THE OFFICIAL JOURNAL OF THE FIBONACCI ASSOCIATION g

—|
TABLE OF CONTENTS

On a Class of Non-Congruent and Non-Pythagorean

NUmMbBETIS ..ot Konstantine Dabmian Zelator 98
Sixth International Conference Proceedings ........coccvevervrercreereenenveernennneensensseneeneens 101
On Weighted r-Generalized Fibonacci

SEqUENCES ....veeecerercernrcerreerernne F. Dubeau, W. Motta, M. Rachidi, and O. Saeki 102
Author and Title Index for Sale .......c.cceeiriiriinincieeiece e, 110
On Some Basic Linear Properties of the Second-Order

Inhomogeneous Line-SeqUenCe.........c.coeeerrerererenrenciniininneenesecnnnens Jack Y. Lee 111
Construction of 2 * n Consecutive n-Niven Numbers.........cocvveruernene Brad Wilson 122
A Generalization of the “All or None” Divisibility Property ......... Chizhong Zhou 129
On a Question of Cooper and Kennedy ........ccccovvevviirrveeniniinnnns Helmut Prodinger 135
Eighth Annual Conference ANNOUNCEMENL .......cocevviiiieniniiniiiiiieisene e 136
Jacobsthal Representation Polynominals ..........cceeveeeviiiciniiniians A. F. Hordodam 137
The Appearance of Fibonacci and Lucas Numbers in the Simulation of

Electrical Power Lines Supplied by Two Sides ........cccccovueneene. Giuseppe Ferri 149
A Note on the Bracket Function Transform .........c.ccoccevevvniininne Pentti Haukkanen 156
Dynamics of the Zeros of Fibonacci

Polynominals ........coccoveeniiiiiciniccninnicnnnn, M. X. He, D. Simon, and P, E. Ricci 160
Some Properties of the Generalized

Fibonacci Sequences C =C_ _ +C 47 v, Zhizheng Zhang 169
On the Proportion of Digits in Redundant

Numeration SYStemS ......c.coceevererecrerieienenennes Jon T. Butler and Tsutomu Sasao 172
Elementary Problems and Solutions..........ccccouceueee. Edited by Stanley Rabinowitz 181
Advanced Problems and Solutions .........ccccceeeeunenee Edited by Raymond E. Whitney 187

.l
é VOLUME 35 v MAY 1997 NUMBER 2 g




PURPOSE

The primary function of THE FIBONACCI QUARTERLY is to serve as a focal point for wide-

spread interest in the Fibonacci and related numbers, especially with respect to new results, research
proposals, challenging problems, and innovative proofs of old ideas.

EDITORIAL POLICY

THE FIBONACCI QUARTERLY seeks articles that are intelligible yet stimulating to its readers,
most of whom are university teachers and students. These articles should be lively and well motivated,
with new ideas that develop enthusiasm for number sequences or the exploration of number facts.
Iustrations and tables should be wisely used to clarify the ideas of the manuscript. Unanswered ques-
tions are encouraged, and a complete list of references is absolutely necessary.

SUBMITTING AN ARTICLE

Articles should be submitted in the format of the current issues of THE FIBONACCI QUAR-
TERLY. They should be typewritten or reproduced typewritten copies, that are clearly readable, double
spaced with wide margins and on only one side of the paper. The full name and address of the author
must appear at the beginning of the paper directly under the title. Illustrations should be carefully drawn
in India ink on separate sheets of bond paper or vellum, approximately twice the size they are to appear
in print. Since the Fibonacci Association has adopted F, =F, =1, Fs +:=Fs +F.—;,n>2 and L;=1, L, =3,
L+ = La+La—1, n22 as the standard definitions for The Fibonacci and Lucas sequences, these defini-
tions should not be a part of future papers. However, the notations must be used. One to three complete
AM.S. classification numbers must be given directly after references or on the bottom of the last page.
Papers not satisfying all of these criteria will be returned. See the new worldwide web page at:

http://www.sdstate.edu/~wcsc/http/fibhome.html

Two copies of the manuscript should be submitted to: GERALD E. BERGUM, EDITOR, THE
FIBONACCI QUARTERLY, DEPARTMENT OF COMPUTER SCIENCE, SOUTH DAKOTA
STATE UNIVERSITY, BOX 2201, BROOKINGS, SD 57007-1596.

Authors are encouraged to keep a copy of their manuscripts for their own files as protection against
loss. The editor will give immediate acknowledgment of all manuscripts received.

SUBSCRIPTIONS, ADDRESS CHANGE, AND REPRINT INFORMATION

Address all subscription correspondence, including notification of address change, to: PATTY
SOLSAA, SUBSCRIPTIONS MANAGER, THE FIBONACCI ASSOCIATION, P.O. BOX 320,
AURORA, SD 57002-0320.

Requests for reprint permission should be directed to the editor. However, general permission is
granted to members of The Fibonacci Association for noncommercial reproduction of a limited quantity
of individual articles (in whole or in part) provided complete reference is made to the source.

Annual domestic Fibonacci Association membership dues, which include a subscription to THE
FIBONACCI QUARTERLY, are $37 for Regular Membership, $42 for Library, $47 for Sustaining
Membership, and $74 for Institutional Membership; foreign rates, which are based on international
mailing rates, are somewhat higher than domestic rates; please write for details. THE FIBONACCI
QUARTERLY is published each February, May, August and November.

All back issues of THE FIBONACCI QUARTERLY are available in microfilm or hard copy for-
mat from UNIVERSITY MICROFILMS INTERNATIONAL, 300 NORTH ZEEB ROAD, DEPT.
P.R., ANN ARBOR, MI 48106. Reprints can also be purchased from UMI CLEARING HOUSE at
the same address.

©1997 by
The Fibonacci Association
All rights reserved, including rights to this journal
issue as a whole and, except where otherwise noted,
rights to each individual contribution.



@ie “Fibonacci Quarterly

Founded in 1963 by Verner E. Hoggatt, Jr. (1921-1980)
and Br. Alfred Brousseau (1907-1988)

THE OFFICIAL JOURNAL OF THE FIBONACCI ASSOCIATION
DEVOTED TO THE STUDY
OF INTEGERS WITH SPECIAL PROPERTIES

EDITOR

GERALD E. BERGUM, South Dakota State University, Brookings, SD 57007-1596
e-mail: Bergumg @mg.sdstate.edu

EDITORIAL BOARD
DAVID M: BRESSOUD, Macalester College, St. Paul, MN 55105-1899
JOHN BURKE, Gonzaga University, Spokane, WA 99258-0001
LEONARD CARLITZ, Emeritus Editor, Duke University, Durham, NC 27708-0251
BART GODDARD, East Texas State University, Commerce, TX 75429-3011
HENRY W. GOULD, West Virginia University, Morgantown, WV 26506-0001
HEIKO HARBORTH, Tech. Univ. Carolo Wilhelmina, Braunschweig, Germany
A.F. HORADAM, University of New England, Armidale, N.S.W. 2351, Australia
CLARK KIMBERLING, University of Evansville, Evansville, IN 47722-0001
STEVE LIGH, Southeastern Louisiana University, Hammond, LA 70402
RICHARD MOLLIN, University of Calgary, Calgary T2N 1N4, Alberta, Canada
GARY L. MULLEN, The Pennsylvania State University, University Park, PA 16802-6401
HAROLD G. NIEDERREITER, Institute for Info. Proc., A-1010, Vienna, Austria
SAMIH OBAID, San Jose State University, San Jose, CA 95192-0103
NEVILLE ROBBINS, San Francisco State University, San Francisco, CA 94132-1722
DONALD W. ROBINSON, Brigham Young University, Provo, UT 84602-6539
LAWRENCE SOMER, Catholic University of America, Washington, D.C. 20064-0001
M.N.S. SWAMY, Concordia University, Montreal H3G 1M8, Quebec, Canada
ROBERT F. TICHY, Technical University, Graz, Austria
ANNE LUDINGTON YOUNG, Loyola College in Maryland, Baltimore, MD 21210-2699

BOARD OF DIRECTORS
THE FIBONACCI ASSOCIATION

CALVIN LONG (President)

Northern Arizona University, Flagstaff, AZ 86011-5717
G.L. ALEXANDERSON

Santa Clara University, Santa Clara, CA 95053-0001
KARL DILCHER

Dalhousie University, Halifax, Nova Scotia, Canada B3H 3J5
ANDREW GRANVILLE

University of Georgia, Athens, GA 30601-3024

FRED T. HOWARD

Wake Forest University, Winston-Salem, NC 27106-5239
MARJORIE JOHNSON (Secretary-Treasurer)

665 Fairlane Avenue, Santa Clara, CA 95051

JEFF LAGARIAS

Bell Laboratories, Murray Hill, NJ 07974-0636
THERESA VAUGHAN

University of North Carolina, Greensboro, NC 27410-5608
WILLIAM WEBB

Washington State University, Pullman, WA 99164-3113



ON A CLASS OF NON-CONGRUENT AND
NON-PYTHAGOREAN NUMBERS

Konstantine Dabmian Zelator*
Department of Mathematics, Carnegie Mellon University, Pittsburgh, PA 15213
(Submitted August 1993)

In one of his famous results, Fermat showed that there exists no Pythagorean triangle with
integer sides whose area is an integer square. His elegant method of proof is one of the first
known examples in the history of the theory of numbers where the method of infinite descent is
employed. Mohanty [3] has defined a Pythagorean number as the area of a Pythagorean triangle
and studied properties of such numbers. Fermat has thus shown that no Pythagorean number can
be an integer square.

To extend Fermat's result, one may ask if there exists a Pythagorean triangle whose area is p times
a perfect square, p a given prime. It turns out that, for certain primes p=1,5,7 (mod 8), this is
the case; for example, the primes p =5, 7,41 have this property. For p =5, the triangle (3* -1,

8,3*+1) has area 4=5(3-4)>. For p=7, the triangle (4*—-3%2-42.3% 4*+3%) has area
A=7-(3-4.5°. For p=41, the triangle (5*-4*2.5%.4% 5" +4*) has area 4=41-(5-4-3)*.
However, as shown below, no Pythagorean number can equal p times an integer square if p is a
prime congruent to 3 (mod 8).

A natural question to ask is whether there exists a number £ =3 (mod 8) and a Pythagorean
number which equals & times a square. There is no reason to believe that such a number of £ does
not exist. Furthermore, one may attempt to find infinitely many such numbers .

In this paper the following result is proven. Let & be an odd squarefree positive integer with
k =3 (mod 8). Assume that k£ belongs to one of the following families:

Family (a): % = p,, where p, is a prime with p, =3 (mod 8).

Family (b): & = p,p,, where p, and p, are primes such that p, =5 (mod 8) and p, =7 (mod 8),
with p, being a quadratic nonresidue of p, (so, by quadratic reciprocity, p, is also a nonresidue
of py).

Family (¢): k=pp,...p,,n>2, where pp,...p, are distinct primes such that p, =3 (mod 8),
p, =--=p, =1 (mod 8); the primes p,, ..., p, are all quadratic residues of each other, and they -
are all quadratic nonresidues of p, (so, by quadratic reciprocity, p, is a quadratic nonresidue of
Dy, ..., D, as well).

Family (d): & =pp,p,...p,, n=3, where p,, p,, p;, ..., p, are distinct primes such that p, =5
(mod 8), p, =7 (mod 8), and p;=---=p, =1 (mod 8), with p, being a quadratic nonresidue of
P, (so, by quadratic reciprocity, p, is a nonresidue of p, as well) and p;, ..., p, being quadratic
residues of each other; and either with p,, ..., p, being quadratic residues of p, (so, by quadratic
reciprocity, p, is a quadratic residue of p;, ..., p,) and with p;, ..., p, being quadratic nonresidues
of p, (so, by reciprocity, p, is a quadratic nonresidue of p;, ..., p,) or vice-versa.

* Formerly known as Konstantine Spyropoulos.
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ON A CLASS OF NON-CONGRUENT AND NON-PYTHAGOREAN NUMBERS

Theorem: Let k be an odd squarefree positive integer, k£ = 3 (mod 8) and suppose that k belongs
to one of the families (a)-(d) listed above. Then there is no Pythagorean triangle whose area
equals & times an integer square.

Proof: Let (4, B, C) be a Pythagorean triple whose area is & times a square, 3 AB = kD*.
One easily sees that we may assume (4, B) =1, for if it were otherwise, the problem would
reduce to the case of a Pythagorean triple (4, B;,C,) with (4,B)=1 and 5 4B, = kD}. By
assuming that (4, B, C) is a primitive Pythagorean triple, we may set A= M? - N? B=2MN,
C = M*+ N?, for positive integers M, N with (M, N)=1 and M +N =1 (mod 2). Thus, from
1 4B = kD?, one obtains

(M - NY(M + N)MN = kD*. (§))

Since (M, N)=1and M + N =1 (mod 2), we have
(M, N)= (M, M+N)= (M, M~N)=(N, M~ N)

=(N,M+N)=(M-N,M+N)=1 V)

Thus, all the factors M — N, M+ N, M, and N on the left-hand side of (1) are pairwise relatively
prime. Therefore, since k is squarefree, there are precisely four cases or possibilities and their
ramifications.

The first possibility is that precisely one of the factors on the left-hand side of (1) is equal to &
times a square, while the rest of them are perfect squares.

The second possibility is that one of M+ N, M — N, M, or N equals a times a square,
another of the factors equals b times a square, and the other two factors are integer squares with
ab=k and 1<a,b<k.

The third possibility is that one of the factors equals a times a square, another equals b times
a square, a third equals c times a square, and the fourth is just an integer square with abc =k and
l<a, b, c<k.

The fourth possibility is that M:aMf, N= lez, M+N=cU?, M~-N=dV? with
abcd=Fk and 1<a,b,c,d<k.

Case 1. Exactly one of M+ N, M — N, M, or N equals k times an integer square, while the
remaining three are integer squares.

First, suppose M = kM? N = N}, M~ N =U* M+ N =V?*. Consequently, we obtain

kMY - Ni =U, 3)

KM? +NE =V, “
‘Thus, 2kM? = U* +V? and (U,V) =1 by (2). However, the last equation constitutes a contradic-
tion, since k£ =3 (mod 4), and it is well known that no prime congruent to 3 (mod 4) divides the
sum of two relatively prime integer squares.

Next, suppose that N = kN2, M = M}, M~ N =U?*, M+ N =V*. Thus,

M} -kNT =U?, %)
M} +kNE=V2, (6)
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ON A CLASS OF NON-CONGRUENT AND NON-PYTHAGOREAN NUMBERS

Since M + N =1 (mod 2), we also have M, + N, =1 (mod 2). But then equation (6) implies, by
virtue of k =3 (mod 4), that M, =1 (mod 2) and N, =0 (mod 2). Moreover, (M,, N,)=1, so
(N,,U) =1 as well. By adding (5) and (6), we obtain

2ME=U*+V?. @)

Clearly, we may assume M,, U, and V to be positive (recall M, N # 0), and since (2) implies that
(U,V) =1, it follows (see [2], p. 427, lines 4 and 5) that

M, =m* +n*, U=m*+2mn-n*, V = n* +2mn—m ®)

for positive integers m, n with m+n =1 (mod 2) and (m, n) =1. Consequently, combining (6) and
(8), we have
NP =V M} = - M)W + M)
= (2mn —2m*)(2n* +2mn) = 4mn(n—m)(n +m),

thus,

kN} = (n—-m)(n+m)-m-n, ©)
where N, = 2N,. Therefore, (n* —m?, 2mn, m* +n?) is a primitive Pythagorean triple whose area
equals kN}. But kNZ =V?-M2<V*=M+N. Hence, 0O<n+m< M+ N; thus, an infinite

descent with respect to the initial equation (1) is established.
Now suppose that M = M? N = N}, M~ N =kU? and M+ N =V?*. Then

M} - N} =kU?, (10)
M+ N2 =V? an -
Adding (10) and (11), we obtain
2M}E = kU +V2. (12)

Now, since U =V =1 (mod 2), (12) implies 2M? = k +1 (mod 8); hence, k =2M}? —1=+1 (mod
8). But £ =3 (mod 8), so this is a contradiction.

Finally, suppose that M = M}, N=N2 M- N=U? and M+ N =kV? This leads to a
contradiction, since M+ N = M} + N} =kV}?, k=3 (mod 4) and (M,, N))=1. This concludes
the proof of Case 1.

Case 2. Oneof M+ N, M - N, M, or N is a times a square, one is b times a square, and the
other two are squares, with ab =k =3 (mod 8) and 1< a, b <k . Note that ab =3 (mod 8) implies
that either a=3,5 =1 (mod 8) or vice versa, or a=5 b =7 (mod 8) or vice versa. First, suppose
that a=1,b=3 (mod 8). Since ab =k with 1<a,b <k, it follows that £ belongs to Family (c) or
Family (d) of the Theorem.

If k belongs to Family (c), then k= p,-p,-+---p, with py=3 (mod 8) and p,=p;=---=
p,=1(mod 8). Also,a=¢q,-q,-- q, and b= p, or b = pq; . qGr+s --- 9.-1, Where the two sets of
¢'s are disjoint and their union is {p,, ps, ..., p,}. All the various subcases of Case 2 lead to a
congruence of the form 5-R? =e-I* (mod q,), with (bR, q,)=1 and where e=1,—-1,2, or -2;
thus, since ¢, =1 (mod 8), b is a quadratic residue of g,. On the other hand, according to the
hypothesis, p, is a quadratic nonresidue and g, ¢¢.s, ..., §,-; are all quadratic residues of g,.
Thus, b is a quadratic nonresidue of g, a contradiction.
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If k& belongs to Family (d), then k=p,-p,-----p, with p;=5, p,=7, and p;=p,=---=
P, =1 (mod 8). Thus, as above, a=¢g,-g,---- q, and b= p,p, or b= p,p,q,.,...q,,, where the
two sets of ¢'s are disjoint and their union is {py, p,,..., p,}. Again, as above, b is a quadratic
residue of g,. Also, according to the hypothesis, each of g,,;, §;.5, --.» 4,_, are quadratic residues
of g, and either p, is a quadratic residue of g, and p, is a quadratic nonresidue of g, or p, is a
quadratic nonresidue of ¢, and p, is a quadratic residue of ¢,. In any event, we see that » must
be a quadratic nonresidue of g;,. This contradiction completes the proof of this subcase.

Since the proofs for the remaining subcases and cases are similar to those above, we omit the
details, except to note that Legendre's theorem (see [2], p. 422) is used in these proofs.

Recall that a natural number £ is a congruent number if there exist natural numbers a, b, and ¢
with a® +3% = ¢* and 2ab = k. We now have the following corollary.

Corollary: If k is an integer satisfying the hypothesis of the Theorem, then kd”, for any positive
integer d, is a non-congruent number.

Proof: Since an integer kd” is congruent if and only if there exist nonzero integers a, b, and
c such that @ +b* =c* and 2ab = kd*, if kd* were a congruent number, then we would have
(2a)* +(2b)* = (2¢)* and 1(2a)(2b) = k-d*, which implies that (2a, 2b, 2¢) is a Pythagorean tri-
angle whose area equals & times an integer square, contradicting the Theorem.
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1. INTRODUCTION

The standard Fibonacci numbers have several well-known and familiar properties, among
which are the fact that the ratio of successive terms approaches a fixed limit ¢, and that the n™
Fibonacci number is asymptotic to ¢”. In this paper we extend these properties to a generalized
class of Fibonacci sequences, giving necessary and sufficient conditions for such a sequence to be
asymptotic to one of the form n*'A*. In that case, we show how to compute the limiting ratio
between the solution and n*~'4", as well as proving that the ratio of successive terms of a solution
must have A as a limit.

The necessary and sufficient conditions mentioned above are stated in terms of the roots of a
polynomial. Indeed, this polynomial is the characteristic polynomial associated with the difference
equation defining a generalized Fibonacci sequence. We also discuss conditions that depend
directly on the coefficients of the characteristic polynomial. As a special case, we derive results
when the polynomial has negative real coefficients (except for the leading coefficient 1). More
generally, we give a sufficient condition on the coefficients for the roots to satisfy the necessary
and sufficient conditions discussed above.

2. PRELIMINARIES

Let a,,a,,...,a, be arbitrary r > 2 complex numbers with a, #0, and let 4= (a_,,;, @_, 5,
..., 0_y, &) be any given sequence of complex numbers. The weighted r-generalized Fibonacci

sequence {y,(n)},=_,,, is the sequence generated by the difference equation with initial values:
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ym=¢, n=-r+L-r+2,..,-10
r 1
Yam) =D ay (n-i), n=123, ... M
i=1

As a special case, when g, =1 for all / (the unweighted case), @, =1, and @; =0 fori =—r+1, ..,
-1, (1) generates the r-generalized Fibonacci numbers introduced by Miles [8]. Explicit repre-
sentations for these numbers can be found in [3], [5], and [6].

The polynomial p(x)=x"-ax"'~--.~a_x—a_ is called the characteristic polynomial
associated to (1), and any solution A of the characteristic equation p(x)=0 is called a charac-
teristic root for (1).

The first result, whose proof can be found in Kelley and Peterson [7], for example (or also in
Jeske [4] or Ostrowski [9, §121), relates the general solution of (1) to its characteristic roots.

Theorem 1: Suppose (1) has characteristic roots A,, 4,,..., 4, with multiplicities m,, m,, ..., m,,
respectively (m, +m, +---+m, =r). Then (1) has r independent solutions n' ¥}, (j=0,...,m,_;
£=1,..., k). Moreover, any solution of (1) is of the form

my—1

k
A= 2. By’ 2, @)

=1 j=

<

where the f, ; are determined by the initial condition A =(a_,,;, @_,15, ..., ¥_;, &g). O

Remark 2: Any independent solution W ¥, (j=0,...,m,,; £=1,..., k) can be generated from
the initial conditions @, =i’ %, fori=-r+1,...,-1and @, =1. O

3. THE MAIN RESULTS

The necessary and sufficient conditions we consider are given in terms of the roots of the
characteristic polynomial associated to (1). To simplify, we introduce the following terminology.

The polynomial p(x) is called asymptotically simple if, among its roots of maximal modulus,
there is a unique root A of maximal multiplicity v. Then A is called the dominant root of p(x)
and v is called the dominant multiplicity. Also, the system (1) is asymptotically simple with
dominant root A and dominant multiplicity v if its characteristic polynomial is.

Theorem 3: System (1) is asymptotically simple with dominant root A and dominant multiplicity
v if and only if, for any initial condition 4, the sequence

n=1

converges to a limit L, with , not equal to O for at least one 4.

Proof: To prove the if part, we observe from (2) and Remark 2 that the convergence for all
A implies the convergence of the sequence

n (A, +°° .
{F (—f\) }n=l (3)
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forany £=1,...,k and j=0,...,m,—1. But, for each ¢, the convergence of the sequence (3) for
Jj=0,...,m,—1 implies that |4,|<|4| or |4,|=|A] and v>m, for 1,24 or vz2m, for 1,=A.
Moreover, all the limits are zero except for j=m,—1 when 4,=1 and v=m,. Also, the con-
vergence to a nonzero limit L, for some 4 implies that at least one sequence (3) has a nonzero
limit. Hence, 4 must be the dominant root and v the dominant multiplicity. The only if part
follows directly from Theorem 1. [

The next step is to relate y,(n) for arbitrary 4 to y,(n), the solution of (1) obtained for the
initial conditions @, =0, for i=—r+1,...,—1, and @,=1. The matrix approach allows us to
obtain the desired relation.

