fibonacci sequence and one (2, /) general-
ized Fibonacci sequence. The solutions to the other seven systems are the (3, /) generalized
Fibonacci sequences. Atanassov [3] denoted each of these seven sequences by a number, as
shown in Table 1. A notation in terms of ordered pairs of permutations of S, is also given.
Considering each equivalence class, it follows that when the solution to one system in a class
is known, the solutions to the other systems are permutations of the known solution. Atanassov
et al. [3] proved
i, =9 +7r), s€{1,2,3,4,56,7}, )

with initial conditions
Y ={ag, b5, i}, 1 ={af, b, cf};
can be replaced with seven sixth-order difference systems:
6 6 6
Z kiansi =0, Zkis t6-i = 0, Z kicasi =0, n=0, 3)
i=0 i=0 i=0
with initial conditions {a’};, {8’}:, {¢’}; , respectively. The values for k; for 1<s<7 are given
in Table 2.

Let p*(x)= X5,k x and let {P/}7-0 be the recursive numbers (of order six) determined by
1/ p*(x). Then the seven recursion relations and first terms of the sequences are given in Table 3.
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ON THE (3, F) GENERALIZATIONS OF THE FIBONACCI SEQUENCE

TABLE 1
Permutation Equivalence Atanassov's
Notation Class Number
[(z, )] {(1,0)} none*
[(a,a)] {(@, @), (B, B, (r.7)} none *
G a)] {@a), (1, B), (1)} nonex*
[(e, D] {(a, 0, (8,0, (¥, D} none
[2,6] {(£,6), (1, &)} 1
[4,1] {(6,0, (¢, 0} 2
[6. 6] {(3,6), (¢, &)} 3
[0, €] {6, &), (¢,6)} 4
la, Bl {(@,B), (@, 7). (B, a),(B.y), (v, ). (¥, B)} 5
[a’ 5] {(a’ 5)3 (a9 6‘)7 (ﬂ’ 5)’ (ﬂ’ 6‘)’ (}” 6)’ (7’ 6‘)} 6
[6, a] {(8, ), (5, 2), (5, B), (£, B, (8,7), (&, 1)} 7

*Solution is three generalized Fibonacci sequences.

**Solution is one generalized Fibonacci sequence and one (2, F) generalized Fibonacci

sequence.
TABLE 2
S
Values of k;
i
s{|0 1 2 3 4 5 6
11 -3 3 -1 0 0 -1
2{1 0 -3 -1 3 0 -1
311 0 0 -1 -3 -3 -1
411 0 0 -4 0 0 -1
511 -1 =2 2 -1 0 1
6(1 -1 -1 0 1 -1 -1
7({1 0 -1 -2 =2 1 1
TABLE 3
s Recursive Relation First 7 Terms
1{P,=3P,s—3P,,+P,+P, 1,3,6,10,15,21,29
2| Fu=3F,+hF,-3F,+F, 10,3,1,6,6,11
3|\P,s=P,3+3P,,+3P, +P, 1,0,0,1,3,3,2
4 Pn+6 = 4Pn+3 + P;: l» 0’ Oa 49 07 07 17
5|P.s=Fh.s+2F, ,-2F 3 +F,,~-F1113389,21
6 Pn+6=Pn+5+Pn+4-Rz+2+Ex+l+Pn 13172’3>4’7’11
7| Pg=Pus+2Ps+2Py Py~ B | 1,0,1,2,3,3,8

Let f°(x), g°(x), and A°(x) be the three solutions to the seven systems, and let

fi(x)= z()ajxi, g'(x)= Zb}xi, h*(x) = chxf.
= 7=0 =0

First, it follows that

10
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ON THE (3, F) GENERALIZATIONS OF THE FIBONACCI SEQUENCE

&L 6 ; |n=Jj forj<s
kisxl s x) = kis i J | — k,s s_, >
(E) )/ ) (E, ¥ )(Za * ] 2[, = K :| {nz 6 otherwise,

“E[gen g |

In view of the difference systems (3), the last term is zero. Therefore,

(st ’)f ()= Z{Zkf j_,] .,

i=0 =0} i=0

or
51
P ) = z[z k]
j=0Li=0
Let
Ll
i = zo;k;:l aj_ma
then
5 .
reo- B (S|
P (x) pary p (%)
Consequently,

Fox) = [Z qfx")(i P;xf],
i=0 j=0

where P/ are from the sequences in Table 2. Expanding and collecting terms gives

9= Z{qui)s} ; {mzj when j <5,

1Zoli=0 m=5 otherwise,

=§(iq31’ﬂ]x’ DNNT AL

J=0i=0

for the generating function for {a};. The terms of the sequence are given by '

; -
a; = §Q;Pjs—i = Z [Z k;:ars m Pjs—r forj <5,

i=0 Lm=0

and

5 5[ 7
=Y qP, = Z[Zkrf,af m| Pl forj>5s
i=0 i=0| m=0 _

The values of a,2 <i <5, are computed in terms of ag, a;, b;, b}, ¢;, ¢/ by use of equations (2).
The sequences {b}; and {c;}; have the same form.
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THEIR FRACTALS, GRAPHS, AND APPLICATIONS

by Dr. Boris A. Bondarenko
Associate member of the Academy of Sciences of the Republic of Uzbekistan, Tashkent

Translated by Professor Richard C. Bollinger
Penn State at Erie, The Behrend College

This monograph was first published in Russia in 1990 and consists of seven chapters, a list of 406 references,
an appendix with another 126 references, many illustrations and specific examples. Fundamental results in the
book are formulated as theorems and algorithms or as equations and formulas. For more details on the contents
of the book, see The Fibonacci Quarterly 31.1 (1993):52.

The translation of the book is being reproduced and sold with the permission of the author, the translator,
and the "FAN" Edition of the Academy of Science of the Republic of Uzbekistan. The book, which contains
approximately 250 pages, is a paperback with a plastic spiral binding. The price of the book is $31.00 plus
postage and handling where postage and handling will be $6.00 if mailed anywhere in the United States or
Canada, $9.00 by surface mail or $16,00 by airmail elsewhere. A copy of the book can be purchased by
sending a check make out to THE FIBONACCI ASSOCIATION for the appropriate amount along with a
letter requesting a copy of the book to: MR. RICHARD S. VINE, SUBSCRIPTION MANAGER, THE
FIBONACCI ASSOCIATION, SANTA CLARA UNIVERSITY, SANTA CLARA, CA 95053.
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SOME INFINITE SERIES SUMMATIONS USING POWER SERIES
EVALUATED AT A MATRIX

R. S. Melham and A. G. Shannon

University of Technology, Sydney 2007, Australia
(Submitted May 1993)

1. INTRODUCTION

In the notation of Horadam [5], write
W,=W,(a,b; p,q), 1.1)
so that
VVnszVn—l—qVVn—Za I/V():a,le:b, n'>-2 (12)

©

The sequence {7}, , can be extended to negative subscripts by the use of (1.2) and, with this
understanding, we simply write {¥, }.
The n™ terms of the well-known Fibonacci and Lucas sequences are then

'F;I = PV”(O) 1; 17 —1)’
{Ln =,(2,11,- 1) (13)
More generally, we write
U, =w,0,% p,q),
" " 1.4
{Vn =W, (2, p; 0, D: (14

where {U,} and {V/,} are the fundamental and primordial sequences, respectively, generated by
(1.2). They have been studied extensively, particularly by Lucas [7].
The Binet forms for U, and V,, are

u =5 (1.5)
a-p
V,=a"+p", (1.6)
where
_pP -4 _p—P' -4 .
a= and f=—-"+-—— (1.7)
2 2
are the roots, assumed distinct, of
x>~ px+q=0. (1.8)
Write
A=(a-p)=p’-4q (1.9)
The Q-matrix
Q= G (1)) (1.10)

has been studied widely in connection with the Fibonacci numbers and has the property
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n F+1 F ) .
=7 " |, naninteger (see [4]). 1.11
=T 5 ger (see [4) (1.11)

Filipponi and Horadam [2] considered the matrix

ok (e XE
Qk,x_xQ _( xEc xﬁ}f-—l > (112)

where x is an arbitrary real number and £ is a nonnegative integer, and noted that
QI?,x :[x Fkn+1 x Em ) (113)

n n
x"F, x"F,_,

Then they evaluated certain power series at the matrix 0, , to obtain summation identities involv-
ing the Fibonacci and Lucas numbers. The identities had the following forms:

S g.f (xgt )gﬁ:f(xqﬁé‘), L
e, - £t )Jgf(x;ﬁ’z‘ ) s,
San - b (x5 )\—E¢2f(x¢’f), -
goanx"L,m — F g+ S (x), (117)
h
o f(x)= ioanx” (1.18)
and

1445 _1-45
2 2

They also indicated how their procedures could be generalized to apply to W,(0,1; p,—1) and
W.(2, p, p,— D).

The object of this paper is to extend (1.14)-(1.17) to apply to the more general fundamental
and primordial sequences of Lucas as defined in (1.4). Then, specializing to the Chebyshev poly-
nomials of the first and second kinds, we obtain infinite series summations involving the sine and
cosine functions that we believe are new.

#,

, #

2. THE MATRIX 4, .

(P -4
A_(l O). @.1)

14 [FEB.
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n U -
A :(67:1 —q@]}il)’ n>0. (2.2)

Associated with 4, we define the matrix 4, . by
Ay =xd = (xg;: e ) 23)
where x is an arbitrary real number and £ is a nonnegative integer.
To prove the following lemma, we need to note that
Ve = Uk =qUs 15 (2.4)
Up ~UpnUy =47 (2.5)
Each can be proved using Binet forms, and (2.5) is in fact a generalization of Simson's identity for
Fibonacci numbers.
Lemma 1: The eigenvalues of 4, , are xa* and xg*.
Proof: Using (2.4) and (2.5), we see that the characteristic equation of 4, , simplifies to
1*—xV,t+x*q* =0. (2.6)

Recalling that V), = o + 8% and g = aff, we see, by substitution, that the eigenvalues are as
stated. [J
Another important property of 4, . is

n
x Ukn+1 _qukn

AL = (xd*y =x"A" = ( ) by (2.2). 2.7

XUy —%"qUp
The following is easily proved by induction:
a"=aU,—qU, ,, nz0. (2.8)

Of course, (2.8) remains valid if we replace a by f.

3. THE MAIN RESULT

Assuming that f as defined in (1.18) has a domain of convergence which includes xa® and
xf* we have, using (2.7),

o (=]

o 2 anxnUkn+l —qz anxnUkn

f(Ak,x) = ZanAl?,x = n=£ :lo=0 .

=0 Z anxnUkn —qz anxnUkn—l
n=0

n=0

3.1

On the other hand, from the theory of matrices [3], it is known that f(A4, ) =cy/ +¢ 4, .,
where I is the identity 2 x 2 matrix and where ¢, and ¢, can be obtained by solving

19951 is



SOME INFINITE SERIES SUMMATIONS USING POWER SERIES EVALUATED AT A MATRIX

{co + clxak = f(xak),
Co +c1x,8k = f(x,Bk)
That is,

Fd )= (xa"f(xﬂ")—xﬂ"f(xa")) I+(f(xa")—f(xﬂ")) A 52)

x(a* - B*) x(a* - p*)
This is Sylvester's matrix interpolation formula [8]. Noting that a* — g* = JA U, and using
(2.8), the right side of (3.2) can be simplified to yield

af(xa"i/—_ﬂf(xﬂ") o (B - £ (xa"))

A )= A VA 4 33

TAD= ey 16" af 6B - (xa) @3
i "y

These observations lead to our main result.

Theorem 1: 1f f as defined in (1.18) has a domain of convergence which includes xa* and x*,
then '

e, of (xa*) - Bf (xB*)
Ut = > 34
ngoanx el T (3.4)

o fed®) - f(xB)

Un: P 35
2"Vl A (35)
& o Bfxa®)-of (xB°)

;)anx Ukn—l - CI\/K 5 (36)
YV, = fxa)+ £ (o), G7)
n=0

We note that (3.4)-(3.6) are obtained by comparing (3.1) and (3.3). Identity (3.7) is obtained by
using (2.4), (3.4), and (3.6).

Tt is easily seen that (3.4)-(3.7) generalize (1.14)-(1.17) and also (5.6)-(5.17) of [2]. In the
next section we apply (3.5) and (3.7) to the Chebyshev polynomials and obtain infinite sums
involving the sine and cosine functions.

4. APPLICATIONS

Let {T,(x)},, and {S,(x)}:, denote the Chebyshev polynomials of the first and second
kinds, respectively. Then
sinn6
sinf r, x=cosf, n=0.
T, (x) = cosné

S, (%)=

16 [FEB.
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Indeed {S,(x)}., and {27,(x)}., are the fundamental and primordial sequences, respectively,
generated by (1.2), where p =2cos6, g =1. Thus,

a=¢? and f=e, (CH))

which are obtained by solving #* —2coséf +1=0. Further information about the Chebyshev poly-
nomials can be found, for example, in [1] and [6].

To begin, we consider the following well-known power series each of which has the complex
plane as its domain of convergence:

( I)n 2n+1
sinz = Z el (42)
( n 2n
cosz = Z (2n)' R (43)
. © Z2n+1
sinhz = g’)(z—n;ﬁ’ 4.4)
© Z2n
coshz = Z;) 2 4.5)

Now in (3.5), taking U, = S‘“"f’ and replacing f by the functions in (4.2)-(4.5), we obtain,

respectively,
(-1 x> sin k(2n+1)8

nZ:;) @n+1)l = cos(x cosk®) sinh( x sin £9), (4.6)
n+l_2n -
Z SUlla LS sin( x cosk®) sinh(x sin k6), 4.7
n=0 (271)|
) 2n+1 -
3 X" sink(2n+ 16 _ sin( x sin k@) cosh(x cosk6), (4.8)
n=0 (21’1 + 1)‘
>= (S;n ;kne = sin(x sin k6) sinh( ¥ cosk6). (4.9)
n=0 ,

In (3.7), taking V, =2cosn@ and replacing f by the functions in (4.2)-(4.5), we obtain,
respectively,

n 2n+l
Z D" a cisll;'(Zn +6 _ sin(x cosk@) cosh(x sin £6), (4.10)
n
n_2n
Z (=)"x (2 C)O'Sane = cos(x cosk@) cosh(x sin £6), (4.11)
n=0 n
x> cosk(2n+1)8

= cos(x sin k) sinh( x cosk6), (4.12)

zg 2n+1)!

1995] 17



SOME INFINITE SERIES SUMMATIONS USING POWER SERIES EVALUATED AT A MATRIX

i " cos2kn6
n=0 (2 )'
At this point, we note that (4.6), (4.7), (4.10), and (4.11) generalize (40), (42), (41), and

(43), respectively, of Walton [9].
As an example of the method, we prove (4.11).

= cos(x sin £6) cosh(x cosk6). (4.13)

Proof of (4.11): 1In (3.7), taking V, =2cosn@ and f(x)=cosx we have, using (4.1) and
4.3),

ik

i (=1)"x*"2 cos2kn®

2wl )

= cos(xe

o0 4 pmikd o0 _ pmikd
=2cos| x| ——— | |cos| x| ———
2 2

=2 cos(x coskb) cos(ix sin k6)
=2 cos(x coskd) cosh(xsin £9),

)+ cos(xe

which yields the result. O

We now obtain further interesting sums by employing some power series which occur in [1].
We restate them here for easy reference:

loge(l+%)=z(_1r)l ’—;— |z|<|m], (4.14)
n=1
© n 22n+1
tan- ( ) Z (o +1) —5mr>  12l<iml, (4.15)
© ¢ 1\N 2n
sec(i}z(—llﬁﬂiz—, |2/<Z|m|, (4.16)
m) = (2n)! m™" 2
z © ( l)n 122n(22n_1)an ZZn—l T
tan| — | = . s <—|m], 4.17
(m) >, o e |A<im 4.17)
n=1:~2n _ 2n-1
cosec(-z—) n_ Z( D g Y DB, zzn_l , 0<zl< 7|m), (4.18)
m) z 3 n)! m
© na2n 2n-1
cot(—z—)—ﬂ =y (_1)(22)'32” : 22,,_, , 0<zl< n|m). (4.19)
m) z 3 n)! m

Here, B, and E, are the Bernoulli and Euler numbers, respectively.
In (3.5), taking U, =128 and replacing f by the functions in (4.14)-(4.19) we obtain,
respectively,
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(- 1)" ! "smkn9 1 m+ xe'™?
=;log| ———5 4.20
> TRl e ) B (4.20)
)" x> sink(2n+1)0 1 _(2mxsink6
Z ( ) l 2(n+1 ) = _tanh 1( mf = 2 > |xl<lm|> (421)
n=0 (2n+T)m m* +x
2 (=1)" Ey,x™" sin 2kn@ __ 2sin(*5)sinh (*sk7) .
Z 2n - 2xcoskd 2xsink@\’ |x|<—|m|, (422)
n=0 (2m)!m cos(2xeesk?) + cosh(2xsink0) 2
5 (-1)"122"(2*" ~1)B, ¥ sin k(2n-1)0
@n)lm*!
. (4.23)
Sinh(sz'l;kﬂ) I l ﬂ'l |
= - ,  |xX|I<—|m
COS(%Q)-I-COS})(Z)CS":]‘B) 2 5
i (-1)"1(2*" -2)B,,x*" " sin k(2n-1)0
el (zn)!mZn—l
. (4.24)
2COS(x°°Sk6)Sinh(£§ﬂkﬁ) msin kO
= + ,  0<x|< 7|m|,
COS(W) Cosh(szmkH) x

i (-D)"2* B, x*" ' sink(2n-1)@

@n)!tm*! (425)
4.
= Sinh(l’%’ﬁ) msin k9 0 <|x|< 7z|m|
- cos(Zxc;jskB) _ COSh(sz’i:kg) x > ’

As stated at the beginning of Section 3, the domains of validity are determined by the
requirement that the eigenvalues, in this case xe™® and xe™™’ must lie within the radius of conver-
gence of the relevant power series. The proofs follow essentially the same lines as the proof of
(4.11) demonstrated earlier, employing well-known properties of the relevant functions.

Finally in (3.7), taking ¥, =2cosn@ and replacing f by the functions in (4.14)-(4.19), we
obtain, respectively,

n—1 n 2
z( 1) cosan llog 1+2xcosk0+£_’ (x| <. (4.26)
2 7° m m*

1n 2n+l1
Z( ) ¥ cosk@n+1)0 _ 1 tan-l(me_cosfﬁj, (x| <], “27)

@n+m*™! 2 m* — x*
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(4.28)

>

i (—1)"E,,x*" cos2knf _ 2 cos(=2k0) cosh(*nkl)

T
= - ,  xl<—=|ml|
"o @n)tm* cos(—2x°r‘;fk‘9)+cosh(——zxsl‘;,"‘g) Al 2 |

i (-D"'22"(2*" ~1)B,, x*" " cosk(2n—1)8
n=1

@n)!m*!

(4.29)
_ sin(lx%:ﬂé) x
= COS(Z%@‘)‘FCOSh(Zx_S;'nIM) s IXI< 5 Imlj

i (~D"(2*" -2)B,,x*" " cosk(2n-1)8

el @n)lm*™!
(4.30)

ZSin(xc?;kg)COSh(XSi;kﬁ) mcosk@
= cosh(sz’i:kﬁ) _ cos(lxc;skﬁ) -

» O <|x|< z|m],

i (=1)"2*" B, x*" " cosk(2n-1)8

n=1 (2n)!m2n—1
(4.31)

+ [ 2xc0s kO
_ Sll’l( ” )

= —
COSh-\ZxSrL:‘l kB) _ COS(Zxcr:skB)

3 mcosk@

. O<x|< 7|m|.
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INTRODUCTION AND BACKGROUND

Varn's [6] algorithm solves the problem of finding an optimal code tree, optimal in the sense
of minimum average cost, when the code symbols are of unequal cost and the source symbols are
equiprobable. He addresses both exhaustive codes, for which the code tree is a full tree, as well
as nonexhaustive codes, but only the exhaustive case will be of concern here. In particular, for
code symbol costs ¢(1) <¢(2) <---<¢(r) and a uniform source of size N, where (N —1)/(r —1) is
an integer, the Varn code tree is generated as follows. Start with an 7-ary tree consisting of a root
node from which descend r leaf nodes labeled from left to right by ¢(1),¢(2), ..., c(r), the costs
associated with the corresponding code symbols. Select the lowest cost node, let ¢ be its cost,
and let descend from it r leaf nodes labeled from left to right by c+c(1),c+¢(2),...,c+c(r).
Continue, by selecting the lowest cost node from the new tree, until N leaf nodes have been
created.

Horibe [3] studied a sequence of binary trees and showed that each tree in the sequence is a
Varn code tree for ¢(1) =1, ¢(2) =2. In particular, the k™ tree has the ¥ —1% tree as its left sub-
tree and the k —2" tree as its right subtree; for ¥ =1and k = 2, the tree is only the root; ¢(1) is
associated with the left descendant of a node and ¢(2) with the right descendant. These trees are
called Fibonacci trees, and the number of leaves in the k™ tree is the k™ Fibonacci number. Note
that some integers NV are not equal to the ™ Fibonacci number for any & so that not every Varn
code tree for ¢(1) =1, ¢(2) =2 is a Fibonacci tree.

