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FORMULAS FOR a +a®2? +a337 +---+a"n?

G. F. C. de Bruyn

Department of Mathematics, University of Stellenbosch, Stellenbosch, South Africa
(Submitted June 1993)

1. INTRODUCTION

Let S, ,(m) =a+a*2” +a’3” +--+a"n”, with neN,peN, and aeR (a#0,a#1),
where N and R are, respectively, the sets of positive integers and real numbers.

In [2] N. Gauthier used a calculus-based method to evaluate S, ,(n). He wrote S, ,(n) as
a”" times a polynomial of degree p in n plus a term which is n-independent. The coefficients are
then determined recursively.

In this paper methods similar to those used in [1] are employed to derive various formulas for
S, ,(m). Recurrence formulas in terms of powers of n and of n+1 are given. Explicit ex-
pressions for S, ,(n) in determinant form in terms of # and of n+1 are then derived from these
formulas. These determinants are finally used to write S, ,(7) in terms of polynomials of degree
pinnandin n+1.

2. FORMULAS IN'TERMS OF POWERS OF n+1

2.1 A Recurrence Formula
LetneN. ForkeNandacR (a=0,a#1), let

and take

Then

The equation

98

n
S, (M =a+a’2*+a’3* +-- +a'n* =Y a'r*
r=0

S, om=1+a+a’+--+a" =

aM'n+ ) =S, (n+1)-S, ()

= ia’“(r +1)F - S, (M)

r=0

St}
[

k

a3y (£)5..00-5,.0

i=0

I

I

Il

a(S+1)* - S¥F =a™(n+1)F,

2.1.1)

(2.1.2)
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FORMULAS FOR a +a?2” +a°3% + --- +a"n*

in which the binomial power on the left-hand side is expanded and ' (i=0,1,2,..., k) are then
replaced by S, ,(n), provides a mnemonic for (2.1.1).
For example, for £ =1, formula (2.1.2) gives

a(S+1)-S=a"(n+1),

and so
an+l _ 1
(@a-1S, (1) +a == a™*'(n+1).
; -
Hence,
an+1 a
S, ()= (n+1)- (@ -1). (2.1.3)
’ a-1 (a-1

Also, by (2.1.2), with k =2,
a(n+1)? =a(S+1)? - 5% =a(S? +25 +1) - §?,

which implies that

an+1

(@-1)8, ,(n)+2aS, ,(n) + a( -

“11) — ™ (1)

Thus, by (2.1.3),

n+1
$o2) = T+ D - 2 (r )+

(a-1) (@-1’

(@* +a).

n+2 n+l _ 1
-1

2.2 8, ,(n) as a Determinant

Let peN and let k=1,2,..,p in (2.1.1). It follows, applying Cramer's rule to these p

equations together with the equation §, ,(») = “':_11‘1 , that
— n+l_
1 0 0 0 - 0 0 a"(<
el 0 0 - 0 0 n+l
at? 11 (}) < o0 - 0 0 (@)
S, (n)= . . a . 2.2.1
a.p(") (a-D?P|: : : : ( )
1 (P;l) (p;l) ([1;:;) =l (n+1)P!
I (!17) (}27) (pf2) (pfl) (n+1)”
— arH-l_
1 0 o0 0 0 a"(<3)
P o 0o m
n 1 1 -1 (n+1)
— i p! 2! 1! o 0 -0 0 21 . (222
(a-17 : : : :
1 1 1 1 a1 ()7
GO -1 (-3 i a (!
Lo, 1 1 11 (n+D)?
»! (p-Dt (p-2)! 2l 1 P!
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FORMULAS FOR a +a*2” +a3F + --- +a"n”

2.3 S, ,(n) in Terms of a Polynomial

By expanding the determinant (2.2.2) with respect to the last column,

p-1
S M= a,m+)"" +a,a "D @™ -1, (23.1)
r=0
with o, = ‘;:1 and, forr=12,..., p,
& “l 0 0 0
a, = ({?) ~ri(=D"| : :
a-1(a-10) ) 1 1 e
=D  -2)! ' “a
1 1 1 1
! (r-1)! 2! Y
Now, let fy(a)=1and, forr=1,23,...,
L=l 9 0 0 0
frla)= —ri(-1)"| : . 232
(@a-1 1 1 1 a1
D! -2 I a
1 1 . 1 1
P =Dt 20 1
Then, by (2.3.1),
an+l p-1 - an+1 -1
S0 p(M="— Z(f) S@@+ 17+ f @) —— | (23.3)
r=0

The real numbers f,(a), r =1,2,3, ..., can also be calculated recursively in the following way.
Consider, for r e N,

¥ = 000
1 1 -1
o 7 oun % 0 0 0
a'f.(a)= —rli-1)7| :
(a-1) 1 1 1 al
Dl (-2 I a
1 1 1 1
ERC T
1 0 0O O 0 0 1
L &l 0 0 .. 0 0 0
v [ d F =00 00
= S ‘ .
(@-1) 1 1 1 al
=D -2 I a
1 1 1 1
R = 2w O
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FORMULAS FOR a +a?2” + a3 + --- +a"n”

Observe that the last determinant differs from that of S, ,(n), as obtained by setting p=r in
(2.2.2), only with respect to the last column. It follows [cf. (2.1.1)] that f,(a), fi(a), fr(a),...
satisfy the recurrence formula

fl@=1, aZ( )f(a) f(@=0(@r=123). (2.3.4)

Here the equation

a(f+1)" - f" =0, - (2.3.5)

in which the binomial power is expanded and f" (r=0,1,2,3,...) are then replaced by f,.(a),
provides a mnemonic for (2.3.4).

Note that (2.3.4), with a =1, is the well-known recurrence formula for the Bernoulli num-
bers. The real numbers f,(a), r =0,1,2,3, ..., could therefore be called the a-Bernoulli numbers.
For example, by (2.3.2) or, recursively, by (2.3.5),

a* —(a+4a® +a’)

=1, fila)=—— = d f5(a 2.3.6
fola) =1, @ = )= and e == 23.6)
Hence, 1,—2, 6, — 26 are the first four 2-Bernoulli numbers.
3. FORMULAS IN TERMS OF POWERS OF n
LetneN. ForkeNandaeR (a#0,a#1), let
S, m=a+a’2* +a’3* +---+a'n —Za , S, :(0=0,
and take
n+l _
Sao(n)=a+a2+~-+a”=a a
’ a-1
Then, arguing as in Section 2.1,
n k t
@ = 5,008, -D= 8,400~ 3 (K is, 0.
i=0
Hence,
" = as, ,(n) - Z( Jev-s, . G.1)

The equation

S ( S — l)k n+1 k,
in which the binomial power on the left-hand side is expanded and ' (i=0,1,2,..., k) are then
replaced by S, ,(n), provides a mnemonic for (3.1).

Furthermore, methods similar to thbse employed in Sections 2.2 and 2.3 can be used to
derive the following results from (3.1).
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FORMULAS FOR a +a22% +a°3F + --- +a"n”

— 1 n+l_
1 0 0 0 0 0 a (e
L a-1 0 0 0o 0 2
1 -4 L a-1 o0 0 0 =
an+ 3
Sa,p(n):(a_l)pp! e 0 0 L
D7 =P 1 ol
-0 (D) 7o oa-l (D1
Pt (=P ~1 1 n?
p! (p-D! 2! it p!
and
an+1 p-1 g an+1 —a
S0 = 2 X (g am + g S50 G2
r=0
with gy(a)=1and, forr=1,2,3, ..,
' a1 0 o0 - 0 0
—+ L a-1 0 - 0 0
g@=tC0) s et 00
’ (a-1" :
() Vi 1
(=Dt (r=2) 1 oa-l
VAN Vi _1 1
rl (r-D! 2! I

The real numbers g.(a), r =1,2,3,..., can also be calculated recursively in a similar way as it is
done in the case of f,.(a), r =1,2,3,..., in Section 2.3. However, it is easier to observe that, by
(2.3.3) and (3.2) (comparing n-free terms), f,(a) = ag,(a) for each r e N. Hence, by (3.2),

n+l n p-l n__

a_ln’J +-2 Z(f)fr(a)np_’ +fp(a)(%—%), for p>1. 3.3)

a a-14

o, p1) =

For example, let p=2 in (3.3). Then, by (2.3.6),

an+1 24" a -1
Saal)=——n" +;";Tﬁ(a)n+ﬁ(a)( — )
an+1 ) 2an+1 (a+a2)(an ___1)

s_n - 2 3

a-1 (a-1 (a-1)

In particular,

3Vl+1 n2 B 3n+1 e 3n+l 3
2 2 2 2

S3,2(m) = Z3r 2=
r=1
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EXEXE XS

GENERALIZED PASCAL TRIANGLES AND PYRAMIDS:
THEIR FRACTALS, GRAPHS, AND APPLICATIONS

by Dr. Boris A. Bondarenko
Associate member of the Academy of Sciences of the Republic of Uzbekistan, Tashkent

Translated by Professor Richard C. Bollinger
Penn State at Erie, The Behrend College

This monograph was first published in Russia in 1990 and consists of seven chapters, a list of 406 references,
an appendix with another 126 references, many illustrations and specific examples. Fundamental results in the
book are formulated as theorems and algorithms or as equations and formulas. For more details on the contents
of the book, see The Fibonacci Quarterly 31.1 (1993):52.

The translation of the book is being reproduced and sold with the permission of the author, the translator,
and the "FAN" Edition of the Academy of Science of the Republic of Uzbekistan. The book, which contains
approximately 250 pages, is a paperback with a plastic spiral binding. The price of the book is $31.00 plus
postage and handling where postage and handling will be $6.00 if mailed anywhere in the United States or
Canada, $9.00 by surface mail or $16,00 by airmail elsewhere. A copy of the book can be purchased by
sending a check make out to THE FIBONACCI ASSOCIATION for the appropriate amount along with a
letter requesting a copy of the book to: MR. RICHARD S. VINE, SUBSCRIPTION MANAGER, THE
FIBONACCI ASSOCIATION, SANTA CLARA UNIVERSITY, SANTA CLARA, CA 95053.
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GENERATING FIBONACCI WORDS

Wai-fong Chuan*
Department of Mathematics, Chung-Yuan Christian University,
Chung-Li, Taiwan 320, Republic of China
(Submitted June 1993)

INTRODUCTION

A word w is called an n -order Fibonacci word derived from two distinct letters a and b if
there exists a finite sequence w;, w,, ..., w, of words with w, =a, w, =b, w, =w and each w,
equals w,_w,_, orw,_,w,_,, 3<k <n. The basic structure of Fibonacci words has been studied
in [2]. In this paper we discuss various methods of generating Fibonacci words.

Throughout this paper, let O, denote the set of all n™-order Fibonacci words derived from
distinct letters a and 5. Some of these methods generate all the Fibonacci words in 0, from any
given u in (J, without repetitions and some of them generate Q, from O, ;.

1. BINARY TREES

Let X = {a, b} be an alphabet of two letters and let X* be the free monoid generated by X.
Elements of X are called words. For any word w=a,a, ---a, € X~, define f(w) [resp. g(w)]
to be the word in X™* obtained by replacing each a in w by b and each b in w by ba (resp., by ab).
Also define T(w)=a, ---a,a; and R(w)=a,, ---a,a,. A word w is called a symmetric word or a
palindrome if R(w)=w.

Associated with each finite binary sequence 7, 7,, ..., 7,_, there are four words in X~,

w2

(nry--1y_p) UL REATY LU REY
n > Wy > W > Wy

n >

defined as follows:

Ny Tp-3147172 " Th-4 i —
{wn_l n3w - ifr,_, =0,

WL Tn-dyyli Tn-3

n-2 n-1 ’ if rn-2 = l;

(nry-n,_3) (nry--r,_s) . _
(i +Tyg) R(W”"llz " )W”‘122 " lfr"‘2_0’
w2 Ta2) —
n

Wiz O R ), ifr, =1,

n—

f(w["’f"""-ﬂ), ifr, , =0,

wlin -2l —
n
g(w[flrf-..r,,_sl)’ ifr, , =1

n—

and

* This research was supported in part by the National Science Council, R.O.C. Grant NSC 82-0208-M033-014.
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GENERATING FIBONACCI WORDS

f(w’sirlf-*n—s}), if either r,_, = 0 and » is odd

A Ta) _ or7,_,=1and nis even,
n

g(wim-sY)  if either r,_, =1 and n is odd
or7,_,=0and nis even,

n>3. The superscript does not appear if the subscript is less than or equal to 2. For simplicity,
we denote w200 (resp. w000 0001 1310003y 30 (regp w0 4pl00 4y 0

The word w72 [or, more precisely, W' "=2(q,b)] is an n"-order Fibonacci word
derived from the pair of initial letters (a, ). More generally, we can define #n™-order Fibonacci
words derived from a pair of initial words (x, y) (see [2]).

Now we have four binary trees whose nodes are words. We shall prove in Theorem 1 that
each level of these trees consists of the n™-order Fibonacci words with repetitions. More pre-
cisely, the words in each level of each tree is just a permutation of the words of the same level of
any other tree, with the number of repetitions of each word unchanged. The relations between the
Fibonacci words w12 "2, w,(,"’z"""-i), wL"’T"’"‘“, and w272} tell us how a particular Fibo-
nacci word can be generated in different ways.

Theorem 1: Letn>3, n,r,, -, 7,_, be a binary sequence and let 5, =1-7, 1<i<n-2. Then
@ ROw ) =wimse,
Similar results hold for w2 7-2) i 72l “and yplin 7zt
R R T
®) WL’x’z 2] = w2 nh

© ) _ {w (n 0dd),
n

w2 (n even).

W;n—2sn—3rn—4'"52rl (n Odd),

{nn il — 5y (neann) —
(d) W =V B Sn-2Tn-3"""521
w,2n (n even),

Wl et odd),
w,[,’lsz""n—3s -] (n even).

Proof: First, note that part 1 of (a) has been proved in [2]. Part 3 (resp. part 2) of (a)
follows from (b) [resp. (c)] and part 1 of (a).

Assertions (b), (c), and (d) are proved by induction.

We illustrate the theorem with the following examples.

Example 1: {w?} and {w!} are well-known sequences of Fibonacci words (see [4]). Recently
they are used by Hendel and Monteferrante [6] and by Chuan [5] to solve an extraction problem
of the golden sequence posed by Hofstadter [7].
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GENERATING FIBONACCI WORDS

By Theorem 1,

n n

010..1
01 _ w0 _ {wﬁ ” (n odd),

Wn =W 0..10 010..101
w010 = R(w(10-19D) (5 even),

The first equality means that the sequence given by w, =a, w, =b, and w, =w,_w, , (n=3) is
precisely the sequence {w,} where w, =a, w, =b, and w, is obtained from w,_; ;by replacing
each ain w,_; by b and each b in w,_, by ba. The second equality means that, if ¢, =a, q, =5,

and

=3),

n

{R(qn_l)qn_z (n odd),
qn—ZR(qn—l) (n even)a

then w, = g, if nis odd and w, = R(g,) ifnis even. A similar result holds for w).

Example 2: By Theorem 1, =

010..10
Wl010L] _ {Wn (n odd),

n w;oi..1o _ R(W’?IO...IOI) (n even),

= w0 = T w8) = T(wy).

See [2] for the last two equalities. Again, the sequence {w”} can be generated by three different
methods. This is also observed by Anderson [1].

Example 3: Let vi=a, v, =5, and v, =v, ,R(v,_;) (n>3). Then v, = R(w,) where w,, is as
in Example 2. This is because

11. 0..0
v, =Wl = ROw-9) = R(w,).

Example 4: Let w, =a, w,=b, and w, =w,_R(w,_,) (n>3). Then

8

(b) w, is symmetric <> n# 0 (mod3); hence, {w,} contains all the symmetric Fibonacci
words (see [3]).

(@ w,=w1?""2 where
1, ifi=0 (mod3),
0, otherwise.

(©) Wipyy =Wy qR(W3) =wywayyy, k21

Rw,_w,,, ifn=0 (mod3),
w, ,R(w,_;), octherwise.

@ Wﬁ{

0, ifi=1 (mod3),

(e w, :w,(,t"z'”' -2) where t, = .
1, otherwise.
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2. LOCATING THE LETTERS

Forn>2, let
| Fq (neven),
F_, (nodd);
and
;- na (meven),
F,,  (nodd).
Theorem 2: Let n>2, q, =w!"% T7(q )= 6y -Cp, Where ¢; €{a,b}. Then
g =ask=(+)) (modF) for some 1<r<F,, (D
< k=(r-j)s (modF) forsome F,_, <r<F, —1
S k=1+(r-j)s (mod F,) forsome 0<r<F, ,-1
<k=1+(+))t (modF)) forsomekF, ;+1<r<F,.
¢ =bok=(r+j) (modF) for some F, , +1<r < F,

< k=(r—j)s (modF),) forsome 0<r<F, ;-1
< k=1+(-j)s (modF,) forsomef, ,<r<F, ~1
Sk=14+(+j)t (modF,)) forsomel<r<Fk, ;.
Proof: The case where j = 0 in (1) has been proved in [2] and the other results follow easily
from (1).
Given 7,#,,...,¥,_,, to generate the Fibonacci word w =w? "2  we first compute k =
Y2 F,r +1 and j satisfying
. |KE,_, (mod F) (n odd),
J= kF,_ —1 (modF,) (n even),
and 1< j<F, . Then w=T7"(q,) (see [2]); thus, any one of the first four conditions in Theorem
2 gives precisely the positions of the letter "a" in w. Hence, w can be constructed easily.

Besides using congruences, other methods of locating the letters are discussed in [4]; for
example, using Zeckendorf representations and the golden ratio.

3. SHIFT OPERATION

It has been shown in [2] that O, consists of F, distinct elements and, for any w €(,,
w, T(w), ..., T }(w) is a list of all these elements. In this way, every n™-order Fibonacci word
is a generator of (J,.

4, ADJACENT TRANSPOSITION AND MINIMUM SUM

Let g,, n=3,4,...,s,¢ be as in section 2. For w=c¢c, ¢, where ¢, equals a or b, we
designate by S(w) the sum of the indices j for which ¢; =a and, for 1 <k <m, we put
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he W) = dydy-d,
where d;, = c;,y, di4 = ¢, with subscripts modulo m, and d; = ¢;, otherwise.
Theorem 3: For 1< j<F, letk; = jt (modF,) and 1<k; <F,. Then
h, (T97(q,)) = T"(q,), 1S j < F,

Proof: By Theorem 2, the positions of the letter "a" in 70™(q,), h (T UDsqy), T#(q,)
are, respectively,

jt’ (.]+ 1)t7 (RS} (j+E1—2 - l)t’ (2)
Jt+1 G+, G+ F, - D, (3)
U+Dt, . (+F, =D, G+EoL), @

modulo F,. Since (j+F,_,)t = ji+1 (mod F,), it follows that &, (797" (q,)) = 7" (q,).

Corollary 1: Let u® =q,, u) =h, (™), 1< j<F,-1. Then the sequence #”,u®, ..,
u»~V is precisely the sequence gq,, 7%(q,),..., T¥""D5(g,) and consists of all n™-order Fibo-
nacci words.

More generally, given a word w €, ,.let 0< j < F, —1 be such that
j=Sw)-58(q,) = SW)—F,_,(F,_, +1)t/2 (mod ).
[The last congruence follows from (4).] Then w = 7%(q,), so the sequence
v =y, v = h.. "), 1<r<F, -1 )
(with subscript j+7 modulo F,) coincides with the sequence
7(g,), TV (q,), ... T9""*(q,)

and consists of all the n"-order Fibonacci words. The importance of this method is that, in the
sequence (5), any two successive Fibonacci words differ only by a pair of consecutive letters (the
first and the last letter in a word are considered as consecutive letters). This gives a simple way of
generating all the »™-order Fibonacci words from any given n™ -order Fibonacci word.

For example, with n =6 and w = bababbab, we have j =3, and the sequence v\ in (5) is
given as follows:

r | j+r (modF) | &k, v

0 3 bababbab
1 4 4 babbabab
2 5 7 babbabba
3 6 2 bbababba
4 7 5 bbabbaba
5 8 8 ababbabb
6 1 3 abbababb
7 2 6 abbabbab
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When the "ab" in bold face in each word in the last column is replaced by "ba," the next word is
obtained. Note also that, in view of Corollary 1, the same list of Fibonacci words can be obtained
by shifting the letters in the Fibonacci word five places to the left in each step.
Corollary 2: S(T"(q,))-S(TV™5(q))=1,1<j<F -1
Proof: 1f1< j<F, -1, then k; # F,; thus,
S(1(q,)) = S(h, (TV"(g,))) = S(1V™*(g,)) +1

according to (2) and (3).
We have seen in [3] that 7¢»"D5(g )= R(g,). Therefore, we obtain the following corollary.

Corollary 3: S(q,)=min{S(w):w €0,}; S(R(g,)) = max{S(w):w €Q,}.

