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A METRIC RESULT CONCERNING THE APPROXIMATION OF 
REAL NUMBERS BY CONTINUED FRACTIONS 

C. Eisner 
Institut fur Mathematik, Technische Universitat Hannover, Welfengarten 1, Hannover, Germany 

{Submitted October 1996) 

1. INTRODUCTION AND STATEMENT OF RESULTS 

A basic result in the theory of Diophantine approximations of irrational numbers by rationals, 
where certain additional congruence relations are satisfied, is given by the following theorem of 
Uchiyama[8]: 

For any irrational number £, any s> 1, and integers a and b, there are infinitely many 
integers u and v * 0 satisfying 

£ - - | < - ^ r (l-l) 
T vI 4v2 v ' 

and 
u^a mods, v = bmods (1.2) 

provided that a and b are not both divisible by s. 

Theorems of the same type with greater constants on the right-hand side of (1.1) were 
proved by Hartman [3] and Koksma [6]. Recently, the author has shown [1] that the theorem of 
Uchiyama no longer holds if the constant s214 is replaced by any smaller number. Assuming 
weaker arithmetical restrictions in (1.2) on numerators and denominators of the approximants, the 
constant in (1.1) can be diminished. For prime moduli/?, the author has shown (see [2]): 

Let 0 < s < 1, and let p be a prime with p > (2 / sf; h denotes any integer that is not 
divisible by p. Then, for any real irrational number £, there are infinitely many integers u 
and v > 0 satisfying 

_u\ (1 + ^ 
v | V5v 

and 
u = hv£0modp. (1.4) 

The object of this paper is to show that almost all irrational numbers (in the sense of the 
Lebesgue-measure) are better approximated by fractions ulv satisfying (1.4). 

Theorem 1.1: Let s > 0, and let p be any prime. Then there is a set si c (0,1) of measure 1 
depending at most on s and/?, such that every real number .£ from si satisfies the following con-
ditions: 

If h denotes any integer that is not divisible by/?, there are infinitely many integers u and 
v > 0 with 
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<4 (1-5) v2 

and 
w = MM0 mod p. (1.6) 

The main tool used in proving this theorem is a certain generalization of the famous average-
theorem of Gauss-Kusmin-Levy concerning the elements of continued fractions (see Satz 35 in 
[4]), which is stated in Lemma 2.1 below. It follows from [5] or [7]. 

The set si given in Theorem 1.1 depends on s and p. One may ask whether there are 
irrationals, where (1.5) and (1.6) hold for every s>Q and for every prime/?. 

Theorem 1.2: There is an uncountable subset 28 of (0,1) such that, for every real number t; from 
2$, for every s > 0, every prime/? and any integer h that is not divisible by p, the inequality (1.5) 
and the congruences (1.6) hold for infinitely many integers u and v > 0. 

2. PROOF OF THE THEOREMS 

Lemma 2.1: Let rx, r2,...,rk {k> 1) be positive integers. Then the successive elements r1? r2,...,rk 

occur infinitely often in the sequence aha2,a3p... of the continued fraction expansion (0;al3 a2, 
a3,...) of ailmost all real numbers from (0,1). 

Proof of Theorem 1.1: Let s>0 mdp be any prime. Moreover, let $> 0 be some integer 
with 

•&<*• c2-1) 

By Lemma 2.1, there is a subset 4̂ a (0,1) of measure 1 such that the finite sequence 

sp + l,sp,sp + l,sp, ...,sp + l,sp (2.2) 

occurs infinitely often among the elements of the continued fraction expansion of every number 
from si. Obviously, si depends on s and/?. 

Now we fix some number t; from s4; by £= (0;aha2,a3,...) we denote its continued 
fraction expansion. There are infinitely many integers j > 1 such that, for all integers n with 
\<n<2p, we have 

\sp + \ i fwsl mod2, 
J [sp, tfn = 0 mod 2. 

Lety be such an index, and put 
wn: = pj+n-hqj+rn (2.4) 

where /M0 mod/? denotes some integer. The integers / ^ and qm are given by 

9-i: = 0, % : = 1, 9w+2 • = ̂ +29Wi +9™ 0»^ -1)-

It follows easily from (2.5) that wn, wn+l, and wn+2 satisfy 
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™n+2 = aj+n+2Wn+i + w„ (l<n<2p). (2.6) 

We shall show by mathematical induction that the following congruences hold for all odd 
integers n with 1 < n < 2p -1: 

n + \ wn+l = w2 modp and wn+2=wi+ w2 mod p. (2.7) 

For n = lwe have, by (2.3) and (2.6), 

1 + 1 w3 = aJ+3w2 + wx = wx + — w2 mod p . 

Now assume that (2.7) holds for some odd integer n with 1 < n < 2p - 3. Since n + 3 is some even 
integer and since 3 <n + 3 <2p + 2, we conclude from (2.3), (2.6), and the induction hypothesis 
that 

wn+3 = aj+ri+3wn+2 +wn+l = ww+1 EE w2 mod/?. (2.8) 

Similarly, since n + 4 is some odd integer with 3<n + 4<2p + 2, 
Wn+4 = aj+n+4W

n+3 + W »+2 s W « + 3 + W « + 2 

(2.7),(2.8) / w + j N ^ + 3 

= "^2+1^!+ ^ 2 = ^ + w2 modp. 

Hence, (2.7) holds for all odd integers 1 < n < 2p - 1 . 
In what follows, we distinguish two cases: 
Case 1. w2 = 0 modp. 
This means, by (2.4), 

PJ+2=h<lj+2 modp. (2.9) 

Case 2. w2 4 0 modp. 
Since /? is a prime, we even have (p, w2) = 1. We write down the right-hand congruences in 
(2.7) for all odd integers 1 < n < 2p - 1 : 

w3 =Wl+ w2 
w5 = w{ + 2w2 
w7 = wx + 3w2 
w9 = wx + 4w2 

mod/7. 

w2p+l = Wl + ^ 2 J 

By (/?,w2) = l , the j? integers W3,w5,w1,...,w2p+i represent/? distinct residue classes with 
respect to the modulus p . Hence, there is some odd integer k with 3 < k < 2p +1 and wk = 0 
mod p , which means 

PJ+k=h<lj+k modp. (2.10) 

Collecting together from (2.9) and (2.10), we have proved the existence of an integer k with 
2<k<2p + l and 

pj+k=hqj+k£0modp. (2.11) 
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Since h is not divisible by the prime p, the assumption pJ+k = hqj+k = 0 mod p would imply that 
(Pj+k> 4j+k) > 1? which is well known to be impossible. Finally we get, by (2.1), (2.3), and (2.5), 

Pj+k 
< — 2 ~ 2 2 : 

^j+k^j+k+i aj+k+i9j+k spfy+k 9j+k 

(2.12) 

note that 3<k + l<2p + 2. The integers j from (2.3) are not bounded, hence, by (2.11) and 
(2.12), there are infinitely many integers u: = pj+k and v: = qj+k > 0 satisfying the conditions (1.5) 
and (1.6) of the theorem. Thus, the proof is complete. 

Examples: 
L) Let e = l; (2.1) holds for every primes with s = 1. Hence, the number 

4:-_{%rp) = ¥^EZjL 

belongs to the corresponding set si in Theorem 1.1. 
2.) It is well known that 

1 + V5 R w+l 
FnFn+l 

(«>1). 

Since Fn mdFn+l are coprime integers, and because any prime/? divides infinitely many Fibonacci 
numbers Fn_l = Fn+l-Fn, for every prime p the congruence Fn = Fn+l # 0 modp is satisfied for 
infinitely many pairs of Fibonacci numbers Fn and Fn+l. 

Proof of Theorem 1.2: Let 36 c: (0,1) be the subset of those numbers «̂ = <0;al3a2,a3,...), 
where the elements aha2,a3,... of the continued fraction expansions are given by the following 
scheme: 

O T j l - 2 
a ,-2-2 
a3-3-2 
a4-4-2 
a5-5-2 

1-2 
2-2 
3-2 
4-2 
5-2 

a2 a4 
a6 as a i o 
a16 a i 8 a20 

2-3 2-3 2-3 
3-3 3-3 3-3 
4-3 4-3 4-3 
... 

«12 
a22 

3-4 
4-4 

a14 
a 24 a26 a 28 a30 fl32 

3-4 3-4 3-4 
4.4 4.4 4.4 4.5 4.5 4-5 4 -5 4 -5 

In the first row, the integers ah a2, a3,... are arbitrary numbers from the set {1,2}. Let the 
elements am with odd indices m be given by 

am - 1+am+l (m = 1 mod2, m>\). 

Obviously, 95 is an uncountable set of numbers, since the set of sequences with elements from 
{1,2} is not countable. 

If £ belongs to 28 and if p is some prime, there are infinitely many finite sequences rlyr2, 
r3,...,r2p among the elements of the continued fraction expansion of £, where 
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rv = \ mod p (v = l mod 2)? 

and rv = 0 modp (v = 0mod2). 

Moreover, we can choose all the Integers rhr2,r3,...,r2p as large as possible for infinitely many 
such finite sequences. 

Now infinitely many integers u and v > 0 satisfying (1.5) and (1.6) can be found in the same 
way as was shown in the proof of Theorem 1.1. 
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I D E N T I T I E S F O R A CLASS O F SUMS INVOLVING H O R A D A M f S 
G E N E R A L I Z E D NUMBERS {Wn} 

N. Gauthier 
Department of Physics, Royal Military College of Canada, Kingston, Ontario K7K 7B4, Canada 

(Submitted October 1996-FinaI Revision August 1997) 

1. INTRODUCTION 

Following Horadam [8], we consider the sequence {Wn = W^WQ^W^ a,b)}™=0 generated by the 
recurrence relation 

Wn+2=aWn+l-bW„, (1) 

WQ = Wn=Q and Wx - Wn=l are initial values. This sequence can be extended to negative subscripts 
and Wn has the Binet representation (n = 0, +1, + 2,...) 

Wn = Aan + B/]\ (2) 

where A and B are constants and 

a,/J = (a±^ja2-4b)/2; a$ = b. (3) 

Expressions for sums involving Fibonacci numbers or Pell numbers have been given by many 
authors (e.g., [2], [3], [6], [10]-[12], [14]-[18]). The interested reader should consult these 
references as well as Bicknell's "primer" on Pell numbers [l]for further details and references. 

The purpose of this article is to obtain a general identity for the following sum: 
n-l 

S(u; m; q,s,ri) = J^rmurWqr+s. (4a) 
r=0 

This identity provides a means of evaluating S, where n>l,m>0,q and s are integers, and u is an 
arbitrary parameter. This general identity, which consists of a sum of (w + l)(/w + 4) terms, 
regardless of the value of n, collapses into a sum containing only 2 (m + l) terms for certain values 
of u. This simpler identity applies to the following: 

Sfapw, n) = "trm(Up/Up+JWqr+s, (4b) 
r=0 

for p ^ 0, q ^ 0, q ^ -p, as will be shown. Here 

U^ia'-nUpc-P); U_n = -UJb". (5) 
The collapsing of the sum, from (m +1) (m + 4) terms to 2 (m +1) terms, rests on the following 
identity: 

ur
pwqr+s = £ (-iy-e (J W « c / < ur

qzp wpl+s, (6) 

where r > 0, s, p (^ 0), and q (^ 0, p) are arbitrary integers. This type of identity is usually 
referred to as a Fibonacci-binomial identity when it applies specifically to generalized Fibonacci or 
Lucas numbers. The reader may find an interesting approach to such identities in [4]. Layman 
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[13] was among the first to consider identities of this type, for Fibonacci numbers, but his results 
were only partial. Carlitz [3] subsequently gave a generalization in the form of (6), but again for 
Fibonacci numbers only. Haukkanen [7] recently extended the result of Carlitz by making use of 
exponential generating functions. His generalization applies to Lucas, Pell, and Pell-Lucas num-
bers. By contrast, the present approach is more general in some aspects to be clarified later, and 
it covers the results obtained by Carlitz and by Haukkanen as four special cases. 

Several of the identities obtained in the references quoted earlier may be obtained as special 
cases of (4). Specific cases will be discussed in the closing section of this article. 

2. ASSOCIATED GEOMETRIC POLYNOMIALS 

Let x ^ 1 be a real variable and define the following polynomial for integers n > 1 and m > 0: 

Ki(x) = T,ra*r. (7) 
r=0 

i^i(x) can be obtained from the geometric polynomial of degree w-1 , Pn_l(x) = E"ljxr, by 
repeated use of the differential operator D-xdldx\ 

p ^ z D ^ / r ^ Y . (8) 
r=0 r=0 

The convention that r° = 1 for all r, including r = 0, will be used throughout. We consider 
P£.i(x) briefly in what follows. 

where v is arbitrary, and observe that (7) may be written as 

l W = zy/o(x)-/r/„(x). (io) 
r=0 

As a result, a study of the function 

gv
m{x) = Dmfv{x) (11) 

will provide the means to calculate E r ' V . In general, one can show that [5] 
m v+t 

«£(*) = E«?(")7ri5r, (12) 
e=o V1 ~ x) 

where the set of coefficients {a™(v);£ = 0,l, ...,m} is simply found by acting m times on fv(x) 
with the operator D. Here is a short list, for easy reference: 

m = 0: a°0(v) = l; 
m = \\ al

0(v) = v,al(v) = l; 
m = 2: a2

Q(v) = v\a?(v) = 2v + l,a2
2(v) = 2; 

m = 3: og(v) = v3, a?(v) = 3v2 + 3v +1, a%(v) = 6v + 6, a3
3(v) = 6; 

m = 4: <ZQ(V) = v4, a4(v) = 4K3 + 6v2 + 4v +1; 
a4(v) = 12 V2 +24 v +14, a3

4(v) = 24v + 36, a4(v) = 24; 
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... and so on. A hierarchy of equations is easily found for the set of coefficients {a™+l(v); £ = 0, 
1, 2, ..., m + l} in terms of the set {a?(v)}. Indeed, from (11) and (12), with m replaced by m + l, 

m+l y.v+t 

&*<*) - V»lMx) = %<£"&)-*—. (13) 
£=0 U "" x) 

But one can also write 
m v+£ 

gv
mM) - Dgv

m{x) = D^iv)-?—^ (14) 
£=0 U ~~ x) 

when using (12) for gm(x). Operating on the sum with D then gives 

m v+£ m Yy+£+l 

gli(^) = I (v+^K(v) -^-^- + X(^ + l)<(v) * t+2. (15) 
=̂0 {i-X) i=0 {l-X) 

To cast this result in the form of a sum over £ from 0 to m + l [see (13)], first define a™+l(v) = 0 
and cdi(y) = 0 to obtain, from (15), 

m+l v+£ m+l v+£ 

^+iW = S(v+^K(v)-^-^+X^<-iW7r4«- (16) 
£=0 {l-X) £=Q (i-X) 

This is achieved by extending the upper limit of the first sum in (15) to m + l and by shifting £ to 
£-1 in the second sum; the value £ = 0 can be included in the latter with the help of a™x{y) = 0. 
A comparison of (13) and (16) then gives the desired recurrence for the unknown coefficients, 

df\v) = (v + £)a™(v) + £all(v); (17) 

here, m = 0,1,2,... and £ = 0,1,2,..., m +1. This equation was used to generate the list of coeffi-
cients {a™(y)\ 0<£<m;0<m<4} presented earlier in this section. 

In what follows, the set of coefficients {a™(y)} is assumed to be known and will be used to 
obtain identities for (4a) and (4b). 

3. OBTAINING EXPRESSIONS FOR S(u; m, q, s3 #i) AND S^m.p, q, s; n) 

To evaluate (4a) and (4b) explicitly, first multiply both sides of (10), (11), and (12) by Aa\ 
where s is an arbitrary integer and get 

v+£ 

2>aW = YlM(y)-^—^Aa', (18) 
r v,£ (l-X) 

where v = 0 and n, with £0 = 1, gn = -l. The limits on the sum over £ are from 0 to m, as 
before. To simplify the notation, the limits on all sums will be omitted, as they always remain the 
same in what follows. Next, replace x byy, and Aas by Bps in (18), add the resulting expression 
to (18), and set x - uaq, y = u/3q to get 

Y/w^lLtrfw A— ^TTT + B-^ 
(\-uaq)M (l-u^)M (19) 
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q is an arbitrary integer and u an arbitrary parameter such that uaq ^ 1 and uj3q * 1. We shall 
examine two cases, in turn: 1°) the denominators will be inverted and a binomial expansion made; 
2°) the denominators will be made proportional to pure powers in a and J3. 

To invert the denominators without invoking infinite series, consider ( 1 - uaq)~l first: 

(1 - uaqT(M) = [(1 - uaq){\ - u(3q)Y{M\l - u(3q)M 

= Nl
q

+\u){\ - uhqa~q)M (20) 

where 

Nl+XufZi-iy^yy^a-v, 

Nq(u)^[\-uVq+u2¥Y\ Vq = a«+P«; V_q=Vq/b«. (21) 

A similar approach for the other denominator finally gives the desired identity for (4a): 

S(u;m,q,s,n)^rmurWgr+s 
r 

= I c-iyf) W ) ^ «•**> wq 
v,tj \ J J 

(22) 
Fq(v+£-J)+s' 

This general identity allows an evaluation of the left-hand sum in a closed form. Consider the 
case in which m = 0, for example: a®(v) = 1, £ - 0; a®(v) = 0, £ & 0. Then, j = 0,1 and v = 0,«, 
so that the right-hand expression reduces to only four terms: 

f,urWqr+s = Nq[Ws-ubW_q+s-unWqn+s + u"+^Wq(n_l)+s]. (23) 
r=0 

Now let us turn to the other situation in which the denominators in (19) are proportional to 
pure powers of a and /?, say, when 

1 - uaq = yap; l-uflq = yfip, (24) 

with/? and q integers; the parameters u = u(p,q), y = y(p,q) are to be determined. To do so, 
multiply the first equation of (24) by a~p, the second by fi~p, and equate the results to get 

cTp - uaq~p = y=J3~p- uf5q~p. (25) 

For p * 0, q * 0, and q * p, this gives 

u = U_p I Uq_p = -Up I (bpUq_p), (26) 

where Un is defined in (5). Similarly, multiplying the first equation by a~q and the second by 
p~q, one finds, for p * 0, q * 0, and q * p: 

r = u_q/up.g = uq/(b"uq_py (27) 
This set of values, (u, y), satisfies (24), and insertion in (19) gives, for y * 0: 

TrVWqr+s = ̂ ^7(v)^Wq{v+£)_piM)+s, (28) 
r v,t Y 
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i.e., we get the identity (p ^ 0, q ^ 0, q * -p) referred to in (4b), namely, 

S^p^s; n) ̂  Xrm(UP/UP+qYw
qr+s 

= 2^{?vat(VS*) &p Uq Up+q^q(v+l)+p(t+\)+s> 
v,£ 

after replacing/? by -p and making use of the second form for y in (27). As mentioned in the 
introduction, the right-hand expression in (29) only contains 2 (in-hi) terms, whereas that in (22) 
contains (/if+ 1) (m + 4) such terms. As a result, (29) represents a very special class of identities. 
We now use (24) to establish a generalization of the Carlitz theorem [3]. 

From (24), consider the following, 

(uaqy=(l-yap)r (30) 

for r = 0,1,2,..., where u and y are as given in (26) and (27). On using the binomial expansion, 
we readily obtain the identity 

u^r = t(-iyi^rJaPJ; (3i) 

a similar result also holds for ur/3qr. Now multiply (31) by Aas, then substitute B for A, (3 for a, 
and add the two resulting equations to get 

Inserting (u, y) from (26), (27) then gives (6); this is, as stated earlier, a generalization of the "if" 
part of a theorem, due to Carlitz [3], for Fibonacci numbers, and recently extended by Haukkanen 
[7] to Lucas, Pell, and Pell-Lucas numbers. The present proof is simpler and more general. The 
present approach does not establish the "only if" part of those theorems, however. 