Chang [1] studied a sequence of r-ary trees that reduces to Horibe's sequence of Fibonacci
trees for ¥ = 2. In particular, the k™ tree has the k —i'h tree as its /™ leftmost subtree, i =1,...,7;
for k =1,...,r, the tree is only the root; and c¢(i)=i,i=1,...,r is associated with the descendants
of a node in left to right order. For these particular costs, c(i)=i,i=1,...,r, Chang's trees are
Varn code trees, and the number of leaves in the k™ tree is determined according to an integer
sequence that general-izes the Fibonacci sequence.

It is the purpose of this note to examine sequences of trees that are recursively constructed
and are Varn code trees for integer costs ¢(1), ..., ¢(r) whose greatest common divisor is 1. Since
common factors shared by all costs do not affect Varn's algorithm, the costs considered here are
essentially all rational costs or alt sets of rational costs with a common irrational multiplier. Thus,
previous work on recursive characterizations of Varn code trees for particular integer code
symbol costs is extended to the case of arbitrary integer code symbol costs.

RECURSIVE CONSTRUCTION OF TREES

For fixed integer costs ¢(1) <c(2) <--- < c(r) with greatest common divisor 1, we will have
c(r) "types" of leaf nodes denoted by a;,a,,...,a,,,. The k+1% tree T(k+1) is constructed
from the previous tree T(k) according to the following set of rules. A leaf node of type a, in
T(k) will be replaced by r descendant nodes of types a,y, dy(z, -, Ay int left to right order in
T(k+1). Anodeoftype a; in (k) will be replaced by a node of type a;_; in T(k+1), j=2, ..,
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c(r). The sequence of trees begins with 7(1), which consists of a single root node of type a,,,.
This construction generalizes Horibe [3] and Chang [1].

An example of trees constructed in this fashion is given in Table 1 for the costs c(1) =2,
c(2)=3,¢(3) =3, c(4) =5. The trees are described using the following compact notation. Sibling
nodes in left to right order are separated by + signs, and parentheses are used to indicate depth in
tree from the root so that, for example, ((a, +a; +a; +as)+a; +a, +a;) denotes a 4-ary tree
with 4 depth 2 leaves descending from the root through a common intermediate node and 3 depth
1 leaves descending from the root in left to right order and labeled according to type in left to
right order as a,, a,, a5, as, a;, a,, a,, respectively.

TABLE 1. T(k) for c¢(1) =2, ¢(2) = 3,¢(3) = 3,c(4) =5

b

(k)

(a, +a;+a; +a;)

(a, +a, +a, +a,)

((a, +a;+a, +ay) +a, +a,+a,)

Vlow|Q|laa|wv| sl W] =
K

(g +ay+a,+a)+(a, +a, +ay +a5) +(a, +a, +ay +as) +a,)

[
o

(((a2 +ay+ay+as)+q +al+a3)+(al+a2 +a,+a,)+(a+a,+a, +a4)+a1)

[
[

(g +ay+a,+a) +(a, +ay +a, +a) +(a, + a3 +a; +a5) +a,)
+{(aqy +ay+ay+a)+a +a +a) +((ay, + a5 +ay + as)
+a,+a+a;)+(a, +a; +ay +as))

By induction, 7(k), k > c(r), has T(k —c(i)) as its i™h leftmost subtree, i =1,...,7. Because
of the recursive tree construction, it is easy to give recurrence relations for the number of leaf

nodes of each type in 7(k). Use f/(k) to denote the number of leaves of type a L J =1, c(r),
in 7(k). Then

k)= Y 17 (k~cG), (M

1<i<r

where our initialization is f7/(k) =1 for k+j=c(r)+1, 1<k <c(r), and f/(k)=0 for k+j #
c(r)+1,1<k <¢(r). Clearly, the number of leaves in 7(k), f (%), is given by

GERDWHGEDWI(II0) @

1< 7<e(r) 1si<r
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VARN CODES FOR N = f(k)

The reason the recursive tree construction of the previous section is interesting is because the
trees constructed are the minimum average codeword cost code trees for equiprobable sources of
size f(k), the Varn code trees for these source sizes. This is apparent because the construction
rule splits the lowest cost leaf node at each stage, the node of type a;, and the evolution of the
node types from 7'(k) to 7(k +1) keeps track of the relative node costs, that is, how many trees
until that node type becomes the least cost node. Thus, the analysis of the average cost of 7'(k),
C(T(k)), is of interest.

To find C(7(k)), the assumption is that the tree is being used to encode an equiprobable
source of f(k) source symbols, and the costs of the codewords are the costs of the leaves of the
tree. In T(k), a leaf node of type a ; costs k—(c(r)+1- j) by induction on k. Thus, C(T(k)) is
given by

CAG)= Y (k—(er)+1- D) (R) ] f (k). 3)

1<j<e(r)

We now need to analyze these recurrence relations. By the method of generating functions
(see, e.g., [2]), we have from (1) and its initialization that f/ (k) satisfies

ij(k)xk = xc(r)+1—j (1_ ZI(C(i) <J-)xc(i))/(1_ Zxc(i))’
1skseo Isi<r 1<isr

where I(c(i) < j)=1if c(i) < j and 0 otherwise. The coefficients of x* obtained from the right-
hand side of this expression give f/ (k).
For the example of Table 1 with F/ (x) =, f/ (k)x*, we have

Flx)=x"/(1-x=2x = x°) =" +x7 +2x® +x° +5x"° +5xM 4
F*(x)= x4/(1—x2—2x3—xs):x4+x6+2x7+x8+5xs’+5x10 +8xM o)
F3(x)=x*1-x2)/0-x?=2x* = x*) = +2x® +3x® +4x° +3x" + 12¢" + -,
Fix)=x*A-x*-2x*)/(1-%* —2x =)=t w26 e x
F(x)=x(1-x*-2x*)/(1-x*-2x’ -x°) =x' x4+ x4+ 2% x5+

from which it can be observed that

fAk) = flk+D),

£ =flk+2)- 1),

F0 =1k +3) - f1k+) -2 (k),

FP®y =+ fk+2)-2f " (k+1).
Although we do not have a convenient closed form expression for f (k) in terms of k, it is inter-
esting to note that

fk)==2f k) =2, k+ D)+ f (k+3)+ f1(k+4).

From (2), we have F(x) = X ¢,y F 7(x) which, for the example, becomes

F(x)=(x+x*—2x" —2x°)/(1-x* =2x* - x°)
=x+xt+xd+xt 0 FAx® +axT + 7 +13x° +16x0 + 31k 4+
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From (3), we have that the generating function for the unnormalized cost,

2 S BCT ),

<k<w
becomes 1
xdF(x)/dx— Z (e(r)+1- j)Ff(x).

1<j<e(r)
For the example, this generating function becomes
(13x® +13x7 +6x® —2x° —2x'%) / (1-x* - 2x° — x°)?
=13x® +13x7 +32x% + 76x° +101x"* +241x" + -,

so that the normalized costs C(7(k)) are as given in Table 2.

TABLE 2. C(T'(k)) for c(1)=2,c(2)=3,c(3)=3,¢c(4)=5
and Its Entropy Lower Bound

k C(T(k)) ~log, f (k)
6 13/4=3.25 3.00
7 13/4=3.25 3.00
8 32/7=4.57 4.21
9 76/13 = 5.85 5.55
10 101/16 = 6.31 6.00
11 24131 =171 7.43

Performance bounds on the minimum expected cost of code trees for unequal costs are given
in Krause [4] in terms of the source entropy base #, where 7 is the unique positive root of
1-3 g, @ =0. For f(k) equiprobable source symbols, this entropy is —log, f(k), and the
bounds are

~log, f (k) < C(T(k)) < ~log, f (k) +c(r).

However, the code whose cost satisfies the upper bound is not necessarily exhaustive; thus, only
the lower bound is relevant here. For the example used here, with ¢(1) =2, ¢(2) =3, ¢(3) =3,
c(4)=35,t~ 063, and the source entropy base ¢ is also provided in Table 2 for comparison with
C(T(k)). Also of interest in this connection are the new performance bounds due to Savari [5].

A few comments should be made about this approach to Varn codes. First, the indexing of
trees in the order generated by the construction procedure is key; that is, the recurrence relations
are elegant stated with this indexing but, possibly, disconcerting aspects of the indexing arise,
such as 7(7) and 7(6) in the example being identical trees with respect to node costs (although
different with respect to node types). Also, for some choices of costs, c(1),c(2), ..., c(r), it is
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convenient to solve the recurrences explicitly, particularly when the roots of 1— Yo X0 are

VARN CODES AND GENERALIZED FIBONACCI TREES

easy to find, as in the case in which = 2.

[a—
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A COMBINATORIAL PROBLEM WITH A FIBONACCI SOLUTION

Roger Webster
University of Sheffield, Sheffield S3 7RH, England
(Submitted June 1993)

1. THE PROBLEM

For many years I have enjoyed lecturing to groups of high school students about the
excitement of mathematics. One diversion that never failed to capture their attention was as
follows: Everyone was asked to write down a three digit number (abc with a > c), reverse it (to
Jorm cba), find the difference (as a three-digit number) between the two numbers, and add the
difference to its own reverse. The amazed looks on the students' faces at discovering they had all
reached the same end number 1089 was a sight to behold. The elementary algebra

abc
-cba

a-c— 19 c—-a+10
+c—a+10 9 a-c- 1
10 8 9

quickly explained the surprise. Finally, I would tease that the number 1089 is interesting in itself]
being the square of 33 and its reverse being the square of 99.

The origins of the diversion are unknown to me, I learned of it from Rouse Ball ([1], p. 9).
The question arises: Can the diversion be extended to numbers other than those having three
digits? For two-digit numbers, the answer is yes, the end number always being 99. For four- and
five-digit numbers, a little effort shows that three end numbers are possible, although the three
numbers are different in the two cases. More effort is required to show that six- and seven-digit
numbers give rise to different sets of eight possible end numbers. Thus, the sequence of the
numbers of possible end numbers, corresponding to initial numbers of 2, 3, 4, 5, 6, 7, ... digits
begins 1, 1, 3, 3, 8, 8, ... . No prizes for guessing how it continues! Our main result is that the
number of possible end numbers corresponding to initial numbers of n+1 digits is the Fibonacci
number F2[,Lzﬂ].

What of the end numbers themselves? The unique end number generated by two-digit
numbers is 99, which turns out to be a divisor of a// end numbers. The unique end number gen-
erated by three-digit numbers is 1089, which is 99 x11. The three end numbers generated by
four-digit numbers are 9999, 10890, and 10989, which are, respectively, 99 x 101, 99 x 110, and
99 x111. These examples illustrate the general situation. With each n+1-digit number X =x,, ...
x, (x, > x,) we associate an n-digit number X® consisting of a string of Os and 1s, which has the
property that the end number generated by X is 99 X*. We give a simple characterization of the
numbers X°, and hence of the end numbers themselves.
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2. THE CODE OF A NUMBER

Throughout our discussion, nonnegative integers will be written in decimal form and T will
denote the number 10. We write X =x, ...x,, where x,,...,x, are integers between 0 and 9
inclusive, to denote the n+1-digit number X7, x,7". The n+1-digit number obtained by revers-
ing the digits of X is called the reverse of X (in n+1-digit arithmetic) and is denoted by X',
whence X' = x,, ... x,. Suppose that X =x, ...x, is such that x, > x,. Write the number X — X"’
as an n+ 1-digit number—this may necessitate including some zeros at the front of the standard
decimal representation of X — X'. Now reverse the digits of the difference X — X' to obtain the
number (X — X')’. Finally, add the difference to its reverse to produce the number X" defined
by the equation

X' =X-X'+(X-X").

We wish to find the number, denoted here by a,, of different (end numbers) X ™ that are possible
as X ranges over all n+1-digit numbers x, ... x, (x, >x,). The diversion that motivated our dis-
cussion depends on the fact that a, =1, i.e., for three-digit numbers, only one (end number) X"
can occur.

The key to our analysis is the association with each n+1-digit number X = x,, ... x, (x, > Xx,)
an n+1-digit number X! called the code of X. This code X* comprises a string of Os and 1s, has
leading digit 1, final digit 0, and encodes all the information needed to pass from X to the (end
number) X* to which it gives rise. We first explain the construction of X" informally, leaving a
formal definition until later.

Write down the number X = x, ... x, (x, > x;) and beneath it, its reverse X'=x,...x,, as
shown below:

X, ... X
- Xp...X,
* *

Consider the role played by the i column from the right (i = 0, ..., n) in the subtraction of X’
from X. Define an integer z, as follows: if a zen has to be borrowed from the i +1" column, z; is
1; otherwise, it is 0. In this way we construct a string z, ..., z, of Os and 1s. The n+1-digit
number z, ...z, is called the code of X and is denoted by X*. Since we are assuming that
x, >X,, zo =1, and z, =0. The n-digit number z; ...z, , obtained by deleting the final 0 (z,)
from the code z, ...z, of Xis called the #runcated code of X and is denoted by X".

To illustrate the above ideas, consider the six-digit number X = 812311. Subtracting X'

from X, we find that
812311

-113218
699093

The columns for which a ten has to be borrowed from the adjacent column to the left are (label-
ing from the right) the o, 1,3 and 4™ whence (using the above notation) zo=12z2=1,
2,=0, z;=1,2z,=1, and z; =0. Hence, X' = 110110 and X*= 11011. For this particular .X,
X* =699093 4390996 = 1090089 =99 x 11011=99.X* . That this is no chance happening is
shown in our first result.
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Theorem 1: Let X =x, ...x, (x, > X,) have truncated code X*=z, ...z, ;. Then X" =99.X".
Proof: Now
X= zn:xiTi and X' :ixn_,-T".
i=0 i=0
Suppose that X! =z, ...z,. Then the definitions of z, ..., z, éhow that
X-Xx'= znj(x,. +z,T-x,,—2z_)T,

i=0
where we have written z_; = 0. Hence,

X' =X-X'+(X-XY

n
i
= Z(xi +z =%~z X 42, T =% — 2, )T

(=]

B

(zT~2_2,,T~2,,)T

¥ ou
—_ O

n-1 n n
i+1 i+1 2 i—1 i—1
I =Y T+ 1%y 2, T =Y 2, , T
i=0 i=1 i=1

S

i=

(T* -1z, ...z, ,
=99X* O

Theorem 1 shows that the number a, we seek is the same as the number of different
* truncated codes X* or, equivalently, codes X* there are as X ranges over all n+ 1-digit numbers
X=x5..x, (x,>x;). Theidea of a truncated code was introduced to allow Theorem 1 to be
stated effectively, and from now on only the codes themselves will be considered. To help calcu-
late a,,. we need to reformulate and formalize the definition of X* given earlier. Define the code
X" of X=x,...x, (x,>X,) to be the number y, ... y,, where the y,, ..., y, are defined induc-
tively as follows. Let y,=1. Fori=1,...,n, define y,_; to be 1 if either x,_, > x, or x,_, =x,
and y, ;,, =1, and to be O otherwise, i.e., if either x, , <x; or x,_;, =x, and y, ., =0. This
definition clearly accords with that given previously.

Theorem 2: The n+1-digit number y, ...y, is the code of some »+1-digit number x, ... x,
(x, > x,) if and only if: (i) each of y,, ..., y, isO or 1 and y, =0, y, =1; (ii) if, for some i =0, ...,
n-1y,,=0,andy, , , =1 then y,, =0; (iii) if, for some i =0, .., n-1, y, ,=landy, =0,
then y,,, =1

Proof: The only if part of the assertion follows directly from the definition of code just
given. To establish the if part, suppose that y,, ..., y, satisfy conditions (i)-(iii). Let w, ...w, be
the code of y, ... y,. Then (ii) shows that w, =y, =1. Either y, , is 0 or 1. Suppose first that
Yn1 = 0. Then (ii) shows that y, =1, whence w,_, = y,_; =0. Suppose next that y, , = 1. Since
Yy is 0 or 1 and w, =1, the definition of w,_, shows that w,_, =y, ; =1. Therefore, in all cases,
W,; = ¥, Continuing in this way, it can be shown that w,_ , =y, ,;...,w, =y,, whence
W, .. Wy= Y, ..V, 1.€,¥, .., isits own code. O
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3. THE CALCULATION OF a,

We call any »+1-digit number y, ... y, satisfying conditions (i)-(iit) of Theorem 2 an n+1-
digit code. Theorems 1 and 2 together show that a,, is simply the number of » +1-digit codes that
there are, and it is this observation we use to calculate a,. Trivially, the only two-digit code is 10
and the only three-digit code is 110. There are precisely three four-digit codes—1010, 1100,
1110—and three five-digit codes—10010, 11100, 11110. Thus, @, =a, =1 and ¢; =a,=3. It
should be noted that, in each of the five-digit codes, the second and third digits are equal, and if
the middle (i.e., third) digit is removed, then a four-digit code is obtained. Conversely, if each of
the four-digit codes is extended by repeating its second digit, a five-digit code is obtained. These
remarks explain why a, =a,. We now extend these ideas.

Suppose that y,, ... Vs VoVuo - Yo 18 a 2n+1-digit code (n>1). Then conditions (ii) and
(iii) of Theorem 2 show that y,,, =y,. It follows easily that y,, ...y, ¥V, ... Vo 1S a 2n-digit
code. Conversely, if z,, ;...2,2,; ... Z, is a 2n-digit code, then z,, ,...z,2,2, ...z, is a 2n+1-
digit code. Hence, there is a bijection between the set of 2n+1-digit codes and the set of 2n-digit
codes, whence a,, = a,,_;.

To help find a recurrence relation satisfied by the a,, we consider, for each natural number #,
the set &, comprising all »n+1-digit numbers s, ... s, satisfying: (a) each of s, ..., s, is 0 or 1;
(b) if, for some i =0,...,n—1,5,,=0ands, , ; =1, then 5., =0; (c) if, for some i =0, ..., n—1,
s,,=lands, , =0, then s,; =1. Thus, a, is the number of those elements s, ...s, in &, for
which s, =1 and s, =0. If an element of &, is taken, and each 0 in it is changed to 1, and each 1
to 0, then another element of &, is obtained. Hence, the number of elements s, ... s, in &, for
which s, =0 ands, =1 is also a,. Similarly, the number of those elements s, ...s, in &, for
which s, =s, =0 is the same number as those for which s, =5, =1; we denote this common
number by b, .

The members s, ... s, of ¥, (n>3) for which s, =5, =0, other than the one comprising all
zeros, have one of the forms,

0...0X0...0,

in which there are 7 initial zeros, r final zeros, and X is an »—2r +1-digit code, for some natural
number 7 satisfying 2r <n—1. Conversely, each n+1-digit number of the above form lies in &,
and has both its initial and final digits zero. Thus, for n>3,

b =

n

a,,+-+a,+a,+1 (neven)
a, ,++a;+a;+1  (nodd).

Trivially, b, =b, = L.
Since a,, = a,,_,, we need only calculate a,,_,. To this end, we note that every 2n +2-digit

code has one of the forms,
1X0, 1Y0, 120,

where X,Y,Z €%,,_, are such that X =s5,, | ..., satisfies 55, ; =1,5,=0, Y =s5,, | ... 5 satis-
fies s,, ,=0,5,=1, and Z=s,, ... 5, satisfies s,, , =s,=1. Conversely, each such X,¥,Z
gives rise, respectively, to a 2n+2-digit code 1.X0,1Y0,1Z0. In view of our earlier remarks, the
number of possible Xs is a,,_,, the number of possible Ys is a,,,_,, and the number of possible Zs is
b,,-,. Hence, forn>2,
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Qypa1 = Agpy 0y +Dy 4
=0y, t0y, 1+ 0y, 3+ rayta +1

=2a,, ,+ay, 3+ +a;+a;+1

This recurrence relation enables us to prove our main result.

Theorem 3: For each natural number n, a,, =a,, = F,,, i.e, a,= Fagy-

Proof: Since a,, =a,,_,, it remains only to prove that a,, , = F,,. We do this by induction
on n. The cases o, =1=F, and a; =3 = F, have been established earlier. Suppose that a,,_; =
E,, fork=1,..,n, where n>2. Then

Uy =205, 1 + 0y 3+ a3 +a; +1
=28, +F, ,++F,+F+1
= By + (Fypy = Bppt) + (Bppy = Fppg) + o + (B = ) + (B — ) +1
= ]72n + F‘2n+l
=F

n+2-
This completes the proof by induction. O

An easy exercise shows that, forn>2,
by =byyy = Fpp oyt +E+F+1=F, .

Since b, = b, = F;, the b,s are the Fibonacci numbers with odd suffixes, in the same way that the
a,s are those with even suffixes.

4. CONCLUDING REMARKS

Our original problem extends in the obvious way to include as initial numbers every n+1-
digit number X whose reverse X' satisfies X' < X. In this wider context, we ask: How many end
numbers are now possible and what are they? The extra initial numbers that have to be considered
either generate the end number O or have the form YXY', where Y is an r-digit number, X is an
n—2r +1-digit number whose initial digit exceeds its final one, and the natural number r satisfies
2r <n-—1. This latter form gives rise to the a,_,,, end numbers 99(10""") code of X. Thus, the
total number of end numbers now possible is:

a,+a, ,++a,+1=F +F _,+--+F+1=F_, (neven),
a,+a, ,++a+1=F_ +F _+---FK+1=F, ., (nodd).

Denoting this latter number by «,,, we see that a,, = a,,_, = F,,,;, 1.e., @, = Fz[,,ﬂﬂ.