Let T be the (7, r)-matrix defined by

al a2 . s ar

1 0 = - 0
T={0 - R

0

0 0 1 0

and Y, (n) be the (r, 1)-matrix defined by

Ya(n)

Ya(n=1

Y (nm)= n=0,12,...

yan—-r+1)

Hence, Y,(0) = A [if we consider 4 as an (r, 1)-matrix]. Therefore, we have Y,(n+1)=17,(n)
and Y,(n)=T"4.
Let us also define the (7, 1)-matrices ¥, (i=0,1,...) by

!—O—

<
Il

«—(@+DYentry, i=0,1,...,r—1,

e O e

L

and ¥=0fori=r,r+1,.... LetX(n)=T1"Y forn=0,1,2,.... Hence 7Y (n) =Y (n+1), and also

()
yi(n - 1)
K(m) = :

yin—-r+1
where {y,(n)},Z_,,; is the solution of (1) with the initial condition A=Y (a_,=11if j=i and
a_;j=0if j#ifor j=0,1,..,r-1).
Since A=Y a_Y, it follows that

=i
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YA(n>=§a-, (). )

From these definitions and notation, we have the following direct result.
Lemma 4: Let a;=0 fori=r+1,r+2,..., then we have:
(@ TV =a,L+Y,;
() fori=0,

n

Z l+j O(n ])+ i+no n:0’1>29"';

(c) forany A,
n r=l-n

-1
Za—lz 1+1Y(n .])+ Za_, ey 0SH<r-—1
i=1 J=1 i=1

¥, (n) = ay(n) + ©)

r—i

-1
Za—zz 1+1Y6(n_j)a n>r-1

i=1
(d) for n>0, we have

r—i

Ya(m) = aoyo(n)+Za_,Z a, Y= 7). (6)

i=1 Jj=1

Proof: (a) is a direct consequence of the definitions and notation. (B) is easily obtained by
induction. (c) follows by substitution of (b) into (4). We obtain (d) by considering the first entry
in(5). O

The identity (6) leads to the next result.

Theorem 5: Let A be any nonzero complex number and v be a positive integer.

@) The sequence
() The seq [ }*‘“"
nv—l i el
converges for any 4 (with limit Z,) if and only if the sequence
{yo(n) }“’
nv—l /ln el
converges (with limit Z;). Moreover, the limits are related by the formula
r=1 ; r=1 al+j
LA = ao +Za_i/1 Z W LO (7)
i=1 j=i
(b) Moreover, in (a), L, # 0 for some A4 if and only if L, # 0. In that case,
= !
LO vl + (’—l)v_l Z /‘Ll:j ZIV_I . (8)
i=1

Proof: (a) From (6), we have
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-1 .
Yam _ v 5 Sy (n J) Yo(n = j)
= + =
nv_lﬂ" =y V_lﬂ,n ;(1_, ; ;{j n (n—j)v_l/ln_j
and (7) follows. For (8), (1) must be asymptotically simple with dominant root A and dominant
multiplicity v. Then, for @, =6,,a_, =(-)"'A" (i=1,...,r-1), we have y,(n)=n""'A" and
L, =11in (a). it follows that

-1
=
-1 -1 1+
LO |: v1+(_ )V ZIV ‘ 11+j:| >
and we get (8). O
Immediate consequences of these results are the next two theorems.

Theorem 6 (Ratio of weighted r-generalized Fibonacci sequences): Assume (1) asymptotically
simple with dominant root A and dominant multiplicity v. If 4=(a_,,;, @_,4s,...,@_}, @,) and
B=(f_,.1, B_rs2,---, B-1, By) are sequences of r complex numbers such that Ly # 0, then

ao + Z a—l/l’ Z ﬂ;:j

- Ya(m) _ éA r:ll ~; o 0

n—+o0

R SO W) 3
i=1 Jj=1

Theorem 7 (Ratio of consecutive terms): Assume (1) asymptotically simple with dominant root
A and dominant multiplicity v. If A=(a_,,;,@_,,,,..., @_;, &) is such that L, # 0, then

lim 24D _ o g

n>+o Y (1)

This last result has already been obtained for the unweighted r-generalized Fibonacci numbers
(see, e.g., [2] and [3]).

4. THE CASE OF NONNEGATIVE gq;'s

In this section we assume the a;'s are nonnegative real numbers and a, > 0. The following
lemma is well known for the unweighted case (see, e.g., [9, §12] or [2, Lemma 2]) and is given
without proof.

Lemma 8: There exists a unique real strictly positive characteristic root A for (1). Moreover, 1
is a simple characteristic root and all other characteristic roots of (1) have moduli <A. O

Theorem 9: Let a, ..., a, be nonnegative real numbers with a, > 0, and let 4 be the unique posi-
tive real number of Lemma 8. Then the following are equivalent:

(a) (1) is asymptotically simple with dominant root A and dominant multiplicity 1;
(b) the greatest common divisor GCD{i|a, >0} =1.

Proof: (a)=>(b). Suppose GCD{i|a, > 0} =d > 1, then p(x) is a polynomial in y = x, which
has a unique greatest root 1, >0 from Lemma 8. Hence, the d" roots of 1, are all roots of
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p(x) with the same modulus as A%, which contradicts (a). For (b)=>(a), see Ostrowski [9, Th.
12.2]. O

Example 10: For the unweighted case (¢, =1 for all /), Lemma 8 implies (1) is asymptotically
simple with dominant root 4 and multiplicity 1, and we get:

@ I,- [urfﬂ;,] :

r=1
’ 1
I a0+Za /lleﬂ
‘A i=1
® P-———
‘ 'B0+zﬂ—lﬂ’lzll+j

Dence [1] obtained similar results in terms of all roots of p(x). Here we obtain the result in terms
of only the largest root 1. U

5. THE GENERAL CASE

For arbitrary complex number g;'s, we do not have a result similar to Theorem 9. In Theorem
9, the nonnegativity of the a,'s is important. The next result and example illustrate this fact.

Theorem I1: Assume (1) asymptotically simple with dominant root 4 and dominant multiplicity
v, then GCD{i|q, # 0} =1.

Proof: Similar to (@)=>(b) of Theorem 9. O

Unfortunately, the condition GCD{i|a, # 0} =1 is not a sufficient condition for the general
case.

Example 12: Let p(x) = (x—1)(x—i) = x> —(1+i)x +i, where i =+/-1. Then a, =1+i, a, = i,
and GCD{i|a, # 0} =1. But the characteristic roots 1 and i have the same modulus and multipli-
city, hence (1) is not asymptotically simple. O

The general problem is to find criteria which are equivalent to or imply that (1) is asymptoti-
cally simple. In the sequel, we consider one such criterion which could certainly be weakened.
Let A be a priori any characteristic root of p(x), and set

ayy i
b= Zl“j’ i=0,1,2,...

Then 8, =1and b, =0 fori >r. Consider a_;, = A" fori=0,...,r—1. Then, from (6),

yo(")+zf'z a, (- j), n=0,

i=1 Jj=1

and
(1), 5, 2=
1= yoﬂln ) + Zb] yoan—j ) (9)
J=1
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Let z(n) = 2 "(") X 0;:5,1) . We have z(0) =1, and from (9),

r—1
z(n):—ijZ(n—j)’ n:l, 2, 3, (10)
Jj=1
It follows that
1, forn=0,

b _ =14
J;)]z(n 2 {O forn=123,....

We can now prove the following convergence result for the sequence {z(n)}'%,
Lemma 13: If Z;;} b,]<1, then {z(n)},Z, converges to 0.
Proof: From (10), it follows that
r=1
|z(n)| < {Z|bj |] max {|z(n—j)|: j=1,...,r—1}, forn>1.
j=1

From this inequality, the sequence {M, = max{|z(j)|: j>n}}!Z, is a decreasing sequence, and
<[Z7218,11M,_,,, for any n=r—1. Hence {M,},Z, converges to 0 and the result follows
since lz(m)|<M,. O

From the definition, we have

-1
Yo(m) _ zz(]) and zb —ij, for n>r-1.
i 7=0 =0 =0

Let us consider the following product for n>r —1:

Jj= Jj=0 Jj=0 an
n J n r-1 Jj-1
=Y > bz(j- k)+Zb > k)= 1+ij > z(n—k).
Jj=0 k=0 Jj=1  k=n—-j+1 Jj=1 k=0
Taking the limit in (11), we get
lim J’o(n) — r—1b>
n-s+o N7 =0 U
and we have proved the following result.
Theorem 14: Let A be a characteristic root of p(x) and set
b _ r—1 a1+j f .
) -Z P ori=01..,r-1
J=i
If r=1
> 16,1<1, (12)
j=1

then (1) is asymptotically simple with dominant root A and dominant multiplicity 1. O
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The next result illustrates that the condition (12) is satisfied in many cases.

Theorem 15: For any fixed sequence {a,}/_, ( >2,a, #0) of complex numbers, there exists a
positive real number R such that, for any a; with |a;|> R, the sequence of a,'s satisfies the con-
dition of Theorem 14 for a root A of the characteristic polynomial p{x).

Proof: Using Lemma 8, let R, be the unique positive root of the equation

r—3

X =ay X+ 2alx T 4+ (= Da, |

Let us note that we have
i%!+2!a31R’i+31a41R;2 +o+(r=Dla, |R* = R?.

Set R=rR,. Suppose |g,|>R and let 4 be any root of maximum modulus of p(x). Since the
sum of all the roots of p(x) (with multiplicity} is equal to a;, we see that 4 must have a modulus
greater than or equal to |a,|/r. Thus, we have |1{> R. Then

Zib |<ZU Dia, [|A[7

i=1
<A Y (- Dia AT
J=2 "
= }/u_2 R]Z <1
Thus, the condition of Theorem 14 is satisfied. D

Remark 16: The last result is intuitively clear. It indicates that, if we increase |a,|, eventually
there will be only one root of maximum modulus. But increasing || means that p(x) behaves

like g(x)=x"—ay"™" = x"(x—a,). Moreover, increasing |, | implies the modulus of the largest
characteristic root increases also, and since the expression Z;;Hbji does not contain a;, it will

eventually be less than I because each term contains negative powers of |A]|. O

Example 17: As an explicit example, consider the case » =3,a, =a,a, =i, and a; = —ai, where
i=+/—1 and a is a complex number with |a|> 1. In this case, |@|>1 is one of the characteristic
roots of the polynomial p(x)=(x-a)(x?~i), and we can check that Z;;ll]bjlz 1/|af, which
implies that the condition in Theorem 14 is satisfied. Hence, lim,_, [y,(m)]/a" exists and is
equal to a*(a® +i)/(a* +1). Note that when |a|< 1 the condition in Theorem 14 is not satisfied
and the limit does not exist. O

Remark 18: For the nonnegative g,'s, condition (12) is useless because it implies a; > 0. Indeed,
we have, for 4 as given by Lemma 8,

r=1 r—1

bj Z /,HI_:'ll Z ﬂ/t-{-l e +1- /1

j=1 i=1 i=1

and if @) = 0 then 2 llbj >1. O
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1. INTRODUCTION

A second-order line-sequence is inhomogeneous if its recurrence relation includes a nonzero
constant &, such as the following:
U, =, 5 +u,  +1, (1.1)
where k =1 is the inhomogeneous term.
A line-sequence generated by (1.1), according to the convention adopted in (2.1) of [3], is
represented by
Ly ot g, [, ], 105,14, (1.2)

where #, is the » element counting from #, in both directions, and the pair u,, u, is referred
to as a generating pair. The algebraic properties of these sequences have been investigated by
Bicknell and Bergum [1], and the general solution of an arbitrary order inhomogeneous sequence
has been obtained by Liu [6]. In this article we investigate some basic linear properties of these
line-sequences. We shall first treat the simple case of line-sequences generated by (1.1) in some
detail. Later on we shall extend the treatment to more general cases.

Some samples of the inhomogeneous line-sequences given by (1.1) are:

Iy 4,-4,1,-2,[0,-1],0,0,1,2,..; (1.3)
Lig:.—4,1,-2,0,[-1,0],0,1,2,4, ... (1.4)
For reasons to be explained later, we say that these constitute an inhomogeneous Fibonacci pair.

Also, for convenience, the terms of the line-sequences will be represented by
Lo 1,0, 1 1,1, 1, .., (1.5)

where I, = -1 is the origin, /; =0, and so on.

We shall call the change of a sequential relation from the homogeneous case to the corre-
sponding inhomogeneous case an inhomogeneous transformation, and those relations that remain

unchanged in form (inhomogeneously) covariant. As it turns out, many well-known sequential
relations are found to be inhomogeneous covariant.

2. THE INHOMOGENEOUS HARMONIC CASE

We define the following inhomogeneous operations in relation to (1.1) and (1.2).

Definition 1: Addition is defined to be addition of corresponding numbers in the line-sequences,
together with the inhomogeneous constant 1. Thus,

Ii,j = Ii',j' +[i”,j"> 21

where i =i'+i"+1 and j= j'+ j"+1. We refer to this operation as inhomogeneous addition.
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Definition 2: Multiplication by a scalar # is defined in the sense of repeated addition. Thus,
L;=hl, ., (2.2)

where A is a scalar, i = hi’+h -1 and j = hj' +h—1. We refer to this operation as inhiomogeneous
multiplication.

Definition 3: The inner product of two line-sequences is defined as follows:
Ui j 1y ) = E+DE+D+G+DG +D. (23)

Two line-sequences are said to be orthogonal if and only if their inner product is zero, normal
if and only if one's self inner product is one. The length of a line-sequence is defined as the
(positive) square root of its inner product with itseif.

Definition 4: Two line-sequences are said to be congruent if and only if they constitute the same
set of numbers; equal if and only if they are congruent and have the same set of generating
numbers. We refer to this as the uniqueness of generating numbers.

It is clear that the set 7 of line-sequences spans a vector space [2] referred to as an inhomoge-
neous-harmonic (IH-)space, where the first predicate signifies the type of operations and the
second the recurrence relation. Furthermore, it can be verified easily that the line-sequences (1.3)
and (1.4) form an orthonormal pair that serves as the basis set for this space. An arbitrary line-
sequence in this space can then be resolved into its inhomogeneous basis components as follows:

Ly =@+Dly 1 +(G+DI,. (2.4)
Applying (1.5), this equation can also be expressed in terms of /,'s:
L=+, +G+DI - (2.5)
Following are some examples illustrating the inhomogeneous operations.

Example 1: Let I, , be the identity element of addition. Then, for an arbitrary line-sequence 7, ;,
we must have [, ,+1, ;=1 ;. By (2.1), we have I, ,+ 1 ; =1, 4., Comparing the right-
hand sides of these equations, we obtain a = b = —1. Hence, the additive identity is a sequence of

—1's:

I—l,—l:"'—1’_1)[_17—1])_1)_1"“' (26)
Example 2: By (2.1), we have
L+l g ja=1; 2.7
hence, 1_;_,_;_, is the inverse element of /, ;.

Example 3: Letting h=—1 in (2.2), we find that
-I;=1 i~2,—j=2> (2.8)

1] 7

which is the negative element equation. Together with (2.7), we see that the inverse element is
just the negative element. In particular,

=1, 2.9
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which confirms once more that 7_; _; is indeed the identity element of addition. Combining (2.7)
and (2.8), we have
A & ':I—l,—l’ (210)

L] LJ

which is the equation of elimination.
Applying (2.8) to (2.1), we obtain
L.=I .-1

l,j— i"j iu’ju,

(2.11)
where i =i’ —i” -1 and j= j'— j”—1. This is the subtraction formula.

Example 4: Letting 7= 0 in (2.2), we obtain
0f, , =1, (2.12)

15j =4 >
This is the equation of zero (scalar) multiplication.

Applying (2.2) and (2.1) successively, we have ily _y+ jI_; o =1, +1_ ;=1

i1, j-1- Thus,

ilo_y+jl_1o=1_4_; if and only if i = j=0. This confirms the linear independence of the two
basis vectors.

Example 5: Applying (2.2), we have
@+D)]; ; =L arsyiriarby-1, (asb)j+(a+b)-1-
Applying (2.2) and (2.1) successively, we have
al; ;+bl; ;= Lyo gvas1 + Lpies—1, 7451
=1 (a+b)i+(a+b)-1, (a+b) j+(a+b)-1-
Comparing these results, we have

(a+d), ;=al, ; +bl ;. (2.13)

This is the right distributive property of scalar multiplication.
Again applying (2.1) and (2.2) successively, on the one hand, we have
h(Ii’,j' +[i",j”) = h[i’+i”+l,j'+j”+l
= Ly irsin sty ehe1, hGirs jr+1y+heL
On the other hand, we have

bl ;o +hL o = Dy spoy sy F Dpinsnos st
=1 R+ +1)+h=1, h(j'+ " +1)+h-1"
Comparing these results, we find that
(L o+ L ) = hly o+ bl . (2.14)
This is the left distributive property of scalar multiplication.

Example 6: Let A and B denote the pair of Golden ratios, so A+B =1 and 4B =-1.
Parallel to the homogeneous case (see [4], (2.1) and (2.2)), applying (2.2), we obtain

Lo+ AL g=1o + 1 40 =1y 4 (2.15)
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and
Io oy +BLyg=1p 4 +1 5 =1y 5y (2.16)

Subtracting (2.16) from (2.15), then applying (2.4) and (2.12), we find
Iy0=Uo41—1o-1)/ (4-B), (2.17)
which is the inhomogeneous version of Binet's formula.
This result indicates that the right-hand sides of (2.15) and (2.16) constitute the inhomoge-

neous Golden pair.
In terms of matrix representation, let

Iy 4 Lo gy [1 B]
=, = m=|b B
[1-1,0] [IO,A—I 1 4

MF'=G' and M''G'=F". (2.18)
Thus, these matrix relations are inhomogeneously covariant to their homogeneous counterparts
(see [4], (4.8) and (4.9)).
The sum of the inhomogeneous Golden pair then gives the inhomogeneous Lucas line-
sequence

then it can be shown that

Lo =1o g1+ 10,31 (2.19)

which generates the inhomogeneous Lucas line-sequence
L:.-52-210236,.., (2.20)

where we adopt L’ to represent inhomogeneous Lucas numbers, and where Lj =1, L/ =0 is the
pair of generating numbers.

Note that (2.19) is another example of inhomogeneous covariance to its homogeneous
counterpart (see [4], (3.1)). Note also that the line-sequence (2.20) is congruent to the one gen-
erated by the first Fibonacci basis vector I, with an inhomogeneous term k£ =1. The second
Fibonacci basis vector Fy; with an inhomogeneous term k =1 generates the inhomogeneous line-
sequence congruent to the two inhomogeneous basis vectors (1.3) and (1.4). For this reason, we
are justified to refer to (1.3) and (1.4) as the inhomogeneous Fibonacci pair, as we have done
above.

Furthermore, applying (2.4) to (2.19), we obtain the expression of the inhomogeneous Lucas
line-sequence in terms of the inhomogeneous basis components,

II,O :210’_1'*‘[_1,0. (221)

This is another example of inhomogeneous covariance relating to the homogeneous relation be-
tween Lucas and Fibonacci line-sequences: F, =2F o+ F ;.

3. THE TRANSLATIONAL PROPERTIES

The translation operation on the inhomogeneous line-sequence is defined in the same way as
that on the homogeneous line-sequence (see [3], (3.2)) with the following appropriate modifica-
tions.
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Definition 5: The translation operator 7, i =integer, acting on a line-sequence shifts all of its
elements 7 places to the right if 7 > 0, forming a new but congruent line-sequence

];[uo,ul = ]ui’“m : (3 ’ 1)

We say that translation is a congruent operation, because it preserves congruency of the line-
sequence. In particular, for the additive identity, we have

T =1 (3.2)

Namely, the additive identity is translationally invariant.
Since translation preserves congruence, translation must be distributive over addition of line-
sequences:
By + ) = Tl + Tl - (3.3)

UyUy Uy Uy
This is the left distributive property of translation. Using (3.1) and (2.1), we have
]1‘1(]140,14, +]u(),u1’) = ]7‘1+”x!+1’ui+1+”:!+1+1' (34)

Since translation preserves congruency, translation after repeated addition is the same as
repeated addition after translation. Hence, multiplication and translation commute:

MLy ) = T(hL, ) (3.5)
Definition 6: Obviously, T is uniquely defined; thus, two translations are said to be equal if and
only if both effect the same shift of the elements in a line-sequence.

Definition 7: Addition of two translations on a line-sequence is defined to be the sum of the two

translated line-sequences,

G+ Ty = T,

1o, + ]:i[uo,ul :

(.6)

0%

Namely, addition of translations is distributive over line-sequences. This is the right distributive
property of translation. Obviously, addition of the translation operations is commutative,

L+ =T+1T. 3.7
Applying (3.1) and (2.1) to (3.6), we obtain
(];+ ]})[uo,ul = ]u,-+uj+l,u,»+1uj+l+1' (38)

Therefore, the sum of two translations does not preserve the congruence of the line-sequence it
operates on.

Definition 8: By the product notation, 7 o7}, we mean successive applications of the respective
translation on a line-sequence, the result of which is such that all the elements shift i + j places.

Hence, this is equivalent to the application of a single operation on that line-sequence. That is,

Lol =T,;. (3.9)
Obviously, the translations commute with respect to the order of application,
];07}:]}07;‘ (3.10)

Applying (3.9) and (3.1), we have
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(];o Y})Iuoﬂ‘l = Iui+j’ui+j+l ' (3'1 1)
Letting i = j and adopting the exponential convention for repeated translation, it follows

from (3.9) that 72 = T,,. In general, we have
I"=T,. (3.12)

1 n

We illustrate the foregoing results with the following examples.
Example 7: Putting i = j in (3.8), we obtain (7 + )], ., = Ioy 41,24, Letting A=2 in (3.5),
we find that 277, , =I5, 4124,,+1- Comparing these results, we have
T+T=2T. (3.13)

Hence, we conclude that the scalar multiplication of a translation is equivalent to the repeated
addition of that translation.

Example 8: Putting j=i+1 in (3.8) and applying (1.1), we get (7 +T,)], , =1, This

42> Ui43 "

induces the recurrence formula of translation: 7+ 7, =T ,,.
Let i =0 and I = 7, the identity of translation, then we have

I+T-T*=0. (3.14)
So the pleasant equation of translation (see [5], (2.16)) is inhomogeneously covariant.
Example 9: From (2.5), we have 1, , = (uy+1I, ; +(u+1)I,; , Applying translation on both
sides and using (3.1), (3.5), and (2.1), we obtain
11, gty 1 (g + 1),y (o +1) L +ug+uy +1, (g +1) L+t +1) 1 Ftg+uy +1- (3.15)
Thus, by Definition 4, the uniqueness of generating numbers, we arrive at the following formula
relating #, to the corresponding pair of /;'s:
u =+ D)1 _ + @+ 1) +u, +u +1. (3.16)
Putting u, = L =1 and %, = L/ =0 in (3.16), we obtain the expression of the inhomogeneous
Lucas numbers L/ in terms of the inhomogeneous Fibonacci numbers:

L'=2I_+1,+2. 3.17)
Applying (1.1), this becomes
L= +1,+1, (3.18)

which is the inhomogeneous version of the relation between the Lucas numbers and the Fibonacci
numbers: L, = F_, +F,,.
From (3.15), we find that
T =1y, 41,42,2041,,42 (3.19)

Substitute (3.17) into (3.19) to obtain
Iy =1y, (3.20)

which is none other than the translation formula for the inhomogeneous Lucas line-sequence.
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Example 10: Applying (1.1) and (1.2) and using (3.1), we obtain (I} + 1)), g =1_5 1 + 1 5.