The solutions u and y can also be used to generate interesting associated identities similar to 
(6). Indeed, from 

V=(uaq+yapy, (33) 

one obtains, for p & 0, q ^ 0, q * -p, r = 0,1,2,..., and s an arbitrary integer, 

bprUr
qWs = t(-l)f}ue

pUr
q-!

pWqe+pr+s. (34) 

The proof is similar to that of (6); thus, we omit the details. Similarly, starting with 

(uy(3p+qyr = (y-l@-p + u-lfTqy, (35) 

one finds, again for p & 0, q * 0, q & -p, r - 0,1,2,..., and s an arbitrary integer, 

Ur
2p+qWqr+s = £ (JWxr-0Up~eUe

p+qW(2p+g)i_pr+s. (36) 

Finally, consider 
1 l ^Nip,q)(\-ra"), (37) 

upq \-yPP 
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where 
N{p,q) = [\-yVp+y2VYl. (38) 

In the right-hand side of (37), replace 1 - yap by uaq to obtain the identity 

l = b"i/(p,q)N(p,q), (39) 

from which we get, for p ^ 0, q ^ p: 

(40) 
N(j>,q) = b«U2

p_qIU2
p 

= bPUl_pl[MU2
q_p -VpUqUq_p + U2\ 

The last line follows from (38). 
We now examine special cases of some of the identities that have been obtained. 

4. ADDITIONAL PROPERTIES AND SOME APPLICATIONS 

In this final section, we apply formulas (4b), (29), and (6) to specific cases, some of which 
will help support our earlier claim that certain identities contained in [2], [3], [6], [7], [10]-[12], 
and [14]-[18] are special cases of the present formulas. 

We first establish the following, for n, k = 0, ± 1, + 2,..., 

K+k = fk-W»l+fk-2w„, (4i) 

where the coefficients {fk} are to be determined. (This formula will prove useful in comparing 
some of the identities presented here to some of the identities given [2], [3], [6], [7], [10]-[12] 
and [14]-[18], as mentioned in the introduction.) To do so, assume that (41) holds for all n, k and 
replace kby k-l: 

K+k-i = fk-2K+l+fk-3K- (42) 
Multiply (41) by a, (42) by -b, and add the results to get 

<*Wn+k ~bW„,k_x = (afk_,-bfk_JWn^{afk_2-bfk_JWn- (43) 

Comparing this result to (1) then gives 
Wn+M = (afk_x -bfk_2)Wn+l +{afk-z -bfk.,)Wn, (44) 

so if we let 
fk=afk-l-bfk_2, (45) 

then (41) is satisfied for all n, k. Thus, fk can be written in the Binet form 

fk = A'ak+B'Pk, (46) 

where A' and B' are constants. The initial conditions on {fk} are obtained by setting £ = 2 in 
(41), i.e., 

= aWn+1-bW„, 

where the second line follows from (1). Because n, A, and B are arbitrary, (47) implies 
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f0 = -b; ft=a. (48) 
Use of (48) in (46) gives, after a little algebra, 

fk = aUk+b2Uk_v (49) 

For a = l,b = -l9fk= Fk+1, which is a well-known result. 
Now, armed with these preliminaries, we turn to formulas (4b), (29), and (6). S1(m9p9q9sr9 n) 

is as defined in (4b); we also let [see (6)] 

S2{p,q,s-r)^Ur
pWqr+s. (50) 

Sx and S2 contain additional parameters, a, b, A9 and B, but those are omitted in the notation for 
the sake of brevity. In this same spirit, the following nomenclature and notation will be used. 

1. General Horadam (GH) Case 
This is the most general case; previous notation will not be altered except that Sx and S2 will 

be written as fif*1 and 52
OH. 

2. General Fibonacci (GF) Case 
This is the special case where a = 1, b = - 1 ; all previous notation will be used, except for S®¥

9 

S2
F, and Wn=Hn (to follow what now appears to be common practice). Also, Un=Fn and 

Vn-Ln9 where Fn and Ln are the rfi Fibonacci and Lucas numbers, respectively. 

3. Fibonacci (F) and Lucas (L) Cases 
Then a - 1, b - -1 for both cases, while A--B- (a - P)~l for the F-case and A = +B = 1 

for the L-case; we also write S¥
9 S^9 S¥

9 £2
L, W„ = Fn9 and Wn=Ln. 

4. General Pell (GP) Case 
This is the case where a-29 b = -l. The notations S®?

9S2
?

9 and Wn-En will be used 
(again to follow a very common practice); also, U„ = P„, Vn = i^, where Pn and R^ are the rfi1 Pell 
and Pell-Lucas numbers, respectively. 

5. Pell (P) and Pell-Lucas (PL) Cases 
Then a = 2, b = -1 for both cases, while A = -B = (a - P)~l for the P-case and A = +B = 1 

for the PL-case; we also write S*9 ̂ PL, £2
P, 52

PL, ̂  = #„ (for both), and U„ = Pn9 Vn = i^. 

We now consider Sx and S2 in the special cases mentioned above. 

L S^m.pjq^n) 
One has 

SM-P-W,*,») = H^b^iU^/UJW^ (51) 
r 

and 
Sl(m,-p,-q,s;n) = b-°Yjr'"(Up/Up+qyWqr+s (52) 

r 

where, for n = 0, ±1, ±2,..., 
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Wn^bnW_n=Ban + Apn (53) 

will be called the transpose of Wn. The transpose is obtained by interchanging A and B'mWn. In 
general, Wn^Wn. For Pell and Fibonacci numbers, Wn = -Wn, while for Lucas and Pell-Lucas 
numbers, Wn = Wn. 

Form = 0,p*0,q*0,q*-p,h*0, (29) gives 

SMP,^, n) - "f(up/up+qywqr+s 
r=0 (54) 

= {Up+qWp+s-Un
pU%n

qWqn,p+sV{VUq). 

Specializing further, with W_x = W[/h, U_x - -h~l, U2 = a: 

Sl(0,-]t3An>ft(-abYW3r 
r=0 

= ab\aWx I b - a(-aby" W^_x] / (a2 - b). 

Set a = \,b = - 1 , A = -B = \l(a-B) in (55) to obtain 

t X =4(^-i-i); 
r=0 Z 

(55) 

(56) 

this corresponds to Iyer's equation (6) in [12], since his result transforms into (56) after use of 
(41) and (49). 

For m = 3, (29) gives, with Ux = 1 and U2 = a, 

Sl(3,l,lAn)^yZr3a-rWr 
r=0 

= I t^e(y^-VbHM)W2 
(57) 

ie+v+1-
v=0,n t=0 

From the list of coefficients following (12), we get a](v), I = 0,1,2,3; then 

Si(3,UM)H # + 6 # + 6 # 

J-n y^Wn+L 
b2 „- _tta + (3„2 + 3„ +1) ̂ 2 - + (6w + 6) - ^ + 6-^a 

Z>3 
.FK »+7 

A4 

(58) 

Now, specializing to the Fibonacci case (a = l,b = -l,A = -B =11 {a-/?), ^ = i^): 

S*(3,1,1,0; II) = 50 + n3Fn+i - (3*2 + 3* + l)F„+3 + 6(n + l)F„+5 - 6F„+7. 

After using (41) and (49), this gives the identity 
n-\ 
J]r3Fr = 50 + (n3 -3n2 +9n-l9)Fn+l- (3n2 -15n + 3l)Fn+2. 
r=0 

(59) 

(60) 

This result is identical to Harris's equation 17 in [6]. 
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We now list a few other sums that can be evaluated using (29): 

S™(m,-2,3,S; n) = Zrm(-a/b2yW3r+s; 

S?p(m,-2,3,s;n) = Xrm(-2yW3r+s. 

II. S2(p,q,s;r) 

S?{p,q,s:,r) = P;Hqr+s = ±{-\f^^{r^P^Hpt+s. (61) 

If we now set A = -B = (a-fi)~l (Pell: P) in this result, we obtain 

Sl(p,q,s; r) = Pr
p Pgr+S = ± ( - r « f ^ ; P - ; Ppt+S. (62) 

£=0 V / 

This is the "if" part of Haukkanen's Theorem 3 in [7]. Now, if A = B = 1 (Pell-Lucas: PL), 

S?-(p,q,s; r) = P ; P ^ = I H ) ^ * ^ ) ^ P;rj i ^ + f . (63) 

This is the "if" part of Haukkanen's Theorem 4 in [7]. 

5 f (p , g ,5 ; r ) = F ; ^ r + J = X ( - l ) ( p + 1 ) ( ^ { ^ / ^ ^ + , (64) 

If A = -B = (a-B)~l (F), then 

.£(/>, <7A r) = Fr
p Fgr+S = £ (_i)(^X-or J V F - ; F„+ , . (65) 

This is the "if" part of Carlitz's basic theorem [3]. [Note that (4.8) and (4.9) in [3] are in error 
due to an omission arising after (4.7).] 

Finally, if A = B = 1 (L), then 

# - F; Lqr+S = ± ( - l ) ™ ^ ^ F£ Lpi+S. (66) 

This is the "if" part of Haukkanen's Theorems 1 and 2 in [7]. In our treatment, there is no need 
to consider s = 0 and s ^ 0 separately as Haukkanen does due to the fact that we only prove the 
"if" part of that theorem. 
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1. INTRODUCTION 

The problem set in [3] is: What is the probability that initial digits of n^ Lucas and Fibonacci 
numbers have the same parity? We answer the problem and demonstrate a simple technique that 
provides answers on similar questions regarding relative frequency ("probability") of initial digits 
in almost any linear recurrence sequence. 

The probability that a random number from the sequence Xn belongs to the set 4̂ (which has 
a certain property) is defined as the value of the limit (if it exists): 

h ; ! ^ ) , 

where lA denotes the characteristic function of the set^4: lA(x) = 1 if x GA, lA(x) = 0 if x &A. 
The main tool in the proofs will be the well-known Weyl-Sierpinski equidistribution theorem 

[1] in its simplest form. 

Theorem: Let q be an irrational number, Tn= p + nq be a sequence and Tn = {Tn} its fractional 
part. Then the probability that Tn is in the interval [a, A), 0 < a <b < 1, is b-a. (The fractional 
part of irrational translation is uniformly distributed on [0,1).) 

2. CALCULATION OF PROBABILITIES 

The following two lemmas prove that anything that is close enough to irrational translation is 
uniformly distributed on [0,1). We will apply it to the logarithms of linear recursive sequences. 

Lemma 1: Let Tn= p + nq, q irrational, Tn = {Tn} its fractional part, and Xn, Xn = {Xn} another 
sequence such that l im^JX,, - Tn |= 0. Then the probability that some Xn falls in the interval 
A = [a,b), 0<a<b<lhb-a. 

Proof: Given s > 0, there exists «x such that, for each m > nh | Xm - Tm | < -|. If 

this means that, for each m > nu TmeA£ implies Xm eA. Equivalently, for each m > nu \A{Xm) ^ 

There exist n0>nl such that, for each n>nQj ^Z^To ^As(Tm) < f (the sum is constant, so we 
choose UQ large enough). 
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For each « > % w e calculate 

" m=0 n m=nl
 n m=nl 

^lUCrj+^SW.)-! (i) 
n m=m n m=0 ^ 

fl m=0 ^ 

Applying the equidistribution theorem, we get 
n-l * n-l 1 1 c 

XimM-Y,lA{XJ>Xim-^lA£{Trn)-^ = b-a-6' 
tn=i) m=u 

Since it is valid for each s, l iminf^^^£2^^(^m) ^b-a. We apply the same reasoning 
for intervals [0, a) and [b, 1). Since 1[0 a)(x) + l[a 6)(x) +1[6 1}(x) = 1, we get 

limsuP-ZV^)(xJ-1+limsuP ""SV^)^) +limsuP - - Z W * * ) 

/w=0 

Now we have HmMn^ooj[Zn
rJ0lA(Xm) = limsuPn^oo7i^nm=oh(Xm) = b-a9 so it converges and 

the lemma is proved. 

The following lemma is a simple generalization that can be proved using the same technique 
(the proof is omitted). 

Lemma2: Let Tn-p+nq, and let X\, X^...,X^ be &sequences such that, for each i, we have 
l i m ^ J X ^ - Tn\ = 0. Let q be irrational, and let Xl

n, ...,XJ;9Tn be the fractional parts of the 
sequences. Then the probability that, for random n, X^ s[ah bx), ...,X* G[ak, hk) is b -a, where 

(>„&,.) = [a, Z>). 

Example 1: Probability that the first digit of Fn and that of Ln have the same parity is log101*|. 

Proof: Let Xn = log10 Fn - log10 p, Yn = log10 Ln, Xn, Yn their fractional parts, p = ll J5, and 
q = (S + l)/2. As an example, we calculate the probability that, for given n, Fn begins with 1 
and Ln begins with 3. 

Fn begins with 1 if and only if, for some k eN, Fn £[10*, 2 • 10*), which is equivalent to 

togio^i e[£,log102 + &) 
o Xn = log10 Fn - log10 p e [k + log10 J5, k + log10 2^5) (3) 

<^Xw = {Xw}E[log10V5,log102V5). 
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Ln begins with 3 if and only if 
Yn = {log10 4 } e [!og10 3, log10 4). (4) 

Since Xn and Yn asymptotically converge to Tn = «log10#, \ogl0q irrational, we can apply 
Lemma 2. The probability is log10 4 / 3. 

In the following table, we calculated all nonzero probabilities that, for random n, Fn begins 
with i and Ln begins withy (probability is log10 x). 

Fn 

4 
X 

4 
1 

V5 
2 

5 
1 
6 
5 

6 
1 
7 
4 

7 
1 
8 
7 

8 
1 

2 

8 
2 

9V5 
20 

9 
2 
10 
9 

1 
2 

3V5 
5 

1 
3 
4 
3 

1 
4 
V5 
2 

2 
4 
V5 
2 

2 
5 
6 
5 

2 
6 
V5 
2 

3 
6 

7V5 
15 

3 
7 
8 
7 

3 
8 
V5 
2 

4 
8 

9S 
20 

4 
9 
10 
9 

Summing the probabilities from the appropriate columns, we prove the formula. This proba-
bility (approximately 0.42241) is in accordance with the numerical test from [3]—4232 out of 
10000. 

In this example, we can avoid using Lemma 2, noting the fact that the initial digits of Fn and 
Ln are the same as the initial digits of p-qn, qn'. However, using the described technique, we can 
answer the same question about, e.g., 5th leftmost digits of Fn and Ln. 

It cam easily be proved (checking that [(1--N/5)/2]W is small enough for large n) that the 
entries in the table are the only possible ones (and not only with positive probability) [2]. 

Example 2: We will call a linear recurrence sequence Yn random enough if the root qx of the 
characteristic polynomial that has the largest absolute value is real, positive, not a rational power 
of 10, unique and has multiplicity 1, and Px in equation (5) is positive. 

The probability that a random enough recursive sequence begins with the digits 1997 is 
l°§io( l+ 1-997)-

Proof: We can then write the sequence in explicit form [4]: 

where Px is a real number and P2,...,Pk are polynomials. Yn begins with 1997 if and only if, for 
some k GN, 

Yn e [1997-10*, 1998-10*) <=> (6) 

<=> {log10 Yn) € [log101.997, log101.998). (7) 

Since limiw_>Jlog10Yn-(log10Pl+n-log10^)| = 0, we can apply Lemma 1. The probability is the 
length of the interval in (7). 

We can prove the following formula in the same way. 

Example 3: The probability that the Ith leftmost digit of a random enough recursive sequence isj 
obeys the generalized Benford's law (see [3] and [5]): 

io'-]-i P = '0 8'«JU1 +io*+, 
for i > 2, and P = log10(l+j) for i = \. 

1 
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Lemma 1 implies as well that the fractional part of the logarithm of the random enough recur-
sive sequence is uniformly distributed on [0,1). 
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1. INTRODUCTION 

The 3x + l problem Is most elegantly expressed in terms of iteration of the function 
r : Z + - » I + b y 

T(n) = \M^ i f w i s o d d > 
jj- if n is even. 

The 3x +1 conjecture, which is generally attributed to Collate [3], is that for every positive integer 
n, T^(n) - 1 for some k. 

The function Jean be extended in a natural manner to the 2-adic integers, Z2, and this exten-
sion has proven to be quite fruitful. In this paper, we further extend the domain of J to Z2[i], 
hoping to increase our understanding of the problem. 

We construct an extension, l7, of the 3x + l function, r : Z 2 - » Z 2 to the metric space 
(Z2[i], D), as follows. 

Definition 1: Let J:Z2[i] -> Z2[i] by 

T(a) = 

a_ 
2 
3a+l 

2 
3a+i 

2 
3a+l+i 

if a e [0], 
i f a e [ l ] , 
if a G [i], 
if a G [1+i], 

where [x] denotes the equivalence class of x in Z2[i]/2Z2[i]. 

Our main results separate naturally into three areas. 
First, T is an extension of the original function and is nontrivial in the following sense. 

Theorem A: 
(a) T\Z2 = T; 
(b) T is not conjugate to T x T via a Z2-module isomorphism; 
(c) T is, however, topologically conjugate to TxT. 

Second, T preserves the salient qualities of the original function. In particular, there is a 
"parity vector function," Q*, for T which has been extremely important in understanding the 
nature of the problem, see [1], [2], [5], [6], [7]. We show that gto c a n a l s o be extended in an 
analogous manner. The original parity vector function and the ex-tended parity vector function 
share several important properties (c.f. [5], Theorem B). We simply state the results here, saving 
the details for later in the paper. 

Theorem B: The extended parity vector function Qk is periodic with period 2k. In addition, Q^ 
is an isometric homeomorphism. 
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Finally, T and T x T are both chaotic functions (in the sense of [4]) and thus it follows from 
part (c) of Theorem A that 

Theorem C: T is chaotic. 

We have constructed T in the hope that the results above may lead to further insight into the 
3x +1 problem and similar problems. 

2. BACKGROUND AND NOTATION 

In this section, we establish notation and discuss the relevant background material. Lagarias 
[5] describes the history of the 3x + l problem and gives a survey of the literature on the subject. 
We follow his notation. 

The sequence n, T(ri), T^2\n), T^3\ri)9 ... is called the orbit ofn under T. Another way to 
state the 3x +1 conjecture is that, for all n eZ+, the orbit of n under T enters the cycle 2 -> 1 —> 
2^>\^> ... . Since T extends naturally to the ring of 2-adic integers, Z2, the statement of the 
3x +1 problem is also valid on Z2. For brevity, we shall often refer to a 2-adic integer as simply a 
"2-adic." Recall that an element, a, of Z2 is just a formal power series of the form 2 ^ 0 ^ 2 I , 
where ai e {0,1}. As is common, we will often abbreviate this by writing the sequence of 0s and 
Is as a0, ah a2, ...2. Note that we add the subscript 2 (to distinguish from base 10) when writing 
2-adics and use an overbar to denote a repeating pattern. Note also that both Z and the set of 
rationals with odd denominators are subrings of Z2 and thus, for clarity, we will frequently write 
an integer or rational number in place of its 2-adic representation. For example, IO2 denotes the 
2-adic Z°l022' associated with - | . 

Define the parity vector of length kfor T of a [5] to be the sequence given by the function 
a : Z 2 - ^ 2 2 / 2 * Z 2 b y 

&(<*) = xo(aX XM\ ..•,**-!(")> 
where xt{n) = T®(n) mod 2 and xf(n) e {0,1} for all i > 0. The parity vector, Qk(a), completely 
describes the behavior of the first k iterates of a under T. Q^ia) is defined in a similar manner 
and completely describes all iterates of a under T. 

Qk and Q^ have several interesting properties: Qk is periodic with period 2k and induces a 
permutation of Z2 /2*Z2, denoted Qk; Q» ^s a continuous bijection. The proofs of these proper-
ties of Qk and Q^ may be found in [5]. Both have proven to be extremely useful in the study of 
the 3x +1 problem. 