Finally, it is easy to see that §(g,) and (wf’, ) satisfy, respectively, the following recursive
relations:
8(Gn-1) +8(Gpn) + FooaFy, if nis even,

S =
() {S(qn—l) +8(gpp) + F3F) s, if nis odd,

_ 8(q,.))+8(q,.,)+F,_5F,_, -1, ifniseven,
8 +8(Gy0) + FysF, . ifnisodd,

S(WS) = S(W3—1) + S(Wr?-z) +E, L,

n>5,and S(g;)=S(q,)=1, S(w3)=S(w§)=2. Also, we have S(g,) = F,_,(F,_, +1)t/2 (mod
F,) according to (4).

5. FIBONACCI WORD PATTERNS
The Fibonacci word patterns F°(a, b) and F'(a, b) are defined by

0 0,0 .0
F (a,by=wwywaw,...w,...

2
1 _ L1 1
Fia,by=wwwaw,..w,...,

where w, =a,w, =b. F !(a, b) has been studied by Turner ([8], [9]), and F' (b, ab) is a golden
sequence.

The following embedding theorem has been proved in [4]. The notation #[p: q] means the
subword a,a,,,;...a, of the infinite word u = aa,a;... where each a,, n>1, is a letter.
Theorem 4 (Embedding Theorem):
(a) Let all the Fibonacci words be listed in the following order:
Wy, W,, w;), T(wg), ...,w,?, T(w,?),..., TF"‘I(WS), -

Then the j Fibonacci word in the above list is 7 (w?) where n is the largest positive integer
such that F,, < jand i = j—F,,,. This Fibonacci word is precisely F*(a, b)[j:j+F,—1].
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(b) Let all the Fibonacci words be listed in the following order:
wy,w,, Twd), T2(wd), ..., Tw}), T*wh), ..., TM(w)), ...

Then the j® Fibonacci word in the above list is T'(w}) where 7 is the largest positive integer
such that F,,, < jand i=j—F, ,+1. This Fibonacci word is precisely F"(a, b)[j—F, +1:j].

n+l— n+l

In other words, all the Fibonacci words are embedded in the Fibonacci word patterns
F°(a,b) and F'(a, b) in the above sense.

6. GENERATION WITHOUT REPETITIONS

Besides those methods described in Sections 3-5, we shall develop two additional methods of
generating all the n™ -order Fibonacci words without repetitions.
Let R be the set of all words in X"\ {1} that contain no consecutive letters "a." As before,
the first and the last letter in a word are considered as consecutive letters. Clearly, each 0, is a
subset of R. For w € R, let h(w) be the word obtained from w by wrapping w around then replac-
ing each ba in w by ab and then unwrapping it. For example,
h(babbabb) = abbabbb,

h(abbabb) = bbabba.

Only the letters in bold face have to be repiaced.

Lemma 1: h(w)=T(w) forall w eR.

Proof: Letw eR. Write
w=aa, -a,

h(w)=c,cy --c,.

From the definition of A, we have
ifaa,, =bb,

i+l

b,
¢ =1a, ifaa,, =ba,
b,

ifa,a,,, =ab,

1<i <n, with subscripts modulo n. Hence, ¢; =a,,,, 1 <i <n, with subscripts modulo n. There-
fore, h(w) = T(w).

Theorem 5: Let w €(,. Then the sequence
u® =w, u) = ptD), j=1,2,.. F 1,
is precisely the sequence w, T(w), ..., T"~!(w) and consists of all the »"-order Fibonacci words.

Next we turn to a result that is related to the operations fand g defined in Section 1.

Lemma 2: Let w e X*\{1}. Then
(@) bg(w)=f(w)b.
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_jg(w), if w begins with an "a
® FIe)= {T(g(w)), if w begins with 2 "b."

© T(fw))=gw).
Proof:

(@) We prove the result by induction on the length m of w. Clearly, the result holds for
m=1. Now assume that the result is true for some m>1. Let w € X~ \{1} have length
m. Then

by(aw) = bbg(w) = bf ()b = / (aw)b,
bg(bw) = babg(w) = baf (w)b = f (bw)b,

by the induction hypothesis.
(b) By part (a), we have, for any u € X*,

Jf(T(aw)) = f (ua) = f (u)b = bg(u) = g(au),
ST @u)) = f(ub) = f (w)ba = bg(u)a = T(abg(u)) = T(g(bu)).
Therefore, (b) holds.
(¢) Clearly, this holds for w having length 1. Assume that w has length >1. Then

T(f(aw)) = T(bf (W) = f (w)b = bg(w) = g(aw),
I(f w)) = T(baf (w)) = af (w)b = abg(w) = g(bw),

by part (a). Therefore, (c) follows.

With this lemma, we now have a method of generating (,,,, without repetition, from O, by
means of fand g.

Let n>3. List the images of the sequence w?, T(w?), ..., T “71(w?) under fand g in the fol-
lowing order:

S0, gw0), ..., F(T'W0)), (T WO)), ..., (T (wl)), (T (w?))

Then take away g(7"(w?)) from the list if 7'(w_) begins with an "a" because, in this case,
g(T'w) = f(T *1(w?)) according to Lemma 2(b). Since there are F,_, n™-order Fibonacci

words beginning with an "a" (see [2]), it follows that there are F,,;, words left in the list. Now,

according to Lemma 2, we see that the resulting sequence coincides with the sequence

0 0 JOR ]
Wn+1’ T(wn+l)’ ) T " (wn+1)'
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Let a and b be two distinct letters and let 7 = (v/5—-1)/2. Let x be the infinite string whose
n'™ term is "a" if [(n+1)7]—[n7]=0 and is "b" if [(n+1)z]~[n7]=1. Let s, be the left factor of
x of length m and let x,, be the corresponding right factor of x. Note that x = x, is the golden
sequence. It is known that

X = CCyCi0y. .. @)

where ¢, =a, ¢, =b, and c,,, =c,_,c, (n>1). In the notation of [1]-[3], x = F'(b, ab), ¢, =w.,,

and sp = w? (n<1), where F, denotes the # Fibonacci number.

Hofstadter [6] formulated the concept of aligning two strings. By way of illustration, we pre-
sent the procedure by which x,, is aligned with x = x,.

Starting from the (#+1)*" term in x, an attempt is made to match each term in x with a term
in x,,. After a term in x is matched with a term in x,,, one looks for the earliest match to the next
term in x. Those terms in x,, that are skipped over form the extracted string y,,,. For example,
when m =4,

X, ababbabbababbababb- -
1 1 Y A O A

X babbab ab b ab b ..

Yaoo a b a b a b..

It was Hendel and Monteferrante [4] who first reformulated Hofstadter's alignment concept
in terms of a formal relation on strings. If x,, aligns with x, with extraction y,, ,, then we nota-
tionally indicate this by

Xy DXpy Vn )

[4] also introduced the idea of representing x,, as a product of ¢, with specific properties by using
a canonical representation X,, = C,\Cyz)--- Where a(k) is an increasing function on the positive
integers that can be derived from the Zeckendorf representation of m as a sum of Fibonacci
numbers. Using this, they were able to completely determine y,, , for all positive integers m.

The goal of this paper is to determine the remaining cases of y,, ,. In Section 2, y, ,, is found
to be precisely the reverse R(s,,) of the left factor s,, of x of length m.

Here the reverse operation R is defined by

R(aa, ...a)=a, ...aaq,
where a,,a,,...,a, are letters. The importance of the reversal operation in studying x was first

observed by Higgins [5]. In Section 4, it is shown that y, , and y, ., differ by at most the first
letter. From this, y,, , can easily be determined by y,,_, o (f m>n) or y, ,_,, (if n>m).

* This research was supported in part by the National Science Council, R.0.C. Grant NSC 83-0208-M-033-013.
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1. BASIC LEMMAS AND DEFINITIONS ON EXTRACTION

The following definitions come from [4, Definitions 1 and 2]. Suppose that U =u, ...u,,
V=v..v,,adE=e..e, withw,v, e e{a,b},n,m>0,p>0,and n=m+p. We say that U

1 j;

aligns (with) V with extraction E if there exist integers j(0), j(1), j(2), ..., j(p) such that
U = (Vl . Vj(l))el(vj(l)_,_l . vj(z))ez . ep(vj(p)+1 . vm),
with v, ... v, empty if k£ <7 and

® 0=jO)<jDh<j2)<...<j(p)<m,

(i) € #v4, forl<i<p.

This relationship is called an alignment and is denoted by U oV, E. The strings U, V, and £
are called the original, aligned, and extracted strings, respectively. If U =V, we write U DV; 1,
where 1 denotes the empty string.

Suppose that U, V, and E are (possibly infinite) strings. Suppose that U(n), V' (n), and E(n),
n>1, are sequences of finite strings such that U(n) oV (n); E(n), imUm)=U, limV(n)=V,
and lim E(n) = E. Then we say that U aligns V with extraction E. This alignment is also denoted
byUDV; E.

Lemma 1.1 [4, Lemmas 1 and 3]:

(a) (Uniqueness of extracted string) For given strings U and V, there is at most one string £
such that U oV E.
(b) (Concatenation) If U,V,, and E,, 1<i <m, are strings of finite lengths and if U, >
V; E;, 1<i<m, then
uu,..u,ovy,. . V,EE, . E,.
Lemma 1.2:

n=2.

@ii) ¢,oc,; 1, n>1.

&) €265 Cras

(iii) c,=c, ,c,.,, n=2.

(V) CCu1-CpDCpyy - Cp; Gy, 1SN<P.

V) ¢,C2 DChia; €y 21

Vi) c,c,DChpy; Cpgy N22.
(Vll) CiCns3 2 Cut1Cnias Cps 1 20.
Proof: Part (i) has been proved in [4] by induction. Parts (ii) and (iii) are trivial. According

to (i) and (ii), we have
CrCn+1 = Cnt1> Cp
Coyi DCpis 1, 2<i<p-n.

n+is

Part (iv) now follows by concatenation [Lemma 1.1(b)]. The proofs of (v)-(vii) are similar to

@iv).
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Lemma 1.3: Let1>1. Let y(0)=0 and let y(1),..., (¢) be positive integers such that y (i) +2 <
y@+1), 1<i<t—1. Let

U=c¢e, ... mm
_ 6102 . c},(l)_lc},(l)+1, lft = ].,
(€6 - ¢ - Ga)-1)  (Cmtyrt -+ C-1)C e Otherwise

E=c08a - G
where the factor ¢, ... ¢, ), does not appear if y(1) =1. Then U DV; E.
Proof: By Lemma 1.2, we have
CCy - Cy(1y-1 D CCy - Gyt L if y(1)>1,
C)Cr(i -+ Cria-1 2 Cy(iytl -+ Cpen-1 Gpiyy 1SEST—],
Crnr o 2 G Gy

The result now follows by concatenation.

Lemma 1.4 [4, Lemma 5]: Let m>1 have Zeckendorf representation
m=Fyay+Feay+ -+ Fi (3)
with k(1) 22, k@)+2<k@+1),i=1,...,t—1. Let y(@)=k@{)—1, 1<i<t, and let V' be as in
Lemma 1.3. Then
X =V, (042G (1)43 - - C))

The ordered collection of indices 1,2,....,y(D-Ly(D)+L...,y2)-1,...,yE-D+1, .., y(®) -1,
y(O)+1,7()+2,... is called the canonical representation of x,. Actually [4, Definition 3] uses
the term "canonical representation” to refer to the function of the positive integers enumerating
this ordered collection. However, in the sequel, if there is no ambiguity, we will simply, by abuse:
of language, call (4) the canonical representation of x,,.

Corollary 1.5: Let x,, = ¢,1Cy(y) --- be a canonical representation. Then

() (), a(2)) €{(1,2),(1,3),(2,3),(2,4)}.
(i) a(k+1) e{a(k)+1, a(k)+2}, foral k >1.
(iii) There exists a positive integer 7 such that a(k+1) = a(k)+1 forall k >7.

2. THE ALIGNMENTS x> x,; 3, ,, AND x,, ©DXx35 3,4
We now express the extraction y, ,, in terms of the ¢,.

Lemma 2.1: For m>1, let m have Zeckendorf representation (3). Let y(i))=k() -1, 1<i<1t.
Then

Yom =Sy (1) - G ()

where ), ,, is defined by (2).
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Proof: The result follows from (1), (4), Lemma 1.3, and Lemma 1.2(ii) by concatenation.
Next, we look at the left factors of the golden sequence. Let
w=a, x,=bw, ,=ww,_, n=2.

n’n=1>

In the notation of [1]-[3], w, =w?, n>1.

Lemma 2.2: Let n>4. Then w,w, is a left factor of x.
Proof: First, observe that
wn+2 = wn+1wn
= (wnwn—l)(w —lwn—l)

=w,w

n-1Wn-2Wp-3Wn-2

= wnwnwn—3wn—2'

By Lemma 1.4 of [3], w,,, is a left factor of x, for all n>4. The result immediately follows.

Lemma 2.3: Let m>1 have Zeckendorf representation (3). Then
Sm = wk(t) . xk(2)wk(1).

Proof: The result clearly holds for m =1, 2, 3. Suppose m >4 and that the result is true for
all positive integers less than m. '

First, suppose 7 = 1 so that, by (3), m= F, for some n. By Lemma 2.2, w,, is a left factor of
x. By definition, s, is also a left factor of x. Since both these left factors of x have the same
length F,, they are both equal.

Next, suppose that t > 1. Then, by (3),

Fyy <m < Fyy < 2F).
Note that s, =w,,, since they are both left factors of x of the same length. let
Fr( k(1)
Sn = 85,5 = Wiy,

where s has length m—Fy,. By Lemma 2.2, wy W, is a left factor of x. Since s,, = wy,)s is
also a left factor of x, it follows that s is a left factor of w,,,. Therefore, s=s,._p, o> hence,

Sm : Wk(,)sm_&(t) .

By the induction hypothesis, the Zeckendorf representation
m—Fy = Fyopy + -+ By + By

gives the factorization
Sm-Fiy = Wre-) " k@i -

Consequently, s,, has the desired factorization.

Theorem 2.4: For m> 1,

yO,m = R(sm) .
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Proof: We have
R(Sm) = R(wk(l))R(wk(z)) e R(Wk(t))’ by Lemma 2.3,

= Ch)=1Ck2)1 - Ch(r)-1> by the result, R(w,) =c,_,, of Theorem 3 in [1],
=6 - Gy using the notations of Lemma 1.4,
= Yo,m by Lemma 2.1.

Theorem 2.5 (Modified Hofstadter's conjecture [4]): Let m>2 have Zeckendorf representation
(3). Then
X, DX, ax,_,, ifk(l)=2 and k(2) is even;

X, DX, X,_,, otherwise.

In other words, y,, o = ax,,_; in the first case (this is also true when m = 1) and y,, o = x,,_, in the
second case. ;

3. SOME LEMMAS

The goal of this section is to prove that, under appropriate conditions, if s O, u, then ¢,s >

t;c,u. The precise statement and conditions are set forth in Lemma 3.5. The major tool in prov-
ing Lemma 3.5 will be Lemma 3.1, which considers three cases.
Throughout this section, we let p>2 and we let

8= ConCaqa) -

1= CpuCpey -
with
e()=p+2 or p+3, pQ=p+1 or p+2.

We suppose that 7 is a positive integer such that, for £ <r, we have
a(k+1) efatk)+1, ak)+2}, Pk+1) e{B)+1, Ak)+2},
while, for £ >r, we have
ak+)=alk)+1, pE+)=pk)+1
Lemma 3.1: There is some k such that either cases (i) and (ii) listed below hold, or else case (iii)
below holds for all £.
Case (i). There exists a string #, such that
Catt) -+~ Cale) D a1y -+ Cak)> Uk> )
Colty -+ Caty 2 Caa1y - Cpiieys S ©)

Case (ii). There exists a string #, such that

Ca(1) - Cak-1Ca(k)-2 2 Cpq) - Cpky> YUk (7
Cola(t -+ Catk—1Cali)-2 2 Ca) - Cpckys Eplhi- ®

Case (iiii).
p(k) = a(k) -1, ©
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and there exist strings #, and v, such that

ViCotiy-1 = Cplhys (10)
Caqty -+ Catiy 2 €B1) -+ Caky Yo an
CoCa(ty - Catk—1Cattr—2 = Caa) - Sy Ve- (12)

The factor ¢,y ... €,y in (7), (8), and (12) does not appear if k= 1.

Proof: Lemma 3.1 follows immediately from the statements of Lemmas 3.2 and 3.3 which
are proved below.

Lemma 3.2: If k=1, then one of the three cases listed in Lemma 3.1 holds.
Proof: There are four cases to consider, according to the values of a(1) and £(1).

Case(a). a()=p-+2and f(H)=p+1

We show that case (i) holds with #, =c, and v, =c,,. Clearly (9) holds. By Lemma
1.2(ii1), (10) is satisfied. Alignment (11) follows from Lemma 1.2(1), while alignment (12)
follows from Lemma 1.2(vi).
Case (b). a(l)=p+2and p()=p+2

We show that (i) holds with # =1. Then (5) follows from Lemma 1.2(ii) and (6) follows
from Lemma 1.2(v).
Case (¢). a()=p+3and f(1)=p+1

We show that (ii) holds with # =1. Then (7) follows from Lemma 1.2(i1) and (8) fol-
lows from Lemma 1.2(iv).
Case (d). a()=p+3and f(D)=p+2

We show that (iii) holds with % =c,,, and v, = . Clearly (9) holds. Lemma 1.2(iii)

implies equation (10), alignment (11) follows from Lemma 1.2(i), and (12) follows from
Lemma 1.2(ii).

Lemma 3.3: Suppose, for some integer k& > 1, case (iil) of Lemma 3.1 holds. Then, for £ +1, one
of the three cases of Lemma 3.1 holds.

Proof: First, note that, by (9), gk +1) e{a(k), a(k)+1}. There are now four cases to con-
sider, according to the values of a(k+1) and S(k +1).

Case (a). a(k+1)=a(k)+1and p(k+1) = a(k)
Let
Uiy = UCoy1 AN Viyy = ViChipy3. (13)

We show that (iii) holds with & +1 replacing k. Clearly f(k+1)=a(k +1)—1. By Lemma
1.2(iii) and (10), we have

Vie+1Cak+1)-1 = ViCath)-3Caky = ViCaik)-3Cak)-2Catk)-1
=ViCatrr-1atiy-1 = CpiCatiy-1 = €M1

This demonstrates that (10) holds with & replaced by k£ +1.
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To prove that (11) holds with & +1 replacing &, we concatenate the following two align-
ments: (11) as is, with k and C,.q) D Cgper); Coqry-r» the last alignment following from
Lemma 1.2(i).

To prove that (12) holds with & +1 replacing &, we concatenate the following two align-
ments: (12) as is, with k and ¢ 1C44m-2 D Caran)> Caqr)-3» the last alignment following
from Lemma 1.2(vi) with n= (k). Alignment (12) with & +1 replacing % then holds since,
by Lemma 1.2(iii), ¢,(4)-2Ca()-1 = Cagr)-

Case (b). a(k+D)=ca(k)+1and fk+1) =a(k)+1

Let u,,, =u,. We prove that (i) holds with & +1 replacing k.

To prove that (5) holds with & +1 replacing %, we concatenate the following two align-
ments: (11) and C,;11) D Caeay; 1, this last alignment holding by Lemma 1.2(ii).

To prove (6) with k£ +1 replacing k, we concatenate the following two alignments: (12)
and Cyp)_1Ca(k+1) 2 Cpke1)s Ca(k)-1» the last alignment following from Lemma 1.2(v). Align-
ment (6) with & +1 replacing k then follows from (10) and Lemma 1.2(iii) with » = a(k).

Case (¢). a(k+1)=a(k)+2and Sk +1) = a(k)

Let u,,, = u,. We show that (ii) holds with k +1 replacing k.

To prove (7) with k£ +1 replacing &, we concatenate the following two alignments: (11)
and €, 4412 D Cpny> 1, the last alignment following from Lemma 1.2(ii).

To prove (8) with k +1 replacing k, we concatenate the following two alignments: (12)
and Cy()1Ca@k+1-2 2 Cpri+1); Caqi)-1> the last alignment following from Lemma 1.2(iii) and
(i). Alignment (8) with & +1 replacing & then follows from (10) and Lemma 1.2(iii) with
n=a(k).

Case (d). a(k+D)=ak)+2and fk+1)=a(k)+1

Let ., =Cyqy and let v, =v,. We show that (iif) holds with % +1 replacing £.
Clearly (10) with % +1 replacing & follows from (10) as is and Lemma 1.2(iii).

To prove (11) with k£ +1 replacing k, we concatenate the following two alignments: (11)
as is and C, 441y D Caranys Cacky» the last alignment following from Lemma 1.2(i).

To prove (12) with k +1 replacing &, we concatenate the following two alignments: (12)
as is and €4y 1Co(ra1-2 2 Cpi+1)s 1> the last alignment following from Lemma 1.2(iii) and (i).