Applying (2.1) and (2.4) to the right-hand side and using (2.12), we obtain (T, + )]}, =
51, ¢, which translates into (7_; + 7)1 o = ST1_ .

Applying (2.20) and (1.5) to both sides, respectively, we find that

1+ Ly =51, (3.21)

which is another relation covariant to its homogeneous counterpart I,_, + ,,, = 5F,,
Example 11: From (3.1), and putting u; =u and u;,; =%/, we have T(T, ,)= ];Iuj,uﬂl =
L u.,» where, by (3.16), we have

w =g+ DI+ + DL +ug+uj+1 and wy=u;= (U + D1+ @+ D) +uyg+u+1

On the other hand, applying (3.9) and (3.1), we obtain 7(7;[, ,)=T.1, . = Jluw,uw+l ,
where, by (3.16), we have

ui+j - (u0+1)1,+j_1 +(u1 +l)ll+j +u0 +u1 +1

By Definition 4, #/ =, ;. Since #, is an independent parameter, the coefficients of u, must

be equal in the two expressions. This leads to the following relation: 7,_,J,_,+ ;[\ +1; ;+1, +

i+j-1 +1. Putting i = j, we obtain the relation
T+ D2+ +D) =1, +1, (3.22)

which is the inhomogeneous version of the relation F* +F* = F,,_,. Likewise, we obtain the

relation
L+D)I+) =1, +1, (3.23)

which is the inhomogeneous version of the relation LF, = F,,.
Example 12: Starting from I, ; =(4-B)I; ; /(A-B) and épplying (2.13) and (2.2), we
obtain the translational form of the inhomogeneous version of Binet's formula:

1
11,,1,“ = ﬁ(l AL AA-Y, Al +A-1 7 IBI,»+B—1, B],-H+B—1)- (3.24)

Similarly, applying (2.5) to (2.19), we obtain [; o = 41, , +BI; , +2I, , . Applying translation
on both sides and using (3.20) and (2.2), we get
I, =1aar, anva1 ¥ Ipiept i1 Y240 g, (3.25)
This is the translational form of Binet's formula for the inhomogeneous Lucas numbers.
4. THE INHOMOGENEQUS ANHARMONIC CASE

An anharmonic recurrence relation with an inhomogeneous constant term can be expressed in
general as follows: .
u,=cu,_,+bu, +k, “4.1)

where b and c, called the anharmonic parameters, are nonzero constants not both equal to one,
and k is the inhomogeneous constant term. An anharmonic line-sequence is represented by
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gy -+ Uz Uoys [, ], tp, 105, ... “4.2)
The corresponding terms in the line-sequence are represented by

S d 3, I 0,1, Jos 1 Jas s s 4.3)
where J; is the origin.
It is easy to see from (4.1) that anharmonic addition of anharmonic line-sequences is incom-
patible with the translational invariance of the additive identity. Therefore, we shall try harmonic
operations as defined below.

Definition 9: Addition is inhomogeneous, that is, addition of corresponding terms in the line-
sequences, together with the inhomogeneous constant £. Thus,

iy = g+ i o (4.4)
wherei=i'+i"+k and j=j + j" +k.

Definition 10: Multiplication by a scalar 4 is defined in the sense of repeated addition. That is,

Iy =iy @5
where A is a scalar, i = hi' +(h—1)k, and j=H'+(h—1)k.
Definition 11: The inner product of two line-sequences is defined as follows:
(Jijp i, j) = C+ )@ +E) +(J+E)(' +K). (4.6)

Two line-sequences are said to be orthogonal if and only if their inner product is zero, normal
if and only if one's self inner product is one. The length of a line-sequence is defined as the (posi-
tive) square root of its inner product with itself.

Furthermore, let J, , denote the additive identity, then, for an arbitrary line-sequence J, ;,
we have J, , +J; ;=J, ;. However, by (4.4), we have J, , +J; ; =J, sirk u+j+k- Therefore,
u, = u, = —k. So we find the additive identity

Jopopi—k,—k [k, —k],—k,—k, ... 4.7)
On the other hand, the line-sequence of the additive identity must be translationally invariant,

namely, ¥, = u, =u,. By (4.4), u, = cu, +bu, +k, so we must have u, = -k /(c+b-1).
Comparing these results, we arrive at the condition between the anharmonic parameters:

c+b=2. (4.8)

Then it is obvious that the set J of anharmonic line-sequences together with the inhomogeneous
operations defined above constitute a vector space referred to as an inhomogeneous-anharmonic
(IA-)space.
Let J,
the following combinations of basis pair choices, differing in parity: J,_, _, or J_;_;, , and J_, ,

4 and J, , denote the pair of basis vectors. The orthogonality requirement leads to

orJ 4 14
We choose the following combination consistent with previous works, with both the anhar-
monic parameters and the inhomogeneous constant specified:
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2
Jl_k,_k(c,b;k):...,c;b —k,~§—k,[l—k,-k],c—k,cb—k; (4.9)
. b 1 2
Joace @B )1, =k [k 1=R) bk, e B~k (4.10)
C

If ¢ = b =k =1, this pair reduces to the harmonic basis pair (1.3) and (1.4) above. If k =0, it
reduces to the homogeneous basis pair (see [3], (4.2) and (4.3)). An arbitrary line-sequence in
this space can be resolved into its basis components according to the formula:

Ji,j = (i+k)J1—k,—k +(j+k)-]—k,1_k. (4.11)
Note that putting s = -1 in (4.5) gives
—Ji; = ik 4.12)

This is the negative element equation, which reduces to (2.8) if £ =1.
Putting 2= 0 in (4.5) gives
0J,, = J g s (4.13)
This is the zero multiplication equation, which reduces to (2.12) if £ =1.
Note that
bk =S (4.14)

which confirms that J_ «.— 18 indeed the additive identity.

5. THE HOMOGENEOUS ANHARMONIC CASE

It is also possible to combine line-sequences generated by (4.1), but with different inhomoge-
neous constant terms. To avoid confusion, we represent the set of line-sequences under these
types of operations by H, ;(c,b; k). We define the following operations.

Definition 12: Addition of two line-sequences is defined as addition of corresponding terms in
the line-sequences:
H, (.5 k) = Hy (.5 k) + Hy (b k), 5.1)

where i =i’ +i", j=j'+j",and k =k’ +k". We refer to this as homogeneous addition.
The additive identity is, of course, H, y(c,b; 0), namely, a sequence of zeros, and the inverse
element of H, ;(c,b; k) is H_; _;(c,b;— k).
Definition 13: Multiplication by a scalar 4 is defined as
}Ii:j(c’b; k):hHi’,j'(c)b; k’)) (52)
where A is scalar, i = hi’, j=hj’, and k = hk’. We refer to this as homogeneous multiplication.

Definition 14: The inner product of two line-sequences is defined as follows:
(H, , H, )=@+k)@"+k)+(+E)(' + k). (5.3)

i, J'
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Two line-sequences are said to be orthogonal if and only if their inner product is zero, normal
if and only if one's self inner product is one. The length of a line-sequence is defined as the
(positive) square root of its inner product with itself.

Thus, it is clear that the set A of line-sequences spans a vector space, referred to as a homo-
geneous-anharmonic (HA-)space. Obviously, the set of basis of this three-dimensional space is
given by:

2 P
Hlo(c,b;O):...,ﬁél)——,—é,[l,O],c,cb,...; (5.4)
? C C
-b 1 2.
H,(c,b;0):...,—,—,[0,1],b,c+b",..; 5.5
’ C C
n, b—c -1
Hyofe.5 1.y 755, =2 10,0, LB +1,.... (5.6)
C

An arbitrary H line-sequence can then be decomposed into its basis components as follows:
Hi,j(C, b; k) =iH, o(c,b; 0) + JHy (¢, b;0)+ kH, o(c,b;1). 5.7

Since the operations employed in [1] are basically compatible with the homogeneous opera-
tions, many results arrived therein can be derived directly in terms of H line-sequences, but not
directly in terms of 7 line-sequences, which undergo inhomogeneous operations. Following are
some examples.

Example 13: From (5.1), we have

Hyo(LL D =H,(LL0)+H,, (1,1 1), (5.8)
which corresponds to (1.4) in [1];

H,(1L,;, )= Hy,(1,1;0)+H, (1,1, 1), (5.9)

which corresponds to (1.14) in [1];
H, (L1, 1) = H,,(1,1;0) + Hy o(L, 1, D, (5.10)

which corresponds to (1.22) in [1]; and so forth.

Example 14: Substituting c=b =1 into (5.7), we obtain
H,](l’ l: k) = lHl,O(l’ 1) O) +jH0,1(13 1: O) + kHO,O(la la 1)5 (5 1 1)
which corresponds to (2.2) in [1], or to (1.13) in [1]if k£ =1.

Substituting (5.8) into (5.11) and using (5.2) and the distributive property of multiplication,
we obtain

H, (L1 k) =iH, ,(11; 0) + jH, ,(1,1; 0) + kH, (L1, 0) + H_ (L, 1; k), (5.12)

which corresponds to (2.3) in [1]}, orto (1.6) in [1]if k=1.
Using (5.1) and (5.2), we have

Ho,o(l, Lk)= 1:11,2(1: Lk) ‘Hl,o(l, L 0)- 2Ho,1(l, 1, 0).
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Substituting into (5.11), we obtain
H ;(LL k)=~ k)H o(1,5 0)+(j—2k)Hy (1L, 0) + kH, 5(1,1, 1), (5.13)

which corresponds to (2.6) in [1]. It reduces to (1.33) in [1]if £ =1. And so forth.

Following is a table of some equivalence and correspondence (— ) relations.

TABLE 1. Some Equivalence and Correspondence Relations

No. Relations References
L J,0L0=F, [31,(1.3)
2 1 Jeb0)=G,; [31.(4.1)

3 J,.’j(l,l; 1):[“ (1.1)

4 | H,(L0)—>F, [1], p. 193
5 | H(LL D —e, 1, (1.2)
6 | H,0,L)—>c; (1, (1.3)
7 | Hyo(LL) > 1, (1.4)
8 Ha,b(l, LD —>c,(a,b) |[1], (1.5)
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1. INTRODUCTION

Fix a natural number, n>2, as our base. For a a natural number, define s(a) to be the sum
of the digits of a written in base n. Define v(a) to be the number of digits of a written in base »,
ie, @1 <a<n”®  Fora and b natural numbers, denote the product of @ and b by a*b. For
a and b natural numbers written in base », let ab denote the concatenation of @ and b, i.e., ab =
axn"® +b. Denote concatenation of k copies of a by a,, i.e.,

nk*v(a) -1

a, =a+a*n”@ +axn**" @ ... @rp¢H@ BARTO
n p—

Definition: We say a is an n-Niven number if a is divisible by its base » digital sum, i.e., s(a)|a.

Example: For n=11, we have 15=1x11+4x1, so s(15)=1+4=5. Since 5|15, 15 is an 11-
Niven number.

It is known that there can exist at most 2*# consecutive n-Niven numbers [3]. It is also
known that, for n =10, there exist sequences of twenty consecutive 10-Niven numbers (often just
called Niven numbers) [2]. In [1], sequences of six consecutive 3-Niven numbers and four con-
secutive 2-Niven numbers were constructed. Mimicking a construction of twenty consecutive
Niven numbers in [4], we can prove Grundman's conjecture.

Conjecture: For each n>2, there exists a sequence of 2xn consecutive #-Niven numbers.

Before giving a constructive proof of this conjecture, we give some notation and results that
will give us necessary congruence conditions for a number, &, to be the base n digital sum of the
first of 2*n consecutive n-Niven numbers, £.

For any prime p, let a(p) be such that p*P) <n but pP+1 >n. For any prime p, let b(p) be
such that p?(P|(n—1) but p?P*f(n-1). Let pu =TI, paP)->/.

Theorem 1: A sequence of 2%n consecutive n-Niven numbers must begin with a number con-
gruent to #**” —n modulo #**” (but not congruent to #**"*'—n modulo »**"*') for some
positive integer m.

Proof: 1t is shown in [3] that the first of 2%n consecutive #-Niven numbers, £, must be
congruent to 0 modulo 7. Suppose f=n" —nmodn™ but B#n™* —nmodn™*'. We will
show that u|m’. It is enough to show pa(P-t(P)|m' for all p. Among the n consecutive numbers
s(B), s(B+1),...,s(B+n-1), there is a multiple of p?(P. Similarly for s(f+n), s(B+n+1),...,
s(f+2xn—1). By the definition of an n-Niven number, this means p*P)|s(8 +i), s(B8+1)|(B+i),
pP|s(B+n+j), and s(B+n+ j)|(f+n+j) forsomei,jin0,1,...,n—1. But s(B+i)=S(B)+i
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and s(B+n+j)=s(P)+n+ j—m'*x(n-1). So, p*P|(n+ j—i) and p*P|(n+ j—i—m'*(n—1)),
and therefore, pa(P|m'+(n—1). Since p’(® is the highest power of p dividing #—1, we obtain
pa(P)‘b(P)lm’ . O

Corollary 1: A sequence of 2xn consecutive n-Niven numbers must consist of numbers having
at least u digits written in base n.

Another result of this theorem is to get restrictions on the digital sum, &, of the first of 2xn
consecutive n-Niven numbers.

Corollary 2: 1If a =s(f) for S the first of 2xn consecutive n-Niven numbers, then for m as in

Theorem 1 and for

y=lem(a,a+1,...,a+n-1) €))

and
v'=lem(a+n—prmx(m-1),a+n+l-pusxmx(n-1),...,a+2*n—1—-puxmx(n-1)), (2)

we have ged(y, y')|uxm*(n—1).

Proof: For f the first of 2+n consecutive n-Niven numbers and for ¢ the base » digital sum
of 3, since #=0 mod n, we get

(a+i)|(f+i)fori=0,1,...,n—1
and, by Theorem 1, we get

(a+n+j—pxmx(m-1)|(B+n+j)forj=0,1,..,n-1.

These imply f=a mody and f=a— pu*m*(n—1) mody’. These two congruences are compat-
ible if and only if gcd(y, ") | u*xm*(n—1). O

Finally, we will need the following three lemmas in our construction.

Lemma 1: For 6 =lcm(y,y’) there exist positive integer multiples of §, say k*J and k'*6 so
that ged(s(k * ), s(k' *5)) = n—1. Further, this is the smallest the greatest common divisor of the
digital sums of any two integral multiples of & can be.

Proof: Since (n—1)|5, we see that (n—1)|k*J for any k €Z. Since n—1 is one less than
our base, (n—1)|s(k* ), so the smallest the greatest common divisor can be is 7—1.

Now let aab0, be the base n expansion of § with a and b nonzero digits and a a block of
digits of length £’. We can suppose without loss of generality that a ends in a digit other than
n—1, for if it does end in n—1 we can consider (n+1)*& in place of §. Since § <n***2 there
is a multiple of & between any two multiples of n**¥*2 so there is some multiple of § between
(n—1)xn****2 and n****3, i.e., some K so that the base n representation of k x5 is (n—1)a’ with
v(a') =L+ +2. Then, for k =x*n***2+1and k' = (n*2**+ + D) x k, we get (n—1)a'aab0; as
the base n representation of k*J and (n—1)a’a(a+1)(b—1)a’aab0, as the base representation of
k'«x5. Then we see s(k*5)=n—1+s(a’)+s(a) + s(a) + s(b), while s((k'*5)) =n—1+2x*s(a’)+
2xs(a)+2*s(a)+1+2%s(b)—1; thus, s(k'*8)=2*s(k*5)— (n—1). This means gcd(s(k *9),
s(k’*x0))=n-10

Remark 1: Tt follows from the proof that we can choose 4, £’ in the lemma with v(k*J) <
542%£+2+0" and v(k'*8)<9+3xL+4x{" when 6 [or (n+1)*d if a ends in n—1] has
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£+£'+2 digits in base n. Since £ is the number of terminal zeros in § and £’ is the number of
digits strictly between the first and last nonzero digit of &, we have

V(k*8) < 5+2(0+07) < 5+2% (V&) - 1).
Since & < (@ +n—1)**", we have V() < 2*n*(log,(a +n—1)+1).. This inequality leads to
v(k*8) < 5+2%(2*nx(log, (@ +n-1)+1)-1) < 5+4xn*(log, (o +n-1)+1).

Similarly,
v(k *38) < 2%(5+4x(n*(log, (@ +n—1)+1))).

This comes into play in constructing a "growth condition" in the next section.
Lemma 2: For any positive integer z, if @ =z mod y, then (n—1)|(a - 5(2)).

Proof: This is equivalent to showing « = s(z) mod (n—1). We know z = s(z) mod (n—1) as
n—1 is one less than our base. Since (n—1)|y, we get z= a mod (n—1) which, taken with the
previous congruence, gives the result. O

Lemma 3: For positive integers x, y, z, if gcd(x, y)|z and z>x*y, then we can express z as a
nonnegative linear combination of x and y.

Proof: That we can write z as a linear combination of x and y follows from the extended
Euclidean algorithm. To see that we can obtain a nonnegative linear combination, suppose z =
rxx+t*y. Since x, y,z> 0, at least one of » and 7 is positive. If they are both nonnegative, we
are done, so suppose without loss of generality that 7 <0. Then z=z+(y*x—x*y)=(r +y)*x+
(t—x)*y. We can repeat this until we have a nonnegative coefficient on x, so assume without
loss of generality that »+y > 0. If r—x >0, then we have a nonnegative linear combination and
so are done. This means we are left to consider » <0,7>0,7+y >0, and #—x <0. However, if
z=rxx+t*y with 7 <0,x >0, then #*xy >z so that (t—x)*y>z—x*y >0 by hypothesis. But
y>0and (f—x)*y >0 means #—x >0, a contradiction. O

2. CONSTRUCTION

In this section we shall construct an o that can serve as the digital sum of the first of 2%n
consecutive n-Niven numbers. We then use this @ to actually construct the first of 2%# con-
secutive n-Niven numbers, £, with a = s(ff). We present the construction using the results of the
previous section. In that section, we derived congruence restrictions on the digital sum of the first
of 2xn consecutive #n-Niven numbers (if such a sequence exists). We now use these restrictions
to construct such a sequence.

Let a(p), b(p), and u be as in the previous section. For our construction, we specifically fix
m=[1,» p. For p a prime, define c(p) by
P°P|(uxmx(n—1)—i) forsomei=12,..., 2%n-1

and
PO (uxmx(n—1)—i) foranyi=12,..,2%n—1.

To produce an « satisfying gcd(y, ¥')|uxmx*(n—1), we impose the following condition.
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Congruence Condition I: For all p|n with c(p)> a(p), we require

a=12,.., p“P*"—pn mod pa»H
or
a+n—pxmr(n-1)=1,2,.., p?»*+ —pmod pa* 3)

This assures that the "prime to " part of ged(y, y') will divide p*(m—1). But, for p|n, we
require stronger conditions in order to have an a for which ged(y, /)| pxm*(n-1).

Congruence Condition II: For all p|n, we require both of the following:
a+n—prmx(n-1)=12, ..., p*P*? —nmod p*P*?, @
a = p*PH —pmod pUPHH, &)

Remark 2: There exist o simultaneously satisfying these conditions. It is clear we can find an
satisfying Condition I for every p. For Condition II, (5) is equivalent to

a=pPri_p 2% piPH_p | px paP—p mod paPi2, 6)

Then (4) restricts o to one of p*P*2 —n consecutive residue classes modulo pa(P*2 but at least
one of these must also be a solution to (6) since those solutions are spaced every p*P*1. and
PP > implies p*(Pr*2 —p > palp)tt,

Finally, as there are infinitely many o satisfying Congruence Conditions I and I, we are free
to choose one as large as we like. We choose a large enough to satisfy the following

Growth Condition:
a>n-D)x(uxm+2xnx(log,(a +n-1)+1))

+(n—1)**2x(5+4xn*(log,(a+n-1)+1)%. @)

Again, it is possible to find such an « because the left-hand side grows linearly while the
right-hand side grows logarithmically in .

Theorem 2: Any o satisfying Congruence Conditions I and IT and the Growth Condition is the
digital sum of the first of 2xn consecutive n-Niven numbers. In particular, for each n>2, there
exists a sequence of 2xn consecutive #-Niven numbers.

Proof: We start with an o satisfying Congruence Conditions I and II and the Growth Con-
dition. For y = lem(a,a+1,...,a+n-1) and y'= lecm(a+n—puxmx(n-1),..., a+2*n—-1-
pxmx(n—1)), we can solve

b=amody and b=a—uxm+(n-1) mody’'. ®)
To see this, note that, for p/n, we have vp(,u*m*(n—l)) =a(p) and Congruence Condition I
assures that v,(ged(y, 7")) <a(p). For p|n, we have v,(uxm*(n-1))=a(p)+1 and, by (5),

vp(ged(y, ¥") <a(p).

Let b be the least positive solution to (8). Any other solution to (8) differs from the minimal
positive one by a multiple of § =lcm(y,y’). We can modify b by adding multiples of § to create
a number, &', so that
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b' =n**" —n mod n#*"
but )

b $ ny*m+l —-n mod n,u*m+1.

This is possible by Congruence Condition II: For p|n, Condition II assures that o = p?(P)*1 —p
mod p*P* Since puxm*(n—-1)=0 mod pP* we have a+n—puxmx(n—-1)=0 mod
p*P*1 Now (8) assures b+n=0 mod p*P+1. By Condition II, v,(5) < a(p) +1=v,(u*m), so

b=n"""—n mod [| p®.
pln
This means we can add multiples of § to b to get b’ as above.
Our next task is to modify 5’ by concatenating copies of multiples of & so that we obtain a
number, S, with s(f)=a. Since § is less than the product of the 2%n numbers a,a+1,...,
a+2xn—1- usxmx*(n-1), the largest of which has v(a +n-1) <log,(a+n-1)+1, we get

v(6) < 2xnx*(log,(a+n—-1)+1).

Since b was the minimal solution to (8), we have v(b) < v(5). We created b’ by adding mul-
tiples of 6 to . Keeping track of the digits, we see that

v(d") < pxm+v(5)+1

as we modify b to get a terminal O with g*m—1 penultimate (n—1)'s. To do this by adding mul-
tiples of &, we will be left with not more than v(5) +1 digits in front of the penultimate (n—1)'s,
since we can first choose a multiple of & less than n*J to change the second base n digit (from
right) of 5 to #—1 and then choose a multiple of 7% & less than #**§ to change the third base »
digit (from right) to #—1, and so on. We continue until we add a multiple of #**™ %3 less than
n**" x5 to change the u*m base n digit to n—1. A final multiple of #**™'*& may need to be
added to assure that the u*xm+1 digit is not n—1.
Since each digit can contribute at most 71 to the digital sum, we get
5(6)<2xnx(log,(a+n-1)+1)x(n-1)
and
s(®) < (uxm+2xnx(log,(a+n—-1)+1))*(n—1).
Since b’ =b=a mod y, Lemma 2 gives (n—1)|(@—s(b’')). By Lemma 1, there exist ¥ and &’ so
that ged(s(k * 8), s(k’' *5)) = n—1; thus,

ged(s(k *6), s(k'*5))|(a - s(6).
Remark 1 says that our k£ and £’ may be chosen so that

s(k*0) < (n—1)*(5+2*(2*n*(log(,,)(a +n-1)+1)))

and
s(k’*5)$(n—1)*2*(5+2*(2*n*(10g(n)(a+n—l)+l))).