In this paper we extend J to the 2-adic integers adjoined with /, Z2[z]. We choose to extend 
to Z2[i] because many number theoretic problems in Z have been solved by generalizing to the 
Gaussian integers Z[/]. In keeping with this theme, we shall refer to Z2[/] as the set of Gaussian 
2-adic integers or, simply, the Gaussian 2-adics. 

By freely associating a + bi eZ2p] with (a, b) eZ2 x Z2 we can define the metric D on Z2[i] 
to be the product metric on Z2 x Z2 induced by the usual metric on Z2 which is derived from the 
2-adic valuation. Addition and multiplication in Z2[i] are defined in the usual manner. It is impor-
tant to note that Z2[i] is a commutative ring with identity, but not a field. In addition, Z2 is a 
commutative subring of Z2[i] with identity and is also not a field. 
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3, EXTENSION TO Z2[i] 

Since Twas piecewise linear depending on equivalence in Z/2Z, our extension T is piece-
wise linear depending on equivalence in Z2[J] /2Z2[J] = {[0], [1], [/], [1+/]}. 

Definition 1: Let T:Z2[i] -» Z2[i] by 

T(a) = 

2 
3a+l 

2 
3a+i 

2 
3a+l+i 

if as [0], 
i f a e [ l ] , 
if a e [/], 
if a G [1+/]. 

Notice that T resembles T x T to a great degree. It is natural to ask how T is different from 
T and T x T; after all, we claim that T is a nontrivial extension of T It is easily seen that T is an 
extension of J, i.e., r |Z 2 = T. It is also clear that T is not the trivial extension Tx T:7.2 x Z2 -> 
Z2 x Z2, e.g., Tx J((l, 2)) = (2,1), while f (l + 2i) = 2 + 3i. What is surprising, though, is that T 
and 7 x 7 are not conjugate via a Z2-module isomorphism, as we show below. (However, they 
are topologically conjugate, as we shall see in Section 6.) 

In order to show this, we must formalize our association between elements of Z2[/] and 
Z2 x Z2. Define a continuous bijection B:Z2[i] -> Z2 x Z2 by B(a+hi) = (a, b). Let t:Z2 x Z2 -> 
Z 2 x Z 2 b y T = 5ofoJB-1. 

Theorem 1: There is no Z2-module isomorphism A: Z2 x Z2 -> Z2 x Z2 such that 

T=A~loTxToA. 

Proof: Assume that such a Z2-module isomorphism A exists. Let ex = (1, 0) and e2 = (0,1). 
Then Aex = (x1? yx) and Ae2 = (x2, y2), where x1? x2, yly and y2 are 2-adics and (a, b) eZ2 X Z2. 
Then,foralla,fteZ2xZ2, Aof((a,b)) = TxToA((a,b)). Let (a,b) e(1,0). 

TxT(A((a,b))) =A(f((a,b))) 

TxT< ' l l 

y\ yjhP 

Thus, we have 

In order to evaluate Tx T((axl+bx2, ayx +Ay2))> w e m u s t determine the parities of axx +bx2 and 
qyj +fty2. Because b is even and a is odd, the parities are completely determined by, and equiva-
lent to, the parities of xx and yv This yields the following four cases: 
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T x T({axx + bx2, ayx + hy2)) = 

, 2 » 2 

^3^+36^2+1 ayi+byj 
, 2 ' 2 

J if xx even, ^ even, 

) if xx odd, ^ even, 

( ^ - , ^ f c l ) if Xl even, ^ odd, 

(3aXl+f2+1,3^+^2+1) if xx odd, ^ odd. 
From this it is easy to check that 

if and only if jq = 1 and yx = 1. Thus, v4 must be of the form (} **). Similarly, choosing (a, h) e 
(0,1) implies x2 = yi -1. 

This means 4̂ = (1 }), but (} J) is not invertible, which contradicts our assumption. • 

Since T is conjugate to T via the Z2 -module isomorphism B, we have 

Corollary 1: T is not conjugate to T x T via a Z2-module isomorphism. 

4. EXTENSION OF & AND &, TO Z2[i] 

One of our main reasons for extending to Z2[i] was to add the tools associated with Z2[/] 
to the current tools for studying the 3x +1 problem. With this in mind, we redefine Qk in terms 
of T. Let Qt:Z2p]->Z2[i]/2*Z2[/] by Qt(a) = 2b(aXsi(aX^(aX--^si t- i( a) . w h ^ e ^ ( a ) = 
T^(a) mod 2 for all 7 > 0 and ^ (a) e {0,1,1,1 + 7} be the parity vector of length kfor T of a. 

As with Qk, Qk completely describes the behavior of the first k iterates of a under T. 
We also define Q)0:Z2[7] -> Z2p] in a similar manner and note that, as one would expect, Q^ 

completely describes the behavior of all iterates of a under T. 
Qk an£l Qoo have properties similar to Qk and Q^ as will be demonstrated in the following 

theorems which mirror analogous theorems for Qk and Q* found in [5]. 

Theorem 2: The function^: Z2p] -» Z2p] / 2*Z2p] is periodic with period 2k. 

In order to show that Qk is periodic, we begin by showing 

Lemma 1: Tk(a + o)2k) = Tk(a) + o mod 2, for any a, co e Z2[?]. 

Proof: We proceed by induction on k. Let a,a) e Z2p]. 
Base Case (& = 1). In this case, 

T(a + co2) = \ 

^ + co = T(a) + co 
*fL+3a) = T(a) + co 
3fL + 3co = T(a) + co 

mod 2 
mod 2 
mod 2 

if a e [0], 
i f a e f l ] , 
if a G [1], 

3a+l+i + 3o) = T(a) + co mod2 i f a e [ l + 7*]. 
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General Case: Assume Tk~l(a + ®2k~l) = Tk~\a) + a) mod 2 for all n (inductive hypothe-
sis). 

Case 1: a e [0]. Then 

Tk((a + o)2k) = Tk-l(T(a + a>2k)) 
= fk-l^a±^ ( g i n c e a G [Q] ) 

= Tk-l(f + a)2k-1) 
s Tk~l(f) + © mod 2 (by ind. hyp.) 
= Tk(a) + G) mod 2 (since a e [0]). 

Case 2: a e [1]. Then 

Tk(a + a)2k) = Tk-l(T(a+a)2k)) 

= ?*-!(*« Y H 1 ) (since a e [1]) 

= f*"1(^tL + fli2*+©2*-1) 
s f*-i(3^ + fl,2*) + fl) m o d 2 (by ind. hyp.) 

s p-i(MtI + ̂ 2 ^ 1 ) mod 2 (by ind. hyp.) 
EE f * " 1 ^ ) + ey mod 2 (by ind. hyp.) 
= Tk(a) + a) mod 2 (since a e [1]). 

Case 3 (a e [/]) and Case 4 (a e [1 + /]) are very similar to this case. Thus, Tk{a + co2k) == 
7* (a) + G) mod 2 for all & by induction on k. D 

It follows easily that xk is also periodic in the same sense. 

Corollary 2: For every a,co GZ2[i], Xj(a + a)2J) = Xj(a) + co mod 2 for all 0 < j < QO . 

From this we obtain Theorem 2. 

Proof of Theorem 2: We proceed using induction on k. 
Base Case (k = 1): 

Q(a + 2m) = x0(a + 26)) 
= x0(a) (by Cor. 2) 

= &(*)• 

General Case: Assume <2t-i(a + a>2k~l) = Qk_x(a) (by inductive hypothesis). Then 

Qk(a + eo2k) = tfll Xj(a + o)2k)2J 

= Z%1 Xj(a + a>2k)V + xk_x(a + co2k)2k~x 

= Qk_l{a + (o2k) + xk_l{a)2k-1 (by Cor. 2) 
= &-i(«) + ̂ -i(a)2*_1 (by ind. hyp.) 
= ^:0

2x,(a)2> + ̂ _1(a)2t-1 

= 2£S?y(a)2'= &(<*), 
as required. • 
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Theorem 3: Q» is a n isometric homeomorphism. 

Proof: We begin by showing that Q^ is one-to-one. 
Let a,PeZ2[i], a* p. Then there exists co eZ2[i] such that a = fi + co2k, where k == 

min{j:a7 ^ ^ } , a = a0, al9..., /? = /?0> A> ..., and ft? is not equivalent to 0 mod 2. By Corol-
lary 2, %(a) = xk(fi + co2k) = xk(j3) + co mod 2. Consequently, xk(a) -xk(J3) = co mod 2. Since 
co is not equivalent to 0 mod 2, ^ ( a ) * xk(J5) and, therefore, by definition of Q^, ^ ( a ) * 
Q»(/?). Thus, Qn is one-to-one. 

Next, we show that Q^ preserves the metric (and is therefore continuous). 
Let a,P GZ2[/], where a = aQ,al,...,P = P0,Pl, Choose k so that D(a, p) = 2"*. Then 

a = fi mod 2*. By Theorem 2, &(a) = &08), so &(a)S&>G0) mod 2*. Thus, ZXfio(*X 
QJJ5))<2~k. However, because a is not equivalent to /? mod 2*+1, a = p + G)2k for some 
ey eZ2[i], where co is not equivalent to 0 mod 2. Hence, %(a) = xk(P + co2k) = xk(fi) + co mod 2 
by Corollary 2. However, because co is not equivalent to 0 mod 2, x^(a) *xk(J3). It follows that 
&>(<*) is not equivalent to Qjfi) mod 2*+1. Therefore, £>(2L(a)> £L(/?)) = 2~* and so &, pre-
serves the metric. 

Finally, we show that Q» is o n t o 

Let a = a0 ,a1 , . . .eZ2[i] , a^ = cr0,...,%, 0eZ2[j], and let ak sZ2[i]/2kZ2[i] such that 
a sak. We first note that Qk is onto, as can be seen by induction on k using Corollary 2. There 
exists a /% such that Qk{P'k) = ak. Let fi'k = /?0,..., ^ , 0. We can see that 2L(A) = a'k mod 2*. 
Thus, limk^D(Qo0(P\a'k)) = 0. Consequently, limk^Qco(P'k) = limk_>O0a'k = a. Now, since 
Q„ is continuous, limfc_>00Q»()9^) = Q)0(limfc_>00^) = a. Therefore, all that remains is to show 
that limk^aoP'k exists as a Gaussian 2-adic. Since the sequence {Q^ifi'k)} converges to a , it is 
Cauchy. Because Q^ preserves the metric, the sequence {P'k} in Z2[i] is also a Cauchy sequence. 
Now, Z2[i] is a compact metric space by the Tychonoff theorem, so every Cauchy sequence in 
Z2[i] has a limit in Z2[z']. Thus, the sequence {P'k} converges to some p eZ2[/] and Q^iP) = a. 
Therefore, Q^ is onto. 

Q^ is continuous because Q» is an isometry; thus, Q^ is an isometric homeomorphism. • 

Now that we have shown Q^ is a continuous bijection, we shall see just how powerful a tool 
it is in our exploration of the dynamics of T. 

5. CHAOS AND THE 3x + 1 PROBLEM 

A map F: (X, d) -> (X, d) is defined to be transitive if VJC, y eX, Vs > 0, 3z GX such that 
d(x, z)<e and d(y, F^k\z)) < s for some k > 0 [4]. Devaney [4] defines a chaotic map to be a 
transitive map with dense periodic points. Chaoticity in this sense is preserved by topological 
conjugacy, so we can show that a function is chaotic if it is topologically conjugate to a known 
chaotic map. Such a map is the shift map on the sequence space, a: Z -> £, where 

2 = {%, sx, s2, ...\sj G{0,1}} and a(s0, sv ^ . . . ) = sv s2, %,.... 

gU provides a conjugacy between J and a. Thus, we have shown 
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Theorem 4: T:Z2 —> Z2 Is chaotic. 
It should be noted, however, that the restriction of J to Z+, an invariant subdomain of Z2, is 

not chaotic, according to the 3x + l conjecture. 
Since the product of chaotic maps is itself a chaotic map, we have 

Corollary 3: TxT is chaotic. 

Certainly if T is chaotic, any reasonable extension of T should also be chaotic. We show that 
T is chaotic by showing that it is conjugate to some known chaotic system. With this in mind, we 
define a4:(Z4, ds) —» (Z4,ds) and show that a4 and axa are conjugate via a homeomorphism, 
F. 

Let a4: (Z4, ds) -^ (Z4, d5) be the shift map on the sequence space with four elements {0, 1, 
i, i + l } , where 

[1 otherwise. 

It can easily be shown that a4: (Z4, ds) —»(Z4, d5) is chaotic. 

Lemma 2: The function i7: (Z4, ds) —> Z x Z by 

F(s) = ((a^s), a2($), a3(s),...), (b^s), b2(s\ fc,(s), .,.))> 
where each 

a [0 if$ = 0or/, 
^ [1 ifjj = l o r l + i, 

and each 
| 0 i f ^ O o H , 
[1 if 3 = /o r l+ / , 

Is a homeomorphism. 
Proof: It is clear that F is a bijection. We now show that F is continuous. Let s > 0, 

(5 = 4"^, where k is chosen to make 2~k <s, $ = s0,sh...GZ4, / = /0,/1 ? . . .eE4. If ^ ( s , f )<S , 
then 5 - = ̂  for all 0<j<k. Consequently, if we consider that F(s) = (x, y) and F(t) = (z,w) 
for some (x, j ) , (z,w) GZ xZ, where x = x0,xx, ... G Z , 3/ = ̂ , J 1 ? . . . G Z , Z = Z0,Z1?... G Z , and 
w = w0, w1?... GZ, then x- = z. and y^ -Wj for all 0<j<k by definition of ds. Thus, by defini-
tion of F, dx(F(s), F(t)) < 2~k < e, where dx is the product metric on Z. So F is continuous. 

By letting s > 0 and choosing S - 2~k, where k is such that 4"^ < s, we can apply a similar 
argument to show that F~l is continuous. Therefore, F is a homeomorphism. D 

It easily follows that 

Corollary 4: <r4 and ax a are conjugate viaF. 

Since J is conjugate to a4 via Q*» w e have 
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Theorem 5: T is chaotic. 
It turns out that, in proving the chaoticity of T, T, and TxT, we have defined some very 

useful conjugacies, as we shall see in the next section. 

6. RELATIONSHIP BETWEEN f AND TxT 

Though T and TxT are not conjugate via a Z2-module isomorphism, they are topologically 
conjugate. Since topological conjugacy is transitive, T = a4 = axcF = TxT, where = denotes 
topological conjugacy and thus 

Theorem 6: T and T x T are topologically conjugate (via (Q^ x Q^f1 o F o QJ). 

These theorems allow us to work in the system of our choice and then convert the results to 
any other system using the homeomorphisms defined above. 
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INTRODUCTION 

In 1770, Edward Waring, in a work entitled "Meditationes Algebraicae," announced without 
proof the following result, which he attributed to his student, John Wilson: 

lip is prime, then (p -1)! = -1 (mod p). 

This statement, now known as Wilson's Theorem, was first proved by Lagrange in 1771, and may 
have been known earlier by Leibniz. 

In this note, we present a new proof of Wilson's Theorem, based on properties of Eulerian 
numbers, which are defined below. Consider the following triangular array, which is somewhat 
reminiscent of Pascal's triangle. 

1 
1 1 

1 4 1 
1 11 11 1 

1 26 66 26 1 
1 57 302 302 57 1 

The numbers that appear in this array were first discovered by Euler [1] and are known 
as Eulerian numbers. Following Knuth [2], we denote the k^ entry in row n by Q), where 
l<k<n. 

Eulerian numbers may be defined recursively via: 

("HUH {l)-An^n+i-<-1^ *"**»-L w 
(See [2], p. 35, eq. (2).) 

They enjoy a symmetry property: 

( £ ) = L + 1- k) for a11 * such that* - k - " @) 
Adding all the Eulerian numbers in a given row, we get 

Furthermore, 

(Ihii-M-jni'j*)- <4> 
Remarks: (2) follows easily from (1), (3) follows from (1), using induction on n, and (4) is 
equation (13) on page 37 in [2]. 
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We will also need 
Definition 1: Ifrn and n are integers larger than 1 and k is a nonnegative integer, we say that 
On(m) = k if nk\m but nM\m. 

Ifp is prime, p\a, j < m, and 0 < a < pm~J, then 0 J ? y = m - j . (5) 

Remark: (5) is Theorem 4 in [3]. 

THE MAIN RESULTS 

Lemma 1: Ifp is prime, m > 1, and 1 < k < pm - 1 , then (p™) = 0 (mod/?). 

Proof: This follows from the hypothesis and (5). 

Theorem 1: Ifp is prime, m > 1, and 1 < & < /?w - 1 , then 

Proof: (4) implies 

Now Lemma 1 implies 

If k = 0 (mod/?), then 

^ _ l \ fO (mod/?) if A: = 0 (mod/?), 
A: / 1l (mod/?) i f ^ # 0 (mod/?). 

^^yO^-'.O (mod/,). 

If £ # 0 (mod/?), then, by Fermat's Little Theorem, 

/ Z ^ - A * (k?-1)^ = 1 ^ * 1 (mod /?). 

Theorem 2 (Wilson's Theorem): Ifp is prime, then (p-1)! s -1 (mod/?). 

/Voo/- (3) implies^ -1)! = !£:{(V)• Theorem 1 implies ( V ) s ! ( m o d /?) for 1 < /t < /? - 1 . 
Therefore, (/> -1)! s E £ j 1 = p -1 = -1 (mod />). 
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1. INTRODUCTION 

Pythagorean triples have long provided a source of great interest and amusement to mathe-
maticians since antiquity. Not surprisingly,-many important properties have and continue to be 
deduced about these solutions of the diophantine equation 

x2+y2=z2. (1) 

The most general solutions of (1) that satisfy the conditions (see [2], p. 190) x > 0, y > 0, z > 0, 
(x,y) = l, 2|x, are 

x = 2ab, y = b2-a2, z = a2 + b2, (2) 

where the integers a, b are of opposite parity and (a,b) = l,b>a>0. 
One important class of Pythagorean triples (x, y, z) that we shall be concerned with are those 

in which x and y are consecutive integers. These triples, which we shall call almost-isosceles 
right-angled (AIRA) triangles, can be constructed from (2) in the following manner (see [4], 
p. 13). Take an a and b that generate a triangle whose two shortest sides differ by one, then the 
next such triangle is constructed by b and a + 2b. Thus, as (3,4,5) is generated by (2) using a-I 
and b = 2, so the next AIRA triangle will be determined via a = 2 and b = 5, thereby producing 
the triple .(20,21,29). Clearly, with repeated applications of the rule (a, b) \->(b,a + 2b), one can 
generate an infinite number of these triples. A similar recurrence scheme generating AIRA tri-
angles was also developed in [1] using Pelfs equation. 

Our aim in this short note is to re-establish the existence of infinitely AIRA triangles via an 
alternate argument which, unlike the above, does not require the use of (2) or Pelfs equation. We 
shall, as a result of this approach, reveal a surprising connection that exists between these 
Pythagorean triples and the set of square triangular numbers [see (3)]. This will be employed later 
to calculate the first six such triples. An additional number fact concerning the primes is also 
deduced. 

2, MAIN CONSTRUCTION 

Let us begin by noting the following key observation, a proof is included for completeness. 

Lemma 2.1: There are infinitely many perfect squares of the form n(n + l)/2. 

Proof: If n e Z+ is such that T(n) = n{n +1) / 2 is a perfect square, then so is T(4n(n +1)); 
however, the statement now readily follows because T(T) = 1 is clearly a perfect square. D 

To find all AIRA triangles, we first reduce the problem (as in [1]) to a question of the solubil-
ity of a diophantine equation obtained by exploiting an obvious fact, namely, if the sum of two 
consecutive squares is a perfect square, it must be the square of an odd number. Then, using a 
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series of elementary arguments, one can further reduce this equation to another diophantine equa-
tion which is known to be solvable from Lemma 2.1. This approach is contained in the proof of 
the following theorem. 