As already noted, Lemmas 3.2 and 3.3 provide an inductive proof to Lemma 3.1.

Lemma 3.4:

(i) If cases (i) and (iii) of Lemma 3.1 do not hold for any £, then eventually (for all £ >r)
we are in case (a) of Lemma 3.3.

(i) In such a case, v, (resp. u, ) is a proper left factor of v, (resp. u,,,).

Proof: By the hypothesis of this lemma, Lemma 3.2, and Lemma 3.3, case (iii) of Lemma
3.1 must hold for all . By the hypothesis at the beginning of the section, a(k +1) = a(k)+1 for
all k£ >r. Hence, of the four cases of Lemma 3.3, case (d) cannot hold and, clearly, cases (b) and
(c) also do not hold. This proves assertion (i).

Assertion (ii) follows from equation (13).
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We are now in a position to state the main lemma.

Lemma 3.5: Assume that the notations and assumptions stated at the beginning of this section
hold. If s> 7 u, thenc,s O, c u.

Proof: The proof of Lemma 3.5 follows directly from the proof of Lemmas 3.6 and 3.7
below.

Lemma 3.6: If, for some £, case (i) or (ii) of Lemma 3.1 holds, then Lemma 3.5 is true.
Proof: Let
8" = CornCa(i2) -+
Then
5=Coy - Cagir)S's
t= Cﬂ(l) cﬂ(k)t'

If (i) holds, then define ' so that s’ D¢’; #'. Note that ' exists because s’ and # each have an
infinite number of "a"s and "b"s. By concatenating this alignment with (5) and (6), respectively,
we obtain

SOt wu'

. ’
C,S DI C .

Hence, w,u’ = u by uniqueness of extracted strings, c,u,u’ = c,u and we are done.
If (ii) holds, let ¢,(;y_4s" D ¢'; w'. Then

sOt, wu'

C,sDt; cuu’
with wu' = u, c,yu’ = c,u and again we are done.

Lemma 3.7: 1If cases (i) and (ii) of Lemma 3.1 do not hold for any £, thel:l Lemma 3.5 is true.

Proof: By Lemma 3.4(ii), both v=1limv, and #, =lim», are infinite strings. Taking the
limits of (11) and (12) as & goes to infinity, it is clear that '

SOt U,

C,SDIL V.
By uniqueness of extracted strings, we have # = u,. By Lemma 3.4 and (13), we have
Vis2 = VeriCatk1)-3 = ViCa(t)-3Catk)-2 = ViCaty-1 = St (k27 )-

Consequently, v =lim v;,, ~lim c,u, = ¢, limu, = c,u.

Remark: Lemma 3.5 also holds when p = 1. The proof for this case is straightforward and is left
for the reader.
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4. THE ALIGNMENTS x, D x,; y,, ,

Theorem 4.1: Either the two extracted strings y,, , andy,,, ,,; are equal or else they differ by
the first letter only. Here, y,, , is defined by (2).

Proof: Let x,, = Co1)Ch(a) --- and X, = CgyCpy) - bE the canonical representations of x,, and
x,, respectively. By Corollary 1.5(i), we have three cases to consider, according to the values of
a(1) and S(1).
Case (i). a()=p1
Clearly ¥, , = V41 n1 in this case.
Case (ii). a(l)=2and f(1)=1
By Corollary 1.5(1), there are three subcases to consider:
(@) Ifx,=cs, x,=cotand sDot;u, then y, , =auand y,,,, ., =bu.
by Ifx,=cqs, x,=cotands DOt u, theny,  =auandy,,, ., =bu.
(©) Ifx,=ccs, x,=cct and sDtu, then y,  =acu and y,,,, .1 = ¢34 = bcu by
Lemma 3.5.
Case (iii). a(l)=1and g(I) =2
(a) Ifx,=ccs, x,=ctands >t u, theny, , =buandy,,; ., =au.
(b) Ifx,=ccs x,=ctands DOt u, theny,, ,=bbu and y,,,, ,,; = cu =abu by
Lemma 3.5.

This theorem, together with Theorems 2.4 and 2.5 (the modified Hofstadter's conjecture)
imply the followiing result.

Corollary 4.2: Let m and n be two nonnegative integers.

(a) If m>n, then y,  is an infinite string; for m>n+2 (resp. m =n+1) the strings y,, , and
X,,_n (vesp. ax) differ by at most the first letter.
- (B) Ifn>m, then y, , is a finite string with length n—m; the strings y,, , and R(s,_,) differ
by at most the first letter.

The above corollary motivates determining the first letters of the strings y, , (m=n), x,_, ,
(m=n+2), and R(s,_,) (n>m), where m and » are nonnegative integers.

Lemma 4.3

(@) Letmz2n+2. Letm-n-2=27,¢&F,, bethe Zeckendorf representation of m—n—2.
Then the first letter of x,__, 1s an "a" or "b" depending on whether &, equals 1 or 0, respectively.

(6) Let n>m. Let n—m-1=27,¢/F,, be the Zeckendorf representation of n—m—-1.
Then the first letter of R(s,_,,) 1s an "a" or "3" depending on whether &, equals 1 or 0, respec-
tively.

¢} Letm=n Letm=27,6F andn=2
- T

=10 ;£ be the Zeckendorf representations of

et
J=LT ]

m and »n, respectively. Let £ be the smallest positive integer such that ¢, #6,. Then the first
letter of y,, 18 an "g" iff either £, = 0 with k even or &, =1 with k odd.

m,n

=
58]
bt
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Proof: (a) and (b) follow from [8, p. 85]. A similar proof holds for (c) after noting that, by

Lemma 1.4, the following statements are true:

If £, =0 (resp. 1) and §, =1 (resp. 0), then x,, =uc,s (resp. uc,,,s) and x, =uc,t
(resp. uc,t) for some strings u, s, and 7.
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A composite number 7 is called a pseudoprime if n|2”-2. Until 1950 only odd pseudo-
primes were known. So far, little is known about even pseudoprimes. D. H. Lehmer (see Erdos
[5]) found the first even pseudoprime: 161038 =2-73-1103. In 1951 Beeger [2] showed the
existence of infinitely many even pseudoprimes and found the following three even pseudoprimes:
2-23-31-151, 2-23-31-1801, and 2-23-31-100801. Later Maciag (see Sierpiriski [9], p. 131)
found the following two other even pseudoprimes:

2022 -1)(2%
47

2-73-1103-2089 and -1 =2-233-1103-2089-178481.

The first-named author in his book [8] put forward the following problems: Does there exist
a pseudoprime of the form 27" -2? (problem #22) and: Do there exist infinitely many even
pseudoprime numbers which are the products of three primes? (problem #51).

In 1989 McDaniel [4] gave an example of a pseudoprime which is itself of the form 2" -2 =
2(274 —1) by showing that 2¥ -2 is a pseudoprime if N =465794=2-74.97, p=37, and
q=12589.

In connection with the second problem, McDaniel [4] found the following even pseudo-
primes: 2-178481-154565233 and 2-1087-164511353.

In 1965 (see [7], [6]) the first-named author proved the following two theorems:

1. The number pq, where p and q are different primes is a pseudoprime if and only if the number
(27 —1)(27 1) is a pseudoprime.

2. For every prime number p (7 < p #13), there exists a prime g such that (27 -1)(27-1) is a
pseudoprime. For p =2, 3,5, 7, and 13, there is no prime g for which (27 -1)(27-1) is a
pseudoprime.

If the number 2(27 —1), where p is a prime, is a pseudoprime, then 27 — 122" —1; hence,
27*! = 3 (mod p), which is impossible. McDaniel [4] showed that, if # satisfies the congruence
2"1 = 3 (modn), then 2(2" 1) is an even pseudoprime for n= p,p, if 27*' =3 (mod p,) and
272*1 = 3 (mod p,). Here we shall prove the following theorem.

Theorem: Let p and q be primes and d be a divisor of (22 —1)(27 —1). If d is coprime to p and q
and not divisible by either 2 —1 or 27 —1, then 2&%2'—1) is an even pseudoprime if and only if

Pa_1) . .
5(%;—11 is an even pseudoprime.
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Proof: Let M = (27 —1)(27-1), N =277 -1, where p and q are distinct primes. Suppose d is
a divisor of M that is coprime to pg and which is divisible by neither 22 —1 nor 29 - 1. First note
that M = N (mod pq). Indeed, M =27-1= N (mod p) and, similarly, M =N (mod gq), so that
the assertion follows. Next let /(m) denote the exponent to which 2 belongs modulo the odd
natural number m, so that 2m is an even pseudoprime if and only if /(m)|2m—1. Now it is easy to
see that, if d has the stated properties, then (20) = /(&) = pg. Thus, 2% is an even pseudoprime
if and only if pg|2L -1 if and only if pg|2‘— [since M = N (mod pq) and (pg, d) = 1] if and
only if 22 is an even pseudoprime. Q.E.D.

Example: Since 47 is coprime to 23-29, from Maciag's pseudoprime %, by the Theo-
rem, we get the pseudoprime ﬂ:;l.

For d =1, we get the following corollary from the Theorem.

Corollary: The number 2(27 —1)(29 - 1) is a pseudoprime if and only if the number 2(277 —-1) is a
pseudoprime.

Example: By the Corollary, from McDaniel's [4] pseudoprime 2(2°71%°%

prime 2(2%7 - 1)(2'** - 1).

—1), we get the pseudo-

Using the method presented in the paper of McDaniel [4] and the tables in [3], we found the
following 24 even pseudoprimes with 3, 4, 5, 6, 7, and 8 prime factors:

2-311-79903, 2-1319.288313, 2-4721.459463, 2-7-359-601, 2-23-271-631,
2-31-233-631, 2-127-199-3191, 2-127-599-1289, 2-73-631-3191, 2-7-191-153649,
2-47-311-68449, 2.7-79-7555991, 2-151-383-201961, 2-73-271-2940521,
2-89-337-11492353, 2-23-31-151-991, 2.73-631-991-3191,
2-233-1103-2089-12007.178481, 2-233-1103-2089-178481-458897,
2.233.1103-2089-178481-88039999, 2-233-1103-2089-12007-178481-458897,
2-233-1103-2089-12007-178481-88039999, 2-233-1103-2089-178481-458897-88039999,
2-233-1103-2089-12007-178481-458897-88039999.

Beeger's [2] proof of the existence of an infinite number of even pseudoprimes has been
based on the fact that, for every even pseudoprime g, =2n, there exists a prime p such that
a, = pa is also a pseudoprime. We shall repeat it shortly. By a theorem of Bang [1], it follows
that there exists a prime p (called a primitive prime factor of 22"™' —1) for which holds 22" =1
(mod p), 2* #1(mod p),1< x <2n—1, and p = 1(mod 2(2n-1)), which leads to the fact that pa,
is a pseudoprime. We can take instead of a primitive prime factor of 2*”' —1 any other factor of
the same number that is =1 (mod2(2n-1)) and coprime with a, if it exists. So the infinite
sequence a,, a,, ..., has the property 2 <a,|(a;, a;) for i # j. Thus, the following problem arises:

1. Does there exist an infinite sequence a;,a,, ... of even pseudoprimes such that (g,,a;) =
2 for every i # j?
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It is easy to see that if the problem #51 mentioned at the beginning of the present paper has

an affirmative answer then there is a positive answer to problem 1, but problem 1 seems to be
easier.

[

8.

9.

We also do not know the answer to the following question:
2. Does there exist an integer » such that » and » + 1 are pseudoprimes?

It would be of interest to investigate the case of 7 even or odd separately.
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GENERALIZATIONS OF SOME SIMPLE CONGRUENCES
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1. INTRODUCTION

Over many years in this journal there have appeared results concerning congruence and divi-
sibility in relation to the Fibcnacci and Lucas numbers. Here we take four such results and
translate them to sequences which generalize the Fibonacci and Lucas sequences.

We hope that the nature of our results will demonstrate to the beginning Fibonacci enthusiast
that there is scope to obtain further generalizations of a similar nature.

2. THE SEQUENCES

In the notation of Horadam [7] write

W,=W,a,b; p,q), 2.1
meaning that
VVnsz—l—qm—2> I/V()=a7I/Vl:b’n‘22' (22)

We assume throughout that a, b, p, g are integers.
The auxiliary equation associated with (2.2) is

x>~ px+q=0, (2.3)
whose roots
_pHP’-4q  ,_p-P' -4
o= E 2.4)
2 2
are assumed distinct. We write
A=(a-p)=p*-4q. (2.5)

We shall be concerned with specializations of the following two sequences:

{Un =,(0,1; p,q),
V,=W,(2, p; p,9).

The sequences {U,} and {/,} are the fundamental and primordial sequences, respectively, gen-
erated by (2.2). They are natural generalizations of the Fibonacci and Lucas sequences and have
been studied extensively, particularly by Lucas [11]. Further information can be found, for exam-
ple, in [1], [7], and [10].

The Binet forms for U, and V,, are

(2.6)

U, =%—:—§— 2.7
V,=a"+p". (2.8)
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These sequences can be extended to negative subscripts by the use of the recurrence (2.2) or the
Binet forms.
We will make use of the following well-known results which we state for easy reference:

qU_,=-U, 29
qV_, =V, (2.10)
U =UV,, (2.11)
ifminthen U,,|U,. (2.12)
The following identities, which occur in Bergum and Hoggatt [1], will also be needed:
Upii *4U, = UV, (2.13)
Upsi=qU,y = U, (2.14)
Vit ¥4V =V Vs (2.15)
Viei =4V = AUU,.. (2.16)

The sequences

{%=%&Ln4l @17

V,=W,Q2, p, p,~ 1),
are an important subclass of the sequences (2.6) and can be looked upon as an intermediate level
of generalization of the Fibonacci and Lucas numbers in which p =1. The specializations p =2
and p = 2x also yield cases of interest. For p =2 see [4], [8], [15] and for p =2x see [9], [12],
[13].
We use the U,—V,, notation throughout to refer to the sequences (2.6) and to the sequences
(2.17). There will be no ambiguity since we shall always indicate the set to which we are referring.

3. CONGRUENCE RESULT1I

Singh [17] gives the following:
L,, =7 (mod40) for n>2. G.D

Generalization: Let {U,} and {V,} be the sequences defined in (2.17). Then

1/2,, EI/4 (mOdAU6U10), n:2,4) 6,..., (32)
1/2” EI/S (mOd AU6U20172(174"1)), n= 3, 5, 7, ey (33)
and so
V=V, (mod AULU) for n=2. 3.4
Proof: We shall use the following, all of which can be proved using Binet forms:
Vi =Vje =2, (.5
pVy+1)=Us, (3.6)
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V,-2=Ap, (3.7
PV +V=1)=U, (3.8)
pVe+1) =UsV, - 1), (3.9)
AV} =V, -2, (3.10)
PV +Vg=1) = Uy, (3.11)
Using (3.5) twice, we also obtain
Vir =V — W5 +2. (.12

Now (3.2) is true for n=2 and if it is true for n =k (even) then by (3.12) and the induction
hypothesis

Vi =V =45 +2=V} =4V} +2 (mod AU, ).
But by (3.6)-(3.8),
Va4V +2) V= U, + DV, -2V +V, =) = AU,

This proves (3.2). Congruence (3.3) can be proved similarly by making use of (3.9)-(3.12).
From (2.16) we see that Vs —V, = AU,Uj, and (2.12) shows that AU,Uj divides both moduli
in (3.2) and (3.3). This proves (3.4). [

Putting V, = L, so that U, = F,,, we see that (3.4) reduces to (3.1).

4. CONGRUENCE RESULT I
Berzsenyi [2] states that
FZ,, =1 (mod24), n an integer. 4.1

Generalization: Let {U,} and {V,} be the sequences defined in (2.17). Then

U2, =1 (modU,U,), n an integer. . (4.2)
Proof:
Ugy—1= Ugns —U)Ug,pyy +UY)
= (Uspeiean = Usner3n) Usnataan + Uznaican) (43)
= U3nV3nU3n+II/;n+l’

where we have usea (2.13) and (2.14) with g = -1.

Taking m to be an integer, we consider two cases:

Case 1. n=2m+1. Using (2.11), the right side of (4.3) becomes U,,,,,¢U)s:5- Then by
(2.12), U, |U,ppmig and Ug|U,,,,.c and (4.2) follows.

Case 2. n=2m. Using (2.11), the right side of (4.3) becomes U,,, U,z Since Uy |Uy,,,
Us|U,,,» and (U, Ug) = U, Uy, 040, then UU UL, U g e, and (4.2) follows.

This completes the proof of (4.2). O
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5. CONGRUENCE RESULT 11X
Freitag [5] gives the following:

L,x =3 (mod10) .1)

for all primes p>35 and natural numbers k. We caution against confusing the prime p with the
parameter p.

Generalization: Let {U,} and {V,} be the sequences defined in (2.17). Then
V. .1, =V, (mod40). 5.2)

Proof: Using (2.16), we see that
Viez =V = (0" + HUU 116 = p(0* + D@ +3) (" + DU, (53)
The right side of (5.3) is divisible by 40 since 5 divides either p, p? +1, or p* +4 and 8|p(p* +4)

if p is even while 8|(p? + )(p* +3) if p is odd.
To see that (5.2) generalizes (5.1) we note that, as observed in Bruckman [3],

2p* =2 or -2 (mod12) (5.4)
for all primes p>5. Now, since L, = I, =3, (5.1) follows from (5.2) and (5.4). O

6. A DIVISIBILITY RESULT
Grassi [6] gives the following:
12|(Fypg + Fip + Fipia) (6.1)
168](Fypoq + Fay + Firra)- 6.2)

Generalization: Let {U,} and {V/,} be the sequences defined in (2.6). Then for n>0,k =1,
U2k—lV4k—2V6k—3l(q4k_2U @k-2)2n-1) — 94 2k_1U(8k—4)n + U(4k—2)(2n+1)) ) (6.3)

VUil (g™U. ak@n-n T 7" Ugjen + Usiansy)- (6.4)
Proof: We prove (6.3) by using reasoning similar to Mana [14]. Fixing & and denoting the
dividend by G¥) we have, by (2.9),
G =q*U —ae-2) T s
=-Upy + Uy, =0.

Also
G = g"* Uy = ¢ " Ugg + Ungis
= 4" Uy Vs + Une-Vioi=s [by (2.11) and (2.14)]
=UpdVor-d a2 [by (2.15)].
Now {G®} can be regarded as the sum of three sequences each satisfying the same homogeneous
linear second-order recurrence relation with integer coefficients (see Shannon and Horadam [16]).
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Hence, {G} also satisfies this second-order recurrence. Therefore, since U, Vi, Ve, _s|GSP
and Uy, Vi Ve slG®, then Uy, Vi Ve J|G® forall n>0. Since k was arbitrary, the proof
of (6.3) is complete. The proof of (6.4) is similar. [

Taking {U,} = {F,}, {V,} ={L,} and putting k= 1, we see that (6.3) and (6.4) reduce to (6.1)
and (6.2), respectively.

7. CONCLUDING COMMENTS

We have chosen an assortment of results requiring essentially different methods of proof.
For the most part, the moduli or divisors in question are products of terms from the relevant
sequences. We feel that with this observation there is scope for the beginner to discover gen-
eralizations of a similar nature.
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NONZERO ZEROS OF THE HERMITE POLYNOMIALS
ARE IRRATIONAL

P. R. Subramanian
Department of Nuclear Physics, University of Madras, Madras 600 025, India
(Submitted July 1993)

1. INTRODUCTION

The Hermite polynomials belong to the system of classical orthogonal polynomials [7, 10]
and they are defined by means of the following relation [1, 7]:

exp(2st —1%) = iHL(s)tL /L. (D)
L=0

All the zeros of the Hermite polynomials are real, distinct, and are located in the open interval
(—o0, ) [7, 10]. The Hermite polynomials of even degree have no zero at the origin, while each
Hermite polynomial of odd degree has a simple zero at the origin [7]. The purpose of this article
is to present an elementary proof that all the nonzero zeros of the Hermite polynomials are
necessarily irrational.

2. BASIS OF THE PROOF

Our proof of the irrationality of the nonzero zeros of the Hermite polynomial H,(s) is based
on the following facts:

(a) All the coefficients of the Hermite polynomials [1] are integers.