These two inequalities and the Growth Condition assure a —s(b’) > s(k %) * s(k’*5), so we can
use Lemma 3 with z=a —s5(§"), x=s(k*6), and y = s(k’*5). We conclude that there are non-
negative integers r and 7 such that o — s(b’) =r*s(k* ) +1*s(k’*5). But then
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a=rxs(kx8)+txs(k'*S5)+s(b"), so
a = s((k*5),(k'*5),b").
Using (k*98),(k'*6),b' =n**" —n mod n**" we get
a+i=s((k*9),(k'*5)b" +i)

and (10)
a+n+i—prmx(m—1)=s((k*5),(k'*5),b' +n+i)

fori=0,1,...,n—1. Since (k*J),(k'*5),b'=bmod &, (8) assures

o @+ 1)|((k#8), (k' 8) b +1) -

(a+n+0)|((k*3),(k'*3),b' +n+i)
foralli=0,1,...,n-1. By (10), (11), and the definition of an n-Niven number, (k *&),(k’'*5),b’

is the first of 2*n consecutive n-Niven numbers. [

Remark 3: We note that we have proved something stronger than the theorem, namely, that
there exist infinitely many sequences of 2*n consecutive n-Niven numbers, since there exist
infinitely many o satisfying Condition I, Condition II, and the Growth Condition.

3. EXAMPLES

Example 1: For n=2 we get u=2,m=2, and the conditions (3)-(5), (7),

a=0,1 mod3,
a=6 mod8,
a >36033.

Taking, for example, @ = 36046, we get the base 2 representations:
b =15001,0101;0010010101,0;101101051,0,1010, ;

0 =101;01101101011010110110,1001101010101051,01001,005.

Then, letting b’ = b+7%J, we get the right number of penultimate 1's:
b’ =1011001,001,00101010,1101010;110110150,1,01;0101,0,,.
We easily see that s(b")=37. Now we want to follow Lemma 1 to get multiples of & with rela-

tively prime base 2 digital sums. First, we want 6’ = (n+1)*J as a has a terminal n—1. Using ¢’
in place of &, we get k =2%2%? +1 and k' = (2" + 1)k = 2" +2'22 + 2% 1+ 1. Then we see that

k*&' = 10,110010010,10,10,10,1,001,0101,01,011010,10,
110010010,10,10;1051;001,0101,01,0110100,,,
with s(k*0")= 64 and

k'8 = 10,110010010,10,10,10,1,001,0101,01,011010,
10,110010010,10,10,10,1,001,0101,01,01,0,
110010010,10,10,10,1,001,0101,01,011010,10,
110010010,10,10,10,1,001,0101,01,0110100,,,
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with s(k’*67)=127. It is easy to see that

a—s(b)=36009=517+64+23%127 =517 xs(k x5+ 23x s(k' # 5"),
so
S((k*0")517(k"%5"),3b") =36046 = .

Thus, (k*6")s,,(k’'*8"),5b" is the base 2 representation of the first number in a sequence of 4
consecutive 2-Niven numbers.

We note that the Growth Condition, while assuring we can get o as a digital sum, results in
large numbers. In practice, much smaller o satisfying Congruence Conditions I and II can be
digital sums of 2*n consecutive n-Niven numbers.

Example 2: For n=2, we get u=2,m=2 and the congruence conditions @ =0,1 mod 3 and
a=6 mod 8. a =6 is such an a (although it clearly does not satisfy the Growth Condition).
This leads to b =342 =101010110,) and § =420=110100100,,. It is easy to see that f=b+
14%6 = 6222 has base 2 expansion 100001001110, so s(#)=«. This means S is the first of
a sequence of four consecutive 2-Niven numbers.
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1. INTRODUCTION

In [6], Juan Pla proved the following interesting theorem.

Theorem 1.1: Let h, be the general term of a given sequence of integers such that

h,.,=h,, +h, where h and A are arbitrary integers. Let ¢ be an arbitrary integer other than

-2, -1,0,and 1. Let D be any divisor of c* +c—1 other than 1. Then, the sequence {w,}, where
w, =ch,,, —h,, for n>0, is such that either (a) D divides every w, or (b) D divides no w,,.

n

We would like to point out a more interesting fact that, essentially, the above theorem is the
corollary of the following.

Theorem 1.2: Let {f,} be the Fibonacci sequence, that is, f, =0, f,=1, and f,,, = f,,, + f, for
n>0. Let f(x)=x>—x—1. Then, for n €Z, we have

x"= fx+f,_, (mod f(x)). 1.1

Proof: Equation (1.1) holds for n=0 since x°= f;x+ f,. Assume that (1.1) holds for

n=k, k>0, that is, x* = f,x+ f,_, (mod f(x)). Then x**'= f,x* + f,_x=f,(x+ D)+ f,_x=

JSesrX+ f (mod f(x)). This means that (1.1) holds for all #>0. Now assume that (1.1) holds

for n=—k, k>0, that is, x* = f ,x+f,, (mod f(x)). Then x™*'=f,+f, x' (mod

F(x)). Since x(x—1)=1 (mod f(x)), we have that x™' = x—1 (mod f(x)), and so x * ' = f +
Sop(x=1) = f X+ f 4, (mod f(x)). This means that (1.1) holds also for all n <0. O

Now we apply Theorem 1.2 to prove Theorem 1.1. We have h,=hf,+hf,_, and h, , =

W f, +hf, for n20 (see [2]), whence w, = -~ (—f,.c+ 1) —h(=f,c+ f,_1). In(1.1), taking
x=—c, we get w, = ~h(~c)"" = ()" = (—¢)"(ch — k) = (~¢)"w, (mod(c*+c—1)). Since D
divides ¢*+c~1 and D>1, we have gcd(c, D)=1. If D divides w, for some n>0, then D
divides w,. This leads to the fact that D divides w, forall n>0. O

In this paper we generalize the result of Theorem 1.2 to the case of k™-order homogeneous
recursion sequence with constant coefficients in Section 3. In Section 4 we generalize the inter-
esting result of Theorem 1.1, correspondingly, i.e., we give and prove the main result of this
paper. Some necessary preliminaries are given in Section 2.

2. PRELIMINARIES

Let the sequence {,} = {h,},,, be defined by the recurrence relation

Bove = Py + o+ ap B tah, 2.1
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and the initial condition

}b = CO’ hl = Cl’ ceey hk—l - Ck_l, (2.2)
where a,,...,a, and ¢, ...,c,_; are constants. Then we call {4} a k™M-order Fibonacci-Lucas
sequence or simply an F-L sequence, and we call 4, the " F-L number. The polynomial

f)=xf-ax*"'—...—q,_x-aq, (2.3)

is called the characteristic polynomial of {#,}. If f(6)=0, then we call § a characteristic
root of {h,} . The set of F-L sequences satisfying (2.1) is denoted by Q(a,, ...,a,) and also by
Q(f (x)).

If g, # 0, then (2.1) can be rewritten as

b=t =l = —a i) a, (2.4)
whence, from the given values of Ay, A, ..., h,_,, we can calculate the values of /_,,h,,.... There-
fore, in the case a, # 0, we may consider {4,} as {h,}*. For convenience, we always assume that
a, #0 whenever we refer to Q(ay, ..., a;).

Obviously, Q(a,, ..., a;) is a linear space [3] under the operations {4} + {w,} = {h,+w,} and
AMh)={ih}. Let 4P}, 0<i<k-1, be a sequence in Q=Q(a,, ..., a,) with the initial condi-
tion #) =5, for 0<n<k—1, where § is the Kronecker function. Then we call {#{’} the i"
basic sequence in Q. Construct a map, Q — R¥ such that each sequence {h,} €Q, with initial
condition (2.2), corresponds to (¢, ¢, ...,¢;_;). Clearly, this map is an isomorphism, and the
basic sequences {#”}, ("}, ..., {u{¥""} form a base in Q. Thus, we have the following lemmas.

Lemma 2.1: Let Q=Q(a,,...,a,). Let P}, 0<i<k-1, be the i basic sequence in Q and let
{h,} be an arbitrary sequence in Q. Then {4,} can be represented uniquely by {#”}, {u{"}, ...,
{u*}, as

k=1
h,=Y hu® fornel. (2.5
i=0
Lemma 2.2: Under the condition of Lemma 2.1, we have
k=2
By = (ahy_ +ash, o+ +ah)ul ™+ byl fornel. (2.6)
i=0
Proof: Let {w,}=1{h,.,}. Thenw,=h,...,w,_, =h,_, and (2.1) implies w,_, = h, =ah,_, +
ah,_, + - +a.hy. Thus, the lemma is proved by Lemma 2.1. O
In (2.6), replacing {A,} by {#{”}, ..., {ut*"D}, respectively, we obtain

Lemma 2.3: Let {u,(,’)}, 0<i< k-1, be the i™ basic sequence in Q(ay,...,a,). Then, for neZ,

we have

o)

O =au*D and 49 =a,_uFV+ul™ forl<i<k-1. 2.7

Lemma 2.4: Under the condition of Lemma 2.3, we have

i
U =Y a, , uD i=0,.. k-1 neZ. (2.8)

J=0
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Proof: From (2.7), (2.8) holds for i =0. Assume (2.8) holds for i, 0<i <k —1. Then (2.7)
and the induction hypothesis imply that

G+l _ (k=1) i) _ (k- k-1
Uy, = Oty T U S = Doyl )+Zak—l+jur(t— —)j

i+l
k-1

= Z Qpe—(i+1)+ ju;(r—l-)j,
j=0

and we are done. O

From (2.7) and (2.8), we observe that the (k +1) basic sequence in Q(q,, ..., a,) plays an
important role, so that we call it the principal sequence in Q and denote it by {#* "} = {u}.
Now, substituting (2.8) into (2.5), we get
Lemma 2.5: Let {u,} be the principal sequence in Q=Q(a,,...,a,). Let {h,} be an arbitrary
sequence in 2. Then

k-1
By=Y by, ; forneZ. (2.9)
i=0

where
—1-i

3. A PROPERTY OF THE CHARACTERISTIC POLYNOMIAL
OF A k™-ORDER F-L SEQUENCE

Theorem 3.1: Let {u®}, 0<i<k—1, be the i™ basic sequence in Q(f(x)), where f(x) is
denoted by (2.3). Then

(@) x"= kz—‘fuf,")x’ (mod f(x)) forn eZ. (3.1

i=0
(b) If, besides (3.1), we have x" =
k —1) is independent of x, then ) =v® i=0,.. k-1.

'vix' (mod f(x)), where each of the v{)'s (i =

lOn

Proof: Part (b) is proved by the uniqueness of the remainder of x" over f(x). Now we

must prove part (a). By the definition of {#’}, i=0,...,k—1, (3.1) holds for n=0. Assume that
(3.1) holds for n=m, m>0. Then, from the mductlon hypothe51s and (2.7), we have
k=1 k=2
W= x Y uy = uDyk 4 Z Uy
i=0 i=0
i+1

= D(ax "+ +a,_ 1x+ak)+Zu(')x
i=0

k-1
k- k- i—1)y i
= aguy ™+ (@ +ul )y =Zu§n’llx (mod £ (x)).
i=1 i=0

This implies that (3.1) holds for all n>0.
Now assume that (3.1) holds for n=-m, m>0. Then

1997] 131



A GENERALIZATION OF THE "ALL OR NONE" DIVISIBILITY PROPERTY

-1
xm ey ‘1(2 u(’)x) uD x4+ uOx™ (mod £ (x)). (3.2)
i=1
From x(x*!—ax*?2~...—a, )=a, (mod f(x)) and a, # 0, we obtain
= —axt - —ay )/ a, (mod f(x)). (3.3)

Substituting (3.3) into (3.2) and noting that 9 / a, = u*™") we get, by (2.7)

A
k-1

—m=1 _ N @) il (k=D k=l o k=2

x =Z“—mx +ul, (x ax @)
i=1

= uk-Dxk- 1+Z(u(') —a,_u- D)x'!

—m-1

k-1
R S = 5, nod 1),

A Z
This implies that (3.1) holds also for n<0. O

Corollary: Under the condition of Theorem 3.1, if f(6) =0, then
k-1
6" =>ul¢ fornek. (34
i=0

It can be observed that the results in [1], [4], and [S] may be obtained easily by using (3.4).

4. A GENERALIZATION OF THE "ALL OR NONE"
DIVISIBILITY PROPERTY

Theorem 4.1: Let {h,} be an arbitrary sequence in Q(a,, ..., a,) = Q(f(x)), where a,, ..., a, are
integers and f(x) is denoted by (2.3). Let c€Z, f(c)#*l. Let D be a divisor of f(c) other
than 1, and gcd (¢, D) = 1. Suppose that

Wy, _ng l—l(c) n+k~1-i > (41)
where )
k=1-i )
g () =x*" and g_,_,(x)= Z A x**/ for1<i<k-1. 4.2)

Then either D divides w, for all »>0 or D divides no w,,.

To prove the theorem, we need the following lemmas.

Lemma 4.1:

k-1
> 8i1-i ()t = x" (mod £ (x)), (4.3)
i=0

where {u,} is the principal sequence in Q(f(x)).

Proof: Let {u}, 0<i<k-1, be the i basic sequence. From Theorem 3.1 and Lemma
2.4, we have
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k—
EZ(; (t)x —x u +Z Zak t+itn-1-i
=i i=

k—=2—i

=x""u, +Zu__12ak X! "Z”n o Eahm] X4 gy

= Z” —1-i8—2—i (%) + &1 (), = ng 1= (¥, (mod f(x)). O

i=0

Lemma 4.2: =l ,
2 b =w, (4.4)
i=0
where b (0<i<k~1) is denoted by (2.10).

Proof:

k=l oy 2 l
- -
Z be =h_ "+ Zbk—l—(k—l——i)c
i=0

i=0
oy B2 oy 2 k=2 _
f— - 1 - -
=m_ o+ Zc Zak—i+j'hk—2—j' =m_c +th—2—jzak—i+jd
i=0  j=0 j=0 i=j

k=2—-y

k=2
=y lc ’*‘th —2- Z a2+;+z o :hk—lgk—l(c)+th—Z—jgk—Z—j(c)
J=0

k-1
= Z i1 ;i =W,

j=0
by (4.2) and (4.1). O
Proof of Theorem 4.1: From (4.1) and Lemma 2.5, we have

-1

z k—l—j(c) n+k—1-j zgk l—j(c)zbk 1-i n+k—-l—j—1

Jj=0
k-1 k-1

by 1~lzgk~l—j(c) ntk—1—j—i-
i=0 Jj=0

In Lemma 4.1, taking x =c, we get
= | +h—1—i
ng—l— j(c)un+k—l— j-i = ¢ " (mod £(c)),
j=0
whence, from Lemma 4.2,

k- ) k-1 .
Wy = 3 B =Y b = g (mod £(c)).
i=0 i=0

Because ged(c, D) =1, if D divides w, for some n >0, then D must divide w,, so D divides w,
foralln=0. O
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Example 1: Let f(x)=x—x>-x-1,thenk =3, ay=a,=a;=1. Let c=-2, then f(c)=~11.
Take D =11, then ged(c, D)=1. Assume that {4} eQ(f(x)) and h,=0,l=h,=1. From
(4.2) and (4.1), we have g,(c)=(-2)*=4, g(c)=1x(-2)+1=~1, g,(c)=1x(-2)=-2, and
w, =4h,,,—h, ., —2h,, respectively. Since w, =4h,—h —2hy=3 and 11 does not divide 3, thus
11 divides no w,,.

Example 2: Let f(x)=x’-x*+2x-3, then k=3,a,=1a,=-2,a,=3. Let c=3, then
f(©)=21. Take D=7, then ged(c,D)=1. Assume that {i,} €Q(f(x)) and that hy=h,=1,
h,=-1. From (4.2) and (4.1), we have g,(c)=3%>=9, g,(c) =(-2)x3+3=-3, g,(c)=3x3=9,
and w, =9h,,, —3h,,, +9h,, respectively. Since w, = 9h,—3h+9h,=21 and 7 divides 21, thus 7
divides w, for all n>0.

Concluding Remark: Theorem 3.1 can be seen in [7], which was published in Chinese in 1993.
Some other applications of Theorem 3.1 and its corollary to the identities involving F-L numbers,
congruence relations, modular periodicities, divisibilities, etc., are also stated in [7].
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In [2], Cooper and Kennedy note the following: If

x, =ax,_ +bx, ,+cx, 5, )

n

then
x2 = Ax: , +Bx? , + Cx? o+ Dx? , + Ex?_ + Fx2 , )

where the coefficients A4, B, C, D, E, F' may be expressed in terms of @, b, c. They ask: Is there a
similar formula for third powers? The answer is: YES. The reason is the following: Sequences
which are solutions of linear recurrences with constant coefficients have ordinary generating func-
tions which are rational. Conversely, if a rational function has no pole in z = 0, its Taylor coeffi-
cients fulfill a linear recurrence with constant coefficients. If

fi=>az" and g:=>) 57" 3)

n20 n>0

are two (formal) series, their HADAMARD product is defined to be

fog:= Zanbnz” : @
n20
And rational functions are closed under the Hadamard product! (See[1], p. 85.)

The larger (any maybe even more important) class of holonomic functions (solutions of linear
differential equations with polynomial coefficients) is also closed under the Hadamard product.
Their Taylor coefficients fulfill linear recursions with polynomial coefficients. There is a MAPLE
package, GFUN, which computes (among many other things) the Hadamard product (see [4]).

There is another very useful program, EKHAD, written by Doron Zeilberger [3], which should
be mentioned. With it, we find, for example, recursions for the d® powers of the Fibonacci num-
bers F, in almost no time. In the following, £ will be a solution of the given recursion.

Xpe2 ~ Xpal ~ Xy = 0,

Xp43 — 2xn+2 - 2xn+1 +Xx, = 0,
Xpva — 3xn+3 - 6xn+2 + 3xn+l +x, = 0,

Xpts — 5xn+4 - 15xn+3 +15x,,, + 5xn+1 X, = 0,

X4~ 8%,,s —40x,, 4 +60x, 5 +40x, ., -8x,,, —x, =0,

QU R QN RN
I

Il
[ A A

X7 —13x,,c —104x, s +260x,,, +260x,,, —104x,,, —13x,,, +x, = 0.
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1. PRELIMINARIES

Consider two sequences of polynomials {J,(x)}, the Jacobsthal polynomials, and {j,(x)},
the Jacobsthal-Lucas polynomials, defined recursively [3] by

Jn+2(x) = Jn+1(x) +2x‘]n(x)’ JO(x) = Oa Jl(x) = 1’ (11)
and

jn+2(x) = jn+1(x) +2)Cjn(X), jO(x) = 2’ jl(x) = 1’ (12)
respectively.

Observe that J,(1/2)=F, and j,(1/2)= L,, the n™ Fibonacci and Lucas numbers, respec-
tively. When x =1, we obtain the Jacobsthal and Jacobsthal-Lucas numbers [8], respectively.
(Other number sequences derived from (1.1) and (1.2) which are of some interest are generated
by x=1/4))

For {J,(x)} and {j,(x)}, the characteristic equation is

P2-21-2x=0 (1.3)
with roots
1++/8x+1
a(x) e — 2
2 (1.4)
1-/8x+1
Bl =27,
so that
a(x)+p(x)= 1,
a(x)f(x) =-2x, (1.5)
a(x)— B(x) = V8x+1=A(x),
whence
A(D) =3. (1.5a)
Moreover,

a?(x)+2x = A(x)a(x),} (1.6)

,82 (%) +2x = -A(x)B(x).

Comparison might be made between our definition (1.1) and that in [2] for Jacobsthal poly-
nomials. The correspondence is simple: x in [2] <> 2x in (1.1). While the nomenclature in [2]
serves a very valuable purpose leading to elegant results and extensions, we prefer to retain the
factor 2x for consistency with our notation for Pell polynomials [10].

To the best of my knowledge, properties of the Jacobsthal-Lucas polynomials defined fully in
(1.2), and the corresponding numbers [8] generated when x =1, are generally due to the present
author, as an appropriate companion to those of the Jacobsthal polynomials (1.1). (Our (3.10),

1997} 137



JACOBSTHAL REPRESENTATION POLYNOMIALS

(3.11), and (3.12) do occur in [12], though in a heavily camouflaged form.) When it is convenient
(e.g., for brevity), the polynomials given by (1.1) and (1.2) will simply be referred to collectively
as Jacobsthal-type polynomials, or, as in the title of the paper, more simply still as Jacobsthal
polynomials.

Aspects of Jacobsthal polynomials (1.1), which are documented in other sources (e.g., [1],
[2], [12]) will not in general be duplicated in this presentation, though the basic features must
recur.

Goals of This Paper

Aims of this presentation are:

(i) to exhibit some basic properties of the polynomials (Tables 1 and 2) which generalize the
properties of the corresponding numbers in [8];

(ii) to reveal some of the salient features of the diagonal functions generated by (1.1) and (1.2);
(iii) to examine the properties of the "augmented" polynomials developed from (1.1) and (1.2) by

the addition of an appropriate constant.

2. THE JACOBSTHAL-TYPE POLYNOMIALS

Tables 1 and 2 list the first few polynomials of (1.1) and (1.2) of these Jacobsthal-type
sequences.

TABLE 1. Jacobsthal Polynomials {J,(x)}:0<n<10

Jo(x)=0 Jo(x) = 1+8x +12x

Ji(x)=1 Jo(x) = 1+10x +24x? + 8x°
J(x)=1 Jo(x) = 1+12x +40x* +32x°

Jy(x) =1+2x Jo(x) = 1+ 14x +60x* +80x> +16x*
Jy(x) =1+4x Jyo(x) = 1+16x +84x* +160x> +80x*

J5(x) = 1+ 6x +4x*

TABLE 2. Jacobsthal-Lucas Polynomials {j,(x)}:0<n <10

Jo(¥)=2 Jo(¥) =1+12x +36x* +16x°

Ji(x) =1 Jo(x) = 1+ 14x + 56x* + 56x°
J(x)=1+4x Jo(¥) = 1+16x +80x* +128x> + 32x*
Ja(x)=1+6x Jo(x) = 14+ 18x +108x? +240x> + 144x*

Ja(x)=1+8x+8x*  j,(x)=1+20x+140x? +400x> +400x* + 64x°
Js(x) = 1+10x +20x?

Equivalent expressions for {J,(x)} in Table 1 are given in [2] with x <> 2x, as mentioned in
Section 1.
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3. BASIC PROPERTIES OF THE JACOBSTHAL-TYPE POLYNOMIALS

Generating Functions
E )y =(1-y-20%",
2.5y =+ 4 -y - 2077
i=1
Binet Forms

ERCCEC)

Jn(¥) = a"(x) + B7(x).