Theorem 2.1: There are infinitely many nontrivial pairs of consecutive squares whose sum is a 
perfect square; moreover, all such AULA triangles are given by 

'sd±MRt^hMRt2^^n (3) 

where Tn denotes the positive square root of the n^ square triangular number. 

Proof: Suppose meZ+ is such that the sum of m2 and (m +l)2 is a square, then there must 
exist an s e Z+ such that m2 +(m +I)2 = (2s+1)2. Upon expanding and simplifying, we obtain 

m(m + l) = 2s(s + l). (4) 

Our argument is therefore reduced to demonstrating the infinitude of solutions (m, s) to the above 
diophantine equation. To solve (4), first observe that if m<s then m(m + l)<2s(s + l), while if 
m>2s then m(m + l)>2s(s + l). Thus, for an arbitrary s GZ+, the only integer values m can 
assume in order that (4) may possibly be satisfied are those in which 2s > m > s. Hence, if (m, s) 
is a solution, then there must exist a fixed r e Z+ such that rn = s + r with 

(s + r)(s + r + l) = 25(5 + 1). (5) 

Expanding and simplifying (5) yields the quadratic, s2 +s(\-2r)-(r2 +r) - 0, in the variable s, 
from which it is deduced that 

2 r - l + V8r2+l ,,N 
* = j • ( 6 ) 

Note that the positive radical has been taken as s > 0. Since s is an integer 8r2 +1 must be an odd 
perfect square. Consequently, we require that 8r2 +1 = (2n +1)2 for some n e Z+, and so r and n 
are solutions of the diophantine equation 2r2 = n(n +1). 

However, by Lemma 2.1, there are infinitely many integer solutions of this equation; hence, 
we conclude that there are an infinite number of integers s of the form in (6) such that (5) is 
satisfied. Thus, equation (4) must have infinitely many solutions (m, s) since m = s + r. 

It is now a simple matter to determine the required expression of the AIRA triples 

(w,w +1,25+1). (7) 

Let Tn denote the positive square root of the «* square triangular number, then by the above, 
r = Tn and so, from (6), we have 

^2r„-i+V8?;2 + i 
2 

Finally, substituting the corresponding expressions for m = s + r and /w + 1 into (7) produces 
(3). • 
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We now prove an interesting fact concerning the prime numbers, which can be deduced by 
showing that the odd base length in the above AIRA triangles is always a composite number, with 
the exception of (3,4,5). 

Corollary 2.1: Ifp is a prime number greater than 3, then neither (p -1)2 + p2 nor p2 + (p +1)2 

is a perfect square. 

Proof: Let m, s eZ+ be such that (m, m +1, 2s +1) is an AIRA triangle, and assume m is a 
prime greater than 3. Clearly, the integers satisfy equation (4) of the previous theorem and so 
2s>m>s. But, in view of this inequality and by assumption, we must have (m, s) = (m, 2) = 1; 
this, in turn, implies (m, 2s) = 1. Further, note that m > s +1, for if m = s +1 = s + Tl9 then 

4 ^ - 1 + ^ + 1 
m-— -— = 3, 

2 
which is contrary to the assumption. Thus, (m,s + l) = l because m is prime; consequently, 
(m, 2s(s+l)) - 1 and so m is not a divisor of 2s(s + X). This is a contradiction, since m\2s(s +1) 
by equation (4). Hence, m cannot be a prime greater than 3. Assume now that m + l is a prime 
greater than 3. Clearly, from the above inequality, m + l>$+l>s, which, via the assumption, 
implies that (m + l, s + l)-(m + l,s) = (m + l,2) = 1. Thus, (m + l,2s(s + l)) = l, and so m + l is 
not a divisor of 2s(s +1), again a contradiction because m + l\2s($ +1). Consequently, since both 
m and m + l are greater than 3 in all Pythagorean triples of the form (m,m + l,2s+l), with the 
exception of (3,4,5), we deduce that m and m + l must be composite. The result now readily 
follows. • 

In view of the previous result, one may question whether the hypotenuses in the above AIRA 
triples are similarly composite for large n. This is the motivation behind the following conjecture. 

Conjecture 2.1: There are only finitely many primes/?, such that p2 is representable as a sum of 
two consecutive squares. 

At present the author, via an application of Corollary 5.14 in [3], has found that primes of the 
form Ak + 3 will fail the condition of the conjecture. Whether there exists an infinite subset of 
primes of the form 4k +1 satisfying the above, is still an open question. 

3, NUMERICAL COMPUTATION 

To conclude this note, we shall apply equation (2.1) to calculate the first six triples. Clearly, 
all that is required is a means of determining Tn, however, we are fortunate in this respect, as one 
may either make use of the formula (see [4], p. 16) 

T"=32(-(l7 + l 2 ^ T + ( 1 7 " X l 4 i y ' 2 ) ' ( 8 ) 

or the recurrence relation where, for all integers n > 2, 
r„+1 = 6rn-r„_1; (9) 

with ^ = 1, T2 = 6. Curiously, equation (8) coupled with (3) will produce an explicit formula in n 
for the «* AIRA triangle. However, from a computational viewpoint, it is more efficient to use 
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(9) because this provides a recurrence scheme for calculating all AIRA triangles entailing fewer 
arithmetic operations. The results of the first six iterations are tabulated as follows: 

TABLE 1. The First Six AIRA Triangles 

n 

1 
2 
3 
4 
5 
6 

T 

1 
6 
35 

204 
1189 
6930 

(47;-i+(8j;2+i)1/2)/2 

3 
20 
119 
696 

4059 
23660 

(42; + l + (82;2 + l)1/2)/2 

4 
21 
120 
697 

4060 
23661 

2r„+(87;2 + l)1/2 

5 
29 
169 
985 
5741 

33461 
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1. INTRODUCTION 

The opportunity to temporarily avoid computational distractions and thereby concentrate on 
new concepts is helpful to many students who find themselves struggling in pre-calculus mathe-
matics courses. For this reason, instructors in these classes often present introductory examples 
that have been carefully designed to require no irrational numbers. 

For example, it is likely that anyone who has taught trigonometry appreciates the utility of 
Pythagorean triples, i.e., nontrivial integer solutions (x, y; z) of x2 + y2 = z2. A well-known char-
acterization theorem for these triples [7, p. 190] enables one to generate an endless supply of 
nonsimilar right triangles whose angles have rational trigonometric function values. 

In the spirit of Pythagorean triples, I present an analogous characterization of those pairs of 
positive integers whose arithmetic, geometric, harmonic, and certain other means are also inte-
gers. In this development, Pythagorean triples will also surprisingly appear in ways that go 
beyond this motivation by analogy. 

2, PYTHAGOREAN MEANS 

In Ms Commentary on Euclid, Proclus of Alexandria (ca. 410-485 A.D.) reports that, while 
traveling in Mesopotamia, Pythagoras learned about the theory of proportionals (means); specifi-
cally, the binary operations we call the arithmetic, geometric, and harmonic means. Later, his 
followers extended this concept to include several other means. The neo-Pythagorean philoso-
pher, Nicomachus of Gerasa (ca. 100 A.D.), and the geometer, Pappus of Alexandria (ca. 300 
A.D.), each presented distinct but intersecting lists often "means" of the Pythagoreans. Most of 
these probably would not qualify as means by modern standards, e.g., [11, p. 84], since they fail 
the (perfectly reasonable) condition that a mean should always return a value between those 
of its arguments. In this article I will restrict attention to those means of the Pythagoreans that 
satisfy this intermediacy condition [12], [13]. 

The first three means common to the lists of Nicomachus and Pappus are the familiar arith-
metic, geometric, and harmonic means, defined by 

a=A(p,y) = £±2-, g = G(p,y) = 4^, h = H(p,y) = ^ . 

Another mean given by both Nicomachus and Pappus is occasionally called the "subcontrary" 
mean, but that name has also been used for the harmonic mean, so I propose the name tetra mean, 
indicating its fourth position in both lists. It is defined by 

Results relating the arithmetic, geometric, and harmonic means are abundant (e.g., [1], [3], [4], 
[5], [6], [10], [11], [13]. [14]). Among the best-known examples, the A-G-H Mean Inequality 
states that, for myp andy, h<g<a, with equality holding if and only if p = y. An easy exercise 
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will extend this to h<g<a<t. The Musical Proportionality and Golden Proportionality state 
that 

*-=* and « = f a p g h 
respectively. The latter is the basis for the Babylonian method of extraction of square roots [2, 
p. 56]. 

To avoid unnecessary computational distractions when introducing these means, we might 
wish to generate nontrivial examples of positive integers whose arithmetic, geometric, and har-
monic means are also integers. (A near-miss is the example p = 6 and y = 12, which gives a = 9, 
h = 8, and g = 6^2. The early Pythagorean number-mystic Philolaus of Tarantum saw this 
6-8-12 relationship as an indication that the cube, with its 6 faces, 8 vertices, and 12 edges, was 
particularly harmonious [8, pp. 85-86].) 

3. MEAN CROWDS 

In the spirit of Pythagorean triples, let us define a mean crowd to be an ordered sextuple 
(P, y, U K a, g) of distinct positive integers such that p<y and t, /?, a, and g are, respectively, the 
tetra, harmonic, arithmetic, and geometric means of/? andj as defined above. 

Lemma 3.1: Let/? and y be positive integers. If any two of the means t, h, and a of/? andj are 
integers, then the third of these is also an integer. Moreover, h and t are of the same parity, as are 
p and y. 

Proof: h + t = 2l^+P^=(P±y£ = p+y = 2a. D 
p+y p+y p + y 

With the assistance of this lemma, it takes only a little experimentation to discover the mean 
crowds (5,45,41, 9,25,15) and (10,40,34,16,25,20). The interested reader might wish to search 
for other examples before reading on. 

Since each of the means A, G, H, and T is homogeneous [i.e., A{kp, ky) = kA(p,y), etc.], it 
is immediate that any positive integral multiple of a mean crowd is also a mean crowd. Let us 
borrow a term associated with Pythagorean triples and say that a mean crowd is primitive if the 
greatest common divisor of its members is unity. 

Conversely, it is clear (by the well-ordering principle) that any mean crowd must be some 
integral multiple of a primitive mean crowd; hence, the problem of characterizing mean crowds 
reduces to that of characterizing primitive mean crowds. 

Lemma 3.2: The mean crowd (p,y,t,h,a,g) is primitive if and only if a and h are relatively 
prime. 

Proof: The "if" part is obvious. For the "only if" part, let (/?, y, t, h, a, g) be a mean crowd 
and suppose that q is a prime common divisor of a and h. By Lemma 3.1, t = 2a-h; therefore 
q divides t. By the Golden Proportionality, ah = g2 so that q2 divides g2, and (since q is prime), 
q divides g. 

Now p+y = 2a and q divides the right side, so either q divides both p and y, or else q 
divides neither/? nory. But, by the Musical Proportionality, ah-py, so q2 dividespy, implying 
that q divides/?, or q dividesy. Hence, q divides both/? and>\ 
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Therefore, any prime common divisor of a and h also divides the other four members of the 
mean crowd (p, y, t, h, a, g), and the desired result follows. • 

4. COMPLEMENTS OF MEAN CROWDS 

Let us define the complement of the mean crowd (p9 y9 t, h9 a, g) by 

comp(p9y,t,h9a9g) = (a-g,a + g,a+h,a-h9a,a-p). 

Lemma 4.1: The "complement" operator is involutory and preserves mean crowds and primitive 
mean crowds. That is, the complement of the complement of any mean crowd is the original 
mean crowd, and the complement of a mean crowd is a mean crowd, which is primitive if and 
only if the original is primitive. 

Proof: Let us denote comp(p, y919 h9 a9 g) by (p\ y'9 f9 h'9 a\ gf). Then we have 
comp[compO, y919 h9 a9 g)] = compO', y\ t\ h\ a\ gf) 

= (a' - g\ a? + g\ af + h\ a' - h\ a'9 af - pf) 
= (a-(a-p),a + (a- p), a + (a-h),a-(a- h), a, a-(a- g)) 
= (p92a-p92a-h9h9a9g) = (p9y9t9h9a9g). 

It is obvious that the members of the complement of a mean crowd are each positive integers. 
Moreover, 

A(a-g9a + g) = a = a'9 

G(a- g9a + g) = J(a- g)(a + g) = ^a2 - g2 =a-p = g>9 

H(a-g9a + g)=ta-P) .= (£L = h> and 
a a' 

T(a-g9a + g) = 2a'-h' = 2a-(a-h) = a + h = f. 

Therefore, the complement of a mean crowd is a mean crowd. 
Now (p, y91, h9 a9 g) is primitive if and only if GCD(a9 h) = l (by Lemma 3.2), if and only if 

GCD(a, a-h) = GCD(a'9 h') = l9 If and only if (p\ y'91\ h\ a\ g1) is primitive (again by Lemma 
3.2). • ' 

5* CHAMACTEMZATIONS OF MEAN CROWDS 

Characterization Theorem (Pythagorean Triple Form): Let p and y be positive numbers with 
p < y and let a, g9 h9 and t be the arithmetic, geometric, harmonic, and tetra means, respectively, 
®fp and y. Then the ordered sextuple (p, y919 h, a9 g) is a primitive mean crowd if and only if 
there exists a primitive Pythagorean triple (w, v; w) such that p = w2 -wv and y = w2 + wv. 

Proof: (If) Let (u9 v; w) be a primitive Pythagorean triple with p = w2 - wv and y = w2+wv. 
Then 

a = w2, g = ^J(w2 - wv)(w2 + wv) = Vw4 - w2v2 = ^w2(w2 - v2) = wu9 

h = £=(wt^ = u2^ md t = 2a-h = 2w2-u2; 
a w 

each a positive integer, and therefore, (p9 y919 h9 a9 g) is a mean crowd. Moreover, GCD(a, h) -
GCD(w2, u2) = 1 since (u9 v; w) is primitive; hence, (p9 y, t9 h, a9 g) is primitive by Lemma 3.2. 
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(Only if) Let (p, y, t, h, a, g) be a primitive mean crowd. Then GCD(a, h) = 1 by Lemma 
3.2. But ah = g2 by the Golden Proportionality, so a and A are both squares. Also, by Lemma 
4.1, comp(p, y, t,h,a, g) is also a primitive mean crowd, and so, by the same reasoning, ft is 
also a square. Therefore, (4h, <Ja-h; 4a) is a Pythagorean triple. Clearly, any common divisor 
of 4a and 4h is also a common divisor of a and h; hence, (4h, Ja-h; 4a) is primitive. • 

This form of the Characterization Theorem allows for a striking illustration of the comple-
ment operator, as follows: The primitive mean crowd (w2-wv, w2+wv, 2w2 -u2, u2,w2,wu) 
is generated by the primitive Pythagorean triple (u,v;w); its complement is (w2 -wu,w2 +wu, 
2w2 -v 2 , v2, w2, wv), which is, of course, generated by the permuted triple (v, u; w)—quite liter-
ally a "complement." 

Characterization Theorem (Sum of Squares Form): The ordered sextuple (p, y, t, h, a, g) is a 
primitive mean crowd if and only if there exist relatively prime integers a and f3 of opposite parity 
and/?<a such that either p = (a-p)2{a2 +(12) and y = (a+ft)2(a2+f}2) or p = 2/32(a2+/32) 
mdy = 2a2(a2+/12). 

Proof: The characterization theorem for primitive Pythagorean triples [7, p. 190] states that 
(u, v; w) is a primitive Pythagorean triple with v even exactly when there exist relatively prime 
integers a and ft of opposite parity with a > {5 > 0 and u = a2-fi2, v = 2ap, and w - a2 +/?2. 
The desired result now follows immediately from the preceding theorem. • 
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In [4], using the method of Carlitz and Fems [1], some identities involving generalized 
second-order integer sequences were given. The purpose of this paper is to obtain the more 
general results. 

In the notation of Horadam [2], write Wn - Wn(a9b; p,q) so that 

K=PK-i-9K-2, W0 = a,Wl=b, n>2. (1) 

If a and /?, assumed distinct, are the roots of X2 - pX + q = 0, we have the Binet form (see [2]) 

Wn = Aan + B/r, (2) 
where .4 = £ f and 5 = ^ . 

Using this notation, define Un = Wn(0,1; p,q) and Vn = Wn(2,p; p,q). The Binet forms for Un 

and V„ are given by Un = (an-/Jn)/(a-/3) and Vn = an+J3\ where {Un} and {V„} are the 
fundamental and primordial sequences, respectively. They have been studied extensively, particu-
larly by Lucas [3]. 

Throughout this paper, the symbol (^) is defined by ("j) = n jUn-i-jy. • 
To extend the results of [4], we need the following lemma. 

Lemma: Let u = aorj3, then 
-qm+l + pqmu + u2(m+V) = Vmum+2. (3) 

Proof: Since a and f3 are roots of A2 - pX + q = 0, we have a2 = pa - q and J32 = pfi-q. 
Hence, 

-qm+l + pqmu + u2(m+l) = qm(pu- q) + u2im+l) = qmu2 + n2(m+1) 

= um+2(qmu-m+um) = (am +Pm)um+1 = Vmum+2. 

This completes the proof of the Lemma. 

Theorem 1: _^m + 1^ + ^ M ^ ^ ^ = Vjrh^%. (4) 

Proof: By the Lemma, we have 

-qm+l + pqma + a2(m+l) = Vmam+2 and -qm+l + pqmp+^2(7W+1) = VJ3m+1. 

Theorem 1 follows if we multiply both sides of the previous two identities by ak and fik, respec-
tively, and use the Binet form (2). 

Theorem 2: 
u = ( / < r I G"l(-i)^(ffl+1)^m+2),+2(m+i)^- (5) 

/+ f+s=n V ? J ' 
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¥V(m+2)n+k-Vm Zu \j j ]\ l) P H n2(m+l)H 
i+j+s=n V ' J ' 

)i+J+k-
i+j'+s- (6) 

i+j+s=n V ' -̂  / 

Proof: By using the Lemma and the multinomial theorem, we have 

)i+2(m+l)j (pqmyu"= £ (n)(-iyq{m+l)sV^m+2)H 

ynu(m+2)n _ X^ f Ji \ _ j y j mj+(m+l)su2(m+l)i+j 

= £ f.w.](-i)V^1)^^>(,,,+2)'+y. u2(m+l)n 

i+j+s-

If we multiply both sides in the preceding identities by u and use the Binet form (2), we obtain 
(5), (6), and (7), respectively. This completes the proof of Theorem 2. 

PnqmnWn+k - S^J(-1)^(m+1)<w-y)^2(^i)y^ - 0 (mod Vm). (8) 

W2(m+l)n+k-(-lTqmnW2n+k - 0 (mod Vmy (9) 

Proof: From (5) and (7), by using the decomposition Ti+j+s=n = Zi+j+s=„,i=o+Z<i+j+s=nj*o 
and Theorem 2.1 of [4], we get Theorem 3. 
Remark: When we take m = 2,4, and 8, the results of this paper become those of [4]. 
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SOME IDENTITIES INVOLVING GENERALIZED GENOCCHI 
POLYNOMIALS AND GENERALIZED FIBONACCI-LUCAS 

SEQUENCES 

Zhizheng Zhang and Jingyu Jin 
Department of mathematics, Luoyang Teachers College, Luoyang, Henan, 471022, P.R. China 

(Submitted November 1996) 

1. INTRODUCTION 

In [7], Toscano gave some novel Identities between generalized Fibonacci-Lucas sequences 
and Bernoulli-Euler polynomials. Later, Zhang and Guo [9] and Wang and Zhang [8] discussed 
the case of Bernoulli-Euler polynomials of higher order and generalized the results of Toscano. 

