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THE FIBONACCI TRIANGLE MODULO p

Brad Wilson

2030 State Street #5, Santa Barbara, CA 93105
(Submitted July 1996-Final Revision August 1997)

1. INTRODUCTION
Let F,!=F,F,_,..EF,
Definition: The Fibonacci coefficient [; ], is defined to be

(7] - EFy ..,
L3 A AN RV AN A ) &

An important property of the Fibonacci coefficients from [4] is
k]l _ k-1 k-1
[g]g—ﬂu[ . L‘*‘Ez-z—l Z—IL' 0]

From the Fibonacci coefficients we form the Fibonacci triangle in much the same way as
Pascal's triangle is formed from the binomial coefficients; namely, the Fibonacci triangle is formed
by letting the k™ element of the n row be [} ;.

12 21
13 6 31
15151551

FIGURE 1. Rows 0 to S of the Fibonacci Triangle

The parity of the binomial coefficients and the iterative structure of Pascal's triangle have
been the subject of many papers (see, e.g., [2], [3], [13]). More recently, the Fibonacci coeffi-
cients and the iterative structure of the Fibonacci triangle modulo 2 and 3 has been examined in
[5], [11], and [12]. In this paper we extend the results of [11] and [12] from the Fibonacci coef-
ficients and triangle modulo 2 and 3 to modulus p for p an odd prime.

For an odd prime p other than 5 and 7 >0, define 7, N as the smallest number such that
P'|F;,. In particular, 7, =1 and 7, is what is commonly called the rank of apparition of p. We will
denote @ ={ry,n,...}. It is well known that r|r,, for all i €N, so any n €N can be written
uniquely as n=mr, +n,_p,_ +--+nn+n, for 0<n <',%‘ We call this the base g repre-
sentation of n e N.

Our main results are

Theorem 1: Let r = max;,,-2-. The number of entries in the 7" row of the Fibonacci triangle

T

not divisible by p is 21324%._r*-1 where s, is the number of i's in the base g expansion of ».

Theorem 2: Let p+#2,5 be a prime. There is the following connection between the Fibonacci
and binomial coefficients modulo p:
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THE FIBONACCI TRIANGLE MODULO p

nn n k(n—k)r
-G
In particular, the triangle Ar, formed by having [], (mod p) as the k™ entry of the n™ row is

Pascal's triangle modulo p if and only if 7, is even.

Theorem 3: For p#2,5 aprime, we have
ny + _] _[n _] nm(n—m)+i(n—m)+m(j—i)
[ 5 '”L _( )[iLFﬁl“ (mod p).

2. PRELIMINARY FACTS

Of fundamental importance in our investigation are the following two well-known facts (see
[9D): First, if (a, b) denotes the greatest common divisor of two natural numbers, then

(Ez) Fm) = F&m, n): (2)
Second,
‘F;t+m = Esz—l + F;t+1Fm‘ (3)

A sequence {4} is said to be regularly divisible by d e N if there exists 7(d) €N such that
d|4; if and only if (d)|j. A sequence is regularly divisible if it is regularly divisible for all 4 €N
(see [5]). From (2), we see that the sequence {F,}, is regularly divisible. To simplify notation,
for p our fixed prime and for i > 0, we let 7. €N be the smallest number such that p’|F;. Notice
that 7, =1 and r, is what is generally called the rank of apparition of p. Let ¢ = {ry,7...}. Since
the Fibonacci sequence is regularly divisible 7|7,;, so each n €N can be written uniquely as
n=nr+n_p_;+-+mn+n, with 0<n < r,;‘ We call this the base g representation of » and
denote it by n = (nn,_;...mn),, (see [6]).

It is well known from [7] that for i > 1 we have

1
e {or )
T p

The following theorem was first shown in [5] in a different form. The introduction of the

base g allows us to state the theorem more succinctly. The theorem was given in this form in
[10]. The proofis reproduced here with the permission of the first author of [10].

Kummer's Theorem for Generalized Binomial Coefficients: Let s ={4,}7.; be a sequence of
positive integers. If o is regularly divisible by the powers of p, then the highest power of p that
divides
[m+n] — Am+nAm+n—1 "'A'n+1
Ml 4,4, . A4

is the number of carries that occur when the integers » and m are added in base g, where @ =
{r;} 7 for r; defined by p/| 4,,, p’| 4, for 0<r<r;.

Proof: By definition of 7;, 4, is the first element in & divisible by p’. By regular divisibility
of the sequence {4,}7.;, we see that p'| 4, if and only if ;| k. This means the number of 4,
k <n that are multiples of p' is
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THE FIBONACCI TRIANGLE MODULO p

r; r Y

n nr, +---+nr +n, ¢ 14
o] |,
4

i
Now suppose, in base o, we have m=myr, +m,_r,_, +---+mp+my and n=nr, +n_jp,_ +-+
ny, +n,, where we allow some of the initial digits to be 0 so we may assume m and » are written

with the same number of digits in base ¢. Counting the multiples of p' in {4, 4,,..., 4,.,,},
{4, 4,..., A}, and {4, 4,, ..., 4.}, we see a carry at the i" place,

(m_ypi_y+- +mp+mg) + (i + o+ +mg) 27,

occurs if and only if the number of multiples of p’ in {4, 4,,..., 4,,,,} is one greater than the
number of multiples of p’ in {4,, 4,,..., 4,} plus the number of multiples of p’ in {4,, 4,,..., 4,}.
Therefore, the number of carries is the highest power of p that divides [","],. O

In particular, the theorem applies to the Fibonacci sequence: {,}7., = {F;}7.;.
Corollary (Knuth and Wilf) [5]: The highest power of p that divides [";"], is the number of car-

ries that occur when the integers 7 and m are added in base g, where g = {r;}7, for r; defined
by p/|F,, p/|F, for O<r <.

3. CONGRUENCES FOR FIBONACCI NUMBERS AND COEFFICIENTS

In this section we give a series of lemmas about congruences of Fibonacci numbers and
coefficients.

Lemma 1: Forizl, F, ,,=F, = F, (mod p’).
Proof: Since p'|F,,, wehave F, ., =F, +F, _;=F,_ (mod p'), so we will switch freely
between F, ., and F,,_; modulo p’ throughout the rest of the article. Since p'|F;, F,il,r1 =F +

F_ = Fl,i_’;r?mod P'), so the lemma is true for n=1. Assume F,_, = 1’7,‘_"+1 (mod p*). Using (3)
with n=Fkr,, m=r,+1 gives
Fik+l.)r,—l = Foyn =Fo B, + FpnFr = By g = Ekﬁl (mod p). O

Lemma 2: Fori>1, F, =F, (nF}) (mod p¥). ‘

Proof: This is clearly true for n=1. Now assume F,, = F, (KFES) (mod p*). Then, using
@B)withn=kr,—1, m=r, +1 gives

Fary, = FigerB5, + B By = (B, +’kFr,k+_11E,+1) (mod p*). (5)
Since Lemma 1 says Fj,_, = 1’7,,,"+l (mod p'), we get
Fypoy + KBRS, o = Y + K, = (k+ DEY, (mod p).

Since p/| F, , this congruence gives
F (Fa+ kFr:Car_llFr,ﬂ) =F (k+ I)Eﬁrl (mod p*).

This congruence together with (5) gives F,,y, = F, (k+ 1)1‘7,1"+l (mod p%). O

196 [JUNE-JULY



THE FIBONACCI TRIANGLE MODULO p

Lemma 3: For 0<j, £ and 0sm<rn -1, we have F, ,,.F; ., = Fj 4F, ,,, (mod p).

Proof: For m=0, both sides are congruent to 0 modulo p since p|F, and p|F, . For

m =1, both sidgs are ide'ntical.. Assume tha't Foy sl i1 = FpprFjy e (m0d p) for all m< k <r-1

for some k. Using our induction hypothesis, F}, ., = F; -1y + Finr-2y> and Fyp o = Fyp ey +
Erl +(k-2)> we get

FoiiFinsr = Fopae-yF i + Fopae-2yFin a1

= Fyp aiF -ty + FonrF s e—2) = Fop i Fj i (mod p). O

Note that alternate forms of Lemma 3 are

Erl +m F;rl +m
ot = I (mod p),
Erl +1 F}rl +1

which will be used below in Lemma 6 and, for m =0,

F, F,
n+m = £r+1 (mod p)

Ffrl +m Fm +l
which we will use in Theorem 2 below.
Lemma 4: For 0< j, £ we have

Eq+l PE£+ Jn+l
= (mod p).
K Fy

Proof: By (3) with n={r,, m= jr,+1, we have
F('£+j)r1+1 = Er,E]rl +F‘Zrl+l jn+l = Erl+l Jjn+l (mOd p)
Since F,, ., is invertible modulo p, we may divide to put this in the form of the statement of the
lemma. O

Lemma 5: For p#2,5,

1 (mod p) if =2 (mod 4),
=:-1 (mod p) if, =0 (mod 4),
an element of order 4 (mod p) if 7 is odd.

E

n-1

Proof: From (3) with n=a-1, m=a, we get F>+F2,=F,,_,. From (3) with n=a,
m= a+1, we get F;zz +‘F;12+1 = F‘2a+l' Ifrl = 261, then F‘2a+l = }7241 +f72a—1 = F‘2a—1 (mOdp)a S0

F2+F2y = Fyyy = Fppy = F2+ F3y = 2F2 + F2 4 2EF, ; (mod p),

where the last equality is found by expanding F; = (F, +F,_,)*. This means 0= F?+2FF, ,
(mod p). Since F, #0 (mod p), we can factor it out to get 0=F, +2F,_, (mod p) or, stated
differently, F, =-2F,_, (mod p). Then F,,,=F,+F, ,=-F,, (mod p). If F,,, =(-1)*F,_,

(mod p) forall 0<k </ <a-1, then
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Fo=F o +F, ,=(D"F_, +(-D)F,_,,

= (D (Fo_e-2) ~ Fagemry) = CDF,_, (mod p),
SO

F 1= Fpuqy= (D" Fo gy = (=D (mod p).

This means that if 7; =2 (mod 4), we have a odd, so F;_; =1 (mod p). If 7, = 0 (mod 4), we have
a even, so F,_; = -1 (mod p).

Now assume that r is odd. Since F, =0 (mod p), we get F._=F (mod p). Assume
F o =(D*"F _, (modp)forall 0<k </<r—1. Then

Elu = Fr,+(z-1) +F;'1+(£—2) =(- 1)Z_I(Frl—u—z) - Fr,-(e-l))
=(-)*"'F,_, (mod p).
Therefore, F5, _, = F; ,(, 1y = (-1)1 ‘21*';1 —¢;-n =—1 (mod p). By (3) with n=r, -1, m=r, we get
By =F+F = F2, (mod p),

n-17=

SO F2 . =—1 (mod p), i.e., has order 4 modulo p. O
Lemma 6: For 0<i< j<n,
nn+j| _|nq||J j-i
[mrl +i]g B l:m’i:lg[’] F(n—m)r' Fmr'_l (mod p).

Proof: This is clear for i=0= j. Assume true for all 0<i< j <k <r, for some k. Take
1<£<k-1. Then, by (1),

nr+k -F nn+k—1 +F nn+k—1
mr1+£%_ mn+E+1 mrl_{,z . (n—m)r +k—£-1 mr1+£—1%'

The induction hypothesis gives

nn+k nn | [k-1 k—t-1 k=11 1eq k-t
[m;i"'f] mrl+£+l|:m’1i} [ ] (n-m)n—-1 Fmrl +F2n—m)rl+k - l[m’l«:l /- l] En—m)rl—lFmr,

nr, Y] k-2 mr+e+1 [k —1 (n—m)r+k —e-1[k—1
[ it e 1) o Hemetafi ] ) o

mr -1 (n—m)r -1

Using Lemma 3, we find this is equivalent to

n+k| _[nn] e k-t | Fona [k —1] | Feopy [k 1]
[mr1 +£L—[mrl]%F(n—mm Fmrn-l( K [ l %+ K £-1 (mod p).

By (1), we conclude that

ni+k| _[nmn [k] ¢
[mrl +f]g"[mrl]g )y - i1 (mod p).

The cases £ =0 and £ = k are dealt with similarly. O
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4. MAIN RESULTS

r

Theorem 1: Let r = max,;,,~:-. The number of entries in the n" row of the Fibonacci triangle
not divisible by p is 2%13%24% .. r*-1 where s, is the number of #'s in the base g expansion of n.

Proof: First, we note that the maximum exists. It is well known that , < p+1. By (4), we
know that %1 < p fori>1,s0 r < p+1.

By Kummer's Theorem for Generalized Binomial Coefficients, p/[}], if and only if there is
no carry when k£ and n—k are added in base . Let the base g expansions of » and k be n=
(n,...mnny), and k = (k, ...kykky). Then there is no carry when adding k and n—k in base g if
and only if k; <n, for all i. For a fixed n, the number of such & is I1,(n; +1) since there are (r, +1)
possible values of %, less than or equal to . O

The iterative structure of Pascal's triangle modulo 2 has been studied extensively (see [13]).
Recently, the iterative structure of the Fibonacci triangle modulo 2 has also been studied. In par-
ticular, a map between the Fibonacci triangle modulo 2 and Pascal's triangle modulo 2 was found
in [11]. For all primes p #2,5 whose rank of apparition is even, we get an analogous result: a
map between the Fibonacci triangle modulo p and Pascal's triangle modulo p. While the result for
these primes is similar to the case p =2, our method of proof is different and, in fact, breaks
down for p=2.

Theorem 2: Let p+2,5 be a prime. There is the following connection between the Fibonacci
and binomial coefficients modulo p:

nr n—k)n
] -E) ot

In particular, the triangle Ag, formed by having [;i], (mod p) as the k™ entry of the n™ row is
Pascal's triangle modulo p if and only if 7, is even.

Proof: By definition

{nrljl _ FoEo - Fluiynat
krl % Fkrlerl_l...FéFi

Separating the factors divisible by p from those not divisible by p, we get

[nrl] _ nr]Fin—l)r, "‘Fin—k+l)r, . F;1r|—lF;1r|—2 "'En—-k)rﬁl
kr] % FkrlFik—l)rl EI Fkr‘l—leI]—2"'E

Using Lemmas 3 and 4 to simplify, we obtain

[nrl] _ FFovy - Formirys, Fant Lo Fon

ki Jg FoFoyn By B Fign Fpn

— F;lrlFén—l)r, "'En—k+1)r, F;Jr,+1
EmF(k-l)rl 8

h

k(r-1)
] (mod p).

F;crl +1
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Using Lemma 4 to simplify further, we get

F ..F
”rl] _ i (n=Dn T (n—k4Dn (E )Yk (mod

- n—k)n p) (6)
[kr, s FoFuy, - F, on+

Now there are two cases to consider. If the number of factors of p in the numerator of the

fraction

nn -

Fy . F,

F, . 'F&n—k+l)r1

is greater than the number of factors of p in the denominator, then [Z::]gs 0 (mod p). But by
Kummer's theorem applied to & = {F; ;}7.;, p|[;], if and only if there is a carry when adding &
and n—k in base o' ={p,, p;, p, ...}, Where p; is defined by p’|F, ; if and only if p;|j. By (4),
all the p, are powers of p, so there is a carry when adding £ and n—k in base g’ if and only if
there is a carry when adding k£ and n—k in base p (i.e., {1, p, p?,...}). By Kummer's Theorem for
Generalized Binomial Coefficients, there is a carry when adding £ and »— £ in base p if and only if
pl(;). In short, modulo p, the zeros of ], correspond to the zeros of (), since the base g’
for s ={F, }7., is the same, up to repeated terms, as the base corresponding to (;), namely,

{1’ P’ pz’ "'}'
Now consider the case where the number of factors of p in the numerator of the above frac-

n—1

tion is the same as the number of factors of p in the denominator. We know that F,, = F;, (nF"
(mod p?) by Lemma 2, so

Etr, En—l)ﬁ - 'Fin—k+l)r| _ (n) ‘F;ln;ll}';l"‘:lz s F;ln‘:lk (n)
FoFyy, B, \K)EERZ R K

n+l" n+l n+l

It

F*m=0) (mod p).

n+l

This means that (6) can be simplified to

nry ’1 n— n— 7
[kri] = (k)F;'lk'i('l k)Fi(nl—k;)’::l (mOd p) ( )
By Lemma 1, this simpliﬁes to
n’ ’1 n— n— n— Il n—K)n
[kri] = (k)F;lk}-l k)Fr,(HkX Ok = (‘ )F,lk,u(l o (mod P). (8)

This proves the first assertion of the theorem.
Now suppose that 7; is even. By Lemma 5, F, ., = 1 (mod p). Then (8) reduces to

)6 oo

Finally, we need to show that when 7, is odd, A, is not the same as Pascal's triangle modulo
p (p=2 being the lone exception). For this, it is enough to show a single entry that does not

match. By (8),
2 2 -1
] = (e @oan
11y
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By Lemma 5, when 7 is odd, F;,, has order 4 modulo p. In particular, an odd power of Foa
cannot be congruent to 1 modulo p, so

1)) i

In the case p=5, we find Ag, is the same as the Fibonacci triangle modulo 5. The case
p =2 was dealt with previously in [11].

We note that there are infinitely many primes p for which A, is the same as Pascal's triangle
modulo p and there are infinitely many for which Af, is not the same as Pascal's triangle modulo
p. By Theorem 2, this is equivalent to saying there are infinitely many primes p for which # is
even, since there are infinitely many F,, and for i > 2 there is always a prime factor of F,; which is
not a prime factor of F,; for any j <i [this follows from r(2)=3, F, > F,, for i > j and (4)].
Similarly, F};, i >2 may be used to show that infinitely many primes p have odd r,.

As a result of Theorem 2 and Lemma 6, we have the following connection between an arbi-
trary nonzero Fibonacci coefficient modulo p and a well-defined Fibonacci coefficient in the first
r, rows of the Fibonacci triangle.

Theorem 3: For p#2,5 aprime, we have

nn + ] _(n ] rnm(n—m)+i(n—m)+m(j—i)
[mr1 + i]% - (m)[l]%Fr] +1 (mod p). ®)

Proof: By Lemma 6,

ni+jl _(mn | [J] @ j—i
[mrl +i:|% - |:mr1:|%[i ]%F(H—M)r,—lF mr-1 (mod p).

By (8), this becomes

nn +j _(n ] rym(n—m) i f—i
[t ] = Go)lZ ] e Rl o
Applying Lemma 1, we get
nitJ (BT prmem picem g
[mil +i]% - (m)[i]%Frnl’rl Fa MR

n j rym(n—m)+i(n—m)+m(j—i
E(,,,)[{LE.L r-myH MG (mod p). O

Theorem 3 allows rapid computation of [} ], (mod p) for large n, k as shown in Examples 1
and 2 in the next section. Theorem 3 may be interpreted geometrically as a relation between
columns in rows nr; to nr, +(r; — 1) and the first r; rows of the Fibonacci triangle modulo p; each
entry in the first  rows is multiplied by the constant ()£ ™™*=™*"=) modulo p to get the
corresponding entry between rows nr; and nr; +(r;—1). This is demonstrated in Example 3 of
Section 5.
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5. EXAMPLES

Example 1: In order to calculate [5], (mod 13), we first note that for p=13, =7, and
F,_; = Fy=8 (mod 13). Then by (9) we have

5, [2955] (2] o s

Remembering that F; has order 4 modulo 13 (since 7, is odd), we have

83| _(11)|6 832X _ 11
46f; —\ 6 )|4)5 —\6

Since (1Y) =7 (mod 13) and [§], =1 (mod 13), we conclude that

2] 8 (mod 13).
F

8l —7(1)-1)=6 (mod 13).
46|

Example 2: Tn order to calculate ['%62], (mod 89), we note for p=89, =11, and F,_; =F, =
55 (mod 89). Then by (9) we have

1000] _[90(11)+107 _ (90\[10] qixeoy00-69)
[ 768 J [69(1 D+9 L = (69)[ 9 LFw (mod 89).

Since (39) =0 (mod 89) (i.e., a carry occurs when adding 21 and 69 base 89), we conclude that

[1 000
768 |,

=0 (mod 89).
Example 3: Theorem 3 can be interpreted geometrically. For p=3 we have r, =4 and F_ =
2=-1 (mod 3). The first four rows of the Fibonacci triangle taken modulo 3 are:

1
11
111
1221

FIGURE 2. Basic Triangle Modulo 3

By Theorem 3, this 4-row triangle with variations based on the parity of m and » will build
the entire Fibonacci triangle modulo 3. Specifically for the 4 cases of m, n even or odd, we have

1 1 1 1
11 12 21 22
111 121 121 111
1221 1122 2211 2112
m, n even m even neither neven

FIGURE 3. The Four Variants of the Basic Triangle Modulo 3

For example, the triangle in rows 4 to 7 (n=1) and columns 0 to 3 (m = 0) is the second tri-
angle in Figure 3 with entry multiplied by (}) =1. The triangle in rows 8 to 11 (n=2) and
columns 4 to 7 (m=1) is the fourth triangle in Figure 3 with each entry multiplied by (}) =2.
These are shown in Figure 4.
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1
11
111
1221
10001
120021
1210121
11222211
100020001
1100110011
11102220111
122112211221

FIGURE 4. Rows 0 to 11 of the Fibonacci Triangle Modulo 3

More generally, to determine the triangle in rows 4n to 4n+3 and columns 4m to 4m+3, we

pick the appropriate triangle in Figure 3, based on the parity of m, n and multiply each entry by
() (mod 3).
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A NOTE ON STIRLING NUMBERS OF THE SECOND KIND
Nenad P. Cakié

Faculty of Technology, Dept. of Math., 16000 Leskovac, Yugoslavia
(Submitted July 1996-Final Revision March 1997)

1. INTRODUCTION

In [3], Todorov proved a theorem related to the explicit expression for Stirling numbers of
the second kind, S(n, m), in a very complicated way. In this paper, we shall prove that this result
is a consequence of the well-known representation of the Stirling numbers of the second kind.