Simson Formulas
SO, () = THx) = ()" (20",
FuntC) s () = 2() = —A(0)(=D)"2x)™ }
= =N () (1 (O, 1 (%) — J2(x))

Summation Formulas

2 J(x) n+2(x) i

i=1
ij(X) - ]n+2(x) -1 )
=0 2x

Expiicit Closed Forms

J,(%) = Z ( ey,

n . (n;r)(zx)r.

jn(x)=§ —

Important Interrelationships

jn(x)J (X) = J2n(x) [by (33)a (34)]’
Jn(¥) = S (¥) + 2,1 (x) [from (3.1), (3.2)],

K, (0) = Jpaa (%) + 257, (%) [by (1.6), (3.3), B.4)],

J, () + j () =2J,,.(%) [a form of (3.12)],

B ), (0) + 1,(0) = 2 () [a form of (3.13)),

Ax)J, () + (%) = 22" (x) [by 3.3), (3.4)],

M) (%) = J, () = 2"(x) [by 3.3), (3.4)],

1997}

(3.1)

(.2)

(3.3)

(3.4)

(3.5)

(3.6)

G.7)

(3.8)

(3.9)

(3.10)

(3.11)
(3.12)

(3.13)
(3.14)

(3.15)

(3.16)
(3.17)
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(%) Jin () + T (%) Jin(X) = 2J 10 (%) [by 3.3), B.4)], (3.18)
Jn(0)J () + K ()], (), (%) = 2inx)  [by (3.3), B.4)], (3.19)
whence (m=n)
() + B ()T (x) =25, (), (3.20)
the left-hand side being a sum of squares. Putting m=n in (3.18) reduces the formula to (3.11).
Readers are invited to discover formulas corresponding to (3.18) and (3.19) when the + sign on
the lefi-hand side is replaced by a — sign (leading in the second instance to a difference of
squares).
A neat differentiation worth recording is

% =2nJ,_(x), (3.21)

which differs appreciably from analogous derivatives for other "Lucas-type" polynomials, namely,
those for which the initial term (i.e., when n=0) has the value 2 (see [7]). Less exciting is the
companion result

A%x)‘—”% =2nj,_,(x)-4J,(x). (3.22)

Column Generators of {J,(x)} and {j, (x)}

Formulas (3.1) and (3.2) disclose the methods for producing the polynomials {J,(x)} and
{j,(x)}, i.e,, the rows in Tables 1 and 2. Columns in Table 1 are readily seen to be generated by
CoA)°1-y7, CoM)1-)72, o) -1, o)’ A-»)", @oh) a-y)7, . e, the
r' column is born from

o)1=y (r=2)). (3.23)
The column generator for the 7 column in Table 2 is conceived to be
(2xy2)"1[ LN } r>1)
- -y
e (3.24)
A-yy

Associated Sequences

Suppose we define the k™ associated sequences {J®(x)} and {j¥(x)} of {J,(x)} and
{Jj,(x)} to be, respectively (k > 1),

JO(x) = JEP (x) + 280 (%) (3.25)
and
JP@) = jE0 ) + 2550 (), (3.26)
where J(x) = J, (x) and j(x) = j,(x). Accordingly,
JPx) = j,(x) by (3.12)] (3:27)
and
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JP ()= Kx)J,(x) by (3.13)] (3.28)

are the generic members of the first associated sequences {J"(x)} and {j\"(x)}.
Repeated manipulation of the above formulas eventually reveals that

{Jﬁ"">(x>:jf,”"‘“<x)= A7(x), (%), (3.29)
JEmD () = () = 87(3) ] (3).
Thus, for m=1n=35,
J§2)(x) _ js(l)(x) =(Bx+1)J5(x) = 1+14x +52x% +32x3,
{Jé”(x) = JP() = @ +1)js(x) = 1+18x +100x” +160x"

Another approach [7] may be employed to discover the formulas (3.29).

4. DIAGONAL FUNCTIONS

Inherent in the structure of {J,(x)} and {j,(x)} are the rising and descending diagonals which
are fashioned in a manner analogous to those for Chebyshev and Fermat polynomials [4], [5].

Rising Diagonals

Imagine parallel upward-slanting lines in Tables 1 and 2 in which there exist the rising diag-
onal functions {R,(x)} and {r,(x)}, respectively. Some of these are, say,

Ry(x) =0, R(x)= Ry(x) = Ry(x) =1, Ry(x) =1+2x,..., Ry(x) =1+14x+40x* +8x*>  (4.1)

and
1,(x) =2, n(x) =r(x) = 1, ry(x) = 1+4x, ..., 1o(x) = 1 +18x +80x” + 56x°. (4.2)
Generating functions unfold by the usual technique. We have
DR =(1-1-2x)" 4.3)
i=1
and
S =@ -H1-1-2x)" (4.4)
i=0
Alternatively, see (4.10),
S = 1+ 4x?)(1-1 - 2xr’) 7 4.4

i=1

Comparing (4.3) with (4.4), and taking into account the different initial values of i therein, we
arrive at

rn(x)= 2Rn+1(x)—Rn(x)’ (45)

ie.,
(%) + Ry (x) = 2R, (%), 4.5)'

which bears a formal correspondence with (3.14).
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Inherent in (4.3) and (4.4) are the recurrence relations (n > 3)

R,(x) =R, ,(x)+2xR, _5(x) (4.6)
and
1(x) =1,y (x) +2x7,_5(x). 4.7
Explicit closed forms are

R()= i(” 2 axy (439)

and ”

H n—-r(n-1-2r

r(x) = 1+rz=1 . ( )(Zx) 4.9)

Recall from (1.5) that 2x = —a(x)S(x), so that (4.8) and (4.9) allow us to express R, (x) and
7,(x) in terms of a(x) and B(x).

Combinatorial calculations (including Pascal's formula) may be employed to establish (4.8)
and (4.9) from the recurrence formulas. Proofs by inductive methods may also be applied, but
these are somewhat tortuous and are omitted as a leisure activity for the dedicated reader who can
convert a tedious activity into a pleasurable challenge.

From (4.5) and (4.6), it follows immediately (n — n+1) that

r,(x)=R,(x)+4xR, _,(x) (n=2). (4.10)
This result also follows directly from (4.4)". Combining (4.5)" and (4.10), we deduce that
P2(x) ~ R2(x) = 8xR, ()R, ,(x). (4.11)

Odadly, there is no result like (4.10) in which R (x) (possibly with a factor) and 7,(x) are
interchanged, as in (4.6) and (4.7), for descending diagonals. (Why is this so?) A similar situa-
tion exists for Pell-type polynomials (cf. [13]).

Differential equations (partial) of the first order are readily determined from (4.3) and (4.4)
on writing

R=R(x,0)=) R(x)" (4.12)
i=1
and
r=r(x =Y neor. (4.13)
i=0
These are
2 5; (1+6xt2)?£: 0 (4.14)
and
s or _ 2\ Or _
2t (51+R) (1+6xt¢ )5x_0' 4.15)

Theoretically, there exists a pair of ordinary differential equations derivable from R, (x) and r,(x)
(see [4], [5]), but so far their nature has not been vouchsafed to the writer.
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Coming now to descending diagonal polynomials, we encounter a surprisingly felicitous ease
with the mathematics (as also occurs, e.g., in [4], [5]).

Descending Diagonals

Formed in a similar way to the rising diagonal polynomials, except that we now imagine sys-
tems of parallel downward-slanting lines (cf. [4] for Chebyshev and Fermat polynomials), we
behold the descending diagonal functions {D,(x)} and {d,(x)}, respectively.

Some of these are, say,
Dy(x)=0, D(x)=1, D,(x)=1+2x, ...,
o (%) (%) ; z()3 ; @.16)
Dy(x) =1+8x+24x" +32x +16x

and
dy(x) =2, di(x)=1+4x, dy(x)=1+6x+8x> .,

(4.17)
dy(x) = 1+12x +56x* +128x° +144x* +64x°.

Patterns of behavior are readily discernible from the formation of the generating functions

S D, = [1-(1+ 23], (4.18)
and "
idn(x)t"'l = (1+4x)[1-(1+2x)T ", (4.19)
n=1
whence (n>1)
D,(x) = (1+2x)"" (4.20)
and
d, (x) = (1+4x)(1+2x)"", 4.21)
leading to
d,(x) = (1+4x)D,(x), (4.22)
D(x) _ d,(x) _
D () 1+2x (n>2), (4.23)
i'e" dn(x)‘D —l(x) =d, —l(x)Dn(x)’
d,(x) _
D) 1+4x (n>1), (4.24)
d,(x) =D, (x)+2xD,(x), (4.25)
(1+4x)*D,(x) =d,,,(x) +2xd,(x), (4.26)
J5(¥)D,_1(%) = D,1(x) +2xD,_, (%), (4.27)
and
Js()d,1(x) = d,.1 (x) +2xd,,_(x). (4.28)
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See Table 1 for Js(x). En passant, notice that 1+2x and 1+4x, occurring in (4.18)-(4.24)
and (4.26), may be expressed variously in terms of polynomials in Table 1, Table 2, (4.1), (4.2),
(4.16), and (4.17).

Observe that the summed forms in (4.27)-(4.28) preclude the possibility of any associated
sequence properties of {D,(x)} and {d,(x)} analogous to those for {J (x)} and {j,(x)}. (Put
k =11n (3.25) and (3.26) for the comparison and contrast.)

Quartet: Differential Equations

Write
D=D(x,1)= i D, (x)t" ' =[1-(1+2x)]"! (4.29)
and "~
d=d(x,t)= idn(x)t"‘l =(1+4x)[1-(1 +2x)]! (4.30)
n=1
using (4.5) and (4.6).
Without difficulty one derives, from (4.20), (4.21), (4.29), and (4.30),
21%)—(1+2 )—: 4.31)
o ad _
ZtE—(1+2x){E—4D} —O, (432)
1+ 2x) 4, (x)=2(n-1)D,(x) (4.33)
gd% =2{2D,(x)+(n-1d,_,(x)}. (4.34)
More generally,
k a D ¢ 0D kV{(1+2x)28)
=@ = [1-(1+2x) ] (433)
and
éi;%(i)z(n—l)!z"“. (4.36)
Roots

Clearly, from (4.20) and (4.21), the polynomial equations D,(x) =0 (of degree n—1) and
d,(x) = 0 (of degree n) have multiple roots, namely, an (»—1)-fold root —1/2 in the first case and
an (n—1)-fold root —1/2 together with a root x=-1/4 in the second case.

Diagonal Numbers

Substitute x =1 in (4.1), (4.2), (4.16), and (4.17). Then the skeletal profiles of the bodies
fleshed out by the polynomials reduce to
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n=012 3 4 5 6 7 8 9 10 11
{R}=0111 3 5 7 13 2337 63109
fr}=2115 7 9 19 33 5189155267 (4.37)
(D)=01 3 9 27 81 243 729 2187 --- .
{d,} = 251545135 40512153645 ... ...
So, e.g., by (4.6), (4.7), (4.10), (4.22), and (4.23),
R =R, +2R,
K, =t +2r,_,,
r =R +4R._ (4.38)

d,=5D,=15D,_, since D,=3D,_,.

Diagonal numbers for (say) Fibonacci, Pell, Fermat, and Chebyshev polynomials inter alia
could be tabulated, along with the numbers for their cognate "Lucas" polynomials. See, e.g., [4],
[51, [11], [13], and [14].

Reverting to (4.1), (4.2), (4.16), and (4.17), we may find mild interest in substituting x =1/2
and x=1/4.

Bizarre Afterthought

What of any interest might eventuate if we imagined rising rising diagonals, descending
descending diagonals, rising descending diagonals, and other combinations of the two elementary
dichotomous concepts of rising and (falling) descending?

Conjectures
Ryn(¥) = Ry (R, (%) +2XR, ()R, (x) + 2xR,_,(X)R,_,(x) (4.39)
and

Fin(X) = Ry ()1, (%) + 2XR,, (X)1,, 5 (x) +2xR,,_, ()1, (¥). (4.40)

5. AUGMENTED JACOBSTHAL-TYPE REPRESENTATION POLYNOMIALS

New symbolism and terminology are now required.

Following the situation for the number sequences {J,} and {7} described in (3.4) and (3.5)
of [8], we introduce the augmented Jacobsthal representation polynomial sequence {J, (x)}
defined by

g;1+2(x) :9;,+1(x)+2x9;,(x)+3, %(x):O, ﬂl(x):l’ (51)
and the augmented Jacobsthal-Lucas representation polynomial sequence {j,(x)} defined by
jn+2(x) = jn-&-l(x) + 2Xjn(X) +5’ .;O(x) = O’ jl(x) =1 (52)

Some of these are, for example,

Fo(x) =0, T,(x) =1, T,(x) =4, Ty(x) = T+2x, ..., To(x) =22+102x +160x* +56x°  (5.3)
and

Je(®) =0, J(x) =1, J(x) = 6, J5(x) = 11+2x, ..., jy(x) = 36+ 162x +240x + 72x°. (5.4)
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The choice and the raison d'étre of the constants +3 and +5 in (5.1) and (5.2) are explained
in [8]. Properties of these new polynomial sequences {J, (x)} and {}n(x)} are worthy of con-
sideration per se.

Replacing +3 and +5 more generally by +c has been done in a separate paper which thus
covers the four special polynomial sequences {J,(x)}, {j,(x)}, {7, (x)}, and {J (x)}.

6. BASIC PROPERTIES OF {J(x)} and {fn(x)}
Generating Functions
Standard techniques lead readily to
1+2y

S T (x)y " = , 6.1
Z; Y T T e 12+ 2 6.1
o 4 i1 1+ 4y

AX = . 62

éj,( T ST (6.2)
Binet Forms
Examination of Table 1 and (5.3) leads to the somewhat surprising observation that
g‘n(x) — Jn+2(x) + 2Jn+1(x) -3 ) (63)

2x

Proof of (6.3): Checking quickly validates the cases #=0,1,2,3,4 (say). Assume (6.3) is
true for n = k (fixed integer), i.e., suppose

— Jk+2(x) +2Jk+1(x) -3 s
2x

T (x) (H).

Then
Ten1(¥) =T () +2xT,_;(x) +3 by (5.1)
~ Jenn(®) +2J, (%) =3+ 2x[J; (%) + 2/, (x) - 3] 3
2x
_ Jea(®) + 22 (X) + 2{Jp 0y (%) + 22, (x) } - 3
2x
_ T30 +2J3,(x) -3
2x ’

where the hypothesis (H) has been applied.
Hence, (6.3) is true for n=k +1, and so, for all n.

Consequently, (6.3) is true, by induction.
Induction is used in a similar fashion to establish

Jn+2(x) + 4Jn+l(x) -5
2x '

Jux) = (6.4)

For example,
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n=T RS = (1+14x +60x> +80x” +16x*) +4(1 +12x + 40x* + 32x°) - 5
. - . — 2x

=31+110x + 104x? + 8x3
= J,(x) from Table 1 and (5.4).

Binet forms for J,(x) and j, (x) are obtainable by substituting for J,(x) from (3.3) in (6.3)
and (6.4).

Simson Formulas
T () T,y (%) = T7(%) = (-22)"2(2x = 6) = 3(J,,_, () + 2J, (%)), (6.5)
Turt () Jpea (0) = J2(2) = (=2x)" (2% = 20) = 5(J,_, (x) + 4J,,_,(x)). (6.6)

Summation Formulas

< T (x)=3n-4
29,0 === ©.7)
N j,'(x): jn+2(x)2;5n‘6' (68)
i=1
Explicit Closed Forms
(5]
T.(x) =J,(x)+3 Z (" ;i}’)(zx)’, (6.9)
. () .
HOE Jn(x)+52(nrl1r)(2x)’. (6.10)
r=0

Spotting the second portion of the expressions in (6.9) was not easy. Induction provides us
with a proof.

Proof of (6.9): Verification of (6.9) for n=1,2,3 is straightforward. Assume (6.9) is true
forn=12,3,...,k—1,k. Then, by (1.1) and the hypothesis,

[55] [52]
T (x) +2xT,_(2) +3=Jp (%) +3{1 + Z(" ,?}J ’)(2x)' + Z (" B i N ’)(u)’“}

r=0

4]
= J () +3Z0(’; H) @x)

= T,u(¥) by (69).
Being valid for n =k +1, the theorem is true for all .

Pascal's formula for binomial coefficients has been applied in the proof of (6.9) when combin-
ing corresponding powers (2x)", 7 =1,2,3,... . Also, we have absorbed 1= (;') into the constant

(¥;!) to produce (%), by Pascal's formula.
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Arguments of a similar nature are applicable for (6.10).
Observe the simple, but important, connection between (6.3) and (6.4):

)=, = L= (611)

This seems to be an appropriate place at which to conclude our theory, though more could be
told.

7. CONCLUDING REMARKS

Possibilities for other avenues of development that present themselves include, for example:
(i) the extension of the theory in this paper to negative subscripts [9];
(ii) convolutions for Jacobsthal-type polynomials (cf. [13]);
(iii) further work on diagonal functions, e.g., as in [14];
(iv) research into Jacobsthal-type polynomials along the lines of that for Pell-type polynomials in
[13] and in a series of papers by Mahon and Horadam, e.g., [10].

Initial exploration of some of these opportunities has commenced.
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INTRODUCTION

In the analysis of some physical structures, the possibility of modeling them with an electrical
circuit is particularly important because it allows the determination of the characteristic behavior
by means of a simple circuital analysis. Moreover, it is also interesting to have a different method
of measurement evaluation, comparable with the "direct" one, which sometimes either is not
simple or requires the use of computer programs which on some occasions do not go into conver-
gence. Finally, it can make a contribution to the mathematical interest in testing of network soft-
ware algorithms for solving linear equation systems.

In this article, a symmetrical ladder network is used as a model for the simulation of electrical
power lines. Fibonacci and Lucas numbers come out from the analysis of the power distribution
among the users. The electrical characteristics of the ladder network have also been determined
in a closed form using a theory previously developed by the author [1].

1. MODELING OF A POWER ELECTRIC LINE

Let us consider a high voltage electric line, supplied by the two sides, which gives power to
users distributed along the line, as in Figure 1.

v a Q C \

user 1 ... user n

FIGURE 1. The Electrical Power Line Supplied by Two Sides

A ladder structure (Fig. 2) can be used as a discrete electrical model of the power line. For
the sake of simplicity, we consider » users who have equal consumption, represented by » equal
vertical impedances Z,, placed at equidistant points characterized by equal horizontal impedances
Z,.
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22

21

I 1

NZI

Z1

n—1

n+1

22

22

FIGURE 2. Ladder Network as a Model of the Power Line

2. ANALYSIS OF THE LADDER NETWORK

In order to analyze the network of Figure 2, we can use the superimposition of the effects in
the networks of Figures 3 and 4. The analysis of these networks can be done starting from the
study of the network of Figure 5, by adding a "load" impedance.

Z1 21 Z1
0 1 X n—1 n=out
v
A
22 22 22 Z1
n+ 1
FIGURE 3. Ladder Network Supplied by V,
Z1 Z1 Z1
1 ¥ n n+1
oy
Z1 79 79 75 7V B
Q
FIGURE 4. Ladder Network Supplied by V;
Z1 Z1 Z1
0 1 X .n=1 n
f)
VG LJ 72 72 72
FIGURE 5. Ladder Network with » Identical Cells
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In [1] a new fast method for the ladder network characterization in Figure 5 was presented;
by using this method, all the electrical parameters of a ladder network formed by » identical cells
can be written directly by means of both a parameter that characterizes the single cell [the "cell
factor" K(s)=Z,(s)/Z,(s)] and the polynomials in K whose coefficients are the entries of two
numerical triangles, named DFF [3] and DFFz [4], here reported:

n|K K' K K n|K K' K K
0] 1 01
1] 1 1 112 1
211 3 1 213 4
311 5 1 314 10 6 1
DFF Triangle DFFz Triangle
_(n+K _(n+K+1
Entry—(n_K) Entry—( n—K )

The mathematical properties of triangles and polynomials have been presented in [2]. Let us
call b, and B, the polynomials whose coefficients are the entries of DFF and DFFz triangles,
respectively. These polynomials coincide with the polynomials defined by Morgan-Voyce and
then investigated by Swamy [7] and Lahr [5] and [6].

All the electrical characteristics of the network represented in Figure 5 can be expressed
directly in a closed form by means of these polynomials if all the cells are equal.

The networks drawn in Figures 3 and 4 are very similar to that of Figure 5. The only differ-
ence is in the fact that the last cell of the Figure 5 network has a "load" impedance of infinite
value. It is possible to write the electrical expressions for the Figure 3 and Figure 4 networks as
simply as for the Figure 5 ones and also in closed form.

For the Figure 3 network, we have (see [5], p. 275) that the transfer function is given by

1

V.
G == 5 1)
VA Bn(K)
while the voltage at the generical x™ node is given by
viky= v, BB g <cx<na), @)

B,(K)
with B_|(K) = 0.
The voltage behavior for the network of Figure 4 is symmetrical. For that reason, we can
write
B, (K)
VUK)=Vg==L=2 (0<x<n+]). 3
K=V S 0<xsnt) ©)
By the application of the superimposition of the effects, we can write, for the network repre-
sented in Figure 2, the following expression for the node voltages:

V,(K) = VI(K)+ V(K) =V, Bgzg)+ Vi BEE%{)) (0<x<n+1). )
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Denoting by I, and I, the currents flowing into the x™ cell horizontal and vertical imped-

ances, respectively, we can write similar expressions, using the following property of Morgan-
Voyce polynomials, b, = B, — B, _, (see [1], [5]-[7]):

b oK) < b (K)
lezzil[vx—vx_,]:_zl_l{-vA "1-9:?( +V, g;l(( ] (<x<n+l) )
Ve _1ly 8K B,_,(X)
=z =7 [VA B(K) P B,,EK) ] (=x=m ©

Let us now consider the case of odd », for which the middle point exists for the voltage and
the vertical current and is defined for x =m = (n+1)/2. In this point, from (4), we can write

B
Vin = (Vp + V) 222 ™
In the middle vertical impedance, we also have
1 B,
I = Z_z(VA +Vg) il B:)/z . (3)

In the case of even n, we can reason analogously by considering the middle horizontal
current, whose value is given by
1 b
L, ==(-V,+Vp)-22 9
ml Zl( A B) Bn ( )
being x =m = (n+2)/2, while expressions (4)-(6) are always valid.
We are mainly interested in determining the power dissipated in the vertical impedances
(because only these have a physical meaning), which is given by the voltage-current product:

2
Po =Zi2[vA A @Eﬁ?] (1<x<n), (10)
2
Py = ZLZ(VA + VB)ZI:‘B%} (n odd). (11)

The Fibonacci and Lucas numbers appear in the case of K =1, which corresponds to
Z,=Z,=R. Inthis case, B, =F,,,, and b, =F,,,,. Consequently, we have

Lo

V.=V, Fyri1-x) LV

(0<x<n+1), (12)
Fz(n+1) ° F2(n+1)
_ Fr !
V, = (Vg + V) =2 = (V, + V) (n odd), (13)
2n+2 L’H'l
1 Fz( +1-x)+1 D :l
L =—| -V, 200y e (1<x<n+l), (14)
R{ A Fz(n+1) ? F;(nﬂ)
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_ ) F }
w=—V + Vg (I<x<n), 15
R|: A Fé(nﬂ) Fi(n+1) ( )
I, = (-V, +Vy)— (
ml = o A B Ln+l n even), (16)
I Vi +V,
m2 = R( A B) Z"n+1 (n odd), 17
from which:
A, 2
P,=—|V, B | Vg (1<x<n); (18)
R ': F‘Z(n+l) ]:2(n+1)
2
(V +Vg) [ jl (n odd). (19)
Ln+1

The last two relations show that the power consumption of the users is also a function of the
Fibonacci and Lucas numbers.