(b) A factor 2™s” can be pulled out of H,(s), n>1, such that the remaining factor R{(s) is
an even polynomial in s of degree 2k, still containing only integers as coefficients. The non-
negative integers m, r, and k are given by

m=[n+1)/2], r=n-2[n/2], k=[n/2], )
where [{] is the greatest integer <. Note that m=r +k, and that r is zero (unity) when 7 is even
(odd).
(c) The constant term of R{)(s) is (=1)¥(2k +2r —1)!!, where

@n-D!'=1.3-5---(2n-1), n>1. 3)

We follow the convention that (=1)!! = 1. Al the factors of the constant term of R{}(s) are odd.
(d) The leading coefficient (i.e., the coefficient of the highest power of s) in R{}(s) is 2,
whose factors are of the form 2°, 0 <c <k, ¢ being a nonnegative integer.
(¢) The constant term of R{})(s) is odd, while all the other coefficients are ever and nonzero.
(f) The zeros of R{)(s) are just the zeros of H,(s), n>1, when n is even. If n is odd, the

nontrivial zeros of H,(s) are simply the zeros of R{;(s), the trivial zero being the one located at
the origin. The last result follows from the fact that 4, (s) has a definite parity [10],
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H (=)= (-1)"H,(s), L20, “4)
so that H,,,,,(s), M >0, is an odd polynomial in s and, hence, is zero at the origin.
(g) Forall pgeZ, 2p+(2q+1)=2(p£q)+1+0.
Thus (see [6], p. 81), for example,
| H(s) = 6455 — 480s* +7205* — 120

5
= 8(8s° — 60s* +90s% — 15), ®)
and
Hy(s) = 5125° —9216s" +48384s° — 806405’ +30240s ©
=325(165° — 288s° +15125* — 252057 + 945).
Using the power series expansion of the Hermite polynomials [1],
L2 (1N T L-20
Hys)=y SHEI = psg ™
oo ONL-20)!
and the relation
QM =2MMI2M -DIl, M=0,1,2,3, ..., ®)

we can prove the results (a)-(e) given above. In Section 5, we prove these results for the case in
which » is even. Using similar arguments, one can easily establish the results for odd values of n
also.

3. ZEROS CANNOT BE NONZERO INTEGERS

An immediate and interesting consequence of the result (e) of Section 2 is the fact that no
nonzero integer (positive or negative) can be a zero of H,(s), since

() (integer) = even # + odd # = odd # # 0

(see result (g) of Section 2). Thus, H,(s), n>1, is nonzero whenever s is an integer # 0. Hence,
the zeros of H,(s) are neither positive nor negative integers.

4. NO RATIONAL ZEROS

If B/D, where B and D are integers, is a rational zero of a polynomial whose coeflicients are
all integers, and if B/D is in its lowest terms, then B must be a factor of the constant term and D
must be a factor of the leading coefficient (see [5], Theorem 9-14, p. 303). Thus, a nontrivial
rational zero of the Hermite polynomial, being a rational zero of R{})(s), whose coefficients are all
integers, would be of the form B/D, where B = odd # and D = 2°, where ¢ =0, 1, 2, ..., k.
(Remember results (c) and (d) of Section 2.) The case ¢ = 0 corresponds to an integer as a pos-
sible zero and, hence, can be ruled out (see Section 3). Using (7), it can be shown that

2" DH (odd #2°) = odd #2 0, n>1, c>1. )
For a proof, see Section 6. Since 2"“™V 20, s = odd #/2° cannot be a zero of H,(s). We con-

clude that the Hermite polynomial H,(s), 7> 1, has no nonzero rational zeros.
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5. PROOF OF CERTAIN RESULTS FROM SECTION 2

We now prove some of the statements given in Section 2 for the case in which # = even #. If
the coefficient of s 22 in H,,(s), N >1, is 4, N—20- then, from (7) with L = 2N,

Ayy g = (CDPQRNI2PVTR{OW2N -20)!}. (10)

Now, when K is a positive integer, (2K)! = 2QK)2K-1D(2K-2)(2K-3)---4-3:2-1, and since
(D=1 (see result (c) of Section 2), we have

QM) =2Y MM -DII, M=0,1,2,3,.... (8)
It follows from (8) and (10) that
Apynp =2V (12 (g)zN@{(zN— DI 2N —20-1)11}. (11)

In (11), the binomial coefficient (g) is necessarily a positive infeger; the expression within the
braces {---} is essentially an odd positive integer, since ( < N, and both  and N are nonnegative
integers. The phase factor (1) is an odd integer (= +1). The factor 2V is even as long as
QO # N ; for the constant term of H,, (), this quantity is just unity and, hence, odd (as O = N).
The leading coefficient of H,,(s) is 4,, = 22" (since 0 =0). It is now clear from (11) that all
the coefficients of H,, (s), N 21, are infegers. Moreover, a factor 2" can be pulled out from all
the coefficients of H,, (s), but still the coefficients of R{)(s) are all integers. The constant term
of R{(s) is odd, the leading coefficient is 2" (= even #) and all the other coefficients are even
numbers. Incidentally,

H,(0)= 4, =(-D"2" 2N - =0, (12)
and, hence, H,,/(s) can never be zero at the origin. It follows from (12) that the constant term of
R{9(s) isjust (=DY Q2N -1)!=o0dd #=0.

6. PROOF OF RELATION (9)

Let us now present the proof of (9) when # = even #. The proof is similar for the case when
n=odd#.
Using (7) and (11), we have, with ¢ 21, N >1,

2NED Hyy(0dd #29) = 3 ()2 (N ) 202e-D(odd #)2N-20
&0 Q (13)
x {@N - DI/ QN —20 - D1}

In the right-hand side of (13), the first term in the summation (i.e., J = 0 term) is odd. For all the
other terms, 0>1, Q(2c—1)>1, and, hence, 2°?°D = even#>2. Therefore, except for the
first term, all the remaining terms are definitely even. Hence, H,, (odd #2°) # 0 and s = odd #/2°
cannot be a zero of H,,(s).
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7. CONCLUSION

Zeros of the Hermite polynomials, if nonzero, are irrational. Using a computer program, we
verified statements (b)-(e) of Section 2 and the results presented in Sections 3 and 4 for n<12.
Readers familiar with Gaussian quadrature are practically aware that the nonzero zeros of H (s),
2 <n <20 (say), are irrational [3, 4].

Recently, in connection with our work [9], we have been informed by the Editor of The
Journal of Number Theory that the collected works of Professor I. Schur [8] contain a proof that
the zeros of the Hermite and Laguerre polynomials are irrational. However, we are unable to
access this material, independent of which our work was done, for verification. In fact, we
learned about Schur's work [8] and Gow's work [2] only after [9] had already been accepted for
publication and was subsequently rejected. The proof due to Professor Schur {8] should be
delightful and, hopefully, distinct from ours!
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A GENERALIZATION OF A RESULT OF D'OCAGNE

R. S. Melham and A. G. Shannon
University of Technology, Sydney 2007, Australia
(Submitted July 1993)

1. INTRODUCTION

In this paper we consider some aspects of sequences generated by the m™ order homoge-
neous linear recurrence relation

R,=Y aR,, form>2, (1.1)
i=1

where a,, # 0 and the underlying field is the complex numbers. To generate a sequence {R, }r,
we specify initial values R, R,,...,R,_;. Indeed, this sequence can be extended to negative sub-
scripts by using (1.1), and with this convention we simply write {R,} .

For the case m = 2, we adopt the notation of Hordam [3] and write

W, =W,(a,b; p,q), 1.2)
meaning that
W,=pW,_,—qW,_,, Wy=a, W =b. (1.3)

If (R,,...,R,5, R,.))=(0,...,0,1), we write {R,} = {U,}. The sequence {U,} is called the funda-
mental sequence generated by (1.1). It is "fundamental” in the sense that, if {R,} is any sequence
generated by (1.1), then there exist complex numbers by, ..., 5,_; depending upon 4, ...,q,, and
Ry, ..., R,_, such that

m=1

R,=Y bU,, forallintegers n. (1.4)
i=0

In this regard, see Jarden [4], p. 114 or Dickson [1], p. 409, where this result is attributed to
D'Ocagne. In §2 we generalize this idea.
For the Fibonacci and Lucas numbers, it can be proved that

L+ L = S(F+FLy). (1.5)

More generally, for the second-order fundamental and primordial sequences of Lucas [5] defined
by

{Un =W,(0,1, p,q), (L6)
Vo =W, (2, ; P, 9);
where A = p? —4q # 0, we have

—qV2 Vi = A(=qU; +UL). (1.7)

In §3 we demonstrate the existence of a result analogous to (1.7) for any two sequences
generated by (1.1).
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2. A GENERALIZATION OF D'OCAGNE'S RESULT

Let {R,} and {S,} be any two sequences generated by (1.1). Define the (m+1)x(m+1)
determinant D,, for all integers n, by

R, Sn Sn+1 o Spma

Rm—l Sm—l Sm t S2m—2
D,= Bm-z ‘_Sm—-2 ‘Sm—l T ‘S2m—3
R &% & o S

Theorem 1: D, =0 for all integers n.

Proof: Dy=D,=---=D,_, =0 since, in each case, we have an (m+1) x (m+1) determinant
with two identical rows. Now expanding D, along the top row, we see that D, is a linear combi-
nationof R, S,, ..., S,,,..;. Therefore, since each of the sequences {R,},{S,}, ..., {S,.m1} 1S geN-
erated by (1.1) then so is {D,}. But {D,} has m successive terms that are zero and so all its terms
are zero. This completes the proof. [

We now come to the main result of this section.
Corollary 1: There exist constants ¢ and ¢,;, 0< j <m—1, such that

m—1
¢R,= Y ¢,S,,, forallintegers n. 2.1
Jj=0

Proof: Expand D, along the top row. 0

Equation (2.1) generalizes D'Ocagne's result (1.4), where the b, are normally specified with-
out the use of determinants. If {S,} ={U,}, then c, which is the minor of R, is unity and we
obtain an equivalent form of D'Ocagne's result.

3. A RESULT CONCERNING SUMS OF SQUARES

From (2.1) we have, for any integer i,

m-1
CRn+i = Zcoan+i+j' (31)
J=0
Using (1.1), the right side of (3.1) can be written in terms of S, S,.,, ..., S,,,.-1. That is, for any
integer i there exist constants ¢;, 0< j <m—1, such that
m-1
cj{nﬂ' = Zcian+j' (32)
=0
Write £ =(3). Then, for parameters dj, d,, ..., d, we have, from (3.2),
¢ m=1 ¢ ¢
czzdiRr%ﬂ' = ZS3+jZ‘1iCI:]2 +2 Z Sn+an+kZ dicCy, . (3.3)
i=0 7=0 i=0 0<j<k<m-1 i=0
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Consider the system of equations
¢
zéd,-c,-jc,-k:(), 0<j<k<m-1, (3.4)
=

in the unknowns d, d,, ..., d,. Since (3.4) is a system of / homogeneous linear equations in £+1
unknowns, there are an infinite number of solutions (dy, d, ..., d;). Choose any nontrivial solution
and put

e = cd,, 0<i</t,

¢
]}deicg, 0<j<m-1
i=0

Making these substitutions in (3.3), we have succeeded in proving the following theorem.

Theorem 2: Let {R,} and {S,} be any two sequences generated by the recurrence (1.1). Then
there exist constants ¢, 0<i</=(3), and f;, 0<i<m—1, not all zero such that, for all integers

n,
4 m—=1
:E:fﬁlgiw = :E:]ch+i- (3.5)
i=0 i=0

Theorem 2 shows the existence of a result analogous to (1.7) for any two sequences gen-
erated by (1.1).

Example 1: Let {W,} and {S,} be any two sequences generated by the recurrence (1.3). Then,
after some tedious algebra, we obtain the following determinantal identity:

S? 8%, W} Wi

W, § S, M S, M qz W S

WS |s m|| (|8 m TS| 2, 3.6)
S, S, m
S, S, I, m

Example 2: For a fixed integer k, consider the sequences {F,,} and {L,,}. They both satisfy the
recurrence (1.3) with p = I, and g = (-1)*. Substitution into (3.6) yields

S(F+ (D Fluny) = Ly + (D L. G

Example 3: In (1.1), taking m =3 and a,= a, = a; =1, we have
R=R_+R _,+R ;. (3.83)
Feinberg [2] referred to sequences generated by (3.8) as Tribonacci sequences.
For (R, R, R,)=(0,0,1) write {R } = {U,}.
For (R,, R, R} = (3,1, 3) write {R,} = (V.}.
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Then {/,} bears the same relation to {U,} as does the Lucas sequence to the Fibonacci sequence
(see [6], p. 300).

Now assuming a relationship between {U,} and {V,} of the form (3.5) and solving for the
coefficients ¢, and f; yields

34V —30V2 +V2, + V2, = -154U2 +176U2,, + T26U7,, . (3.9

n+l n+l

Alternatively, we have

46U% - 50U2,, - 114U2,, +54U2 . = =TV +12V2, - V2, . (3.10)

n+l

4. OPEN QUESTION

Is there a result analogous to (3.5) for higher powers?
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Helmut Prodinger*
Department of Algebra and Discrete Mathematics, Technical University of Vienna, Austria
(Submitted July 1993)

In a recent paper [1] Barry and Lo Bello dealt with the moment generating function of the
geometric distribution of order k. I want to draw the attention of the Fibonacci Community to
several related papers that were apparently missed by the authors and also to provide a straight-
forward derivation of their result.

Since the moment generating function M(?) is related to the probability generating function
f(2) by M(¢) = f(€"), it is sufficient to consider f(z).

We code a success trial by 1 and a failure by 0, thereby obtaining a word consisting of the
letters 0 and 1. A sequence of » trials is thus represented by a word of length »n over the alpha-
bet {0, 1}. In a natural way we attach a weight o to each word x by replacing 1 by p and 0 by ¢
and then multiplying as usual. For instance, the word 0110 has the weight p?’q?>. We consider
languages (sets of words) L and their generating function £(z). The latter is defined to be

Uz2)= Y (x)z", )
xel

where |x| is the length (number of letters) of the word x. This generating function can be
obtained simply by formally replacing the letter 1 by pz and 0 by gz in the language L and replac-
ing the so-called concatenation of words by the usual product and the (disjoint) union by the

usual addition so that, for instance, L = {0, 010, 0110} has the generating function {(z) = qz+
2,24

pq’z’ + p*q’zt.

Instead of considering P{.X = n}, it is easier to consider P{.X > n}; that means the probability
that » trials did not produce k consecutive successes, or the probability that a random word of n
letters does not contain the (contiguous) subword 1¥. We consider the language of these words.
A compact notion of it is

(1<k 0)* 1<k , (2)

where 1 = {g,1,11, ..., 1¥1}, with & being the empty word. This expresses the fact that words
without the (contiguous) subword 1¥ can be written as several blocks of less than k ones, sepa-
rated by zeros. Let us recall that the asterisk L* describes sequences of L. More formally, L =
U,s0 L', and L' means the concatenation of n copies of L, which can be defined recursively by
LL={xy|x €L ,yeL}and I" = I''L and I’ = {¢}. Quite nicely, the generating function of L’ is
obtained by 1—_7?(—27 Now, to the language 1% 0 the generating function

k Kk

(+p+ 2+ (01 ) gz = L g ©)

is associated, and thus we have, furthermore,

*This note was written while the author visited the University Paris 6; he is thankful for the warm hospitality he
encountered there.
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" 1 1-p*z* 1-pzF
2)=) P{X>n}z"= . = . 4
£ zo W= 1—gz522 1-pr 1-z+gpfd™ )

From this we also obtain the probability generating function

f@):=YPX=nz"=) P{X>n-1}-P{X>n})"

n20 n20

=1+2) P{X>n-1}z""'- > P{X >n} 7"
nx1 n20
1-z+gp* 2" — 14 pF* + 2 pr*H! ®)
=1-(1-29)g() = — LT LELED
—z+qp°z

_ _Pa-po)

1_Z+qpkzk+l'

This derivation completely avoided unpleasant recursions. For such very useful combinatorial
constructions and their automatic translation into generating functions, we refer to the survey [2]
and a few earlier survey papers of Flajolet cited therein.

The probability generating function (5) appeared first in [10].

Guibas and Odlyzko in a series of papers ([3], [4], [5]) dealt with general forbidden sub-
words, not just 1¥. These papers were surveyed in [8] and [9]. Rewriting things accordingly,
formula (6.44) in [9] gives

_ (p2)*
T = (-0 ©)

where the polynomial C(z) (the "correlation polynomial") depends on the forbidden pattern and is

1-(p2)*

C@@)=1+(pz)+-+(pz)' =
1-pz

(M

in this special instance.

Knuth used similar arguments in [7]. He considered strings of 0, 1, 2, where 0 and 2 appear
with probability 1/4 and 1 appears with probability 1/2 and the string 12 is forbidden. Also, he
considered the zeros of the "auxiliary equation"

1-z+gp*z"" = 0. (®)

For example, there is a "dominant" solution p = p, which can be approximated by "bootstrap-
ping": Starting from z = 1+gp*z**!, a first approximation is p~ 1. Inserting this on the right-
hand side and expanding, we find p ~ 1+¢gp*, and after one more step,

p~1+gp* +(k+1)g*p*, ©)

etc. Kirschenhofer and Prodinger also used this type of argument in [6].
With this dominant singularity it is also easy to find the asymptotics of P{X = n} for fixed &,
as n— . We have

f(z)= pkzk(l—pz) - Ak

as z—>p. 10
1-z+qp*Z** 1-z/p P (19)
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This can be explained informally by saying that locally only one term of the partial fraction
decomposition of the rational function f(z) is needed to describe its behavior in a vicinity of the
dominant singularity p.
Here, 4, is a constant that can be found by the traditional techniques to compute the partial

fraction decomposition of a rational function.

Thus, the coefficient of z” in f(z) (i.e., P{X =n}) behaves as 4, - p™" (the coefficient of 2"
1_’1", ). The constant 4, behaves as 4, ~ qp" fork — .

Such asymptotic considerations are to be found in many textbooks and survey articles,
notably in [9].

in
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The general m™-order linear recurrence relation can be written as
m
R, :Za,-R,,_,-, form=>2, 1
i=1

where the a,'s are any complex numbers, with a,, = 0. If suitable initial values R_,, 5y, R_(,_3),

..., Ry, R, are specified, the sequence {R,} is uniquely determined for all integral ».
The auxiliary equation of (1) is

x" = zm:a,x”’” . 2
i=1

Let ay, a,, ..., a,, be the m roots, assumed distinct, of (2) and define a; by

Then the fundamental {U,} and primordial {V,} sequences that satisfy (1) are given by the
following Binet formulas [1]. For any integer n, we have

m an'+m—2 m
U,=>—~— and V,=) a, 3)
ISR J=
sothat U_(, 2 =U_(p3y=-=U,=U;=0and U; =1. AlsoV,=a, and
Vi=aV,_ +--+a,_V, +ia;, for1<i<m. @)

In this paper we answer a question of Jarden, who in his book [2] (p. 88), see also [1], asked
for the value of U,,—U,V, for the m"-order linear recurrence relation. For example, when

m=2,where a, =a, =1, {U,} and {/,,} are the Fibonacci and Lucas sequences, respectively. In
this case, we have
U,,-Uy,=0.

For the general third- and fourth-order linear recurrence relations we have, respectively,
U2n - UnVn = a; -n and U2n - UnVn = (_l)na: {U—nV—n - U—Zn}‘

For the general m™-order linear recurrence relation, we have the following, very appealing
theorem.
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Theorem: For any integer n, and m> 2, we have

m-2 k
_1)
U UV = (1) ( phpl ok |
= Oln =D 2 f;okllkzt...k,.uklzkz..,ikf oV n Vil otnea-iym

where a,, is the constant term in the auxiliary equation and the inner summation is taken over all
partitions of 7 = 1k; +2k, +--- +ik; so that k; is the number of parts of size j. Here, k =k, +k, +

---+k; is the total number of parts in the partition. The coefficient of U_,, , ;),, inside the
second summation sign, is taken to be 1 when i =0.
In order to prove the above theorem, we use the following lemma.
Lemma: Using the above notation, we have
—1* .
3 CD s b= goro<ism-1),
okl kL k2% T a,
=—— fori=m.
am
Proof of Lemma: First, we note that
opl (i Ve Ta, )
1 2 3 J
)

_N (@) bk, 1k
‘E’“Z@.‘; k\ky) . k119208t VAV -V

Therefore, we need to evaluate the function,
3 7
fx) ="
=1 !

Using the fact that {//,} satisfies the recurrence relation (1), with the help of (4) it is not hard to

see that the generating function g(x) =X V_ x", for V_,, is given by

—-n>

ma,, +(m-1)a,,_x+(m-2)a, ,x* +--+2a,x"* +ax""

g(x) = a ta,_x++ax" —x" (6)
Letting
h(x):H%;_li“Z"—:xz+"‘+g—;x'""l—ix’", .
from (6) and (7) we have
g() =m—’;'((;))x. ©

Now, since V, = m, from (8) we have

0 ]

n1_m—g(x) _h'(x)
B T
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Integrating, and using 4(0) =1 to eliminate the constant of integration, we have

—Z Vo x" =logh(x).