Starting from the rational generating function for Stirling numbers of the second kind,

tm
(1= 1)(1—21) - (1— mt)
we find that the left side of (1) is identical to
A+t + 24 )A+2t 4222 ) - (M mt +mPt? + )

= i ( > 1ki2k -~-mk"'Jt”’.
= k

n=m 1ty + -k =n—m

= iS(n, m)t" €))

n=m

@

If we identify coefficients of #” from equations (1) and (2), we get (see Aigner [1] or Comtet [2]):
S(n,m)= Z 1925 ..t

ky+ky+ - +k,=n—-m

This formula is identical to

S(n,m) = Z A AEES 3)

IS0 Sip < -+ iy <m

In this paper, we prove that Todorov's expression for Stirling numbers of the second kind (see
[3]) is a simple consequence of the representation (3).

1. THE MAIN RESULT

Let us take, in (3), the change of indices in the following way:
ii=j -5 (s=12,..,k). 4
Then, from 1<i, <i,, we have 2<i, +1<i, +1,ie, 2< j, < j, —1. Similarly, from
(Vse{l,2,....k}), s<i_ +s—1<i +s5-1,

using (4), we get
s<j,<Jj -1 (s=2,..,k).

For k =n—m, we obtain k+1< j, —(n-m)<m, i.e., k+1< j, <n. So, the sum on the right
side of the equality (3) is identical to

204 [JUNE-JULY
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n Ji—1 Ja—1 jp—1

Smmy= % > X DU ~BU —k+D) -G, -D), ®)

Je=k+1l j =k J2=3 =2
which is the result from [3].

Example: We use n=6, m=3, and k =n—-m=3. Following the change of indices from the

equality (4), we get i, = j, —1,i, = j, -2, and i; = j, —3. Then, from 1<i, <i, <i; <3, we have

2<j,£),-1,3<j,<j5-1,and 4< j; -3<3,ie,4< j;<6.

After these transformations, from formula (3) it follows that
$(6,3)=90= Y i
1<) iy <i3 <3

=1-1-1+1-1-2+1-1-3+1-2-2+1-2-3+1-3-3+2-2-2+2-2-34+2-3-3+3-3-3
=1-1-14+2-(1-1+2-1+2-2) +3-(1-14+2-1+2-2+3-1+3-2+3-3)

6 J3—1 jp-1
=3 > Y (G- -D,
J3=4 =3 j

=2

which is formula (5), where weuse n=6, m=3,and k =n-m=3.
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BOUNDS ON THE FIBONACCI NUMBER OF A
MAXIMAL OUTERPLANAR GRAPH

Ahmad Fawzi Alameddine

Dept. of Math. Sci., King Fahd University of Petroleum and Minerals, Dhahran 31261, Saudi Arabia
(Submitted August 1996)

1. INTRODUCTION

All graphs in this article are finite, undirected, without loops or multiple edges. Let G be a
graph with vertices v, v,,...,v,. The complement in G of a subgraph H is the subgraph of G
obtained by deleting all edges in H. The join G, v G, of two graphs G, and G, is obtained by
adding an edge from each vertex in G, to each vertex in G,. Let K, be the complete graph and
P, the path on n vertices.

The concept Fibonacci number f of a simple graph G refers to the number of subsets § of
V(G) such that no two vertices in S are adjacent [5]. Accordingly, the total number of subsets of

{1,2, ..., n} such that no two elements are adjacent is F,,,, the (n+1)™ Fibonacci number.

2. THE FIBONACCI NUMBER OF A GRAPH

The following propositions can be found in [1], [2], and [3].

@ f(B)=F,.

(b) Let G,=(, E)) and G, =(V, E,) be two graphs with E,  E,, then f(G,) < f(G).

(¢) Let G=(V,E) be a graph with u,u,,...,u, vertices not contained in V. If G, =¥}, E,)
denotes the graph with V=V U{u,..,u} and E =EU{{,v,},1<i<s,v, €V}, then

fGY=f(G)+2°-1.
(d) A fan on & vertices, denoted by N, is the graph obtained from path F,_; by making vertex 1
adjacent to every vertex of B,_,, we have f(N,)=F, +1.

(e) If T is a tree on n vertices, then F,,, < f(T)<2"'+1. The upper and lower bounds are
assumed by the stars S, and paths P,, where f(S,)=2""+1and f(P)=F,,,.

(® If G, and G, are disjoint graphs, then f(G, UG,) = f(G)- f(G,).

3. THE SPECTRUM OF A GRAPH

The spectral radius 7(G) is the largest eigenvalue of its adjacency matrix A(G). For n>4 let
¥, be the class of all maximal outerplanar graphs (Mops for short) on n vertices. If G €%,
then G has at least two vertices of degree 2, has a plane representation as an n-gon triangulated by
n—3 chords, and the boundary of this #-gon is the unique Hamiltonian cycle Z of G. As in [4],
we let P? denote the graph obtained from P, by adding new edges joining all pairs of vertices at a
distance 2 apart. An internal triangle is a triangle in a Mop with no edge on the outer face. Let
%, be the subclass of all Mops in ¥, with no internal triangle. Rowlinson [6] proved that
K, v P,_, is the unique graph in 9, with maximal spectral radius. He also proved the uniqueness
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of P? with minimal 7(G) for all graphs in %,,. In [6], Cvetkovid¢ and Rowlinson conjectured that
KVvE,

among all Mops in #,,. In [2], Cao and Vince showed that the largest eigenvalue of K; v P,_, is
between 1++/n _Eﬂ.—l—z,/?, and 1++/n. This result comes close to confirming the conjecture of

with spectral radius very close to 1++/n is the unique graph with the largest radius

Rowlinson and Cvetkovié but does not settle it.

We will show that these two graphs K, v P,_, and P? are extremal and unique in ¥, with
respect to their Fibonacci numbers.

All Mops of order 8 are shown in Figure 1. Each Mop is labelled by its spectral radius » and
Fibonacci number f.

4. THE UPPER BOUND

We established in [1] an upper bound on f of all Mops in #, as in the following theorem.

Theorem 1: The Fibonacci number f(G) of a maximal outerplanar graph G of order n>3 is
bounded above by F, +1. Moreover, this upper bound is best possible.

The upper bound in Theorem 1 is realized by the Mop K, Vv P,_,. Here, we prove that this
Mop is unique.

Theorem 2: K,/ P,_, is unique in #(,.

Proof: We suppose that n> 6 because, if n{4, 5}, then K, v P,_, = P> and ¥, contains only
one graph. We continue the proof by induction on n. Assume uniqueness for all Mops of order
less than n, and let G be a Mop of order n, G # K, v P,_,. There exists a vertex v of degree 2 in
G. We consider two families of subsets of V(G). Each subset in the first family contains v,
whereas v is not in any subset of the second family. Let # and w be neighbors of v in G. Deleting
u and w, we obtain the outerplanar graph G, ,, of order n—3 and the isolated vertex v. Since G is
a triangulation of a polygon, G, ,, contains a path F,_; oflength n—4.

Note that v can be chosen so that d(#)+d(w) in G is minimum. Also, since G# K,V P,_,,
then G, , # B,_;. Moreover, F,_; is a proper subgraph of G, ,,. By Proposition (a),

fhs)=F.,
and, since v is a member of every subset of V' (G),
F(B3o )= f(B).
Now, by Proposition (b),
f(Gu,w) < E1—2 .

Next, we consider those admissible subsets of /(G) not containing v. Let G, be the remain-
ing graph of order n—1 after deleting v. G, is maximal outerplanar of order n—1. By the induc-
tion hypothesis, K,V P,_, is unique in #,-;, and this implies that f(G,) is strictly less than
F,_,+1. Combining the above results, we have

f(@)=fG,)+F(G) <Fpy+ By +1<F+1.
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(7) r=3590, f =32

(10) r =3520, f =29 (1) r =3516, f =29 (12) r =3477, f =28

FIGURE 1. Twelve Mops with Their Spectral Radii and Fibonacci Numbers Indicated
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5. THE LOWER BOUND

For the lower bound in %,, we let H,=P?, n>6. These Mops H, satisfy a recurrence
relation f(H,)= f(H,,)+ f(H,_3), whose solution A, is

_fu+v+10[u+v+1]" [u+v=5| u+v-2 u-v T
h"‘[ 3u+3v][ 3 ]+[3u+3v][ 6 6 ‘E’]

+[u+v—5][_u+v—2_u—v ﬁi] ’

3u+3v 6 6

u=3(29+23J§§ and v:3f29—23\f9§~

After simplification, we have

where

h, = (13134...)(14655..)".

Figure 2 shows a configuration of H, for the even and odd cases.

k+1 k+2 k+3 k+4 k+5 2k-1 2k k+1 k+2 k+3 2k-1

@ = 1 Q e © @ &y Q e @ €
O—B——B—) ... O—B C—B—B cee O—B

1 2 3 4 5 k-1 k 1 2 3 k-1 k

FIGURE 2. H, Satisfies the Lower Bound

Theorem 3: The Fibonacci number f(G) of a maximal outerplanar graph G of order n>3 is
bounded below by f(P?). Moreover, P? is unique.

Proof: As in the proof of Theorem 2, we suppose n>6. We will prove the theorem by
induction on n. The result is obvious for graphs of small order. Assume the validity of the theo-
rem for all Mops of order less than 7 and let G be a Mop of order n where G # P?. Each Mop
has at least two vertices of degree 2. Suppose v is a vertex of degree 2 and # and w are adjacent
to v. Since there are at least two choices of v, we will choose vertex v such that d(u)+d(w) is
maximum. We consider two families of subsets of V' (G). Each subset in the first family contains
v, whereas v is not in any subset of the second family. Deleting # and w, we obtain the outer-
planar subgraph G, ,, of order n—3 and the isolated vertex v. Now G, ,, is not maximal. We
construct the Mop G, ,, containing G, ,, by adding edges in such a way that A(G;,)>5. This
construction is always possible due to our choice of the vertex v. Thus, G, , # P>, and, by the
induction hypothesis,

fG,)> f(G)2 f(BLy) = f(H,). (*)

Next, we consider those sets of V(G) not containing v. Let G, be the remaining graph of order
n—1 after deleting the vertex v. G, is a Mop. By the induction hypothesis

(G2 f(BL)=fH,). (+*)
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Combining (*) and (*x), we have
f(G)=fG)+fG,,)> f(H, )+ f(H,3)=f(H)=f(P).
We summarize our results for » <20 in Table 1.

TABLE 1. The Fibonacci Numbers F,, f(K, Vv P,_,) and f(P?) for n <20

. F, VAP ) f(BD)
0 1 1 1
1 1 2 2
2 2 3 3
3 3 4 4
4 5 6 6
5 8 9 9
6 13 14 13
7 21 22 19
8 34 35 28
9 55 56 41
10 89 90 60
11 144 145 88
12 233 234 129
13 377 378 189
14 610 611 277
15 987 988 406
16 1597 1598 595
17 2584 2585 872
18 4181 4182 1278
19 6765 6766 1873
20 10946 10947 2745
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1. INTRODUCTION

A Fibonacci-related sequence is used as motivation for the representation of a resulting infi-
nite series in closed form. Use is made of Z transform theory in the solution of a homogeneous
difference-delay equation, together with an appeal to some asymptotic properties.

2. METHOD

Consider the homogeneous difference-delay equation

fn+1_bfn_cfn—a=0> nza,
S =06, =0, n<a,
with f; = 1; a and » are positive integers including zero, and b and c are real constants.
The Z transform of a sequence {f,} is a function F(z) of a complex variable defined by
F(2y=Z[f,]=200 [,z " (see [6]) for those values of z for which the infinite series converges.

Taking the Z transform of equation (1) and using the initial condition f; =1 yields, upon
rearrangement,

)

a+1

F@=Af == @

—b—cz 2 b —¢

In particular, putting ¢ = b, equation (2) may be put in the form

F(z)= ————r,
-n)[1-]
and expanding in series form results in
bz 1-ar
F(2)= Z:,) P 3)

Convergence of the infinite series (3) is assured for [ 25| <1.

The inverse Z transform of (3), from tables given in [6], is

5= (5 v an, @
r=0
where U(n— ar) is the discrete step function. Equation (4) may thus be rewritten as
[n/(a+1)] n—ar\ o
—_— n—ar
he X ("5 e, ©)

where [x] represents the integer part of x.
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The inverse Z transform of (3) may also be expressed as
1, = 1 S [P = Zz"Res (F (Z)), ©)

where C is a smooth Jordan curve enclosing the singularities of (2) and the integral is traversed
once in an anticlockwise direction around C. [Here in (6) it may be shown that there is no contri-
bution from the integration around the contour.]

For the restriction (which will subsequently be required for a resulting infinite series)

a +1 a+l
S | ™
the characteristic function
g(z)=z"""—bz"-b (8)

has (a+1) distinct zeros &,, j=0,1,2,...,a. All the singularities in (2) are therefore simple poles
such that the residue, Res;, of the poles in (2) may be evaluated as follows:

44 £
Res; = lir = 2 :
es 1m |:(Z g ) a+l b a C:| (a+ 1)61 —ab (9)
From (5), and using (6) and (9), it can be concluded that
[n/(a+1)] a fll‘l'l
n—ar\;m-
= B =% _—— 2 10
J, o ( r ) J;O(a+l)§j—ab (10)
3. CONJECTURE
A Tauberian theorem [1] suggests, from (10), that
[n/(a+1)] n+1
- n—ar (n—ar) _ 0
R i e e (th

where & ;is the dominant zero of (8), defined as the one with the greatest modulus.
For n large, more and more terms in the left-hand side of the series (11) are incorporated, and
therefore it is conjectured that

i("‘“’)b‘"‘m . & (12)
rd A (a+1)&,—ab

for all values of .

Using the ratio test, the infinite series in (12) may be shown to converge in the region given
by (7). A diagram of the region of convergence is shown as the shaded region of Figure 1 on the
following page.

It is now worthwhile to examine briefly the location of all the zeros of (8) and highlight the
fact that &;, the dominant zero of (8) is always real. Details of the following statements may be
seen in the work of Sofo and Cerone [4].

It may be shown, by using Rouche's theorem [5], that the characteristic function (8) with
restriction (7) has exactly a zeros in the contour I':|z|< |fff . Since the coefficients of (8) are
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real, its complex zeros occur in conjugate pairs. Hence, the one remaining zero of (8), occurring
outside the contour I', must be real. Furthermore, it can be shown that &,>5 for >0 and

/W/////m
7

FIGURE 1. The Convergence Region (7)

b value
15

Utilizing (10) and the conjectured result (12), it may be seen that these would imply

[n/(iﬂ)] (n _ ar) b(n—ar) i (n ar)b(n_ar) ém+1

=0 r (a+1)&,—ab’
SO
i (—(n - ar)) p-(n=ar) _ Z +l
r 1] r (a+1)§ —ab
such that

i (_ 1),+1(ar +r—-1- n) p(n=ar) _ _za: §;'_+1
r (a+1)&;—ab’

T =

where use is made of the relation (see [3])

(‘,:”):(—1)"(’“:”1) and (2):0. (13)

4. PROOF OF CONJECTURE

Consider equation (12) and let » =—aN such that

. _a(N+r) —a(N+r) _ 5—aN+l
D e (49

Utilizing the result

b—a(N+r) (1 + a )a(N+r)

§1+a
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from (8) and equation (13) allows the left-hand side of (14) to be expressed as

a

= (—a(N +)\—avery A[aN +ar+r-1)\ 1+ N
S (O o= Sy (V) L)

r=0 r=0 0

(15)
(aN +ar+r—1 “C&”(aN +ar ak—a(l+a)(N+r
— Zo(_l) ( 4 ) k§=0: ( ) fok (HHa)(N+r)

The convergent double sum (15) may be written term by term as

aN —-1\|(aN aN aN
a(+a)N . a(N+1) a(N+0)
0 )[( 0 ]‘5 * +(aN—1)é5 +(aN)§6 }

~ aN +a)|(aN +a EaaXeD aN +1 Fa) aN +a £5a+D
1 0 aN +a-1 aN +a

N aN +2a+1)|(aN +2a gg“(‘+”’(”+2’+-~+ aN +2a é,aa(N+3)+ aN +2a §—a(N+2)
5 0 aN +2a-1 aN +2a)”°

_ aN +3a+2)|(aN +3a o) | aN +3a o aN +3a EoaN+)
0 0 aN +3a-1 aN +3a

(16)

+...

Summing (16) diagonally from the top right-hand corner and gathering the coefficient of inverse
powers of &, gives

igaa(N+r),§)(__l)r—k(a&([]X:‘Z ;)k_) k)(G(N'F" —rk_);‘r*k—l) (17)

r=0

After some lengthy algebra, (16) may be written as

;;W[1 +ag Ira +a)"‘§5“’] - ggaN[(l_:ZT{%]
_ paN+1 1 __ &M
(1+a)§0_a(1~fj(l);%) (1+a)§0——ab’

which is identical to the right-hand side of (14); hence, the conjecture is proved.
Some numerical results of the conjecture, to five significant digits, are shown in the following
table.

n a b & Sum and Right-hand Side of (12)
3 3 e 283729 2028791
3 3 -e —255538 2063241
3 4 1.9 201521 6.66073
3 4 -1.9 -2.01521 —6.66073
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5. OBSERVATIONS

1. In the special case in which a=1, b =1, the two zeros of (8) are the Golden ratio a = &, =
(1++/5)/2 and B=¢& =(1-+/5)/2 and equation (1) is the Fibonacci sequence. From (10),
the familiar relationship

fn _ [g](n _rar) _ anz :§n+1
r=0
is obtained.

2. Other parameter values (a, b, ¢) may be taken so that the solution of (1) may involve known
polynomial solutions, such as the Tchebycheff polynomials.

3. In equation (12) the restriction of (7, a) being natural numbers can be relaxed to (n, a) being
real numbers, in which case the combinatorial relation would involve Gamma functions.

4. For n>a, the closed-form expression at (12), namely, &' /[(1+a)&, —ab] is, in fact, a solu-
tion to the difference-delay equation (1); this may be verified by direct substitution.

5. Equation (1) may be extended easily to consider a forcing term of the type w, = ()b", for
example, for m and n positive integers.

6. CONCLUSIONS

A technique has been demonstrated whereby closed-form representation of infinite series may
be determined. The method described in this paper may be modified and utilized to consider
difference-delay equations of higher order, nonhomogeneous difference-delay equations, equa-
tions with poles of multiple order, and equations with multiple delay. These variations will be
considered by the authors in a forthcoming paper. The authors [2] also considered differential
difference equations in which case resulting series were able to be represented in closed form.
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1. INTRODUCTION

The study of Fibonacci sequences in groups began with the earlier work of Wall [7], where
the ordinary Fibonacci sequences in cyclic groups were investigated. Another early contributor to
this field was Vinson , who was particularly interested in ranks of apparition in ordinary Fibonacci
sequences [6]. In the mid eighties, Wilcox extended the problem to abelian groups [8]. Campbell,
Doostie, and Robertson expanded the theory to some finite simple groups [2]. One of the latest
works in this area is [1], where it is shown that the lengths of ordinary 2-step Fibonacci sequences
are equal to the length of the 2-step Fibonacci recurrences in finite nilpotent groups of nilpotency
class 4 and exponent a prime number p. The theory has been generalized in [3] to the ordinary
3-step Fibonacci sequences in finite nilpotent groups of nilpotency class 2 and exponent p.

Definition 1.1: Let H1G, K< G,and K< H. If H/K is contained in the center of G/K, then
H /K is called a central factor of G. A group G is called nilpotent if it has finite series of normal
subgroups G=G, 2 G, 2+--2G, =1 such that G._, /G, is a central factor of G for each i = 1, 2,
..., . The smallest possible r is call the nilpotency class of G.

Further details about nilpotent groups and related topics can be found in [4].

Let G be a free nilpotent group of nilpotency class 2 and exponent p. G has a presentation
G={x,y,z:xP=1yP=12"=1z=(y,x) = y"'x"'yx). Suppose that we have integers » and m
and a recurrence relation in this group given by

n m H
X', xx" =x, VieZ.

i—

We assume that p does not divide n. Then we get a definition of a 2-step general standard Fibo-
nacci sequence which will be (0,1, m,n+m? ..) in Z/pZ. If p were permitted to divide », then
the sequence ultimately would be periodic, but would never return to the consecutive pair 0, 1.
The length of the standard sequence is &, which we call the Wall number of the sequence, some-
times called the fundamental period of that sequence.

Each element in the group G can be represented uniquely as x°y°z°, where a,b,c €Z /pZ.
The group relations give us a law of composition of standard forms

xaybzc . xa'yb'zc' — xa'v'yb”zc",
where a”, 5", and ¢” are given by the following explicit formulas.

We have a”"=a+a’, b"=b+b', and ¢”" =c+c’'+a’'b. These product laws are discussed in
more detail in [1]. In order to study this recurrence, we need a closed formula to describe how to
take the next term of the sequence. Let (x°y;®z°)" and (x*y”'z°)™ be two elements in G. The
relevant formulas are
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(xaybz(:)n(xa'yb’zc' )m — xa"yb”zc"’
where
a" =na+ma',
b" =nb+mb’,
and

¢ =nc+me’ +mna'+ L0 gp (1D 4o

2. THE MAIN RESULT AND PROOF

Let us use vector notation to calculate the sequence. We put (1,0, 0)=(s_,,7,%,) which
corresponds to x, and (0, 1, 0) = (s,, 7, ;) which corresponds to y. We demonstrate more vectors
using the above product formula for ¢” as

(n,m,0)=(s,,n,,1,) and (mn, m* +n, mn* +('g)mn) = (8,1, 5).

We obtain two sequences (7;) and (¢,) via our recurrence. Notice that we have s; = nr; for each
integer i. By induction on j, the j® term of the third component of our sequence of vectors is

j-1

j-1 j-1
— 2 2 n m
I, =mn Zr i~V “'(2 Z" —i-1ili-1 +(2 zrj—i—l’}’}ﬂ .
i=0 i=0 i=0

Let us denote the period of the general Fibonacci sequence in the group G by £(G).