Although our discussion has been concerned exclusively with base 10 arithmetic, it gener-
alizes, with only minor modifications, to an arbitrary base m. The main change required is that in
Theorem 1 the number 99 has to be replaced by m? —1. A propos the concluding remarks of
the opening paragraph, the unique end number generated by a three-digit number abc (a >c) to
base m is the four-digit number 10m—2m—1, which equals (m—1)(m+1)*> and is a square
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precisely when m—1 is; this is fortuitously so when m=10. On the other hand, the reverse of
10m-2m~—1is m~1m—-201, which equals (m* —1)* and is always square.
REFERENCE
1. 'W. W. Rouse Ball. Mathematical Recreations and Essays. London: Macmillan, 1939.
AMS Classification Numbers: 05A15, 11B39

% o% o%
EXE X XY

Announcement

SEVENTH INTERNATIONAL CONFERENCE ON
FIBONACCI NUMBERS AND
THEIR APPLICATIONS
July 14-July 19, 1996

INSTITUT FUR MATHEMATIK
TECHNISCHE UNIVERSITAT GRAZ

STEYRERGASSE 30
A-8010 GRAZ, AUSTRIA
LOCAL COMMITTEE INTERNATIONAL COMMITTEE

Robert Tichy, Chairman A. F. Horadam (Australia), Co-chair M. Johnson (U.S.A.)
Helmut Prodinger, Co-chairman A. N. Philippou (Cyprus), Co-chair P. Kiss (Hungary)
Peter Grabner G. E. Bergum (U.S.A) G. M. Phillips (Scotland)
Peter Kirschenhofer P. Filipponi (Italy) J. Turner (New Zealand)

H. Harborth (Germany) M. E. Waddill (U.S.A.)

Y. Horibe (Japan)

LOCAL INFORMATION

For information on local housing, food, tours, etc., please contact:

PROFESSOR DR. ROBERT F. TICHY
INSTITUT FUR MATHEMATIK
TECHNISCHE UNIVERSITAT GRAZ
STEYRERGASSE 30

A-8010 GRAZ, AUSTRIA

Call for Papers

The SEVENTH INTERNATIONAL CONFERENCE ON FIBONACCI NUMBERS AND THEIR APPLICATIONS will take
place at Technische Universitit Graz from July 14 to July 19, 1996. This conference will be sponsored jointly by the Fibonacci
Association and Technische Universitit Graz.

Papers on all branches of mathematics and science related to the Fibonacci numbers as well as recurrences and their generalizations
are welcome. Abstracts and manuscripts should be sent in duplicate following the guidelines for submission of articles found on the
inside front cover of any recent issue of The Fibonacci Quarterly to:

PROFESSOR GERALD E. BERGUM PROFESSOR F. T. HOWARD

THE FIBONACCI QUARTERLY DEPARTMENT OF MATH. & COMP. SCI.
COMPUTER SCIENCE DEPARTMENT or BOX 7388 REYNOLDA STATION

BOX 2201 WAKE FOREST UNIVERSITY

SOUTH DAKOTA STATE UNIVERSITY WINSTON-SALEM, NC 27109

BROOKINGS, SD 57007-1596

1995] 31



INVERSE TRIGONOMETRIC AND HYPERBOLIC SUMMATION
FORMULAS INVOLVING GENERALIZED FIBONACCI NUMBERS

R. S. Melham and A. G. Shannon

University of Technology, Sydney, 2007, Australia
(Submitted June 1993)
1. INTRODUCTION

Define the sequences {U,},_, and {V,},_, for all integers n by

U,=pU,,+U,

wa> Up=0, U =1, nx2, (1.
V,=pV, 1 +V, 5, Vo=2,Vi=p, n=2. 1.2)

Of course, these sequences can be extended to negative subscripts by the use of (1.1) and (1.2).
The Binet forms for U, and V,, are

U, =2 — , (1.3)
a-p
and
V,=a"+p", 1.4
where
p+\/p2+4 p- p2+4
a=——2————, ﬂ:————z———. (1.5)

Certain specializations of the parameter p produce sequences that are of interest here and Table 1
summarizes these.

TABLE 1

pl1]2 2x
Up | By | B | 5()

n

n Qn Qn (x)

Here {F,} and {L,} are the Fibonacci and Lucas sequences, respectively. The sequences {F,}
and {0,} are the Pell and Pell-Lucas numbers, respectively, and appear, for example, in [3], [5],
[7], [11], and [17]. The sequences {Z,(x)} and {Q,(x)} are the Pell and Pell-Lucas polynomials,
respectively, and have been studied, for example, in [12], [14], [15], and [16].

Hoggatt and Ruggles [9] produced some summation identities for Fibonacci and Lucas

numbers involving the arctan function. Their results are of the same type as the striking result of
D. H. Lehmer,
) =z (1.6)

4)

;tan (F

2i+1
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to which reference is made in their above-mentioned article [9]. Mahon and Horadam [13] pro-
duced identities for Pell and Pell-Lucas polynomials leading to summation formulas for Pell and
Pell-Lucas numbers similar to (1.6). For example,

itan’l( 2 j:—;z (1.7)

2i+1

Here, we produce similar results involving the arctan function and terms from the sequences
{U,} and {V,}. Some of our results are equivalent to those obtained in [13] but most are new.
We also obtain results involving the arctanh function, all of which we believe are new.

2. PRELIMINARY RESULTS

We make consistent use of the following results which appear in [1] and [6]:

tan"'x+tan”' y = tan"l(lx—Jr)L), ifxy <1, 2.1
tan"'x—tan”' y = tan_l(u), ifxy >—1, 2.2)
1+xy
tanh™' x +tanh™ y = tanh_l( Xty ), 2.3)
1+xy
tanh™ x—tanh ™' y = tanh"l(-)—c—_—y), (2.4)
1-xy
tanh"1x=lloge Irx L |x|<1, 2.5
2 1-x
coth™ x = l1oge(i‘i1), x> 1, (2.6)
2 x—-1
1
tan”' x = cot"’(—), 2.7
x
-1 a1
tanh™ x = coth (—) 2.8)
x

We note from (2.7) and (2.8) that all results obtained involving arctan (arctanh) can be expressed
equivalently using arccot (arccoth).
If k and » are integers, and writing

A=(a-p)*=p*+4, (2.9)

we also have the following:
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Ur? - Un+kUn—k = (_l)n+k U;f, (210)
VardVoet =Vt = ACD™ UL, 2.11)
U U - Uuy,, keven, 2.12)
T U, kodd, |
U +U. . - UJV., keven, @.13)
e TR T\ U, kodd, '
y v AUU,, keven, 2.14)
n+k n-k — VkVn, k Odd, .
vy, k even,
Virk +Vop = (2.15)
AUU,, kodd.
Un+2 + Un = Vn+1’ (2 16)
UU,py +(-1)" =UL,. (2.17)

Identities (2.12)-(2.15) occur as (56)-(63) in [2], and the remainder can be proved using Binet
forms. Indeed, (2.10) and (2.11) resemble the famous Catalan identity for Fibonacci numbers,

F?~F, F . =C)""*F2 (2.18)

n n

We assume throughout that the parameter p is real and [p|>1. If p>1, then {U,},_, and
{V,}ne1 are increasing sequences. If p <—1, then {|U, |}, and {|V,|}%, are increasing sequences
and, if n> 0, then

U,<0, neven,

U,>0, n odd,

(2.19)
v, <O, n odd,
V,>0, neven.

Furthermore, if | p| > 1, then using Binet forms it is seen that

o" >1
lim Zotm — fipy Ve _ ] O7 mevenorpzl, (2.20)
e U, e V, -0", moddandp<-1,

n

where

5 PP +4

. _ (2.21)

34 [FEB.



INVERSE TRIGONOMETRIC AND HYPERBOLIC SUMMATION FORMULAS

3. MAIN RESULTS

Theorem 1: If nis an integer, then

tan"' U,,, —~tan' U, = tan‘l( P ), n even, (3.1)
n+l
af 1 _
tan 1(——J+tan 1( 1 )z tan"l(l/%‘i), nodd, n=-1 (3.2)
Un Un+2 Un+1

Proof:

tan'U,,, —tan™ U, = tan’l(M) = tan'l(Lj,
1+U,U,., U,

where we have used (2.2), (1.1), and (2.17).
To prove (3.2), proceed similarly using (2.1), (2.16), and (2.17). O
Now, in (3.1), replacing n by 0, 2, ..., 2n — 2, we obtain a sum which telescopes to yield

Ztan’l( P ):tan‘lUZn. (3.3)
i=1

2i-1

Similarly, in (3.2), replacing n by 1, 3, ..., 2n — 1 yields

w ; _1 Vi Vs 1
~1)tanY 22 |= = +(-1)" ' tan™! . 3.4
2CY (Uj PR A G4

The corresponding limiting sums are

Ztan—l( P )= 37r (3.5
i=1 2i-1 - S_l,
= p
- ie1,. 1| Vas b4
2}(—1) "tan™ #):Z. (3.6)
i= 2i

We note here that (3.3) and (3.4) were essentially obtained by Mahon and Horadam [13],
(3.3) in a slightly different form. When p =1, (3.5) reduces essentially to Lehmer's result (1.6)
stated earlier.

Theorem 2: For positive integers k and n,
_1\1772
tan“l[(—w), k even,

v.U?
tan™ Y, —tan™ Yn = Ko 3B.7
Unii U, DU
tan'l —T]—-k 5 k odd.
2n

Proof: Use (2.2), (2.10), and (2.13). O
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Now, in (3.7), replacing n by k, 2k, ..., nk to form a telescoping sum yields

n 2
Z tan—l( Ui 5 ) =tan™" i} k even (3.3)
i=1 VUi U(n+1)k
n A L
Z tan_l((l)—U—k-] =tan™" —(—]—”"——), k odd. 3.9
i=1 Uy (n+)k
Using (2.20), the limiting sums are, respectively,
© U2
Z tan™!| —£ = tan'(57%), keven, (3.10)
i=1 Vk(]ik
= —1)! tan'(67%), kodd, p>1
S tanl| CNUe ) _Jtan (67, kodd, p=1, (3.11)
i=1 Uaie —tan™'(67%), kodd, p<-1

Theorem 3: For positive integers k and n,

_N\"772
tan—l[—Ai—l)—Uﬁ), k even,

' A%
tan'{%‘—"—] - tan‘l(VV" J = ¥ B (3.12)
g mk tan'l((—_l)——q’i], k odd.
U2n
Proof: Use (2.2), (2.11), and (2.15). O
Again in (3.12), replacing n by k, 2k, ..., nk yields
n 2
Y tan™ (AULZ] = tan™" (—2—) —tan™’ Vo , keven, (3.13)
P ViVie Vi Viniye
n _1)i-1
> tan™ (——( DU, j =tan™! (-2—) ~ tan~! | Lok , kodd. (3.14)
i=1 Uni Vi (n+1k

Since the left sides of (3.9) and (3.14) are the same, we can write

tan™! Une +tan™! Ve :tan_l(—z—), k odd, (3.15)
U(n+l)k V(n+1)k Ve

and taking limits using (2.20) gives

1, 4 2
tan (6 ¥) = —tan™'| = . 16
an” (67°) 2tan (MI), k odd (3.16)

The limiting sum arising from (3.13) is
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' 12
gtan (17]67) tan“l(%)—tan’l(é" %y, k even. 3.17)
Theorem 4: 1fn> 2, then
tanh™ (ﬁl;)+tanh'l(U:+2)— tanh™ (Z”n:), n even, (3.18)
1 . 1
tanh™!| — |~ tanh™ | —— | = tanh™'| £~ |, n 0dd. .
a (Un) a (Un+2) a UL ) n odd 3.19)

Proof: To prove (3.18) use (2.3), (2.16), and (2.17); (3.19) is proved similarly. O
These results lead, respectively, to

Z( 1) tanh™ (Uz’“ )—tanh' (U ]+( )™ tanh‘l(—U—l—), (3.20)

2i+3 2n+4

1 1
tanh~ =tanh™!| — |- tanh™ . 3.21
Z : (U) ) [U) ! (U) G20

Note that in Theorem 4 our assumption that »>2, together with our earlier assumption that
|p| =1, is necessary to ensure that the arctanh function is defined. The corresponding limiting
sums are

Z( 1) tanh™ (?'”]_tanh'l(al—), , (3.22)
i=1 2i+3 4

Ztanh‘ (T} = tanh'l(Ui). (3.23)
2i+2 3

We refrain from giving proofs for the theorems that follow, since the proofs are similar to
those already given.

Theorem 5: Let n >k be positive integers where (k,n) #(1,1) if p=+1. Then

tanh'l((——-Q—U—'i), k even,

Uy
tanh‘IL_Ug"_J—tanh'l(%L)z - (3.24)
" " tanh'l((—’%jz—(]k—} k odd. |

k~n

This leads to

Ztanh (—) =tanh” (L , keven, (3.25)
U21k

(n+1)k
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i— l
Ztanh [( D } tanh—l[—yﬂ—), k odd. (3.26)
V.U (n+1)k
The correspohding limiting sums are
Ztanh (———j—tanh (67%), keven, (3.27)
Usie
© ~)"'y? tanh™(57%), kodd, p>1
Ztanh—l (_1)—2(]](}: a ( )> oaaq, p 5 (328)
i=1 ViU —tanh™'(67%), kodd, p<-1

Theorem 6: Let n > k be positive integers where (k,n) = (1,1) if 1<|p| < 2. Then

tanh™ (ﬂgi), k even,

tanh_l(V;/‘k ]— tanh'l(V—V”—) = 2” O (3.29)
— n-
" " tanh—‘[é(—l)——zgi), kodd.
V
k'n
The resulting sums are
z tanh_l( Uy ]: tanh”l(—z—) —tanh™ Ve . keven, (3.30)
i=1 U Ve Vinstyk
i—1
Zt nh” (A( DI ) tanh‘l(iJ—tanh—l L) k odd. (3.31)
ViVi Vy (n+1)k
Since the left sides of (3.25) and (3.30) are the same, we can write
tanh'l(—q”k— +tanh™ —Vll‘——] = tanh_l(—Z—j, k even, (3.32)
Unsni Vinene Ve
and taking limits yields
tanh™!(57%) = tanh (Vz J, k even. (3.33)
k

This should be compared with (3.16). The limiting sum arising from (3.31) is

tanh‘l(i)—tanh‘l(é*k), kodd, p>1,
k

A 1 i—1 V
Zt nh™! —(——l—ﬂ (3.34)
i=1 Vka -1 2 1, c—k
tanh 7 +tanh™ (0™ "), kodd, p<-1
k
At this point we remark that Mahon and Horadam [13] obtained results similar to our
Theorems 2 and 3 and derived summation formulas from them. However, in our notation, they

considered only the case & odd.
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4. APPLICATIONS

We now use some of our results to obtain identities for the Fibonacci and Lucas numbers.
From (3.22) and (3.23), we have

1y tannY| L2ea |2 Lo 2, 4.1

;( ) (FMJ Slog. 4.1

Ztanh' [ ) = %loge 3 4.2)
2i+2

In terms of infinite products, these become, respectively,

© 2 i-1
l_I‘F'21+3 +( 1) [’lx+3 2, (43)
3 B+ () Ly
Hﬁﬂi_l =3 (4.4)
i=1 F21'+2 -1 ‘

In (3.28), keeping in mind the constraints in the statement of Theorem 5 and taking k =3, we
obtain

Z( 1) tanh™ (F}‘):%logm, (4.5)
or
= B2 _
s evanantd (“46)

where ¢ = 1_+2‘/_§ is the Golden Ratio.
Finally, (3.34) yields, after simplifying the right side,

g<—1)"“ tanh“(—é}%logeﬁw—l», @.7)
or
0 2 i-1
le;“ 11) =31 “8)
=1 L

Of course, many other examples can be given by varying the parameter &.
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Mark Your Calendars Now!
Mathematics Awareness Week 1995
""Mathematics and Symmetry"
April 23-29 1995

Every year, Mathematics Awareness Week celebrates the richness and relevance of
mathematics and provides an excellent opportunity to convey this message through local
events. During a week-long celebration from Sunday, 23 April - Saturday, 29 April 1995,
the festivities will highlight "MATHEMATICS AND SYMMETRY". Mark your
calendars now and plan to observe Mathematics Awareness Week in your area, school, or
organization. Look for further information from the Joint Policy Board for Mathematics,
national sponsor of Mathematics Awareness Week, in future issues of The Fibonacci
Quarterly.
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SEQUENCES RELATED TO AN INFINITE PRODUCT EXPANSION FOR
THE SQUARE ROOT AND CUBE ROOT FUNCTIONS

Morris Jack DeLeon

Department of Mathematics, Florida Atlantic University, Boca Raton, FL 33431
(Submitted June 1993)

In the first section we shall consider three sequences associated with the square root function.
In the second section we shall consider three sequences associated with the cube root function. In
the third section, after considering three different sequences associated with the square root func-
tion, we make comparisons with the hope (unfulfilled) of a possible generalization.

1. THE SQUARE ROOT FUNCTION

In [1], Eric Wingler showed that repeated use of the identity

Moy = 2r+2 14"

F+2 4r +4

2

leads to an infinite product expansion of +1+r in the following manner: For g, >-1 and n a

positive integer, defining
2
a 2a, +2
= and b, ==

a
™ 4 +4 a,+2

n

implies /1+a; =112, ;.

In the sequel, n will always denote a positive integer and, a propos the preceding product, for
n>1, define ¢, = bbb, ... b,.

In Definition 1 we shall define three sequences {x,}, {¥,}, and {z,}, which will depend on a,
and which are related to {a,}, {,}, and {c,}. These definitions are motivated by our desire to
have, when q, is a positive integer, x,, y,, and z, be integers such that ¢, =x,/y,, (x,,y,) =1,
and z,, is the numerator of a,,, when it is written as a reduced fraction with positive numerator.
As can be seen from Theorem 2 and Lemma 3, these definitions will give us even more than what
we desire.

Definition 1: Define the sequences {x,}, {y,}, and {z,} as follows:
For 2|a,, define

x=a+1, y zéal +1, and z :(%)Z;
otherwise,
X, =2a,+2, y,=a,+2, and z;=a;.
For 4|a, and n > 1, define

2
_ _ 2 4 _[Zn].
xn+l—xnyn’ yn+l—yn— 9 > and Zn+l—(2 >
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otherwise,

— _ 2 _ .2
xn+1_2xnyn’ yn+1-2yn ~Zns and Zpt1 = 2y

As an example, for a, = 6, we have that the first five terms of each of our six sequences are:

_ 9 _ _ 656 _ 43046721
q=6 a;=3 ay=3% A =550 5 = Eioesirems
b= B =32 p _1058 _ 1909058 b. = 1238989670018
1 =3 =33 03=95 4 = 1902497 5 = 7238946623297
c=1 ¢ =56 o —25%6 _ 5033504 _ 19152452518976
173 Q73 G =%y 4 = 1902497 s = 7238946623297
x,=7 %,=56 x,=2576 x,=5033504 x,=19152452518976
n=4 y,=23 y,=977 y,=1902497 ys= 7238946623297
z,=9 z,=81 z;=6561 z,=43046721 z5=1853020188851841.
_ 1853020188851841
We also have that a5 = 53757348 130900 13234258368 -

By Definition 1, for g, not an integer, the sequences {x,}, {y,}, and {z,} are defined by:

X, =2a,+2, y,=a,+2, and z, =a}

and, forn>1,

_ _ 2 .2
Xp+1 _2xnyn) Ynr1 _2yn ~Zps and Zo4l T 2y

The main results, namely, Lemmas 3-6 and Corollary 7, do not require a; to be an integer. In
fact, the only results for the square root function that do not hold when a, is not an integer are,
not surprisingly, the ones relating to x,, y,, and z, being relatively prime (Lemmas 8-10).

In Theorem 2 we shall state our results concerning the square root function. These results
relate the six sequences {a,}, {b,}, {c,}, {x,}, {,}, and {z,}.

Theorem 2: Let a; and n be integers such that #>1 and a, > —1. We have that
Ay =—5——, by =—"""", and ¢, =—
n " Zn XnYn+1 Yn

In addition, depending on whether 4|a, or not,

2
n

or b, =——"

n+l n+l

bn+l =

For g, an integer, we also have that

@ yi-z)=1, (x,,y,)=1, and 2y, y,.)=1

With Definition 1 as made, the proof of Theorem 2 is fairly straightforward and follows from
Lemmas 3-6 and 8-10.

Lemma 3: For n>1, x} —(a, +1)y? = —(a, +1)z,,.

Proof: This result is easily shown to be true for n=1. Thus, assume this result is true for
n=k, where k >1. We shall prove this result is true for 7 =% +1 in the case where 4 does not
divide a,. The proofis similar for 4|a,.
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We have that

x/f+1 —(a+ D)y, = Qxp) - (a,+D)2y; - z,.)°
= 4x2y; —4a + 1)y +4ay + Dyiz, — (@ + Dz
= 4)’13 [xlf —(a+ 1))’13 J+4(a; + 1)y132k —(a;+ 1)213

= —4}’1% (a,+ Dz, +4a + 1))’132k —(a+ D)z} = ~(ay + Dz, U

Comment: Let a; be an integer such that @, +1 is a perfect square. Since, by Definition 1, z,, is
also a perfect square, we can let

2 2

=, +)—2— = X and p?=z .
n (1 )(a1+1)2 a1+1 pn n

Thus, by Lemma 3, y? = p? +k”.
For a; =8 and n=1, 2, 3, and 4, the identity yf = p? +k3 gives us

5% =47 437
17* =8% +15
257 =322 +255°
65537% =512% + 655357,

In this example, y, is the ™ Fermat number.