3. EXAMPLE
Let us consider the power dissipation in the vertical impedances in the case of n =3, shown
in Figure 6 below. Ve 71 71 71
0 1 2 3 4
\/A C‘) 6] \/
i 22 l 22 l 22 B

FIGURE 6. Example

In the generical case of different values between the horizontal and vertical impedances, we
have, from (9):

By (K) | v Bea(X)
P, = ZZ{VA 1333(10 +Vg B3EK)] (1<x<3), (20)
that 1s,
b~ L[y, BE) . BE) L[V KR+ 4K +3)+V, |
1= B(K) BB(K) T Z| K16k 110K +4 |’
B _ 1 2 K+2 ’
py=t [VA+VB][ 3(10} AR ] D
o _ L[y BK)  Bu(K) L1 [ VK +4K+3)+V, [
2= BB(K) AB(K) " Z,| K*+6K*+10K+4 |’
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In the particular case of Z, =Z, = R, we have

2
P, = %[VA 1:81;:&({? + Vg 2}‘(%)} (1<x<3), (22)
from which:

P, =[8V, + V5] /441R,

P, =[V, + Vg /49R, (23)

P, =[Vy +8V,F/441R.

4. PARTICULAR SUPPLY VALUES

In the analysis of the symmetrical ladder network, which models the power electrical line, we
can consider some particular cases for the values of Vg and V,.

1) If V3=V, >0, the network is completely symmetrical and the current flows as in the
direction, for example, indicated in Figure 6, if # is odd. When # is even, in the middle horizontal
impedance, the current is zero.

2) If V, =-Vjg, and only from the mathematical point of view, only the case » odd is inter-
esting. In this case, in the middle point, all the electrical characteristics (voltage, vertical current
and power) are zero.

3) Inthe case V3=V, +AV, where AV can be positive or negative and AV << V,,, Vi, we
have a slightly unbalanced situation and, as a consequence, there is a small difference in the elec-
trical parameter values. This is a real case and the computation can be of practical importance: if
one of the supplies does not have enough power (owing to a lack of power), the other one can
provide it. We can write:

B, .+B B B,

V.=V, HB,, =1 L AV 5;1 ; AV, = AV—E;— (1<x<n) (24)
and
1 B,_.+B B 1 B
I,=—|V, 22—l AV2L AT, =—AVXL  (1<x< 25
so that
1, J[B,T
AP, = AV, AL, = — AV? —i} (1<x<n) (26)
ZZ L Bn
which, in the case of Z, = Z, = R, is equal to
r 2
1 E
AP, = —AV?| =25 27
. R _En+2J ( )
and, in the middle point, for » odd, is equal to
o= Lav LT (28)
" R Ln+1 .
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This means that the power variation is strongly dependent on the number of cells 7 (i.e., the
number of the users) upon whom the line is modeled and is also a function of Fibonacci and Lucas
numbers.

For example, if n =3, for a variation of 1%, we have that

R-AP_ =2041uW-Q (29)
while, for a variation of 10%, we have that

R-AP, =0204mW-Q, (30)
where, in the case of 10 cells, we have, for AV =1%,

R AP, =252nW-Q, 31
and, for AV =10%,

R-AP_=025uW-Q. (32)

CONCLUSION

A symmetrical ladder network with a high number of cells can be considered as a good model
for the investigation of the behavior of an electrical power line. In the particular case of equal
impedances, the electrical characteristics can be written as a function of Fibonacci and Lucas
numbers.
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Let (a,) be a given sequence. The bracket function transform (s,) is defined by

5, = Z [le%]ak. (1)

k=1

Let S(x) denote the formal power series of the sequence (s,), that is,
S(x)= Z s,x".
n=1

H. W. Gould [2] pointed out that

S(x) = T—%ia lf )

The aim of this paper is to study the effect of the terms —-— and x" in (2). We replace these

lx’l n o

and x™ and find the coefficients of the modified series.

terms with the powers
t p (1 )r 3 (1 Vl).}' b

First, we study the effect of the term 1-. If the term -1 is deleted from (2), that is, if

16 =3a, ®

then 7(x) = (1-x)S(x) and, consequently,

v g

{see [2], Eq. (8)). More generally, let

x
T(x)= R reR. 5)
(1— x)’ Z‘ -
What are the coefficients of T(x)?
Let (¢) = £e27) ' ¢R. Then
> (ﬁ) x¥"=(1+x)° )
n=0

(see [1], Eq. (1.1)). Thus,

Z( 1)( r+1) ' )
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It is known (see [2], Eq. (5)) that

{1__x)(11_xk)zi[n—;k]xnzg([n/k]+l)x”_ ®)

n=0

Combining (7) and (8) and applying the Cauchy convolution, we obtain

(- x)rl(l _ xk) = i [go (—l)i(—r;L 1)[’1 —f;- k D x". )

n=0

For the sake of brevity, we write

Clnk,r) = g(— 1)"("I.+ 1)["‘—;&"—} (10)

Now we use (9) in finding the coefficients of 7(x) in (5). In fact,

T(x)= iakxk = iakxkiC(n, k,r)x"
p= ( ) i

1
1 1_ x)r(l—x n=0
= ZakkaC(n—k, k,r)x"* = Zx”Z Cn—k, k,r)ay,
k=1 n=k =1 k=1

which shows that the coefficients of 7(x) in (5) are
tn=ZC(n—k, k,r)a,, €8))
k=1

where C(n—k, k,r) is as defined in (10). Note that

(i) if r=1, then C(n—k,k,r)=[n/k], and thus ¢, =s,, which is the bracket function

transform (1),
(i) ifr=0,then C(n—k, k,r)=[n/k]-[(n—1)/k], and thus (11) reduces to (4).

Second, we study the effect of the term —. If the term — is deleted from (2), that is, if

1-x 1-x
1 < n
T(x)=——Y ax", (12)
I-x:3
then
=2 a. (13)
k=1
More generally, let
1 < x"
T(x)= a , seR. 14
0= 15 2 oy (14)

What are the coefficients of 7(x)?
By (6) we obtain

m:(l+x+x2+m)(l—(_ls)xk+(_2‘g)x2k—---) =
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=(1+x+-~-+xk'1)+(1—(_ls))(xk+xk“+-~+x2k'l)
+(I_(—ls)+(~2s))(xzk TS . L N
—;}(mf( o ))

Applying Equation (1.9) of [1], we obtain

1 [n/k]+s) ,
==y Z( [/ k] ) 1
We can use this formula in finding the coefficients of 7(x). In fact,
=k o k([nlk]l+s) ,
0= 2 ey Z( [/ k] )
= [n/k]+s-1 & o ([n/k]+s-1
§ kz( [n/k]-1 ) ;x Zl( [n/k]-1 )"k’

which shows that the coefficients of 7(x) in (14) are
_N([nlkl+s-1
_kgl( (n/k]-1 a,. (16)
Note that
() if s=1, then (7iF")=[n/k], and thus #,=s,, which is the bracket function
transform (1),

(i) if s=0, then ("741°7") =1, and thus (16) reduces to (13).

Third, we study the effect of the term x". Let

0 n
T(x)——l—— 4, rez". (17)
I-x 1-x
Then, by (8),
T(x) =) a,x —)(1 Zak * Z ([n/ k]+1Dx"
- S (8)
Z x* Z([(n ) k]+1)x™* =Y x" > ([n/k]-1+1)a,,
k=1 n=tk n=t k=1
which shows that the coefficients of 7(x) in (17) are
[n/t]
=Z([n/k]—t+1)a,c‘ (19)
k=1
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Note that if # =1, then #, = 5, which is the bracket function transform (1).
What is the effect of deleting the term x” in (2), that is, what are the coefficients of

1 & 1
T(x)=——> a
(x) l_x; e

? (20)
Proceeding in a way similar to that in (18), we obtain the coefficients of 7(x) in (20) as

([n/k]+1)ak=sn+a, 2D

M

i =

n

=
1l

1

provided that the series X7, a, is convergent and its sum is equal to a.
Finally, we note that the three cases (5), (14), and (17) could be treated simultaneously. In
fact, let

1 x"
T(x)= -> a, —, r,seR,teZ”. (22)
(I-x) nz=1 (I-x")
Then
(/1]
t,= Y Cn—tk, k,r,s)a, (23)
k=1
where

> -1y~ -i)/k
cessa-g )

This can be proved in a similar way to the above three cases. For the sake of brevity, we omit the
details here.
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1. INTRODUCTION

The Fibonacci polynomials are defined by the recursion relation
Frip(x) = xB,,, () + Fy(x), (D
with the initial values F{(x)=1 and F,(x)=x. When x=1, F,(x) is equal to the n™ Fibonacci
number, F,. The Lucas polynomials, L, (x) obey the same recursion relation, but have initial
values L;(x) = x and L,(x)=x"+2.
Explicit expressions for the zeros of the Fibonacci and Lucas polynomials have been known
for some time ([1], [2]). The zeros of F,,(x) are at the points

J_r2isin—k£, k=0,1,..,n-1 2)
2n
The zeros of the odd polynomials F,,,(x) are at
+2isin 2’”1)--’5, k=01 n-1. 3)
\2n+1) 2
Similarly, for the Lucas polynomials, the zeros of Z,,(x) are at
i i
+2i sin (2"”)-1’—, k=01, n-1 (4)
\ 2n ) 2|
and the zeros of L,,,,(x) are at
DsinT_ k=01 n-1. )
2n+1

With a view toward finding clues to obtaining similar analytic expressions for the zeros of the
Tribonacci polynomials [3] and other generalizations of the F,(x), it is of interest to study the
properties of the above expressions in more detail, looking for patterns that may generalize. In
what follows, it will be shown that the zeros of each F(x) and L,(x) satisfy a number of rela-
tions among themselves, many of which can be derived without any knowledge of the explicit
formulas given above. The results presented here divide into two parts: in §2, expressions for the
elementary symmetric polynomials of the zeros of each polynomial are derived. Then in §3, the
zeros are described in terms of points on the trajectories of a dynamical system. In §4, some
comments are made regarding the generalization of these results to the Tribonacci case.
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2. SYMMETRIC POLYNOMIALS

Consider the elementary symmetric polynomials o (%1, %, ..., x,,) over the set x,x,,..., x,,
where 0< j <m. These polynomials are defined by the relation
m m
ﬂ(tmk): Z)O'j(xl,...,xm)-t”"f. (6)
= =

Clearly, o; is a polynomial of order j in its m arguments. Note that by multiplying out the left-
hand side and comparing powers of 7 on each side, we can write the o ; as

&) (50 %) =:"2 Z > 1, ™

The idea in the following theorems is to derive general formulas for the symmetric polynomials
over the zeros, using the following algebraic representations of the Fibonacci and Lucas poly-
nomials [2]:

s

S A
o= 3 (" e, ®)

k=0

and

L= Z (1), ©

where [p] means the greatest integer less than or equal to p.

First, let us consider the F,(x). Since the zeros of F,(x) are pure imaginary and come in
complex conjugate pairs, we will concentrate on their magnitudes. Thus, for the even polyno-
mials F,,(x), denote the zeros by

X,=0, =*ix, k=12 ., n-1, (10)
with x, > 0 for k >0. As for the odd polynomials, F;,,,(x), denote the zeros by
tix,, k=0,1,..,n-1, (11)
where
. (2k+1 7
=2 = k=0,1,...,n-1. 12
i Sm(2n+l 2)’ (12)

Theorem 1: The j® symmetric polynomial over the squares of the zeros of F,,(x) is given by

o (7, . ¥y :(Zn‘jf‘l). (13)

Proof: Clearly, since the zeros are of the form given in formula (10) above, the F;,(x) can
be factored as follows:

Fon() = X[ (e i)+ ). (14)
k=1

We can then regroup this expression in the following manner:
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n-1

P (x) = xkf_ll(x2 +X¢)

n-l n-1
_ a2 aneaN 2 26N 2.2 208 N, 2.2 2 2
= x{ x24T x4+ Y it 4+ [
k=1 J#k JEk#l k=1

n-1 ) J (15)
— 21y z x2n-2j-1 Z H xZ
Jj=1

I=h<h<-<lyi=1

n-1
= x4 Z o j.(xlz, . xﬁ_l)xz”'zf -1
=1

But we also know that

H2n-j-1 '
By =3, (2
j=0 n-1 2 P 1 ) (16)
— x2n—1 + Zl( n —j_] )x2n—2]—1'
j._
Setting the right-hand sides of equations (15) and (16) equal and equating the coefficient of
each power of x, we arrive at the desired result. O

Alternatively, this theorem and those that follow can be proved by applying standard trigono-
metric identities to the explicit formulas for the zeros that were given in equations (2) through (5).

Corollary 1: The zeros of the even polynomials F,,(x) satisfy the following relations for fixed »:

@ [xi=n
s

Gi) > x2=2n-1).
k=0

Proof: These follow immediately by setting j=1and j =n—1, respectively, in the previous
theorem. O

Turning now to the odd Fibonacci polynomials, the following result can be quickly proved in
the same manner.

Theorem 2: The j™ symmetric polynomial over the zeros of F,,,,(x) is given by the expression
2n—j
oj(xf,...,x:_l)=( ; J). (17)
Corollary 2: For fixed n, the zeros of F,,,,(x) satisfy the following relations:
n—-1
@ [1x=1,
k=0
n-1
(i) Zx,f =2n-1
k=0
Proof: In the previous theorem, set j =1 to obtain (i) and j = » to obtain (ii). O

162 [MAY



DYNAMICS OF THE ZEROS OF FIBONACCI POLYNOMIALS

Theorems 1 and 2 have been checked numerically for the polynomials F{(x) through Fj;(x).
The corollaries have been checked numerically for all values from 7 =1ton =20, as well as for
selected values up to 7=1000. The numerical results show perfect agreement with the results
predicted here.

3. THE DYNAMICS OF THE ZEROS

The goal here is to obtain the zeros of F,(x) as iterates of some function (independent of r)
which maps the zeros of F,_,(x) to the zeros of F,(x). This procedure is complicated by the fact
that the number of zeros increases with increasing #, but that will be dealt with below by breaking
up the zeros into one parameter families, with » as the parameter. A second parameter, m, will
distinguish one family from the next. Although the recursion relations derived below contain no
information that is not already implicitly contained in formulas (2) through (5), it provides a
different perspective on this information. Also, this recursion relation method can provide an
algorithm that may be more efficient than other methods for numerical calculations of zeros for
other classes of polynomials when the zeros do not have such simple analytic formulas.

As in earlier sections, rather than dealing directly with the zeros, tix;, we will deal only with
their magnitudes, x;. However, for our purposes here, it is convenient to alter our notation
slightly. For a fixed value of n, label the magnitudes of the zeros in decreasing order as follows:
x> x{ >...>x  The superscript labels the polynomial of which it is a zero, and the sub-
script labels the relative size of the zero. Using this ordering, x'7) always vanishes for even 7.
For a generic zero x" of F, (x), we will call m the row number of the zero, for reasons that will
become apparent later. The idea is to find a function f,,: — R, independent of n, such that
£,y =xD - As we will see below, the zeros x{” for all 7 will then be obtainable by applying
the appropriate f,, to the initial value x =0, and then iterating a certain number of times. The
main result is Theorem 3 below.

Theorem 3: For all n>2, the zero in the m™ row of F,,,(x) is related to the zero in the m™ row
of F,(x) by the following mapping:

o2 (18)

" ,/1+am(x,(n")) ’

tan™ =2 + 27K,

x2

- 2
tan ]\/4;—; +27K, +mn

where

a,,(x) = tan*s mx -27K, ¢, (19)
where K| and K, are a pair of integer constants.

Proof: Assume for the sake of definiteness that 7 is even. [If # is odd, the proof proceeds in
an identical manner, except that the roles of equations (2) and (3) are reversed.] Referring to
equations (2) and (3), the integer & is related to the row number m by k =n—m, so that these
equations tell us that the zeros of F,(x) and F,,,(x) are at

X = 25in| 2=\ 2 = 2 cos| ZZ | (20)
" 2n 2n
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xU*D = 2.5in M)E :2005( m ), 2n
2n+1 2 2n+1

where we have used the fact that sin (% - 9) = coso.

Now, note that

2
imr mr .. omr_x X))
exp| — |= cos— +isin— =—2—+i | 1- . (22)
2n ) 2n 2n 2 2
Taking the natural logarithm of the last equation gives
2
i (m) ()
5’;’—”=m xg +i 1—(’“;J +2inK, (23)
n

where K, is an integer that specifies which branch of the Riemann surface is used to evaluate the
logarithm. Now, solve for 2n:

2 =—r mr . Q4)
™ NON
Inj =2 +j |1-| =2 + 27K,
2 2
Repeating the procedure of the previous paragraph, but this time applying it to exp(z"’:fl), we
find
2n+1= mr : . (25)

2
(n+1) (n+1)
In| 41| 2 "\ 4 omK,
2 2

where, again, K, is an integer constant.
Substituting equation (24) into equation (25) yields

mn mmn ] +1 (26)

2 - 2
(n+1) (n+1) (n) (n)
X ‘ X, . Xy ’ X, .
In 5 +1i 1—[ ) ) 2mK, In 2 +i 1—( 3 ) 2miK,

This result can be simplified. Note that, for any variable y such that -2<y <2, we can
define a pair of polar coordinates (7, 8) via

2
%H’ 1—@—) =rexpif. @7
Clearly,
4-y?
r=1, 6=tan™’ S (28)
y

Taking the natural logarithm of equation (27),
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2
h{%n 1—(%) }:ln(rexpiﬁ)

=lnr+if (29)
4_y2 .

y2

=jitan™!

Finally, applying equation (29) to both sides of formula (26), and then solving for xD gives
the desired result. O

Note that two integer constants, K, and K, appear in this result. From examining equation
(19), it is clear that K is completely arbitrary; changing its value will simply change the argument
of the tangent by a multiple of 27. Because of the periodicity of the tangent, the value of K has
no effect on the results and will henceforth be set to zero.

The second constant, X,, enters into the proof in the same way but, curiously, its value does
affect the positions of the zeros. Theorem 3 has been checked numerically by using it to predict
the first 40 zeros for all cases from m=1tom=10. In each case, the theorem gives the correct
results, provided that K, is set equal to zero. Allowing K, to have nonzero values seems to lead
to interesting effects; these are currently under investigation. But in the remainder of this paper,
we will set K, =0 (or, in other words, we will restrict ourselves to the principal branches of all
logarithms), since this is the case that gives the correct zeros for the Fibonacci polynomials.

Theorem 3 tells us that families of x{” with fixed m form trajectories of a dynamical system,
with » playing the role of a discrete time variable. Points are moved along each trajectory by
repeated iteration of the function f, (x)=2/,/1+«,,(x). This situation is illustrated in Figure 1.

Imaginary axis -e-------->

FIGURE 1: The Zeros of the Fibonacci Polynomials

(Only zeros with nonnegative imaginary part are shown)
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It can be seen that the integer m labels how many rows the trajectory is from the outside of the
diagram. It is also clear that each trajectory begins at a root of the form x{” =x@™ =0. Since
each iteration of f,, increases n by one, and since each trajectory starts at an initial value of n, =

2m, it takes n—2m iterations to reach a fixed final value of n. As a consequence, we have the
following corollary.

Corollary 3: The zero of F,(x) with row number m can be written as
X = £7(0), (30)
where £ means the j* iterate of £,

Some observations can be made about this result. First, it is clear from the form of f,,(x)

that each trajectory approaches an attracting fixed point situated at x =2. This implies that as
n— o, x -2 for all m.

Second, a similar result is easily proved for the zeros of the Lucas polynomials by using the
same method. In the Lucas case, we still have f, (x)=2/,/1+«,(x), but now the form of «,,
changes:

tan™! i‘—z’ﬁz—
a,,(x) = tan*| 2m - 1)z - X . (31)
(@m-1z+2tan”! \/i‘;sz

Here, we have again set K, = K, = 0. There is one complication arising here that did not occur in
the Fibonacci case: iteration of the above function does not simply carry us along the m™ row.
Instead, the trajectory jumps back and forth between two adjacent rows. More specifically,
repeated use of «,, will give us the zeros in the m™ row for L, (x) and those in row m+1 for
L,,.1(x). This occurs because m enters the expressions for the even and odd zeros in the same
manner for the Fibonacci case [compare the numerators of the last expressions in equations (20)
and (21)], while in the corresponding expres-sions for the Lucas zeros, it enters through a factor
of (2m+1) in one case and (2m—1) in the other. Although the trajectory now alternates rows, we
still recover all of the zeros as we run over differing values of m, as has been verified numerically.
Some observations can also be made about the properties of the «,,(x). For the Fibonacci

case, define
/4 —(xI)? tan”' B
n _ m n) _ (n)y — 2 m
= [—=22 and V¥ =q, (x)=tan"\—FLL— mr;.
ﬁ(m (x’(:))z m m( m ) tan—lﬂfr;:) +7T

Then we have the following propositions.

Proposition 1: For all m and n,

B =ay ™. (32)

Proof: We know that

’ 4—(xMY? 4— 2(x D
£ ’")z\/ o :\/ ey >
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Substituting f,,(x) =2/ Ja+a,(x) into this expression and simplifying the fraction quickly leads
to equation (32). O

Proposition 2: The argument of the tangent in @' is always a rational multiple of 7. In other
words, the quantity
tan™! g
e (34)
tan~ g, +7

is rational for all » and m.

Proof: We know [by equations (20) and (21) or, alternately, by equations (2) and (3)] that
all of the zeros can be written in the form x{” =2cos(£ ) for some pair of integers p and g
(depending on m and n). Substituting this expression into the definition of S, we find that
BY =tanZ 7, or tan™" ) = £, Substituting this into the quantity in formula (34), we find that

: p
it equals -7,

which is clearly rational. O

Note that B describes the tangent of an angle inscribed in a right triangle of hypotenuse
equal to 2, and adjacent side of length x. The hypotenuse remains constant, while the adjacent
side increases in length with increasing » or decreasing m. A deeper understanding of the geomet-
ric meanings of @ and A may help provide some insight into the properties of the zeros of the

Tribonacci polynomials and other generalizations of the 7, (x).

4. TRIBONACCI POLYNOMIALS

The Fibonacci and Lucas polynomials have been generalized in various ways. The simplest
generalization is that of the Tribonacci polynomials, 7,(x) (see [3]), which obey the relation

T3 () = X1,y (¥) + T, (%) + T, (%), (3%

with T,(x) =0, T,(x) =1, T,(x) =x>. The T,(x) are often written in terms of the trinomial coef-
ficients (7’)3, which are defined implicitly by the following equation [3]:

[3(n-1) .
Le= ¥ ("7 36)
) J B
While numerical work has been done concerning the zeros of the Tribonacci polynomials,
explicit expressions for them are not known, so deriving formulas of the sort presented in §2 of
this paper would be of interest, as they could provide valuable clues to the possible forms the
zeros could have. Below is a theorem giving expressions for the symmetric polynomials of the
Tribonacci zeros. Again, these results are easily verified numerically. The proofs are omitted, as
they are identical to those of §2, except that equation (36) replaces equation (8).
The zeros of the Tribonacci polvnomials form a set that is invariant under rotations in the
complex plane by multiples of 27/3, so the zeros can be divided into three subsets: {x,}, {x,e*""},
and {x,e™>"3} for an appropriate set of x,.