Theorem 2.1: Let p>3 be a prime number. Then, if G is a nontrivial finite p-group of exponent
p and nilpotency class 2, k(G) = k. There are four assumptions that we will insert:

a) n#0 (modp),

b) m+n—-1#0 (modp),

¢ n*—m—n-3mn+0 (mod p),

d) 3m(m*+n)#0 (mod p).
Proof: Let

k-1 k-1 k-1
— mn? 2 (n m
ty=mn’Y i +(2)n2rk_,--1r,-ri_1 +(2)"Z"k-i—1’}'}+1,
i=0 i=0 i=0

where m,n €Z /pZ, p>2. In order to show k(G) =k, we must check that 7, =7,,,=0. The
range of all the following sums is the same as above. Since r,,, = mr; +nr,_,, we can recast the last

sum to obtain
t,= (mn2 + ('g) mn) Z rk_i_lri2 + ((’21)" + (’g) nz)z Bemi-tfili-1 -

We separate this sum to the two parts,

6,= (mn2 + (’g) mn) St and 6,= ((g)n + (’g) n’ ) > ity -

We can pull out factors without difficulty. We put
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L=mn*+ (g’)mn and [, = (’21)11 + (’;) n

2
b= 2t and $y =D .

Now we have 6, = ¢, and 6, =L,¢,, and we are in a position to show that ¢, =0 and ¢,=0.
First, we prove that

and then set

¢, = Z"k—i—l’i’?—l = Zr—(i+1)’?ri—1 =0.

ro=(- 1)f+1(%)ir,..

If aand B are the roots of x?—mx—n=0, then g¢f=-n and a+F=m. We have, from the
Binet formula,

Now let us show that

o -pB ai— B
r;z———a_’g and r_,=————a_§ .
We multiply 7, by (af)’ to see that
1Y
=(-1 i+ 4 . 1
r=c(2)s, 0
and also we have

Bl =10 = (n) 7 )

This formula was known to Somer [S]. By using 7, = (-1(1)™*'7,, and (2), we obtain

; 1 i+1 1
L\ R Z -D (Z) r +;2—Z’;‘ .

We will prove that X7 =0. Since our recurrence relation is 7, = mr,_, +nr,_,, we deduce that
Yr=mXr_,+nXr_,. Replacei—1 byiin the first sum and i —2 by 7 in the second sum on the
right side to yield:

(m+n—l)Zr,=0. 3)

Thus, X7, = 0 unless m+n—1 is congruent to 0 modulo p. The next step is to show that

sen(2 -0

so we will be half way through the proof. From the recurrence relation,
) 1 i+1 3 1 i+1 3
Z(—l)’(;) 7 =Z(—1)’(;) (mr,_y+nr;_p)°
We expand this equation to obtain
_1i+13 3 _1i+13 2 .1i+12
NS O R Ve B N0 MO C) I

i+l

. 1 i+l ; 1
+ 3mn22 -1 (;) r_r, +"3Z D (;) r,
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Replacing 7 —1 by i/ in the first, second, and third sums, and 7 —2 by 7 in the last sum on the right

side, we obtain
i+

C Y DN Y RREYD e L s

, ‘ “)
2 _ 1Y+l l 2 2 3 _1)i+2 l . 3
+3mn? Y (-1y | rstn > (D o)

Now we have

(n - m73 - 1) 2 (ljmrf +3mnY (- 1)"+1(-,1;)H2nr,-_1(mr,- +nr;_y)=0.

n

Using mr, +nr,_, =r,; and 1,7, =% — (—n) " = 12 + (=1)' (n)", we obtain

(n - ”’73 - 1) 3 -1y (%)lef ~3mY (-1) (%)leﬁ ~3my n—lzr,. =0

The last sum is zero by (3). Then we have

m3 ; 1 i+1 3
(n— -1 3mj2( 1)(;) =0 %)
We multiply (5) by » to see that
i+1
(n* = —n—3mn) ) (—1)"(%) =0

Finally, we have
1 i+1
Sen(2]r=o ©

unless #?—m*~n—3mn is congruent to 0 modulo p. We deduce that ¢,=0. Hence, we have
completed the first part of the proof. Now we prove that the other part of 7, is 0. By (1), write

i+1
s

¢ = Z (“Di(%)

2
+h

By (4), we have

i+2

7 —n’=n)) (- l)i(%)iﬂr? +3m’n’y, (—1)"“(%) 7o

i+2
+ 3mn3Z(—1)"”(%) rr?, =0,

From (6), we have our first linear equation:

; 1 i+1 i 1 i+l
3m*nY (1) (;) 1y +3mn* Y (~1) (;) rr?, =0, %)

Therefore, from the recurrence relation nr, =r,,, —mr;,; and (6), we get
1 i+1 3 1 1 i+1 3
T3] =SR2 G -may -0
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We exploit this equation to obtain

EONCVCYIEREEE) VSN O3 I RANELS YN [ R
-y en(t o

Replace 7 +2 by i in the first, second, and third sums and i +1 by 7 in the last sum on the left side
to see that

RoNCV B IARELS eV By PN S e Y
SEOACE B

The first and last sums vanish by (6). We multiply the equation by » to obtain a second linear
equation

_3mz (‘1)’(;11-) T+ 3m22( l)’( )Hl;; 2, =0, (8)
Hence, from the linear equations (7) and (8),

S (2 -0 ©)

and
Z(—l)’( )Mr,r, 1= (10)

unless 3mn(m* +n) is congruent to 0 modulo p. Replacing i —1 by i in (10),

3m(m* +n)Y_ (- l)’( )IH rart=0.

So we have finished the second part of the proof. Therefore, we have 7, = 0.
Similarly,

k k
— 2
) St () DY (4 DY

i=0 i=0

From (1), we have

tm—mnzgo( (2] +(3)r Z( R +(’5’)n§(—1)f*‘(%)iri2r,+l

This is the same as

fiag =1 Z( 1)’“(,11)1 ()nZ( 1’“( )r,r, ( ) Z( 1)’“( )r, T
+mn2(—1)"+1(—’1;)kr +( )n( 1)"“( )kr 7o 1+( )n( 1)"”( )kr,crk+l
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The last three terms are zero by the fact that 7, =0 because the period of the sequence 7; is £.
The first three sums are zero by exactly the same argument as in the proof of 7, =0. Hence,
t,,;1=0. To be more explicit, the same restrictions are still valid for #,,, =0. Thus, the proof of
Theorem 2.1 is completed.

This result has an obvious interpretation in terms of quotients of groups with presentations
similar to those of Fibonacci groups, which is

_ W -l n,my -1 _ -1 _ -1 __
F@2,r,mmn)=(x, Xy, ..., %, x(xyxy =L xgxx; =1,...,x  x"x =1, x"x]"x;' = 1).
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1. INTRODUCTION

One of the most effective ways of proving an integer A is prime is to show first that N is a
probable prime, i.e., that a¥~! =1 (mod N) for some base a and 1<a < N -1, and then to find
enough prime factors of N 1 so that certain other conditions are satisfied (see [1] for details of
such primality tests). The problem of finding these prime factors is, of course, the difficult and
time-consuming part of this process, and anything that assists in the factoring of N 1 is of great
value, particularly when N is large.

In the case of the Fibonacci and Lucas numbers F), and L,, we are quite fortunate that identi-
ties exist whose form is exactly suited to this purpose. (These were discovered by Jarden [4,
pp. 94-95]. Their use in primality testing was first made by the author in the early 1960's—see [4,
p. 36].) The identities are all quite simple, asserting that /, +1 and 7, £1 are equal to a product
of certain Fibonacci and Lucas numbers with subscripts smaller than », which numbers in turn
may well have many known prime factors. Examples of these identities are:

Fon—-1=FL Ly, and Fy,+1=Fy 0.

With the assistance of this set of identities, many large F,'s and L,'s have been identified as primes
[2, p. 255].

In this note we give a collection of similar, but more complicated identities that can be used
to establish the primality of the primitive part F of F,, i.e., the cofactor remaining after the alge-
braic factors of F;, have been divided out. This cofactor is given by the formula (see {2, p. 252)

Fr=TTF/", u the Mobius function. ey
dlk

The subscript of F; in the identities in the present collection has at most two distinct prime
divisors, since an identity with three or more prime factors does not in general have a simple
multiplicative structure on its right side, i.e., the right side is not just a ratio of products of £,'s
and L.'s. The case of two prime divisors is transitional in that some identities have simple multi-
plicative structure and others do not [see (17) and (18)].

2. THE IDENTITIES

In the proofs that follow, we use elementary Fibonacci and Lucas identities. Also, through-
out this note we use the familiar identity F,, = F,L without further mention. In the first two
theorems, the subscript of F; is a power of a single prime.

Theorem 1: Forn>3,

L, .
1!?2“,‘,-1=_3_-2__2 (2)

L2n—2
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and

* F. n-2
F,+1= ——1*3;_2 . 3)

Proof of (2): Substituting r = 2" and s =2"2 into the identity

LrLs = Lr+s + (_l)er—s’ (4)
we obtain
F n L n-2
=227 =321
2 -F;n-—l 2 : LG—Z
Proof of (3): Making the same substitution into the identity
Eer = E«l—s - (_I)SE'—S’ (5)
we obtain

% F n-2
F;,,:Lz,,q: F3,2 _1 O

2n—2

Theorem 2: Let p = & (mod 4) be a prime, where £ = +1. Then, for n>1,

F* —1= Fp"“'(p—s)/ZLp"“(p+s)/z ©)
Pn Fn—l
p
and
Fn—l L -1
F* 41= 2 @2 P (pe)2. .
P Fo @)

Proof of (6): If we substitute r = p"(£=) and s = p"'(£5%) into the identity

F;'+s = F;'Ls - (_1)SF;—D (8)
and use the fact that F,, = F, for n odd, then we obtain
F* = Ey - Eriaylymicoran +1
p" F pn—l F pn-l '

Proof of (7): This follows in the same way by setting r = p" (£%) and s = p" (£=). O

Remarks:
1. For p =3, formulas (6) and (7) have a particularly nice form:

Fp-1=L,, and Fp+1=L, .. ©)

2. For p=35, formulas (6) and (7) are of not interest here, since st,, n>2, has 5 as an
intrinsic factor [2, p. 252] and cannot be a prime. The numbers F, /5 are dealt with in (26).

3. For p=7, formula (6) becomes the interesting formula
E;, - 1 = L 1L2'7,,_1L3.7,,_|. (10)
4. Ingeneral, if N =1 (F; £1) is a probable prime, then N F1=1(F F1).

7"
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In the next theorems, the subscript of F; has two different prime factors.

Theorem 3: Let g be an odd prime, then for n>1,

SF n—1 Fn—l
F;} i _(_1)(q—1)/2 —_ 4 (q+2/2 9" (g-1)/2 (1 1)
qn—l
and
L n-1 L n-1
};;; . +(_1)(q—1)/2 —_4 (q+122 9" @-b/2 (12)
qn—l
Also, for m>2, we have
5I;‘m—l n—-1 Fm—l n-1 /
F;nqn 1= 2" q (ql-:i-l)/Z 2" g (g-1)/2 (13)
2m—l qn—l
and
L m—1_n-1 L m-1_n-1
F;.q,. +1=-2_14 (qzl)/2 27 q" (¢=b72 14)
2m—lqn—l

Proof of (11): Substituting r = ¢" (%) and s=¢"(%") into L, =SEF,+(-1)°L,_,, we
obtain

Bl _ Ly _ 5}':1”"(¢1+1)/2F;1""(q—l)/2 + (1)@,

E, = =4
2q P:InF;qn—l an—] an—l
Proof of (12): Making the same substitutions as in (11) into (4) leads to
F* = Lq" _ Lq"“(q+1)/2Lq"“<q—1)/2 NG
Zq" an—l an—l )

Proof of (13) and (14): These results are obtained similarly by using r = 2""'¢"" (%) and
s=2""¢g"Y%") asin (11) and (12). O

Theorem 4: If p <q, p and q odd primes, then for m,n>1,

F* _ l _ SFpm—lqn—lIrpm—lqn—l(q_l)Fpm-lqnvl(q+1)
p’"q" F m . n—1
pPq (15)
p3 -3_ -1-2 —1-2r
. zz: -1y p57 " (P —") Fpe"”'q"r _ F;""q""
2 2 '
r=0 p_r r Fp”'_lq" _Fpm—lqn-—l

Proof: For brevity's sake, put w = p"'q™. Then, using the formula (see [5, p. 209, (79)],
=t P
F, = Z;)(_n';l_’_-;(l’r ’)5 TTEPY podd, (16)

we have that
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% A 2
:FwZ(—l)r;Ij—r(p o )SPT"’P;%‘Z’—IZWZ - (p . ’) 57T
r=0 =0

p-3
Z -
aZeWJEPTﬁﬁ%@$*—W+ﬂ
=

= SF, F,(FZ, FZ)Z( L (P ’)5*—'{1”_1_2' Frl_zr}
e T
But, using the identity FZ, —(-)*""F? = K. F,, ,, with k =w and m =g, we have
EF, —F,F

paqw T qw pw

Fp—l 2r Fp—l—2r
p r
= SEpFy Py W¢H)§E( D (p )5 { = _}; }~

Thus,
F,JF, —FF
* paw_ w 9
f pqw -l= F F
5F F Fp—l -2r Fp—1—2r
w(g-D W(q+l) r p-r w
pr Z()( l) ( r )5 { F2 F2 } u

It is worth while to give some special cases.

Corollary 5: 1f q is a prime, then for m,n>1,

F* 1 SF;m—lqn—l 3"'_]q"_l(q—l)'F;”’"q"_l(qH) >5
3mg" - F » 429,
3mqn-l
and forg>7,
25F -1 _n-1 1 1 F 1,.n-
* 1 _ 5™ g sm gl (g-1)” 5" (g+D) 2 _
F;mqn 1_ F;m i ( sm— +-F;m—lqn—l 1)
q

The following are some further simple cases. Here g is a prime.

Fp-1=2F_F,, ¢>5,

2791 g+l
F -1=5F,_ 2 S 427,
and
By -1=2F_F, (25F ~10F2 +4), q>11.
1q 13 q— +l q

an

(18)

(19)

(20)

@1

The next is a formula containing a "+1". From numerical evidence, there seem to be few

identities with a "+" that have a right side with a multiplicative structure.
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Theorem 6: If g >5 is a prime, then

¥ - I’Jq
F:;q +1= @ (22)
Proof: Using Fy, = F,(5F? +(-1y3) and L, = L.(SF +(-1)"), we find that L (£, +2F,) =
2 _ 2 —
L,F,(5F} -3)+2F,L, =F,L (5F}-1)=F,L,,. Thus,

E, +2F, I,
* _ T3q __3q 9 _ g
F.o+1= +1= =
3 1 F3Fq 21?; 2Lq =

Some Examples: We consider the factorizations leading to proofs of the primality of the prob-
able primes Fjys, Fgs, and Fy,5. In the first, we have

=349619996930737079890201.

EZS:F;ZQ:FF
5¢29

Then, by (20) and Tables 2 and 3 in [2], we find the complete factorization:

Fp—1= 5}7281!72291:30 = 5(L14Z7F7)F2:;(L15F15)
=5(3-281-29-13)(514229%)(2%-11-31-2-5-61).

In the second, identity (20) gives
F2*285 -1= F;457 -1= 5E156F21257F458
=5 (LZZXLI 14L57Fs7)F4257(L229F229),

each factor of which is again completely factored using the tables in [2]. The primality of Fj;s and
Fy4s is established, respectively, from these complete factorizations using Theorem 1 in [1].
In the third, identity (21) is used to obtain

¥ L3 5
Hups—1=Frppe—1= EEostzosoG

5
= E (L1014L507F;O7)(L1015EOIS)Ga

where G = 25F;,0—10F},+4. As it happens, all the F,'s and L,'s can be factored completely
and G is partially factored as G =7-2629093-47472487-c, where ¢ is a 1682-digit composite
cofactor. Since the logarithm of the product of the 64 known prime factors in these factorizations
(counting multiplicity) is about 33.9% of the 2544-digit number Fi,,,;, the "cube root" Theorem 5
in [1] can be used to establish the primality of this number. Fourteen of these factors have more
than 20 digits.

For another example, see [3, §4], where (18) is used in the primality proof of the 1137-digit
probable prime F,,s. A final example is the probable prime Fg,, for which not enough prime
factors have been discovered to complete a primality proof. I would like to thank W. Keller for
suggesting the above examples and for sending me information about them.

The next theorem deals with those F,'s that have an intrinsic factor, which is divided out of
the primitive part. Only the first power of an intrinsic factor can divide the primitive part.
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Theorem 7: We have

LT U (23)
2 2 artrnlhp TS
F* ., n-1
2Z1=[]E, n>22, 24)
2 k=1
E. 1
——23 +1= '3—L§_3n«l) nx1, (25)
£y 2
L -1=5F, FpiFp,, n22, (26)
Fgn 1 4 2
1= L s Ly = 1L s +14), 21, @7)
Proof of (23) and (24): Using L, = L.(L,, —(-1)") and L,, = I? —(~1)"2, we have
F nFn——l L n-1
F =22 -3 -] 1=I%,-3.
327 }2.2"71 . LG—l o an-1 (28)
Now, from I?-(-1y5=1L_,L,, we have F.-2=1},,-5=L,. L., from which the

identity follows.
Also, from the equalities in (28), we have

| 1 1 1
§(Fs.zn +2)= E(J:Zn +1)= E(Li,,_l -1)= E(Lf“ ~1)(L, . +1)
1 1 n-1 n-1 . n-1 .
= E(L n-1 " 1)(L2"—2 - 1) == E([’% - I)Z(sz - 1) = 42 30k = Z 3.9k
k=2 k=2 k=1
Proof of (25): Using L,, = L .(I? —(~1)"3), we find that
F .E L

-1 n
F* =437 23" _ 23 _ 2 -3
43" .31 >
}72_3,,1*;3,,_1 L2-3"-'

which implies the result.
Proof of (26): From (16), we obtain the formula £, = 5F,(5F*—5F* +1), so

FX F.,
P _1=—3_ _1=5F2

5 SF;n—l 5

1(F;%—1 - 1) = SP;E_IF,, F.

L b
using F2 +(-1y = Fy_F.
Proof of (27): From [4, p. 212, (86)],

)

D

Lpn = (— 1)’ ;%(p; r)Lg—Zr , n Odd,

r=0

so Ly, = L,(Ly-7L,+14L% 7). Thus,
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F_.F .. L
+ _Te7iart _ Tagn g6 474 2
Fo. = N =L, 7L4‘7,,_1 +14L4_7,,_, 7,
FynFo 477

from which the identity follows. O

Remark: Numerical evidence suggests that, for n > 2, there are no multiplicative formulas for the
even integers N, = (F,,, /3)~1and N, = (F, /5)+1. On the other hand, if J- N, or 5 N, should
be probable primes, then the following formulas, which relate back to (24) and (25), might be
useful in establishing their primality:

LV | £ Ly, 1= e
2N1+1—2(2 +1| and 2N2 1—2 5 1|

There are some other formulas involving F, and L, of various kinds, but these will not be
considered here.

We conclude this note by observing that the identities used in the proofs, such as those in (4),
(5), and (), each contain the factor (~1)*, which becomes the *1 in the identity for £, £1. In
general Lucas sequences, of which the pair {F,};, and {L,}_, is a special case, this factor is 0.
Thus, the other Lucas sequences that have formulas like those in this note are those for which

|Q|=1 (see [1, p. 627]).

REFERENCES

1. J. Brillhart, D. H. Lehmer, & J. L. Selfridge. "New Primality Criteria and Factorizations of
2" +1." Math. of Comp. 29.130 (1975):620-47.

2. J. Brillhart, P. L. Montgomery, & R. D. Silverman. "Tables of Fibonacci and Lucas Factor-

izations." Math. of Comp. 50.181 (1988):251-60; S1-S15.

H. Dubner & W. Keller. "New Fibonacci and Lucas Primes." Math. of Comp., to appear.

D. Jarden. Recurring Sequences. 3rd ed. Jerusalem: Riveon Lematematika, 1973.

E. Lucas. "Théorie des fonctions numériques simplement périodiques." Amer. J. Math. 1.1

(1878):184-240; 289-321.

AMS Classification Numbers: 11A51, 11B39

w oW

228 [JUNE-JULY



POWER DIGRAPHS MODULO n
Brad Wilson

2030 State Street #5, Santa Barbara, CA 93105
(Submitted August 1996-Final Revision October 1996)

1. INTRODUCTION

A directed graph, or digraph, is a finite set of vertices together with directed edges. A closed
trail of a digraph in which no vertices are repeated is a cycle. A tree is an acyclic connected
digraph and a forest is an acyclic graph (thus a forest is made up of trees) [1].

Starting with the elements of Z, as our set of vertices, we can create a digraph associated to
any function f modulo 7 by having an edge from vertex b, to vertex b, if f(b)=b, (mod n). This
digraph reflects properties of Z, and f.

Digraphs arising when f(x) = x* have been studied in [2] and [5]. More recently, digraphs
arising from f(x) = x* and » a prime have been studied in [4]. In this article we study digraphs
arising from f(x) = x* and arbitrary n eN.

If n=2°TI7, p® with g, 21, a >0, define

{0 ifa=0,1, {0 ifa<3,
51 = . 62 = .
1 ifa>2, 1 ifa=3
and
L=1em(2%,2%2@D pal(p -1, ..., p=(p,-1).

We use L to determine when two digraphs are equal (Theorem 1). Define G* (resp. G,',") as the
graph whose vertices are elements of Z, (resp. Z,) with an edge from &, to b, if bf = b, (mod n).

Our principal results on G " are:
(1) Determine when G,’f" = G,’f; (Theorem 1).

(2) Show that elements in a cycle have the same order, d, and determine the cycle length,
£(d), based on that order (Theorem 2).

(3) Derive a formula for the number of cycles of order d (Theorem 3).

(4) Show that the trees of all cycle vertices are isomorphic (Theorem 4) and derive a formula
for the height of these trees (Theorem 5).

We handle G* -G,',“ by showing that well-defined parts of this graph are isomorphic to cor-
responding G%'s (Theorem 6). Finally, we use these well-defined parts and a result about the
number of solutions to congruences (Theorem 7) to fill in the whole of G

2. BACKGROUND RESULTS

The following facts will be used in Sections 3 and 4. Facts 1, 2, and 3 are from [3].