Therefore,

exp{-i %x"} = h(x). )

n=1

So, from (5) and (9) we have

-y (-1* bk 1k
h(x)_gxzkllk2' I vayk | ph (10)

Using the expression for A(x) given by (7), we can equate the coefficients of x in (10) to complete
the proof of the lemma. O

Proof of Theorem: From the Binet formulas (3) for U, and V,,, we have

2n+m-2 2n+m-2 2n+m-2
a a a
u,,-uy,=|— +—2 T
Q Q, @y,
n+m-2 n+m-2 n+m-2
a a a,
(—1———+ Z et J(af+a§'+---+a:’n) 11
o a, m
n+m—2 n

=-Z %

l#] j

where the summation is taken over all 1<i, j <m, such that i # j. Therefore, to prove the theo-
rem, we need to show that the right-hand side of the theorem is given by the right-hand side of
(11). First, we require some new notation. The a, in (2) are given by

a=-0"Zaa,..qa,

where «; are the roots of (2) and the summation is taken over all possible distinct products of i
distinct ;'s. Now define g;(n) and ¢;(n) by

am=)"Tala)...a’ and ¢(m)=Xaja;.. a"

11

so that a,(n) = (=1)"*'c,(n). Now, by the lemma, for any integer n, we have

k

> (_l)k —Vhvh vk =@ g 0<i < (m-1),

”(i)kl!kzl...killlzz A am(n) (12)

=- ! fori=m.
a,(n)
Using (12), we can rewrite the theorem as
n am—l n
U2n - UnVn = (- l)(m+l)( +1) Z ( ) (m-—2—1)n (13)

i=0 a(n)
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Since
Cl,’:, =(=1 (m+1)ncm n),
-1 N (n) (1)
Qi (}’1) = (_ l)m+,+ Coni (n)7
and
a,(m)=(=1""c,(n),
we have, from (13) and (14),
U2n n n ( l)m+IZ( 1) Con— z(n)U—(m—2—-1)n (15)
i=0
By the Binet formula,
m azn —mn+2n+m—2
U. m=-2-iyn =~ Z—————:__——)
A
which, when inserted into (15), gives
1n—mn+2n+m—2
Up=Ub,=(= 1)'"“2( e, (H)Z
=1 J
(16)
2n+m—2 m-2 )
oS TS e, mal
Now we note that
1 1 1 - c(n)
X+—jlx+— 1] x+ =y ~~x
ay a; ) = Cu(m)
(a7
L cm—i(n) m—i
= x
2 o
So if we let x=—1/a’ in(17), forany j =1, 2, ..., m, we have
Z 1 ¢, (ma§™™" =0. (18)
i=0
From (18), we easily obtain
m=2 . )
D™ Y D 6 (e = e (ma)” +eo(n). (19)

i=0
Now we note that ¢,(n) =1 and ¢;(n) = X, /. Therefore, using (19) in (16), we have

n+m-2 n m 2n+m 2 n+m—2 n

a;

2n+m-2

U2n—UnK1:iaj—& { Za”a"”“} i ia Z _Z
J=1 j j=1 i=1 j J=1 f ity J

Which agrees with the right-hand side of (11). Hence, the theorem is proved. O
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Let ny,...,7,,... be a sequence of independent integer-valued random variables. Let S, =
m+--+n,, A,=ES, B?=varS,  P(m)= P(S,=m), and f(f,m;) denote the characteristic
function of the random variable 77, .

The local limit theorem (LLT) is formulated as P,(m) = (27B2)" -exp{~(m — 4,)* / 2B} +
o(B;") when n — oo uniformly for m.

The first results on the normal approximation of binomial distributions belong to de Moivre,
Laplace, and Poisson. Very general theorems on the LLT were obtained by von Mises in [1].
Assuming additionally that the summands are i.i.d. and have a finite variance, B. Gnedenko [2]
derived necessary and sufficient conditions for the LLT. The next step, for not i.i.d. but uniformly
bounded variables, was made by Yu. V. Prohorov in [3]. Besides those mentioned above, the
LLT problem was investigated by W. Feller [4] and C. Stone [5]. More complete bibliographical
information can be found in [6].

It is well known that for uniformly distributed random variables the LLT is equivalent to the
central limit theorem [9], [10]. Hence, it is reasonable to ask whether this holds in general. The
answer is negative. Using the Fibonacci sequence, we will construct below another sequence of
independent asymptotically uniformly distributed random variables which satisfies the central limit
theorem, has the uniform asymptotic negligibility (UAN) property but for which the local limit
theorem fails to be valid.

Let [1;1,...,1,...] be a continued fraction representation of the number ¢ = (1+\/§)/ 2. De-
note by P, /(Q; the convergents of the continued fraction of ¢, which can’be represented by the

table below.
j 1213

Poloj1|112[3]5]8

O |1|of1]1]2]3]5

It follows from the table that P, (j=0,1,2,...) is the Fibonacci sequence and F,_; = 0, for j>1.
Let us now consider a sequence of independent integer-valued random variables represented
by
L gl"'w gn]’
2. §n|+1: ] §n|+n2 >
)

J- tf,,‘+..‘+nj_l+1, EEE) §nl+---nj>

k. gn,+-~+nk_|+ln (R '5n,+-~+nk'
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Each value of the line j is assumed to take the values 0, O;, P, with respective probability
values of (P, ~2)/ P;,1/ P, 1/ P;. Thus, if &, is in row j, then

P - 2+¢"% &%

t j—
1) == ——
(P,-27+2 25,-2)
!f(t g, )[ —t cost(P 0;)+——7—(costQ; +costP)),
A 7 S
ge ~ (B0 B
T B
and
varg, =529 _BO)
T p P
I J
Notice that

2 | PryoP
var&, > (1-1/P) PG 15+

B3R
We will take n; as
=[P+, @)

where [a] represents the integer part of a.
Let N, =m+---+n, and

k
B,f,k =var Sy, = Z([Pf/z]Jr 1) var &y, = O(P™).
1

First, we will verify that the sequence has the UAN property. For an arbitrary »n, we can
choose a number £ such that N,_, <n< N, . Hence,

max
1<j<n

k
& —E&|<B, and B} >3 (PP +0Nn; /P,
1

Therefore,

max
1</<n

@—EQ‘/B,,SC/P,X‘}—)Oasn—»oo,, 3)

Here and in what follows ¢ denotes a positive constant. However, the same symbol ¢ may also
stand for different constants. The preceding limit result is the UAN property. One may also
check that Liapunov's condition,

(2+6)
7 2+6
(ZEI ¢, -E¢|] J /Bn -0,
j=1
for some 6 > 0, holds.

Next, we will investigate the property of the sequence being asymptotically uniformly dis-
tributed. We use the Dvoretzky-Wolfowitz test [8], which states that this is so if, for an arbitrary
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fixed #>0 and z=1,2,..., -1, the characteristic function of the sums of the independent ran-
dom variables tends to zero at the rational point 2z« , where a = z/A.

It will be assumed, without loss of generality, that z and 4 are mutually prime numbers.
Clearly,

| F@m/h, &) | <11 B +|(B-2)/ P+ exp(2miQz 1) B
Assume (), is not a multiple of #. We can then write zQ, =mh+k,1<k <h-1. Hence,
|(P,—=2)/ P, +exp(2mizQ, | h) | F}| < é??;?ill (P,~2)/ P, +exp(2nik / h)/ P
= 15%351] (P, =3)/ P, +(1+exp(27ik / h)) | P,|
=(P,-3)/ P, +1Sr}clg}3<_1{1+exp(27zfik IB)|/ P,
<(P-1-p)/ P,
where p = p(h) = 2(1-cos(z/ h)). That is,
[f(znz/h, §Nj)‘s 1-p/ P,

Choosing n;, by (2), we obtain

|rmingy)

The latter inequality holds only when Q, is not a multiple of 4. Let us count the number of such
Q,. Since P,,Q, - P,0, =1, it follows that Q,_, and {; are not simultaneously multiples of h.
Therefore, there are at least [k /2] members of the sequence (J,, ..., O, that are not multiples of 4.
Thus,

2n; 2P
<(A-p/ P)"7/ <exp(-2p).

k 2n,;
H‘f(ZﬁZ/h, §Nj)‘ " <exp{-kp} —> 0 ask — oo
J=1

Therefore, the Dvoretsky-Wolfowitz test is satisfied.
It should be noted that in [7] we find the following necessary condition for the LLT:

I=-B J ﬁ‘f(t,fj)izdteo
k=1
£, StL2r

for any positive &, which tends to zero as n— . We will show that this condition does not

hold.
Using Taylor's expansion when |1 — 27/ ¢|<1/ By, , we write

!

76.6)f =|r@rr0. ) +li-2n10] | 10,8 |

=2zl
+|t—27t/§0|2[’f(t’ &) ﬂlr/:e/z’
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Next, each term from (4) is estimated separately in the following manner:

st [ | 16,80 +ly 210 e[|

2 2 "
i -2tof || 106 | f
t=
where ¢; =270;_,/0,.

Using P,_Q; — P,0;_; = £1 and the elementary inequality cosx >1— x* /2, we may write

(pj_z)z+2+2(1’,—2)+2+2(PJ‘“2) (1-1/227/0Q,)*)

|7 80| 2

d d )
=1- (PJPZ D (27Z'/Qj)2 > 1—(27[/Qj)2 / P, (j=2).
J
We then have
' 2(P - 2 P 2
lreanf] =-2man e -0)- 2002
t=t J
. 2P(P.-2) . "
xsin27Q, ;- J(Pj )sm27z'QQ’j1Pj
_(2£-9) 2P(P 2) inf (- 1),_125 2(P, - Q)+2P(P 2) |27
A o)/ T T o
=ﬁQ—(l—1/1’l.—Qj./1’j?)s4ﬂ/Qj. (6)
J
and
" N2
[if(t, §Nj)‘2] =2 (Pj—2)costt+(—Pj—P—§)&costt & PQ) cos(P; — Q) <1f”(0 {,‘N
J J

(P-‘Z)Q (P Q)2
=2[(P,-2)+ ij P2 )
_ B 0’ -20, OF 2
=2| P -1+ =1 7 Pj) 2AP2+QY)/ P,

Using |tj —27r/¢7| SZﬂ/Qf and taking into consideration the estimations (5) and (6), we

have
2
‘f(27r/go, §N,)| >1-Q2r/ Q| P -87%1 O} - @n/ QPP + Q7)1 P,
Furthermore,
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lresf]  <llra.a)f ]+ -2er0]| 76600
t=27/p

<4n/Q;+4n(P} +07)/ O?P,
and
l:‘f(ta 'fNj)ﬂ 32(})/-2 +QJZ)/PJ
t=0

Taking the above estimations into account for expansion (4), we have
2
| 7,60 | 21-@x/ )P 8571 0} - 87° (B2 + 01/ O} F,
~(4n/0,+ 47r(Pj2 + sz.) / sz.Pn) /By, - 2(Pj.2 + Qf) / B,%,kPj..
By a simple transformation, we obtain
2
7@ & )| 21-c/ P ~cIB, P —cP 1B},
Using the elementary inequality exp(—cx) <1—-x for0<x <1/2, and ¢ >1In4, we have
£ 2n k -3 -1 -2
mf(t, )| zexp S (B By Y+ BB
= =
Hence, we conclude that, if & is sufficiently large, then

Iy, > By, J f[llf(taétj-)
)=

[t=27/p|<By)

gt > By, | exp(-c)dt =2e°.

\t=27/p|<By,

So we have shown that the sequence (1) of independent integer valued random variables con-
structed by using the Fibonacci sequence is asymptotically uniformly distributed, satisfies the
central limit theorem, and has the UAN property, but the local limit theorem fails to be valid for
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INTRODUCTION

The connection between the Euclidean algorithm for determining the greatest common
divisor of two positive integers a and b and the continued fraction expansion of the rational
number a/b is well known. As Lamé [9] observed, two successive Fibonacci numbers F,_; and F,
provide a pair of integers for which the Euclidean algorithm takes as long as possible to terminate,
in the sense that (#,_,, ;) takes as long or longer than any pair (a,b) with b>a>1and b< F,.
Analogous results hold if arithmetic is done in Q[x] or [, [x], for F [x] the finite field with g = p“
elements [4], [6], [7], [10].

One can view the continued fraction expansion more generally as an association with a real
number of a sequence of positive integers, the sequence being finite if and only if the real number
is rational. Other methods exist to accomplish the same task. Two in particular of interest are the
so-called Engel expansion and the Pierce expansion. Each arises from an iterated division algo-
rithm, but the roles of successive dividends and divisors are played by different elements than in
the Euclidean algorithm.

In particular, for 1 < a <b integers, the Pierce expansion of a/b is the unique representation

n—1
LS WS U o )

X, XX, XXX, XX, ... X,

; M

a_
-

where the x; are integers with 1<x <x, <---<x,. Successive x, may be obtained via the divi-

sion algorithm. Write b = ga +r with g and » nonnegative integers and » < a. Then a = b;’ and
so 4=1-1(%). Thus, x; = ¢, and the procedure may be applied again to the fraction r/6. The

iteration stops when » = 0, which must happen after at most a steps (see [11]). A convenient
notation for this expansion is

a
—={x}, X, X3, ..., X, }.

5 X,
The Engel expansion is a similar expansion with all positive terms. Thus, for 1<a <b inte-
gers, it is the unique representation of the form
a 1 1 1 1
—=—+ + ot ,
by s W2V

where the y; are integers with 1<y, <y, <---<y,. Here one would iterate the version of the

@

1995] 153



PIERCE EXPANSIONS OF RATIOS OF FIBONACCI AND LUCAS NUMBERS AND POLYNOMIALS

division algorithm with negative remainders. Thus, b =ga+r =(q+1)a—(a—r)and, hence, a =
'”T(‘:,ﬁ gives 4= ﬁ+ﬁ(%) The procedure is applicable again until # = 0. This expansion is

frequently denoted

a
3: 01> V2o V3o 5 V) -

Maximal lengths and other properties of Pierce and Engel expansions have been studied in [2],
[11], [13], and [14].

In the case of polynomial rings, the appropriate measure of the size of the remainder is given
by its degree, so that signs are no longer relevant and there is no distinguishing the Pierce and
Engel expansions. For the Fibonacci polynomials [1] defined by

R =1, BE)=x, Fuy() = xF,()+F,(x) fornz2,
and the Lucas polynomials given by
Li(x)=2, Li(x)=x, L, (x)=xL,(x)+L,_(x) forn>1,

there are some especially attractive continued fraction expansions. In particular,

F_(x 1
n 1( ): 1 , (3)
F,(x) S
x+—. 1
b
X
where there are #—1 occurrences of x in (3), and
L _(x 1
n l( )= 1 , (4)
X+ - +L
Cx/2

where the continued fraction in (4) has # x's in its expansion.

Motivated by these expansions, we consider the Pierce-Engel expansions of these rational
functions. In contrast to the longest possible expansions in their continued fraction expansions,
the Pierce-Engel expansions are predictably short. For some special values of » they are espe-
cially short and elegant.

There are also regularities to note in the Pierce expansions of the rational numbers F,_,/ F,
and L,_,/L,. One such follows from a general result of Shallit [13], and we establish others in
the last section.

EXPANSIONS OF FIBONACCI AND LUCAS POLYNOMIAL QUOTIENTS

We are most interested in the quotients F, ,(x)/F,(x)and L, ,(x)/L,(x), although the
theorems we use apply more generally. Since in the limit we have

o (/%) _ —1++1+4x2

nseo F(1/x) 2x ’
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as n increases there are ever more terms incorporated in the infinite Pierce/Engel expansion of this
function, shown in [3] to be

I 1 ~ 1 o
L(z) L)L) L(DL()L(2) L(DL()L()Ls(z)

where z = x~". This particular expansion is also a concrete example of the Engel-type expansions
for power series developed in [8]. This limiting case sets the pattern for the finite expansions of
rational functions in the variable x. Using the notation (a, b, ¢, d, ...) introduced earlier for the
expansion

1 1 1 1
..__+_+__+ ...’
a ab abc abcd

the finite expansion beginning

1 1 1 1
L) LOLE LEOLOLE) LEOLELOLE)

can be written more compactly as (L, — L,, L,, L, ...). Later we also allow more complicated
expressions involving Lucas polynomials as entries.

It is possible to write an alternate representation in terms of the Chebyshev polynomials
C,(x)=2T(x/2), where

T =1, [ =%, Ty(9)=2xT,() T, (x) fornz1,

since C,(x) = (-i)" L, (ix).

The form of the expansions follows from two general results in [1], which we state as
lemmas.

Lemma 1: Whenever a Fibonacci polynomial F,(x) is divided by a Fibonacci polynomial
F, . (x), m#k, of lesser or equal degree, the remainder is always a Fiboriacci polynomial or the
negative of a Fibonacci polynomial, and the quotient is a sum of Lucas polynomials whenever the
division is not exact. Explicitly, for p>1:

(i) the remainder is £F,, 1), 2,(¥) when

2p|m| >|k|> (2p_2)|m|’
2p+1 2p-1

(ii) the quotient is £1, (x) when |k|<2|m|/3;

(iii) the quotient is given by
p-l .
Qp(x) = Z (- 1)'('" k)L(2i+l)k—2im(x)
i=0

for m, k, and p as in (i), and by 0, (x)+(-D)?"™ if k =2pm/ 2p+1);

(iv) the division is exact when k =2pm/(2p+1) ork=2p—-1m/2p.
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Lemma 2: Whenever a Lucas polynomial L, (x) is divided by a Lucas polynomial L, ,(x),
m# k, of lesser degree, a nonzero remainder is always a Lucas polynomial or the negative of a
Lucas polynomial. Explicitly:

(i) nonzero remainders have the form +1,, ,,, 5. (x) when

2p+1 2p-1

(i) if |k|<2|m|/3, the quotient is +7,(x);
(iii) the division is exact when k =2pm/(2p+1), p#0.

These lemmas apply to give

Theorem 3: Any quotient of Fibonacci polynomials or Lucas polynomials has a (finite) Pierce-
Engel expansion in which every entry is expressible as a linear combination of Lucas polynomials
with coefficients 0 or £1. In the case F,_(x)/F,(x) or L,_,(x)/L,(x), there are at least m=

| log, 7] entries, and the first | log, n | entries are (L, — Ly, Ly, ..., Lyn1).

Proof: The Pierce-Engel expansion for quotients of Fibonacci polynomials comes from the
sequence of identities

F (%) = Li(0)F,_, (¥) + (-1 F (%)
F(x) = Ly () F, 0 (x) = Fy_gp (%)
E,(x) : Ly () F,_ 43, (X) — B gy, (%)

which may be continued as long as the last subscript remains nonnegative. These identities may
be read as special cases of Lemma 1. Lemma 2 provides similar identities for Lucas polynomials.
A negative subscript is replaced by a positive subscript via the identity F,(x)=(-1)""F (x).
Then

Ea® 1 (i Fa(
Ee L) (“( e )

_ 1 -1 ( _E-4k(x)))
L0 (”I%(x)1 E,(x)

= (Lk (x), () L, (x), Ly (%), )

Table 1 on the following page gives Pierce-Engel expansions of some rational functions for
small values of n.

The next theorem was obtained in [3] and [16]. The technique of proof can be modified to
provide several other similar relations, which are collected in the theorem thereafter.

Fy®)

Theorem 4: Forn>1,
F, (%)

= (L= Ly Ly ooy L)
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TABLE 1. Expansicens of Quotients of Fibonacci Polynomials

n Pierce-Engel Expansion of F,_,(x)/ F,(x)
2 | L,
3| L,-(-)
4 | L,-1,
5 | Ly-L,L,~L,+1
6 | L,-L, L,+1
7 | Ly-Ly L, L~ L+ L,~1
8 | L,~L, L,
9 | Ly—Ly Ly, Ly~ L+ Ly~ L, +1
10 | L,-L, L, Lg+L,+1
11 | Ly—L,, Ly, Ly~ Ly, —(Lyg— Lg+ L — Ly + L, — 1)
12 | L,~L, L, Le+1
13 | L,~L, Ly, Lg Lig— Ly, — (Lyy— Lig+ Lg— Ls + Ly — L +1)
14 | Ly— Ly Ly Le— (Lyp+ Lg+ Ly +1)
15 | Ly—L, Ly Lg Lyg— Lyp+ Lyg— Lg+ Lg— Ly + L, — 1
16 | L,-L, L, L
17 | L, =Ly, Ly, Lg, Lig— Lyg+ Ly = Lyg+ Ly = L+ Ly — L +1
18 | L, Ly Ly, Ly Lyg+ Liy+ Lo+ Ly +1
F, .
Theorem 5: Forn>1, B =(L, =Ly Ly, s Ly L +1).

2"’
Fin(*)

Forn22 2"() (Ll LZ’ 4> -0 2n172n2( 1)[’21_1]

2"+](x) i=0

E, 271
Forn23,F—22n:j%)2:(Ll,—lq,L4,..., N Z( 1)[2,+1J

There are, in addition, dual results for Lucas polynomials. A brief table of Lucas polynomial
expansions follows (see Table 2), and a general theorem (Theorem 6) makes explicit some of the
patterns apparent in the table. Other patterns may be noted in the tables as well.