Lemma 4: For n>1and a, >—1, we have that a,,, = z, / (¥} — z,,) .

Proof: This result is easily shown to be true for n =1. Assume a,,, =z, /( Vi ~z,), where
k >1. We shall prove this result is true for n =4k +1 in the case where 4 does not divide a,. The
proof'is similar for 4|a,.
Since
(y;f R
and
0z = 2)* (4ay,, +4) = 407 =20 = 2) (@ +1)
=4y -2z + O — 2]
=40V ~ 2V
=4y; —4yez, +zp -z
=2y ~2) -z
= Vir ~ Zen
we see that
a13+1 — (ylf % )2a13+l — Zh+1
4ak+l +4 (yl? T2 )2 (4ak+1 +4) yZ+1 = g

Apyy = -0

Lemma 5: For n>1and a, >-1, we have that b,,, =x,,,v,/x,y,,,. Also, for 4|a,, we have
By = Vi | Yo Otherwise, b, =2y, / Y.
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Proof: By Lemma 4

2a,,+2 _ 2y,
bn+1 = = 2 .
Ayt 2 2yn —Zy
Thus, for 4|a,,

Dn  _ In _ XVa _ Xniln,

bn 1= - - >
* 2}/3 —Zy Vprr %Vanr XaVnn
otherwise,
2y73 zyj 2xny3 X1V n
bn+1 = 5 = = = . D
zyn =Z, Yur1 %pVunr FnVan
Lemma 6: Forn>1anda, >~-1, we havethatc, =x,/ y,.
Proof: We easily see that
¢ =b :2a1+2:£1_‘
a+2  y
Now assume, for k 21, that ¢, = x, /y,. Thus, by Lemma 5,
Cont = Crbpny = X Xk Ve _ Xen
Ve Y Vin
As a corollary to Lemmas 4, 3, and 6, we have
Corollary 7: For n>1and aq, > -1, we have that a,,,, = "l—:l— 1.
Proof: We have that
Z, (@ +Dz, (@ +1)y, —x,
an+1 = 2 = 2 = 2
yn _Zn (a1+1)(yn —zn) xn
2
Yn a, +1
=(g+)| 2| -1=——-1 0
(al )( X, ) Cj

The next lemma follows directly from Definition 1.
Lemma 8: For a, and n integers such that » > 1, exactly one of x,, y,, and z, is even. More
explicitly, we have that
when a; =0 (mod 4), z, is even,
when g, =2 (mod4), y, is even and, for n > 2, x, is even,
when g, =1 (mod 2), x, is even.
Lemma 9: For a, and n integers with n>1, each of (y,,z,), (,, V,.1), and (x,,, y,) is a power
of 2.

Proof: By Definition 1, (y,2)=1=2°. We shall complete the proof by mathematical
induction; thus, we shall also assume (y,, z,) is a power of 2, where £ >1. Also assume there is
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an odd prime p that divides (V;,q,2,;). Since p divides z,,, and z,,,|z;, we must have p|z,.
Now either

2Ypn = 2)’13 —Zp O Yy = 2)’13 ~Z-

Hence, since p is an odd prime such that p|y,,,, and p|z,, we see that p|y,. Thus, p divides
(Vx> 2). This contradicts (y,, z,) being a power of 2.

Using the fact that, for n>1, (y,, z,) is a power of 2, we shall now give indirect proofs that
(Vs Vusr) and (x,, y,) are also powers of 2.

Thus, assume p is an odd prime that divides (y,, y,.;). Now

2Vn1 = 2Y5 = =2, OF Ypuu =2¥, =2,

In either case, p|z,. Thus, pis an odd prime dividing (y,, z,); this is a contradiction.
Finally, assume p is an odd prime dividing (x,, y,). Thus, by Lemma 3, p divides

X 2
x| —2=|-Y, =—2,.
n("1+1) Yn n

Thus, p is an odd prime dividing (y,,, z,); this is a contradiction. [
Lemma 10: For a, and n integers such that n > 1, we have that
(Z a2 =1, (27, Yp) =1, and (x,, y,) = 1.
Proof: First notice that, by the preceding two lemmas,

(yn’zn) = 1: (yn’ yn+1): 1: a'nd (xn’ yn) :>1'
Thus,
s Vi =2,) = (20, 77) = 1

and, since y,,,, is an odd integer,

(2yr2nyn+l):(y:ayn+l):1- a

2. THE CUBE ROOT FUNCTION

In [1], Eric Wingler also showed that repeated use of the identity

3, 4
m:2S+331+25 +s
s+3 (2s+3)°

leads to an infinite product expansion of /1+s in the following manner: For a, >0 and » a posi-
tive integer, defining

2d> +d} 2d, +3
=———3, and ¢, = S
2d, +3)’ d, +3

dy=a, d

n+l

implies 3/1+d, =117, ¢,.

A propos the preceding product, for n> 1, let f, = ¢4 ... ¢,

7
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In Definition 11, we shall define three sequences, {u,}, {v,}, and {w,}, which will depend on
a, and which are related to {d,}, {e,}, and {f,}. These definitions are motivated by our desire to
have, when aq, is a positive integer, u,,v,, and w, be integers such that f, =u, /v, and w, can be
a numerator of d,,, when it is written as a fraction; we do not require the fractions to be written
in lowest terms. As can be seen in Theorem 12, which does not require g, to be an integer, the
definitions in Definition 11 will give us even more than we desire.

Definition 11: Define the sequences {u,}, {v,}, and {w,} as follows:
u =2a,+3, v,=a,+3, and w, =a; +2a;,
and, for n>1, define
t = 1,303 +20,), Y,y = v, G0l 4w,), and W,y = wd (203 +w,).
For g, an integer, the sequences {u,}, {v,}, and {w,} are integer sequences.

In Theorem 12, we shall state our results concerning the cube root function. These results
relate the six sequences {d,}, {e,}, {f.}, {#,},{v,}, and {w,}.

Theorem 12: Forn>1,

w u,. v u
—_n _ “n+1%n _“n
dn+l__3’ €1 = > and fn__'
un n n+l vn
We also have that
3u) +2w,
Cni1 = E
u, +w,

We shall now prove four lemmas and a corollary. These five results are analogous (also see
the comment at the beginning of Section 3) to Lemmas 3-6 and Corollary 7. The four lemmas
will provide a proof of Theorem 12.

Lemma 13: For n>1,u) —(a, +1)v. =-w,.

Proof: This lemma is true for n=1. Assuming this lemma is true for n = k, we see that
Wy — (@ + D)V}, =0 Gul +2w,)* = (a, + 1)V, Gu +w,)’
=ug (Buy +2w,.)’ = +w, )Bui +wy.)’
=, (27uy +54uiw, +36u;w; +8w})
—(up +w,)(2Tuy +2Tuiw, +Supw} +w})
=, QTugw, + 27wk +Tw}) —w, (27u] +27uw, + 9w} +w})

33 4
= 2U W =W =Wy O

Lemma 14: Forn>1and a,>-3/2,d,,, =w,/u,.

Proof: This result is easily seen to be true for » = 1. Thus, assume that, for £ >1, d,
w, /u;. Since

+1 =
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3 ,,3
Wi 2U +W, Wiy

9

3 4 3
2dyy + Ay =diy (@ +2) = » % »
k k k

and

3 +2w, B u, (3 +2w),) Uy

3

2d;,,+3= 7
u; u, u,

we have that
3 4 12
2ty Wi W Wiy

k+2 — 37 12 3 7.3 a
(2d;4, +3) Uy Upn Uy
Lemma 15: For n>1 and a; >-3/2,
3
3u, +2w, e, = UV,
3 n+ .
3u, +w, UV,
Proof: Let n>1. By Lemma 14,
2d,,,+3 3uj+2w, u, 3u,, +2w,
€nr1 = = 3 5.3 ) :
d,.+3 u, 3u, +w, 3u,+w,

By Definition 11, this implies that

3
_ unvn (3un +2wn) _ urH-lvn
€re1 =

Uyvy (3un3 +wn) Uy Vnt1 .
Lemma 16: Forn>1and a,>-3/2, f,=u,/v,.
Proof: Since u; =2d, +3 and v; =d,; +3,

2d\+3 _ 2043 _uy
d+3 a+3 v

fl =e =
Now assume that, for k£ >1, f, =u, /v,. Thus,

u, u,,.v, U
_ _Wy WV U
JSimn=fiem=—"—" ="
Vi WVerr Vien

Corollary 17: For n>1 and a, >—-3/2, we have that

a,;+1
dn+1 = }3
Proof: We have, by Lemmas 14, 13, and 16,

-1

w ((1 + 1)V3 - u3 \% ’ a, +1
_'n _ 1 n n __ n _A
dn+1 __’::_ _—__3_____ (al + 1)(___) — 1 f'n3 — 1 0

n n
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3. COMPARING THE SEQUENCES ASSOCIATED WITH THE
SQUARE ROOT AND CUBE ROOT FUNCTIONS

Comparing Definition 1 with @, not being an even integer and Definition 11, we have, for
nx1

b

— _ 2 _ .2
Xpp1 = 2xnyn’ Yne1 = 2yn ~Zys and Zyel = Zn>
but

3 3 3/m.3
U, =u,Gu, +2w,), v,., =v,Bu, +w,), and w,, =w,(2u, +w,).

This does not lead to any obvious generalization.
Recall that one of the reasons for our choice of the sequences {x,},{y,}, and {z,} was to
have (x,,y,)=1 When choosing the sequences {u,},{v,}, and {w,}, to make our task less

difficult, we did not require that (u,,v,)=1. If, for the square root function, we relax the rela-

tively prime requirement, we can define three sequences that are associated with the square root
function (compare Lemmas 3-6 with Lemmas 19-22) and which show more similarities with the
three sequences we defined for the cube root function. We shall now define these three different
sequences for the square root case.

Definition 18: Define the sequences {g,}, {h,}, and {j,} as follows:
g =2a,+2, h=a,+2, and j, =a}(a, +1),
and define, forn>1,
8ot = £2(285 +2J,) =28,(81 + J), Moy =P (2854 J,)s S = I (82 + J)-
We shall now verify four lemmas similar to Lemmas 3-6.

Lemma 19: Fornz1, gf, —(q, +1)h3 =—j

Proof: This result is easily shown to be true for » = 1. Thus, assume this result is true for
n=k, where k >1. We shall prove this result is true for n =% +1. We have that
Gon—(ay+ DAL, =4gh (gl + ju)* —(a+ DA g - i)’
=4gilg — (@ + D 1+4g, j, +480 8¢ — (@ + DR
+4g; i —(ay +Dhji
=—4gy i, +48LJk —48iJk +AgLJk — Ji (@ + D
=—Ji (& +Jx) = —Jrs- O

Lemma 20: For n>1and a, > -1, we have that a,,, = j / g>.
Proof: This result is easily shown to be true for n = 1. Assume a,,, = j, / gi, where k >1.
Now 7
2 . . . . .
Go  _Je & _ Je  _ Je(Gti) _Jen
4 +4 g Mg+ A8t 488+ Sim

Qv = g
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Lemma 21: For n>1 and a, > -1, we have that

22 +), ™ gh

2g3 +2jn _ b gn+1hn

n+1

Proof: By Lemma 20,

b _ 2an«l—l +2 _ 2(g3 +jn) gﬁ — 2(g3 +jn) — 2gn(gf +jn)hn — gn+1hn

n+l — - . . j
Toa,,+2 g 28 +j, 28 +j, &h(Qg +i,) 8&h

n+1

O

Lemma 22: For n>1 and a, > -1, we havethatc, =g, /h,.

Proof: This result is easily shown to be true for » = 1. Assume ¢, =g, /h,. Thus, by
Lemma 21,
8 &l _ &iu
Co1 = by =75 = -0
" ' b &l M

Comparing Definitions 18 and 11 and Lemmas 19-22 with Lemmas 13-16, we see a very
close connection between the square root function and the cube root function:

o g, =2a,+2, h=a,+2, j, =ai(a +1), and
u =2a,+3, v,=a,+3, w =a(a +2)
and, for n>1 and a, > -1,

© 801=8,282+2),), My =h,(282 +Jjn), Juir = Ja (& + Jn), and

3 3 3
un+] = un(3u3 +2wn)7 vn+l = vn(3un +Wn), Wn+1 = wn (2”n +W”),

o g2 —(a,+Dh*=—j, and u)—(a,+1)V, =-w,,

_ _ W
® Ay =5 and dn+l -3
n u,
2 . 3
2gn + 2]n gn+1hn 3un +2M)n un-an
o 2 —f=bh = h and 3 =€ =
2gn +jn gn n+l 3un +wn unvn+1

g u,
o7 and f =2
e P and f, ”

n n

Sometimes the correct generalization, if any, and the obvious generalization, if any, are not
quite exactly the same.
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GREATEST INTEGER IDENTITIES FOR GENERALIZED FIBONACCI
SEQUENCES {H }, WHERE H,=H, ,+H, ,

Marjorie Bicknell-Johnson
665 Fairlane Avenue, Santa Clara, CA 95051

David A. Englund
9808 Wilcox Drive, Belvidere, IL 61008

The generalized Fibonacci sequence {H,} where H, =H, ,+H, ,, H =A,H, =B, A and
B integers, has been studied in the classic paper by Horadam [6] and by Hoggatt [4] and
Brousseau [1], among others. Here we develop ten greatest integer identities for {,}. Rather
than establishing these identities "for » sufficiently large," we show exact lower boundaries for
subscript 7 dependent upon the subscript of F,, the k™ Fibonacci number.

Let A, B be positive integers with 4 < B and define H, (= H,(4, B)) by

HIZA, HZZB, Hn:Hn_]+Hn_2 forn23.

It is not difficult to see that in the sequence B, A, B— A,2A—B,2B—-3A4,54A—-3B, ... there is
a leftmost term the double of which is less than or equal to the preceding term; otherwise, the
rational number A/B would satisfy F,,/F,,,,<A/B<FE,,, /F,,, for all n. Consequently,
every sequence H, (A, B) agrees, except for some initial finite set of terms, with a sequence
H,(A',B"), where A’ and B’ are positive integers with A’ = B’ or 24" < B’. Then, without loss
of generality, we take A4 = B or 24 < B to standardize the subscripts of {H,} so that H, >0 for
all n>0 where we take Hy=B—-A. (The term 24— B preceding H, will be negative when
A#B)

For these reasons, in the following we confine our attention to the two cases (a) A = B; and
(b) 24 <B. We call these, respectively, the Fibonacci case and the Lucas case. Throughout, we
put Hy = B- A and define k by F,_; <H,<F, for k >3 in the Lucas case and by F, <A< F,,
for £ > 2 in the Fibonacci case.

In the following we prove ten identities for the general sequences {H,},0<A<B. In
Sections 2 and 3 we give ten greatest integer properties of {#,} in the Fibonacci and Lucas cases
and, finally, in Section 4 we give these ten properties in a form which includes both cases.

1. PROPERTIES OF {H,} WHERE H, = H, ,+H, _,

The following identities needed for our development are true for all {H,}, H,=H,_,+H,_,,
0< A < B, and are given in [1], [4], or [6] or else are proved here.

H,=F, ,A+F, B. (1.1)

F, :(a”~/j’")/\/§, wherea:(1+\/§)/2,ﬂ:(1_\/§)/2

are the roots of x> ~—x—1=0and af = -1, a+ =1

(1.2)

H,=ca" +dp" for suitable ¢ and d. (1.3)
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From (1.1) and (1.2),

‘/an - A(an—Z_ﬁn—2)+B(an—1__ﬁn—l)
=a" (B~ fd) - f (B ad)
=a"(pA-B)B+p"(B-ad)a
=a"(A-B(B- )+ p"(a(B- 4) - 4),

so that one choice for ¢ and d, where 4 =H, and B—- A= H,, is
c=(A-BB-A)/V5 and d=(a(B-A)— A)/5. (1.4)
Identities (1.5) and (1.6) are easily established by mathematical induction:
a7 <k, <a", k23; (1.5)

1/2" <p'<1/2, n=22, |Bl'<1/4, n=>3. (1.6)

Lemma 1.7: There exists an expression K(m) such that

a"F, =F,. +B""K(m)

n+m

where |K(m)|<1,m 21, and K(m) <0 if m is even while K(m) >0 if m is odd.
Proof: Multiply by a™ in (1.2) to write
aan — aM(an —,B")/«[S—: (an+m _Q‘Bn+m+ﬁn+m+(‘_1)m+lﬂn—m)/_\/g
a”F, = (@™ = fY N5+ BT (D) /S, (17
which will verify Lemma 1.7. O
Lemma 1.8: There exists an expression K~ (m), 0 < K*(m) <1, such that
F la™=F,_, +B""K" (m), m>1.
Proof: Multiplying by 1/ a™ in (1.2) yields
E la™=(a"—B") a”J5=(a"" = ") /5 +( """+ ()" g™y /45
F 1™ = Eyy + f7 (14 ()™ ) 145, (1.8)
which will verify Lemma 1.8. O
The characteristic number D for {H} is defined as D= B”> — AB— A? in [1] and [6], and
Hy~H, H,.,=()"D, (1.9)
where D > 0 in the Lucas case where 24 < B, while D = -1 for the Fibonacci numbers,
E = Fp By = (D™ (1.10)

Identities (1.9) and (1.10) show a subtle but important difference in parity between the Lucas
and Fibonacci cases, since n even in (1.9) gives a positive value while # even in (1.10) gives a
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negative value. The difference in parity causes us to consider the Fibonacci and Lucas cases
separately.
2. THE FIBONACCI CASE: THE SEQUENCES {H,} WHERE 4 =B

Consider the Fibonacci case for {H,} where A = B. Then H, = AF,, A>1. We write ten
greatest integer identities which are true for {#,} when H, = AF,, and hence for {F,}, since the
Fibonacci sequence is the special case 4 = B = 1. We write [x] to denote the greatest integer
contained in x, and in every case, we determine k by F, < A< F,;, k>2.

Theorem 2.1: [cAF,]1= AF,,,, nodd, n>k k>2 A4A>1;

[adF 1= AF, ., —1 neven, n>2k k22, A>1

Proof: Letm=11n (1.7) to write
aF, = Foy + B (B2 +1)/5.
Multiplying by 4 and computing (82 +1)/+/5 = -8,
oAk, = AF,, +(=4p"). 21
If A<F,,, wehave 4 < a* by (1.5), and
-4p"|<|a"B"= 18" <1

for nzk, k=2, by (1.6). Ifnis odd, 0<—ApB" <1, while if n is even, 0> -A4B" > 1, giving
Theorem 2.1, forn>k, k>2. U

Theorem 2.2: [aAF,+1/2]=AF,,,, n2k+2.

Proof: Since |-AB"|<|a*p"*|=|p"*|<1/2if n>k+2, adding 1/2 to each side of (2.1)
will ultimately yield Theorem 2.2. [0

Theorem 2.3: [AF,/al=AF, |, nodd, n>k k>2 A=>1,
[4F,/al=AF,_ -1, neven, n>k k=22, A>1
Proof: By taking m =1 in (1.8) and multiplying by 4,
AF, la=AF, | +(-Ap"). (2.3)
The proof'is finished by analyzing |-A/"| as in the proof of Theorem 2.1. 0

As in Theorem 2.2, variations of Equation (2.3) will lead to Theorems 2.4 and 2.5; the proofs
are omitted.

Theorem 2.4: [AF,/a+1/2]=AF, |, n>k+2.

Theorem 2.5: [(AF,+1)/al=AF,_ |, n>k+2.

Theorem 2.6: [a" AF,]1= AF,,,, nodd, n>m+k;
[a"AF,]1= AF,,,,—1, neven, n>m+k.
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Proof: Multiply by 4 in Lemma 1.7 to write
a™AF, = AF,. + AB"™"K(m) o (2.6)
where |K(m)|<1,m>1, and K(m) < 0 if m is even while K(m)> 0 if m is odd. Since also 4 <a*

whennzm+k,
|AB" K (m)|<|a*B""K (m)|<| """ |< 1.

If n is odd, and m even, K(m)<0,8" ™" <0, and 0< AB" "K(m) <1, while m odd
makes the same result from K(m)>0 and 87" >0. Thus, if nis odd, [@” AF,]= AF,,,,..
If n is even, m odd makes K(m)>0, f"" <0, so that 0> A" "K(m) > -1, while m even
gives the same result from K(m) <0 and 8" >0. Ifniseven, [a"AF,]= AF,, ~1. O

m+n

Adding 1/2 to each side of (2.6) will ultimately yield Theorem 2.7.

Theorem 2.7: [a"AF,+1/2]=AF,,,,, nzm+k+2.

>
Theorem 2.8 [AF,/a™]= AF,_,, n—meven, nx>m+k;
[AF,/a™=AF,_,-1, n-modd, n>m+k.
Proof: Refer to Lemma 1.8 to write
AF. [a™ = AF, , + AB"™"K" (m) (2.8)

where 0 < K*(m) <1,m>1,and 4 <a*.
Ifn—-misevenand n—m=>k,

0< AB™ K (m)<a*B" K" (m) < 1.
If n—misodd, 7" <0 while 421and,ifn=m,
0> A" "K*(m)> B""K*(m) >~|p"" > -1,
finishing the proof. O

Theorem 2.9: [AF,/a™ +1/2]=AF,_,, n2m+k+2.

—-m >

Proof: Add 1/2 to each side of (2.8), and analyze the resulting expressions for n—m even,
and for n—m odd. O
Theorem 2.10: AF, =[Aa"/5+1/2), n2k k=2, A>1.