The purpose of this paper is to establish some identities containing generalized Genocchi 
polynomials that, as one application, yield some results of Toscano [7] and Byrd [1] as special 
cases, as well as other identities involving Bernoulli-Euler and Fibonacci-Lucas numbers. 

2. SOME LEMMAS 

It is well known that a general linear sequence Sn(p9 q) (n = 0,1,2,...) of order 2 is defined 
by the law of recurrence, 

SniP, 4) = pSn-l(P, 9) ~ <lSn-l(P> 4)> 
with S0, Sx, p, and q arbitrary, provided that A = p2 - Aq > 0. 

In particular, if S0 - 0, Sx = 1, or S0 = 2,Sl = p, we have generalized Fibonacci and Lucas 
sequences, respectively, in symbols Un(p, q), V„(p,q). 

If a, fi (a > J3) are the roots of the equation x2 - px + q - 0, then we have (see [7]) 

U„((p,q) = ^ ^ , V„(p,q) = a"+/3", (1) 

S„(p,q) = (si-±Soyn(p,q) + ±SQV„(p,q). (2) 

We assume 

and, using (1) and (2), we deduce that 

S„(x;p, q) = {x-^y^UM q) + \kVn(j>, q), (3) 

Sn(x;p,q) = xa" + (k-xW. (4) 

From this point on, we shall use the brief notation Un, Vn, and Sn(x) to denote Un(p,q), 
K(P> 4), a n d Sn{x\p9 q), respectively. 
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By adapting the method of [7], [8], and [9] to Sn(x), we have obtained the following results 

s:(x)+(-iys?(k-x) 

hi Z \Z)KUtrkm-2rV:-2r(2x-kyr (veven), 

hv Z [2^+MHV2)Urikm-2r-%^2r-\2x-kf^ (vodd), 

s;(x)+H)X(*-*) 

= Z W9"r[^"(m-2r) + (-l)"a"(m-2r)]xr(A: - *)' 

%i)qnrVn^r)xr(k-xy-r (veven)s 

-n™)<l"rtinU„im-2r)Xr(k-Xr-r (V0dd) , 
r=0V / 

(5) 

(6) 

5^(x) + ( - l )X(* -« ) 

2^™ymxm(k - x)m + t^y%r,(rn-r)[xr(k - x)2n"r + x2m~r(k - x)l (v even), 
(7) 

m-l 

I. r=0 

2m £ 7 ^A1/2tf2n(m_r)[x'(*-x)2m-' + x 2 - ^ - x y ] (vodd), 

5;, (*)+(-i)X" +1(* - x) 

r=0 

2m + l <7"%r2m-2r+n[*r(* - xrm-r+1 + * " r ( * - *)H (" even), (8) 

£ " " / * )<7"rA1/2t/„(2m_2r+1)[xr(* - xfm-^ + x 2 " " ^ ^ - xj] (v odd), 
L r=0V 

and the generating functions 

Z ^ = i [exp( '«n)-exp(/ /?")] 
r=0 

and 

r! 

Z 5 ^ = «p(/a-) + exp(^"). 
r=0' • 

(9) 

(10) 
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3, THE MAIN RESULTS 

The generalized Genocchi polynomial is defined as (see [4]) 

From this definition, it is easy to deduce the following properties (see [4]): 

G<*>(*-x) = (-ir*Gf>(x), (12) 

Gf+1>(x) = 2n(k-x) G<,k_\(x) + j(n-k)G<,k\x). (13) 

In particular, Gjp(0) = Gn (Genocchi number, see [3]). 
From (11), replacing t by A1/2f//, we have 

x W ) , x(A1/2C/J)r 2kAk/2Uktk
 t AV2TT. 

> GfHx) ^u- = —r^—n rr exp(xAy 2Uj) 

3,A1, exp[r(xa" + (* - x)/T)]. 
[exp(anO + exp(^w0f 

Therefore, 

Hence, 

oo / Allljj fy 

[exp(a"0 + exp(yg"OfXGrW(x) , = 2kAk/2Uktk exp(tSn(x)). 
r=0 T • 

{1^J{ I 3fc) W ^ T F ] - 2fc A-2c/y «p(^(x)). 
Vr=of • y v=o f • y 

We now expand the product figuring in the left member into a power series of t, compare 
with the expansion of the right member, and obtain 

±(™)xl2U&k\x){m-r)\ £ ^ - ^ V V 
r nrx

 r nr 

r=OV / rl+-+rk = m-r r l ! Tk! (14) = (m)k2kAk/2UZS!Tk(x). 
If we replace x by A - x in (14) and use (12), we find 

V V 

= (m)k(-\)k2kAknUkSrk(x). 

From (14), (15), (5), (7), and (8), we have 

[m/2]y \ V V 
1 ( 5 WU2

n
rG£\x)(m-2r)\ £ -=1...-=L 

r=0 V / rl+-+rk = m-2r rV rkl 

(15) 
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^ t t n U k " X (m-r
kyrU2„rk"'-k-2'-Vrk-2r(2x-kr C^even) 

/ w \ {{m-k)l2\ r j x 

&h_ip+wUk £ tm-kyU2r+lkm-k-2r-lvrk^l{2x_k)2r+1 (kQddl 

m-k-\f _jS\ 

x I r W ^ ^ ^ K ^ - ^ r ' " ^ ^ ^ ^ - ^ ] (*even), (17) 

[w-A:-2l 

U ™ ) ^ * - 1 ^ 1 ^ * t fw,:*V"l/-(-*-2r)[*r(*-*),,h"*"r+*m"*"r(*-*)r] (*odd)-

We also obtain 

r=0 V V r,+ - rk = w - 2 r - l r l ! ^ ! 

= (m)k2k-lAk/2U*[S™-k (x) - {-\)kS™~k (x)] 

™rA*/2£/* X 2r + jAr+<1/2^f+1/tm-fe-2r-1rn
m-i-2'--1(2jc-A:)2r+1 (A: even), 

2" r=0 Kr J (18) 
^ A W 2 C / „ " Z r 2 7 A r [ / 2 ^ - i - 2 T r t - 2 ' ' - 1 ( 2 x - ^ (*odd), 

f(m)it2*-1A*/2l7*(l + (-q-W-wf (Jjky2)x(m-k)/2(k - xf^'2 

[(m-Ar-2)/2] / , \ 

+(m)k2k-itf,2u!i x ['M;*j^f;(m_,_2r)[x'-(A-xr-^+x'»-^(A-x)'-] (*0dd), 
[(m-A:-2)/2] • , \ 

r=0 ^ ' 

+ x/w-Ar-r(it-x)r] (A even). 

4. SOME CONSEQUENCES 

If we take x = k 12 in (16) and (18), then 
[ w / 2 ] x _ x 1/ V 

E fc A«)(i/2)(».-2r)! X -*...-=(-
r=0 ^ ' >yf--•+rk = m-2r rl' rk ' 

\^^^/2UkJm-kVrk (*even), 
2(«-2*) " w » " r » v~ w W1 v> ^ 0 ) 

(A odd), 
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r=0 ^ ' r 1+---+r^=w-2r-l rV *> 

) (A even), 

{ J ^ ^ ^ 1 * - ^ * (*odd). (21) 

Talking £ = 2 In (20), again using G2r(l) = -G2r (see [4]) and recurrence relation (13), we get 
[AM/2] /- x m-2r f n \ 

I (2
W

rjA-1C/„2^1)(l-2r)G2r X (7W-2rjF„/„(m_2r_y) = 2 F r 2 ^ - l ) - (22) 

Taking £ = 1 in (21), using G2r+1(l/2)= r ^ 2r, where E2r is the Euler number (see [4]), 
and m --> m +1, we get (22) of [8], namely, 

| W 2 ] x x rp 1 

I (£JA^r # ^ « = ̂ =rC- (23) 
In (22), using G2r = 2(1 -2lr)Blr, where i?2r Is the Bernoulli number (see [2], [4]), we obtain 

[m/2] / x m-2r / ^ \ 

2 [2
W

rjA-1C/„2^1)(l-2r)(l-220^ I f}2"]^;^^-;) ^""V*-!). (24) 
If we take /? = 1 and q = -l, then £/„(!, -1) = Fn {Fibonacci number), Vn(l, -1) = Ln {Lucas 

number), and from (23) and (24) it follows that 
[ml2]r x rp -. 

\ml2\/ x m-2r f * \ 

X ^ j 5 - i e ( l - 2 r ) ( l - 2 2 0 5 2 r £ ( ; J4,4(m-2r-,) = w ( w - l ) ^ r 2 , (26) 

where (25) is the result of Byrd [1]. 
If we take p = 2 and q = - 1 , then C/„(2, -1) = Pn {Pell number), Vn{2, -1) = Qn {Pell-Lucas 

number, see [5]), and from (23) and (24), it follows that 
[m/2] ( [m/2] / x i 

X [ 2 f \2rPnrE2rQn{m-2r) = ~^\Qn ? ( 2 7 ) 

[w/2]x x m-2r f ^ \ 

X ^J8-1^(l-2r)(l-22052r S [ ^ J O A ^ - , ) =«(«-l)Qr2. (28) 

5. RESULTS IN TERMS OF THE POLYNOMIALS E„(n), T„(«), Q„(H), AND ¥„(«) 

The Bernoulli and Euler polynomials allow themselves to be expressed as follows: 
Bm(x) = S»(«), « = * 2 - x , n = 0,1,2,..., 
E2n(x) = Tn{u), u = x2-x, n = 0,l,2,..., 
\ - i W = (2x -1) «„_!(«), w = x2 - x, n = 1,2,..., 
E^ix) = (2x -1) ¥„_,(«), if = x2 - x, n = 1,2,..., 
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where E, T, O, andT are all polynomials in u (see, e.g., Subramanian and Devanathan [6]). 
Applying (15), (16), (20), and (21) of [7], we get the following: 

[(/w-l)/2]x x [{m-l)l2]t 

X £)Aru?un(n_2r)zr(u)=^=Tun I K ; 1 )xu?vr2r-\i+4uy, (29) 

[(m-2)/2]x x [ ( / M - 2 ) / 2 ] / - . x 

X 2^1 A ^ + V H A ( « ) ^ ^ S (J;1!)KUriVr2r-2(l + 4uy, (30) 
[m/2]x x [w/2]x x 

X 5 Ar[/X(m-2,)T» = i ^ Z J k[/Xm-2r(l + 4«)r, (31) 
[(w-l) /2]x x 1 [{m-l)l2}/ ..x 

X W+MUn+lV<m-2r-»%W = ̂ Un X £ \ A^rlC-2r-10 + 4«)r. (32) 

6. A REMARK 

From our main results (16), (17), (18), and (19), according to different choices of k, x, p, and 
q, using recurrence relation (13), we can obtain many interesting identities. 

Our results have been numerically checked and found to be correct for m < 5. 
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T H E DIOPHANTINE EQUATIONS x2-k = Tn(a2 ± 1) 

Gheorghe Uclrea 
Str. Unirii-Siret, Bl. 7A, Sc. 1, Ap. 17, Tg-Jiu, Cod 1400, Judet Gorj, Romania 

(Submitted November 1996) 

It is the object of this note to demonstrate that the two equations of the title have only finitely 
many solutions in positive integers x and n for any given integers a and k, k * ±1. In these equa-
tions, (X)„>0 is the sequence of Chebyshev polynomials of the first kind. 

1. Chebyshev Polynomials of the First Kind (^(-^OX^o* 
These polynomials are defined by the recurrence relation 

Tn+1(x) = 2x-Tn(x)-T„_1(x), (V)x eC,n eN*, (1.1) 

where T0(x) = 1 and Tx(x) = x. 
We also have the sequence (Tn(x))n>Q of polynomials "associated" with the Chebyshev poly-

nomials (Jw(x))w>0: 
Tn+1(x) = 2x-Tn(x) + Tn_l(xl x sC,n eN\ (1.2) 

with TQ(x) = 1 and Tl(x) = x. 
The connection between the sequence (Tn)n>0 and the sequence (Tn)n>0 is given by the 

simple relations, 
Tk(x) = ^ , 

Tk(x) = ^,keN,xsC, 
(1.3) 

where / = - 1 . 
Two important properties of the polynomials (X)„>0 are given by the formulas 

I^(cos^) = com<p, n eN,<p eC, (1.4) 

and 
UT„(x)) = Tm„(x), (\/)m,neN,(V)xzC. (1.40 

Also, we observe that 

ro(w) = 1 W = 1 

^(TTHTH2*2-3) % ) = T H 2 * 2 + 3 ) 
^ H * 4 - 4 x 2

+ l f4(^) = 2r4
+4*2

+l 
r

5 ( ^ ) = W - ( ^ 4 - 1 0 x 2 + 5 ) T5(-^) = ^.(4x2
 + l0x2

+5) 
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2. The Equation x2-k = Tn(a2 -1). 

Lemma 1: If (Tn(x))n>0 is the sequence of Chebyshev polynomials of the first kind, then one has 

Tr!(a2-l) = 2-T2(-^)-l, (MneN,<y)aeC. (2.1) 

Proof: Indeed, we have 

Tnia2 -1) = Tn ( 2 - ( - ) 2 -1) = r„(r2(-)) = r2„(-) 

=r2^(w))=2-r«2te)-1- Q-ED-
Lemma 2: We have 

2-T^)^z2
m,zmsN*, (2.2) 

where n-2m +1, THGN. 

Proof: Indeed 

2 - ^ ) = 2 . ^ + 1 ( ^ ) = 2 . ( - . ( . . . ) ) 2 

= a2-(-)2 = (a(-)Y=z2
m, zmeN*. Q.E.D. 

From Lemma 1 and Lemma 2 one obtains, for n - 2m +1, m e N, Tn(a -1) = T2m+l(a -l) = 
zm ~ 1> where zm e Z. Thus, x2 - A: = z2 - 1 , which can be solved immediately, giving only finitely 
many possible values of x, if k * + l (see [2]); hence, only finitely many possible corresponding 
values for n = 2m +1, m eN. 

For n = 2m, msN, from Lemma 1, one obtains 

T„(a2-\) + l = 2-T2(-^) = 2-z2
m,zmeN, 

where 

^=Ut)=rte))=2'%)-1=2'<-i 
if m is even. If m = 2X +1 is odd, we have 

/ x \v2
m-l,m = 2A + l,AGN, 

*.=u*H 2 (23) 
2w 2 - l , m = 2X,l&N. Consequently, one gets 

x
2-k = T„(a2-\) = 2.Tt(£-l=-

2 - ( v 2 - l ) 2 - l , modd, 

2-(2w2
m - 1 ) 2 - 1 , weven, 

2 - V m - 4 v m + 1 ' WOdd, 

8wl - 8w2 +1, w even. 

(2.4) 
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Thus, we obtain either 

x2 = 2v*m-4vl+k + l = T4fy) + k (2.5) 

or 
x 2 = 8 w i - 8 w i + * + l = Z J K ) + *, (2.6) 

and each of these equations has but a finite number of solutions in Integers for each given k-±\ 
(see [2]). Thus, for each given k eZ, k ^ ±1, there are but finitely many possible values of x, and 
hence of corresponding n = 2m, m GN . 

3, The Equation x2-k = Tn(a2 +1). 

Lemma 3: If (7^)„>0 is the sequence of polynomials "associated'8 with the Chebyshev polynomials 
(Tn)n>0> t h e n ° n e h a S : 

(a) f4^) = 2^Tn%)-(-l)\nsN; 

(b) TM2+l) = T2„(-^\nGN; 

(c) Tn(a2
 + l) = 2.T/(^)-(-l)\nGK 

Proof: 
(a) We have: 

%)=^4^=("ir-r2"(;'-^=("ir'r2W''*') 
= (-D"-[2-7;2(/.^)-i] = ( - i r . [2 . ( / ' ' . f„ (^) ) 2 - i ] 

= ( - l )"- (2 . ( - l )"- f n%)- l ) = 2 - f„ 2 (^ ) - ( - i r . Q.E.D. 

(b) 

^)-^^=(-1)"-r4^)=(-1)"-^(-w)) 
= ( - l ) " - ^ 2 - ( ^ - ) 2 - l j = (-l)"-r„(-a2-l) 

= (-l)"-(-l)"r„(a2+l). Q.E.D. 

(c) For « = 2/w + l,m GN, we have 

where 

Thus, In this case, we obtain x2 - k = z2
m +1, and the result follows as before. 
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For n - 2m, m e N, we have 

Tn(a2 + l) = T2m(a2 + l) = 2.T2
2

m(-%)-l = 2.tl-l, 
where 

\2wm - 1 , m even. 

Consequently, we have 

. 0 |2- (v2+l) 2 - l , modd, f2v*+4v2+l, m odd, 
7 > 2 + l) = 7 2 > 2

 + lH w ' ' = " " (3.1) 
\2-{2w2

m-\)2-\, meven, [8w* - 8HT +1, /w even. 
Thus, we obtain 

x2=2v4
m+4v2

m+k + l = f4(^) + k (3.2) 
or 

xi = Sw*m-8w2
m+k + l = T4(wm)+k (3.3) 

and the result follows. In this case, as before, for each given k^±l, there are finitely many pos-
sible values of x, and hence, only finitely many possible corresponding values for n = 2m, m GN . 

This concludes the proof of the result of this paper. 
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A GENERALIZATION OF THE KUMMER IDENTITY AND ITS 
APPLICATION TO FIBONACCI-LUCAS SEQUENCES 

Xinrong Ma 
Department of Mathematics, Suzhou University, Suzhou 215006, P.R. China 

(Submitted November 1996-Final Revision April 1997) 

1. INTRODUCTION 

We assume that the reader is familiar with the basic notations and facts from combinatorial 
analysis (cf. [1]). In [2] and [4], H. W. Gould and P. Haukkanen discussed the following trans-
formation of the sequence {Ak}™=0, that is, 

S(n) = fd(fyt"-kskAk for» = 0,l,2,.... (1) 

Let A(x) and S(x) be the formal series determined by {Ak}%=0 and {S(k)}^=0. Then 

They found that transformation of (1) or (2) is related to Fibonacci numbers. Recently, Shapiro et 
al. [8] and Sprugnoli [10] introduced the theories of the Riordan array and the Riordan group, 
respectively, in an effort to answer the following question: What are the conditions under which a 
combinatorial sum can be evaluated by transforming the generating function? We think that the 
works of Gould and Haukkanen mentioned above can be extended by using the Riordan group or 
the Riordan array. We adopt the concept of the Riordan group in this paper because both 
theories are essentially the same. It is certain that the idea of the Riordan group can be traced 
back to Mullin and Rota [5], Rota [6], and Roman and Rota [7]. The reader is referred to [5]-
[10] for more details. In the present paper we are concerned with the following identity, called 
the Kumrner identity: 

x"+y"= I (-\)k-~(n'kk\x^yT2k{xy)k. (3) 

It is well known that the number (~l)k-^(n~k
k) is closely related to the pr'ohleme des menages 

and the Kummer identity is closely related to the Fibonacci-Lucas sequence (cf. [11]). With the 
help of the Riordan group, we give a generalization of the Kummer identity as follows. 

Theorem 1: V x j and z e R with xy 4-yz + zx = 0, the following identity holds: 

J C -+y + z »= X -r^(n~kk\x+y+z)"~'\xyz)k- (4) 
0<k<n/3n LK V / 

It is reasonable to believe that the above identity can find some application to the second-
order Fibonacci-Lucas sequence as the Kummer identity does; this needs to be discussed further. 

Remark: According to the referee, it is worth noting that the Kummer identity and Theorem 1 
can also be obtained by the use of symmetric functions, a large and older literature that dates back 
to Albert Girard in (1629) and concerns summation formulas for the powers of the roots of 
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algebraic equations. Actually, in view of symmetric functions, these results may be extended in 
various forms to deal with t" +1\ + • • • + t%, where ti are the distinct roots of certain algebraic 
equations. However, not completely new as it is, we rederive it by using the Riordan group for 
the purpose of establishing some combinatorial sums as well as a reciprocal relation satisfied by 
two famous numbers in the literature. 