Ly ()
L,(x)

Theorem 6: Forn>2,

_(Ll LZL"7 =15 2n/2)

N [ )

2"+1(x)
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—1
L, (%) 272
2\
Forn>=3, T L,-Ly, Ly s s - ZLZ, +1].
an_1 (x) i=0

L3.2" _1(x )
L,,.(x)

It is interesting to note the L,. /2 entry, in light of the last convergent of (4).

Forn>=1,

=(Ly~ Ly Ly ooy Ly, Ly —1).

TABLE 2. Expansions of Quotients of Lucas Polynomials

n Pierce-Engel Expansion of L, ,(x)/ L,(x)

1| 1,/2

2 | L,-L,/2

3| L,—(L,+))

4 | L,-L,L,J/2

5| Ly,—Ly,L+L,+1

6 | L,—L, L,~1

T | Ly,—Ly Ly, —(Lg+ L+ L+ 1)

8 | L,—L, L, Lg/2

O | L,-L,, Ly, L+ L+ L+ Ly+1
10 | L,~L, L, Ly~ L, +1

11 | L,—L, L, Lg+ Ly, Lig+ Lg+ Lg+ L, + L, +1
12 | L,—L, L, L-1
13 | L,-Ly, Ly, Ly, = (Lyy+ L), —(Lyp + Lyg+ Lg+ Lg + Ly + Ly + 1)
14 | L,—Ly, L, L Li,— L+ L, 1
15 | L,— Ly, Ly, Le,— (Lyy+ Lyp+ Lyg+ Ly + L+ L, + L, +1)
16 | L,~L, L, Ly, Ls/2
V7 | L, =Ly Ly, Lg, Lig+ Liy+ Ly + Lyg+ Le+ Lg+ L+ L, + 1
18 | L,-L, L,,Le, Lis— L, + Lg— L, +1

—

>

PIERCE EXPANSIONS OF QUOTIENTS OF FIBONACCI NUMBERS

The limiting value of F,_,/F, orL,_,/ I, is the same: (~/5~1)/2. Hence, Engel expansions
eventua.:; begin wiih the pattern of numbers in the Engel expansion of (/5 —1)/2:

2,5,6,13,16,16,38, 48, 58,104,177, 263, ...,
ie.,
o111 1

2 2 2.5 2.56

4 e

There is no pattern apparent in this sequence. In conirast, Pierce expansions begin

1,2,4,17,19,5777,5779,192900153617, ...,
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corresponding to

V51 1 1 1

=l Hoee
2 2 24 2417

The Pierce expansion has been analyzed before [13]. it is convenient to express it as

{Leg—Le+Le—-Le+l, ...},
where ¢, ¢, c,,...=3,18,5778, ... is the sequence given by the recurrence
€ =3, ¢,=c.—3c, forn>0.

For F,_,/F,orL, /L, any particular choice of » gives a rational number and, hence, a finite
Pierce expansion, and it often happens that the form of the finite expansion can be given con-
veniently in terms of the elements of {¢;}. It turns out to be powers of three that govern the pat-
terns arising, and there are similar results for the Fibonacci and Lucas sequences.

Shallit [13] observed that, for £ >0,

3* 3
(3+\/§) (3—«/5)
¢ = + .
2 2
This relates {c,} to the well-known formulas
E=("-¢)/5 L=¢"+¢",
where ¢ = (1++/5)/2 and ¢=(1-+/5)/2.

Theorem 7: For k21, Fy [ Fu=(L,¢-Lc+lq-Lag+1..,¢,-D.

We prove this with the aid of several lemmas. The lemmas may be of independent interest for
the factorizations they provide for certain Fibonacci and Lucas numbers.

k=>0.

3k 3k

Lemma 8: ¢, =L

23%
Proof:

A similar sequence, introduced by Shallit in [12], provides a formula for the 3*th Lucas
number.

Lemma 9: Fy =(c—1)(¢, =D (g1~ D, k>1.
Proof: For k=1, F;=2=c,—1. Now, using induction on %,
(G-D-D (6 -D=Fule -1
=@ =)@ +¢* - D/5  (byLemma 8)

=@ - I5  (since gp=-1)
= F3k+1-
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Lemma 10: Ly =(co+D(q+D (¢ +1), k=1
Proof: Again induct on £.
Lemma 11: F, ,; =(co—D(c+D (G~ Doy + D, k21

Proof: F, = F;; Ly, and the result follows from Lemmas 9 and 10.

Lemma 12: c, = Li" +2, k=0.

Proof: Lik +2= (¢3k +&3k )2 _ ¢z.3k +¢A§2.3k +2(¢&)3k +o= ¢2.3k +$2-3k e

By Lemma 8, this says L, . = L;k +2, so Lemma 12 also follows from the identity L, , =
I, ,+2 nxl.

Lemma 13: F3M_1 = P;k_l(Lg,, +1)+ L3k, k>1.

Proof: The left-hand side may be written as (¢3k+1'1 - 353“"1) / /5. Write the right-hand side
as (¢3h'1 - $3k“1)(¢2'3k +g32'3k -D/5 +¢3k + &53" by applying Lemma 12. This may be expanded
as

(¢3"+’-1_¢A§3"+‘-1+¢3"~1¢32~3" _¢A53"—1¢2-3" _¢3"-1 +$3"—1+\/§¢3" +‘/§$3")/\/§
= Fpu_ (@) @67 - 3-8 ¢+ 57 4567 +557) 145
= Fpo_ +(#* (47497 +35)+47 (37 - 7 +45) 145,

But this is just Fy.._,, since gAé“ -¢ ' +J5=0.

Proof of Theorem 7: The proof is by induction on k. For k=1, F,/ F;,=1/2=(1,¢,—-1).
Now assume the theorem holds for &, and consider

FE, 1 1 .
(laco—l,co+1,...,ck—1): 3_1+ ( 3 }
Fe  (-D+D) - (Ga-D\ga+1 (G +D(G -1

_F + 1 ¢ —2
Fy  (-D(G+D) (g =D (G + D6 - D

1 c,—2
=—|F, +—* = _ by L 9 and 10
ij ( 1 L3k (e, - l)] y Lemmas 9 an

_ F;k_lLsk (Ck - 1) +Ck - 2
FyLy(c, ~1)

_Fy (G -D+(e-2)/ L

3 by Lemma 9
F:;kﬂ
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P (4D L,

by Lemma 12
F:;IHI y
.
=3 by Lemma 13.
1:3/«+1

We note that the Pierce expansion considered by Shallit [13] is similar to but not the same as
that of Theorem 7 or Theorem 14 below.

Theorem 14: For k > 1,
L

k
%:(1, G-Le+Lag-Lag+l..,c,-Le ,+1 ¢ +1).
k

3
Proof: By Theorem 7,

Le-Le+le-Lg+l...,c, Lo ,+Lc_ +1)

By, 1 ( 11 j
Fo (=Dl +D (g + D Gy—1 ¢y +1

F3"—1 + 2 - F3”—1L3" +2 — La"—l _

Fk F;kL3k LSkF:;k L k

3 3

The last step follows because

E

A e

+2= (" =g @ + )15 +2
_ (¢2.3"-1 _&2-3"-1 +¢;—1 _¢—1 +2\/§)/\/§
_ (¢2-3"—1 __(32-3“—1 +g7! _(3—1)/\/5
=@+ NG -9 B = Ly Fa
There are many related identities that can be noted. We close with the omnibus theorem

below, indicating several patterns that we have observed. The proofs are omitted, since the iden-
tities may be derived in the same way as the paradigms in Theorems 7 and 14.

Theorem 15: Forn=2-3" k>1,

._1377-1 =(Lg-Le+l .., —Leg +D).

n

Forn=4-3% k>1,
L

n

£,

=(Lcg-Le+L..,q -1 +Lc).

Forn=28-3" k=>1,

1';1 =L g-Le+l ..., -Le+Lc +e,).
n
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For n:5'3k, kZl,
I;';l =(Le-Le+L..,q-Le+1L(c -1 1)

Forn=7-3% k>1,

Forn=2-3% k>1,

Loy =(Lc-Le+L ..., -Le 1 +1,¢/2).

N

Forn=4-3" k>1,

h

2—1 =(,-Lc+1..,c,~1 ¢ +2,c/2-1).

n

Forn=8-3", k21,
—Lz‘l =(Lo-Le+l .6 -1 +1¢,—¢, G /2- (¢ /12-1)).

n

Forn=5-3% k>1,

Lz“l :(l,co—l,c0+l,,,.,ck—l,ck,ck+2,c,f+ck—1).

Forn=7-3% k>1,

Lo _
el =

n

(Lgg=Le+1,..., =1 ¢ +1,(cF+¢, —2)c, - 1).

We note finally that nonlinear recurrence relations also arise in the expansions of certain
rational numbers by means of other related algorithms (see [5], [15]).
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EXPONENTIAL GROWTH OF RANDOM FIBONACCI SEQUENCES

Peter Hope
Aberdeen University, Aberdeen, Scotland
(Submitted August 1993)

1. INTRODUCTION
There are various ways in which the standard Fibonacci sequence can be generalized. Exam-
ples are:
1. Choose arbitrary starting values.
2. Introduce extra terms, for example, the "Tribonacci" sequence, 7, =7, _+1,_, +1,

3. Introduce multipliers, for example, x, = ax,_; +bx
more generally, positive (real) numbers.

.2, Where a and b are positive integers or,

A natural question to ask is: What is the rate of growth of the sequence? This could be
tackled by investigating whether x, ~ K¢" for some constants K and ¢, or the weaker condition,
the convergence of +In(x,) asn— oo. If 2In(x,) converges to y, then y is the rate of expo-
nential growth in the sense that, for every 6 >0,

X

Xy n
W—'}O and W—)OO

In this paper a further generalization of the Fibonacci sequence is considered. Instead of
using fixed multipliers, choose pairs (a,,b,) at random, according to some specified probability
distribution, and let

X =0, x,=1, x,=a,x, ,+b,x, ,, n=2.
{x,} is now a sequence of random variables.

A simple example is to choose a, to be either 1 or 2 with probability 2 (and independently of

the previous a's) and to take all 4,'s equal to 1.

We will show that, subject to certain conditions on the probability distribution of the multi-
pliers, 11n(x,) converges to a constant y for every sequence except for those in a set which

together have zero probability of occurring.

2. MAIN RESULT

Let {a,,b,},>; be a sequence of pairs of random variables that satisfy the following condi-
tions:
1. a, and b, are strictly positive.
2. (a,,b,) are independent pairs, that is, for every n and £ >1, and for all 0<c,,; <d,,

and 0<e,,; < f,.; <o,
Plc, <a,<d,, e,<b, < fo, ..., Coup <k SDpis i <bpir < frrie)
= P(Cn <a, Sdm €, <bn an)"'P(cmk <Apyp -dn+k’ n+k bn+k —fn+k)~
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This means that the probability distribution of (a,, b,) is not affected by knowing the values
of the previous a's and b's.
3. P(c<a,<d,e<b,<f)=P(c<a<d,e<b <f) for all n and for all 0<c<d <o and
O<e<f<oo.

4. —w<E(ln(a,)) <o and - < E(In(d))) <.
[E (In(a)) = J:o In(x)F (dx), where F(x) = P(a, < x). Similarly for E(In(,)) }

Let
w,=a,+b
a, +b,
a; +b,

an—l + bn 1

——a.

n

w, is a finite continued fraction (see Hardy and Wright [4] for basic properties).

Definition 1: To say that a condition holds on a sequence of random variables {z,} almost surely
(a.s.) means that the sequences for which it does not hold form a set which has probability
(measure) 0.

We will show that the sequence {w,} converges almost surely. Let w denote the limiting
random variable.

Theorem 1: Lln(x,) —=—y, where y = E(In(w)).
Note: Since a; <w <q, +§;—, condition 4 implies that £(In(w)) is finite.

We note that the same method is used by Billingsley ([1], Ch. 1, §4) to prove a result of a
similar nature involving the rate of growth of the "convergents" to a number by Diophantine
approximation.

Forn>2,
X X _
x,=a,x, +bx,, or —“=aq,+b, 2
Xp-1 Xp-1
Let
X
Yn="", nz2,
xn-l
=a,+b,
an—l + bn-l
by
a, +b,
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Let y, = x;, then

1 1
0Cx,) = 3100,

Proposition 1: {w,} converges almost surely.

Proof:
bl
WZ —Wl = —[;—
2
—ble
Wy—W, = —— 2
P ay(aya; +by)
W W = bib;bs
4 3 (axa; + b,)(a.a:a, + a.b, + a,bs)
Let
02 = 1’ d2 = aZ)
Cr1+1 = dn;
dn+1 = an+ldn + bncn'
Then
~1D’b.b,---b
wn—wn—lz( ) 172 n—l‘
cndn

A well-known property of continued fractions is that {w,,} is monotone decreasing and
{W,,+1} 1s monotone increasing.
Ignoring all terms with two or more a's,
d,2bbb b, , if nis odd, n>3, while
d,2ab, sb, 4 by +a, 3b, b, 4Dy
+a, 4y by 3by byt

+ayb, b, 5 by if nis even, n>4.

Hence, for n even, |w, —w,_,| and |w,,, —w, | are bounded by

1
a_2+a~4é2_+%% et a, b2b4'“bn—2 .
by by b b bb b,y bbs--b, 5
If every b, = 1, this becomes YT Rrr— +“{s ———» Which tends to 0 almost surely.

Otherwise, ln(%z;‘—;’"j) is a symmetric random walk and, with probability one, will take

. byob .
values > k, for every k, for some value n. Thus, since the sequence { b"" %Lb“—btl} is unbounded
n-1 “193 n-3

almost surely, the denominator diverges almost surely

or, |w,-w, |—2>0.

n
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Together with the fact that {w,,} and {w,,,,} are monotone, this implies that {w, } converges
almost surely.

The ergodic theorem appears in many forms. In a probabilistic context it usually involves
"stationary" sequences of random variables (see Billingsley [1], or Breiman [2], Ch. 6).

Definition 2: A sequence {z,},,, of random variables is called stationary if (z,,z,, ..., z,) and
(2,415 Znsa» ---» Znsy ) have the same probability distribution for every £ >1and n>1.

The sequence {z,} determines a probability measure P on (RT, F), where ¥ is the o-field
of events generated by {z,} (Breiman [2], Ch. 2).

Definition 3: A tail event A is one that does not depend on the values of z,, z,, ..., z, for any n.
[For example, A =({z,}: z, converges) is a tail event.]

If every tail event has probability O or 1, then {z,} is ergodic (Breiman [2], Prop. 6.3.2 and
Def. 6.30).

Consider now the doubly infinite sequence {a,,,b,},.;. For n>1, let

z, = In a, +bn
Ay +bn—1 .
Ay

Proposition 2: {z,} is ergodic.

Proof: Stationarity is an immediate consequence of conditions 2 and 3.

A tail event for {z,} corresponds to an event that does not involve ... (aq, &), ..., (a,, b,) for
every n>1.

Since (a,, b,) are independent pairs, it can be deduced from Kolmogorov's 01 law (Breiman
[2], Th. 3.12) that all tail events for {z,} have probability O or 1.

Theorem 2 (Ergodic Theorem):

%Zz,--L)E(zl).

i=1

Proof of Theorem 1:
1 < a.s.
Lin(x,) =1 3 In(;) —22 E(z)

i=1

. J
since — Y z,—**—> E(z,)
n

and |In(y,) - z,|—=—0.

3. EXAMPLE

Let a, =1, with probability 1/2 ; a, =2, with probability 1/2 (a,'s are chosen independently);
b, =1. Examples of possible sequences are:
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(i 0,1,1,3,4,7,18,25,68, ...,
(i) 0,1,3,7,10,17, 44,105, 149, ...
w represents a "randomly" chosen number whose continued fraction expansion contains only

1's and 2's (every possible sequence in the first 7 places is equally likely, for every »).
E(In(w)) is easily approximated by

a; +1

a, ,+ 1_

a,

and is, to three decimal places, .673.

Hence, almost surely, such sequences grow at the rate e =1.960.

This compares with a result of Davison [3] which was recently brought to the author's
attention.

Let x be an irrational number in (0, 2).

Define b, =1+ ([nx] mod 2) ([x]= integer part of x)

({6,} is a sequence of 1's and 2's).

Letx,=b,x, ,+x,,.

n-n-—

Then lim,,_,, x!" always lies between 1.93 and 1.976.

4. CONCLUDING REMARKS

The conditions on (a,,b,) are not meant to be optimal. Any improvement, however, would
result in greater complexity both of the results and proofs.

An interesting feature of the above results is that while individual sequences grow at a rate
e¥, the average value of x,. [ E(x,), the expectation value], in general, grows at a different rate,
since the sequence {E(x,)} satisfies E(x,) = E(a,)E(x,_,)+ E(b,)E(x,_,); hence, LIn(E(x,))
—In g, where ¢ is the positive root of x*> — E(a,)x - E(b,) =0 [assuming E(a,) and E(b,) are
finite].

(For the example in Section 3, ¢ =2.)
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A DIFFERENCE-OPERATIONAL APPROACH TO THE
MOBIUS INVERSION FORMULAS

L. C. Hsu*

Institute of Mathematical Sciences, Dalian University of Technology, Dalian 116024, China
(Submitted August 1993)

1. INTRODUCTION

Worth noticing is that the well-known Mobius inversion formulas in the elementary theory of
numbers (cf. e.g., [2] and [3]),

fm)=3 g(d) )]
dln
and
gm=3 f(@@un/d)=3. f(nld)ud), @)
din din

may be viewed precisely as a discrete analog of the following Newton-Leibniz fundamental for-
mulas

X Xs
FQxy,.nx)= [ [Gt, 1), .ty 3)
and
17} V74
G(xl"”’XS):-@_CIH;EC-S—F(XI’W’XS)’ (4)

wherein the summations of (1) and (2) are taken over all the divisors d of n, and G(¢,, ...,7,) is an
integrable function so that F(x,,...,x,) =0 when there is some x; =¢; (1<i<s). This will be
made clear in what follows.

Let us use the prime factorization forms for # and d, say n=p;" --- pj* and d = p}' --- p*, p,
being distinct primes, x; and ¢, being nonnegative integers with 0<¢, <x, (i =1,..., s), and replace
f(n) and g(d) of (1) by f((x)) = f(x,,..,x,) and g((z))=g(t,,...,1,), respectively. Then one
may rewrite (1) and (2) as multiple sums of the following:

SO x)= 3 gy, ty) ®
0<t;<x;
and
g(xl, [ER] xs) = z f(xi _tla LR xs _ts)lul(tl’ LR ts)’ (6)
0<t;<x;

where each summation is taken over all the integers #, (i=1,...,s) such that 0<7, <x;, and

w (@) = p, (1, ..., 1,) is defined by
w1 (1) 2{

(=D ifall <1,
0, ifthereisa iz, > 2.

Q)

* Supported by the International Scientific Exchange Award (NSERC) Canada, in 1993.
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Evidently x,((¢)) = p(d) is just the classical Mobius function defined for positive integers d with
p(1) =1.(cf. [4]).

Now we introduce the backward difference operator é and its inverse /}"1 by the following:

Af()=f(x)-fx=1), A gx)= 3 g(0) ®
0<r<x
so that éé—l g(x) = g(x), é'l Af (x) = f(x), and we may denote é é"l = %_1 A =1 with If (x) =
f(x), where we assume that f(x) = g(x) =0 for x <0. Thus, (5) and (6) can be expressed as
FE)=47" 87" () ©)

and
g(()= A Af((), (10)

where it is always assumed that f((x)) = g((x)) =0 whenever there is some x;, <0 (1<i<s), s
being any positive integer.

Apparently, the reciprocal pair (9) <> (10) is just a discrete analog of the inverse relations
(3) © (4). This is what we claimed in the beginning of this section.

2. A GENERALIZATION OF (9) < (10)

Difference operators of higher orders may be defined inductively as follows:

A" =AAT A ’—A"lé‘(’"l), (r=2), A’=1I.

X X
Lemma 1: For any positive integer 7, we have L}’ z)}" = é_' A=1.

Proof: (By induction.) The case » = 1 has been noted previously. If it holds for the case
r =k > 1, then, for any given f(x),

ATATT S = A AAT AT f ()= AT TAT () = A" AT F (0 = £ (),
and, consequently, Ak“ A (+D — . Hence, A’ A" I holds for all » >1. Similarly, é" Ar=1
may also be verified by induction. O

In what follows, we always assume that every function f((x)) or g((x)) will vanish when-
ever there is some x; <0 (1<i<ys).