Fact 1 (Chinese Remainder Theorem). If (m,m.)=1 (1<i<j<n), then the simultaneous
congruences x =a; (modm;,), 1<i <n, have a unique solution mod mym, ...m,,.
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Fact 2. A necessary and sufficient condition for m to have a primitive root is that m=2, 4, p¢, or
2p*, where p is an odd prime.

Fact 3. Let £>2. Then the order of 5 with respect to the modulus 2° is 2°72.

Fact 4. For p an odd prime either the congruence x* =4 (mod p™), p/b has 0 or (k,p" '(p - D)
solutions. The number of solutions of x* =5 (mod 2%) is 0 or (2, k)* (2°72, k)*.

Proof: Ifp is an odd prime, Fact 2 says Z,» = Z 1 p-yy- Multiplication in Z;m corresponds
to addition in Z -1 so x* corresponds to kx. The map

y such that 4, (x) = kx

p-1)>

;Lk :me‘l(p—l) - me‘l(p—l

is a (k, p™'(p—1))-to-one map, so an element in Z -l
elements or none.

For modulus 27, Fact 3 says Z;., = Zfl X Z‘;E_Q. In Zf‘ X Z‘;},‘Z , the multiplication by k£ map is
2, k)% (2*2, k)*: -to-one, giving our result. [
Fact S. In Z,, the cyclic group of order m, there exists an element of order ¢ if and only if £|m.
Further, if there exists an element of order £, then there exist exactly ¢(¢) of them.

(p-1) 18 either the image of (%, P (p-1)

Proof: If {{m, then Lagrange's Theorem says there is no element of order £ .

If £|m, then m= fu. For b an element of order m, we have £(ub) = ({u)b=mb = 0. Further,
if £’ < £ such that £'(ub) = 0, then m|(£'u), but £'u <m, a contradiction, so ub is of order £ .

Finally, we need to count the number of elements of order £ if there is at least one. For b of
order m, we know ord(vb) =m/ (v, m), so we get an element of order ¢ if and only if u = (v, m).
Since u|m, we know v must be a multiple of #, but # = (v'u, m) if and only if 1 = (v', £). There are
@(¢) such values of v'. O

Fact 6. For (m, m,) =1, we have
Z:"l”'z = Z;h X Z:"z .

Proof: The map p:Zym, —> L x Ly, defined by p(x) = (x (modm,), x (modm,)) is easily
shown to be a homomorphism. It is an isomorphism since Fact 1 allows us to define a map which
is the inverse:

p 2 x L, —> Ly, such that p'(x, y) =z,
where z=x (mod m)), z=y (modm,). O
Facts 2 and 3 tell us the structure of Z,,:

{13, forp=2¢=1,
Z,, forp=2,£0=2,

Z;‘E Zy,xlya, forp=2,023, )
Z ,t1(,yy,  for p an odd prime.

From the structure of Z'p, and Fact 6 follows the structure for Z,. If n=2°T]", p%, then

~ ~ 761 7
L, =T x L X Zya =23 X L2y X L iy gy % X Lyt . )

P = 20~
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Fact 7. In the group Z,, xZ,, x---x Z,, , there are (m,d)(m,,d)...(m,,d) elements of order
dividing d.

Proof: Since the order of (x,, x,, ..., x,) is the least common multiple of the orders of the
x;'s, it is sufficient to show there are (m,, d) elements of order dividing d in Z,,. Z,, is cyclic of
order m, so if b|m,, there are ¢(b) elements of order exactly b. If b)m;, there are no elements of
order 5. The number of elements of order dividing d is thus

2 40)= > 4(b)=(d,m)

bld,b|m; bl(d, m;)

by a famous property of the Euler-¢ function (e.g., [3], Exercise 1, Section 2.5). O

3. STRUCTURE OF G*

G¥ is, by definition, the digraph whose vertices are the elements of Z, and with an edge from
b to b, if bf =b, (mod n). Since bf (mod n) is well defined for any given b, k and n, the
outdegree of any vertex in our digraph is one. Since the outdegree from any vertex is one, we
know that each component of G* contains at most one cycle. Since there are only finitely many
vertices, it is clear that from any starting point iteration of the k™ power map eventually leads to a
cycle, so each component contains exactly one cycle. The vertices in a component outside the
unique cycle are thus acyclic and form a forest.

If p|n is a prime and pl|b, then p|b*, so p|(b* (modm)). If p|b, then p|b*, so p|(b*
(modn)). This says, if n=2%p["py> ... pim, there are at least 2" components, at least 2"”'_1 if
a#0. In particular, we will examine the components with vertices relatively prime to » separ-
ately from those with vertices not relatively prime to .

Recall that G¥* was defined to be the digraph with the elements of Z as vertices and an edge
from &, to b, if bf =b, (mod n). By the last paragraph, we can study this graph independently of
the vertices not relatively prime to n. We start our study with a lemma on y(d), the number of
elements in Z, of order d.

Lemma 1: If n=2°TI", p® and y(d) denotes the number of elements of order d in Z,,, then
pd)=2,d)" @) [d, p" (B -D) - 2 w(d).
i=1 5\d, 5#d
Proof: From Fact 7 and (2), we know the number of elements of order dividing d is
@ d" 22, ) ITL(d, p'~'(p = D), e,

2w =2 d) 2 d) [, p" (B - D).

sld i=1
Solving this for y(d) gives the result. O
The following results are analogs of results 11 through 14 of [4].

Lemma 2: The indegree of any vertex in G¥* is 0 or (2, k)® (2772, k)% [T (k, p*~'(p, - 1)).
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oo X o

z3 k - . . _
P X i (p,—1)- FOT D eZ,,x" =b (mod n) is equiva

2%

Proof: 7% =75 x7%, x Z o1,
lent to

x*=b (mod2%),

x*=b (mod pi"),

it

: 3)
x*=b (mod p%).

By Fact 4 we know that, for p odd, x* = b (mod pf) has 0 or (k, p“~'(p, —1)) solutions and, for
modulus 27, there are 0 or (2, k) (2°2, k)*? solutions. Taken together, the system (3) thus has 0
or (2,k)%(2°72, k)% T1™,(k, p*~'(p, - 1)) solutions. [

Corollary 1: Every component of G* is cyclic if and only if (2,k)°(2*2,k)* =1 and
(k, p"(p,—1)=1for all i.

Proof: If a component of G* is cyclic, then every indegree must be 1. By Lemma 2, this
says (2, k)%1(2°72, k)% T1™, (k, p7~*(p, — 1)) = 1, so each factor must be 1.

Conversely, if (2, k)*'(2°2,k)** =1 and (k, p*'(p,—1)) =1 for each i, then Lemma 2 says
the indegree of any vertex must be 0 or 1. Since each outdegree is 1 and the sum of the indegrees
and outdegrees must be equal, this forces each indegree to be 1, so every component is cyclic. O

Corollary 2: Any cycle vertex has (2, k)* (2°72, k)**(I17,(k, p*~*(p, - 1)) ) -1 noncycle parents.

Proof: If b is a cycle vertex, the indegree is at least one because it has a cycle vertex parent.
By Lemma 2, the indegree of 4 is (2, k)°'(2°7%, k)> [1"(k, p“(p,—1)). Since exactly one of
b's parents is a cycle vertex, there are

@B, 6™ (H (k. "' (p. - 1))) -1
i=1
noncycle parents.: O
Theorem 1: k, =k, (mod L) if and only if G,',‘r = G,’,‘Z. :

Proof: Since Z, = Z5 xZ‘;f_2 X ZPI""(PI—I) X oo X L pai( 1y, @l e_lerilents_have orders divid-
ing L and we know that there exists an element of this order, namely, (1, 1, ..., 1).

If k, = k, (mod L), then for any b € Z;,, b = b*+*** = b*2 (mod n).

Conversely, if G,’,"' = G,’,‘;, then % = b* (mod n) for all b €Z;,. This means ord,b|(k — k).
Since there is an element of order L, we get k, =k, (mod L). O

We now classify whether an element of a given order will be in a tree or cycle. First, we fix
notation: factor L = tw for ¢ the largest factor relatively prime to £.

Lemma 3: The vertex b is a cycle vertex if and only if (ord,b)|z.

Proof: If b is a cycle vertex, then there is some ¢ such that b =b (mod n). We assume £
is the minimal natural number with this property. Since B =1 (mod n), we know that
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(ord,b)|(k* ~1), so (ord,b, k) =1and (ord,b,w)=1. Since (ord,b)|L, we have (ord d)|tw, so
(ord,b)|z.

Conversely, if (ord,b)|¢, then ' =1 (mod n), so (¢, k) =1 implies there exists £>0 so that
k=1 (mod 7). This means =1 (mod n), so b =b (mod n), so b is a cycle vertex. O

An immediate corollary of this classification is a count of the number of cycle vertices in G¥ .

Corollary 3: There are (2,1)>(2°72, % TI™, (¢, p*~(p, - 1)) cycle vertices.

Proof: By Lemma 3, we are counting the number of elements of Z, of order dividing z. By
(2) and Fact 7, there are (2,7)°1(2*7%, 0> TT7,(¢, p*"(p, - 1)) elements of order dividing £. O

The following result gives a connection between cycle vertices in the same cycle.

Lemma 4: Vertices in the same cycle have the same order modulo #.

Proof: 1t is enough to show that consecutive vertices in a cycle have the same order. Sup-
pose b, =bf (modn). Ifordpb, = ¢ and ord,b, = £,, thenbi = ()" =@B/) =1*=1 (mod n).
This means £, |£;, so

ord, b, > ord,p, = ord,(b¢) > ord, (6*7) = --- > ord,,(5*?) = ord B,.

This forces all the inequalities to be equalities, so the orders of all elements in the same cycle are
equal. O

By Lemma 4, it makes sense to speak of the order of a cycle. The next result relates the
order and length of a cycle.

Theorem 2: The length ¢(d) of a cycle of order d is the smallest natural number ¢ such that
d|(k*-1),i.e., £(d)=ordk.

Proof: 1If £(d) denotes the cycle length and & is a cycle vertex, then b # B> (mod n) for any
(d i
i <0(d), but b=b*") (mod n). Stated differently, 5* ™" 1 (mod ) for any i <(d), but
p*““ =1 (mod n). Since ord b =d, this says d | (k' — 1) for any i < £(d) but d|(k“P™). O

We can use Theorem 2 to get the length of the longest cycle in G¥ "

Corollary 4: The longest cycle in G,’,“ has length £(¢) = ord,k .

Proof: By Lemma 3, the order modulo n of every cycle vertex divides ¢. Further, there
exists a cycle vertex of order 7. Since, for any d|¢, we have k“® =1 (mod 7) implies ¥ =1
(mod d), Theorem 2 says 4(t) =ord,k >ord,k = {(d). Therefore, the greatest cycle length is
L#)=ordk. O

The following theorem gives the number of cycles in G,’,“ of a given order.

Theorem 3: The number of cycles of order d in G,',‘* is w(d)/ 4(d).

Proof: There are, by definition, y(d) elements in Z, of order d. Each is in a cycle of length
£(d) containing only elements of order d, so

1998] 233



POWER DIGRAPHS MODULO n

v(d) number of vertices of order d
£(d)  number of vertices of order d per cycle of order d

= number of cycles of order d. O

Finally, we give a few results about the tree structure. These results parallel those for prime
modulus [4]. If b is a noncycle vertex in G,',‘ ‘, the height of b is defined to be the minimal natural
number /4 such that 5*" is a cycle vertex. For c a cycle vertex, define F” as all noncycle vertices b
of height 4 such that b*" = c. We define the tree above c as E=U,F"

Lemma 5: If b, c eG,’f‘, b eFlh, and c is a cycle vertex, then bc e]i’,’{, .

Proof: By Lemma 3, (ord, )|t while (ord,c)|t. Since Z, is abelian, (bc)' =b'c' =b" #1
(mod n), so the order of bc does not divide z. By Lemma 3, this says bc is not a cycle vertex, so
the product of a cycle and noncycle vertex is a noncycle vertex.

Since (bc)*" = b¥" ¢ = c¥* (mod n), we see bc is in the forest above the cycle containing the
vertex ¢. If i <h, then (bc)*' = b*'c*' (mod n), which is a cycle times a noncycle, thus a noncycle

vertex. This means that bc first meets a cycle after 4 iterations of the k™ power map, i.e.,

h
bcchkh. a

We can use Lemma 5 to show that any two trees in G,’," are isomorphic.

Theorem 4: If c is a cycle vertex, then F{ = F.

Proof: For each h, we wish to construct a map from F}" to " that is one-to-one, onto, and
preserves edges. As in [4], we define ¢, as the cycle vertex such that c,’jh =c (mod n). This
means ¢, is the cycle vertex A cycle vertices before the cycle vertex ¢ and therefore exists and is
well defined. Following [4], define £,: F" — F" such that f,(b) = bc, (mod n).

Ifb,b, €F and f£,(b) = f,(b,) (mod n), then bc, = byc, (mod n). Since ¢, €Z;, this implies
(b, —b,)c;, =0 (mod n), so b, = b, (mod n).

Ifb e ", then (bc;")t =" (c"Y " =cc™ =1 (mod n). Since (bc;")" " =5*""'(c/")™ (mod
n) is a noncycle times a cycle vertex, we get a noncycle vertex. Therefore, bc,' € F" and
£(bc;") = bey'c, = b (mod n).

Having shown f, is one-to-one and onto for vertices, we must show it preserves edges.
Specifically, if b, € F*! and b, €F" such that bf =5, (mod n), then f,,,(5)* = bfcf,, =b,c, =
£,(8,) (mod n), where we have used c},, = ¢, (mod n), since c,, is /+1 vertices before ¢ in the
cycle and ¢, is & vertices before ¢ in the cycle. Similarly, if 5 € F*' and b, € F/" such that
bF = b, (mod n), then (bc,,,)* = bfcl,, = b,c* (mod n). D

Finally, we give two results to help determine the height of the tree, i.e., the maximum height
of a noncycle element of G,’f'. Both of these are direct analogs of the prime modulus case [4].

Lemma 6: Ifb € F, and d = ord ¢, then (ord,b)|k"d if and only if b € F* for some x < h.
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Proof: 1f (ord,b)|k"d, then ord (b*")|d so ordn(b"h)lt since d|t as ¢ is a cycle vertex. This
means b*" is a cycle vertex in the same cycle as ¢, so b € F* for some x < A.

Conversely, if b € F* for some x <h, then b* =¢ (mod n) so ord"(b"x) =d. Therefore,
ord, (6*") = ord, ((6* )" ) = ord ¢*" " =d by Lemma 4. [

Theorem 5: The height of the trees in G¥ " is the minimal A such that L|k"t.
Proof: If (k, L) =1, then f = L so Lemma 3 says that all vertices are cycles; thus, the height
is 0 and L|k% since = L.

If (k, L) # 1, then h>0. Take b a vertex of maximal order, ord,d = L. By Lemma 6, b is of
height / since (ord b)|k"¢ but (ord,b) | k"'t O

4. STRUCTURE OF G* —G*’

Let g be the set of all prime divisors of # and consider a partition of this set: g =, Up,.
Let G,’f, o, e the graph whose vertices are the multiples of I1,<p, p relatively prime to all p € o,
and with an edge from b, to b, if b =b, (mod n). If a, is such that p“|n but p°**|n, define
1 =pep, p™ and ny =l pep, p®. Define G, .. to be the graph whose vertices are the mul-
tiples of 7, relatively prime to all p € g, and where there is an edge from &, to b, if b} =&, (mod
n). We give a few results to help determine the structure of G,’,f o

Theorem 6: G,’," o max = Gf; :
Proof: Let b, be the solution to mb, =1 (modn,). Define
p:GE = GE 0y such that 1u(b) = bbygy (modn).

For q € p,, qlby, qln so b eG,’f; implies bbyn, (mod n) is in G,’f, o, max- Having shown our map is
well defined on the set of vertices, we must show it is one-to-one onto, and preserves edges.

If (b)) = p(b,) (mod n), then (b, —b,)by, =0 (mod n). This means (b, —b,)h, =0 (mod n,).
Since b, is invertible modulo n,, b, —b, =0 (mod n,) so b, = b, in G,’,‘;.

IfceGt then ¢ = nyc,, so we want to show that there exists b € G,',‘; such that p(b) =c

n, §1,max>

(mod n). This is equivalent to

bb()nl =Gy (mOd n)’
which is equivalent to

bby =c, (modn,).

Since b, is invertible modulo 7, and c, is relatively prime to all primes in g,, b = 8;'c, (modn,) is
an element of G,’f2 " sent to ¢ via .

If b, b, €G) such that bf =5, (modny,), then
p(B)* = bbgnt = bibyn = bbgy = u(by) (mod ).
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Finally, we deal with those vertices divisible by I1,c,, p but not by n;.
Theorem 7: (I1 pep, pP)b with (b, p) =1 for all p € p has zero or

( I1 (k,p“"'l(p—l)))-( Il p"”‘“"l(p%)]-

PEPr, p#2 pe, pE2,by2a,, key2a,

( I1 P (k, p"""”""(p—l))]-

PEP, PE2, ap>Cpk, by=c k

@052 k)" if2 €,
207! if2ep,b 2a,ck>a
207D (2 kY5272 kYo if 2 epa> ek, by =k
parent vertices of the form (H peg pC”)c with (¢, p)=1for all p e, where
0 ifa-b <2, 0 ifa-b, <3,
3= ] and &, = )
1 ifa-522, 1 ifa-5b,23

Proof: We want to find the number of distinct solutions, (IT,e,, p%)c, to

((zg,p%)c)k = (pg}pb"jb (modn),

where (cb, p)=1forall pegp.
This is equivalent to counting the number of solutions to the system

k
T1r% |e| =| T1p" |b (mod27),

PEP, PEP,

127 || =| TP |6 (mod pi")

PEP) PEP

1]

1l

127 |c 11 P’ |b (mod pim).
PEg) PEP

]

Fact 1 allows us to work with each of these congruences separately and then multiply the number
of solutions to each congruence to get the number of solutions to the system.

If g € g,, then all p € g, are invertible, so the number of solutions to

) k
(- e
PEP) Peg
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equals the number of solutions toc* =&’ (mod ¢“) for some . By Fact 4 the number of solu-
tions is zero or (k, g% '(q—1)) if ¢ is an odd prime, and zero or (2, k)* (2°2, k)% if ¢ = 2.
If g € p,, then all p € g, —{q} are invertible, so the number of solutions to

k
(1)) e
PE@) PERP,

is equal to the number of solutions to (g“c)* = qb"b’ (mod g%) for some &'. If c,k#b, and
either b, <a, or ¢k <a,, then there are no solutions for (cd’, q) =1 since the powers of g divid-
ing the left- and right-hand sides of the congruence will be unequal for all k.
If b, c,k > a,, then we are trying to solve 0-c* =0 (mod g™). This has g% %'(g—1) solu-
tions ¢ for which (c, ) =1 and g“c are distinct modulo g%. For g =2, this reduces to 2*%™",
Finally, if a, > ¢,k =b,, then; the number of solutions g“c to (g%c)* = gbb’ (mod g™) is

*-D% times the number of solutions to ¢ =" (mod g% ~%). By Fact 4 this is zero or

q(k—l)cq (k’ qaq —bq —l(q _ 1))

q

if g is an odd prime, and zero or
2-Der (3 )P (2072 )P

ifg=2.

The product of the numbers of solutions to each of these congruences gives the number of
solutions to the system, proving the result. O
Remark: Similar results may be developed where the hypothesis (c, p) =1 is dropped. For
example, if p € g, is an odd prime and (b, p) = 1, then the number of solutions to (p°c)* = p’b
(mod p*) is zero or p®~ if c k,b,>a,. Other cases for a,,b,,c,k may be worked out as in
the proof of the last theorem.

5. AN EXAMPLE

Example 1: We will determine the structure of G2. Note that n=56, k=2, L=6, t=3, and
w=2. We start with the components with vertices that are not multiples of 2 or 7. Zss = Z; x
Zy=ZyxZ, xZ,. This means the orders of all elements divide lcm(6, 2,2) = 6. We get the num-
ber of elements of each order using Lemma 1.

y(D=(@16002)12)=1,

v(2)=(2,6)2,2)2,2)-y() =7,

v(3)=(3,00,2G,2) -y =2,

w(6)=(6,6)(6,2)(6,2)-yv(3)-yv(2)-y () =14
The one element of order 1 goes to itself since 2 =1 (mod 1); the seven elements of order 2 each
g0 to the element of order 1 when squares; the two elements of order 3 are, by Theorem 2, in a

cycle of length 2 since 2' #1 (mod 3), but 22 =1 (mod 3); and the fourteen elements of order 6
go to elements of order 3. If b is an element of order 3, we know that x*> =b (mod 56) has at
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least one solution (the other element of order 3). Solving x* =5 (mod 56) is equivalent to solving
the system
x*=b (mod7)

x*=b (mod8). @

Since Z; = Z, x Z,, the first congruence in our system has 0 or 2 solutions. Since Z3z = Z, x Z,,
the second congruence in our system has 0 or 4 solutions. This means the system (4) has 0 or 8
solutions. Since there is at least one solution, this forces each element of order 3 to have indegree
8, i.e., seven elements of order 6 and one of order 2. This completely classifies the structure of

G% (see Fig. 1).
® [ ] [ ]
O

1 = {}7G§(.3
O A
o = {7}, Gl o1 ={2,7}, G (1)
O O OO0 O 000 O O OO0
X ¥ X X ¥ X X 1 X
Z} ® [ ]

o1 = {2}, G (o)

o =odd mult. of 2 x=odd mult. of 4 e =mult. of 8

FIGURE 1. G%

Next, consider the components which are multiples of 7 but relatively prime to 2. By Theo-
rem 6 this will have a digraph structure isomorphic to G} . Zz = Z, x Z,, so there is one element
of order 1 and three elements of order 2. Each element of order 2, when squared goes to the ele-
ment or order 1.