To make this paper self-contained, we need some elementary results regarding the Riordan 
group. 

Definition 1: Given d(t\ f(t) eR[t] with f(0) - 0. Let dn>k be the number given by 

d„=[n(d(t)/k(t)x (5) 
where [tn](-) denotes the coefficient of f in (•). Write M = (d{t\f{t)) for matrix (dnJc) with 
entries in R, and MR for the set {M = (d(t\ f(t))\f(0) = 0}. Then MR is referred to as the 
Riordan group endowed with the binary operation * as follows: 

(d(t), f(t)) * (h(t), g(t)) = (d(t)h(f(t)), g(f(t))), (6) 

where h(f(t)) denotes the composition of h(t) and f(t) just as usual. 

Theorem 2: (Cf. [9].) Let d^k be defined by (5) and F{t) = Zk>0aktk. Then 

%dn,kak=[nd(t)F(f(t)). (7) 
n>k>0 

As far as the Kummer identity (3) and its generalization (4) are concerned, we know from [9] 
that 

«w=h£M) - Mn~*2k 

are just two elements of MR. Based on this result, (3) can be verified directly and (4) can be 
rediscovered. 

2. PROOF OF THEOREM 1 

Recall the facts mentioned in the last section. We can obtain two preliminary results directly 
from Theorem 2. 

(8) 

Lemma 1: Let F(t) = Zk^tk and G(t) = I.kil^-tk. Then 

Proof: Since 

x * r * i k~i j ' \ k J - - ~ T I k-i 
and 

n-k\_n-k(n-k-]\ (n-2k\ n-2k(n-2k-l 
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From Theorem 2, (8) and (9) follow as desired. • 

Lemma 2: V a,b and ceR. Then the following Identities hold: 

0<k<nl2 n - K \ » J 

for all a and b satisfying a + h = l; 

°"+b"+c»= X ^ U » - 2 * W (11) 
0<k<n/3n Z / C V / 

for all a + Z? + c = 1 and ah+hc + ca = 0. 

Proof: It suffices to show (10) because a similar argument remains valid for (11). From 
Lemma 1, it follows that 

F(t) = Y^p-tk =-ln(l + aA0 (12) 
k>\ * 

and 

= l n ( l - 0 - l n ( l - r + afo2). (13) 

Consider that a + b = 1 if and only if 1 - / + a i r = (1 - a* )(1 - bt). Thus, it is easy to verify that 

F\j—\ = \n{l-t)-\n(l-at)-\n(l-bt) (14) 

and 

n[f]f ( t2 

yl-t 
-l+an+bn. (15) 

Combining the above result with (10) gives the complete proof of the Lemma. D 

Proof of Theorem 1 via theRiordan Group: Let 
x j . y A z 

a- , b = — , and c = -
x + y + z x + y + z x+y + z 

We see that ab + be + ca = 0 equals xy + yz + zx = 0. Then Theorem 1 follows as desired. D 

A similar proof of the Kummer identity (3) was also found by Sprugnoli in [9]. 

3, APPLICATION 

In this section, by setting specified values a and b into Theorem 1, we will find various com-
binatorial identities. 

Example 3.1: Let a - (x + vx2 - 4) / 2x and b = (x- vx2 - 4) / 2x. Then (10) gives a generali-
zation of the very old Hardy Identity, 
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V/- ,vt " (n-k}„„-2k _(x + ylx2-4)"+(x-^x2-4)" 
^ } 7^k{ k x - r 
:k<« 1 " ft V / ^ 

(16) 
0<k<n/2 

Example3.2: Let a = tmd b = l-t. Then 

k=0 

This implies that 

^ + (1_02„ = J(_1)t_^_(^2«-^(K1_0), (1?) 

iM^V-')-®- <i8> 
where m is an integer, 0 < m < n -1. Thus, 

(2n + \\ 

^feiT2- (19) 

It is worth noting that the above two identities are missing from [3]. 

Proof: Equation (18) can be obtained by comparing the coefficient of tm and (19) can be 
obtained by integrating from 0 to 1 on both sides of (17). D 

Note that the same method exhibited above is often used when we proceed to set up a com-
binatorial identity. 

Example 3.3: Let Fn be the rfi1 Fibonacci number defined by 

\F„+2=Fn+l+Fn (n>0); 

Then 
F-+F~-tM"*k) ^2) <21) 

Furthermore, we have an arithmetic identity, 
Fp+Fp_2 = l(modpl (22) 

where/? is a prime. 

Now let us focus attention on (4). Without loss of generality, we suppose that x, y, and z are 
all roots of a given equation, 

X3 - (c - bx)X2 - (cbx -b2)X- cb2 = (X- c)(X2 + bxX+b2). 

Then xy+yz + zx - 0 is equivalent to condition cbx - b2. Thus, from the Kummer identity (3) and 
its generalization (4), it follows that 

*n+yn= Y{-irk^[\k)br2% (23) 
0<fc<«/2 n K\ J 

and 
x"+y"+c"= £ ^(»-to\c-br-*icitf. (24) 

0<k<n/3n LK V J 

342 [AUG. 



A GENERALIZATION OF THE KUMMER IDENTITY AND ITS APPLICATION TO FIBONACCI-LUCAS SEQUENCES 

Under the condition that cbx = b2, the above identities lead to the following theorem. 

Theorem 3: V% r2 e i?. Then we have 

0<£<«/2 ^ ^ V 7 0<k<n/3n~Zf€\ J 

We are convinced that this result includes a series of combinatorial identities. To justify this 
claim, we write down some interesting identities below. 

Example 3.4: Let tx = l, t2=t. Then 

which implies that 

i+ Y( iy»-* n (n~k]= V U. (2i\ 
J£2

 } (n-k)(n-k + l){ k ) Q^n/3(n-2k)(n-2k + l) l } 

and 

0<k<n/3 

Example 3*5: 

s<-^CT--*H("--)- <28) 

<"+ I ^ " - ' A l V ) ' ' ' 2 ^-(""^IC-D"-"'1', (29) 
0<k<n/2 ». «• v / 0<*<n/3 

which implies that 

_L_+ v r n"-A " fw-*l = Yr-ir-3* ^ OG) 
» + l o,S/2 ' (»-*X* + l)l * J «&£, ' („-2kYn-k + l)("Y ( # I - 2 A ) ( / I - * + 1 ) I ^ 

and 
V/- n«-*-m_«_fn-2AV«-3A>\_ , iv,-m » (n-m\ , ~ n 

0<A:^«/3 

Exploring further, let tx = 1/Vl-x, f2 = V l - x , and w be replaced by 2w. Then Theorem 3 sug-
gests the next example. 

Example 3.6: V 0 < x < 1, the following holds: 

= ^ » r2»-2*w3t(1_x)-B+ti 
0<&<2«/3n %\ J 

Using the generating function technique to expand (l-x)"w into a formal series of the power of x, 
this identity gives 
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0</<+ocA / 0<k,i<n Ml n \ J \ 

_ v n (2n-kYn-k-\ + i\ „2n-3k+i 
- L -^Zk{ k [n-k-i r 

0<k<2n/3n K V J V J 
By the same argument as taken in Example 3.2, we can derive 

n (2n-2kYm + 2k-n-i\_(n 
n-k{ k 11 n-k-l J-l n-\ 

-k\ . 

(33) 

Q<k<2nl3 

for all m>n + l, and 

2-r ZTTX k n-k-\ ~ w-1 ^ 

0<fc<2«/3 
Z fl (2n-2k\(m + 2k-n-lL\ 

n-k{ k Jl w - * - l J 
fc<2«/3n * \ / V / 

_ f w - l + JifV v / i\"*k 2n (2n-k\(n-k 
(35) 

0<k<n 

for all m<n. 
As mentioned earlier, the coefficient appearing on the right-hand side of the Kummer iden-

tity (3) is closely related to the number ju(n) of the reduced menages problem with n married 
couples, for which there exists an explicit computing formula as below: 

*•>= i <-»"2£i(V>-*>' 
0<k<n Ml H \ J 

In the meantime, it is also well known that, for the set [n], the number d(ri) of derangements of 
[n] is equal to 

k=0 kV 
The most important case related to applications of Theorem 1 is that we find the following 

reciprocal relation connecting ju(ri) with d{n) be means of (32). Indeed, the following theorem 
follows from (32). 

Theorem 4—The Reciprocal Relation: Given ju(n) and d(n) as above, we have 

ju(n) = fdA(n,k)d(k) (36) 
k=0 

if and only if 

d(n) = fdB(n,k)ju(k), (37) 
k=0 

where A(n, k) and B(n, k) are given, respectively, by 

and 
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***)-g<-ir(7X*-<} 
Proof: T o prove (36), w e first note that 

Q<i<n V / 0<k,i<n 

^k+i In (in -kVn- k^\ ^ 

jt_(2n-2k)(n-k-l + i i 2„-3k+i 
n+i<3k<2nr = S „-k{ k A n-k-\ 

Multiply both sides of this identity by ex and then integrate from -oo to 1. Consider that 

J^x'exdx = (-iyd(i)e and J^(1 -x)"-kexdx = {n-k)\e. 

Set these into the above identity, to obtain 

o</<« V / 

0<k<2nl3 

which leads to 
Oi-l+i^ 

/*") = - Z t HMO 
o</<«V n ^ J 

^ n—k. 
o<^<2»/3fi * v * y 

2n-k n-k-l+i , „ , . , . 
\(-lfn-3k+1d(2n-3k + i) 

n-k-l 

'2w-^V/+2A:- / i -n ^ fn-l-i 
Q<i<n {0<k<2n/3/s * ^ A r y ^ J I f f l y ()</<„ \̂  W 1 y 

HMO. 

Combining the above result with (35) yields the complete proof of the theorem. 
N o w w e proceed to prove (37). Let <j>x and </>2 be the two roots of the equation X2 -xX + 

1 = 0 . For simplicity, w e write Hn for (f>\n + $?. Then, from the Hardy identity (16), w e have 

On the other hand, observe that $i + $2
 = x anc* ^ 1 ^ 2 = * • W e can show by induction on n that 

o<£<« v / 

Thus, relation (37) reads out from the above identities immediately as desired. • 

Evidently, B(n, n) = 1, B(n, k) = 0 (n<k), which gives a new efficient recurrence relation for 
ju(n) as follows: 

ju(n) = d(n)- ^B(n,k)ju(k). (38) 
0Zk<n-l 
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Besides its application to combinatorial identities, we also find that identity (4) is closely 
related to the second-order Fibonacci-Lucas sequence. Let Q(Al3^2) denote the set of second-
order Fibonacci-Lucas sequences, defined as follows: 

J4+2 = V*H-I+^24 0*^°); 

Let xh x2, xx* x2 be the two roots of the equation x2 -Xlx-X2 = 0. Then we have 

Lemma 3—De Moivre Formula: (Cf. [11].) Let l£_1) e 0(/L1? X2) and xt (i = 1,2) be given as 
above. Then 

x? = $>xi+I$>, (39) 

where L^ and 1$ are the second-order Fibonacci-Lucas sequences with c0 = 1, q = 0, and 
c0 = 0, q = 1, respectively. 

Let c = t GR. Then the conditions that a + b + c = 1 and aft+6c + ca = 0 amount to the fol-
lowing relations: 

(a + h^l-t; 
\ab = t(t-l). 

This means that a and b satisfy the equation X2 - (1 - f)X + t(t -1) = 0. Therefore, by means of 
(39), we restate identity (11) in the following form in terms of the second-order Fibonacci-Lucas 
sequence. 

Theorem 5: Let I$\t),I$(t) be the second-order Fibonacci-Lucas sequences with Xl-l-ty 

X2 = t(l-t). Then 

0<k<n/3U LK V J 

We believe that the above result can be useful in finding some arithmetic identities for the 
second-order Fibonacci-Lucas sequence. For instance, we can obtain 

Corollary 5.1: 
(l-t)LW(t) + 2Lf(t) = l-t (modp), (41) 

where lip(t)9 I^{i) are as given by (39) and/? is a prime. 
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This paper is, in a sense, dual to the Fibonacci Association paper by J. R. Howell [4]. On the 
other hand, interest in the reciprocal Fibonacci-like polynomials is caused by the very effective 
propositions 7 and 4 of [3]. 

It is also the intention of this paper to draw the attention of the Fibonacci Association audi-
ence to the vast area of applications of its activities in the domain of computational techniques 
allowing one to perform quantitative comparisons among various data organizations in the frame-
work defined by the authors of [3]. 

Let Wn(x) be a polynomial in the variable x; xe (c , r f )cR and dQg(Wn(x)) = N. We define 
the reciprocal polynomial ofWn(x) as follows. 

Definition 1: Wn(x) = xNWn(-\ (1) 

The purpose of this paper is to describe the reciprocal polynomials of Fibonacci-like polyno-
mials that are defined by the recursion formula [4] 

g„+2(x) = axg„+l(x) + hg„(x), (2) 

where a and h are real constants. 
It is easy to verify that the reciprocal Fibonacci-like polynomials satisfy 

gr,+2(X) = agn+l(X) + bx2gn(Xl n>2' (3) 
Indeed, if degg^x) = m, then 

dQggn(x) = n-3+m, forn>2. (4) 

From (2), 

Hence, (3) follows by (1) and (4). If degg2(x) > deg^(x), then the recursion formula (3) is true 
for n > 2, and if deg#2(x) = deggi(x) +1, then (3) holds for each natural number n. 

Theorem 1: Suppose that the sequence {gn{x)} satisfies (3) for every natural number n. Then 
the following summation formula holds: 
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v - ( \ - gf+iO)+bx2sP(x)+(a~ QgiO) - &(*) ,,> 
jl8}K)~ a+bx2-\ ' C5) 

for each natural number/?. 
Proof: For p = l, formula (5) is trivial Let (5) hold for p = k, then 

y y frx _ gk+i(x)+bx2gk(x) + (a~ lMx) ~ &(*) • F /Yx 
2 . ^ - W - a + t o 2 - l + & + l W 

= &+i(*)+fa^fe (*)+(a ~ !)&(*) - ^2 (*)+flgb+1(y)+fa2gk+i(y) - gk+i(x) 
a + bx2 - 1 

= gjfc+2(*) + fa2&+l(*) + (a ~ l)gl(x) ~ g2(x) 
a+bx2 - 1 

and the result follows by induction on p. D 

The inverse of Theorem 1 is also true. 
Proof: If the summation formula (5) holds for some sequence of polynomials (for each natu-

ral number p), then the identity 

F/*I(*) = XF/(*) -£F/ (*) 

may be transformed easily into equation (3). • 
For the remainder of this paper, we consider the sequence of Fibonacci-like polynomials 

{w
n(x)}n=\ defined by recurrence (2), with initial values 

wx(x) = 1, w2(x) ~ ax • (6) 
If a * 0 and i * 0, then wp(x) can be written in the explicit form [4]: 

{{p-l)l2}( 1 A 

^W= Z \^-)-jyaxY-™W. (7) 

The reciprocal polynomials of w (x) are defined by recurrence (3) with the following initial con-
ditions: 

Wl(x) = l9 w2(x) = a. (8) 
We take Wn(x) and Wn to mean the same thing. 

By a simple transformation of formula (7), we obtain the explicit form ofWp(x). From (7), 

x^w 

Since degw„(x) = n -1, we have 
[(/>-l)/2]x 1 A 

^ 0 0 = X \P~ J)x2ja?-l-2W. 
y=0 \ J J 

Thus, w (x) is a polynomial of degree 2[(/? -1) / 2] with only even powers of x. 
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Theorem!: yp(*> = ^ ( x j l g f r f ' <10> 
where 

A, v a + ^Ja2 +4bx2
 A D/ . a-^a2 +4bx2 

A(x) = ^~2 and B(x) = ^ . 

Proof: It is easy to verify that 

A2(x) = aA(x) + bx2 and B2(x) = aB(x) + bx2. 

Multiplying both sides of the above identities by Ap~2 and Bp~2, respectively, we see that the 
sequences , A, A2, A3,... and , B, B2, B3,... satisfy (3). From these two facts, it follows that the 
recursion formula (3) holds also for the sequence A - B, A2 - B2, A3 - B3,... Since 

Wn+2(x)(A -B) = awn+l(x)(A -B) + bx2Wn(x)(A - B), 

the result follows from the identities 
wl(x)(A-B) = A-B and W2(x)(A-B) = A2-B2. • 

Theorem 3: Let Q = {&.i J] and let the sequence {gn} be defined by the recursion formula (3). 
Then, for every natural number/?, 

{gp+2 gP_+l\-(g]> %}\QP-1 (11) 
\&p+l Sp J \§2 8\J 

The proof of this theorem may be realized by a simple induction argument [5], Theorem 3 
provides standard means of obtaining identities for the sequence of reciprocal Fibonacci-like poly-
nomials [5]. 

For example, computing the determinants in identity (11) leads to 

gP+2gP-g2
P+l=(-r^2(?3?r^). (12) 

Now if we consider {Wn} with initial conditions (8), then from identities (11) and (12) we get: 

P+\ "P 

Vp+2Wp-Wp+l 
2 . = -{-b)Px2p. (14) 

Multiplying both sides of (13) on the left by (\ ^\ yields 

( w WC ZC\=QP+1- 05) 

Letp and q denote natural numbers. Using (15) with Qp+q, Qp, and Qq, one has 

Kbx2w^q bx2wp+q_ly 

\ ( W . W A w
P+i ™P 

,bx2w bx2W x 

W
q+1 Wq ^ 

bx2Wq bx2Wq_l} p p-ij 

If we compare the entries on both sides of the above identity, we obtain 
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Vl=W+kV^ (16) 
Identity (16) is a special case of identity (7) in [5]. 

We shall now describe some of the divisibility properties of {wn}. Jfa = 0, then 

ifh = 0, then 
Wn(x) = a"~l. 

In these cases, the investigation of divisibility properties of {ww(x)} is easy. Suppose that a and b 
are nonzero numbers. 

Theorem 4: Let W{x) be a polynomial that divides both wp and Wp+l for a fixed p>\. Then 
W(x) divides w v 

Proof: Suppose that Wp = W(x)S(x) and wp+l = W(x)T(x), where S(x) and T(x) are certain 
polynomials. From (3), we have 

x2Wp_l(x) = ±W(x)(T(x)-aS(x)). 

Thus, W(x)\x2wp_l. From the fact that xn does not divide Wn for any natural number n [see (9)], 
we conclude that x2 and Wp_x are relatively prime. Finally, since W{x) does not divide x2, then 
W(x)\Wp_v D 

Theorem 5: For natural numbers p and #, wp |w 

Proof: help be an arbitrary natural number. The fact that Wp \Wp is trivial. If Wp \Wpk for a 
certain k, then using formula (16) and the fact that p(k +1) = (pk -1) + /? +1, we obtain the fol-
lowing identity: 

w
P(k+i) = ™Pkwp+i + bxfopk-iWp • 

Since w divides the right-hand side of the above identity, we have wp\wp^k+ly This completes 
the proof of Theorem 5. • 

We now consider some natural corollaries of Theorems 4 and 5. 

Corollary 1: Let W(x) be a polynomial that divides both wp and wp+l for a fixed p>\. Then 
W(x) is a constant. 

Proof: Corollary 1 follows from Theorem 4 by induction. • 

Corollary 2: If w, p, q, and r are natural numbers (p>l) such that q = np + r and if Wp\wq, then 

Proof: From p>l, np-l>0, q = (np-l) + r + l and formula (16), we have 

Since Wp \Wq and wp \w„p9 we have 
^ ^ ^ ^ r + l + ^ X p - l ^ r -
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The greatest common divisor of Wnp and Wnp_x is a constant (Corollary 1), so the greatest com-
mon divisor of Wp and Wnp_x is a constant. Thus, wp\x2wr. Now, reasoning as in the proof of 
Theorem 4 completes the proof of Corollary 2. • 

Corollary 2 implies our final theorem which is analogous to Theorem 10 in [4]. 