Theorem 4:
(i) The zeros of 7,,,(x) have elementary symmetric polynomials of the form
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o, i) =M. (37)
J
(ii) The zeros of 7, ,(x) satisty the following relation:
o, ) = (7). (38)
J 3
(iij) The zeros of T, ,(x) satisfy the following relation:
(3n—j-1
G5, s X ) = (—1)1( " JJ )3. (39)

By setting j =1 in the above theorem, we have the following corollary.

Corollary 4:
(i) The zeros of T;,,,(x) satisfy 327, x; = —~(3n-1).
(i) The zeros of T,,,,(x) satisfy 27 x; = —3n.
(iii) The zeros of T,(x) satisfy 27" x} = -(3n-2).

As for the results presented in §3 of this paper, their derivation depended on prior knowledge
of the explicit formulas for the zeros of the F,(x). However, the logic could be reversed: if for-
mulas analogous to the f,, could be found for the 7,(x) by fitting functions to a few of the
numerically known zeros, then explicit formulas for the positions of all the zeros could immedi-
ately be generated. Finding the f,, functions and finding the zeros are thus equivalent problems,
but it could turn out that one form of the problem is easier than the other. Finding the f,, func-
tions could be aided by further analysis of the geometrical content of the results of §3. and of how
the geometry changes in the Tribonacci case.
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The generalized Fibonacci sequences {C (a,b,7)} defined by C,(a,b,r)=C, (a,b,r)+
C,.o(a,b,r)+r with C/(a,b,r)=a, C,(a,b,r)=>b, where r is a constant, have been studied in
[2] and [3]. Again we take the initial value Cy(a, b,7)=b—a~r. The Fibonacci sequence arises
as a special case, F, = C,(1,1,0), while the Lucas sequence is L, = C,(1, 3, 0).

The purpose of this note is to establish some properties of C,(a, b, 7) by using the method of
L. C. Hsu[1].

For the convenience of the reader, we introduce the following symbols:

I will be the identity operator;

E represents the shift operator;

E, is the "i™ coordinate" shift operator (i =1,2);

V=I+E,-E,.
n n!

We also let ( .):——————_
L) iljin—i-j)!

In [1], Hsu and Maosen gave the following proposition.

Proposition 1: Let f(n, k) and g(n, k) be any two sequences. Then the following reciprocal
formulas hold:

80, =V 0= X (/) Gk+), m
i+j+s=n >
fo k=8OR = T ()0 e k) @
i+j+s=n N’
From this point on, we briefly write C, for C (a,b,r).
Lemmal: C,+Cp+Cp=3C, . 3)
Proof:

Co+Ci+Chys =G+ Cpyy + Cpys + Gy 7
=Chyy 7 +Cug + Gz +r+ Gy +r
= Crpg =7+ Cug 71+ Gy =3C 4y,

Theorem 1: Cpppep = ). (inj)3_"q+6(j+k)a “
i+j+s=n "’
n ni i
Cn+6k = Z (i’ ])(_l) + 3 C4i+6(j+k)' (5)
i+j+s=n

Proof: Wetake f(i, j)= (-1)'C,;. Using Lemma 1,
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Vi@ D=U+E-E)fG)=FGN+fEj+D) -+ ))
=(=1)'Cis; + (=1 Ciygjuy— (= DG I
= (_l)’ (Ci+6 ;i t Ci+6 j+1 + Ci+6 j+6) = (“1)1 3Ci+6 j+4-

Hence, V=3E. Thus, we obtain g(n, k)=V"f(0,k)=3"E"f(0,k)=3"C,,.;. By (1), we
have
n n
3" Capesr = Z (i j)ci+6(j+k)’
i+j+s=n \’
and, by (2), we get
DCrs= 3 ()3 Cursirner
i+j+s=n N\’
completing the proof of Theorem 1.
We take £ =0 in Theorem 1 to Write Corollary 1.1, and i =0 in Corollary 1.1 to derive
Corollary 1.2.

Corollary 1.1: C,, = Z (inj) 37"Cis;» (6)
i+j+s=n\"’
i+j+s=n
Corollary 1.2: C,—(-1)"Y’ @ Cs; =0 (mod 3). )
j=0

We can obtain Theorem 2, in a manner similar to that used to prove Theorem 1, by taking
fG, H=DC,, ; and expanding V/ (i, j). Again, set k=0 in Theorem 2 to write Corollary
2.1, and let i = 0 in (12) below to obtain Corollary 2.2.

Theorem 2: C,,,, = Z (inj) 37" Cei jas €)
i+j+s=n ?
Consr = Z (i nj )(- ™3y Carr jric (10)
i+j+s=n\"’
Corollary 2.1: C,, = . (in .)3'"C6,-+j (11)
i+j+s=n\"’ J
Con= 2 (hn j)(— ™3 Coy- (12)
i+j+s=n
Corollary 2.2: C,, -(—1)"2(’}) C,=0 (mod 3). (13)
j=0

Proposition 2: If a sequence {X,} satisfies

I=2E"-E> (14)
then
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I= z (?) (_ l)n—i 2i E—3n+2i; (15)
i=0
hence,
X3y = Z(?)(—l)n—iziXZi, (16)
i=0
and
Hoes = ()02 Ko (7)
i=0

1

Proof: Use binomial expansions.
Lemma 2: C,=2C, ,-C,_,. (18)
Proof: C=C, +Cpy+r
= Cn—l + Cn—l - Cn—3 —r+r
=2C, - Cps
~(n n—ini
Theorem 3: C,, = Z(i)(— D"'2'C,,, (19)

i=0

Cone = 3512 Cye (20)

i=0
Proof: Since C, satisfies (14), Theorem 3 is proved by Proposition 2.
Our final corollary follows by setting i = 0 in (20).

Corollary 3.1: C,,,, —(-1)"C, =0 (mod 2). 21
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1. INTRODUCTION

In the standard binary numeration system, an #-bit integer V is uniquely represented as the
sum of powers of 2. Specifically,

N=a,_ 2" +a_,2" %+ +a,2* +a2' +a,2°,

where o, is either 0 or 1. As is common, N can be represented as an z-tuple of 0's and 1's, where
the position of the bit determines the power of 2 involved. For example, in a 4-bit standard binary
numeration system, N =0101=5, since 5 is equivalent to 2% +2°. Newman ([13], p. 2422) sug-
gests that the Chinese used the binary numeration system around 3000 B.C.

Instead of powers of 2's, if Fibonacci numbers are used, then an alternate numeration system
(viz. Zeckendorf [14]) occurs in which an integer N may have more than one representative. That
is, let

N=a, F

it F Oy o+ v F rafs+apF, ey
where F, is the i Fibonacci number. For example, 1000 =0110=5 in the Fibonacci numeration
system, where 5 is equivalent to both F; and F, + F. It is known {e.g., Brown [1]) that an n-
tuple of 0's and 1's is a unique representative of NV if every pair of 1's is separated by at least one 0.
Under this restriction, we view 1000 as the representative of 5 and 0110 as the redundant repre-
sentative. Brown [2] showed that, if one represents an integer by the n-tuple with the most 1's,
then this representative is unique. In this case, we view 0110 as the representative of 5 and 1000
as the redundant representative.

Representations of this type have important advantages. For example, in a CD-ROM, three
or more consecutive 1's cannot be read reliably (Davies [4]). Motivated by this, Klein [11] inves-
tigated Fibonacci-like representations of the form (1), where F =F_ +F_, for i>m+1, and
F=i-1for 1<i<m+1 The case m=2 corresponds to the Zeckendorf representation using
Fibonacci numbers.

Kautz [9] uses such representations in a data transmission system where the receiver clock is
synchronized to the transmitter clock using only the data. Toward this end, he uses code words in
which there are neither strings of 1's of length greater than m nor strings of 0's of length greater
than m.

Dimitrov and Donevsky [5] show that the number of steps required to multiply two n-bit
numbers represented in the Zeckendorf numeration system using Quadranacci numbers is less than

* Research supported in part by a fellowship from the Japan Society for the Promotion of Science.
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that required by two numbers represented as standard binary numbers. That is, even though the
Zeckendorf representation requires more bits, its efficiency in the multiplication process more than
compensates for extra operations because of larger word size. Indeed, the Zeckendorf represen-
tation outperforms both standard binary multiplication and multiplication using the more efficient
multiplication algorithm for 7 — oo when the number of bits in the standard binary representation
is 131 through 1200.

The question posed and answered in this paper is: To what extent does redundancy occur in
certain redundant numeration systems? The question has important consequences for both the
efficiency of number representations and the transmission of data. We analyze redundancy in two
ways: 1) the number of distinct representative z-tuples for some given » and 2) the proportion of
digits used in nonredundant representatives. Table 1 shows the numeration systems considered in
this paper and the corresponding recurrences, basis elements, and references.

TABLE 1. Selected Numeration Systems, Recurrences, and Basis Elements

Standard binary Fi=2Fi, 22222222 [7,8,12,13]

Zeckendorf Fi=Fii+Fia ..2113 85321 [1,2,3,14]

- - Fibonacci

Gen. Fibonacci F,' = F,‘.; + F.‘.z + ...+F,‘.,,,

- - Tribonacci Fi= Fii+Fia+Fis .44 24 137421 [3,91

-—Quadranacci F,‘= F,:l +Fj~2 +Fi.3 +Fi.4 ..5629 158421

Generalization Fi=Fii+Fin

of Fibonacci Fi= Fiu+ Fis .13964321 {11]

Numbers Fi= Fiy+ Fig 10754321

m - ary Fi= mFi,-Fi,

Numbers Fi= 3Fi, -Fia ..144 5521 8 3 1 [11}
Fi= 4F; - Fis ... 780 209 56 15 4 1

2. BINARY NUMERATION SYSTEMS

Consider a numeration system in which the basis elements are (..., F}, 75, F}), where F =
F_ +F_,+-+F_ fori>m+1,and F, =2 for l<i <m+1, where m>2. Consider a repre-
sentative n-tuple T'=(a,_;,a,_,, ..., a,,dy), where a, €{0,1}. From [3] and [6], if no more than
m—1 consecutive a,'s are 1, then T is a unique representative of N = X, a,F,,,. We can write
the regular expression (see [10], pp. 617-23) for the allowed representatives as

R=(A+1+ 12+ 4+ + 1" D) O0A+1+ 12+ P+ +1")) ¥, )

Here, a* = {1, a, aa,aaa, ...}, where A is the empty string, and 1' denotes / consecutive 1's.
Thus, this expression represents the set of strings consisting of substrings beginning with 7 1's, for
0<i<m-1, followed by a sequence of substrings each of the form 0,01,011,..., or 01""". From
(2), we can derive a generating function N(x, y, z) for the number of representatives and the
number of 0's and 1's in these representatives. Let x track the number of bits, y track the number
of 0's, and z track the number of 1's. Then, a typical term in the power series expansion of
N(x,y,2) is &,y x"y'z/ for n=i+ j, where &,y is the number of representative n-tuples with i 0's
and j 1's. We can write
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1-xy(1+xz +x*22 + -+ x" 12"
where the first term represents the leftmost substring, which can be nothing, 1, 12

while the second term represents the ways to choose 0, 01, 012, ..., and 01!
(3) as follows:

N(x,y,z)=(1;_xrzmj - xy(ll_xz 5)

From this we can generate, for example, the distribution of 16-tuples with i 1's for 0<i <15, as
shown in Figure 1. It is interesting that the number of representative n-tuples increases markedly
from m=2 to m=3; for m="7, the distribution is almost binomial. The fact that it is not exactly
binomial can be seen by its asymmetry. Capocelli, Cerbone, Cull, and Hollaway [3] derive an
expression for the average proportion, £, of bits that are 1, when the number » of bits is large

Table 2 shows this. In the Zeckendorf numeration system using Fibonacci numbers (m = 2), the
average proportion of 1's is near 25%

N(x,y,2)= (A +xz+x* 2>+ + X" 1)( 1 ), 3)

m-1
., or 1",
. We can rewrite

>
. However, as m increases from 2, this value approaches
50%. Standard binary
numeration system
(infinite m)
g
15000 :.?
£
1000g §
i
g
Zz g
c 1 P
E! N
g i ~Fibonacci_ In 2
= 4000 numeratlon syste £
o - 2
?
g,
@
3
z T,
3
%
7

FIGURE 1. Distributions of 1's in 16-Tuple Zeckendorf Numeration Systems

TABLE 2 ([3], [11]). Average Proportion of 1's in Numeration Systems with Basis
Elements F,=F,_;+F,_, +---+F,_,, When the Number of Bits Is Large

4 5
0.4337 | 0.4621

Pys 0.2764 | 0.3816

0.4782 | 0.4875 | 0.4929 | 0.5000

Klein [11] considers numeration systems based on the recurrence F =F_ +F,_, for
i>m+1, and F=i-1 for 1<i<m+1, where m>2. Consider a representative n-tuple T =
(a,,a

25 > Oy, @), where a; €{0,1}. From Theorem 1 in [6] it follows that, if every pair of 1's
174
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is separated by at least m—1 0's, then T is a unique representation of N =¥ a,F,,. For m=2,
this is the Fibonacci numeration system in which no two 1's are adjacent. A regular expression for
the allowed representatives is

R =0*+(0+10"1)*10* 4)

The 1 in 10* represents the rightmost 1 in a string containing at least one 1. In this case, any
number of 0's, as described by 0* occurs to its right. (0+10"")* represents a string consisting
of a sequence of substrings of the form 0 and 10", It follows from this construction that each
pair of 1's is separated by at least m—1 0's.

Consider a generating function N(x, y, z) to count the representative n-tuples and the 0's and
I's in these representatives. From (4), we can write

N(x,y,2)=(1+xy+x’py + )

+[A+ Gy + X"y )+ oy + XY+ xz (L xy + XY+ )] ©)

Here, (1+xy +x*y*+--) counts the ways to choose no 0's, one 0, two 0's, and so forth, while
m_. m—

(xy +x™y™'z) counts the ways to choose either a single 0 or 10", and xz counts the choice of a
single 1. Equivalent to (5) is the following:

N(x, y,2) = l—lxy [1 Xz } ©)

+ m._ m—1
1-xy—-x"y""z

From this, we obtain the distribution of 16-tuples according to the number of 1's, as shown in
Figure 2. It is interesting that, even for small m, the number of representative n-tuples is small
compared to the standard binary numeration system, shown here truncated to 1000 in order to
display detail. Standard binary

numeration system
truncated to 1000

[2]
2
mgog
Fibonacci 800 £
numeration sysien . §
b
Q.
D
B
% 4000 s
W
:
o, 2
?
G
%
S
7 2z
% R
%
[

FIGURE 2. Distributions of 1's in 16-Tuple Numeration Systems Whose Basis
Elements Are Generated by the Recurrence F,=F,_; +F,_,,

If we substitute 1 for y and z in (6), we achieve a generating function for the number of
representative n-tuples, as follows:
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1 x | 1-x"
N(x’l’l):1~x[}+1—x~x’”}_(l-x)(i—x“xm)' v

Specifically, &, the coefficient of x” in the power series representation of (7), is the number of
representative n-tuples. We can write (7) as
NG L =B, ®

m

where ... represents terms whose contribution to £

oo 1 negligible, for large #, compared to the
term shown, and

1
C(-a,)a+ma™h)

Em

Here, «,, is the dominant root, i.e., the singularity on the circle of convergence of N(x,1,1). We

are interested in the value of £, when » is large; thus, we write

1 Y
e e )amay ) L?F} ’ ®

where f, ~ g, means lim, _mg"— =1
i

Consider now the proportion of bits that are 0 and 1 in the representatives counted by &, __.
Substituting 1 for z in (6) yields N(x, y,1), a generating function in which a typical term is
oot Eqo Y +Epu Y+ +E&,, V") X", where £ is the number of representative n-tuples with
i 0's. Differentiating N(x, y, 1) with respect to y and setting y =1 yields a generating function in
x in which a typical term is (£, +2&,,,+n&,, ) x" =E x". Dividing E, by &, yields the aver-
age number of 0's in representative n-tuples. Dividing this by » gives the average proportion Fy,
of bits that are 0. That is,

_ (1-x'”)(x+(m—l)x’")+m

_YE- 4
NO‘s(x)'—Z"’nx - (l—x)(l—x—xm)2 3

720 dy

where ... represents terms whose contribution to E
term shown. But Ny (x) can be expressed as

N(x,y,1)

(10)

y=1

is negligible for large #, compared to the

n

st(x): gf,(l'am)(H(m*l)az“l)+_,,, (11)

(-2

where ... represents negligible terms. Therefore, from (11), we have

n
5, ~ g,z;,(l -a,(1+(m- l)aZ'l)(—l—J n.
a

Thus, the proportion of digits that are 0 when the number » of digits is large is
_1+(m-Da!

m—1
m

>,
s 1+ma
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Table 3 summarizes these results. It includes B, the proportion of bits that are 1, which can be
obtained from B, =1-F,. It also shows values for the proportion of 0's and 1's for large n. As
m grows, the proportion of bits that are 1 approaches 0, as shown in the last row of the table. All
entries in this row are approximations that apply when m is large. For example, the dominant root
@, of 1—x—x" can be calculated as follows. Let , =e®. For small A, this can be approxi-
mated be the truncated series 1-A. Thus, 1-a,—a), =0~ A —e™™ For t =mA, we find that
t=me”’, from which we obtain Inm=Int+7=¢. Thus, l-a,-a"~1-a,-A~l-a,~t/m
~l-a,—Inm/m or a, =1-(Inm)/m. By a similar calculation, the approximation for the num-
ber of representative n-tuples shown in the last row, second column of Table 3 can be derived.

TABLE 3. Asymptotic Approximations to the Number of Representative #n-Tuples and the
Proportion of 0's and 1's in Numeration Systems with Basis Elements F; =F,_,+F,_,,

1 1 Dominant root
Generalm | (1-a_)i +m¢,:")(Z) (1+maZ™) of 1-x-x"
2 1.1708%1.6180" 0.7236 0.6180
3 1.3134x1.4656" 0.8057 0.6823
4 1.4397x1.3803" 0.8492 0.7245
5 1.5550%1.3247° 0.8762 0.7549
6 1.6621x1.2852" 0.8948 0.7781
7 1.7630x1.2554" 0.9084 0.7965
8 1.8587x1.2320" 0.9188 0.8117
—> o0 m/In*m 1-1/m 1-(Inm)/m

3. MULTIPLE-VALUED NUMERATION SYSTEMS

There has been less work on numeration systems with nonbinary digits. Klein [11] considers
numeration systems based on the recurrence F, =mF_ - F,_, fori>3, F;=m, and F, =1, where
m=>3. Consider a representative n-tuple T=(a,_;,a,,,...,q,a,), where a, €{0,1,...,m—1}.
From [11], if every pair of m—1's is separated by at least one #, such that i €{0, 1, ..., m— 3}, then
T is a unique representative of N =X/ 'aF,,. For this numeration system, we seek the pro-
portion of digits that are 0,1,...,m—2 and m—1. We use a generating function N(x, y,z,w) in
which x tracks the number of digits, y tracks the number of m—1's, z tracks the number of m—2's,
and w tracks the number of 0's. By symmetry, the proportion of digits that are i, where i is
restricted by 1<i <m-3, is the same as the proportion of 0's. Indeed, w can be viewed as track-
ing any 7 in the range 0<i <m—3.

We enumerate a representative according to whether it has 1) no m—1's or 2) at least one
m—1. For 1), there is no restriction on the digits, and the representatives are described by the
regular expression, P=(0+1+2+---+m—2)*  The power series expression for the number of
representatives, in this case, is

1+ (wx + (m—3)x + 2x) + (wx +(m = 3)x + 2¢)* + (wx + (m—3)x +2x)° ++--. (12)

That is, the term wx represents a choice of a 0 that contributes 1 to the count of 0's, as tracked by
w, and 1 to the count of digits, as tracked by x. Similarly, the term zx tracks the number of
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m—2's. The term (m—3)x tracks the number of digits in {1, 2, ...,m—3}. Expression (12) can be

written as
H

I—wx —(m—-3)x—zx

(13)

For 2), the regular expression that describes the allowed representatives is
[P+(m—-D(m-2)*(0+1+2+-- +(m—3))]* (m-1P.

Here, the rightmost #— 1 is the rightmost m—1 in the string. To its right is any substring consist-
ing of the digits 0, 1, ..., and m— 2, as described by P and enumerated by (13). The digits to the
left of the rightmost m—1 can be chosen from 0, 1, 2, ..., m—2 (ie., from P) and from strings
beginning in m—1, ending in a digit whose value is m—3 or less with no, one, two, etc. m—2's in
between. The choices for the digits to the left of the rightmost m—1 are enumerated by

yxfwx + (m —3)x}}+[wx =3 ax+ yx{wx + (m -~ 3)x]}2 .

i
i+i-wx+(m—3)x+zx+
I-zx I—zx

Here, the choices of a substring beginning in m -1 are enumerated by yx[wz +(m—3)x]/ (1 - zx},
where yz repr@sems the choice of the first digit m—1, [wz + (m — 3)x] represents choice of the last
digit, 0, 1, ..., , and 1/(1—2zx) represents the choice of the m—2's in between. Thus, the
generating ﬁmctlon for the choices of representatives is

1 yx ] .
N{x,v,z,w)= - - ‘714‘ 3 i4
(x,y ) 1—wx—{m—3)x—zxi 1w — (m— 3% — 20 - yxfwx +(m 3)x] E (14)
- d
Substituting 1 for y, z, and w into (14) yields N(x, 1,1, 1), where
1
N(xL1LD)=——— 15
( ) 1-mx +x* 13

is the generating function for the number of representative n-tuples in this numeration system.
Specifically, £, the coefficient of x, in the power series representation of (15), is the number

of representative n-tuples. We prefer to write (15) as

N(x)==5n—y foy , (16)
I-* 1—7;“—
where
m— \/ m+m’ —4 i 1 1
&, = ﬁm 1= &n = 2’andhm:__—2—'
2 m 1—"am 1——IBm

That is, from (16), we can write £, =g, (1/a,) +h,(1/B,)". We are interested in the value
of £, when nis large, so we use only the left term of the right side of (16). Thus,

r:mf—l—z(i) | (17)

1- Ty \ Ty

Table 4 shows the values of g,, and 1/ «,, for various m.
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TABLE 4. Asymptotic Approximations to the Number of Representative n-Tuples and
Proportion of Digits in Numeration Systems with Basis Elements F, = mF,_, — F,_,

TProportonof ||
| digits thatare |
S el
o, (l-a )
Generalm
(1 + am} 7
3 1.1708x%2.6180" 0.4472 0.3820 0.1708 0.3820
4 1.0774x3.7321° 0.2887 0.2679 0.1547 0.2679
5 1.0455%4.7913" 0.2182 0.2087 0.1366 0.2087
[ 1.0303x5.8284" 0.1768 0.1716 0.1213 0.1716
7 1.0217x6.8541" 0.1491 0.1459 0.1087 0.1459
8 1.0164x7.8730° 0,1291 0.1270 0.0984 0.1270
—> oo 1.0000xm" 1/m 1/m 1/m i/m

Substituting 1 for y and z in (14) yields N(x,1,1,w). A typical term in the power series rep-
resentation of this generating function is (&, o+ & oW +Epapa®” + " + EppoyW )X", Where
&,oor 18 the number of representative n-tuples with & 0's. Differentiating this with respect to w
and setting w =1 yields a generating function in x in which a typical term is (£, +2&,502 +

+né,o)x" =8,x". Dividing &, by £, vields the average number of 0's in representative 7-
tuples. Dividing this by n gives the average proportion of digits that are 0.

d x
N =52 x" =L N(x11 S — 18
Os(x) ; X dw (x7 > ,W) el (l*mx+x2)2 ( )
But N,y (x) can be expressed as
am
Y
Ny (%) I Ul (19)

X g ’
ay,

where ... represents terms whose contribution to E, is negligible, for large n, compared to the
contributions from the term shown. Therefore, from (19), we have

5 . % |1 nn
o (1_afn)2 ay .