The trickiest part is classifying the components that have vertices which are multiples of 2 but
relatively prime to 7. By Theorem 6, G526, 2}, max = Gi'. Z, = Z, so there is one element of order
1, one of order 2, two of order 3, and two of order 6. Upon squaring, the element of order 1
goes to itself, the element of order 2 goes to the element of order 1, the elements of order 3 go to
each other, by Theorem 2, since 2' # 1 (mod 3), 2> = 1 (mod 3), and the elements of order 6 go to
the elements of order 3. By Fact 4, x*> =5 (mod 7) has 0 or 2 solutions (since Z; = Z, x Z,) and
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each element of order 3 has the other element of order 3 coming to it, we know the indegree must
be 2, so each element of order 6 goes to a different element of order 3 (see Fig. 1).

We now add vertices for the multiples of 4 and of 2 that are prime to 7. Theorem 7, with
n=56,k=2,6,={2}, 0, ={7},c, =2, and b, >3, says the indegree for vertices that are multi-
ples of 8 from those that are multiples of 4, relatively prime to 7, is zero or (2, 7"}(7-1))2*> ! =
2. Using the remark after Theorem 7, considering the graph of multiples of 4 relatively prime to
7, each vertex has indegree 0 or 4. There are 56-4-5 =6 odd multiples of 4, so each of the three
cycle vertices of G526’ (23, max Das two odd multiples of 4 parents (see Fig. 1).

To add the odd multiples of 2 prime to 7, we note that these will be parents of odd multiples
of 4. Using Theorem 7, with n=56,k =2, o, = {2}, 9o, ={7},c, =1, and b, =2, says the in-
degree for vertices that are odd multiples of 4 from those that are odd multiples of 2, relatively
prime to 7, is zero or (2,77(7-1))2@'(2,2)°(2°,2)° =4. Using Theorem 7, with n =56,
k=4=2% p,={2}, 9,={7}, ¢,=1, and b, >3, says the number of odd multiples of 2 in each
tree in GZ; 5, is zero or (4,77'(7-1))2"""" =4 Since there are 56-%-% =12 odd multiples of 2
relatively prime to 7, we have three sets of four odd multiples of 2 going to one of each pair of
odd multiples of 4 over each cycle vertex in G 2, max (Fig. 1). This completes the structure of
Gszs, 2

Finally, G526, @}, max = G¥', which is a single element with edge from and to itself. To map
directly onto a multiple of 2°-7, the power on 2 must be at least 2, so the only parent of our
single cycle vertex is the odd multiple of 2*-7 (mod 56). Odd multiples of 2-7 map to the odd
multiple of 27 -7 when squared. This completes the description of GZ (see Fig. 1).
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1. INTRODUCTION

The decomposition of any positive integer N as a sum of positive-subscripted, distinct, non-
consecutive Fibonacci numbers F, is commonly referred to as the Zeckendorf decomposition of N
(ZD of N, in brief) [10]. This decomposition is always possible and, apart from the equivalent use
of F; instead of F, (or vice-versa), is unique [8].

In the past years sequences of integers {a/b}, where a and b are certain Fibonacci and/or
Lucas numbers (L, ), have been investigated from the point of view of the ZD of their terms (e.g.,
see [3], [4], [5]). The aim of this paper is to extend these studies to sequences {ab}. More pre-
cisely, in Section 2 we establish the ZD of mF,F, and m[,[,, with h and k arbitrary positive
integers (possibly subject to some trivial restrictions), for the first few positive values of the inte-
ger m; the ZD of F,L,, F?L,, and F,I2 are also found. In Section 3, after some brief con-
siderations on the ZD of nF,, we analyze certain Fibonacci-Lucas products that emerge from
particular choices of n.

All the identities presented in this paper have been established by proving conjectures based
on behavior that became apparent through the study of early cases of 4, &, and n. These conjec-
tures were made with the aid of a multi-precision program including the generation of large-
subscripted Fibonacci numbers. On the other hand, once the identities were conjectured, their
proofs appeared to be rather easy and similar to one another so that, to save space, we confine
ourselves to proving but a few among them; this is done in Section 4. Section 5 provides a
glimpse of possible further investigations. It is worth mentioning that formula (1.4) of [4], namely,

iM' — Mr(h+1)+t _(—l)erhH B Mr+t +(_1)th (1 1)
=Rl L—(-1y -1 |

(here, M, stands for either F; or L ), plays a crucial role throughout the proofs.

2. THE ZD OF SOME FIBONACCI-LUCAS PRODUCTS

General Remarks

(a) The identities established in this section involve two integral parameters (namely, k¥ and n)
and, in most cases, are valid for all positive values of them. Sometimes they hold also for n=0.
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In general, some restrictions have to be imposed on & and 7 to obtain the ZD (as defined in
Section 1) of the quantities on their left-hand sides.

(b) The number of addends in the ZD of the quantities under study depends only on the integer k.
In some cases, it is even independent of &, thus assuming a constant value. In light of [2] and [1]
(see also [6], p. 147), this fact is not very surprising.

(c) The usual convention that a sum vanishes whenever the upper range indicator is less than the
lower one is adopted here. For brevity, we use the notation F,,, = F,,, + F,_,.

2.1 Fibonacci Products

Proposition 1:
k/2
2 Fijina (k even),

J=1
E{E{+n = (k—l)/2 ’ (2 1)
Fpu+ Y. Fyp,,  (kodd).
7=1

Remark 1: Expression (2.1) works for n=0 as well. In this case it yields the same result as that
obtained by letting s =1 in formulas (2.2) and (2.3) of [5].

Proposition 2:

(k=2)12
F;r +I:2k+n—l + ZF:ij+n+1 (k even),
j— j=l
2FF,,, = - 2.2)
E1+l +Fék+n-l + ZFt‘tj+n—l (k 2 3’ Odd)
Jj=1
Proposition 3: If n>2, then
(k-4)/2
F;l + EH'Z + I:2k+n-—3 + F&k+n + ZF“U+"+3 (k 2 4a even),
j=1
3F, B, = - 23)
Fn—l +Fn+2 + Fik+n—3 + Ek+n + ZEtj+n+1 (k 2 5: Odd)-
J=1
Proposition 4: 1f n>3, then
(k=4)/2
F;1—2 + F;H-l + F;1+3 + Ek+n+1 + Z F:ij+n+4 (k 2 4’ even),
J=1
41761:;64'” = (k=3)/2 (2'4)
P+ Fps 4 B+ 2 Fajunsa (k 23, odd).
Jj=1

Proposition 5: For k,n>3, the ZD of 5F,F,,, is given by the right-hand side of (2.5) once the
parity of k has been reversed. This fact becomes apparent upon inspection of (1.6) of [4].
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2.2 Lucas Products
Proposition 6: If n>3, then

Foy+ Foy + By (k even),
Ll = & :
Fn—2 + E1+1 +Ek+n+l + ZFéj+n+2 (k 23, Odd)
=

2.5)

Remark 2: The ZD of I is given by (4.2) and (4.3) of [5]. The decomposition (2.5) (k even)

follows immediately from (17a) of [9].

Proposition 7: If n>5, then

E

2L.L,,, = 3 oy

SR PRV DY ZE;j+n-3 + 2 Byjemes (k25 odd).
Jj=1 Jj=1

Proposition 8: 1f n>5, then

4

Z (Ej+n—5 + 'F2j+2k+n—5) (k 2 4: even)>
=1
3LkLk+n = ’ 3 k-4
Bt B+ 2 B pens + 0 Byjenes (K25, 0dd).
j=1 Jj=1

Proposition 9: If n> 6, then

4
Z (F3jin8 + Fajiken-s) (k 26, even),

j=1

4LkLk+n =
j=1 j=1

2.3 Mixed Products
That F, L, = F,, is a well-known fact (e.g., see I, of [7]).

Proposition 10:
(&
Fo  (keven),
Ech+n =1 ; 2
o+ Fypen (kodd, nk #1),
(Fy+Fy.,  (keven),
LE,,, =&
NS Byjip (K odd),
=1
242

i3+ Foants (k >4, even),

3 k=5
F;1—4 +Ex—2 +E1+1 + zF3j+2k+n—5 + ZE].HM (k 2 5’ 0dd)~

(2.6)

@.7)

(2.8)

(2.9)

(2.10)
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Proposition 11: If n>k, then

(k=2)/2
FrjntFa+ Z (Fijin—te T Fajinsisa) (K24, even),
=

2 —
Fly,, = (k=12 (2.11)
Fupnt 2 (Fyuns +F, nak) (k 23, odd).
j=1
Proposition 12: If n>k +1, then
Byt B+ Fga+Fus (K24, even),
LF,, = k-l 2.12
e Tt B4 2 By (623, 0dd) @12
j=1

Remark 3: The ZD of L}F,,, is given by (2.12) above for n>4. The decompositions (2.9) (k
odd) and (2.10) (k even) follow immediately from (15b) and (15a) of [9], respectively. Further, it
is worth mentioning that (30) and (31) of [9] follow by letting » =1 in (2.10).

3. ON THE ZD OF nF,

A brief study of the ZD of nF,, beyond being worth undertaking per se, allows us to extend
the results presented in Section 2 by considering some interesting Fibonacci-Lucas products that
result from particular choices of n.

Definitions:
(1) Let f(N) denote the number of addends in the ZD of N.

(2) Let Q(n) denote nF,.
(3) If F, is in the ZD of Q(n), then n is said to possess the property P (n has P, in brief).

We are struck by two particular aspects of the ZD of (J(n) that emerge from a computer
experiment carried out for 1 <» <10000. Namely, we observe that

(i) f[Q(m)] is relatively small,
(i) Ifnhas P, then n+1 and n+2 have not, whereas either n+3 or n+4 has.

The numerical evidence leads us to offer the following conjectures.

Conjecture 1: The ratio of the number of naturals not having % to that of those having % is
a?=1+a=1+1+5)/2.

Conjecture 2: If m< L,, —1, with k 20, then mL,,,, has P.

Conjecture 3: If m< L,,_,, with k > 1, then mL,, +1 has P.

Note. As the final draft of the paper was being prepared, the second author and Laura
Sanchis discovered what seems to be a proof of Conjecture 1. Once the details have been veri-
fied, the proof will appear in a separate paper.

As for observation (i), we state the following theorem which will be proved in Section 4.
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Theorem 1: If n< L,,,, then f[Q(n)]< 2k +1 [cf (3.1)].
The following further results have been establised by us.

Proposition 13 (see Conj. 2): Both L,,,, and 2L,, ., have . More precisely, we have

2k+1
O(Lyei) = ZFz J+ Lo —2(k+1)> (3.1
j=1
2k-1
0Ly = Fzz,,,,+,:2(k+1) + ZFz J+2Lp 0 —2k" (32)
j=1

Remark 4: The property % becomes apparent in (3.1) and (3.2) for j =k +1 and £, respectively.

Proposition 14 (see Conj. 3): For k>2, both L,, +1 and 2L,, +1 have . More precisely, we
have
Oy +D)=Fp g +1+Fp sopn, (3.3)

0Ly +)=Fyp, u+ o roe1+ Fary tak4- (34

Proposition 15: For k >3, [, —3 has P. More precisely, we have

(k=4)/2
FwstFp g+ F, 3+F, _ + 25 s+, (keven),
=1
oL, ~3)= o / (3.5)
Fp 3+ 25 j+Lek-4 T Fajip, 1) (k odd).
j=1
Proposition 16 [cf. (3.1)]:
QL) = Fp,, 1 (from (1.5) of [4]). (3.6)
Proposition 17:
k2
Z E‘j+Fk—k—2 (k even),
j=1
AR . (3.7)

Fypn+ 2 Fyjp (kodd).
J=1

We observe that the number of addends in some of the decompositions above is independent
of k. In fact, from (3.6), (3.3), and (3.4), it is seen that, if £ >1, then f[Q(L,,)]=2 whereas, if

k=2, then f[O(L,, +1)]=3and f[QQ2L,, +D]=5.

Question. Let 7'>1 be an arbitrary positive integer. Does there exist at least one function
g(k) of k for which f{Q[g(k)]} =T for all k£ greater than or equal to a certain minimum value
ky?

Let us conclude this section by showing that, if 7'= 4, then there is such a function. Namely,
g(k) = Ly, +3 will work for k > ky=2.
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Proposition 18: If k > 2 then

Oy +3)=Fp i+ Fp s+ Fp ) aopa3 (3.8)

4. SOME PROOFS
Proof of (2.3) (k odd): Use (1.1) to rewrite the right-hand side of (2.3) as

Fyin-1 = Fopan—s = Frus + F,

n+l
5

F + Ex+2 + Ek+n—3 + F;k+n +

LZLWS—_—&; (from (1.5) of [4])

=2F, +2F,

1 2en-1 T

L -L
= idem + D 0D — o FotLicd (from (1.6) of [4])

= 2(Fikre-ty T Frst——ny) + FreiFrs
=2F, Ly + Fop By (from (1.5) of [4])
=F QL+ F_3) =3FF,.

Proof of (2.8) (k even): By using (1.5) of [4], the right-hand side of (2.8) becomes

d F +F —F s —Fi
Z R jombeeg = ntk+7 n+k+44 ntk=5 " "n+k=8 [from (1.1)]

=1, Friisrse = Frvinice + Frin-a06 = Frnia-6

4
Lyints ZL"*"‘ =26 (from (1.5) of [4])

=2L,(L, i+ L) =2L,Q2L,,,)=4L,L,,,.

=L,

Proof of (2.12):
Case 1: k > 4 is even. Rewrite the right-hand side of (2.12) as
Friiez + Frsar + Frskcar + Frvicsni = Frviea + Frainn + Frie Ly (from (1.5) of [4])
=2F + Foa Ly = By (Ly +2)
=F,, I} (from identity I;5 of [7]).
Case 2: k > 3 is odd. First, rewrite the right-hand side of (2.12) as

Foy+F + By = FBjinor — Friieas + F, x4 [from (1.1)]
=F  + Bt B, — F

n+k+2>
then use (1.5) of [4] thrice to rewrite the expression above as

F;r—k +F§k+n 2F +k Fk+n FnLk - F;1+k
= Fooker — Frvak—i — FEL, =F, L, - FL
= (Fn+2k F, )Lk = ( n+k+k n+k—k)Lk

=F Ll = F;1+kLi'
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Proof of (3.2): Put 2L,,,, = h for notational convenience, and use (1.1) to rewrite the right-hand
side of (3.2) as
By gpca + Bira + Fraai = Fraaia = Froaisn + Fiai)
=Fyisa ¥ Fpmea F Fioaies = gt = 2F4000 = 265 55
=2F, Ly, (from (1.5) of [4])
def

= hE,* O(h.

Proof of (3.5) (k even): Put L, = h for notational convenience, and use (1.1) to rewrite the right-
hand side of (3.5) as

Fyows+F st B s+ F +Fppy = Frps— Fua + Fy)

=b st b Bt Bt b+ b

=hFy 3= Fyy+ B 6+ F 3+ B, (from (1.5) of [4])

def

= hFy 5~ 3F, 5 = (h—3)F, , < 0(h-3).

Proof of Theorem 1: From (2.3) and (2.4) of [6], we see that
1
J M=V +UmI+1,

where V(n) =|log, 7| (& =(1++/5)/2) and U(n) is an even number defined by L1 <N <
Lyj(ny+1- It must be observed that U(n) is defined in [6] in a slightly different way, for the authors
use the initial values L, =3 and L, =4 for the Lucas sequence. Now, it can be proved readily
that, if n< L,,,,, then both V'(n) and U(n) do not exceed 2k. This fact, along with (4.1), prove
the theorem.

5. CONCLUDING COMMENTS

As can be seen from the examples presented in this section, the identities established in this
paper represent only a small sample of the possibilities available to us. A thorough investigation
on the ZD of () seems to be worthwhile; this study will be the object of a future paper. An
attempt to prove Conjectures 2 and 3 produced the following decompositions [see also (3.1)-
(3.4)] the proofs of which, based on the technique shown in Section 4, are left as an exercise to
the interested reader. Namely, we see that

2%-2
OBLy) =By mae-a By it By, vakes + IS 3Ly -20e-1y (K 22), (5.1
=1
2%-2
O Ly ) =Fypy i ak-a+ Fay,, toen  Fary,, a3 + ZF21+41,2,C+1—2(1¢—1) (k=22), (52)
=1
2%-3 !
OGLys) = Fipy, v + Fspyy toeeny + ze/‘+5L2k+1—2(k—1) (k>2), (53)
=1
OQGLy +D)=Fy, o+ Bpypasie1  Bpyagees (22), (5.4
QAL +D=Fyp+ Fapyeop1+ Fapysopn + Faryrans (K2 2), (5.5)
OGLy +D)=Fsp, o+ Fspp a3+ Fspyao + F5p ) apaa (K23). (5.6)
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Remark 5: The property % becomes apparent in (5.1)-(5.3) for j=k—1.

Moreover, we believe that also the ZD of nl, deserves some study. A medium-range (I1<n
<2000) computer experiment led us to conjecture that F;, is not in the ZD of nl,, for n>2. This
experiment allowed us to observe that, if n=F), ,, (k=1,2,3,..), then f(nL,)=2 with only one
exception in the case k =2 for which f(5L)=1. In fact, from (1.5) of [4], it can be seen imme-
diately that

Ek+1L@k+l = FFZhli(2k+l) : (5.7)

Remark 6: Letting k=1 and 2 in (5.7) yields 2L, = F_,+ F; = F, + F; and 5Ly =Fy+ F,o = F,
(the exception), respectively.

Further, we observed that, if n=L,, (k=2,3,4,...), then f(nL,)=4. In fact, from identity
I of [7] and (1.6) of [4], it can be proved readily that

LowLy,, = Frppsop1+ Frpopar (5.8)
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SOLVING LINEAR EQUATIONS USING AN OPTIMIZATION-BASED
ITERATIVE SCHEME

I. Tang
ETS-Rosedale, Mail Stop 58-N, Princeton, NJ 08441-0001
(Submitted September 1996)

A system of linear equations such as

apx, + apx, -+ ax, +¢ =0
a,x, + -t ax, +c =0 )
a,x; + v t+a,x, +c¢,=0

can be solved using either direct methods such as the Gauss-Jordan procedure or iterative
methods such as the Gauss-Seidel procedure. When the equation system is large, and especially
when the coefficients are sparsely distributed, iterative methods are often preferred (see [1], [2])
since iterative methods for these systems are quite rapid and may be more economical in memory
requirements of a computer. Iterative methods usually require a set of starting values as assumed
solution. This article describes a procedure that does not require starting values. The procedure
achieves convergence rapidly and can be applied to dependent systems in which there are fewer
equations than variables.
Consider the case of n simultaneous equations in matrix form:

X
A (e @ a)l -
= : : : Tl 2
fn Ay 4y G xin

h
: =0 3)
Jn
by minimizing a scalar objective function

;
H= 24t f1=(f - f)[f) @

n

We propose to solve the system

The solution of (3) is obtained when the x values are found such that H = 0.
Differentiation of (4) yields

df, | dt
dH g
t df, / dt
But (2) gives
df, /dt Gy Ay |(do/dt) (a; a4, O dxli/dt
=] : N o s ©)
df, | dt a, - a,)\dx,/dt a, - a, O ‘zczn//;;t

and, together with (2), (5) becomes
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o[/ dt
dH Gu A S :
a0 f,,)[ : : :J i,/ dt
ay v a, O dz | dt
'a?1 a:n1 a, - a, 0 dxl:/dt
=2(x = x, 1) a;n a;m S 0 dx,/dt | )
q N\ G dz | dt
We now set
dxl'/dt a'11 a‘,,l [all - a, g X
e dt|= e o oa | : :J . | (8)
dz | dt o o 0 Nan a,, )|
sothat dH /dt < 0.

By choosing a small value for A7 (for example, set it equal to the reciprocal of the Euclidean
norm [1] of the matrix), one could approximate the derivatives on the left-hand side of (8) by
finite differences between the (i +1)™ and the i iterant of each of the x's (with z remaining a
constant = 1), and we write

a _Axy Xin X

d ~— At At 7
dx, Ax, Xni+1 ™ Xn,i
”E—":_’____’_ 9
dt — At At ©)
ézgzzm—zi
dt — At At
Then (8) becomes
’fl ’fl a:” a:nl @y @, g xl
x'n = x:,, - At 'ln a;m : a: c x, |’ (10)
Z )in z ) 0 0 an nn 2 1 ;
with z,,, =z = 1.
Let
a, - a
(1) (1) 8 . m @y @, G
[Bl=|: : .. :|-A¢ a. o a : N an
i - sl 1n nn (\ g e a c
00 -1 0 0 nl nn n
and
X
[(X1=|; | (12)
1
then (10) becomes the recursion equation
(X1 =[B] [X];. (13)
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Starting with an arbitrary set of values [ X]=[X], with z =1 as the initial solution, we carry
out the iteration

(XL =[B] [X],
[X], =[B] [X],
=[BT [X], (14)
and so on until
[XT, =[BT [X],.

Unless the set of equations is an inconsistent system, for sufficiently small A¢, which serves as an
accelerating factor, [B]* will converge so that

by - b, x
k : : :
[B] - bnl e bnn xn,s (15)
0O - 0 1
as k — . It follows from (13) that
bll bln X1, s
[X]) = b;rl b;m x';’s [X]p. (16)
o - 0 1

If the equation system is furthermore not a dependent system, the individual elements 5, will tend
to zero upon convergence, and

xl,s

[X] =, (17)

n,s

1

regardless of the initial starting value, and [ X]=[x,] are obtained for the solution of (2).

Since the last column of the matrix (15) to which [B] converges contains the solution of (2),
it is clear that to solve a set of linear equations that does not constitute a dependent system, an
assumed starting solution is not required. We only need to multiply [B] of (11) upon itself repeat-
edly, and if the multiplication is performed by squaring the previous result, convergence is accel-
erated through the sequence [B],[BF,[B]*,... . Although the process diverges for an over-
determined system, for a dependent system, one can obtain a solution from (15) according to the
initial starting solution vector.

To illustrate the scheme, consider the following examples.