Proof: v
Aa” I5+1/2= A@" 15 = B 1\5)+ A" 15 +1/2

= AF, + AB"IJ5+1/2
where

|AB" IS +1/2|<|a*B" 15 +1/2=|p"* 15 +1/2]<1
fornzkandk>2. O
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If A=1, we have, of course, the Fibonacci numbers {F,}. Theorems 2.1 and 2.6 for {F,}
appear in [5], and Theorems 2.2 and 2.10 in [4], for A=1 and n>2. By taking A =1 in the
proof of Theorems 2.2, 2.4, and 2.5, we find that in the special case AH, = F,, all three are true
forn>2.

If {H,} contains H, = kF, but H,_, # KF,_,, then we have the Lucas case 4 # B of the next
section.

3. THE LUCAS CASE: THE SEQUENCES {H,} WHERE 0 <24 <B

Let H,=H, ,+H,,whereH, =4, H,=B, and 0<24<B. We prove ten greatest inte-
ger identities as before, but we define & by

F,_ <B-A<F,, k=3.
Referring to (1.5), we can combine inequalities to write
B-A<a®! k=3, andl<A4. (3.01)
By applying (1.4) and (3.01) and making careful analysis of signs, we next establish
V3ap"| < |81 ~1BI", n=k, (3.02)
where d = (a(B—A)~A)/\/§> 0.
Ifnis even, f" >0, and
0<~5dB" = (a(B-A)- AB" <(ac* ™" -1)B"
(-1 g
=181 - 1BI".
Ifnis odd, -B" >0, and
0>5dp" = (4d-a(B- A)(-F")>(1-aa" )"
I
=1pr-1pr"

which establishes (3.02) and will allow us to write several identities for {#,}, in the Lucas case.

Theorem 3.1: [ad,]1=H,,,, neven, nxk;
[eH,]1=H, -1, nodd, n>k.
Proof:
aH, = a(ca” +dp")
=ca™ +df"™ —dp™ — dp™
= H,py ~df"\(B*+1)
o, =H,, +J/5dB". (3.1

By (3.02), [V/5dB"|<| "™ ~|BI"<1-1/2",n2 k, which establishes Theorem 3.1 by considering
the cases » even and n odd. [
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Theorem 3.2: [aH,+1/2]=H, ,, n>k+2.

+1>

Proof: Add 1/2 to each side of (3.1) and use (3.02) to analyze the result. [
Theorem 3.3: [H,/al=H, _,, neven, n>k;
[H,/al=H, -1, nodd, n>k.

Proof:
H, /a=(ca"+df"/a=ca" ' +dp" " -dp"" —dp™"

H |a=H,  +J54p" (33)
where we note the same fractional expression +/5d" as in Theorem 3.1. [

Theorem 3.3 corrects a proof of a theorem of Cohn [2; p. 31], in which he gives the next
lower term to N as [N / «], which is true when 7 is even but not when # is odd. Dr. Cohn has
acknowledged the error in a private correspondence with one of the authors.

Theorem 3.4: [H,/a+1/2]1=H, |, n2k+2.
The proof'is identical to that of Theorem 3.2, but using (3.3). O

Theorem 3.5: [(H,+)/al=H, ,, n=k+3.

Proof: From (3.3),
(H,+)/a=H,_ +/5d"+1/a.

By (3.02), |V/5dB"|<1/4-1/2" forn>k+3. Adding 1/ to each term of the inequality for
the case n even, and then for the case n odd, we find that in either case, we obtain
0</5dp" +1/a<1. O

Theorem 3.6: [¢"H,1=H,,,, neven, n>m+k,mz2;
[¢"H,]=H,,, -, nodd, n=m+k,m=2.
Proof: Since 1/a™ = (-1)"p",
a”H, =a"(ca” +dB")
— Can+m+dﬂn+m—dﬂn+’n+(“1)"1dﬂn_m
= Hypp +SdB™"((-1)" = B V5
a"H, = H,,,, +~/5dB""M(m) (3.6)
where |M(m)|<1 form>1. By (3.02),
WS dB™ " M(m)|<|NS ™| <| B BT <1-1/ 277

for n—m > k. Consider the signs carefully. For » odd, m odd, ™" >0 and M(m) <0, while for
nodd, m even, 7™ <0 and M(m) > 0, so whenever n is odd,

0> /5dB™"M(m) > 1/2%" 1> -1,
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so that [@"H,]1=H,,, —1. For n even, m odd, " <0 and M(m) <0, while for n even, m

even, 7" >0 and M(m) > 0, so whenever n is even,
0<5dB" "M(m)y<1-1/2"" <1,
so that [@"H,]=H,,,,. U

+m

Theorem 3.7: [a"H,+1/2]=H,
Proof: By (3.6),

> N2M+E+2.
a"H, +1/2=H,, +~/5dB""M(@m)+1/2

where I\Bdﬁ”‘”’M(m)k 1/2-1/2"" forn-m>=k+2. Add 1/2 to each member of the
inequalities for the even and odd cases as in the proof of Theorem 3.2. [J

Theorem 3.8: [H,/a"1=H,_,, n-modd, n>mn-m>k;
[H,/a™]=H,_, -1, n-meven, n>mn-mk.
Proof: Since 1/a” =(-1)"p",
H,/a"=(ca"+df")/ a"
— can—m +dﬂn“m_dﬂn—m+d(_1)mﬂn+m
=H, ,, +df""(~1+ ()" ")
= H,_,, +J5dB""((-1+ (=)™ f"W5)
H /a"=H,_ +J5d8""J(m) (3.8)

where |J(m)|<1 for m>1but J(m) <0 form>1. From (3.02) we have the same results as in the
proof of Theorem 3.6 except for the signs:

N5dp™" T m)l < | B B
For n odd and m odd, or for n even and m even, " > 0 and J(m) <0, and we have
0>/5dB"" J(m)>1/2"" 1> -1
forn-m=k,n—m even, making |H,/a™]=H,_, -1
For n even and m odd, or for n odd and m even, 8™ <0 and J(m) <O0;
0</5dB" " J(m)<1-1/2"" <1
forn—-modd, n~-m>k, and [H,/a™]=H,_,, finishing the proof. O

Theorem 3.9: [H,/a™ +1/2)=H,_, ,n>mn-m=>k+2.

Theorem 3.9 is proved by using the methods of Theorems 3.2 and 3.7 to operate on (3.8).

Theorem 3.10: H, =[ca"+1/2], n>k, wherec= (Hl-—ﬁHO)/«/—S_.
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Proof: By (1.3) and (1.4),
ca"+1/2=ca"+dp"-dp"+1/2=H,-dp"+1/2.

Divide each term of inequality (3.2) by 5 to write
dB™ < (181" 181" )15 <(1=1/2") /5 <172, n>k.

If nis even, then " >0, and 0>dfB" >—-1/2. Add 1/2 to each term to determine that 1>1/2 -
df">0. Ifnis odd, then 8" <0, and 0<—df" <1/2 gives 0<1/2~df" < 1 upon adding 1/2
to each term. In either case, H, =[ca” +1/2). O

Corollary 3.10: L, =[a" +1/2] for the Lucas numbers (L,),n>2.
Corollary 3.10 appears in [4].

4. THE GENERAL CASE: (H,) WHEREA=BORO0<2A<B

In comparing the ten theorems of Sections 2 and 3, notice close agreement except for
whether subscripts are odd or even, as expected from (1.9) and (1.10). The following results are
true for both the Fibonacci and Lucas cases, and hence for all { 7}, where we take k from F,_, <
Hy=B-A<F,, ifA#B,and from F, <A< F,_,if4=B.

Theorem 4.1: [aH }=H, ,or H -1 nxk.
Theorem 4.2: [aH,+1/2]=H,,, n2k+2.
Theorem 4.3: [H,/a]l=H, , or H,_,-1, nzk.
Theorem 4.4: [H,/a+1/2]1=H, |, n2k+2.

Theorem 4.5: [(H,+1)/al=H,,, n>2k+3.

Theorem 4.6: [a"H ]1=H,,, ot H -1 nxm+k+2,m>2.

m

Theorem 4.7: [a"H,+1/2]1=H,,,, n2m+k+2,m=2.

+m>3
Theorem 4.8 [H, /a"]=H,, or H, -1, n>m+km>2.

Theorem 4.9: [H,/a" +1/2]=H, nxm+k+2,m=2.

—-m>

Theorem 4.10: [ca”"+1/2]=H,, c:(Hl—ﬂHo)/\/g, nxk.

We can extend Theorems 4.1 through 4.10 for negative subscripts. Since (-1)""'F_, =F,,
|F,|=F,, Theorems 2.1 through 2.10 apply for sequences having |F_,| or [AF,| as the n" term.

We can apply Theorems 3.1 through 3.10 for {H"»} where H"» =|H_,| as well if we extend the
definition of {H,} for negative subscripts so that (1.1) becomes

H_ =AF , ,+BF, = A-1)""F,, +B(-1)""F

n+2 n+l»
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H_,= (1) (B, ~ AF,y) = (-1)' H'y, @.1)

where {H*,} is the conjugate sequence [3] for {H,}, H'» =Hn1 +H %2, Hy=B-A4, H1 =
B-2A=A", H> =2B-34=B". Notice that |H_,|=(-A4")F,_,+B"F,_ , = H",, where {H"}
is one of the sequences { H,} with positive subscripts. Thus, Theorems 3.1 through 3.10 and 4.1
through 4.10 can be extended to { H,} with negative subscripts by taking |H,|= H% in all the
theorem statements.
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1. INTRODUCTION

The Lucas sequences {U, (P, Q)}, with parameters P and Q, are defined by U,(P, Q) =0,
U,(P,0)=1, and
U,(P,0)=PU,(P,0)-QU,_,(P,Q) forn>2,

and the "associated" Lucas sequences {V,(P, Q)} are defined similarly with initial terms equal to
2 and P, for n = 0 and 1, respectively. The sequences of Fibonacci numbers and Lucas numbers
are, of course, {F,} ={U,(1,-1)} and {L,} = {V,,(1, - 1}.

Several authors (e.g.,[3], [1], [6]) have discussed the conics whose equations are satisfied by
pairs of successive terms of the Lucas sequences. In particular, it has been shown that (x, y) =
(w,, W,,,) satisfies y* — Pxy+Qx* +eQ" =0, where w, = U, (P, Q) if e=~1 and w, =V, (P, Q)
if e = P? —40. It has apparently not been recognized that the hyperbolas y?— Pxy + Ox* +eR =0,
where R=1if Q=1and R = %1 if Q = -1 characterize the Lucas sequences when e = -1, and the
associated Lucas sequences when e = P? —4( is square-free; that is, the set of lattice points on
these conics is precisely the set of pairs of consecutive terms of {U,(P,£1)} if e=~1, and of
{V,(P,£])} ife= P? — 40 is square-free. Accordingly, we shall prove the converse of the results
of [3] and [1] by showing that no lattice points exist for the above hyperbolas if O = +1 other than
(w,,w,,,) [provided that when w, =V, (P, Q), the discriminant D is square-free].

Using the above results, we then construct, for each of the sequences {U,(P,-1)},
{U,(P,1)}, and {V/, (P, 1)}, a polynomial in two variables of degree 5, and a polynomial of degree
9 for {¥/, (P, —1)} whose positive values, for positive integral values of the variables, are precisely
the terms of the sequence. This extends the results of Jones [4] and [5], who obtained a fifth-
degree polynomial whose positive values are the Fibonacci numbers and a ninth-degree
polynomial whose positive values are the Lucas numbers.

2. CONICS CHARACTERIZING THE LUCAS SEQUENCES

Assume P >0. To simplify notation, we let U, =U, (P,-1), V, =V, (P,-1), u, =U,(P,1),
and v, =V, (P,1). A proof of the sufficiency in our theorems occurs as a general result in [3];
however, we include an alternate inductive proof in Theorem 1 for completeness.

Theorem 1: Let x and y be positive integers. The pair (x, y) is a solution of
yi—Pxy—x* =+1 N
iff there exists a positive integer 7 such that x=U, andy =U,,,,.

Proof: We show, first, that U2, — PU,,,U, - U? = (-1)”, by induction.

n+l n+l>~'n

If n=1, U;=1and U, = P and the result clearly holds. Assume U:-prPUU, ,-Uk =
(-1)""'. Then
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Uk~ PU, U, -U} =(PU, +U,.)* - P(PU, +U, U, - U,
=UX(P*-P*-1)+PU,U,,2-1)+U>,
==1(U, = PUU,1~Up )= (D"

To see that there are no other solutions of (1) in positive integers, suppose there exist solu-
tions not of the form (U,,U,,;). Let x be the least positive integer such that, for some positive
integer y, (x,y) is a solution of (1) and (x,y)#(U,,U,,,) for any positive integer n. Since
1, P)=(U,,U,) satisfies (1), x>1. Let x,=y—Px and y,=x. We show that 0<x, <x and
that (x,,y,) satisfies (1). Since x>1, 0=y?—Pxy—x?+1=y(y— Px)—x> +1=yx, —x* *1
implies x, >0, and from yx,+1=x? we have (Px+x))x,*1=x%, ie, Pxx,+l=x>-xZ,
implying that x, <x. Now,

Y&~ Pyyx, —x2 = x* — Px(y — Px)— (y - Px)? = x* + Pxy — y* = —(£1).

Thus, (x,,¥,) is a solution. By the induction hypothesis, there exists an » such that x, = U, and
YVo=U, Thenx=y,=U,,, and

n

y=Px+xy=Py,+x,=PU,,+U,=U

n+2»

contradicting our assumption concerning (x, ).
According to Dickson ([2], Vol. 1, p. 405), Lucas [7] proved that, if x and y are consecutive

Fibonacci numbers, then (x, y) is a lattice point on one of the hyperbolas y — xy —x* = +1, and
J. Wasteels [12] proved the converse in 1902.

Theorem 2: Let x and y be positive integers, x <y. The pair (x, y) is a solution of
y:-Pyx+xt=1, P>2, 2)
iff there exists a positive integer n such that x=u, andy =u, ;.

Proof: We note that, because of the symmetry, the assumption that x <y is made without
loss of generality. The proof parallels that of Theorem 1. (In proving the necessity, one lets
Xo=Px—y and y, = x, and easily obtains x, < x, and x,y =x* —1<xy = x, <x.)

It is known that, if D = P? +4, the general solution in positive integers of y* — Dx? = +4 is
(x,y)=(U,,V,), and if D= P? -4, the general solution of y* —Dx? =4 is (u,,v,). This may
be shown using the known general solutions in terms of the fundamental solutions (for example,
from (x, +y,,«/_D—)/2 =[(x, +y, \/5)/2]" for x*> — Dy? = 4; see Mordell [9, p. 55], and Dickson
[2, Ch. XII]). Using Theorems 1 and 2, we provide an alternate derivation of the general solution
in terms of Lucas sequences of these Fermat-Pell equations.

Corollary 1: The solutions of s> — Dt* = +4 for D= P> +4 and of s* —Dt* =4 for D= P* -4
are precisely the pairs (¢, s) = (U,,V,) and (u,, v, ), respectively.

n

Proof: Tt is well known that V2(P, Q)~D-U*(P,Q)=4Q" [11, p. 44]. Suppose (s,1) is
any solution of s* — Df* =44 (D= P* +4), ie., of s* - P*? =44+ 41 Ttis clear that s and Pt
have the same parity, so y = (s+ Pt)/2 is an integer. Upon substituting for s,
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(2y— Pt)* ~ P** =44+ 41> = 4)* — 4Pty = +4 + 41*.

That is, y* ~Pyt—1*> =+1. By Theorem 1, y=U,,, and ¢ =U, for some n. Now it is known
that V,(P, Q) = 2U,.,(P,0)~ PU, (P, 0) [11, p. 44], implying that s =,

The proof of the necessity for s* — Dt*> =4, D = P? -4 is similar.

3. CONICS CHARACTERIZING THE ASSOCIATED LUCAS SEQUENCES

It is interesting that the solutions of the hyperbolas y? — Pxy—x? =+D, for D= P?+4,
include (V,,V,,,) for n>0, and the solutions of y* — Pxy +x*=~D, for D= P? -4, include
(v, Vi) for >0 [3], but that there may be, in general, additional pairs of integral solutions. A
case in point: y* —4xy—x* =20 has (x,y)=(1,7) as a solution (but V,#1 for any n>0). It
may be shown, however, that there are no additional solutions if D is square-free.

Theorem 3: Let P> +4=D=a’d, d square-free. The set of lattice points with positive coordi-
nates on the hyperbolas

y* —Pyx—x*=+D 3)
is precisely the set {(V,,V,,,)} (n=0) iff the sets of x-coordinates of the solution sets of
x? — Dy* = +4 and x* —dz* = +4 are equal.

Proof: As remarked above, (V,,V,,,) satisfies (3) for all n>0. Assume that x, y >0 and
(x, ) is a solution of (3). Now, since P and D have the same parity, (3) implies that

y= [Px +4/D(x* i4)] /2 = [Px +ayd(x* i4)} /2

is an integer iff d(x?+4) is a square; that is, iff, for some integer z, x> +4= dz*, e,
x* —dz* =+4. Thus, the set of lattice points on (3) is precisely the set {V,,V,,,} iff x=V, for
some n>0. By Corollary 1, on the other hand, the pair (x, y) is a solution of x? — Dy?* = +4 iff
x =V, for some n>0. This proves the theorem.

If D is square-free, then d = D, and we immediately have

Corollary 2: Let x and y be positive integers, and D = P? +4 be square-free. The pair (x, y) is
a solution of y? — Pxy—x? = +D iff there exists a nonnegative integer 7 such that x =V, and
y= Vn+l'

We note that the equations x* — Dy? = +4 and x* — dz* = +4 of Theorem 3 may have solu-
tion sets having identical x-coordinates when D#d. For example, if D=4d and d=2 or 3
(mod 4), since in these cases z must be even.

We may establish, in exactly the same way as for Theorem 3, the corresponding theorem for
y? = Pyx +x* = —D, with D= P> —4. We state only the analogous corollary.

Corollary 3: Let D = P? — 4 be square-free and x and y be positive integers. The pair (x, ) is a
solution of
y:—Pyx+x*=-D 4)

if there exists a nonnegative integer 7 such that x=v, andy =v,,,.

1995] 61



DIOPHANTINE REPRESENTATION OF LUCAS SEQUENCES

4. DIOPHANTINE REPRESENTATION OF TEE SEQUENCES

The set of terms of any Lucas sequence is a recursively enumerable set, and such sets have
been shown to be Diophantine [8]. That is, for each recursively enumerable set S, there exists a
polynomial % with integral coefficients, in variables x,,...,x,, such that x €S iff there exist

ces Ay

positive integers y,, ..., ¥,, such that P(x, y,, ..., ¥,_;) = 0. As a consequence, it is possible to
construct a polynomial whose positive values are precisely the elements of S. The construction is
due to Putnam [10], who observed that x(1—%?*) has the desired property. Using equations (1),
(2), (3), (4), and Corollary 1, we now obtain such polynomials for the set of terms of the
sequences {U,(P, -1}, {U,(P, )}, {V,(P,-1)}, and {V,(P, 1)}.

Theorem 5: Let AU(P, Q) denote the set of terms of the sequence {U,(P, )}, and V' (P, Q)
denote the set of terms of the sequence {//, (P, Q)}. Then, if x and y assume all positive integral
values, the set S is identical to the set of positive values of the polynomial

@ x2-0F-Pxy-¥*¥]  ifS=P,-1),
(i) x2-(* - Pxy+x*)*] if S =u(P,1), P>2,
Gi) Y1-(G*-Dx*)*-16)*] ifS=V(P,-1), D= P*+4,
) J1-(O*-Dx*)-4)*] if S =V (P,1), D=P*-4.
Proof: 1In view of Theorems 1 and 2 and Corollary 1, the proof is obvious, provided we

show that y* — Pxy —x? and y? — Pxy+x* (P >2) are never 0 for x and y integers. However, if
either equals O, then

)= Px+xyP?+4 or = Px+xyP? -4

, (P>2);
2 5 (P>2)

clearly, since D = P* +4 is not a square, y is irrational for all integral x values.
By Corollary 1, the polynomials in (i) and (i) may be given, alternatively, as

x[l— ((y2 - Dx*)? - ]6)2], for D= P? +4,
and

x[l—((y2 —sz)—4)2}, forD=P?—4,

respectively. And, by Corollaries 2 and 3, the polynomials in (iii) and (iv) may be given, alterna-
tively, if D is square-free, as

x[l - ((y2 —- Pyx—x*)* - (P*+ 4)2)2]
and
x[l ~(* - Pxy+x* + P? —4)2],
respectively; however, in case (i) of the theorem, the degree of the alternative is higher.

For a summary of results on polynomials representing various additional sets, we refer the
reader to [11, Ch. 3, III].
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EXEXE XY

NEW EDITORIAL POLICIES

The Board of Directors of The Fibonacci Association during their last business meeting
voted to incorporate the following two editorial policies effective January 1, 1995.

1. All articles submitted for publication in The Fibonacci Quarterly will be
blind refereed.

2. In place of Assistant Editors, The Fibonacci Quarterly will change to
utilization of an Editorial Board.
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SOME SUMMATION IDENTITIES USING
GENERALIZED O-MATRICES

R. S. Melham and A. G. Shannon

University of Technology, Sydney, 2007, Australia
(Submitted June 1993)

1. INTRODUCTION

In a belated acknowledgment, Hoggatt [3] states:

The first use of the Q-matrix to generate the Fibonacci numbers appears in an abstract of a paper
by Professor J. L. Brenner by the title "Lucas' Matrix." This abstract appeared in the March 1951
American Mathematical Monthly on pages 221 and 222. The basic exploitation of the O-matrix
appeared in 1960 in the San Jose State College Master's thesis of Charles H. King with the title "Some
Further Properties of the Fibonacci Numbers." Further utilization of the Q-matrix appears in the
Fibonacci Primer sequence parts I-V.