Thus, the proportion of digits that are 0 when the number of digits is large is Fy = a,, /(1— o).

By an earlier observation, we can write P,_y, == P = F,. Similarly, for the m—2's, we have
am
— d (1-x*)x 1-a?
N—' X)= &xnz—N'stZ:l = = L +'“, 20
m 25( ) é n dz ( )z=l (x2_mx+1)2 (1——}:—)2 ( )
am
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where ... represents terms that can be neglected, when # is large. Therefore, from (20), we have

n
o 1

2~ 25| —|n and B,y =a,
I-a,\ 2,

[x]

Table 4 above shows the various proportions. It includes an expression for P,

s> Which is
obtained from £,_,, =1-(m—-2)F, —F,_, . Note that, as m grows, the proportion of digits that

are i for 0 <i <m—1 becomes nearly equal.
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ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
Stanley Rabinowitz

Please send all material for ELEMENTARY PROBLEMS AND SOLUTIONS to Dr. STANLEY
RABINOWITZ; 12 VINE BROOK RD; WESTFORD, MA 01886-4212 USA. Correspondence
may also be sent to the problem editor by electronic mail to Fibonacci@MathPro.com on Internet.
All correspondence will be acknowledged.

Each solution should be on a separate sheet (or sheets) and must be received within six
months of publication of the problem. Solutions typed in the format used below will be given
preference. Proposers of problems should normally include solutions. Although this Elementary
Problem section does not insist on original problems, we do ask that proposers inform us of the
history of the problem, if it is not original. A problem should not be submitted elsewhere while it
is under consideration for publication in this column.

BASIC FORMULAS
The Fibonacci numbers F, and the Lucas numbers [, satisfy
Fop=Fatfh, =0, k=1
Ly=L,+L, Ly=2, L =1

n+l1

Also, a=(1++/5)/2, B=(1-+/5)/2, F,=(a"-B")/f5, and L, =a"+p".

PROBLEMS PROPOSED IN THIS ISSUE

B-826 Proposed by the editor

Find a recurrence consisting of positive integers such that each positive integer n occurs
exactly 7 times.
B-827 Proposed by Pentti Haukkanen, University of Tampere, Tampere, Finland

Find a solution to the recurrence 4,,,=4,-24,,,, A,=0, 4, =1, A4, =-2, in terms of F,
and L,.

B-828 Proposed by Piero Filipponi, Rome, Italy

12
For » a positive integer, prove that Z (n—%r— 2r) is within 1 of F, /2.
r=0

B-829 Proposed by Jack G. Segers, Liége, Belgium
For n a positive integer, let P,=F, F,, A =P, P, B,=4,-4,_, C,=B,,-B,
D,=C,-C,,,and E,=D,,,-D, Show that |F,-B,|, |4,-C,|, |B,—- D,|, and |C, - E,| are
successive powers of 2.
B-830 Proposed by Al Dorp, Edgemere, NY
(a) Prove that if n =284 then (n+3)|F,.
(b) Find a positive integer n such that (n+19)|F,.
(¢) Is there an integer a such that 7+ a never divides F,?
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SOLUTIONS
Mr. Feta's Lost Theorem

B-808 Proposed by Paul S. Bruckman, Jalmiya, Kuwait
(Vol. 34, no. 2, May 1996)
Years after Mr. Feta's demise at Bellevue Sanitarium, a chance inspection of his personal

effects led to the discovery of the following note, scribbled in the margin of a well-worn copy of
Professor E. P. Umbugio's "22/7 Calculated to One Million Decimal Places":

(PR L]

To divide "n-choose-one" into two other non-trivial "choose one's", "n-choose-two", or in

general, "n-choose-m" into two non-trivial "choose-m's", for any natural m is always possible,

and I have assuredly found for this a truly wonderful proof, but the margin is too narrow to

contain it.
Because of the importance of this result, it has come to be known as Mr. Feta's Lost Theorem.
We may restate it in the following form:

Solve the Diophantine equation x”+y? =z for m<x<y<zm=1,2,3,..., where X” =
X(X-1)(X-2):--(X—m+1). Was Mr. Feta crazy?

Solution by Gerald A. Heuer, Concordia College, Moorhead, MN & Karl W. Heuer, The Free
Software Foundation, Cambridge, MA

Well, owning a copy of Umbugio's "22/7 Calculated . . ." perhaps casts a slight shadow over
Mr. Feta, but his statement is correct. Presumably the book had extremely small margins, for the
solution, x=y =2m—1, z = 2m for every natural number m, does not require a substantial margin.

For each of the cases m=1 and m =2 there are infinitely many solutions, and we may give
the general solution. With m = 1, things are rather simple: x < y arbitrary, and z=x+y.

With m =2, we have the following family of solutions: Choose x >3 arbitrary, and choose
integers s, 7, u, v even, uv > s¢, and su < (uv—st +1)/2. Then one routinely verifies that

u—st+1 uv+st+1
su 1
e 1)
is a solution. Note that for every x the choice of s =7 =1 satisfies the remaining conditions, so at

least one solution exists. Moreover, every solution is of this form, for if x(x—1)+y(y—-1=
z(z—1) and
z=y+r, @

then one finds at once that
x(x-)=r(r+2y-1), 3)

so every prime factor of r divides either x or x—1. Thus, we may write » = s, where s|x and
t|(x~1). Then u and v may be defined satisfying x = su and x—1=1#v, and solving (3) for y and
using (2), we obtain the solution (1). That just one of s, #, #, v is even follows from the facts that
x and x -1 have opposite parity and that y is an integer, so that uv—stis odd. The inequalities
assumed must hold in order that 2<x < y.

With m = 3, in addition to the above solution, we find (10,16,17), (22,56,57), (36,120,121)
and there seem to be no more with z=y+1, but we do not have a proof. A computer search
with m = 3 yields many solutions and suggests probably an infinite family exists. With m = 4 there
is at least one more solution, (132,190,200), and with m =6 at least two more: (14,15,16) and
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(19,19,21). Each of these two seems to begin an infinite family: Whenever m is a solution of the
Fermat-Pell equation 8m” +1=n? (i.e., m=6,35204, ...), we have a solution

(4m+n—3 4m+n-3 dm+n+1
2 3 2 2 2 b

and whenever m is a solution of 5m? — 2m+1= n? (m=6,40,273,1870, ...),

(3m+n—3 3m+n-1 3m+n+1
2 ’ 2 ’ 2

is a solution.
Also solved by Leonard A. G. Dresel, Piero Filipponi, David E. Manes, H.-J. Seiffert, and the
proposer.

It Keeps on Going

B-809 Proposed by Pentti Haukkanen, University of Tampere, Tampere, Finland
(Vol. 34, no. 2, May 1996)
Let k be a fixed positive integer. Find a recurrence consisting of positive integers such that
each positive integer occurs exactly & times.

Solution 1 by David E. Manes, SUNY College at Oneonta, NY; H.-J. Seiffert, Berlin, Ger-
many; Lawrence Somer, The Catholic University of America, Washington, DC; and David
Zeitlin, Minneapolis, MN (independently)

Wyop =2W, 0 —W,, 120

n+2 n» >
with initial conditions wy =w, =w, = =W, =L, W, =W =W = =Wy = 2.
Solution 2 by the proposer
Wottet1 = Wogk TWopy =Wy, N2 0,
with initial conditions wy =w; =w, =---=w,_ =1, w, =2,

Solution 3 by Gerald A. Heuer, Concordia College, Moorhead, MN, and Russell Jay Hendel,
Drexel University, Philadelphia, PA (independently)

Wy =W, +1, n20,
with initial conditions wy =w, =w, =---=w,_; =1

Solution 4 by Murray S. Klamkin, University of Alberta, Canada

+
W =1+ 222 s,
with initial condition w; = 1.

Several solvers gave the reference G. Meyerson & A. J. van der Poorten, "Some Problems
Concerning Recurrence Sequences,” Amer. Math. Monthly 102 (1995):698-705, which contains
related problems. See Problem B-826 in this issue for a related problem.

Also solved by Graham Lord.
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Divisible Determinant

B-810 Proposed by Herta T. Freitag, Roanoke, VA
(Vol. 34, no. 2, May 1996)
Let (H,) be a generalized Fibonacci sequence defined by H ., =H,  , +H, for n>0 with
initial conditions X, = a and H, = b, where a and b are integers. Let k be a positive integer.

Show that g H,., i
A” B Hn+k+l Hn+k+2]

is always divisible by a Fibonacei number.

Proof by Steve Edwards, Southern College of Technology, Marietta, GA
We use equation (8) in {1} H,,, =F, H,+F,H, . Then
A =HH - H Hoen
=H [ F o H, + Bl gl - H B H, + B
= FonlHy - H2 1+ B, H, [ o - B
= Ec+1[H3 - H3+1] +HH, o Fra = Fk+1[H3 - Hr?+1,+ H,H, 4]

Thus, A4, is always divisible by £, ;.

Disproof by Russell Jay Hendel, Drexel University, Philadelphia, PA

Since F, =1, every integer is divisible by a Fibonacci number. Thus, the proposer probably
intended to ask us to show that 4, is always divisible by a Fibonacci number larger than 1. But,
in that case, the proposition is false. If a=2, b=5, and £ =1, then 4 =-11, which is not
divisible by any Fibonacci number larger than 1.

A more correct statement of the problem would have been: "Show that A, is always divisible by
Bea”
Generalization by Pentti Haukkanen, University of Tampere, Tampere, Finland

Let {(G,) and (H,) be any two generalized Fibonacci sequences satisfying G, =G,,; +G,
and H,,,=H,  +H, forn>0. Vajdall, p. 27] proves that

n+l T ttn+l
Gn+k+1Hn+h - Gan+h+k+1 = Ec+l (Gn+1Hn+h - Gan+h+1)-
ThUS, Gn Hn+h !

Gorirr Hpnein|
is always divisible by F, ;.
Reference

1. 8. Vajda. Fibonacci & Lucas Numbers, and the Golden Section: Theory and Applications.
Chichester: Ellis Horwood Ltd., 1989.

Most solvers noted that A, =(-1)""(a* - b* +ab)F,,,. Redmond and Somer showed (indepen-
dently) that if (W) is a sequence of integers that satisfies the recurrence W,,, = PW, ,+QOW,
with initial conditions W, = a and W, = b, then

Sl
-
I/Vn+k+l W1+k+2
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is equal to U, J, and, hence, is divisible by U,,,, where (U, denotes the sequence satisfying
the same recurrence as (W, with initial conditions U, =0, U, =1.

Also solved by Paul S. Bruckman, Leonard A. G. Dresel, Russell Jay Hendel, Murray S.
Klamkin, Harris Kwong, Carl Libis, David Manes, Don Redmond, H.-J. Seiffert, Lawrence
Somer, David Zeitlin, and the proposer.

Alternating Lucas

B-811 Proposed by Russell Euler, Maryville, MO
(Vol. 34, no. 2, May 1996)

Let n be a positive integer. Show that:

(a) if n=0 (mod4),then F,,, =L, - L, ,+L, ,——L,+]
(b) ifn=1(mod 4),then F,, =L - L, _,+L,_,— - —L+1,
(¢) ifn=2(mod4),then F, =L, —-L ,+L, ,—+L,—1;
(d) fn=3(mod4),then F,,, =L, - L, ,+L, ,—+1;—1.

Solution by L. A. G. Dresel, Reading, England
We use the well-known formula F,_,+ F,,, = L,, which is formula (6) in [1]. When 7 is
even, consider the sum
Sn = Ln - Ln—2 + Ln—4 —et (_ 1)(’1—2)/2L2
= (Bt Fo)— (B + Fop)+ o+ (DB + F)
= Fy+ (-)7F,
Since F| =1, this proves (a) and (c).
When n is odd, » >3, consider the sum
7;1 = Ln - Ln—2 + Ln—4 -t (_l)(n_3)/2l’3
= (Foua+ Fy) = (Fyoy + Fy) oo+ ()2 (E + Fy)
= Fy+ (),
Since F, =1, this proves (b) and (d).
Reference

1. S. Vajda. Fibonacci & Lucas Numbers, and the Golden Section: Theory and Applications.
Chichester: Ellis Horwood Ltd., 1989.

Also solved by Paul S. Bruckman, Herta T. Freitag, Pentti Haukkanen, Russell Jay Hendel,
Harris Kwong, Carl Libis, David E. Manes, Bob Prielipp, Don Redmond, H.-J. Seiffert,
Lawrence Somer, and the proposer.

A Triangle in Space

B-812 Proposed by John C. Turner, University of Waikato, Hamilton, New Zealand
(Vol. 34, no. 2, May 1996)

Let P, O, R be three points in space with coordinates (£,_;,0,0), (0, F,,0), (0,0, F, ),
respectively. Prove that twice the area of APOR is an integer.
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Editorial composite of solutions received from Steve Edwards, Southern College of Technol-
ogy, Marietta, GA, and Murray S. Klamkin, University of Alberta, Alberta, Canada

We will show that if P =(x,0,0), Q=(0, y,0), and R=(0,0, z), where x, y, and z are posi-
tive integers such that x + y = z, then twice the area of APOR is an integer.

Heron's Formula [1, p. 12] gives the area of a triangle with sides of lengths a, b, and ¢ as
A=7/s(s—a)(s—b)(s—c), where s=(a+b+c)/2. Using the Pythagorean Theorem to get the
sides of APQOR, and a straightforward algebraic reduction, gives

24 =¥ + Y22 + 227 = ¥R+ (x4 Y) + (x+ )R

= Xt +20%y +3x32 1200 1yt =P xy )2
Thus, 24 is an integer.

Reference
1. H.S. M. Coxeter. Introduction to Geometry. 2nd ed. New York: Wiley & Sons, 1989.

Also solved by Paul S. Bruckman, Leonard A. G. Dresel, Herta T. Freitag, Harris Kwong,
David E. Manes, John Oman & Bob Prielipp, H.-J. Seiffert, Lawrence Somer, David Zeitlin,
and the proposer.

A Very General Determinant

B-813 Proposed by Peter Jeuck, Mahwah, NJ
(Vol. 34, no. 2, May 1996)
Let (X,), (¥,), and (Z,) be three sequences that each satisfy the recurrence W, = pW,_, +
qW,_, for n>1, where p and q are fixed integers. (The initial conditions need not be the same for
the three sequences.) Let a, b, and c be any three positive integers. Prove that

Xa Xb Xc
Y, Y I |=0.
Z, 4, Z,

Solution by Paul S. Bruckman, Highwood, IL

Let (U, ) be the sequence that satisfies the same recurrence, but with initial values U, =0 and
U,=1. The sequence {(gXjU,_, + X,U,_,) also satisfies this same recurrence and has the same
values as (X,) when n=1and n=2. Hence, these sequences are identical. In a similar manner,
we seethat ¥, =qhU, ,+LU, ,and Z, =qZ U, , +Z,U, ;. Thus,

X, X, X, X, X, 0\(U,, U,, U,
L L Li=|lqh L, O(\U.y Uy, U,
zZ, 7z, Z qzZ, Z, 0 0 0 0

c

Clearly, the determinant of each matrix on the right is 0. Hence, the determinant of the matrix on
the left is 0.

Also solved by Leonard A. G. Dresel, Russell Jay Hendel, Murray S. Klamkin, Harris Kwong,
David E. Manes, H.-J. Seiffert, Lawrence Somer, and the proposer.

Note: The Elementary Problems Column is in need of more easy, yet elegant and nonroutine problems.

O o% o2
00 €50 058

186 [MAY



ADVANCED PROBLEMS AND SOLUTIONS

Edited by
Raymond E. Whitney

Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS
to RAYMOND E. WHITNEY, MATHEMATICS DEPARTMENT, LOCK HAVEN UNIVERSITY,
LOCK HAVEN, PA 17745. This department especially welcomes problems believed to be new or
extending old results. Proposers should submit solutions or other information that will assist the
editor. To facilitate their consideration, all solutions should be submitted on separate signed

sheets within two months after publication of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-526 Proposed by Paul S. Bruckman, Highwood, IL
Following H-465, let 1, r,, and r; be natural integers such that

3
Z kr, =n, where n is a given natural integer.
k=1
Let
1 (i +r+n)!
n+n+r Rl o

Natyst3

Also, let

C,=ZXZB, , ,,summed over all possible 1, 7,, 7.

Define the generating function
F(x)=) Cx".
n=6

(a) Find a closed form for F(x);
(b) Obtain an explicit expression for C,;
(¢) Show that C, is a positive integer for all 7> 7, n prime.

H-527 Proposed by N. Gauthier, Royal Military College of Canada

(M

@

©)

4)

Let g, a, and b be positive integers, with (a,5) =1. Prove or disprove the following:

a=1 b-1 F F F
' —1)g(br+as — Z4g(atb-abygab , _ qyg(1-ab) Zq(2abl) .
a) Z Z ( 1) LZq(br+as) - F Fb +( 1) F >
r=0 s=0 qa~ q q
(br+as<ab)
a=1 b-1 L F L
- (2ab-1) qab*~“q(a+b-ab)
b) 5 Z Z (_l)q(br-}-as)}yz — (__l)q(l ab) q _ )
q(br+as)
r=0 s5s=0 F;] F;WF‘qb
(br+as<ab)

H-528 Proposed by Paul S. Bruckman, Highwood, IL
Let Q(n)=2

following:

piln

1997]

e, given the prime decomposition of a natural number n =[] p°.

Prove the
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(A) zl:,(“ 1)Q(d)F Qn/d)-Q(d) ~ 0;
dln
B) ;( 1) Q(n/d) Q) = =2U,, where U, = 1—"[ e+l
n pin
SOLUTIONS
Poly Forms

H-508 (Corrected) Proposed by H.-J. Seiffert, Beriin, Germany
(Vol. 34, no. 1, February 1995)

Define the Fibonacci polynomials by Fy(x)=0, F(x)=1, F(x)=xF_,(x)+F,_,(x), for
n>2. Show that, for all complex numbers x and y and all positive integers #,

E0F()= nE (gkt’a)(w) F(”’ 4) )

xX+y

As special cases of (1), obtain the foliowing identities:

1 n—k+1 IL . )
F(x)F,(x+1) = n“( k> 1 (;k++lJ]?k+l(x2+x+4, )
2 n+2k\ x* +4 * .
FE(x)E(4/x)= nz 2k+1(4k+1) ] X0, (3)
( l}n —k+1 k '
F(x)? —n];) P (§k++l)(x2+4)’f, ‘(4)
2k+2_ _4}k+1
2n-2 k
F(9=Cn-D % (k”l (P55 PR ©)

Solution by the proposer

We also consider the Lucas polynomials defined by Ly(x)=2, Li(x)=x, L(x)=xL,_,(x)+
L, ,(x), for n>2. It is known that

F,(x) = ﬁ(f}x‘———ff‘i— and L, (x) = a(x)" + B(x)", ™
where a(x) = %(x +4/x? + ) and B(x) = %( —xt+ 4), and that
By (x) = Z ( 2nk++k1) X2k

Integrating the latter equation and noting that L} (x) = 2nF,,(x) and L, (0) =2 gives
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= 1/ n+k )
7 2= E 2k+2
ZH{X) ? =0 k+1 k2k + 1/ * ’ (8)

Since both sides of the stated equation (1) are analytic functions of x and y, it suffices to
prove it for real x and y such that x> y > 0. Let

u :%(w/(x2+4)(yz +4) +xjy—4)
v=1(JoP+ 407 +4) - xp +4)

Then we have w >0 and v>4. From (8) it follows that

and

j;2n(\/1;) - LZn(l\/;) _ = 1 /n +k
u+v _n,gg k+1 2k+1)Ak+1’ ©)
where i = /(1) and
) -\/\_,)21'
4= N
4 uty 0 J S0
Since u—v =xy—4 and uv = (x + y)*, it is easily seen that
Aj :(xy_4)Aj—l+(x+y)2Aj—2’ ]22:
so that, by 4, =0 and 4, =1, we must have
A =(x +y) (M} jeN;. (10)
X+y
Simple calculations show that
a(Vu) =1 (2u+4+2 Ju(u+4)) = a(x)a(y),
Bu)t =4 (2u+4-2.[ulu+4)) = f)B),
and, since x 2 y,
a(iv)? =~L(2v-4+2,/v(v-4)) = a(x) (),
Bl =-L2v-4-2,[v(v-4)) = f()a(y).
From these four equations and (7), it follows that
R, ) = = Laf19) an

u+v
Now, the desired identity (1) follows from (9), (10), and (11).
Using the properties F(-x) = (—1)1‘114}(35), £,(0)=0, and F;;,,(0)=1, we show that (2)-
(6) are all special cases of (1). Since we wish to exhibit some particular cases, we also note that
F(&)=F,/2, FG)=i""F,, B,05=5F,/3, F, (/5)=L,,,/3, and 5"V F (4/5)=
(5"-(-1)")/6. Also, let P, = F,(2) denote the n™ Pell number.

(2): In (1), replace x by —x and then take y = x+1. We note the interesting particular case
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1 n—k+1 k
E.F, = "Z (__l’_‘(;k-:. 1)Ec+1(6)'
k=0

(3): Take y=4/x,x#0. For x=1 and x = 2, we obtain, respectively,

_J _J
[ n+2k ek 2 L) n+2k\,
g k+1(4k+1)25’ and P,,_ng (4k+1 16°.
With x =+/5, eq. (3), after replacing n by 2n and n by 2n—1, produces the curious identities:

36n =1 2n+2k) ken-1-k
Fp=— 81+5 1%,
i 25"—1,;)2k+1(4k+1 ’

18(2n-1) 2n+2k =1\ g ken-1-k
Lina =g 22k+1( Akl )815 :

(4): Take y =—x. For x=1,x=3i, and x =2, we obtain, respectively,

n-1 n—k+1
2 _ (=D n+k \cr
F, —n];) i+l (2k+1)5’

n—1
2 _ 1 (n+k\«
P —"kZ:;) k+1(2k+l)5 ’

¥ T - (;k++kl) 8.

im k+1

and

(5): Take y = x and use the Binet form of the Fibonacci polynomials. For x = 3i, this gives

2 (= 1)"_k+1 n+k ) gkl k4l
P =3 ,;) i1 \2k+1)OT 4T

(6): In (1), replace n by 2n—1 and then set y=0. For x=1 x=4, x=+/5, and x=2, we
obtain, respectively,

2n-1%2 (-0 (2n+k-1
}an—i = ( ) (

2 A~ k+1\ 2k+1 )F3k+3’

2n-2

2n+k-1

Fopa=(4n-2) & M( ke R
k=0

_ 1% (- l)k(2n+k 1) k
L 5 +1_ _l k+1
4n-2 2 prt k+1 2k+1 ( ( ) )9
and 2n-2 k
)" (2n+k-1
Bra=n-) ¥, S0k arp,
k=0

Also solved by P. Bruckman and A. Dujella.
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Pell Mell

H-510 Proposed by H.-J. Seiffert, Berlin, Germany
(Vol. 34, no. 2, May 1996)

Define the Pell numbers by