Lemma 2: For every given (r)=(r,...,1,) withr, 21, we have the following pair of reciprocal
relations:

f((x)):(flg"’f)g«x» (an
and
g((x)){f[g’f)f«x». (12)
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Proof: This is easily verified by repeated application of Lemma 1. In fact, the implication
(11) = (12) follows from the identity

(HA*J(HA'”):L (13)
=1 =1t
Similarly, we have (12) = (11). O
Evidently, the reciprocal pair (11) < (12) implies (1)< (2) with =1 (i=1,..., s), since
(1) and (2) are equivalent to (9) and (10), respectively.
3. AN EXPLICIT FORM

It is not difficult to find some explicit expressions for the right-hand sides of (11) and (12).
For the case s =1, write f((x)) = f(x). By mathematical induction, we easily obtain, for > 2,

8 f@= 3 (])re-n, (14)
0<t<r

A= e as)

a7 ge= 3 (T ew= 3 (37 e (16)

where the summation contained in (15) is taken over all the r-tuples of integers (,7,,...,7,_,)
such that 0<7<1 <---<t, , <x. Itis readily seen that, for each fixed 7 >0, the number of all
such r-tuples is given by (x— thre '), so that (16) follows from (15).

As may be verified, the explicit forms given by (14) and (16) can be used to produce another
proof of Lemma 1 and of Lemma 2, with the aid of the combinatorial identity

i(—l)f'(r.)(n_j+r—1)= 1 whenn=0,
) J r-1 0 whenn>1

Actually, this identity follows at once from comparing the coefficients of z” on both sides of the
product of the following expansions:

(-2 = ;}(—1)1(;)21', (1-2)" = E)(j :il— l)z”.

In what follows, we denote (x)—(?)=(x,—1,,...,x,—1,) with (x)=(x,,...,x,) and (f) =
(1, ...,1,) as before. Also, we use (0) < (?) < (x) to denote the conditions 0<7, <x, (i=1,...,5),
etc. As the right-hand sides of (11) and (12) consist of only repeated sums, we see that Lemma 2
together with (14) and (16) for r =7, x=x; (i=1,..., s) imply the following

Theorem: For any given (r)=(r,...,r,) with all 7, > 1, there hold the reciprocal relations

F(@)= 2 (@)@ -) 17)

(0)=(1)=(x)
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and

g =3 #pM)f()-®), (18)

(0)=(1)=(n)

where z,,((#)) and u(,)((t)) are defined by the following:

(D) = H( )( D", mn ()= H(’ :il ) (19)

Note that for the case (r)=(1,...,1) the function u,,((z)) becomes the ordinary Mobius
function, so that (17) and (18) constitute a generalized pair of Mobius inversions. Accordingly,
,u(_,l) ((t)) may be called the inverse Mobius function with given (r) =(r,,...,r,) as a parametric
vector. Moreover, it may be observed that the condition (0) < (¢) < (r) under the summation of
(18) may also be replaced by (0) < (¢) < (x) inasmuch as g((x)—(¢)) =0 whenever there is some
x; —1; <0. Consequently, (17) and (18) may be expressed as "convolutions":

F(x) = ugy * g((0), 8((x)) = sy * F (). (20)

Remark: Reversing the ordering relations in the summation process, one may find that there are
dual forms corresponding to (17) and (18). Suppose that (m)=(m,,...,m,) is a fixed s-tuple of
positive integers and that we are considering such functions f*((x)) and g*((x)) with the
property that f*((x)) = g*((x)) =0 whenever there is some x, >m, (1<i<s). Then the dual
forms of (17)—(18) are given by

)= 3 Hp-6)g (@) 1)
(X)=(6)<(m)
and
g*((X)) = Z /u(r) ((t) - (X))f*((t))’ (22)
(X)s()<(m)
where the summations are taken over all (f) such that x, <t, <m, (i=1,...,s). This reciprocal
pair (21) < (22) has certain applications to the Probability Theory of Arbitrary Events. For

instance, the case (r) =(1,...,1) may be used to yield a generalization of Poincaré's formula for
the calculus of probabilities (cf. [1]).

4. A CONSEQUENCE OF THE THEOREM

Returning now to the theory of numbers, let us denote by J(p|d) the highest power of the
prime number p that divides d. Thus, for d = p{' --- p, we have (p;|d)=1¢,. Also, we define
o)d) =0.

Notice that the functions f(n)= f(p; --- p[*) and g(d) = g(p;' --- p*) may be mapped to
the corresponding functions f((x)) and g((¢)), respectively. Thus, making use of the theorem
withr, =r (i=1, ..., 5), we easily get a pair of reciprocal relations, as follows,

f(n)=zg(§) v, (d) (23)

din
and
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gm=3 f(g) 1, (d), 24)
din

where v, (d) and u,(d) are defined by the following:

o @=TI(APD3 ), @ =T SO

pld pld

Obviously, the classical pair (1)—(2) is a particular case of (23)—(24) with r = 1. Moreover,
for the case » = 2, we have
def
vo(d)=[T((pld)+1)'= 8(d),
pid
where 6(d) stands for the divisor function that represents the number of divisors of d. Conse-
quently, (23)—(24) imply the following reciprocal pair as the second interesting case:

f(n):zg(g)a‘(d); 25)

din

g(n)=2f(§)u2<d). (26)
din

Surely (25)—(26) may be used to obtain various relations between special number sequences by
taking g(n) or f(n) to be special number-theoretic functions.
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ON THE ikt DERIVATIVE SEQUENCES OF FIBONACCI
AND LUCAS POLYNOMIALS®

Jun Wang
Institute of Mathematical Sciences, Dalian University of Technology, Dalian 116024, P.R. China
(Submitted August 1993)

1. INTRODUCTION

As in [1] and {2], the Fibonacci polynomials U,(x) and the Lucas polynomials V,(x) (or
simply U, and V,,, when no misunderstanding can arise) are defined by the second-order linear
recurrence relations

U,=xU,_+U,, (U;=0,U =1, 08
and
Vi=xV, 4V, 0h=2,V=x), @
where x is an indeterminate. Then the k™ derivatives of U, (x) and V,(x) are
k k
U® = %Un and V¥ = %;V,,,

respectively. For convenience, we write U® =U_and V9 =V .

Since U_, = (-1)""'U, and V_, = (-1)"V,, it can easily be deduced that the recurrence rela-
tions (1) and (2) hold for any integer #, and

Us) = (n™u, €)
Ve =(DE. )

The sequences {F"} and {I{"} are defined as F® =[U®(x)] _, and I =[O (x)] _,.
For k=1 and 2, the sequences {U®}, 7'®} {F®}, and {IP} were considered in [1] and
[2], respectively. For any &k > 0, the following conjectures were made in [2]:

Conjecture 1: I®) = nF*D.
Conjecture 2: I®) =(n—k+ DIED - 210, + F¢DY.

1

n-1

Conjecture 3: F® = F®) 4 F®) 4 kp-D.
Conjecture 4: I = I®, + IO, + kI
Conjecture 5: FX) + FX) = [

Conjecture 6: F® = IV =0 (mod2) fork > 2.

Conjecture 7: I =0 (modn) for k > 1.

* Research supported by the National Natural Science Foundation of China.
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The goal of this paper is to establish some identities and congruences involving the poly-
nomials U® and V® . For the sake of brevity, we shall not list the corresponding identities
involving £® and I{¥ . The reader can easily obtain them by letting x = 1 in the general identities.
The validity of the above conjectures emerges from the results established in Section 2. Observe
that all results have been obtained by making no use of the explicit expressions for U, (x) and
V. (x) which one can get by taking the k™ derivatives with respect to x of the sums (1.6) and (1.7)
of [1], respectively.

2. SOME IDENTITIES AND CONGRUENCES INVOLVING U,(x) AND V,(x)
The following four identities are most basic.

Identity 1: U®,+U®) =V ® fork > 0.

Hdentity 2: U® =xU® +U®, + kU*P for k > 0.

Identity 3: VO = xV®) +V® 4 k7 ®D for k > 0.

Identity 4: V®O=nU*™ fork >1.

Proof of Identity 1: That U,_, +U,,, =V, is a well-known fact. Take the k™ derivative (with
respect to x) of both sides of this identity. O

Proof of Identity 2 (by induction on k): The identity clearly holds for £ =0. Suppose it
holds for a certain k —1>1, that is, suppose that U™ = xU* D + UV + (k ~1)U*D . Take
the first derivative of both sides of this identity. O

Identity 3 can be proved in a similar way.

Proof of Identity 4: Clearly, it suffices to prove that it holds for £ =1. This has been done
in [1, formula (2.4)]. O

The following variety of identities can be regarded as generalizations of Identity 1.

k k ) .
Hdentity 5: U®) +(-1)"U® = —gx?(U,,Vm) = Z(’l‘ )U,S’)V,f,"") fork>0.
i=0
k k . )
Hdentity 6: U® —(-)"U® = %(V,,Um) = Z(’l‘ )V,f”Uf,,""’ fork>0.
i=0
k k )
tdentty 7: V4V = @7 =Y (o0 fork 20
i=0

k k
Identity 8: V) —(~1y"V® — %(UHWM) - %(VV,,U,,,) for k 0.

n+m

Here and in the sequel to this paper, we let W, =V,_ +V,,, = (x> +4)U,,.
Evidently, the above four identities follow immediately from the case £ =0 for which we
have the following well-known results.

1995] 175



ON THE k™ DERIVATIVE SEQUENCES OF FIBONACCI AND LUCAS POLYNOMIALS

Identity 5': U, +(-)"U,_, =UJV,.

Identity 6': --»"u,.,=V,U,.

n+m
Identity 7': V,,, +(-)"V,_, =V,

Identity 8': V,,, —(-)"V,_ =UW,=WU, .

n+m

To prove Conjectures 1-7, we shall establish another identity and two congruences.

Hdentity 9: xV® =(n—k+1)WE D -200® +U*Y).
Proof: Using Identities 4, 1, and 3, we have
(n—k+1WED 2@ L yED)y
=@+ VED gy ED _onyEh
=+ DWED + 1V +V A v —2nUED
=xV® + (m+1WED 4 (n-)UED + (+ )UED —2nUED

=+ 1+ DO U - UY)
= xV®
©

Congruence 1: UP =V® =0 (mod k!).

Proof: If we take the k™ derivative with respect to x of the combinatorial sums which give
U,and V, (e.g., see[1, (1.6) and (1.7)]), we see that each of their summands contains the product
of k consecutive integers. It follows that all of them are divisible by 4!. O

Congruence 2: V*) =0 (modn) fork>1.
Proof: It is an immediate consequence of Identity 4.

Letting x =1 in the above stated identities and congruences yields the following corollary.
Corollary: Conjectures 1-7 are all true.

3. SOME CONVOLUTION IDENTITIES INVOLVING U, (x) AND V,(x)

In this section we discuss some finite series involving U¥) and /*) that have simple closed-
form expressions for their sums.

Proposition 1: Z Uy =1 _yoe

R R
Proposition 2: Z uby,_ =——p*  gh
=0 k+1
1

Proposition 3: Z V(k)U

VD 150, k)U,.
pard Tk+1
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n
Proposition 4: Z Wy = %%Wn(kﬂ) +(1+68(0, VP .
i=0

Here, 8(0, k) is Kronecker's symbol which equals 1 if £ = 0, and equals 0 otherwise.
Proofs of Propositions 1-4: Let A =31 UPU .
nomial of degree j—1 (cf. [2, (1.6)]), we have that U¥ =U® =-..=U®=0 and UL, = k!,
so that 4% = 4% =0 and A, =URU, =k!=5UHY. Suppose that 4%) = L UEY and

T k+1n
©) =27U%D for n=2. Then

Since U; (j=1) is a monic poly-

n n-1
k k k k k k
AP =3 UPU,., = S UGG, 4T, 0 ) =54+ 4B+ UBL,

i=0 i=0
1 1
=——(xU*D + UED 4 (k +1)UF)) = — U,
k +l(x n-1 n-2 ( ) n—l) k +1 n

n n
k
Y UMW, =Y UBU, . +U,) = A9+ A8 +UPU_
i=0 n=0

(U U U =Ly sy,

n

VU, =3 UR+UN,., = Y UQU, ,+UDU, + 3 URU,
i=0

M=

i=0 i=0 =1
= A8+ AR+ U, = S U UL + 80,00,
1
=—V*ED L 500, k)T
k+1 " .5,

i n n—1 n+l
INACAEDN AL (UNREL/NIED NALUSEEL ALUREDNAL S
: i=0

i=0

= —— 5P + VD) + 60, k) U, + Up) + 7,

n+l

= T 4 (1450, O,

Furthermore, for any £, j > 0, we have

n N1 )
Proposition 5: > UPUY), = [(k +j+ 1)(/‘ ;J )] Uk,

n—i
i=0

n 1 =1 N .

Proposition 6: Y VU = [(k +j+ 1)(" ; J ﬂ V& 4 500, KU,
i=0

Proposition 7: Y VWD) = [(k +j+ 1)(k

i=0

AT
5] e s a0,y o0, W
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For the sake of brevity, we shall prove only Proposition 5.

Proof of Proposition 5 (by induction on j): By virtue of Proposition 1, the statement holds
for j=0. Suppose it holds for some j>1. Since

(Z U(")U,(,Q) S UG 43 yRUe = [( K+ j+ 1)(/6 + Jﬂ e

i=0 i=0

we can write

n -1 1
ZU(")U,(,LTD - (k+]+1) j)} U,S"*J"'z)—[(k+1+j+1)(k+1~+1)] U k++D
i=0

+

+1

1):' |:k+]+2 k+1:|U(k+J+2)

= (k+1+2)(k T+l

. —1
[k st 5410 v
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A NOTE ON CHOUDHRY'S RESULTS

Krystyna Bialek
Department of Mathematics, Pedagogical University, Zielona Géra, Poland
(Submitted August 1993)

1. INTRODUCTION

In [4] Fell, Graz, and Paasche proved that if the equation

x"+y"=2", €))
where n > 2 is an integer, has a solution in positive integers x < y <z, then
x*>2y+1. )
In 1969 M. Perisastri (see [7], p. 226) proved that
x*>z. 3)
In [1] it was proved that
x*>2z+1. €))
A. Choudhry (in [3]) improved the inequality (4) to the form
v xS g %)
In fact, from the proof given by Choudhry [3], it follows that
z < C(m)x™ "D, 6)
where
Cn)=2""/n""D n>1. Q)

In [2] we improved the constant (7) to the form
Cy(m)=2"2"/n""D < C(n). (8)
In this note, we shall prove the following
Theorem: Let C(j,k;n)=j"" /&Y and let equation (1) have a solution in positive integers

x<y<z,then
C(2,m,m)x™"™V, ifz—y=1,

z<{C(V2,2mnm)x" "V ifz-y=2,
C(\2,2";n)x"" ™ ifz-y>2.

Proof of the Theorem: Suppose equation (1) has a solution in positive integers x <y <z.
Then we have

="y ==Y 2y ™). )

We note that

22y y s () D2 (10)
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On the other hand, if x < y <z, we have, by (1),
y>1/2)""z. (11)
From (10) and (11), we obtain
k 22y ey s (n ) 20D g (12)

It is well-known (see [7], Ch. 11) that if », x, y, z are positive integers with x <y <z and
(x,y,z)=1 such that (1) holds, then there exist & €{0,1} and positive integers a, d with d|n
such that

z—y=2°d""a". (13)
From (13), it follows that if z—y > 2 then
z—y22"/n (cf.[5]). (14)
From (12) and (9), we obtain
x" > (z-y)(n/20V2m) 15)
From (15) and (14), we have
X" > Cy(m) /202, (16)
where
n, ifz-y=1,
C,(n)=12n, ifz-y=2,
2, ifz-y>2.

Now, by (16), the Theorem follows. O
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ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
Stanley Rabinowitz

Please send all material for ELEMENTARY PROBLEMS AND SOLUTIONS to Dr. STANLEY
RABINOWITZ,; 12 VINE BROOK RD; WESTFORD, MA 01886-4212 USA. Correspondence
may also be sent to the problem edifor by electronic mail to Fibonacci@MathPro.com on Inter-
net. All correspondence will be acknowledged.

Each solution should be on a separate sheet (or sheets) and must be received within six
months of publication of the problem. Solutions typed in the format used below will be given
preference. Proposers of problems should normally include solutions. Proposers should inform
us of the history of the problem, if it is not original. A problem should not be submitted
elsewhere while it is under consideration for publication in this column.

BASIC FORMULAS

The Fibonacci numbers F, and the Lucas numbers L, satisfy
El+2:EI+l+F;1’ FZ):O’ ]:l :1’

Ln+2 :Ln+1+Lna ‘LO:2> ‘LI:I'
Also, a=(1++/5)/2, B=(1-/5)/2, F,=(a"-f")/f5 and L, =a"+j".

PROBLEMS PROPOSED IN THIS ISSUE

B-784 Proposed by Herta Freitag, Roanoke, VA

Show that for all n, @™ '/5 - L,_, / & is a Lucas number.

B-785 Proposed by Jane E. Friedman, University of San Diego, San Diego, CA

,—a,_, for n>2. Prove that a?,, +a’ +3 is a multiple of

Let ay=a,=1 and let a,=5a )

1
aa,, foralln>1.

B-786 Proposed by Jayantibhai M. Patel, Bhavan's R. A. College of Science, Gujarat State,
India :

If F2,, =aF%, +bF’ +c(-1)", where a, b, and ¢ depend only on k but not on #, find a, b,
and c.

B-787 Proposed by H.-J. Seiffert, Berlin, Germany

For n>0and k >0, it is known that F,, / F, and B,/ B, are integers. Show that these two
integers are congruent modulo R, - 7, .
[Note: P, and R, =20, are the Pell and Pell-Lucas numbers, respectively, defined by

Bl+2 = 2‘Pn+l +Bl’ E) = O> })1 =1 ﬂnd Qn+2 = 2Qr1+l +Qn’ QO = 17 Ql = 1]
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B-788 Proposed by Russell Jay Hendel, University of Louisville, Louisville, KY
(@ Let G,=F,. Provethat G, ~ L,,,,G,.
[Note: f(n)~ g(n) means that fis asymptotic to g, that is, nh_rﬂo fm/gn=1]
(b) Find the error term. More specifically, find a constant C such that G, ~ L,,,,G, +CG,_;.

B-789 Proposed by Richard André-Jeannin, Longwy, France
The Lucas polynomials, L, (x), are defined by, =2, [y =x,and L, =xL, ,+L, ,, forn>2.

Find a differential equation satisfied by 1%, the k™ derivative of L, (x), where & is a non-
negative integer.
SOLUTIONS
Inequality for All

B-752 Proposed by Richard André-Jeannin, Longwy, France
(Vol. 31, no. 4, November 1993)

Consider the sequences (U,)and (/) defined by the recurrences U, =PU,_-0U,_,,
n>2, with Uy=0,U, =1, and V, = PV, , - QV,_,, n>2, with V; =2V, = P, where P and O
are real numbers with P>0and A= P>*-4Q>0. Show that, for n>0,U,,, > (P/2)U, and
Vi = (P/12)V,.

Solution by A. N. 't Woord, Eindhoven Univ. of Tech., Eindhoven, The Netherlands

Let (W) be any sequence that satisfies W, = PW,_, —OW,_, for n>2 and W; 2 (P /2)W, 2 0.
Using induction on n, we shall show that ., > (P/2)W, 20. We already know this for n=0, so
suppose the inequality holds for »—1. Then

Wyy1 = PW,—OW,_, > PW,~ (20 PYW,
=(P/2)W,+(P/2-20Q0/ P},
=(PI2W, +(AI2PYW,>2(P/2)W, > 0.
This gives the required result for both the sequences (U,,) and ().
Note that the same style proof shows that strict inequality holds for 7> 0.

Also solved by Paul S. Bruckman, Charles K. Cook, Leonard A. G. Dresel, C. Georghiou,
Norbert Jensen, Hans Kappus, H.-J. Seiffert, Lawrence Somer, J. Suck, and the proposer.

An Old Determinant

B-753 Proposed by Jayantibhai M. Patel, Bhavan's R. A. Col. of Sci., Gujarat State, India
(Vol. 31, no 4, November 1993)

Prove that, for all positive integers #,

3 3 3
F Fa Fa
3 3 3 3
Fo By B Fog
3 3 3 3
F;z+1 E1+2 E1+3 F;1+4

F., F. F., F
n+2 n+3 n+4 n+s

=36.
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Comment by J. Suck, Essen, Germany

"Surely you must be joking! . . . The world's leading previously published problems surveyor
... was taken in?" This problem is the same as problem H-25 which was proposed by Erbacher
and Fuchs in The Fibonacci Quarterly in 1964.

The editor apologizes for repeating this problem. Many readers pointed out this duplication.
See the simple solution by C. R. Wall that was originally printed in this Quarterly 2.3 (Oct.
1964):207.