1. Consider the system: x+y=-2

2x+y=-3
1 00 1 2 11 2 095 -003 -008
[B]=[0 1 O|-Af]1 1 (2 ] 3): -003 098 -005]|,
0 0 1 00 0 0 1
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for which the acceleration factor A7 = 0.01 is used. Convergence leads to
00 -
[B'—>|0 0 -1{.
0 0 1
From the last column, the solution (x, y) = (-1, — 1) is obtained.

2. Given the dependent system: X+y+z+2=0

2x+y—-z+3=0
1 0 00O 1 2 095 -03 01 -008
[B]= 01 0 Of_ At 1 1)1 1 1 2)_|-003 098 0O -005
0010 1 -1\2 1 -1 3)7| 001 0 098 001 F
0 0 01 0 o0 0 0 0 1

for which the acceleration factor At is again 0.01. Tteration leads to

02857 -0428 01428 -1142

-0428 06428 -0214 -0.785

01428 -0214 00714 -0071(
0 0 0 1

[BT -

The solution is found from (15) for any arbitrarily chosen starting value. For instance, if
Xy =Yy =2, =0, then, from the last column, we obtain (x,y,z)=(-1142,-0785,-0071). If
Xy =2,Y,=0, and z, =1, then (x, y, z) = (-0.714, — 1427, 0.143) is obtained.
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A GENERALIZATION OF STIRLING NUMBERS
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1. INTRODUCTION

Let W(x), f(x), g(x) be formal power series with complex coefficients, and W(x)#0,

W(0)=1, f(0)= g(0)=0, Then the coefficients {B,(n, k), B,(n, k)} in the following expansions,
WS ()1 kt=3 Bi(n, k)x" Inl, (g(x)* /[W(g()k!]= D Byn,k)x"/m!, (1)
n2k >k

are called a weighted Stirling pair if /(g(x)) = g(f(x)) =x, i.e., fand g are reciprocal.

When W(x)=1, B|(n k) and B,(n, k) reduce to a Stirling type pair whose properties are
exhibited in [7].

In this paper, we shall present a weighted Stirling pair that includes some previous generaliza-
tions of Stirling numbers as particular cases. Some related combinatorial and arithmetic proper-
ties are also discussed.

2. A WEIGHTED STIRLING PAIR

Let ¢, a, 8 be given complex numbers with &+ #0. Let f(x)=[(1+ax)?* -1}/, g(x) =
[(1+ Bx)*# 1]/, and W(x)=(1+ax)"*. Then, in accordance with (1), by noting that f(x)
and g(x) are reciprocal, we have a weighted Stirling pair, denoted by

{S(n) ka a, ﬂ) t)’ S(na k’ ﬂa a, — t)} = {Bl(na k)’ B2(nﬂ k)}

We call it an (a, f; 1) [resp. a (B, a; —1)] pair for short. Moreover, one of the parameters @ or
3 may be zero by considering the limit process. For instance, a (1, 0; 0) [resp. a (0, 1, 0)] pair is
just Stirling numbers of the first and second kinds.

Note that from the definition of an (a, f, f) pair and the first equation in (1), we may obtain
the double generating function of S(n, k, &, 3; t) as

fla _ n
(1+ ax)'® exp{u (1—““—0“—;—1} =Y S0k o B @)
- n!
If we differentiate both sides of (2) on x, then multiply by (1+ax) and compare the coefficients of
x"u*, we have
S k-La Bt+pf)=Sn+1k a B0)+(na-0Snk, a,p,1), 3

and if we differentiate both sides of (2) on  and then compare the coefficients of x"u*, we have
S, k,a, Bt +B)=Bk+DSnk+1, a,B;0)+S(n k, a, B; 7). “4)

Thus, the recurrence relation satisfied by S(», k, @, §; f) may be obtained by combining (3)
and (4):
Sm+Lk a B ty=0+pk-an)S(nk,a, B,)+Sn k-1, a B1). 5)
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The initial values of S(n, k, a, ;) may be verified easily from (1) because S(n, 0, @, §;1) =
tt—a)t-2a) - (t—(n—-Da) for n>1, Sn,n, a, B,1) =1 for n>0, and S(n, k, a, B;1) =0 for
k >n. Thus, a table of values of S(», k, a, 5; ) can be given by concrete computations.

TABLE 1. S(n, k, a, B; 1)

okl o 1 2 3
0 1

1 t 1

2 t—-a) 2t+p-a 1

3 (t—-a) +f-2a)+t(t—-a) 3t+306-3a 1

From (2), we may get the explicit expression for S(n, k, ¢, f;¢) via the generalized binomial
theorem along the lines of (4.1) in [6].

For a complex number a, define the generalized factorial of x with increment a by (x|a), =
x(x—a)(x—2a)---(x—na+a) forn=1,2,..., and (x|a), = 1.

Theorem 1: The (a, B;1) pair defined by (1) may also be defined by the following symmetric
relations:

(+Dla), =3 S k, a, . x|B)e: ©)
k=0
x1B), = 3 S, k, B, — 1)((x + )| ). ™)
k=0

Proof: The proof of the theorem may be carried out by the same argument used by Howard
[6], by showing that the sequences defined by (6) and (7) satisfy the same recurrence relations and
have the same initial values as that of an (@, 3, f) pair. O

Examples: Let 1,60 be two complex parameters. The so-called weighted degenerate Stirling
numbers (S,(n, k, A|6), S(n, k, 1|0)) were first introduced and discussed by Howard [6] with
definitions .
(- x)l—l(l—”il—‘—xﬁ) =K1Y Sk, 116) %
o =i n!
and .
U+ ey (L4 004 = = k1 3, S(n, k, A16) T,
nzk '
where 6u=1. Now it is clear that (=D)"*S8,(n, k,1,1|60) = S(n, k,1,0,6—A) and S(n, k, A|6) =
S, k,0,1, ).
The limiting case 8= 0, 1#0, gives the weighted Stirling numbers (Ry(n, k, 1), Ry(n, k, 1))
discussed by Carlitz ([2], [3]) with definitions

(1-)(-log(1-0)* =k T R, b, DX

n2k

and
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(e -1 = k'Y Ry(n k, ,1);—!,

n2k

where the weight function e¢** comes from the limit of (1+67)*% as 8 — 0. It is apparent that
((-D"*R\(n, k, A), Ry(n, k, A)) forms a (1, 0; — A) pair.
Further examples are the degenerate Stirling numbers [1] defined by

—(1-7¢ ‘ -
(1(#)_) =k!251(n,k|9)£ﬁ

nk
and

(@+60" -1 =1 ¥ S(n, k|0);—"',

n2k

where Qu=1. Ttis clear that (-1)"*S,(n, k|0), S(n, k|6)) is a (1, 8;0) pair.
The noncentral Stirling numbers were first introduced by Koutras in [8] with the definitions:

O = Y s, k)t - ),
k=0

(t-ay =3 S,(n k)0,
k=0
It is now clear by Theorem 1 that (s,(n, k), S,(n, k)) is a (1, 0; a) pair.

3. REPRESENTATIONS OF WEIGHTED STIRLING PAIRS

For r>0, f.#0, let F(x)=X, f,x*/k!and W(x)= pIpa ijf / j! be two formal power
series. Following Howard [6], for complex z, we define the weighted potential polynomial F,(z)
by

W(x)(%}/{lj - ;Fk(z)xk /K1, @)

Moreover, if r > 1, define the weighted exponential Bell polynomial B, (0, ..., 0, f,, f,.;,...) by
WEIF@F =k!Y.B,0,...,0.f,, fru,..)x" I nl. )
n=0

The following lemma is due to Howard ([6], Th. 3.1).
Lemma 2: With F,(z) and B, , defined above, we have

k-z & (Y (k+2\(k-2) (k+ )
( k )EC(Z)_;)(L) (k_j)(k_i_j)(—krj)!Bk_Hj’j(o,...,O, f;"j;'+1"")'
Now, from (9) with W (x) = (1+ax)"® and F(x) = [(1+ ax)?'* —1]/ 8, we have

St k,a, B;0) =B, ,(1, B-a, (B~ a)f-2a),(B-a)B-2a)(f-3a),...). (10)
Define the weighted potential polynomials 4,(z) by
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z ) k
(e ] -3 A0%, (an

If we differentiate both sides of (11) with respect to x, then multiply by 1+ ax and compare
the coefficients of x*, we obtain

24,(z+ ) =(z-k) A @) +k(t+(a-P)z—(k—-Da)4,_,(2).

It follows that
{7 an=co(* ") A+ @-p
(12)
—(k-Da)(- l)k‘l(k ;f; 1) A (),
with initial conditions
(‘”O‘ 1)A0(n+1)= 1, for n>0, (13)
and
(—1)"(:11)A,,(n+1) =({t+a-p)(t+a-2p)---(t+a-np), forn>1. 14)

Therefore, by equations (12)—(14), and the recurrence relations satisfied by S(n,n—k, 5, «;
t +a — ) [may be deduced from (5)] and its initial values, we have that

(—l)k(k _;;_l)Ak(n+l) =S(mn—k,p,a;t+a-p).

It then follows from Lemma 2, by taking » =1 and (10) that

. & ik \(k-n-1 R
S(n,n—k,ﬂ,a,t+a—,3)=jz=;)(—l)f( ;f; )( kfj )S(k+],],a,,8,t).

By symmetry, we have the following representation formulas for weighted Stirling pairs.

Theorem 3: For S(n, k, a, ;1) defined by (1) and S(n, k, B, ; t + ¢ — f) defined in a like way,
we have

n-k .
S, k,a, ;)= 3, (-1 @”_‘kk_*jl) (n f;;ij) St-k+j,j,Bat+a-p) (15
Jj=0
and
ok (2n—k+1 ' o
S(n, k, B, a;t+a—ﬂ)=§)(—l) (nn_k_+j)(anij)S(n—k+],], a,B). (16

Remark: 1t should be pointed out that similar representation results for the particular case when
a=60, f=1, and t=1-1 has been proved by Howard [6]. Here we borrow his proof

techniques.
4. CONGRUENCE PROPERTIES OF WEIGHTED STIRLING PAIRS

A formal power series ¢(x) =2 5a,x" /n! is called a Hurwitz series if all of its coefficients
are integers. It is well known that, for the Hurwitz series ¢(x) with a, =0, the series (¢(x))*/k!
is again a Hurwitz series for any positive integer £.
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In this section we always assume a, 8,7 €Z. Then it is clear that both (f(x))*/k! and
(g(x))*/k! in (1) are Hurwitz series, so that S(n, k, @, §;¢) and S(n, k, 3, ct; — ) are two integer
sequences.

First, let £ =0. Then we have

Theorem 4: Let p be a prime number and let & and j be integers such that j+1<k < p. Then the
following congruence relation holds:

S(p+j,k, B,a;,0)=0 (mod p). a7n

Proof: Assume first that a # 0 (mod p). For a polynomial ¢(x) of degree » in x, we may
express it, using Newton's interpolation formula, in the form

¢m=ﬂ%H§WWwﬂMﬂ@b (18)
=1

where [a,q, ... a,] denotes the divided difference at the distinct points x = g, @y, ..., @, ... and
{x|a};, =(x—aqy)(x-a,) - (x—a;_;). Moreover, we have

1o, = ag Ha)| Il @ - ag' af
T T L B G B R ) (19)
Uoa, o o fla I oap - o a
Now take ¢,(x) = (x|p),, then ¢,(0) = 0. We have, by (7) and (18), that
S(p, k, B,a;0) =[x, ..., ], (20)

which may be expressed as a quotient of two determinants as in (19), where a; = ja (j=0,
L2,..).
Notice that the classical argument of Lagrange that applied to the proof of

(x=D-(x—p+1)=xP"1-1 (mod p)
may also be applied to prove the relation
$,(x) = (x|B), = x(x~ ) -+ (x—(p-1)f) = x” - f7'x (mod p), 21)

where the congruence relation between polynomials are defined as usual (cf. [4], pp. 86-87, Th.
112). Also, using Fermat's Little Theorem, we find

oy gl iy [0 @OUP). EPIB,
mom=umhﬁﬂo@=& iy 015

where j=0,1,2,.... Consequently, we obtain, withe; = ja for k> 1,

Ioay ~ ag 4,(a)

1 a - ! ¢ (o)) 0 (mod p)
1o, ' ¢(a)
Moreover, the denominator is given by
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a - oF! ok
20 - (2a)! k
a “l((ﬂ Qa) =aumszIU_D$0mrk<POmmp)
ka - (ka)k—l (ka)" 0si<j<k
Thus, we have that S(p, k, B, a; 0) = 0 (mod p) for 1<k < p.
Furthermore, let F(x) = (x|f),,;. We then have F(x) =X S(p+j, k, B, a; 0)(x|a), and

F(x)=4,()(x=pB) -+ (x—(p+ ))B+P)
= (x? = A7 )x(x— ) -+ (v~ (j— 1)) (mod p) 22)

= (%"~ ) +ap’™ + - +a,_x) (mod p),

where ay, ...,a;_; €Z. Consequently, we have, for 1<i<p+ j,

0 (mod p), ifp|p,
F(Ia) = . +1 . i : 2 1
((a) " +aia) +---+a, (ia)" (modp), ifp|p.
Since j <k —1, we have
1 ay a'é" F(ay)
1 a; - al_l F(al) =0 (modp),
1 a, - o Fla)

where the last column is a linear combination of the first £ columns modulo p.

Again, the same denominator determinant is not congruent to zero modulo p for k< p.
Thus, we have that S(p+ j, k, B, @;0)=0 (mod p) for j+1<k <p.

The case for @ =0 (mod p) may be proved directly using (7), (21), and (22) by comparing
the corresponding coefficients of powers of x in both sides of (21) and (22). Hence, the theorem
is proved. O

Note that in the particular case in which a =1, =0 or f=1, a =0, Theorem 4 reduces to
congruences for Stirling numbers of the first and second kinds; see [5] for other congruences for
Stirling numbers.

Corollary 5: Let a, §,t be integers. Then the (o, f; f) pair satisfies the basic congruence
S(p,k,a, ;1) =0 (mod p), (23)
where p is a prime and 1<k < p.
Proof: Let W(x)=(1+ax)'* =3, 0a,x"/n! with a, €Z,a,=1. Then it is clear from (1)
that

> S(mk,a, p,1)x"In! = (Zanx” /"!)(Z S(n, k, a, B, 0)x" /n!),

n20 >k

so that we have

)4
S(p. k.t .= L, S0, @, ;0) ({.’),
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From Theorem 4 (taking j=0) and the fact that (7)=0 (mod p) for 0<i < p, it follows that
S(p, k, a, B, 1) =0 (mod p), and the corollary is proved. O
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PALINDROMIC NUMBERS IN ARITHMETIC PROGRESSIONS
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(Submitted September 1996-Final Revision November 1996)

Integers have many interesting properties. In this paper it will be shown that, for an arbitrary
nonconstant arithmetic progression {a,}, of positive integers (denoted by N), either {a }=,
contains infinitely many palindromic numbers or else 10]a, for every n eN. (This result is a
generalization of the theorem concerning the existence of palindromic multiples, cf [2].) More
generally, for any number system base 5, a nonconstant arithmetic progression of positive integers
contains infinitely many palindromic numbers if and only if there exists a member of the progres-
sion not divisible by 5.

WHAT IS A PALINDROMIC NUMBER?

A positive integer is said to be a (decadic) palindromic number or, shortly, a palindrome if its
lefimost digit is the same as its rightmost digit, its second digit from the lefi is equal to its second
digit from the right, and so on. For example, 33, 142505241, and 6 are palindromic numbers.
More precisely, let d,d,_,...dd, be a usual decadic expansion of n, where d, €{0,1,..., 8,9} for
ie{0,1,..  k}andd, #0. Thatis, n=2F,d -10.

Definition: A positive integer 7 is called a palindrome if its decadic expansion n= 3% d,-10
satisfies d, =d,_, foralli €{0, 1, ..., k}.

In Harminc's paper [2], interesting properties of palindromes were observed. For instance, a
palindromic number is divisible by 81 if and only if the sum of its digits is divisible by 81. Some
open questions were also stated there. For example, it is not known whether there exist infinitely
many palindromic primes. Korec has proved in [3] and [4] that there are infinitely many non-
palindromic numbers having palindromic squares.

In what follows we will consider arithmetic progressions. Each such progression {a,}, , is
given by its first member g, and by its difference d; thus, a, =a,+(n—1)-d. Let us recall a well-
known result on prime numbers in arithmetic progressions proved by Dirichlet (cf. [1]). As usual,
denote by (u, v) the greatest common divisor of integers # and v. If (u,v) =1, then u and v are
called pairwise prime integers. Integers a and b are said to be congruent modulo a positive inte-
ger m, if m|(a — b); for this, we will write a = b (mod m). Then, the theorem of Dirichlet is

Theorem A: Every arithmetic progression in which the first member and the common difference
are pairwise prime integers has infinitely many primes.

In other words, if (a;,d) =1, then the congruence x =g, (mod d) has infinitely many prime
solutions. We will present an analogous result giving easy necessary and sufficient conditions for
an arithmetic progression to contain infinitely many palindromic solutions. Clearly, if every mem-
ber of an arithmetic progression ends in zero, then the progression cannot contain any palindromic
number. But as we will see, this is the unique exception.
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MULTIPLES OF THE TYPE 999...99

Lemma: Let e eN be such that (e, 10)=1. Then, for every m, €N, there exists m €N such that
m>m, and 10" =1 (mod e).

Proof: Let us investigate powers of ten. Each number 10* (k €N) is congruent (mod e) to
one of the numbers 0,1,2,...,e—1. From this fact, it follows that, among the powers 10, 102, e
10', ..., there exist infinitely many numbers pairwise congruent (mod €). Thus, there are &, k, €N
such that

104 =10" (mod e) and k,—k, >m,.

Then 10“ -(1-10*27%) = 0 (mod ) and, since (e, 10) =1, we obtain 10~ =1(mod ¢). Hence,
m = k, — k, has the desired properties. [
Since 10 = 1(mod e) means that €]|999...99, the Lemma yields the following corollary.
mof9's
Corollary: 1f e eN and (e, 10) =1, then there exist infinitely many numbers of the type 999...99
divisible by e.
MAIN RESULT

Before stating Theorem B, let us introduce a notation used in the proof. An integer with the
same digits as # €N, but written in the opposite order, will be denoted by n*, i.e., if n=
dd,_,..dd,, then n* =dd,...d,_,d,. Thus, nis a palindrome if and only if n = n*.

Theorem B: Let {a,}, , be an arithmetic progression of positive integers with difference d eN.
Then {a,},_, contains infinitely many palindromes if and only if 10 /a, or 10}d.

Proof: Clearly, if there exists €N such that g, is a palindrome, then g, and d cannot both be
multiples of ten.

Conversely, let 10]a, or 10{d and let d = 2° -5 -e, where (e, 10) =1. Let us denote by c the
least member of the sequence {a,},, , that is not divisible by 10 and let

n=1
C=¢0Cy...CC = ZI:C,- 10
i=0
where ¢, #0. (Since 10/a, or 10/d, we have c=q,orc=a,.)
Consider two cases, e =1 and e # 1. The idea is (in the first case) to insert a sufficiently large
number of 0's between ¢* and ¢ (in the second case) to include among the 0's an appropriate num-

ber of strategically placed 1's.
First, let e =1. Then, for every integer / > max{z, 3, 7}, it is easy to see that the palindrome

100 +c=¢,...c1¢, 0...0 ¢ y...06
I-t-10f0's
is a member of the sequence {a,}, ;.
Now, let e # 1. By the Lemma above, there exists m > max{?, £, ¥} such that 10" =1 (mod
e). Then, for every integer j €N, we have 10" =1 (mod €). Moreover, there exists 7 €{0, 1, ...,
e—1} such that
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c*-10"" +r =0 (mod e).
Put

x=c*- 107" L 10" +100 D" 4. 410" +¢

= (o6 €,46,0..010..010...010...010...010...066,_,...c6.
— Y~ Y ~—
m—t—1 m-1 m-1 m-1 m—t—1

Clearly, x is a palindrome, and we will show that x is a member of the sequence {a,};,. There-

fore, it is sufficient to check that d|(x—c). Since 2”|(x—c) and |(x —c), we will verify only
that e[(x—¢). But
x—c=c*-10"" 410" +1007 D" 4o 4 10™

=c*-10"-10""+1+---+1 (mod e).
—_——

Hence
x—c=c*-10"" +r (mod e),
so that x —c is congruent to zero (mod e), and the proof if complete. O

One could define a b-adic palindrome as a positive integer n with b-adic expansion
dd, ,..dd, (ie, n=XF d b where d €{0,1,...,b-1} and d, # 0) satisfying d =d,_, for all
ie€{0,1,...,k}. Ttis not difficult to see that all results proved here for decadic palindromes hold
for b-adic ones, too. For any number system base b, the following theorem is true.

Theorem C: Let {a,}, be an arithmetic progression of positive integers with difference d eN.
Then {a,},_, contains infinitely many b-adic palindromes if and only if b fa, orb|d .
To prove Theorem C, the reader can mimic the proof of Theorem B.
Hint: Let b= p®p:...p% be the standard form of b and let d = p/1pf2. . pP:-e, where
(e, b) =1. Let c be as before with
C=CCy...0C = Zci b
i=0

If e =1, take x = c*-b' +c, where

> max{t,—ﬂ-l,—’q; &}

> >
a,’ a, a

If ex1, take x=c*-b™"™ " +b™ +b" D" +...+b™ +c, where m is sufficiently large, see the
Lemma above for

2"
a, a, a,

mOZmax{t,El-,—’B—z. ﬁi} g

Open problem: Characterize geometric progressions without palindromic members.
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1. INTRODUCTION

The concept of "Z-densities" is introduced in this paper, leading to several interesting conjec-
tures involving the divisibility properties of the Fibonacci entry-point function.

We let = {F,},, and £={L,}, denote the Fibonacci and Lucas sequences, respectively.
Given m, the Fibonacci entry-point of m, denoted by Z(m), is the smallest n>0 such that m|F, ;
in this case, we write Z(m) =n. If m and n are arbitrary (with m > 1), m|E, iff Z(m)|n.