For a comprehensive history of the Q-matrix, see Gould [2]. Numerous analogs of the
(-matrix relating to third-order recurrences have been used. See, for instance, Waddill and Sacks
[13], Shannon and Horadam [10], and Waddill [11]. Mahon [8] has made extensive use of
matrices to study his third-order diagonal functions of the Pell polynomials. Recently, Waddill
[12] considered a general Q-matrix. He defined and used the & x £ matrix

h h V-1
1 0 - 0
R={0 1 - 0
00 1 0

in relation to a k-order linear recursive sequence {V,}, where
k-1
Vn = ZriVn—l—h nzk.
i=0
The matrix R generalized the matrix O, of Ivie [5].
In the notation of Horadam [4], write ’
W, =W,(a,b; p,q) .1
so that
W,=pW, ,—qW,_,, Wo=a, W;=b, n>2. (1.2)
With this notation, define

{Un =W,(0,1; p, q), (13)
V,=W,(2, p; p, 9. '

Indeed, {U,} and {V,} are the fundamental and primordial sequences generated by (1.2). They

have been studied extensively, particularly by Lucas [7]. Further information can be found in [1],
[4], and [6].
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The most commonly used matrix in relation to the recurrence relation (1.2) is
M= (i’ “0‘1), (1.4)

which, for p =—g =1, reduces to the ordinary O-matrix. In this paper we define a more general
matrix M, ,, parametrized by £ and m and reducing to M for k =m=1. We use M, , to develop
various summation identities involving terms from the sequences {U,} and {V, }.

Our work is a generalization of the work of Mahon and Horadam [9] who used several pairs
of 2x2 matrices to generate summation identities involving terms from the Pell polynomial
sequences

{P,, =W,(0,1;2x, -1), (L5)

0, =W,(2,2x;2x,-1).

We generalize their work in two ways. First, we consider sequences generated by a more general
recurrence relation. Second, our parametrization of the matrix M , includes all the matrices
considered by Mahon and Horadam as special cases.

2. THE MATRIX M, ,,

Before proceeding, we state some results which are used subsequently. None of these is new
and each can be proved using Binet forms. If

A=p2—4q, 2.1
then
Up1 =qU, =V, (2.2)
Vi =4V, = AU, (2.3)
V,, —2q" = AU}, (2.4)
Uiin=9"Upn = UV, (2.5)
Veew ="V = AU, (2.6)
UpsnUs-m = Ui ==4""Up, 2.7
VeirVioom =V = Ag* UL, (2.8)
UpinUmem =4 UnUp = UpU i om: (2.9)

By induction it can be proved that, for the matrix M in (1.4),

v :(Unﬂ -qU, )’ (2.10)
u, -qU,,

n

where 7 is an integer.
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We now give a generalization of the matrix M. Associated with the recurrence (1.2) and with
{U,} asin (1.3), define
M, , = (U w0l ) @.11)
Uk —-q Uk—m

where k and m are integers. By induction and making use of (2.9), it can be shown that, for all
integral n,

My = U,’;'I(U[}’”'” ;‘,InUU"" ) (2.12)
nk - nk—m

When k =m =1, we see that M, _,, reduces to M and M, , reducesto M".

3. SUMMATION IDENTITIES

We now use the matrix M, , to produce summation identities involving terms from {U,}
and {V/,}. Using (2.5) and (2.7), we find that the characteristic equation of M, ,, is

2 -UYVA+q*UL =0 (3.1
and, by the Cayley-Hamilton theorem,
Mlz,m - UkaMk,m +qu31[ = O’ (32)

where / is the 2 x 2 unit matrix. From (3.2), we have

(UkaMk,m _quriI)an{,m = M}?,nn-:j: (33)
and expanding yields
3 (1) Uz, = M. G4

i=0

Using (2.12) to equate upper left entries gives

Zn:(’;) GOV qk(n-i)VI:U(i+j)k+m =Ugntjykem- (3.5)
Again from (3.2), "~
(M, +q" U =U Vi My (3.6)
and expanding we have
3 (1) UM = UM, 6.7

i=0

Using (2.12) to equate upper left entries gives

< n n—i n
Z (1 )qk( )Ulik+m = Vk Unk+m' (38)

i=0
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Once again, from (3.2),
(M2k,m _qumI)2 = Um(V2k - zqk )M2k,m = AUmUIEMNc,m’ (39)

and expanding, after taking n™ powers, we have

2n

Z(2,-’1)(—1)'qk(z"_’)U,i""M;k,m = NULUF M}, . (3.10)
i=0

Equating upper left entries yields

2n

2 i n—i n n
Z( ln)(—l) qk(z )U2ik+m =A UI;Z U2nk+m' (311)

i=0

From (3.9),
My, —4"U,,D" = NULUR (M3, ~ 4" UM, ). (3.12)

Equating upper left entries yields, after simplifying,
2n+l
2n+1 i n+l-i nyr2n
Z( i )(_l) " qk(z + )U2ik+m =A Ul? (UZ(n+l)k+m _qu2nk+m) > (3 13)
i=0
and using (2.5) to simplify the right side gives

2 on+1 il k(2n+lei 2141
i+ n ~1 n n
3 (P )0 g = KU o (3.14)

i=0

This should be compared to (3.11).
Manipulating the characteristic equation (3.1), we have 2A-U V, )2 = AUV, so that

QM, , -U VD> = NUUR"T (3.15)
Expanding gives
2n o ) _ .
Z (21’1) (_1)1 2’U3‘n_le2n_l M;:, = Antanlzn[ ) (3 . 16)
i=0

Equating upper left entries and also lower left entries yields, respectively,

2n )
2(21'") D 2V U = NUU,, (3.17)
i=0

n n o .

Z( ! )(—l)’z’sz”"U,.k =0. (3.18)

i=0

We note that (3.17) reduces to (3.18) when m = 0.
Multiplying both sides of (3.15) by (2M, ,, - U, V,I) and expanding gives

2n+1 m+1 ) ) ) . )
; _1)I+l 21 U2rl+l—l k2n+l—l MI o= AnU’inUZn (2Mk - Um-VkI) ) (3 ) 19)
i m k, s

i=0
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Equating upper left entries yields

2n+l1 2m+1 . ) )
Z ( ; ) (_ 1)I+1 21 Vk2n+l—1 Uik+m - AnUZn+1Vm , (3 20)

i=0

which should be compared to (3.17).
Now, using (3.5), we have

« n n—i —i )i
Z (,' ) -D""q K )Vk U +)k+m+1 — 4 U i+ j)k+m—l) =U, @n+k+m+l — 9 U @2n+)k+m-1>
i=0
and (2.2) shows that this simplifies to
4 n n—i n—=i)yri
3 (1) 0 T e pon =Viamston (3.21)
i=0

Making use of (2.2) and (2.3) and working in the same manner with identities (3.8), (3.11),
(3.14), (3.17), and (3.20) yields, respectively,

~(n n—i
Z(i)qk( )Vlik+m = an nk+m> (322)
i=0
& (n i k(2n-i) 2
Z( i )(_l)lq @nt V2ik+m = Anl]anan+m7 (323)
i=0
T 2n+1 i+1 _k(2n+l-i +Hpr2n+
Z( i )(_1)' q @n I)V2ik+m = An Ukn+ U(2n+1)k+m’ (324)
i=0
2n 2n o )
> ()W 2V = KUY, (3.25)
i=0
2n+1 ) ) )
Z(zni+ 1)(_1)&121 Vk2n+l—1 = AnHU]?nHUm. (326)
i=0

In what follows, we make use of the following result:

MI:,mMI:“l,m — U':+n,—l Unk+n,kl +m —Z] Unk+n1kl . (327)
Unk+n,kl —-q Unk+n1k1 -m

This is proved by multiplying the matrices on the left and using (2.9).
Consider now the special case of (3.2), where £ =m. Then, using (2.5),
Ml?,k =U2kMk,k—qu131~ (3.28)
Using (3.28) and (2.9), we can show by induction that, for n>2,
M = U (UM, =4 U U,y D). (3.29)
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The binomial theorem applied to (3.29) gives

U3 () ) g U U UM = M 630

i=0

Equating lower left entries of the relevant matrices then yields

Z( )( D T U Ui = Ul ss e (3.31)

i=0

Multiplying both sides of (3.30) by M, , and using (3.27) to equate lower left entries gives

Z( )( )™ k(s_l)Us;—ll)kU:rkU(i+j)k+k, = URU s jyicry » (3.32)

i=0

which generalizes (3.31).
Again from (3.29), after transposing terms and raising to a power s, we obtain

Z S s~i n-1)(s—i s—i n-2)s
Z(,.)q’“ DY MY, = U UM, (3.33)

i=0
which yields
Z(f)qk(s_i)UliU(s;il)kUnik =UnUy. (3.34)
i=0

Multiplying both sides of (3.33) by M, , and using (3.27) to equate lower left entries gives

3 N s—i s
Z(i)qk( )UkUn kU ik, =UnUgesr,» (3.35)

i=0
which generalizes (3.34).

Continuing in this manner after yet again transposing terms in (3.29) and raising to a power s,
we obtain
(s iy 7(n=2)(s—i)y7s—i n—1)i+s ksy7(n-Dsy7s
Z(,‘)(—l) U}E 2 )Unk Mlg,kl)+ =q U}E b U(n—l)kl' (3.36)

i=0
Equating upper left entries and lower left entries yields, respectively,

s

Z( )( 1) Uk HU((n Di+s+hk — 94 U(n—l)kUk’ (3.37)

i=0
s

Z (f) (- l)i UliU;;iU((n—l)Hs)k =0. (3.38)
i=0

Multiplying (3.36) by M, , and equating lower left entries yields

5

) iypriprs—i ST TS
Z(i)(“l) U U U((n—l)i+s)k+lq = qk U(n—l)kUkl' (339

i=0
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We note that, when k; =k, (3.39) reduces to (3.37) and when %, =0, (3.39) reduces to
(3.38).

Now, manipulating (3.32), (3.35), and (3.39) in the same way that (3.5) was manipulated to
yield (3.21), we obtain, respectively,

. A s—i s—i)y785—i i s
Z (,')(“ 1y qk( )U(n—l)kUnkV(i+j)k+kl = UkV(ns+j)k+k, > (3.40)
i=0
- A s—i)y7iyrs—i s
Z (,-)qk( )UkU n—l)kVnik+k1 = Unszk+k1 > (3.41)
i=0
- ) iyyiyys—i ksyys
(,-)(“1‘) U Up V((n—l)i+x)k+k1 =q U(n—l)ka,- (3.42)
i=0

4. THE MATRIX X,

We have found a matrix having the property of generating terms from {U,} and {/,} simul-
taneously. It is a generalization of the matrix /¥ introduced by Mahon and Horadam [9]. Define

X, = ( i Uk), k an integer. 4.0
AU, TV,
Then by induction we have, for integral n,
Xp = 2"‘1( A?ik g:) (4.2)
Noting that X]""" = X" X|' produces the well-known identities
2 i =V, +AUU,, 4.3)
2U,,., =V, U, +U,V,,. 4.4
The characteristic equation for X, is
P -2, A+4q" =0 (4.5)
and so, by the Cayley-Hamilton theorem
X -2, X, +4¢* I =0. (4.6)
Using (4.3) and (4.4), we see that
Ve U,
X, -2 ) @
Considering the case k = 1, we can show by induction, with the aid of (4.6), that
X7 =2"'U,X,-2qU,_I), n>2, (4.8)

which is analogous to (3.29).
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It is interesting to note that the methods applied to A/, , when applied to X, produce most
of the summation identities that we have obtained so far. The exceptions are the identities that
arose by using (3.29). The analogous procedure for X, is to use (4.8), but the identities that arise
are less general. For example, (4.8) produces

- N s~ _s~iyrs—iyyi
Z(,’)(“D ¢ U UUs iy = Unga jins (4.9)

i=0

which is a special case of (3.32).

5. THE MATRIX N, ,,

We have found yet another matrix defined in a similar manner to M, ,, whose powers also
generate terms of the sequences {U,} and {/,}. Define

Nim =(V"+’" AL ] (5.1)
Vk -q Vk—m
Then for all integral n,
N]gn - U2n~1An (U2nk+m _qu2nk ) (52)
, U2nk _qu2nk—m

Veon-tviem =4 Vean-
Ng’nr;l :U;n—ZAn—l( ;jn Dk+ "InV @n-1k ] (5.3)
@0k ~4 Yan-1k-m

The characteristic equation of N ,, is

2 -AUU,L-Ag*UL =0, (5.4)
and so
NZ,-AUU,N, ,—Aq*ULI =0. (5.5)

Using the previous techniques and due to the manner in which powers of N, ,, are defined,
we have found some interesting summation identities. We note, however, that some of the
methods applied to M,_,, do not apply to N, ,,. For example, we could find no succinct counter-
part to (3.29). We state only the essential details and omit summation identities that we have
obtained previously.

Manipulating (5.5), we can write

AUm(Uka,m+qum]):le,m (56)
and
(2N, ,, - AUU, D = AUV (5.7
From (5.6) and (5.7), we have
ANUNUN, ,, +q"U,D)" = N7, (5.8)
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2N, ,, - AU U, " =NUTVEI, (5.9)
(2N, , - AU U, ™ = NUYVP' (2N, ,,— AUU,I). (5.10)

Now expanding each of (5.8)-(5.10) and equating upper left entries of the relevant matrices leads,
respectively, to

< n-i) AS 7 7i < n n—i) A5ty i
Z (?)qk( )AzUkUik+m + Z(Z)qk( )A : UkI/ik-Hn = U2nk+m’ (5 1 1)
ilej(e)n ilo_dld
2n 2n—-1
N Rl G El (5.12)
i‘etgn i’:dld

2n+1 2n  dped—i
Z (2" + l) 21 A U]?n+1—lr/lk+m Z (27’11-{- 1) 21 A 5

U™ Uy =V, (5.13)
i=1 i=0

i odd ieven

Finally, making use of (2.2) and (2.3) and applying to (5.11)-(5.13) the same technique used to
obtain (3.21), we have

S =) AT - n n—i) AL y7i

2 (”?)qk(n WU am+ Z(i)qk( "ATUUpsm =Vankrm (5.14)
i=0 i=1
ieven iodd

2n-1
Z( )21A Uzn_lVrk+m Z(zn) A U;"—l ik+m:Vk2an> (515)
i=0 i=1
i even iodd

2n+1 2n . 2n42-i i
Z(2n1+ l) A Ulzn+l-IUzk+m Z (271;—1)21 AZ 22 U]?n+1—IVik+m — AVk2n+1Um- (5.16)
i=1 i=0

i odd i even
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(Submitted June 1993)

INTRODUCTION

Multiplication of two integers is a fundamental computational problem. Various authors have
found nearly linear-time algorithms for integer multiplication; the best such result is that of Schon-
hage and Strassen (in [1]), who showed that the product of two »-bit numbers may be computed
in O(nlognloglogn) steps. Their algorithm involves a recursive application of the Fast Fourier
Transform (FFT) and is quite intricate. However, even the simpler multiplication algorithms based
on the FFT are not used in practice, unless enormous numbers are involved.

Another multiplication method, published by Karatsuba and Ofman (in [1]) uses O(n'"*)
operations and outperforms classical multiplication when n exceeds 1200 (i.e., about 360 decimal
digits).

In 1972 Zeckendorf [8] introduced a representation of the integers as a sum of generalized
Fibonacci numbers defined by the relation '

RV =0, =1, F? =27, j=23, r-1,

EO =FQ+FQ+-+ED,  izr.

@)

The Fibonacci, Tribonacci [5], [7], and Quadranacci [6] numbers arise as a special case of (1)
by letting » =2, r =3, and r =4, respectively. Capocelli [3] gives an efficient algorithm for
deriving the Zeckendorf representation of integers.

This paper compares the classical multiplication, Karatsuba-Ofman, and Schonhage-Strassen
algorithms and multiplication with the Zeckendorf representation, and shows that medium sized
numbers can be multiplied (on average) more quickly using the Zeckendorf Quadranacci represen-
tation.

ZECKENDORF REPRESENTATION OF THE INTEGERS

Recently, the Zeckendorf representation of the integers has been shown to be a useful alter-
native to the binary representation. Each nonnegative integer NV has the following unique Zecken-
dorf representation in terms of Fibonacci numbers of degree r (see [7], [8]):

N =, B + oy X oo 4 aj.Fj('), @)

where a; €{0,1} and o,;_ 1, @, ;... a,_,,; = 0 (no r consecutive a's are 1).
Like the binary representation of integers, the Zeckendorf representation can be written as a
string of O's and 1's, i.e., a0, 1, ;... a3,
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As was proved by Borel [2], almost all numbers have an equal number of zeros and ones in
their standard binary representation. More generally we have that, if g is an integer greater than
one, then

w(t t
(om@D mo

g g
where every digit w,(?) isin {0,1,..., g —1}. Borel's theorem states: For almost all 7 (0<7<1),

)]
lim L0} = l,
n-»o R g

0<t<1,

where F*) denotes the number of those w from the first 7, which are equal to &, 0< k < g-L

Such a property is true for the binary representation of integers, that is, the proportions of 0's
in strings of length » and the proportion of 1's in strings of length » are both equal to 1/2. In the
Zeckendorf representation, this rule does not hold. From [4], we have the following result on the
asymptotic proportion of ones.

Theorem 1: The proportion of 1's in the Zeckendorf representation of integers is

) _ 1 B r a)(r) -1
"o (@)Y [+ Do ~2r]
(r)

+0(1/n), 3)

which tends to 1/2 as r increases. @'’ is a real root of the equation
X —x' - —1=0.

This root lies between 1 and 2.
In Table 1 some values for A4S are presented (see [4]).

TABLE 1. Asymptotic Values of AL

r 2 3 4 5 6 7 8
A9 1 0.2764 | 03816 | 0.4337 | 0.4621 | 0.4782 | 0.4875 | 0.4929

The roots @ form a strictly increasing sequence. That s,
1618..<0® <o® <--- <2.

Zeckendorf representation of integers requires more space than the binary representation, see
Table 2.

TABLE 2. Zeckendorf Space/Binary Space

r 2 3 4 5 6 7
log »2 | 144|113 | 1.05| 1.02 | 1.01 | 1.005
[
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Let us fix the dynamic range of the input data to be n-bits in the binary number system (BNS).
The number of one's for n-bit BNS numbers in the Zeckendorf representation will have an average
at

(ry _ AT,
Nopes =log_n2- 45 - n.

ones

The initial values of the function Z(r) = N

ones

/n are printed in Table 3.

TABLE 3. Average Proportion of One's for n-bit BNS Numbers
in the Proposed Number System

r 2 3 4 5 6 7 8 9
Z(r) 1 0.398 | 0.434 | 0.458 | 0.474 | 0.484 | 0.494 | 0.497 | 0.499

It is clear that the representation using classical Fibonacci numbers requires 20% fewer 1's in
comparison with BNS, which can be employed in many practical situations.

MULTIPLICATION OF THE NUMBERS IN ZECKENDORF REPRESENTATION

Let us consider the multiplication of two integers having a Zeckendorf representation. The
multiplier may have only A" of its digits equal to 1, but it has log (2 more digits. Hence,
multiplication using Zeckendorf representation involves AL -log_(» 2 more additions than in the
BNS case. Therefore, there are AL -(log 2)* times as many digit operations. Because the final
result may have more than » consecutive ones, it must be transformed into normal form. That is,
every string ...01...10... must be replaced by 10...0. This transformation can be accomplished in
2-log (»2-n steps. Hence, using the Zeckendorf representation will require, on average,

) _ 2 (r) 4,2 ~ >
S, =log (»2- 4’ -n" +2-log_,2-n~H(r)-n
bit operations to perform multiplication, if the classical algorithm is used. In Table 4 the initial

values for the function H(r) = logf)(,) 2- A% are tabulated.

TABLE 4. Initial Values of the Function H(r)

¥ 2 3 4 5 6 7 8 9
H®) | 0.574 | 0.494 | 0.484 | 0.486 | 0.490 | 0.493 | 0.497 | 0.499

H(r) attains its minimum when » = 4. Thus, the Quadranacci number system seems to be faster
than other generalized Fibonacci number systems and faster than the BNS from a multiplicative
complexity point of view.

If the time for transformation to normal form was included, it was computed that Quadra-
nacci multiplication outperformed binary multiplication when the number of bits exceeded 130
(about 43 decimal digits). The last conclusion follows from the solution of the inequality
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S® < 0-57*. TIn Table 5 we printed the values for the dynamic range and the corresponding
fastest algorithm for multiplication.