Generalization by H.-J. Seiffert, Berlin, Germany
For the positive integer p, let

p-1 p-l p-1
El—! E’l ‘F;l+p—2
p-1 p-1 . p-1
A@)=|Tn F |
p-1 Pl ppl
‘E1+p—2 ]:n+p——l ‘F;l+2p—3 pxp

where » is an arbitrary integer. According to a result of D. Jarden (see [1], p. 85, exercise 30),
we have

P 7 .
LR e o 0
k=0

for all integers N, where [/] is the Fibonomial coefficient defined by
P - Byt Ly
¥]” RE_ R

with [J]=[5]=1. Here [x] denotes the least integer greater than or equal to x. Letting N =n-
2+ j in equation (1) gives
p-1
B =0PEEL = 3 R |0 g,
k=1
forall j=0,1,2,...,p—1. Thus, we have 4,(p)=(-1)" e/ 21,4,1_1(p) for all integers n, which
implies that
4,p) =D 4, ()
for all integers m and n. Letting m=2— p allows us to calculate 4,(p). The results are given in
the following table.
p (1] 2 | 3 |4] 5 | 6
A(p) | 1] (D" | 2(-1" | 36 | 13824 | 324000000(-1)"

Reference
1. Donald E. Knuth. The Art of Computer Programming. Vol. 1. Reading, Mass.: Addison-

Wesley, 1973.

Dresel found that if the Fibonacci numbers are replaced by Lucas numbers in the original
proposal, then the value of the determinant obtained is 562,500. He also showed that if the
original determinant is enlarged to be r X r for r > 4, then the value of the determinant is 0.
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This follows from the identity F_,, —3F,,,
linearly dependent.

Also solved by Marjorie Bicknell-Johnson, Paul S. Bruckman, Leonard A. G. Dresel, C. Geor-
ghiou, Russell Jay Hendel, Norbert Jensen, Samih A. Obaid, H.-J. Seiffert, J. Suck, A. N. 't
Woord, David Zeitlin, and the proposer.

- 6Fn3 + 3E13—1 + F,?_2 =0, which shows that the rows are

A Summing of Pells

B-754 Proposed by Joseph J. Kostal, University of Illinois at Chicago, IL
(Vol. 32, no. 1, February 1994)

Find closed form expressions for
Z Pk and Z Qk .
k=1 k=1

The Pell numbers P, and their associated numbers (), are defined by
R1+2:2Pn+1+Ez’ 1%)20) Plzla
Qn+2 = 2Qn+1 + an QO = 1’ Ql = 1

Solution by Glenn A. Bookhout, Durham, NC and by H.-J. Seiffert, Berlin, Germany (inde-
pendently)

Let (G,) be any sequence that satisfies the recurrence G,,, = 2G,,,; +G,. Then

> Gy =2Y. G + ). G,
k=1 k=1 k=1
Thus,
Y. G, +Gp 4Gy — G~ G, =2) G, +2G,,, - 2G, + Y G,
k=1 k=1

k=1
Hence,

3G =5 GG~ Ga+ G) = 5 G #G, =G4 G
Several solvers pointed out that this and similar problems can be solved using the Binet forms
and the formula for the sum of a finite geometric progression: Yj_ x* =(x—x"1)/(1-x).
Some of the other equivalent answers obtained were: Y. B, = (P, +F,—1)/2=(0,,,—-1)/2 and
20,=0,,+0,)/2-1=P,,,-1. Haukkanen points out that Horadam showed in this Quar-
terly 3.2 (1965):161-77 that, if the sequence w, is defined by w,,, =cw,,, —adw, for n>0 with
wo=a and wy=b and c #d +1, then

iwk — Waia _b-(c_l)(wnﬂ _a).

Gauthier found that for any integers s and t,

+1 +1
8 Gsn+t B ans(n+1)+r + Gs+t + (" 1): XGx

1-2x(G, +G,_)) + (- 1)*x*

AN (-1’x
Zx Gsk+t =
k=1
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Also solved by Seung-Jin Bang, Brian D. Beasley, Paul S. Bruckman, Charles K. Cook, Bill
Correll, Jr., Steve Edwards, Russell Euler, Herta T. Freitag, N. Gauthier, C. Georghiou,
Pentti Haukkanen, Russell Jay Hendel, Hans Kappus, H. K. Krishnapriyan, Carl Libis, Bob
Prielipp, Sahib Singh, David C. Terr, and the proposer.

An Interleaving of Pells

B-755 Proposed by Russell Jay Hendel, Morris College, Sumter, SC
(Vol. 32, no. 1, February 1994)

Find all nonnegative integers m and » such that P, = Q, .
Solution by Brian D. Beasley, Presbyterian College, Clinton, SC

The only solutions are (m, n) = (0, 1) or (1,1). First, n cannot be 0, since Q,, is never 0. Next,
for n=1, we obtain the two solutions listed above. Finally, for n>1, it is straightforward to
show that Q, = P,_,+ P,= P,,,— F,. Since (P,) is a strictly increasing sequence of positive inte-
gers for n> 1, this yields P, <Q, < P,,,, so O, cannot equal P, for any n> 1.

Also solved by Paul S. Bruckman, Charles K. Cook, Bill Correll, Jr., Steve Edwards, C. Geor-
ghiou, Hans Kappus, Murray S. Klamkin, Wayne L. McDaniel, H.-J. Seiffert, Sahib Singh,
David C. Terr, and the proposer.

A Fibonacci Formula for P,

B-756 Proposed by the editor
(Vol. 32, no. 1, February 1994)

Find a formula expressing the Pell number P, in terms of Fibonacci and/or Lucas numbers.

Editorial Note: Although some very ingenious solutions were submitted, none had the elegance
that might be expected of our distinguished panel of solvers. This problem will thus be kept open
Jfor another six months.

Fibonacci-Pell Congruences

B-757 Proposed by H.-J. Seiffert, Berlin, Germany
(Vol. 32, no. 1, February 1994)

Show that for n > 0,
(a) an—l = Fn+2 (mOd 13)’

®) Py=(- 1)"("+1)/2JE1,,_1 (mod 7).

Solution by Bill Correll, Jr., Student, Denison University, Granville, OH

(b) Modulo 7, the Pell numbers P, repeat in the sequence 0, 1, 2, 5, 5, 1, ... . Thus, B,,,, repeats

in the sequence 1, 5, 1, 5, ... for n=0,1,2,... . Similarly, the Fibonacci numbers (mod 7) repeat
every 16 terms and F,_, repeats in the sequence 1, 2, 6, 5, ... for n=0,1,2,... . Thus, we have
the following table:
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n (mod 4) 0 1 2 3
B, (mod7) 1 5 1 5

Dl 2p  (mod7) | 1 | 2| =6 | S

Since the given congruence holds in each case, it is true in general.

(a) A similar analysis proves part (a). Considering the sequences P, and F, modulo 13 suggests
considering # modulo 28. A table of values for B, , (mod 13) and F,,, (mod 13) show that they
repeat every 28 terms and the corresponding values are congruent.

Seiffert also found that P, ,= (—l)'u("'l)/ 2JFSn +2 (mod 11). He notes that many such congru-
ences seem 1o exist.

Also solved by Paul S. Bruckman, C. Georghiou, Russell Jay Hendel, David C. Terr, David
Zeitlin, and the proposer.

Another Pell Sum

B-758 Proposed by Russell Euler, Northwest Missouri State University, Maryville, MO
(Vol. 32, no. 1, February 1994)

© k
Evaluate Z%Q—k
k=0

Solution by Hans Kappus, Rodersdorf, Switzerland

Consider more generally

f(x)= ikaxk, for |x|<~2 -1
k=0

We will use the formula ([1], p. 21, formula 1.113)

kakz X 5, for|x|<1
k=1 (I-x)

The Binet form for Q, is O, = (p* +¢*)/2, where p=1++/2 and g=1-+/2. Substituting in the
Binet form gives

+ = :
(-p)? (-q0)’) (1-2x-x%)°
In particular, since 2/5 <+/2 — 1, the sum in question equals f(2/5)=410.
Reference

1. LS. Gradshteyn & I. M. Ryzhik. Table of Integrals, Series, and Products. San Diego, Calif :
Academic Press, 1980.

Also solved by Seung-Jin Bang, Glenn Bookhout, Paul S. Bruckman, Charles K. Cook, Bill
Correll, Jr., Steve Edwards, Piero Filipponi, N. Gauthier, C. Georghiou, Pentti Haukkanen,
Russell Jay Hendel, Joseph J. Kostal, H. K. Krishnapriyan, Bob Prielipp, H.-J. Seiffert, Sahib
Singh, David Zeitlin, and the proposer.

f(x):%{ px qx }_x(1+2x—x2)

%0 o¥ o¥%
EXE X XY
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Edited by
Raymond E. Whitney

Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS
to RAYMOND E. WHITNEY, MATHEMATICS DEPARTMENT, LOCK HAVEN UNIVERSITY,
LOCK HAVEN, PA 17745. This department especially welcomes problems believed to be new or
extending old results. Proposers should submit solutions or other information that will assist the
editor. To facilitate their consideration, all solutions should be submitted on separate signed
sheets within two months after publication of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-490 Proposed by A. Stuparu, Valcea, Romania (corrected)

Prove that the equation S(x) = p, where p is a given prime number, has just D((p —1)!) solu-
tions, all of them in between p and p! [S(n) is the Smarandache Function: the smallest integer
such that S(n)! is divisible by n, and D(n) is the number of positive divisors of 7.]

H-496 Proposed by Paul S. Bruckman, Edmonds, WA

Let n be a positive integer > 1 with ged(n, 10) =1, and 6 = (5/n), a Jacobi symbol. Consider
the following congruences:

(1) F,_s=0(modn), L,=1(modn);,
2) Fl(n—a) =0 (modn) if n=1(mod 4), L%(n—&) =0 (modn) if n=3 (mod 4).
2
Composite » which satisfy (1) are called Fibonacci-Lucas pseudoprimes, which is abbreviated as
"FLUPPS." Composite » which satisfy (2) are called Fuler-Lucas pseudoprimes with parameters
(1, —1), abbreviated as "ELUPPS." Prove that FLUPPS and ELUPPS are equivalent.
H-497 Proposed by Mohammad K. Azarian, University of Evansville, Evansville, IN
Solve the recurrence relation
k[ k x Y k r
5 (1152 +( 1 | o
i=0 \ j=0 Xn—i 1=0

where r is any nonzero real number, n>k >1, and x,, # 0 for all m.

H-498 Proposed by Paul S. Bruckman, Edmonds, WA

Let u=u,=1L,, e=2,3,.... Show that if  is composite it is both a Fibonacci pseudoprime
(or "FPP") and a Lucas pseudoprime (or "LPP"). Specifically, show that # =7 (mod 10), F,,, =0

(mod u), and L, =1 (mod u).
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SOLUTIONS

Quite Prime

H-483 Proposed by James Nicholas Boots (deceased) & Lawrence Somer, The Catholic Uni-
versity of America, Washington, D.C.
(Vol. 32, no. 1, February 1994)

Let m>2 be an integer such that
L, =1 (modm). €))

It is well known (see [1], p. 44) that if m is a prime, then (1) holds. It has been proved by H. J. A.
Duparc [3] that there exist infinitely many composite integers, called Fibonacci pseudoprimes,
such that (1) holds. Tt has also been proved in [2] and [4] that every Fibonacci pseudoprime is
odd.

(i) Provethat I2_ + L, ,—6=0 (modm).
In particular, conclude that if m is prime, then L, , =2 or —3 (modm).
(i) Provethat F, ,—L, F,_ =1 (modm).

References

1. R.D. Carmichael. "On the Numerical Factors of the Arithmetic Forms a” + §"." Ann. Math.
Second Series 15 (1913):30-70.

2. A.DiPorto. "Nonexistence of Even Fibonacci Pseudoprimes of the 1% Kind." The Fibonacci
Quarterly 31.2 (1993):173-77.

3. H. J. A Duparc. On Almost Primes of the Second Order, pp. 1-13. Amsterdam: Rapport
ZW, 1955-013, Math. Center, 1955.

4. D.J. White, J. N. Hunt, & L. A. G. Dresel. "Uniform Huffman Sequences Do Not Exist."
Bull. London Math. Soc. 9 (1977):193-98.

Solution by the Proposer
(1) Ifm=2, then
o+, ,—~6=D+L-6=1"+1-6=-4=0(mod?2)

and
L, =L =1=-3(mod?2).
Now assume that m>2. Then m is odd. It is well-known that
L, =12-2(-1)". )
Thus,
L, =L} -2(-1)"=1*-2(-1) = 3 (mod m). 3)

Further, it follows by identity (I;,) on page 59 of Fibonacci and Lucas Numbers by Verner E.
Hoggatt, Jr., that

l?m-l = LmLm——I - (_ ])m_1 = (I)Lm—l - 1 = Lm—l - 1 (4)
By (2),
Lypo =L, =2(-D""= L -2() = L, -2 (mod m). )
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Since L,,, = L,,,,+L,,_,, it follows by (3), (4), and (5) that

3=1, -1+ 1} —2 (modm), (6)
which implies that
2 +1, ,-6=0(modm). @)
Since
Lfn—l + Lm—l -6= (Lm—l - 2)(Lm—1 + 3)’ (8)

it follows from (7) and (8) that L, , =2 or —3 (mod m) if m is prime.

(i) fm=2, then
E, ,-L, F,  =F-LFE=0-(1)1)=-1=1(mod2).
Now assume that m>2. Then m is odd. We will first prove by induction that
Ly = (D (Fey = L, J5) (mod m) ©
for £ >0. If k =0, then
L, .=L,=1=(-0°(F,-L, F)=0(01-L, 0)=1 (modm).
If £ =1, then
Ly =Ly = (-D"F~ L ,F) = (D0~ L, (D) = L, , (modm).
Now assume that (9) holds up to £ =r. Then
Lm—(r+1) = Ly oty = Ly

= ()" E L~ Ly Fo )~ (<) (B~ Ly F)

= ()" N(F o+ Fo) - LB+ F))

= ()" N(E - L, \F.,) (modm).
Thus, (9) holds for £ >0. Now let k =m—1. Since m is odd, it follows by (9) that
Ly my=hL=1= D" (Fpey = LyrFrpt) = Froy = Lo B,y (modm).

‘m i

Also solved by P. Bruckman, L. Dresel, and H. Seiffert.

Strictly Monotone

H-484 Proposed by J. Rodriguez, Sonora, Mexico
(Vol. 32, no. 1, February 1994)

Find a strictly increasing infinite series of integer numbers such that, for any consecutive three
of them, the Smarandache Function is neither increasing nor decreasing.

*Find the largest strictly increasing series of integer numbers for which the Smarandache
Function is strictly decreasing.

Solution by Paul S. Bruckman, Edmonds, WA

Solution to Part 1: For a given natural n, the Smarandache Function of n, denoted by S(n),
is defined to be the smallest natural m such that n|m!.
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The following results ensue from the definition:

S(m) = r;l;cﬁf{S(pe)}; M
S(p°)=ep, ifp=e; (2)
S =n. 3)

Given m naturai, we define U(m) to be the set of natural » such that S(n)=m for all
nelU(m). Then n eU(m) iff n|m! and nf(m—1)! We may easily show from this that

Um= J {p'd:d|p*"-m!} )
pim, p¥l(m=1)!

In particular, if m is equal to p, a prime,
U(p)={pd:d|(p-D'}. &)

For example, U(2) = {2}, U(3) = {3, 6}, U(5) = {5, 10,15, 20, 30, 40, 60, 120}, etc.

Thus, the smallest element of U(p) is p, while the largest is p!. The number of elements of
U(p) is 7((p—1)!), which increases rapidly with increasing p.

Using these facts, we may construct an infinite sequence X = {x,},,, with the properties
required in part 1 of the problem. Incidentally, the wording of the problem, in both parts, should
be changed to substitute the word "sequence" for "series."

We let {p,},»; =1{2,3,5,7,...} denote the sequence of primes. Our first step is to define an
infinite sequence E = {e,},, of positive integers as follows:

ey, =2u+2, u=12,..; ey =2u+l, e, =2u+3, ey, 3=2u+2, u=0,1,.... )

Thus, £=1{1,3,2,4,3,5,4,6,5,7,6,8,7,9,8,10,...}.
Next, we define the sequence of primes Q as follows:

Q = {pe,, }nzl' (7)

Thus, 0 =1{2,5,3,7,5,11,7,13,11,17,13,19,17, 23,19, 29, ...}.

Each distinct value of terms in £ and Q occurs exactly twice, except the first and third values,
which occur only once. Observe that no three consecutive terms of £ are increasing or decreasing,
since the values alternate in magnitude; the same is true of Q, since the primes form an increasing
sequence.

We now set each term p, of O equal to S(x,) and seek to find x, such that X = {x,} ., is
an increasing sequence of positive integers. For definiteness, we define x, to be the smallest
positive integer such that x, > x,_;, beginning with x; =2. Using the result in (5), we may thus
uniquely determine x, € S™'(Q)) such that x, > x,_,, with x, =2. We may illustrate by displaying
the first 20 terms of X in the table below. Note that x, is a multiple of p, in all cases; indeed x,
is the smallest multiple of p, satisfying the requirement that X is an increasing sequence. The
process may be continued ad infinitum, yielding X, a solution to part 1 of the problem.
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n €, pe,, = S(xn) X, n e, Pe, = S(xn) X,
1 1 2 2 11 6 13 39
2 3 5 5 12 8 19 57
3 2 3 6 13 7 17 68
4 4 7 7 14 9 23 69
5 3 5 10 15 8 19 76
6 5 11 11 16 10 29 87
7 4 7 14 17 9 23 92
8 6 13 26 18 11 31 93
9 5 11 33 19 10 29 116
10 7 17 34 20 12 37 148

Solution to Part 2: Using the fact that p|(?) for all n €{1,2, ..., p—1}, where p is prime, we
see that S((f ) = p for these values. Moreover,

(£)<()<<lern} 7=

These facts enable us to construct a strictly increasing sequence of natural numbers, beginning
with an arbitrary prime, for which the Smarandache Function is strictly decreasing.

Let {p,},»; ={2,3,5,...} denote the sequence of primes. Given n>1, we may construct a
sequence of binomial coefficients

re={(5) G ()

where the m's are chosen to be the minimum natural numbers subject to 1=m <m, <---< m, <

1 —1), such that
(pn) < (pn—l) < < (pn-rﬂ)
ml m, m, ’

2 n—r+l
We may choose m, =i for i <, say, but require m, >i for all i >s. The number of terms in the
sequence, namely the integer 7, depends solely on n. The sequence V(p,) is finite because, for

some 7,
(pn—r+2 ) < (pn-r+l )
m m,
for all m. Note that

(&) Ao A5

thus, S(V(p,)) is a strictly decreasing sequence, as required.
We illustrate with two examples. If n= 26, we take p, =101. We may then take

v (101) = 101 (97 (89) (83 (79 (73)(71)(67)(61)(59)(53)(47)(43) (41
AoD=a{"1F 2 pl 3 fla fl5 fle pL7 L Lo plaoplan plus plas pla7
14
:{x"}n=l’
say. We easily check that x; <x, <x;<---<x,, however, 101>97>-.->41, ie, §(x)>

S(x) > >8(x).
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For our second example, we take n =51 (hence, p, =233). In this case, we take
233\ (229)(227)(223)(211)(199)(197)(193) (191) (181
e = (PYFY TN ANTHTHENE0E)
179\ (173) (167 (163) (157 (151) (149} (139) (137} (131
11 pL12 p\L13 pL14 PSS pLL6 PALT P18 PA19 PR20 P
127\ (113)(109) (107) (103) (101) (97 (89
21 P\ 23 P\ 24 P\ 25 P\ 26 A 27 )\29 \34)[
As we may verify, the sequence given above is an increasing sequence. The sequence terminates
at the 28" term, since (£) < (%).
Clearly, we may construct a sequence V(p) in this fashion for all primes p of arbitrary size.

The number of terms of V(p) clearly grows with p in some fashion; apparently, |V (p)|=
0(p/log p) as p — o, but this has not been established.

Also solved by H. Seiffert and the proposer.

Ghost from the Past

H-459 Proposed by Stanley Rabinowitz, Westford, MA
(Vol. 29, no. 4, November 1991)

Prove that, for all n> 3,

13J5-19 .

T Ly +44(-D)
10

is very close to the square of an integer.

Solution by H.-J. Seiffert, Berlin, Germany

We shall prove that

GF—F ) - (13f 19

Ly +44¢-1)" ]= 264547, 1)

Since (") is a strictly decreasing sequence of positive reals, a simple calculation gives 0 < 4, <
2.6(85-38+/5) forn>3, where A4, denotes the left side of (1). Noting that 2.6(85—38v5) ~
0.076492, we see that the statement of the proposal is reasonable.

To prove (1), we use the following easily verifiable equations:

5F;12—1 - Lln—2 +2(_1)n; 5 n—3 - L2n 4t 3( l)
5E12—3 - LZn—G +2(_1)n = 3l’2n—4 LZn—2 + 2( 1) > I’2n+l = 5Lln—2 - 2L2n—4‘

Now, a straightforward calculation yields 104, = 13((11-5v5)L,, , +2(2—-+/5)L,,_,) or, by
2—+/5=f and 11-5/5 = 28° and the Binet form of the Lucas numbers,

10A" : 26(ﬂ4 _ l)ﬂZn—l — 26(ﬂ2 _ a2)ﬁ2n+l — —26—\/§ﬂ2n+1 )
This proves (1).
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