If m=p, a prime #2 or 5, it is well-known that Z(p)|(p—£p), where &,=(5/p), the
Legendre symbol.

Given an arbitrary sequence U = {U,} of positive integers, we say that p divides WU, and
write p|UW iff p|U, for some n. Let zu(x) denote the number of primes p < x such that p|aU;
also, 7(x) is the number of primes p < x. The "natural" density, or simply the density, of U is
given by

Omzli_r:o:m(x)/ﬂ(x). (1.1

It is well-known that p|% for all p, and so %= 1. This is certainly not the case for a general
9. J. C. Lagarias [6] has determined @u for a few specific sequences, among them &£. As far as
the topic of this paper is concerned, the most interesting result obtained by Lagarias was the

following:
6,=2/3. 1.2)

That is to say, 2/3 of all primes, asymptotically, divide some Lucas number.

Now, it is also known that p| <& iff Z(p) is even. It follows that the density of those primes p
for which Z(p) is even is equal to 2/3; note that this extends our initial definition of "density."
The aim of the present paper is to generalize this perspective. Thus, we ask the question: Given
m, what is the density of those p for which m|Z(p)?

We can also ask the more fundamental question: Given m, what is the density of those p such
that Z(p) =m? However, it is clear that such densities are zero for all m, since they characterize
the primitive prime divisors of F,, (for a given m), which are necessarily finite in number; there-
fore, the density of those p such that Z(p) = m is of no interest to us here.

To obtain answers to the first question above, we introduce various types of densities that
involve Z(p) in their definitions; such densities are referred to as "Z-densities." Here is a formal
definition: Given m and x, let M(m, x) denote the number of p < x such that m|Z(p). Then we
define £(m), the "Z-density of m as a divisor," as follows (assuming the limit exists):

¢(m) = lim M(m, x)/ (). (1.3)
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Clearly, £(1) = 1; also, using Lagarias' result, {(2) =04 =2/3.

Based on an examination of certain Fibonacci entry-point data [4], [5], one of the authors
(Bruckman) reached some conclusions regarding the evaluation of {(m) and related Z-densities.
More recently, the other author (Anderson) has strengthened the evidence for these conjectures,
using extended data produced by computer runs. Much of the numerical evidence for the various
conjectures made in this paper has been omitted in the interest of brevity. However, for the sake
of demonstration, we have included in the Appendix one of the tables that comprise such evidence
(in abridged form). Additional details may be obtained from either author upon request. Known
or proven results are annotated in the usual manner. Conjectures and consequences of such con-
jectures are marked with an asterisk; in the narrative, these are referred to frequently as "condi-
tional results," meaning "results conditional on the conjectures."

The following is one of the consequences of these conjectures, valid for all primes g:

f9)=q/@ ). (L.4)*

The characteristic polynomial of the sequences &% and & has the irrational zeros a and S, the
familiar Fibonacci constants. For sequences having a second-degree characteristic polynomial
that has integral zeros, (1.4)* was proved by C. Ballot [1]. Thus, Ballot's result is, conditionally,
more broadly applicable. The methods employed by Ballot to establish his result are beyond the
scope of this exploratory paper.

In the present work, the authors have restricted their analysis to the sequences % and <.
Further generalizations are left to other researchers.

Before proceeding to the main points of this paper, we find it convenient to decompose the
appropriate Z-densities into certain "component" Z-densities, defined below. Our study of such
component Z-densities led to the main conjectures we formulated.

In this paper, lower-case letters represent nonnegative integers, except for x, which may be
any positive real number (generally thought of as large). However, the letters m and » represent
positive integers, and the letters p and ¢ represent primes.

2. COMPONENT Z-DENSITIES

We begin with a basic definition of "¢, ¢/ Z-densities." Given ¢, x, i, and j, with i > j >0,
let M(q, x;i, j) denote the number of p < x such that ¢'||(p—&,) and ¢’ || Z(p). The expression
q°||» is taken to mean g|n. Then the "¢, ¢’ Z-density," denoted {(q;i, j), is given as follows
(assuming the limit exists):

¢(g;4, j) = lim M(g, x; 1, j)/ n(x). 21
On the basis of empirical evidence, we formulate the following conjecture.

Conjecture 2.1%:
(9-2)/(@q-1) ifi=j=0,
§(g;i, H=197" ifiz1, j=0,
(g-Dg™¥ ifix>j>1

By the definition of {(q; i, j), it is clear that, for all primes g:
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2.4(g:5,)=1. 2.2)
2720
It is readily verified that Conjecture 2.1* implies (2.2).

Conjecture 2.1* appears to hold even for the "exceptional" primes 2 and 5, which play a
special role in the study of & and £. However, a different type of rule applies when we study the
divisibility of Z(p) by both 2 and 5 in conjunction. This rule is considerably more complex than
that indicated in Conjecture 2.1*, must be offered in the form of a (two-dimensional) table, and
requires a special definition:

Givenx, i,j, k, and [, withi > j >0, k>1>0, we let M(2,5, x;i, j; k,[) denote the

number of p<x such that 2'5*|[(p—&,) and 2/5'||Z(p). Then the "2,2/,5* 5" Z-

density," denoted {(2,5; 1, j; k, ), is defined as follows:

(@510, j; kD) = lim M(2,5,%;1, j; k, )/ 2(x). 2.3)
X—>»0
The numerical evidence, combined with general reasoning, suggests the following conjecture.

Conjecture 2.2*: {(2,5;1, j, k,1).

, J ; k=1 Row
€ DVED: ©,0) 1=0 kziz] Totals
(1,0 1/4 0 0 1/4
(LD 1/8 1/2.572% 5. 51-2ksl 1/4
i22,j=0 9-1-2i l-2i5-2k 03-2ig-1-2k+ -2
(,1),i22 21 0 0 ol
i>j22 9=2-2i+j n-2i+j52k 92-2i+]§-1-2k+] 9=1-2i+j
Column 3/4 52 4.571-2k+ 1
Totals

The row totals in Conjecture 2.2* are the sums over all £k >/>0 and are the §(2;7, j)
obtained by setting ¢ =2 in Conjecture 2.1*. Likewise, the column totals are the sums over all
i > j>0 and are the {(5; k, /) obtained from Conjecture 2.1* by setting ¢ = 5 and replacing (i, /)
by (k,]). Therefore, our conjectures are mutually consistent.

The Z-densities introduced above give information about the divisibility properties of
(p-¢,) and Z(p). We now derive expressions for Z-densities that only yield information about
the divisibility properties of Z(p). Accordingly, we make the following definitions:

s D=8 r+7,J); (2.4)
r20

€@2,5 D= >4@,5r+j,j;s+LD). (25
r20 520

Note that {(g; /) is the density of those primes p for which ¢’||Z(p), and £(2,5; j, ) is the den-
sity of those p for which 2/5'||Z(p). If we substitute the putative results from Conjectures 2.1*
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and 2.2* respectively, into the formulas indicated in (2.4) and (2.5), we obtain the following
expressions: ‘

DD 0
4(;.):{@1 q-1/(g*-1) ifj=0 26

g7 1(g+1) ifj>1.

TABLE 2.1*. £(2,5, j,])

Row

I=0 I21 Totals

j=0 43/144 5"/36 1/3
j=1 7136 579 1/3

j=2 43.277/72 27571 /18 217 /3
(:T(’;‘t’in 19/24 51 /6 1

The row totals in Table 2.1* coincide with the {(2; j) from (2.6)*; the column totals coin-
cide with the §(5; /) from (2.6)* (obtained by setting ¢ =5 and replacing j by /).

We next require an additional set of Z-densities, this time involving mere divisibility of Z(p)
by ¢/, instead of exact divisibility. Note that ¢’|Z(p) iff there exists some >0 such that
9" || Z(p). Since r satisfying this condition is arbitrary, this suggests the following relations:

$g)=2¢(ar+)); @7
r20
(@sH=Y T e@,5r+j,s+1). (2.8)
r20 520
The density ¢(2/5), according to definition (1.3), is the density of those p such that

25| Z(p).
Substituting the conditional results from (2.6)* and Table 2.1* into the expressions in (2.7)
and (2.8), we obtain the following:

- ifj=0,
J) = . *
1 ifj=1=0,
51724 ifj=0,1>1,
C@H=45"/144  ifj=11>1, (2.10)*

227 /3 ifj>11=0,
2757136 ifj=2,1>1.

Note that if we set /=0 in (2.10)*, we obtain {(2/) as indicated from (2.9)* with ¢ =2;
likewise, setting j =0 in (2.10)* yields £(5'), obtained from (2.9)* by setting ¢ = 5 and replacing
Jj by . Such numerical checks inspire confidence in the validity of our conjectures.
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In the next section we use the conditional results obtained in this section to derive a general
expression for {(m).

3. DERIVATION OF ((m)

We would normally expect that the Z-densities satisfy a multiplicative property of sorts;
naively, we might suppose that {(m)=I1,/,¢(¢’). However, there is apparently a certain
amount of "distortion" in this putative multiplicativity law, due to the presence of the "special"
densities £(2/5') that might enter into the computation. In order to measure this distortion, we
introduce a ratio defined as follows:

pUs D =425 (42 (5. G.D
Computing p(j, [) from (2.9)* and (2.10)* is a relatively simple matter, and we obtain the follow-
ing expressions:
1/2  ifj>2,1>1,
p(j,D=45/4 ifj=11>1, (3.2)*
1 ifj=0o0ri=0.
Based on the foregoing comments, we postulate the following "quasi-multiplicative" property.

Conjecture 3.1%:

¢(my = p(j, ) [1£(g°), whenever 2/5'||m.

g°|m

We may also redefine p(j, /) as an explicit function of m, as follows:

1 if 10)m,
p(m)=45/4  if m=10 (mod 20), (3.3)*
1/2  if 20|m.

Therefore, our quasi-multiplicative property now takes the following form:
§(my) = p(m) [ [<(a”). G.4*
¢/ |Im
We may now substitute the values of £(g’) from (2.9)* into the formula given by (3.4)*.
Note the following:

S(m)/ p(m) = ﬂq2’j /(g* 1) = t(m) / m, where

g/ |m
(m=[]0-g7", m>1 () =1 (3.5)
glm
Therefore, we obtain our final formula for {(m):
¢(m) = p(m)t(m)/m, (3.6)*

where p(m) and #(m) are given by (3.3)* and (3.5), respectively. As we may verify, this formula
yields the known results: (1) =1 and £(2) =2/3. Additional (conditional) results yiclded by the
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general formula in (3.6)* are as follows: {(3)=3/8, {(4)=1/3, {(5) =5/24, etc. The condi-
tional result of (3.6)*, if true, implies that {(m) is rational (and positive) for all m.

Conditionally, the function {(m) is not multiplicative, while the function {(m)/ p(m) is.
Thus, if m and n are coprime, we have the interesting property

¢{(mn) = p(mn) [ (p(m)p(n)) - S (m)S(n). G.7N*

Other interesting derived conditional properties of {(m) follow from (3.6)*. In the interest
of brevity, we omit the demonstration of these properties, and merely indicate the results. For
example, (3.6)* implies the following:

> ¢y 1m=>TIL3127T 15 041 645/ 6,644,656 (3.8)*
e 2*-601-691
We may also show (conditionally) that the average order of {(m), over all m<x, if O(logx/x),
but omit the demonstration.

We have omitted discussion of the densities of those p for which Z(p)=m, where m is a
specified positive integer. Such a density relates to the number of primitive prime divisors
(p.p.d.'s) of F,,, since these are precisely those primes p such that Z(p) =m. Hence, this density
must be zero for all values of m, since the number of p.p.d.'s of F,, must be finite. On the other
hand, the principles previously employed lead to a formula for such density in terms of the com-
ponent densities obtained in Section 2. Proceeding thus, we find that each such resultant density
has a "constant" multiplier denoted as §, where

s=[[{@*-p-D/(P*-D}. (3.9)
p

However, the infinite product defining such "constant" & diverges to zero. To see this, note that

o<s=[T{a-p/@ -0} <[T1-1/p};
p P

since it is well known that the latter product is divergent to zero, we see that § = 0. This, in turn,
implies that the density of those primes p such that Z(p) =m, as anticipated.

From the definition of density and the Prime Number Theorem, we deduce that, for a given
m, the number of p.p.d.'s of F,, is o(x/logx) for all m<x. In fact, it seems probable that the
number of p.p.d.'s of F,, is O(logx), which is certainly o(x/logx). The conditional demon-
stration of this last statement is deferred, as it will be the subject of a future paper.

4. NUMERICAL VERIFICATION

In the interest of brevity, we have omitted all but one of the appendices that originally formed
part of this paper. These contain the results of certain statistical tests conducted by the authors to
test the validity of the conjectures. The tests were conducted by analyzing the data on Z(p) and
P — &, for the first million primes (the highest such prime being 15,485,863). Although due cau-
tion is required in conducting any such tests, if we accept their validity, it may be stated with
better than 95% statistical confidence that the conjectures are correct.

For the sake of demonstration, we have included one of these tests (in abridged form) in
Appendix 1. Anyone interested in seeing the complete results of such analysis may contact either
author for copies thereof.
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The numerical evidence based on these studies supports our belief that the underlying
conjectures made in this paper are correct. However, statistical corroboration does not constitute
mathematical proof, and proof is what is required to establish these conjectures rigorously.

APPENDIX 1
x = 15,485,863 ; m(x) = 1,000,000

@) 2 3) @ =

q i Mg x;j) Cg:j)  m(x)-&lg:i) [(1)-(3)]* +(3)
2 0 333,286 3333333 333,333 0.0066
2 1 333,329 3333333 333,333 0.0000
2 2 166,737 1666667 166,667 0.0294
2 3 83,216 .0833333 83,333 0.1643
2 4 41,734 0416667 41,667 0.1077
2 5 20,896 .0208333 20,833 0.1905
2 6 10,460 0104167 10,417 0.1775
2 7 5,185 .0052083 5,208 0.1016
2 8 2,591 .0026042 2,604 0.0649
2 9 1,307 .0013021 1,302 0.0192
2 10 626 .0006510 651 0.9601
2 11 326 .0003255 326 0.0000
2 12 152 .0001628 163 0.7423
2 13 75 .0000814 81 0.4444
2 14 47 .0000407 41 0.8780
2 15 14 .0000203 20 1.8000
2 16-21 19 .0000200 20 0.0500
Totals for q = 2: 1,000,000 999,999 5.7365
3 0 625,126 .6250000 625,000 0.0254
3 1 249,889 2500000 250,000 0.0493
3 2 83,271 .0833333 83,333 0.0461
3 3 27,764 0277778 27,778 0.0071
3 4 9,331 .0092593 9,259 0.5599
3 5 3,073 .0030864 3,086 0.0548
3 6 1,028 .0010288 1,029 0.0010
3 7 330 0003429 343 0.4927
3 8 138 .0001143 114 5.0526
3 9 32 .0000381 38 0.9474
3 1012 18 .0000183 18 0.0000

Totals for q = 3 : 1,000,000

;
é
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APPENDIX 1 (continued)

@

2

@)

@ =

q i Mg x;i) Ca:j)  =(x)-Cq:i) [(1)-(3)]2 +(3)
5 0 791,679 7916667 791,667 0.0002
5 1 166,700 1666667 166,667 0.0065
5 2 33,272 .0333333 33,333 0.1116
5 3 6,612 .0066667 6,667 0.4537
5 4 1,396 .0013333 1,333 2.9775
5 5 278 0002667 267 0.4532
5 6 51 .0000533 53 0.0755
5 7-8 12 .0000128 13 0.0769
Totals for q = 5: 1,000,000 1,000,000 4.1551
7 0 854,407 8541667 854,167 0.0674
7 1 124,742 1250000 125,000 0.5325
7 2 17,907 0178571 17,857 0.1400
7 3 2,533 0025510 2,551 0.1270
7 4 356 .0003644 364 0.1758
7 5-7 55 .0000606 61 0.5902
Totals for q = 7 : 1,000,000 1,000,000 1.6329
11 0 908,281 9083333 908,333 0.0030
11 1 83,400 .0833333 83,333 0.0539
11 2 7,581 0075758 7,576 0.0033
11 3 676 .0006887 689 0.2453
11 45 62 0000683 68 0.5294
Totals for q = 11 : 1,000,000 1,000,000 0.8349
SUMMARY
Total x2 Value
Grouped Number of Numberof Chi-Square at97.5%
Values of q Values Data Points (n) Statisic Confidence
2,3 2 28 12.9728 14.5733
5,711 3 19 6.6229 8.2308
2,3,5,711 5 47 19.5957 27.60
(est.)
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APPENDIX 1-SUMMARY (continued)

Explanation:

1. M(q,x; j)= 250 M(q, x;i+ j, j) enumerates those primes p <x such that, for the given
prime g, ¢’[|Z(p).

2. Column (2) is obtained from the formula given in (2.6)*.

3. Inthe last data point for each g, values of M(qg, x; j) were aggregated with preceding values,
in some cases, so as to make the aggregated value 12 or more. This was done to minimize
the distortion in the calculated value of the Chi Square statistic. For these entries, Columns
(2) and (3) reflect the sum of the values for the indicated values of j.

4. The values of y* at the 97.5% confidence level are taken from Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables, ed. M. Abramowitz & 1. A.
Stegun (National Bureau of Standards, 9th ptg., 1970). These values are read using n—1 as
the degrees of freedom.

5. In this Summary, the Chi Square statistic is less than the corresponding z? value at the

97.5% confidence level. This latter amount is the value at which the "tail" of the distribution
function, for the indicated degrees of freedom, is .025. Therefore, on the basis of this test
alone, we would accept the conjecture in (2.6)* involving g=2,3,5,7, or 11, with 97.5%
confidence.
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1. INTRODUCTION

In 1947, Fine [1] proved that almost all binomial coefficients are even. That is, if 7,(n) is
the number of odd binomial coefficients (7) with 0 <k <m <n, then T,(n) = o(n?). In particular,
since the total number of such binomial coefficients is 1+ 2+ - +n = 1n* + 1n, the proportion of
odd coefficients tends to 0 with #n. In 1977, Harborth [3] improved this estimate to

.812556n!°8.3 < Ty(n) < nlog3,
and although the best constant in the lower bound has been calculated to great accuracy [2], its

exact value is still unknown. The behavior of 7,(n) and its generalizations to 7,(n) for prime p

have also been studied by Howard [4], Singmaster [6], Stein [7], and Volodin [8]. In the follow-

ing definitions, let () = 1. For any prime p, it is convenient to let P = (*}'), 8, =log, P, and to

let S,(n) denote the number of binomial coefficients (?) that are not divisible by p. Then
n=1
Tp(m) = I;)Sp(k)

is the number of binomial coefficients in the first » rows of Pascal's triangle that are not divisible
by p. It is known (see [3] and [7]) that the quotient R,(n)=T,(n)/ n’r is bounded above by
ap = sup,z1 R,(n) =1 and below by S, =inf,» R,(n). The S, tend to J with p [2], but to this
point no exact values for S, have been found.

2. THE CASEp =3

Henceforth, the terms 6, R, S, T shall denote 5, R;, Ss, I, respectively. Also, let
k
n= Z a3’
i=1

be n's base-three representation, where each g, =1or2 and r,>r, >--->r,>0. We list the first
few values of S(n), T(n), and R(n) in Table 1.

We shall confirm a conjecture of Volodin [8], namely that inf,, R(n) = 2'°8327! = 77428.
The fractal nature of Pascal's triangle modulo 3 implies (see [5], Cor. 2, p. 367) the following
recursive formula for T:

T(a-3‘+b)=%a(a+1)6s+(a+1)T(b) fora=1o0r2, b<3"

It follows by iteration that

T(iai3’fJ:%iai(al+l)-~~(a,.+1)6"'. 1
i=1 i=1
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S@) | Tm) | Rn) | n |Sm) |T(m)| Rm) | n | S(n) | T(n) | R(n)
10| 4 38 | .88890 | 20 9 117 | 88368
1 1 111 6 42 | 84103 | 21 6 126 | 87887
3 | 96864 |12 | 4 48 | 83401 | 22 8 132 | 85345
6 1 13| 8 52 | 79294 | 23 | 18 | 144 | 86592
8 | 8340114 | 12 | 60 | 81077 |24 | 9 | 162 | 87887
86938 (15| 6 72 | 86938 | 25 | 18 | 171 | 89754
18 | 96864 |16 | 18 78 | 84773 | 26 | 27 | 189 | 93055
21 | 87887 17| 12 |.96 | 94514 | 27 2 216 1
27 (90884 |18 | 3 108 | 96864 | 40 | 16 | 320 |.78037
36 1 19| 6 111 | 91152 | 121 | 32 | 1936 | .77630

i
o

V(0| QN LW [=]O| I
NIOIA W[ [(N|W[DN

[

[\

3. MAIN RESULT

Theorem 1: The number of binomial coefficients ('), kK <m<n, that are not divisible by 3 is
bounded below by 2!°832-111°836 and this bound is sharp.

Proof: Let the two sequences x, y be defined by
1 =l
6

xi:3"'[%a,»(a1+1)---(a,+1)]€ and y,-:ai[%a,(al+l)---(a,+1)] , 1<i<k.

We apply Holder's inequality to the sequences x, y with the conjugate exponents & =log; 6 and
6 =log, 6:

1 L
g

k k 6 k
Z Xy < (Z xig (z MQ') s
i=1 i=1

i=1

i i=1

2]

9

%a,-(a,+1>---<a,»+1)]7) ,

'[

n’ < (zk: 6 %ai(a1 +1)--(a, + l))-(zk:af

i=1

6
'

k o\
R(n)z—zl—(Zai[(al+l)---(a,+1)] 9) . @)
i=1
Let v=0'/6=1og,3=158496 and let
k
Uy =Y al@+1) (g +DI".
i=1

Note that U, = fio fy0 f30:- 0 f,(0), where
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X+aq;

f()_(a+1)v

Each f; is one of the two increasing functions %1 or 2 and U, will be maximized when
each g; is chosen to maximize f;. For a given x, we find that 1> 22 (ie, a =1) if and only if
x>.109253. So, for x=0, f,(0) is maximized when a; =2. For i <k, fi(x) is maximized
when a; =1 since x will now be in the range of f; and, hence, >4. Thus,

1 1 2
Up< 22v Tt 2(k—Tyv + 2(e=Dv . 3v
1, 1 1 2 1 1-2.37
=3tpte +3k—1+3k—1,3v:§_2 k-1
1 1 v
<§ since 5~2 37> 0.