TABLE 5. Comparison among Different Algorithms for Multiplication

ange (bits) | 0-130 | 131-1200 1201-4096 4097-00

Algorithm | Standard | Zeckendorf | Karatsuba-Ofman | Schonhage-Strassen

CONCLUSIONS

A comparison between well-known algorithms for standard binary multiplication and multi-
plication using the Zeckendorf representation has been considered. It was shown that some of the
proposed number systems (Fibonacci, Tribonacci, Quadranacci) possess advantages for perform-
ing multiplication. The hybrid between the classical multiplication algorithm and the above non-
standard number systems can be used for fast multiplication of medium large integers.
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QUADRATIC RECIPROCITY VIA LUCAS SEQUENCES

Paul Thomas Young
Department of Mathematics, University of Charleston, Charleston, SC 29424
(Submitted June 1993)

1. INTRODUCTION

Given A, u €Z, the associated Lucas sequence {¥,},s, is defined by the binary linear recur-
rence

¥0=0, 7,=1, and y,, =y, +py,, for n>0. (1.1)

In this article we will show how these sequences may be used to give new proofs of the quadratic

reciprocity theorem. It is well known that these sequences have the ordinary formal power series
generating functions

P! = i ", (1.2)
n=1

where P(f)=1-At— ut*. The reciprocity law follows from certain integrality relations in the
formal power series ring Q[¢] between these generating functions and a generating function for
the quadratic character modulo the discriminant of P(¢#). The only other tools needed are the
elementary properties of quadratic Gauss sums.

2. LUCAS SEQUENCES AND THE LEGENDRE SYMBOL

The following formal power series identity expresses an interesting relation between the
sequences {y,} and the Legendre symbol (n|q), where |q| is the discriminant of P(?).

Theorem: Let q be an odd prime and set D=(-1|q)q. Choose any integers A, g such that
A2 +4pu =D, and define the sequence {7 ,} by the recursion (1.1). Then there is a unique formal
power series ¢ with integer coefficients and constant term zero such that

St 30

n=1q hn

holds as an equality of formal power series.

Proof: Let { be any fixed primitive g™ root of unity. We define the quadratic Gauss sums
7(n) modulo g by

(n) = qz(—;-)g 2.2)

It is an elementary property of these sums ([1], Theorem 9.13) that z(1)* = D and, therefore, (1)
is a square root of D. Hereafter, we dispense with the ambiguity in sign and simply define VD to
be 7(1). Now, since X970 £* = 0, we have

1 ((a _ 1++JD
2
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which shows that (1++/D)/2 lies in the ring Z[¢] and, therefore, 0, = Z[(1++D)/2]< 7[¢].

We also recall the separability property z(n) = (nq)VD for every integer » ([1], p. 192, eq. (17)).
Define the rational function f by

-1
f(t)=T_Il(1—4”z>““'q>. (2.4)

It is readily seen that as a formal power series in 7, the coefficients of f lie in Z[{]. Set P(¢) =
1- At — ut* = (1- at)(1- Bf), where the reciprocal roots «, 8 are chosen so that a— p= JD.
Then define the rational function ¢ by
#0=LO="
af (1)~ B
We claim this function ¢, as a formal power series in 7, satisfies the conditions of the theorem.
We first show that ¢ satisfies the equality (2.1). We compute that as formal power series,

2.5)

log /(1) = log(ﬁ(l -¢ ”t)_(“"”) = —i‘:l (g)log(l -¢n
1 a=1 a=1 q (26)
_S(aN el o5 o= gDy ()
S-S5
On the other hand, solving (2.5) for fyields
_1-54(0)
FO=1"cs @7)

Since f(0) =1, we have ¢(0) = 0; therefore, we may also compute that as formal power series,

log £ (1) = log(l—‘ﬂﬂ) ~ log(1- (1))~ log(1 - ag(1))

1- t
ad(r) -
o) " " t n o0 t n
:Z(a -B )ﬁ(_)_:\/_D_Zhﬂ(_)_,
n=1 n n=1 n
using the well-known Binet formula
y =P (2.9)

a-f
(Note that expressions such as Xy ,¢" /n make sense as formal power series in 7, since the con-
stant term of ¢ is zero.) Now, comparing the two expressions (2.6) and (2.8) shows that ¢
satisfies (2.1).

Turning now to the coefficients of ¢, we write ¢(¢) = 2, a,t". Equating coefficients of 7 in
(2.1) yields a, =1; equating coefficients of ¢ yields a recursion for a, in terms of ay,...,qa,_,,
demonstrating the uniqueness of ¢. We first show that the coefficients of ¢ are rational: Suppose
not, and let k be minimal such that @, ¢ Q. For 1< j <k, let b; denote the coefficient of t* in
#(t)’; then b, = a, ¢Q, while b ; €Qfor 1< j<k. Equating coefficients of t* in (2.1) yields
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Loob, (k)1
- y.-+=(—]-, 210)
' J§=:2 j \q)k

which is impossible, since b, ¢ Q while all other terms in (2.10) lie in Q.

Now we show that the coefficients of ¢ are integers: Suppose not, and let £ be minimal such
that @, ¢Z. Again let b; denote the coefficient of t* in @(¢)’ for 1< j<k; then b, eZ for
1< j <k, while b, =a, =r/s for some coprime integers 7, s with |s|>1 Expanding (2.7) for-
mally yields

f= (1—ﬁ¢(t))(i a"¢(1)"j = 1+\/52 a"(0)", 2.11)

and therefore the coefficient of ¢* in fis
VD(b, +ab, + - +a*7'b,). (2.12)

We know from (2.4) that this coefficient lies in 7[{], and we observe that VD (aby +---+ a* 5,
lies in the subring O, since a = (/1+1/—D_)/ 2. So we must have b+/D €7[¢], and therefore
(bI\/BY =r’D/s* e7[{]. Thisis a contradiction, since 2D/ s* e Q\Z, whereas Z[(]nQ=Z
This proves the theorem, and in passing also shows via (2.12) that f has coefficients in 0.

3. THE LAW OF QUADRATIC RECIPROCITY
Theorem (Gauss): Let p and q be distinct odd primes, and set D = (-1|q)q. Then

(2

Proof: Choose any integers A, u that satisfy A*+4u=D, and let P(t)=1- At —ut* =
(1—at)(1- pt) and ¢ be as in the above theorem. For 1<k < p, let b, denote the coefficient of
t? in ¢(t)*. Equating the coefficients of #” in (2.1) yields

7, & b (3)

To Ny 2 _\d) 3.2

» ;Y:l kT, (3.2)
so that

i Y A
(g)—u:pZn—k"—- (3.3)
k=1

Therefore, the sum X/} y,b, / k lies in (1/ p)Z; but the least common denominator of the terms
is relatively prime to p, since each y, and b, liesin Z. So this sum must be an integer; thus

Yp= (5) (mod pZ). (G4
On the other hand, we may easily compute (cf. [S], Corollary 1(i) with m=r =1)
a’-p" _(a-p)” -1 -2 _[ D
¥, = = =(D)'=pP 2 | Z | (mod Z), 3.5
p= = =(D) ~ ] (mod 1) (.9
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the first congruence holds modulo p0j, , but both members are integers, so it holds modulo pZ.
Thus, (plg) = (D|p) (mod p), but both are £1, so they must be equal.

4. CONCLUDING REMARKS

The quadratic Gauss sums have played a role in many quadratic reciprocity proofs, reaching
back to Gauss's sixth proof published in 1818 (cf. [3]). Although our approach has features in
common with other proofs of the reciprocity law, it does exhibit an unusual flexibility by giving,
for fixed p and g, an infinite family of proofs corresponding to the variety of choices for A and .

In [5], we employed elementary p-adic methods to prove congruences relating the ratios
Y mp Ay gl to the Legendre symbol (D|p). In the language of formal group laws, these congru-
ences imply that the formal differential @ = P(¢)™" dt is the canonical invariant differential on a
formal group law defined over Z, which is isomorphic over Z to the formal group law attached to
the Dirichlet L-series L(s, y) for the Dirichlet character y of conductor |D| associated to the
quadratic field K = Q(+/D). Formally differentiating both sides of (2.1) and using (1.2) gives

P(g)dp = 2(1’-):" dr. 4.1)
n=1\ 4 t

which implies that the power series ¢ defined in §2 actually #s the isomorphism between these
two formal group laws; however, we have used no formal group techniques in the construction of
¢. The above theorem says that the differential equation (4.1) has a rather surprising property,
namely, that of possessing a solution ¢(¢) at # = 0, which is a rational function whose Maclaurin
series has integer coefficients. It may be interesting to know the coefficients of ¢ more explicitly.

The use of formal group techniques to prove reciprocity laws originated with T. Honda [2],
who gave a proof of quadratic reciprocity using formal group laws and Gauss sums. However,
Honda used a formal group law defined over 0, rather than over Z, and used the Galois theory
of the extension Q< Q(D)< Q) to prove O -integrality, whereas the present argument
requires no such techniques.

It does not appear that our method readily proves the auxiliary result (2|q) = (- 1)("
which amounts to a congruence for ¢ modulo 8. But it is easy to determine from (2.1) that
a, =((2|g)— A1) /2, and one may also note that

-1)/8
b

(gjz1<:>qsir1(mod8)<:>DE1(mod8)¢:>,u50(mod2)_ “4.2)
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A GENERALIZATION OF THE CATALAN IDENTITY
AND SOME CONSEQUENCES

R. S. Melham and A. G. Shannon

University of Technology, Sydney 2007, Australia
(Submitted June 1993)

1. INTRODUCTION

The Catalan identity
E_F

n-rt ntr

Fn2 — (_l)n—r+1E2 (1'1)
has several generalizations. Here we obtain a new generalization and use it to generalize the
Gelin-Cesaro identity

Fn4 —F o F FFn =1, (12)
which was stated by Gelin and proved by Cesaro (see [1], p. 401). Furthermore, we establish that
a certain expression arising from three-term recurrence relations is a perfect square, and this
generalizes previous work.

Using the notation of Horadam [2], let

W,=W,(a,b;p,q) (1.3)
so that
W,=pW,_,—qW,_,, Wo=a, Wy=b, n=2. 1.4)
If @, B, assumed distinct, are the roots of
2 —-pil+q=0, (1.5)
we have the Binet form [2]
w = A = BE" (1.6)
a-p
in which
A=b-apf
{B =b-aa. (1.7)
Write
e= pab—qa* —b* =-AB. (1.8)

Asusual, U, =W, (0, 1; p, q) is the fundamental sequence of Lucas [4].
2. THE MAIN RESULT
We now generalize the Catalan identity and obtain some consequences.
Theorem: For W, =W, (a,b; p,q) and Y, =W, (a,,b; p,q),

I/VnYn+r+.s' - VVWH‘Y;H-s = \P(S)anr’ (2 1)

where

¥Y(s) = (payb —qaa, - bb))U, +(ab, —ab)U ,,.
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Proof: Using the Binet forms for W, and ¥, we obtain, after some algebra,
_ (4B S’ - A Ba’)q"U,

WY, ris =W, L,

ntr+s ntrints = a—,B >
where, in the Binet form for ¥,
4, =b~ap,
Bl = bl - ala .

AB,p°—ABa®

Now, using (1.7) and (2.2) we see, after simplifying, that —=—7— reduces to ‘¥(s).

In (2.1), replacing n by n—r and s by r gives
W, Y, ~W,Y,=¥()q""U,.
Replacing by r +1 in (2.3), we have
Wy iFirs =W, = BG4 DG, .

Adding (2.3) and (2.4) gives
w_Y. +W,

n—ron+r n—-r-1 n+r+1 2WY +lP(r)qn—rU +T(r+l)qn—r IU
Subtracting (2.4) from (2.3) gives
W Y VVn—r—IYn+r+l = ‘Ij(r)qn_rUr - \P(r + 1)qn_r——ll]rﬂ

n-r-ntr

Squaring (2.5) and subtracting the square of (2.6), we obtain
Wy W Yo Vi = W+ W LG @YU, + P + DU, )
+¥Y()Y(r + DU,
Putting » = 1in (2.7) yields
W, Wy iloa =WITE WL g 2 (¥ (D) + pP(2) + PP (D F ()™,
In (2.1), substituting # = —1, s = m—n+1 and noting that U_, =—¢ ', we obtain

wy,-w,_Jr,

F = —P(m-n+1)g"".
Furthermore, if # =m—1, then (2.9) yields
W, Y —W, Y. =-¥?2)q" >
Finally, from (2.1), it follows that
(W n+r+s n+r n+s)2 = lPZ (s)qangl
so that
4WW Y +\PZ (S)qanz - (W n+r+s rl+r n+s)

n+r-n+s n+r+s

thus establishing that

1995]
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aww,, Y. Y. . +¥(s)q*"U} (2.11)

n+rin+sTntr+s

is a perfect square for nonnegative integers n, r, s and integers a,b,a,,b,, p,q.

3. RELATION TO OTHER GENERALIZATIONS

The results of the previous section generalize results of Horadam and Shannon [3] who, in
turn, generalized work of Morgado [5] on the Fibonacci numbers. It suffices then to indicate how
our work generalizes that of Horadam and Shannon.

In (2.1), when (a,,5,) = (a, b), we have {W,} = {¥,} and ¥(s) = eU,, so that (2.1) becomes

Wl ires = WariWors = eq"U U,

which Horadam and Shannon gave as a generalization of the Catalan identity. Under the same
circumstances, noting that ¥'(1) = e and W(2) = ep, (2.8) reduces to

W oW WiiWoiz = Wn4 + aneqn_Z (P2 +q)+ ezq 2n_3p2 >

which Horadam and Shannon gave as a generalization of the Gelin-Cesaro identity.
Similarly, (2.9) and (2.10) reduce, respectively, to
W =W Wy = —€q "y,

m—n+1
and

WWy =Wy Wiy = ~epq"?,
which are generalizations of results for Fibonacci numbers due to D'Ocagne (see [1], p. 402).
Finally, the expression (2.11) reduces to
AW W Wrris + € URUL,

n+r’ nts" ntrts

which was proved by Horadam and Shannon to be a perfect square.
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ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
Stanley Rabinowitz

Please send all material for ELEMENTARY PROBLEMS AND SOLUTIONS to Dr. STANLEY
RABINOWITZ; 12 VINE BROOK RD; WESTFORD, MA 01886-4212 USA. Correspondence
may also be sent to the problem editor by electronic mail to Fibonacci@MathPro.com on Inier-
net. All correspondence will be acknowledged. '

Each solution should be on a separate sheet (or sheets) and must be received within six
months of publication of the problem. Solutions typed in the format used below will be given
preference. Proposers of problems should normally include solutions. Although this Elementary
Problem section does not insist on original problems, we do ask that proposers inform us of the
history of the problem, if it is not original. A problem should not be submitted elsewhere while it
is under consideration for publication in this column.

BASIC FORMULAS
The Fibonacci numbers £, and the Lucas numbers L, satisfy
E1+2:EI+I+F;1> F6:0> }71 :l’

Lyy,=L,a+L,, Ly=2, L;=1

Also, a=(1+/5)/2, B=(1-/5)/2, F,=(a"-p")/5,and L, =a"+p".

PROBLEMS PROPOSED IN THIS ISSUE

B-778 Proposed by Eliot Jacobson, Ohio University, Athens, OH

While paging through an old text in our library, I found a tattered and yellowed page, clearly
out of place, as if it had been torn from a book, long forgotten. After months of tedious work, I
have completed the translation of the scribbled markings on that page. In the margin was noted:

1 have found a truly wondrous demonstration of the following theorem, unfortunately the margin of
this page is too small to contain it.

And then followed:

Fibonacci's Last Theorem: The equation x” +y" =z" has no nontrivial solutions consisting entirely of
Fibonacci numbers, for n>2.

Can you supply the missing proof?
B-779 Proposed by Andrew Cusumano, Great Neck, NY
Find integers a, b, ¢, and d (with 1 <a <b < ¢ <d) that make the following an identity:
By =Fy o +6F, y+F 4y
B-780 Proposed by Zdravko F. Starc, Vrsac, Yugoslavia
Prove that:
@) F-Fy-FeFy < exp(Frg —n-1);
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®b) R-B-F- B, <exp(ly,—n);
(©) B Fy-Fs---- By <exp(Fppn—n—1).

B-781 Proposed by H.-J. Seiffert, Berlin, Germany
Let F(j) = F;. Find a closed form for

y F(k | V& f)
k=0
(The notation | x | denotes the greatest integer less than or equal to x.)

B-782 Proposed by Laszlo Cseh, Stuttgart, Germany, & Imre Merény, Budapest, Hungary
Express (F2, + F2 + F))(F 0 + B, + FY) as the sum of three squares.

B-783 Proposed by David Zeitlin, Minneapolis, MN
Find a rational function P(x, y) such that

1057° —13651° +1764n

P(F,FE,)=
(F Fon) 251° +1751* - 56001* + 5904

forn=0,1,2,3,4,56.

ERRE )

SOLUTIONS

Fun with Unit Fractions

B-745 Proposed by Richard André-Jeannin, Longwy, France
(Vol. 31, no. 3, August 1 993)

Show that =1+
nZ:l }TZn z I:2n—- En5n+l

Solution by Paul S. Bruckman, Everett, WA

LetS=2_,1/F,, D,=F, F,,F,. ,and T=%"1/D, We wantto show that §=1+7.
Clearly, the sums defining S and 7" are absolutely convergent, which justifies the following mani-
pulations:

0 © 2 o
S:ZITZn—ll)F‘ZnH ___z}gn-*_I:T_*_zF Fén

n n=1 Dn =1 2n—1Fén+l
F 0
=T+ Z Lonv1 " on-1 2n—1 =T+ ( )
Fin- F‘2n+l Z 2n 1 Fén-}fl
—T+Z Z —T+—I}::T+1_
2n 1 n=2 2n— 1

Also solved by Leonard A. G. Dresel, Piero Filipponi, Russell Jay Hendel, Norbert Jensen,
Murray S. Klamkin, Joseph J. Kostal, Bob Prielipp, Almas Rumov, H.-J. Seiffert, J. Suck,
A. N. 't Woord, David Zeitlin, and the proposer.
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L3,, Recurs

B-746 Proposed by Seung-Jin Bang, Albany, CA
(Vol. 31, no. 3, August 1993)
Solve the recurrence equation a,,, = 4a; +3a,, n >0, with initial condition a, =1/2.
Solution by Chris Long, Bridgewater, New Jersey

I claim that a, = 7 L,». Indeed, using the Binet form and the fact that ¢ = -1, it follows that
=1, 3L, Thus lf,n L +3L,, which implies that L, /2=4-1,/2+3-1, /2. The result
follows, sinceay=1/2=1,/2.

The proposer stated that this problem was inspired by Problem 1809 in Crux Mathematicorum
19 (1993):16, proposed by David Doster.

Also solved by Paul S. Bruckman, Leonard A. G. Dresel, Piero Filipponi, F. J. Flanigan,
Norbert Jensen, Hans Kappus, Murray S. Klamkin, Juan Pla, Bob Prielipp, Almas Rumov,
H.-J. Seiffert, J. Suck, David Zeitlin, and the proposer.

Great Sums from Partial Sums

B-747 Proposed by Piero Filipponi, Fond. U. Bordoni, Rome, Italy
(Vol. 31, no. 3, August 1993)

Let

> 1 2 1
§=Y—— and =Y —.
‘ ,;;(—1)"1%_14 ’ E(—l) Lypy +1
Prove that S, /S, = /5.

Solution by Hans Kappus, Rodersdorf, Switzerland

Consider the partial sums

ntl n+l
SO S T ™ " T T
We shall prove that
s(my=F,/L,, and s,(n)=1F,/(5F,,). )
From (1), it follows easily that
5-45 , 1 _5-1

and §, = rlll_r)r:osz(n) == 10

. 1
S = ’ET}OSI(”) B 10

Hence, S, /S, =+/5.
Proof of (I): In the known relations (see [1], p. 177)
Lk+m + (—l)ml‘k—m = LmLk and Lk+m - (—l)mL -m = FmEc?

we put m=k—1. We then have
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n+l k n k-1 n+l n k-1
) ) D" D
si(n) = = and s(n) = .
1 kgz L 1Ly kz=:1 LLy, ? Z 2 BBy /CZI FFen
The latter expressions are special cases of sums considered in Problem B-697 (see [2]), and it is
readily seen that their closed forms are just those given by (1).

References

1. S. Vajda. Fibonacci & Lucas Numbers, and the Golden Section: Theory and Applications.
Chichester: Ellis Horwood ltd., 1989.
2. Richard André-Jeannin. Problem B-697. The Fibonacci Quarterly 30.3 (1992):280.

Also solved by Paul S. Bruckman, Charles K. Cook, Leonard A. G. Dresel, Russell Jay
Hendel, Norbert Jensen, Bob Prielipp, H.-J. Seiffert, J. Suck, and the proposer.

A Recurrence for F,

B-748 Proposed by Herta T. Freitag, Roanoke, VA
(Vol. 31, no. 4, November 1993)

Let u, = F,,/ F, for some fixed positive integer #n. Find a recurrence satisfied by the se-
quence (i, ).

Solution by Tony Shannon, University of Technology, Sydney, Australia
We have

kn_n kn pn n pkn n, kn
a’a —ﬂ [)’ a ﬁ —ﬂ (04
== a"uk +,B"uk + = Lnuk—(

n
U1 = - B B -D'uy_y.

Haukkanen noted that for any function f(n), the sequence (u,), given by u, = F,,f(n), satisfies
the recurrence u ., = Lu, ., —(=1)"u,. Libis expressed the recurrence neatly as w, ., = uu, ., —
(=1)"u,. Kostal found the recurrence w, = Ly_y, +(=1)"u,_,. Ballieu found the recurrence u, =
a"u,_,+(BMN*". Somer reported that Lehmer found that the recurrence u,,, = L, ., —(~1)"u,
is satisfied by the more general sequence def ined by w, =W, | W,, where n is a fixed positive
integer, Wy =0, W, =1, and W,,, = NRW,,,~ OW,, where R and Q are relatively prime integers.
See page 437 in D. H. Lehmer, "An Extended Theory of Lucas’ Functions," Annals of Mathe-
matics, Series 2, 31 (1930):419-448. The proposer stated that this problem was inspired by
David Englund.