Theorem 6: Ifp and q are natural numbers and wp\wg, then p\q. 

THE MAIN REMARK 

If we put a = 1 and b - -1 in (2) and (6), we obtain 
wx(x) = l, w2(x) = x, and wn+2(x) = xw„+l(x)-wn(x). (17) 

These are the well-known Tchehycheff polynomials. Then the reciprocal Tchebycheff polyno-
mials do satisfy 

Wl(x) = l9W2(x) = l9 and wn+2(x) = x2wn(x)-wn(x). 

From [3], it is known that these polynomials are associated with stacks. 
Specifically, orthogonal Tchebycheff polynomials are used to calculate the numbers Hkj>n of 

histories of length n starting at level k and ending at level /, while the reciprocal Tchebycheff poly-
nomials of degree h are used to derive generating functions for histories of height < h. In this 
context, the Tchebycheff polynomials are distinguished among the family of Fibonacci-like poly-
nomials defined by (2) and (6), as only for that case (i.e., for a = 1 and b = -1) the Fibonacci-like 
polynomials associate with standard organizations [3]. This can be seen easily after consulting 
Theorem 4.1 of [3]. For other admissible values of a and h, the Fibonacci-like polynomials also 
provide us with an orthogonal polynomial system with respect to the corresponding positive-
definite moment functional [3]. 

The resulting dynamical data organizations are then nonstandard ones. (A paper on non-
standard data organizations and Fibonacci-like polynomials is now in preparation.) 

FINAL REMARKS 

The following two attempts now seem to be natural. First, one may use the number-theoretic 
properties of Tchebycheff and reciprocal Tchebycheff polynomials developed in [4] and this paper 
to investigate further stacks in the framework created in [3]. Second, one may look for other data 
structure organizations relaxing the positive-definiteness of the moment functional. This might be 
valuable if we knew how to convey contiguous quantum-mechanics-like descriptions of dynamic 
data structures, which is one of several considerations in [2]. 
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1. INTRODUCTION 

MacMahon [4] introduced perfect partitions of a number. He defined a perfect partition of a 
positive integer n to be a partition such that every number from 1 to n can be represented by the 
sum of parts of the partition in one and only one way. For instance, (1 1 1 4) is a perfect partition 
of 7 because we can express each of the numbers 1 through 7 uniquely by using the parts of three 
l's and one 4; thus, (1), (1 1), (1 1 1), (4), (1 4), (1 1 4), and (1114) are the partitions referred to 
in this example. MacMahon considered the case of n - pa -1, where p is a prime number, and 
showed that the enumeration of perfect partitions is identical to the enumeration of compositions 
of the number a, using the correspondence between the factorizations of (l-xpa)/(l-x) and 
the compositions of a. Further, he considered perfect partitions of the number n = Pilp%2 1, 
where ph p29... are primes, and found that the number of perfect partitions of this number is equal 
to the number of compositions of the multipartite number (a1? a2, ...)• The fact that the number 
of perfect partitions of n is the same as the number of ordered factorizations of « + l was also 
shown. 

A similar idea of representing numbers as a sum of given numbers was used in later days. It 
seems that the word "complete" first appeared in a problem suggested by Hoggatt and King in 
[3], which was solved in Brown's paper [2]. They called an arbitrary sequence {fj^i of positive 
integers "complete" if every positive integer n could be represented in the form n = J^Llaif, 
where each at was either 0 or 1. Brown found a simple necessary and sufficient condition for the 
completeness of such sequences and showed that the Fibonacci numbers are characterized by cer-
tain properties involving completeness. His note also considered whether or not completeness 
was destroyed by the deletion of some terms. 

Now, turning our attention to partitions of a positive integer, we apply completeness to parti-
tions. Several properties, recurrence relations, and generating functions for complete partitions 
will be obtained. 

2. COMPLETE PARTITIONS 

We begin with a definition of partitions of a positive integer. 

Definition 2.1: A partition of a positive integer n is a finite non-decreasing sequence X = (/tl3..., 
Xk) such that Zf=1 Xt = n and Xx> 0 for all i = 1,..., k. The Xi are called the parts of the parti-
tion and k is called the length of the partition. 

We sometimes write X - (lWl2W2...), which means there are exactly mi parts equal to i in the 
partition X. For example, there are five partitions of 4: (I4), (122),(22), (1 3), and (4). We are 
now ready to define our main topic—complete partitions. 

* This research has been supported in part by YSRF and by Non Directed Research Fund, Korea Research 
Foundation. 
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Definition 2.2: A complete partition of an Integer n Is a partition X = (Xh ..., Xk) of w, with 
^i = 1, such that each Integer i, ! < / < « , can be represented as a sum of elements of Xp...,Xk. 
In other words, each i can be expressed as Sy=1 ajXj9 where a . is either 0 or 1. 

Example 23: Among the five partitions of 4, (I4) and (I2 2) are complete partitions of 4. 

From Definition 2.2, the following Is obvious. 

Lemma 2.4: Let X = (Xh..., Xk) be a complete partition of a positive integer. Then (Xl9...,Xt) 
Is a complete partition of the number X x + • • • + X t fori = 1,..., k. • 

Brown [2] found the following three facts on completeness of sequences of positive integers 
which are also true for partitions. 

Proposition 2.5 (Brown [2]): Let X = (Xh..., Xk) be a complete partition of a positive integer. 
Then, for i = 1,...,&-!, 

xi+l<i+±xr 

Proof: Suppose not. Then there exists at least one r > 2 such that Xr > 1 + SJT/ 2,-. There-
fore, Xr> Xr-l> Z;

r=i 2/ • Thus, the integer Xr-l cannot be represented as a sum of elements of 
Xh X2, ..., Xk. D 

The converse of Proposition 2.5 is also true, which we shall prove here in a manner different 
from that of Brown . 

Theorem 2.6 (Brown [2]): Let X = (Xh ...,Xk) be a partition of n with Xx = l such that 

Then X is a complete partition of w. 
Proof: Suppose not. Then there must be some numbers between 1 and n that cannot be 

expressed as a sum of elements of Xx,..., Xk. Let m be the least such number. Then we have 
Xl+-- + Xi<m<Xl + --- + Xi + Xj+l, for some / >1. We claim that m<Xi+l. From our choice of 
m, we know that m^Xi+v If m>Xi+l, then 0<m-Xi+l<m<n. So m-Xi+l must be repre-
sented in the form HJ=lajXj, where at = 0 or 1, which contradicts our choice of m. Therefore, 
m<Xi+l9 so l + Xl+---+Xj <a+m<Xj+l, a contradiction. D 

Corollary 2.7 (Brown [2]): Let X = (Xh..., Xk) be a complete partition. Then Xt < 2/_1 for each 

Proof: Obviously it is true fori = 1,..., k, since Xx = 1 < 2° = 1. Assuming Xi < 2/_1 for each 
i = l , . . . , j \wehave2y + 1<l + Z i 1 A^<l + l + 2-f22 + ---f2/-1 = 2-/'. D 

Now let us characterize complete partitions by the length and the size of parts. 

Proposition 2.8: Let X - (Xh ...,Xk) be a complete partition of a positive integer n. Then the 
minimum possible length k Is flog2(ft +1)~|, where \x] Is the least integer > x. 
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Proof: By Corollary 2.7, 
k k-\ » = 5>,*E2'=2*-1. 

1=1 1=0 

Therefore, n +1 < 2*, which gives k > [log2(n +1)]. D 

Proposition 2.9 Let X - (Xh..., Xk) be a complete partition of n. Then the largest possible part 
is l/^J* where |_*J is the greatest integer < x. 

Proof: Straightforward from Theorem 2.6. D 

3. RECURRENCE RELATIONS AND GENERATING FUNCTIONS 

In this section we find some recurrence relations to count complete partitions of a positive 
integer n. Let Q k(ri) be the number of complete partitions of n with length £ and largest part k. 
Then, by Proposition 2.9 and Lemma 2.7, k and £ must satisfy 

1 < k < L ^ J and [log2(w +1)] < £ < n. 

Obviously, Cek(ri) = l if n = k + £-l and Cu(l) = l in particular. Since k is the largest part, 
counting complete partitions ofn-k with length £-\ and largest parts from 1 to k gives the fol-
lowing recurrence relation. 

Proposition 3.1: Let Cik{ri) be the number of complete partition of n with length £ and largest 
part k. Then 

^ , , fe*-iQ-i>-*) i n < * 4 ^ J a n d r i o g 2 ( « + l)-|<^<«, 
[0 otherwise, 

with the initial condition Qj(l) = 1. • 

Example 3.2: There are two complete partitions of 8 with length £ = 4 and largest part k = 3: 
(122 3) and (l2 32). This is obtained by the recurrence relation 

Q,3(8) = t C3,(5) = q i (5 ) + C3j2(5) + C3;3(5) 
» = 1 

= Qi(5) + (C2J(3) + C2,2(3)) + C2?1(2) 
= 0 + (0 + l) + l = 2. 

Naturally, by adding C£ k(ri) for all possible £, we obtain the total number of complete parti-
tions of n as follows. 

Corollary 3.3: Let C(n) be the number of complete partitions of n. Then 
n L("+1)/2J 

Now let us take a look at the size of parts to get another recurrence relation. Let Ck(ri) be 
the number of complete partitions of a positive integer n with largest part at most k. We take 
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C0(n) = 0 for all n > 0 and Q(0) = 0 for all * > 1, and Q(l) = 1. So Ck(n) Is always positive if 
n,k>l; therefore, k ranges from 1 to [ ^ J by Proposition 2.9. From our definition of Ck(n), for 
anyA:>[2Z±lJ3 

Q(/t) = Q.1(/i) = -.. = CLJIflJ(/i). 

The set of complete partitions of n with largest part at most k can be partitioned Into two 
subsets: one with largest part exactly k; the other with largest part at most k-\. It is not difficult 
to see that the number of complete partitions of n with largest part exactly k Is equal to the num-
ber of complete partitions of n-k with largest part at most k. Therefore, we have the following 
theorem. 

Theorem 3.4: Let Ck(ri) be the number of complete partitions of a positive integer n with largest 
part at most k (k > 1). Then 

_|Cjt_1(/i) + Q( / i -*) i f l < * < [ ^ J , 
Q(w) = {cm(») if*>m 

with the Initial conditions CQ(n) = 0 for all n > 0, Q(0) = 0 for all k, and Q(l) = 1. 

Note that Cx{n) = 1 for all n > 1. Let us take some examples. 

Example 3.5: 
1. C2(5) = Q(5) + C2(3) = Q(5) + (Q(3) + C2(l)) = Q(5) + (Q(3) + Q(l)) = 1 + 1 + 1 = 3. 
2. C3(5) = C2(5) + C3(2) = C2(5) + C1(2) = 3 + 1 = 4. 

Corollary 3.6: lfk = \_{n +1) / 2 J, then Q(w) is the number of all complete partitions of n. 

Now we count complete partitions by the largest part. Let Dk{n) be the number of complete 
partitions of a positive Integer n with largest part exactly k. Then Dk{n) = Ck{n) - Ck_x{ri) = 
Ck(n- k) by the definition of Ck(n) and Theorem 3.4. Obviously, I\(n) = 1 for all n > 1. Thus, 
for k > 2, 

Dk(n) = Ck(n-k) 
= Ck(n-k)-Ck_l(n-k) + Ck_l(n-k) 
= £fc(n-*) + A-i("-l). 

Since each complete partition of n with largest part exactly k must have at least one A; as a part, 
Dk(n) = 0 ifl<n<2k-2 and Dk(n-k) = 0 If 2k-\ <n<3k-2. Thus, we obtain 

Theorem J. 7: Let Dk(n) be the number of complete partitions of a positive integer n with largest 
part exactly k. Then Dx{n) = 1 for all n > 1 and for k>2, 

i-k) i fw>3*-l , 

(/i)-iA-i^-i) Z\ (yi) = ^ A_, (n-1) if2k-l<n<3k-2, 
[0 ifl<n<2k-2, 

with the conditions DQ(n) = 0 for all n and D^(0) = 0 for all k. 
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Example 3.8: 
i. A(4) = A(3) = i; 
2. D2(5) = A(4) + A(3) = A(4) + A(3) = 1 + 1 = 2; 
3. jp3(7) = D2(6) = A(5) + A(4) = l + l = 2; 
* A(7) + A(5) = (A(6) + A(5)) + A(4) = (1 + 2) +1 - 4. 
The following table shows the first few values of complete partitions of n with largest part at 

most k, and C{ri) is the total number of complete partitions of n. 

k\n 

1 

2 

3 

4 

5 

6 

\c{n) 

1 2 3 4 5 

1 1 1 1 1 

1 1 2 

1 

1 1 2 2 4 

6 7 

1 1 

2 3 

2 2 

2 

5 8 

8 

1 

3 

4 

2 

10 

9 

1 

4 

5 

4 

2 

16 

10 

1 

4 

6 

5 

4 

20 

11 

1 

5 

8 

8 

5 

4 

31 

12 

1 

5 

10 

10 

8 

5 

39 

Now we find the generating function for the number Dk(n). 

Theorem 3.9: Let fk(q) = TZoDk(n)qn (fc>2). Then we have 

( i -^Xi-^-V-O-?) 
,2k-2 T\ /o7, c\~2fc-3 

<7~ 0-^Xi-**"1) +,'" + (i-^)(i-^"1)-(i-93)J' 
k+l (Dk_x{2k-3)q2k-2 Dk_2(2k-5)q ^ _ 

with/1(^) = 1 ! ? . 

i W / - Since A(») = 1 for all n, /,fo) = ̂ . Let /fc(?) = Z" 0 A W - Then 

/*<*)=SAW= I A W 
n=0 «=2A:-1 

3Ar—2 oo 

= EA-,(»-%"+ I [A- i («- i )+A(»-W 
n=2k-l n=3k-l 

= ZA-^-i^+ZAC"-^" 
n=2k-l n=3k-l 
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= <7 ZA-,(»-ir+?1 IA(«-*>T* 
n=2k-l n=3k-l 

: 9 L/i-ifo) - A-i(2* - 3)1U-3] + qkfM-
Thus, we have 

An iteration gives 

fM^h-M)-^^ 
2k-2 

1-? 1 - / 
,2t-2 

_ g 
1-fl* l - 9 

~2 

jt-l Jk-IXH) 
2fc-4 

W fc-1 
A_1(2A:-3)^-2 

l-<7* 

( l - ^ X i - ^ - 1 ) ufk-iiq)-
A-i(2*-3)g"- ' | A-2(2^-5) 

1-9* (i-<7*xi-<r') 

By continuing iteration on fk(q), we obtain 

A-i(2*-3)^*-2 ^ A-2(2* - 5)?: 

( l -^Xi-^O-O-? 3 ) -
,2fc-2 2A:-3 

i-<7* - + - -+...+- A(3)^ + 1 

Vt-1\ (i-^xi-^-1) (lY)o-n-(i-? 
Since A(3) = l , / i (?) = i , and 

Mq)-<\-ty\-q) \-q'-(l-q2){\-qy 
the theorem follows. D 

Note that the numbers Dk_t (2(k - i) -1), for i = 1,2,..., k - 2, in fk (q) can be simplified to 

%^J 3 ( * - Q - l 
2 

by Theorem 3.7. 

Example 3.10: The following are generating functions for A = 3,4, and 5. 
4 4 

q q fM = (l-q3)(l-q2)(l-q) l-q3' 

A(3) = (l-q4)(l-q3)(l-q2)(l-q) - + 
q 

l-q4 ( l - ^ X l - 9 3 ) . 

and 
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/ , (*) = (l-q5)(l-q4)(l-q3)(l-q2)(l-q) 

V , q1 , 2 
[\-q5 (\-q5)(l-q4) (l-q5)(l-q4)(l-q3)\ 

By expanding the above, we get the following, which is expected from the above table. 

/3(?) = q5 + V + 2#7 +4q* + 5q9 + 6#10 + Sq11 +10g12 + —, 

/4(?) = 2^7 4- 2#8 + 4q9 + 5^10 + Sq11 + I0qu + • • •, 

/5(?) = 2 ?
9 + V 0

+ 5 ?
n + 8?

l2
 + .... 
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1. INTRODUCTION 

Two classical problems In elementary number theory appear, at first, to be unrelated. The 
first, posed by D. H. Lehmer in [7], asks whether there is a composite integer N such that </>{N) 
divides N-l, where &(N) is Euler's totient function. This question has received considerable 
attention and it has been demonstrated that such an integer, if it exists, must be extraordinary. 
For example, in [2] G. L. Cohen and P. Hagis, Jr., show that an integer providing an affirmative 
answer to Lehmer's question must have at least 14 distinct prime factors and exceed 1020. 

The second is the ancient question whether there exists an odd perfect number, that is, an odd 
integer N, such that a(N) = 2N, where a(N) is the sum of the divisors ofN. More generally, 
for each integer k>l, one can ask for odd multiperfect numbers, i.e., odd solutions N of the 
equation <j(N) = kN. This question has also received much attention and solutions must be 
extraordinary. For example, in [1] W. E. Beck and R. M. Rudolph show that an odd solution to 
a(N) = 3N must exceed 1050. Moreover, C. Pomerance [9], and more recently D. R. Heath-
Brown [4], have found explicit upper bounds for multiperfect numbers with a bounded number of 
prime factors. 

In recent work [13], L. Somer shows that for fixed d there are at most finitely many com-
posite integers N such that some Integer a relatively prime to N has multiplicative order 
{N -1)1 d modulo N. A composite Integer N with this property Is a Fermat ^-pseudoprime. (See 
[12], p. 117, where Fermat rf-pseudoprimes are referred to as Somer ^-pseudoprimes.) More 
recently, Somer [14] showed that under suitable conditions, there are at most finitely many Lucas 
*f-pseudoprimes, I.e., pseudoprimes that arise via tests employing recurrence sequences. (Lucas 
tf-pseudoprimes are discussed on pp. 131-132 of [12] where they are also called Somer-Lucas d-
pseudoprimes. For a complete discussion of these and other pseudoprimes that arise from recur-
rence relations, see [12] or [11].) 

The methods used by Somer In his papers motivated the present work. While attempting to 
simplify and extend the arguments in [13] and [14] we discovered that, in fact, Lehmer's problem, 
the existence of odd multiperfect numbers, and Somer's theorems about pseudoprimes are inti-
mately related. In this paper we present a unified approach to the study of these four questions. 

2. PRELIMINARIES 

We adopt the convention that p always represents a prime number. Define the set 8{N) = 
{p | pdivides N} and for each i such that 1 < i < \S(N)\, define S^N) to the Ith largest prime in 
the decomposition ofN. Thus, If N has decomposition 
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* = IW. (2.1) 
/=1 

with Pi<p2<"'<Pt> ^en 8i (N) = p{. If O is a set of natural numbers, define 

and, similarly, ^(Q) = {£,(#) | # € Q}. 
In the arguments below we will have need to extract the square-free part of certain integers. 

If N has decomposition (2.1), we will write 

N^UP, and N2=Y[pf-\ (2.2) 
7=1 1=1 

so that N = NXN2 with Nx square-free. 
In the definitions and lemmas below, we will need a semigroup homomorphism from the 

natural numbers N to the multiplicative semigroup {-1,0,1}. Such a function will be called a sig-
nature function, and we will single out the case in which s = 1, the constant function. Clearly, a 
signature function is determined by its values on the primes. We say that N is supported by s if 
s(N) ^ 0 or, equivalently, if s(p) * 0 for all p that divide N. Similarly, a set H of natural num-
bers is supported by e if e(N) ^ 0 for all N e H. Note that if D is a fixed integer, the Jacobi 
symbol s(i) = (y) is a signature function. 