Hence, from (2) we have, for all n,

R(n) > %(Uk)'% > (%) g 2log32-1

~L
B> @) = g2,

We now consider numbers of the form 1+3+3? +3% +... +3*_ Tt follows from (1) that

1(2-6F +2%-671 4. 4 2H)
(1+3+3%2 433 4 ... 4 3F)loes6

whence

R(+3+32+3%+...+3") =

TG L S ) N LA Las

(3k+l_1)1°g36 B (3k+1_1)1°g32 - (3k+1 — 1)1°g32
2 2

.nlog32-1

so that lim, , R(1+3+3%+3%+... +3¢) = 2l&s2"],

Hence, £, <2821 This implies B; =2"62"" and T(n)>2"°832"'5'8:6 the desired result.
Note that n and 7(n) are integers, so there is strict inequality.

The proof of Theorem 1 works because the sequence {I,1,1,...} that minimizes R(n) gives
rise to sequences x;, y;, for which equality holds in Holder's inequality. This does not occur for
p # 3, so the proof does not extend to other primes.
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(Submitted September 1996)

1. INTRODUCTION

Let p be a prime. In 1889 Voronoi proved the congruence

B, T[sa
—gP2ky 2k sa | 2k-1
(a a ) 2k _; I:p s (mOdp)’ (1)
where k, a are positive integers such that p does not divide @ and p—1 does not divide 2k; B,, is
the 2k™ Bernoulli number. More general versions of this congruence can be found in [6] or [3].
Following Wagstaff, denote congruence (1) also by the symbol {a}. Adding together congru-
ences {2}, {3}, and —{4}, we obtain the congruence

{2} + 38 -4

which, after some obvious cancellations in the right member, takes the form

@72 p3r gt _pBu e g ) @

4k pla<s<pl/3

provided that p >4. Several such identities are also obtainable in a way analogous to that shown
above by using suitable variations of parameter a. Several authors used formulas of this type to
test regularity via computer. The best result in this direction is the following one, due to Tanner
and Wagstaff [5], which is valid for all primes p > 10,

— - at B - - - B
@72 4 9P _10P 2k_1):_2kk_5(1+22k D32kl g2kl Zszk 1

P 13p
T<5<T5

+(1+22k—l+32k—1 +42k—1+122k-—1) ZSZIC-I

Bp_. .7
—lﬁ—<s<-9-
2k-1 2k-1 2k-1 2k-1 2k-1
=3 Y ST T 46TT) Ys 3)
—2§E—<s<—% i—g<s<]g—op
2k-1 2k-1 2k-1 2k~1 2k-1 2k-1
-2 DT AT 12T s
e 538 LIl

60 10 18 120

_ (22k‘l +42k—l) 2s2k—1 (mod p)

47p 2p
T30 5<%

In formula (3), the sums in the right member contain a total of about p/18 terms [formula (2)
contains about p/12 terms while formula (1) contains (p—1)/2 terms for a=2]. All the appli-
cations of these formulas concerning Fermat's Last Theorem are now mainly of historical interest

276 [JUNE-JULY



CONGRUENCES MOD p” FOR THE BERNOULLI NUMBERS

after Wiles's proof [8] of FLT. There are congruences of various types for the Bernoulli numbers.
Recent results on congruences for Bernoulli numbers of higher order can be found in [2].
We shall prove the following analog of formula (1).

Theorem 1: Let y be a primitive Dirichlet character with modulus m>2. If a >2 is an integer
such that m does not divide a, then

0 if y is even,
> [g] 29)=)_7@-a'y @
s=1 L7 - Z x(s) if yis odd,
1(2) -2 s=1

where the bar means complex conjugation.

The proof of Theorem 1 will be given in Section 2. Formula (4) can be written, equivalently,
in the form

0 if y is even,
mZ_:l [E] 2= 7(a) 7= (5)
s=1 LT a-1@ st(s) if y is odd,
m s=1
because of the formula
ril m {mzm
sp(s)=— (9, (6)
s=1 1(2) -2 s=1

which is valid for an odd primitive character y .
We use formula (5) to obtain p”-divisibility criteria for Bernoulli numbers of the form

- p-3
B(Zk-l)p"ﬂ’ k=12, T

Criteria of this type are still of interest because of their connection with the invariants of the irreg-
ular class group of a properly irregular cyclotomic field [7] (cf. also [4], p. 189). Assume now
that m = p, an odd prime. Let y be the character defined as the p-adic limit

y(s) = lim s
for every s prime to p. All the values of y belong to Z,, the ring of p-adic integers. Moreover,
w(s)=s"" (modp"), n>1.
For an odd character, we have y = w?! for some k >1, and
x(s) =7 (mod p),

— _ -l _ n-1 _ ol _ n-l,__
7(s)=s5" @k=1) o &P (pD)-p"(2k-D) o (P (P-2K) (mod p™).

Theorem 2: Let p be a prime >3. If a is an integer such that p does not divide a, then

1
[a-a” e 2018 =pz_: 349 | g@ak=-np! (mod p™) @)
@k-vp1 = & | p p),

for every k >1 such that p—1 does not divide 2k.
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Proof: We consider the n Bernoulli polynomial
B,(x) = Z(".)Bjx"'f , n>1
=N

Then, for the odd character y = y*~, we have

-1

§ L " B " (p) - B n
3 sp(s)= Y sPkDpH o Qkehps2 (2k-1)p"+2

=1 =1 Qk-Dp"+2
_ [Ck-Dp"+1]2k-Dp" 5
= pB(zk—l)p"+1 + 31 p B(2k-1)p"—1 e
= pB (mod p™™).

(2k-1)p"+1

Since p—1 does not divide 2k, we obtain the congruence

184 ,
; Zl SZ(S) = B(2k—1)p"+1 (mOd p )a

which, together with Theorem 1 and relation (5), yields the sought result.
For n =1, congruence (7) reduces to congruence (1) since

By B
— (2k-Dp+l
Bok-1ypn =[(2k-Dp+ 1]“_——(2 T 1); wh —221: (mod p)

because of Kummer's congruence.

We can prove, using exactly analogous techniques and starting from (7), a p”-analog of con-
gruence (3). Because of the obvious analogy between the proofs, the sought result follows simply
by replacing expressions of the form

- a B
% k-1 k-l Dy

a?”
T 2k
in congruence (3) with the respective expressions

-1 n—1 n-1
P (p-2k)  (2k-D)p (2k-Dp
a > a > 5 ’ B(Zk—l)p"+1'

The following theorem then follows.
Theorem 3: Let p be an odd prime >10, £ 21, p—1 does not divide 2k and n>1. Then

220" | g(p-20p™ _ 120" g

2 (2k-Dp"+1
n—1 -1 n—1 n—1
= [1 +2(2k—l)p + 3(2k——1)p + 4(2k—1)p ] Zs(2k—1)p
T%<s<113Tg

+[1 42@Dp" | 3@k-Dp" | gQk-Dp 12(2k—1)p"—l] Z @

%{<s<§
_ 3@k=np" Z el _[2(2k—1>p"“ +6<2k—1>p"“] Z el Vo
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_ n—1 _ n—1 — n—1 - 71 _ 71— _ n—

_ 9(2k=1)p Zs(zk D _[g@kDRT | 4@kDPT | 1 @k-Dp ‘] Zsak Hp!

w<s<if T<s<is

— n—1 - n—1 _ 7i—1
_[2(2k Dy +4(2k 1)p ] zs(2k Dp

4p 2p
T20 <5<

(mod p™).

The congruence contains in the right member p/18 terms only.

2. PROOF OF THEOREM 1

At first, we note that, obviously,
sa a [jm/a]
S 2 ]-3 T ®
1 j=1 s=0
For integer j, 0 < j <a, define
3+ ifx=0or2zj/a,
D(x)=41 ifO0<x<27j/a,
0 if2xjla<x<2nr,

and continue ®(x) periodically with period 27 over the real numbers. The function ®(x) has the
Fourier expansion

D(x) = icnei"" (i =+-1),

where
6= by Qe =~ ).
First, we assume that a <m. Then
[jm/a}
> 769= Sroe(2 )
s=1
' 2mijn ) 2nis
= Z x(s) Z ——
w __2n
=2L > = Zx(S)e "

—-00

r(x)l Z G —1) x(n)

n=-co

where

27is

w(x) = ZZ(S)e "
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As a consequence,

a_[jm/a]

_1()i <
,Z; gx(s) - Z_w
5

rel

_ () Li Smm g (k’)la 3 Z(")
2z n=-=o J=1 n=—ow
Since
& _mnJa ifn=0(moda),
,Zf “lo ifn#0(moda),
it follows that
SRS r(x)l Z(na) | r(x)l Z(n)
jz=; QX( ) n=z—oo ha ,,—Z_:w
T(Z) (x(a) a) Z Z(n)

For even y, the last infinite sum is equal to zero while, for odd y, it is equal to 2L(1, 7). In view

of the formula (cf. [1], p. 336)
[m/2]

L(L,7)= (—ZW > ()

and relation (8), it follows that

m=1 () — o 21
52| r=-Z8-25 4 ©)

for a <m. It remains to prove the theorem for a >m. Then a=a, +mt, where a, and ¢ are inte-
gers and 0 <a, <m. Also m does not divide a,. We have

g[s"]x() 2[ st o

S ] (S)+tst(S)

The last expression is zero for even y. For odd y we have, in view of (6) and (9),

m—1 sa B 7(0)—'61 [m/2] m [m/2]
2o o= Z T B 20 = 2o

s=1

s=1

[m/2]

RO

_I@-a'§
72 Zl x(),

which proves the theorem for a > m.

280 [JUNE-JULY



D=

CONGRUENCES MOD p” FOR THE BERNOULLI NUMBERS

REFERENCES

Z.1. Borevich & I. R. Shafarevich. Number Theory. New York: Academic Press, 1966.

F. T. Howard. "Congruences and Recurrences for Bernoulli Numbers of Higher Order." The
Fibonacci Quarterly 32.4 (1994):316-28.

K. Ireland & M. Rosen. A Classical Introduction to Modern Number Theory. New York
and Berlin: Springer-Verlag, 1982.

P. Ribenboim. 13 Lectures on Fermat's Last Theorem. New York and Berlin: Springer-
Verlag, 1979.

J. W. Tanner & S. S. Wagstaff. "New Congruences for the Bernoulli Numbers." Math. of
Comp. 48 (1987):341-50.

J. V. Uspensky & M. A. Heaslet. Elementary Number Theory. New York: McGraw-Hill,
1939.

H. S. Vandiver. "On the Composition of the Group of Ideal Classes in a Properly Irregular
Cyclotomic Field." Monatsh. f. Math. u. Phys. 48 (1939):369-80.

A. Wiles. "Modular Elliptic Curves and Fermat's Last Theorem." Annals of Math. 142
(1995):443-551.

AMS Classification Number: 11B68

e
%
K3
e
©
o

Author and Title Index

The AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, and ADVANCED PROBLEMS indices for the first 30 volumes of
The Fibonacci Quarterly have been completed by Dr. Charles K. Cook. Publication of the completed indices is on
a 3.5-inch, high density disk. The price for a copyrighted version of the disk will be $40.00 plus postage for non-
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PROFESSOR CHARLES K. COOK
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UNIVERSITY OF SOUTH CAROLINA AT SUMTER
1 LOUISE CIRCLE

SUMTER, SC 29150
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order and he will try to accommodate you. DO NOT SEND PAYMENT WITH YOUR ORDER. You will be
billed for the indices and postage by Dr. Cook when he sends you the disk. A star is used in the indices to indicate
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1. INTRODUCTION

A curious problem is that of finding closed-form expressions for the positive real numbers
(say x) that preserve their fractional parts when raised to the k™ power (k > 2, an integer). It is
quite obvious that all the positive integers enjoy this property.

Since no positive number less than 1 can enjoy it, the numbers x are characterized by the fact
that x* diminished by x equals a nonnegative integer. In other words, the numbers in question are
given by the positive roots x,(k) of the k™ (k >2) degree equation

x¥—x=n. (1.1)

where n is an arbitrary nonnegative integer. Equations like (1.1) are said to be of the Bring-
Jerrard form [1, pp. 179-81]. Observe that the positive integers emerge as solutions of (1.1)
whenn=a*-a (a=1,2,3,..).

From this point on, the symbol x,(k) (n=0,1,2,...) will denote the n™ positive real number
that preserves its fractional part when raised to the power £.

The case £ =2 has been considered in [4]. In that article £ was allowed to assume negative
values also, and the author proved that the golden section @ = (1 ++/5)/2 = x,(=1) =x,(2) is the
only nonintegral number that preserves its fractional part both when one squares it and when one
takes its reciprocal.

In this article we extend this study by considering the cases k¥ = 3,4, and 5. The solutions for
k =3 and 4 are readily found as the closed form expressions for third- and fourth-degree equa-
tions are known; we show them only for the sake of completeness. Solving the case £ =5 has
been a bit more complicated, and is our main result. More precisely, we have established the
closed-form expressions for the only three nonintegral numbers x,(5) for which it can be given:
these numbers are x;5(5), X;,440(5), and X,;5064(5). This assertion comes from the fact that the
quintic of the Bring-Jerrard form x° — x —r (r €Z) can be solved by radicals iff either » = m* —m,
or r = £15, 22440, or £2759640. The proof of this result involves a well-known property [2] of
the Fibonacci numbers F;.

2. THE NUMBERS x,(k) FORk =2,3 AND 4

By using (1.1) and the well-known formulas for the solution of second-, third-, and fourth-
degree equations, the following results have been established:

x,(2)=(1++v4n+1)/2 (n=0,1,2,...) (see[4]), 2.1)
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x,3)=32- nY L (YL
O=15-I15) 5 +15+|53) 55 =012, 2.2)

and
+J— ,,+2,/ 2+ 4n
x(4)—‘/— y2 ) (=012 ), 23)
where

S T S I (€ e

A Remark: If n=0, then x,(2) and x,(4) defined by (2.1) and (2.3), respectively, clearly equal
1, as expected. Let us show that x,(3) defined by (2.2) equals 1 as well. In fact, letting »=0 in

(2.2) gives
x(3) = \/ \/—~ +JJ J_+f] (2.5)

where i is the imaginary unit. Considering the principal values of the cubic roots in (2.5) yields

x0(3)=1/—; (COS—6 —isin "3 +cos—6 +isin —6)
1 3 1
‘/ 3 0056 1’ 3\/_ 1

3. SOLVING x5—x—r

as expected.

The quintic g(x) = x> —x—r (r €Z) may be either irreducible or reducible over the rational
field Q. Ifit is reducible over Q, then it is reducible over Z as well [9, Th. 23, p. 24]. Neces-
sary and sufficient conditions for its decomposition are given in [8]. Since the argument leading
to the complete characterization of the quintics g(x) that are solvable by radicals is based essen-
tially on properties of irreducible quintics, we settle first the irreducible case, then we complete
the discussion by addressing the reducible case.

3.1 The Irreducible Case

We shall prove that, if g(x) is irreducible over Q, then it cannot be solved by radicals. To
this aim, we need the following theorem by Dummit [3, p. 389] that we quote in a form
specialized to our Bring-Jerrard quintic g(x).

Theorem 1 (Dummit): 1f q(x)=x’—x—r (r €Z) is irreducible, then it can be solved by radi-
cals iff the polynomial

x® —8x> +40x* —160x® +400x? — (3125¢* +512)x +(9375r* +256) 3.D

has a rational root. If this is the case, then the polynomial (3.1) factors into the product of a linear
polynomial and an irreducible quintic.

Next we state our main theorem.
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Theorem 2: 1f q(x) = x* —x—r (r €Z) is irreducible, then it cannot be solved by radicals.

Proof (reductio ad absurdum): From Theorem 1, it is sufficient to prove that no integer
yields a rational root # of the monic polynomial (3.1). After observing that a rational root of a
monic polynomial is necessarily an integer (from the Rational Root Theorem, e.g., see [5,
p. 253]), we suppose the existence of an integer root u, thus getting a contradiction.

First, replace x by the integer u in (3.1), equate this polynomial to zero, and solve for r*, thus
obtaining the equality
4 (u-2)"W*+16)

r < ,
5w -3)

which can be rewritten in the form

2 +16=5(u—3)(u5_r2)4. 3.2)

Now, observe that 5[57 / (u—2)]* must be an integer because g.c.d.(u—3,u—2)=1. Conse-
quently, if #—2 is not divisible by 5, then r /(4 — 2) must be an integer, while, if #—2 is divisible
by 5, then 57/ (u—2) must be an integer. In both cases it follows that, if # is an integer, then the
quantity v =5r/(u—2) is an integer as well.

Then, from (3.2), write the quadratic equation in ,

-5 +15*+16=0, (3.3)

whose discriminant 25v® — 60v* — 64 must be a perfect square (say, w?) because u is an integer by
hypothesis. Hence, v is a root of the quadratic equation in z,

2522 -60z-w?-64=0, 3.4

where z=v* Again, the discriminant 100(w?+100) of (3.4) must be a perfect square (say,
100s?) so that w and s satisfy the diophantine equation

w2 +100 = 52 (3.5)

whose solutions are (w, s) = (24, 26) and (0, 10).

Letting w =24 and 0 in (3.4) yields the roots (z,,z,) = (32/5,—4) and (16/5,—4/5), respec-
tively. None of these roots is a fourth power, as is required by the replacement z =v* above.
This contradiction comes from the fact that we supposed that # is an integer. Q.E.D.

3.2 The Reducible Case

Theorem 2 tells us that the quintics of the form g(x) may be solved by radicals only if they
are reducible. The solution of this case has been given by Rabinowitz in his nice paper [8]. In

fact, after showing that, if 7 = m° —m (m €Z), then
X —x—(m —m) = (x —m)(x* + mx> + m*x? + mPx +m* - 1), (3.6)

this author proves the following.
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Theorem 3 (Rabinowitz): If r # m’ —m, then q(x) is reducible iff

2 2

Pi= 3.7
FA B} b

Since the only square Fibonacci numbers with even subscript are F; =0, F, =1, and F|, =
144 (e.g., see [2]), the nonzero values of r (note that r = 0 has the form m’ —m with m=—1, 0,
or 1) that satisfy (3.7) are given by

+FF,[F, =£15,
r=3tFFJF, = 22440, (3.8)
+F,FsyF, = $2759640.

4. THE NUMBERS x,(5) THAT HAVE A CLOSED-FORM EXPRESSION

First, from (3.6) and (1.1), it is immediately seen that
xs_ (5)=a(@=123, ). 4.1
Then one can readily ascertain that the decompositions of the polynomials g(x) having the posi-
tive values of r given by (3.8) are
X —x-15=(* - x+3)( +x* -2x-5),
X° —x—22440 = (x% +12x +55)(x* - 12x? + 89x — 408),
x> —x —2759640 = (x? —12x +377)(x® + 12x* — 233x — 7320).

The real positive roots of the above polynomials give the solution of our problem. Namely,
we get

1 .J115 1317 \/115 J1317
S=—oH ot Y o 4.
%15(5) 3+\/54+ T T (4.2)
X2440(5) = 4 +§/90+£—6—§—8ﬁ - i/—90+————\/86§863 , 4.3)
and
Sirso®) =4+ 3130+ LTI 3f3150 JTAGRATTT, 44

5. CONCLUDING COMMENTS

For solving the problem of finding all numbers x,(5) that have a closed-form expression, we
have characterized all the quintics of the Bring-Jerrard form x° —x —r over Z that are solvable by
radicals. This result is not trivial because there are examples of irreducible polynomials of degree
five over Q that can either be solved by radicals or not; e.g., x*+15x+12 can be solved [3],
whereas x° —6x +3 cannot [10, p. 147].

Formal solutions applicable to unsolvable quintics were sought by using elliptic functions [6];
in particular, that given by Hermite is based on the Bring-Jerrard form [7].
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Let us conclude our paper by posing ourselves the following question.

Question: Do there exist nonintegral numbers x,(k) with k£ >6, that can be expressed by
radicals?
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A REMARK ABOUT THE BINOMIAL TRANSFORM
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In[1, p. 137], Knuth introduced the idea of the binomial transform.*
Given a sequence of numbers {a,,), its binomial transform {d,) may be defined by the rule

G, = ké(Z)ak (1)

Denoting the respective generating functions of (a,) and (4,) by A(x) and A(x), relation (1)
corresponds to
A 1 x
A(x)=—A4|—|. 2
©=-54() @

In [2], Prodinger gives the following generalization. A sequence {a,) may be transformed
into (@,) by the rule

a,=y (Z)b”“kc" a,, 3)
k=0
which corresponds to
A 1 cx
= _ 4
Ax) 1—be(l—bx) @

Now we may look at equation (4) as the action of a group structure over the set of functions.
Let C denote the field of complex numbers and C* denote the set of complex numbers dif-
ferent from 0. We define a group structure in CxC* by the law

(b,c)o (', c")=(b" +bc', cc). (5)
Now
c'x
1 1 Al ¢ 1-b'x
1-b'x 1-b c'x . Cx
1-b'x 1-b'x (6)

_ 1 cc'x
1= +bc)x T\ 1= +beHx )

Relation (6) shows that the action of the element (b, ¢) on A(x) followed by the action of the
element (&', ¢’) corresponds to the action of the product (b’ +bc’, cc’) over A(x).

It is easy to verify that the operation in (5) is associative. The unit element is given by (0, 1),
and the inverse of the element (b, c) is given by (-b/c,1/c). We immediately deduce that the
inversion formula for the binomial transform is

* A slight modification has been introduced in the original definition.
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_i m\(=Y (1Y 4 Z oy (n )" kb4
a,= K\ 2 o) d=c k ( a.
k=0 k=0

It may be observed that the same group structure works equally well with the transformation

(for d fixed),
1 cx
A A
)= oy (l—bx)’

introduced by Prodinger in [2], corresponding to
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