Also solved by Michel Ballieu, Paul S. Bruckman, Leonard A. G. Dresel, Steve Edwards,
C. Georghiou, Pentti Haukkanen (two solutions), Russell Jay Hendel, Norbert Jensen, Joseph
J. Kostal, Harris Kwong, Carl Libis, Bob Prielipp, H.-J. Seiffert, Lawrence Somer, J. Suck,
David C. Terr, A. N. 't Woord, David Zeitlin, and the proposer.

No Remainder

B-749 Proposed by Richard André-Jeannin, Longwy, France
(Vol. 31, no. 4, November 1993)

For n a positive integer, define the polynomial P,(x) by P,(x) = x""? —x™'~Fx~F, ,. Find
the quotient and remainder when P,(x) is divided by x* —x — 1.
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Solution by H. K. Krishnapriyan, Drake University, Des Moines, IA, and by Joseph J. Kostal,
Chicago, IL (independently)

Direct multiplication confirms that
P(xX)=(F,_ 1+ F_yx+F,_x*+- + Fx" 4+ x")(x? —x - 1).

Thus, the quotient is >, F,_,_x* and the remainder is 0.

Beasley found the analog for Lucas numbers: x™?* +x™' ~2x" — I x— L, _, is divisible by x* —x

—1. Redmond found that if r and s are distinct roots of x* —ax—-b=0 and u, = ’—r_s— then
nt2 n+l

x +bu,x—b*u,_, is divisible by x*—ax+b. Suck showed that if f, satisfies the
recurrence ayf, +a,f,.,+-+a,f,,, =0 then, for n>r-1,

r or
i
m+n—i+jx +Z Zaj m— H’J

=0 i=1 j=i

n+r

r=1 i

i=0

-
Ji}

~

is divisible by ay+ax+---+a,x". The given problem is the special case f,=F, r=2, a,=
a=-La=1,andm=-1. T hese solvers found the quotient in each case as well. Zeitlin found
that x™' —x" -~ F x~ F,_| is also divisible by x* —x —1.

Also solved by Charles Ashbacher, Brian D. Beasley, Paul S. Bruckman, Leonard A. G.
Dresel, Steve Edwards, F. J. Flanigan, Herta Freitag, C. Georghiou, Russell Jay Hendel,
Norbert Jensen, Hans Kappus, Harris Kwong, Carl Libis, Bob Prielipp, Don Redmond, H.-J.
Seiffert, Tony Shannon, J. Suck, A. N. 't Woord, David Zeitlin, and the proposer.

A Linear Transformation that Shifts

B-750 Proposed by Seung-Jin Bang, Albany, CA
(Vol. 31, no. 4, November 1993)

Find a linear transformation 7': R* — R* such that 7(F,, L) = (F,,, L)

Solution by Leonard A. G. Dresel, Reading, England

Adding the identities F, =F,,,—F,_, and L, =F, ,+F,_,, we obtain F,+ L, =2F, . Simi-
larly, adding the identities L, = L,,,— L, , and 5SF, = L, + L, ,, we obtain 5F, + L, = 2L,
Hence, the required transformation is

x+y Sx+
s ) =252, 222),

E.\_(1/2 1/2YE,

L.) \5/2 1/2\L,)
Redmond generalized to the sequences defined by u, = (r"—s")/ (r—s) and v, =r" +5", where r
and s are the distinct roots of x* —ax +b=0. In this case, he found that if

This can also be written as

T(x,y)= ( XV, +— yuk, ——x(r s) u, +— yvk)
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then T(u,,v,) = (U1, Vyur)- The given problem is the special case where a=1,b=~1, and k = 1.
Several solvers found a transformation such as T(x,y)=(y—xF,_,/F,, 5x—yL,_,/ L)) which,
for a given fixed n, is a linear transformation. However, these solutions are not as elegant as the
featured solution in which the linear transformation found is independent of n.

Also solved by Charles Ashbacher, Michel Ballieu, Paul S. Bruckman, Charles K. Cook, Steve
Edwards, F. J. Flanigan, C. Georghiou, Russell Jay Hendel, Norbert Jensen, Hans Kappus,
Joseph J. Kostal, H. K. Krishnaprivan, Harris Kwong, Stanley Wu-Wei Liu, Bob Prielipp,
Don Redmond, H.-J. Seiffert, Lawrence Somer, J. Suck, David C. Terr, A. N. 't Woord, and
the proposer.

Divisibility by 25
B-751 Proposed by Jayantibhai M. Patel, Bhavan's R. A. Col. Sci., Gujarat State, India
(Vol. 31, no. 4, November 1993)

Prove that 6L,,,L,,.,+7 and 6L, L,, ;—7 are divisible by 25.
Solution by Russell Jay Hendel, University of Louisville, Louisville, KY

This and similar problems can always be solved swiftly using periodicity properties.

Looking at L, (mod 25), namely, 2, 1, 3, 4, 7, 11, 18, 4, 22, 1, -2, -1, ... shows that the func-
tion L, modulo 25 has period 20. It immediately follows that the functions L, 5, L;,,,, L,, and
Ly,.5 all have period 20 modulo 25. To prove the given assertions, it therefore suffices to check
that the given two functions when calculated modulo 25 on n=0,1,2, ..., 19 all equal 0.

As an example, if n = 2 then, modulo 25, we find L, ;=11 and L,,,, = L;; =23, so

6L,,5L5,4 +7=6(11)(=2)+7=0.
The editor found the explicit representations

6L,,305,.4 +7=25[7+69(=1)"F* +87TF! +15(-1)"F,, +39F.L,]
and

6L, Lypns — 7= 25[5+33(~1) F2 + 33F} + 3(-1)"Fy, +3F,,],
directly showing that these expressions are divisible by 25. He wonders if explicit representa-

tions can be found for all similar divisibility problems. (See, for example, the solution to Prob-
lem B-741 in the previous issue.)

Also solved by Charles Ashbacher, Paul S. Bruckman, Leonard A. G. Dresel, C. Georghiou,
Norbert Jensen, H.-J. Seiffert, J. Suck, David Zeitlin, and the proposer.

s % o
LX X XY
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PROBLEMS PROPOSED IN THIS ISSUE

H-493 Proposed by Stefano Mascella & Piereo Filipponi, Rome, Italy

Let P,(d) denote the probability that the ™ digit (from left) of an ¢ digit (£ > k) Fibonacci
number F, (expressed in base 10) whose subscript is randomly chosen within a /arge interval
[, m] (m>n)isd. .

That the sequence {F,} obeys Benford's law is a well-known fact (e.g., see [1] and [2]). In
other words, it is well known that F(d) =log,,(1+1/d).

Find an expression for A(d).

References

1. P. Filipponi. "Some Probabilistic Aspects of the Terminal Digits of Fibonacci Numbers."
The Fibonacci Quarterly (to appear).

2. L. C. Washington. "Benford's Law for Fibonacci and Lucas Numbers." The Fibonacci
Quarterly 19.2 (1981):175-77.

H-494 Proposed by David M. Bloom, Brooklyn College, New York, NY

It is well known that if P(p) is the Fibonacci entry point ("rank of apparition") of the odd
prime p #5, then P(p) divides p+e where e=+1. In [1] it is stated without proof [Theorem
5(b)] that the integer (p +e)/ P(p) has the same parity as (p—1)/2. Give a proof.

Reference

1. D. Bloom. "On Periodicity in Generalized Fibonacci Sequences." Amer. Math. Monthly 72
(1965):856-61.

H-495 Proposed by Paul S. Bruckman, Edmonds, WA

Let p be a prime # 2,5, and let Z(p) denote the Fibonacci entry-point of p (i.e., the smallest
positive 'integer m such that p|F, ). Prove the following "Parity Theorem" for the Fibonacci
entry-point:

A. If p=110r19 (mod 20), then Z(p) =2 (mod 4);

B. if p=13 or 17 (mod 20), then Z(p) is odd,

C. if p=3or7 (mod 20), then 4|Z(p).
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SOLUTIONS
Irrational Behavior

H-481 Proposed by Richard André-Jeannin, Longwy, France
(Vol. 31, no. 4, November 1993)

Let #(x) be the function defined by
xn
#) =Y

n20 *n

where 7 > 2 is a natural integer. Show that ¢(x) is an irrational number if x is a nonzero rational
number.

Solution by Norbert Jensen, Kiel, Germany

Let x eQ\{0}. We have to show the irrationality of ¢(x).

The proof is similar to the well-known proof of the irrationality of e. Note that the series
Yo X"/ F,and T2 X"/ a” converge for all m eN,. This can be proved by the ratio test. For
the second series, the proof is obvious. Applying the test to the first series, one can use the
following step (0).

Step (0): Fr,, /P;_n+m <8a"" ™ for all n,meN,.

Proof: F,/F,,=@ =g/ " - <@ +)/(@" " - <2a" /A 4o =
8a” 7™ QE.D. [(0)]

Let p,, =2, x"/ F, forall meN.

Step (1): For an appropriate positive constant ¢ R, we have |p,,|< clx"/F, forall meN. ¢
depends only on |x|.

Proof: From (0), we derive

HE (Zﬁmlxl”'”’/lin)lxl’”/F,m < (Salel"""/a’"“”)lxi'"/F,m = [Sazolxl”/a’")lxl’”/lim.

n=m n=m
QED. [(]
Step (2): Let z eN. Then Iz"‘"lFr 1P| <1 for all sufficiently large m eN.

Proof: |2"'Fu.p,,| < 2" F i |x["F = clx (2 ))" " F s | F o <d(zx )™/ a" by (1),
(0), where d is an appropriate positive constant depending only on |x|. Since X ,(z]x])"/ a”
converges, the last term tends to O as m tends to infinity. Q.E.D. [(2)]
Step (3): There is an m; €N such that, forall meN, m>m,: p, #0.

Proof: Case 1—x > 0. The assertion follows because p,, > x"/F,, > 0.

Case 2—x<0. Let myeN such that "D >8|x|. Let mneN, n>m=m,.
Then a” "™ > "™V > 8|x|. Therefore, by (0): F,./F,>|x|and 1/F,>|x|/F,.,, whence
X[YF > XY F .
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If m is even, it follows that

0

Pn= 2 (1P E XY F o) 2" E — %™V F > 0.
k=m/2

If m is odd, an analogous argument shows that p,, <0. Q.E.D. [(3)]
Step (4): ¢(x) is irrational.

Proof: Let p,q €Z,q >0, such that x= p/q. Suppose on the contrary that ¢(x) is rational.
Then there are a,b €Z, b > 0, such that ¢(x) =a/b. Thus, bp(x) €Z.
According to (2) and (3), there is an m €N, m > 2 such that l(bq)”'“lFr n1Pyl<land p, #0.

m=1 __.n

Leto, :=2,5x"/F,. Now
(bq)" ' F1(x¥) = (0q)" ' F ns (0, + p,) = (09)" ' F 10, +(59)" ' F s p,, €Z
and (bq)’”‘lFr O, €L,

since F7; divides F,, for j=0,1,...,m-1. But |(bq)”"1Fr,,,4,pm|< 1; hence, (bq)'”"lFr,,._lpm =0,
P =0, a contradiction. Q.E.D.

Also solved by P. Bruckman, H.-J. Seiffert, and the proposer.

Generalize

H-482 Proposed by Larry Taylor, Rego Park, NY
(Vol. 31, no. 4, November 1993)

Let j, k, m, and n be integers. Let A,(m)= B,(m—1)+4A4,(m—1) and B,(m)=4B,(m—1)+
5A4,(m—1) with initial values 4,(0) = F,, B,(0)=L,.

(A) Generalize the numbers (2,2,2,2,2,2,2,2,2,2,2) to form an eleven-term arithmetic pro-
gression of integral multiples of A4,,,(m+ j) and / or B, (m+ j) with common difference 4,(m).

(B) Generalize the numbers (3,3,3,3,3,3,3,3,3,3) to form a ten-term arithmetic progression
of integral multiples of A4,,,(m+ j) and/ or B, ,(m+ j) with common difference 4,(m).

(C) Generalize the numbers (1,1,1,1,1,1,1,1) to form an eight-term arithmetic progression of
integral multiples of 4,,,(m+ j) and /or B, (m+ j) with common difference 4, (m).

Hint: A4,(1)=-11(-1)"A4_,(-1).

Reference: L. Taylor. Problem H-422. The Fibonacci Quarterly 28.3 (1990):285-87.

Solution by Paul S. Bruckman, Edmonds, WA

The recurrence defining the A,(m)'s and B,(m)'s may be put into matrix form

Cx,(m-1) = x,,(m), (1)

where
c=(5 i) @
x,(N=(40 BO). 3)

We may invert the recurrence in the matrix form
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_ -l 114 -1
x,(m-1)=C"x,(m), where C"" = “(_5 4 )
This yields the relations:
1 1
A,m=1) = (44,(m)= B,(m)), B, (m—1)=~(~54,(m) +45,(m)) @)
By repeated application of (1) (in either direction), we obtain
C"x,(0)=x,(m), withx,(0)=(F, L,)" &)
We may show thai there exist two sequences of rationals (p,,) and (o,,) (integers for m>0),
such that
m_| Pm  Om
cn = (50',,, pm). ©)

We have no need to investigate further into these sequences, except to note that they are func-
tions solely of m, and not of n. The relevant observation from (5)-(6) is the following:

A,m) = poFy+ 0Ly, B,(m)=50,F,+p,L, @)

Now using the identities L, =F,+2F,_|,5F =1 +2L,_,,
Pt 0O, =r,, 20, =s,. (7)is transformed to the following:

A,m) =1, Fy 4 8,Fy, By(m) =1L, +5,L, ®)

n—1>

and making the substitutions

In this form, we see that 4,(m) and B, () are generalized Fibonacci and Lucas numbers, respec-
tively, as these were defined in part (B) of the published solution to H-422 (see reference [1]).
Here, the A4,(m), B,(m),r,, and s,, replace the U,,V,,r, and s, respectively, as such were intro-
duced in [1]. Note that the A,(m) and B,(m), for fixed m, satisfy the same linear recurrences
as are satisfied by F), and L,; in the sequel, we shali tacitly use these without comment [e.g.,
Apo(m) = A,,,(m)+ A,(m), B,(m) = 4,y + 4,.1(m), etc.]. Also, in the sequel, we will write
(for brevity) A, = A,(m), 4,= A,(m+1), A,= A (m—1), with similar notation for the B,(m)'s,

however, in the final solution of each part, we will revert to the unabridged notation.

Solution of Part (A)

Using parts (B) and (A1) of [1], the following 7-term arithmetic progression (A.P.) is found,
whose common difference (c.d.) is equal to 4,, and whose terms consist of integral multiples of
A, and/or B, :

(24,9, 4,5, 24,1, B, 24,11, Ais 24,45) - ©

Our goal, if possible, is to affix four additional terms to the A.P. above (at one or both ends), such
that these terms are of the form required in the statement of the problem, such that the c.d. for all
11 terms remains A4,, and such that, for some fixed m and n, all 11 terms equal 2. We require a
few additional identities:

24,,,+A4, = An. (10)

Proof: Replacing m by m+1 in the original recurrence, we have:
An =44, +B, =44, + Ay + A =84, + Ay + Ay — A, =34, 4 2 Ay — 4) =24, + A,
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An+A4,=2B,,,. (11
Proof: Using (10), Ax+ 4, =24,,,+24, =2B,,,.
24, 5+ 4,=114,. (12)

Proof: From (4),
114, =44,~B,= 44, ~ (4 + 4,,) = 44,~ (4,+24,)
=34,-2(4,-4,,)=24, ,+4,
114,+4,=2B, ;. (13)

Proof: Againusing (4), 114, +4,=54,-B,=-B,+B,,,+B, ,=2B,_;.
Now, by inspection of (9)-(13), we see that the following is an 11-term A.P. of the required
form, with c.d. = 4, = 4,(m):
(_2Bn—l(m), -1 lA'n(m - l)’ -24 -2 (m): A‘n—3(m)a 2An—l(m)7 Bn(m)7 2An+l(m):
4,,3(m), 24,,,(m), A,(m+1),2B,,,(m)).

It only remains to show that, for some fixed m and #, this A.P. reduces to an 11-tuple of 2's. We
find that setting m =n =0 accomplishes this; for, in that case, the c.d. is 4,(0) = F; =0, and one
term, e.g., By(0), is equal to L, =2. Therefore, (14) is a valid solution of part (A).

(14)

Solution of Part (B)

Using parts (B), (A4)(iii), and (A4)(i) of [1], the following pair of 4-term A.P.'s are found,
with c.d. = 4, and with terms of the required form:

(‘3‘471—23 - An—4’ Bn—2’ 3An—1); (15)
(3An+17 Bn+27 An+4’ 3An+2)' (16)

Our goal, if possible, is to affix two additional terms of the required form between the two 4-term
AP's above, thereby forming a 10-term A.P. which satisfies the condition that, for some fixed m
and n, all 10 terms equal 3. We require a few additional identities:

34,,+4,=114,,,. an
Proof: Replacing n by n+1 in (12), we have:
114, =24, ,+ A4, =24, \+4,+ 4, ,=A4,+34,,

34,,— A, = An1. (18)
Proof: Replacing n by n—1 in (10), we have:
An1 =240+ Ay =24+ Ay — A, = 34,0~ 4,

An1= 4, =114,,,. (19)
Proof: By (18),

Ani= Ay =34, =24, =34~ 2 Ay~ A ) = Ay 424, =114,
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[using (12), with n+1 replacing n]. By inspection of (15)-(19), we see that we have "bridged the
gap" between the two 4-term A.P.'s, as required, producing an A P. of 10 terms of the required
form, with c.d. = A4,; this is given as follows:

(—3An—2(m)’ -4 —-4(m)’ Bn——Z (m)’ 34 —l(m): 1 1An+l(m - l)a
An—'l(m + 1)’ 3An+1(m)> Bn+2 (m)’ An+4(m): 3An+2(m))'

Again setting m =n = 0, the c.d. is 0 in this case, and one term, e.g., 34,(0) = 3F, = 3; thus, in this
case, we have a 10-tuple of 3's, as required. This shows that the 10-tuple in (20) provides a
solution to part (B).

(20)

Solution of Part (C)

Using parts (B) and (A2) of [1], we find the following 6-term A P. of the required form, with
cd. = A4,
(By1, = Auas vty Apsts Ay, Boia)- €2y

Our goal, if possible, is to affix two terms to this A.P. (at either end or at each end), which are of
the required form and satisfy the desired conditions. We require two additional identities:

B+ 4,=114,,,. (22)
Proof: Replacing nby n+2 in (12), we have:
1dyy =24, + Ay = A, +(A,+ A1) = 4,4 Byyy.
B, ,+4,= Ana. (23)
Proof: Replacing n by n—2 in (10), we have:
A2 =24,+ 4, _,= A, +(A4,+ 4, )=A +B,_,.
By inspection of (21)-(23), we see that the following 8-term A.P. has c.d. = 4,
(Apa(m+1), = By, (), = Ay (m), A (), Ay (), Ao (m), By (m), 114,,5(m D). (24)

Again setting m=n= 0, we see that the c.d. = 0 and each term, e.g., 4,(0)=F =1 for this case;
thus, for this case, we obtain an 8-tuple of 1's. This shows that (24) yields a solution to part (C)
and we are done.

Also solved by the proposer.
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THROUGH THE FIBONACCI ASSOCIATION

Introduction to Fibonacci Discovery by Brother Alfred Brousseau. Fibonacci Association
(FA), 1965.

Fibonacci and Lucas Numbers by Verner E. Hoggatt, Jr. FA, 1972.

A Primer for the Fibonacci Numbers. Edited by Marjorie Bicknell and Verner E. Hoggatt,
Jr. FA, 1972.

Fibonacci’s Problem Book. Edited by Marjorie Bicknell and Verner E. Hoggatt, Jr. FA,
1974.

The Theory of Simply Periodic Numerical Functions by Edouard Lucas. Translated from
the French by Sidney Kravitz. Edited by Douglas Lind. FA, 1969.

Linear Recursion and Fibonacci Sequences by Brother Alfred Brousseau. FA, 1971.

Fibonacci and Related Number Theoretic Tables. Edited by Brother Alfred Brousseau. FA,
1972.

Number Theory Tables. Edited by Brother Alfred Brousseau. FA, 1973.

Tables of Fibonacci Entry Points, Part One. Edited and annotated by Brother Alfred Brous-
seau. FA, 1965.

Tables of Fibonacci Entry Points, Part Two. Edited and annotated by Brother Alfred Brous-
seau. FA, 1965.

A Collection of Manuscripts Related to the Fibonacci Sequence—I18th Anniversary Vol-
ume. Edited by Verner E. Hoggatt, Jr. and Marjorie Bicknell-Johnson. FA, 1980.

Applications of Fibonacci Numbers, Volumes [1-5. Edited by G.E. Bergum, A.F. Horadam
and A.N. Philippou

Generalized Pascal Triangles and Pyramids Their Fractals, Graphs and Applications by
Boris A. Bondarenko. Translated from the Russian and edited by Richard C. Bollinger,
FA, 1993.

Please write to the Fibonacci Association, Santa Clara University, Santa Clara CA 95053,
U.S.A., for more information and current prices.