If iVis any natural number and s is a signature function, define the number theoretic function 
%(N) as follows: 

£(AT) = Zs(N) = ±]I(p-e(p)). (2.3) 
N p\N 

Note that if N has decomposition (2.1), we can write N = NXN2 as in (2.2) and 

"2 i=l . Pi . N, n 
2 >=1 

( 
1 e{Pd 

Pi 

We will be interested in certain limiting values of £(N) for N in a set Q.. 
an infinite set of positive integers, then 

lim 4(JV) = L 
JfeQ 

(2.4) 

In particular, if Q is 

(2.5) 

means that for every s>0 there is anMsuch that |£(W)-L\<e whenever N >M and N e Q. 
Although in most applications the signature s will be fixed, we also allow s to vary with N, 
requiring only that N be supported by its associated signature. 

The following elementary lemma is an easy exercise. 

Lemma 2.1: Suppose that Q is a set of positive integers and / : Q ^ R a function such that 
limNeQf(N) = L. Suppose as well that there exist functions fx and f2: H -^ R such that 
(a) f(N) = /l(N)f2(N) for all Ned; 
(b) {f2(N) | N G fi} has finite cardinality; and 
(c) limNenfl(N) = l. 
Then f2(N) = L for some TV e O. 
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Lemma 2.2: If N > 1 is an integer supported by the signature s and (c, d) is a pair of integers 
such that %(N) = c/d, then (N, d) * 1. 

Proof: If £(N) = c/d,then 

d]J(p-£(p)) = cN. 
p\N 

Since N is supported by s, it follows that e(p) * 0 for all p dividing N. Thus, ifp is the largest 
prime divisor of TV, then p\d. 0 

Theorem 23: Suppose that O is an infinite set of positive integers with each N G CI supported 
by corresponding signature £ and for which \S(N)\=t for all N e CI. Suppose as well that 
{N2 | # G O } is bounded. If c and dare integers such that (N, d) = l for all TV G fl and 

lim^(#) = c/rf, (2.6) 

then c = J . 

Proof: If St(Cl) is bounded, then <5(Q) is bounded. Since {N2 \N G CI} is bounded, it fol-
lows from (2.4) that £(N) takes on finitely many values as N ranges over O. It follows that 
XimNsQ^{N) = g(N0) for some N0 G O, and %(N0) -cl'd, contrary to Lemma 2.2. 

Consequently 8t(Cl) is unbounded. Choose s to be minimal such that 8S(C1) is unbounded. 
Since 8S(C1) is unbounded, we can find an infinite subset of O such that SS(N) is increasing and, 
without loss of generality, we may replace CI with this subset. Now, if 

then 
l im/,(#) = 1. (2.7) 

Since Sk(Cl) is bounded for all k < s and {N2 \ N G O} is bounded, it follows that 

s-l 

MN) = 
1 fU(AQ-£(<?,(AQ) 

if 5=1 

N2i\ S,(N) ( 2 8 ) 

N2 

takes on finitely many values. Since, in both cases, Z(N) = f\{N)f2{N), Lemma 2.1 implies that 
f2(N) = c/d for some N e Q. If 5 > 1, it follows that 

dfliS^N) - 6{dt{N))) = cN2X\St(N). (2.9) 
/=1 1=1 

But then 8S_X(N) divides d, contrary to the hypothesis that (N, d) = l. It now follows that s = l. 
But then Lemma 2.1 implies that d = cN2 for some N G O. Since (N2, d) = 1 for all N G O, this 
implies that 7V2 = 1 and c - d, as desired. D 
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Corollary 2.4: Suppose that Q is an infinite set of positive integers that is supported by the sig-
nature s and for which {\8(N)\}NeQ is bounded. Suppose as well that {TV2 | TV e £2} is bounded. 
If c and d are integers such that (TV, d) = l for all TV e O and 

lim£(TV) = c / J , (2.10) 
NeQ 

then c-d. 
Proof: If O is infinite and {\8{N)\}NE£1 is bounded, then there is some integer t such that 

fl = {TV G n 11 = \S(N)\} is infinite. We can now apply Theorem 2.3 to fl. • 

3. FERMAT PSEUDOPRIMES 

Suppose that TV is a composite integer and a > 1 is an integer such that (TV, a) = l and 
aN~l = 1 (mod TV). Then TV is called a Fermat pseudoprime to the base a. Moreover, if a has 
multiplicative order (TV -1) Id in (Z / TVZ)*, then TV is said to be a Fermat d-pseudoprime to the 
base a. In general, if there exists an integer a > 1 such that TV is a Fermat rf-pseudoprime to the 
base a, then we call TV a Fermat <f-pseudoprime. 

If TV has prime decomposition (2.1), then the structure of the unit group (Z/TVZ)* is well 
known. If TV is not divisible by 8, then (Z / TVZ)* is a product of cyclic groups of order 
pf'~~l(Pi ~ 1) > while if TV is divisible by 8, then px = 2 and (Z / TVZ)* has an additional factor that is 
a product of a cyclic group of order 2 and a cyclic group of order 2kl~2. It follows that the mul-
tiplicative orders of integers a relatively prime to TV in (Z / TVZ)* are just the divisors of A(N) -
Icmj/^'Xp, -1)}, where si = kf-l when pt is odd, sl = kl-l if px = 2 and kx = l or 2, and ^ = 
kx -2 if £\ = 2 and ^ > 3. Therefore TV is a Fermat ^-pseudoprime if and only if (N-l) Id 
divides X{N). Moreover, since (TV, TV -1) = 1, a composite integer TV is a Fermat af-pseudoprime 
if and only if (TV -1) / d divides X'(N) = lcm{# -1}. 

If TV has decomposition (2.1), define 

where s=t-2 when 2|7V and £ > 2, and s = t -1 otherwise. It is easy to see that if TV is com-
posite, then y/(N) is an integer and /I'(TV) divides i/s(N). Therefore, if TV is a Fermat <f-pseudo-
prime, then (N-l)/d divides y/(N), and hence, there is an integer c such that 

J ^ = £ (3 1) 
TV-1 d' { ' } 

We will need several lemmas concerning the properties of Fermat <i-pseudoprimes and y/(N). 
Similar lemmas appear in [13], but the proofs are short and we include them here for complete-
ness. 

Lemma 3.1: If TV is a Fermat <f-pseudoprime with prime decomposition (2.1), then (TV, d) = 1 and 
there exists an integer c such that 

<^> = £ < - L (3 2) 
N-l d 2'-1' K } 
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Proof: If t = 1, then (3.2) follows immediately from the definition of y/(N) and the fact that 
Nis composite. Assume that t>\. By (3.1) and the preceding comments, it suffices to show that 
eld < 1 /2'"1. This is immediate from the observation that 

m <i 

p\N 

in general, and 

P\N 1 

n^-i 2 
p\N 

when 21N. U 

Lemma 3.2: If Nis a Fermat rf-pseudoprime with prime decomposition (2.1), then t < log2(rf) +1. 

Proof: By Lemma 3.1, 

d ~ d < 2'"1' 

and hence d > 2f~l. Thus t -1 < log2(^)3 and therefore f < log2(</) +1. • 

Lemma 33: UN is a Fermat *f-pseudoprime with prime decomposition (2.1) and kt > 2, then 
k 

Pt'-l<j^l^d + \. (3.3) 

Proof: Clearly, 
t pk.J x( YlnkJ \ i f 

*H< n^y tnov-i) 
i # 

^ ) 

=±r^+_i_=±r^+_j__ 
2 5 V r W j 2>(7V) 2s \c) Ty/(N) 

^ —+ —= —(rf + l)^€/ + l. D 
2' 25 25 

The following theorem first appeared in [13]. 

Theorem. 3.4: For fixed positive integer d, there are at most a finite number of Fermat <f-pseudo-
primes. 

Proof: By way of contradiction, suppose that there are an infinite number of Fermat d-
pseudoprimes. By Lemma 3.2, there exists an integer t, with t < log2(d) +1, such that an infinite 
number of these Fermat if-pseudoprimes have exactly t distinct prime divisors. Moreover, an 
infinite number of these Fermat J-pseudoprimes have the same parity. Then (3.2) is satisfied by 
an infinite number of integers TV of the same parity. There are, however, only a finite number of 
possible values for c, and it follows that there is some value of c for which (3.2) has an infinite 
number of solutions N of the same parity. Fix this value of c and let O be an (infinite) set of 
positive integers N of the same parity that satisfy (3.2) for these fixed values of c and d. 
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If S(Q) is bounded, then, by Lemma 3.3, O is finite, contrary to our choice of c. Conse-
quently S(Q) is unbounded. Moreover, by Lemma 3.2, {\S(N)\}NeC1 is bounded, and it follows 
that 

NeQy/(N) 

Consequently, with constant signature s = l, and s-t-2 if the elements of Q are even and 
t >2, and s = t-l otherwise, we obtain 

^ _ 2 M i m f ^ W l i m ^ -
d ~2 N?o{N-l)~ "™(4^) 

r ( 7 0.4) 
= 2s lim , 1 . = 2' limf ^p-) = lira ft/V). N*a(im-^Nj) NeQ^ N J NeQ' 

By Lemma 3.3, {N2 \N e £2} is bounded and, by Lemma 3.1, (N,d) = 1 for all N e CI. 
Clearly, Q, is supported by the constant signature e = l. Therefore Theorem 2.3 implies that 
2scld=\. 

Finally, by (3.2), 

a contradiction. D 

2sc 2s 

4. LUCAS PSEUDOPRIMES 

Let U(P, Q) be the recurrence sequence defined by U0 = 0, Ux = 1, and 

Un,2 = PUn¥l-QUn (4.1) 

for all w > 0. The sequence U(P, Q) is called a I^cos sequence with parameters P and 2- Asso-
ciated with U(P, Q) is an integer D = P2-4Q known as the discriminant of U(P, Q) and, as 
noted above, the function s{i) = (y) is a signature function. For the duration of this section, s(N) 
will be the Jacobi symbol. 

If Nis an integer and U(P9 Q) a Lucas sequence, we define pn{N) to be the least positive 
integer n such that TV divides Un. The number p(N) is called the rank of appearance (or simply 
the rank) of TV in U(P, Q). If (TV, 0 = 1, then it is well known that U(P, Q) is purely periodic 
modulo TV and, since U0 = 0, p(TV) exists. Moreover, in this case Un = 0 (mod TV) if and only 
if p(N) divides n. It was proven by Lucas [8] that, if a prime p does not divide 2QD, then 
Up-e^p) = 0 (mod/?) and hence p(p) divides p- e(p). 

Motivated by Lucas' theorem, we say that an odd composite integer TV is a Lucas pseudo-
prime if there is a Lucas sequence U(P, Q) with discriminant D such that (TV, QD) = 1 and 
UN-£(N) = 0 (mod TV), where s(N) = (f). Moreover, if p(TV) = (TV - s{N))ld, then TV is said to 
be a Lucas d-pseudoprime. 

Suppose that s is any signature function and TV an odd integer with decomposition (2.1) that 
is supported by s. Analogous to the functions X9X\ and y/ defined in the previous section, 
define 
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A(N) = lcm{p*>-Xpi-e(j>i))}, 
A'(N) = lcm{pi-e(Pi)},and 

W{N) = 1^f[{pi-8{pi)). 

In [14], L. Somer shows that an integer N is a Feraiat J-pseudoprime if and only if it is a 
Lucas </-pseudoprime with a signature e satisfying e(p) = 1 for all primes/? dividing N. Since for 
each d there are only a finite number of Fermat if-pseudoprimes, it may seem reasonable to con-
jecture that there are also a finite number of Lucas J-pseudoprimes. This conjecture seems highly 
unlikely, however, since rf-pseudoprimes with three prime divisors and d divisible by 4 are easy to 
construct. 

If k is an even integer with the property that p = 3k-l, q = 3k + l, and r - 3k2 -1 are prime, 
set N = pqr and choose D relatively prime to N and congruent to 0 or 1 (mod 4) such that 
e(p) = 1 and s(q) - sir) - - 1 . Then 

N-s(N) = pqr-l = (3k-l)(3k +1)(3&2 - 1 ) - 1 
= 3k2(9k2 -4) = (3k - 2)(3k + 2)(3k2) 
= (p-l)(q + l)(r + l). 

It is a consequence of elementary properties of Lucas sequences and a theorem of H. C. 
Williams [15] that for any odd integer N and discriminant D relatively prime to N and satisfying 
D = 0 or 1 (mod 4), there is a Lucas sequence [/satisfying Pu(N) = X(N). Thus, for 

(p-l)(g + lXr + l) =N-e(N) 
lcm(p-l),fo + l),(r + l) HN) ' 

Williams' theorem implies that N is a Lucas if-pseudoprime. Since p-l,q + l, and r + l are all 
even, it is clear that d is divisible by 4, and when A(N) is maximal, d = 4. For example, taking 
k = 4 yields the Lucas 4™pseudoprime 7V = ll-13-47 = 6721 and k = 60 yields the 4-pseudoprime 
#=179-18140799 = 349876801. 

More general algorithms for generating Lucas J-pseudoprimes are described in [14] and will 
be discussed in detail in a future paper. It is worth noting that the computational evidence pre-
sented in [14] suggests that there are infinitely many Lucas rf-pseudoprimes with exactly three 
distinct prime divisors when 4 divides d and d is a square, and that there is a relationship between 
the number of Lucas rf-pseudoprimes N, the precise power of 2 that divides d, and the number of 
prime divisors ofN. We prove below that there are at most a finite number of Lucas J-pseudo-
primes N such that 2r \\N and \S(N)\ > r + 2. In light of the computational evidence presented in 
[14], the requirement that \S(N)\>r + 2 appears to be best possible. 

As in the previous section, we require a few lemmas that describe properties of Lucas d-
pseudoprimes and y/(N). The following three lemmas can be proved by methods analogous to 
those used to prove Lemma 3.1, Lemma 3.2, and Lemma 3.3. 

Lemma 4.1: If Nis a Lucas J-pseudoprime, then (N, d) = l and there exist integers ft'and c such 
that 

A'(N) =
 b < V(N) =

 c 

N-s(N) d'N-s(N) d (4.2) 
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Lemma 4.2: If TV is a Lucas rf-pseudoprime with prime decomposition (2.1), then t < log3/2(2d). 

Lemma 4.3: If Nh a Lucas rf-pseudoprime with prime decomposition (2.1) and kt > 2, then 

p^~l< 2(2/3/(^ + 1). (4.3) 

The following theorem is new; it sharpens a result of the third author in [14]. 

Theorem 4.4: Let dhe a fixed positive integer and suppose that 2r exactly divides d. Then there 
are at most a finite number of Lucas rf-pseudoprimes N such that | S(N) | > r + 2. 

Proof: Suppose that there are an infinite number of Lucas <f-pseudoprimes N with \S(N)\> 
r + 2. By Lemma 4.2, there exists an integer t, with r + 1 <t <log3/2(2<i), such that an infinite 
number of these Lucas rf-pseudoprimes have exactly t distinct prime divisors. Thus (4.2) is 
satisfied by an infinite number of integers N. There are, however, only a finite number of possible 
values for c, and it follows that there is some value of c for which (4.2) has an infinite number of 
solutions N. Fix this value of c and let O be the (infinite) set of positive integers N that satisfy 
(4.2) for these fixed values of c and d. 

If S(Q) is bounded, then, by Lemma 4.3, Q is finite, contrary to our choice of c. Conse-
quently S(Q) is unbounded. Moreover, by Lemma 4.2, {\S(N)\}NeQ is bounded and it follows 
that 

NeQ l//(N) 

It then follows that 

2f_1 Km T ^ T T T T = ? Mm iN ( m , 

= 2'-1 lim , „ l
 (m, = 2'"1 lim t^P] = lim %N). 

By Lemma 4.3, {N2\N e O} is bounded and, by Lemma 4.1, (N9d) = l for all N G Q. 
Moreover, since s(N) = (•—•) and, by definition of Lucas rf-pseudoprime, (D, N) = 1, it follows 
that O is supported by s. Therefore Theorem 2.3 implies that 2{~lc/d=l. Thus d = 2t~1c. 
Since 2r exactly divides d, the hypothesis that t>r +1 implies that r>t-l>(r + l)-l = r, a 
contradiction. • 

The following two corollaries are stated in [14]. 

Corollary 4.5: Ifd is odd, then there are at most finitely many Lucas af-pseudoprimes. 
Proof: Theorem 4.4 handles the case in which N has at least 2 distinct prime divisors and 

Lemma 4.3 handles the case in which Nis a prime power. • 

Corollary 4.6: If 2 exactly divides d, then there are at most finitely many Lucas af-pseudoprimes. 
Proof: Suppose otherwise and fix d such that d = 2 (mod 4) and there are infinitely many 

d-pseudoprimes N. Then, by Theorem 4.4 and Lemma 4.3, there are infinitely many af-pseudo-
primes with \S(N)\ = 2. By Lemma 4.1 and the argument in the proof of Theorem 4.4, 

*W =1- (45) 
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and hence, if N has decomposition (2.1), 

(f l -g(f l)Xft-g(f t)) 
N-W =l ( 46 ) 

If either kx > 1 or k2 > 1, then 

(ft ~ g(fl))(ft ~ g(ft)) = Oi ~ g(fl)Xft ~ g(ft)) 

< (fl + lXft+ 1) < (3 + 1X5 + 1) = 24 
" rfft-1 ~ 9-5-1 44 ' 

(4.7) 

a contradiction. Therefore k1 = k2 = l. 
It now follows that 

(Pi-s(Pi))(P2-<P2)) = PiP2-s(Pi)£(p2), and 
A«(ft) + A«(fl) = 2fi(A)e(A). 

If £•(/?!) = £(#2), then pj + p2 = +2, which is impossible. Hence, s(px) = -s(p2). 
Since p2 > px, it now follows that p2-pl = 2, i.e., px and p2 are twin primes. 
Now, by Lemma 4.1, 

b= X'(N) = lcm{(fl + l),(fl + 2- l )} = 1 
d N-e(N) pl(j>i+2) + l A + 1 ' 

(4.8) 

(4.9) 

It follows that d - b(px +1). Clearly, there are only finitely many prime twins px and px + 2 such 
that pi +1 divides f̂. This final contradiction completes the proof of the corollary. D 

5. LEHMERfS PROBLEM 

In [7], D. H. Lehmer asks whether there exist composite integers N such that (j>{N) divides 
N-l. IfNhas prime decomposition (2.1), then 

^N) = Nfl^. (5.1) 
p\N P 

Consequently, ifd(/)(N) = N -1, it follows that 

dNH(p-l) = (N-l)Ylp, (5.2) 
p\N p\N 

and therefore 
dN2]J(p-l) = (N-l). (5.3) 

p\N 

Since (N,N-1) = 1, this implies that N2 = l, i.e., N is square-free. 
The following theorem was first proven by C. Pomerance in [10]. 

Theorem 5J: For any integers t>\ and d>\, there are at most a finite number of integers 
N > 2 such that d</>{N) = N -1 and \8{N)\ < t. 
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Proof: Fix positive integers t and d, and let O be the set of all positive integers N such that 
d<j>(N) = N-1 and \S(N)\ < t. By way of contradiction, assume that fi has infinite cardinality. 

It follows from the hypotheses that (N, d) = l for all N e Q and, from the remarks above, 
that N is square-free. Moreover, since </>(N) is even for N greater than 2, every element of O is 
odd. 

It now follows for each NeQ that <f>(N)/(N-l) = l/d. As in the previous sections, 
replacing O with a subset if necessary, we obtain 

= hm£(N). (5.4) 
d N - l NEQN-1 NeQ N - l NeQ 

It now follows from Corollary 2.4 that d = l,a. contradiction. • 

6. PERFECT NUMBERS 

If JVis a positive integer, define cr(N) to be the sum of the positive divisors of N. A positive 
integer N is called a, perfect number if a(N) = 2N. It is well known that every even perfect num-
ber is a Euclid number, i.e., an integer of the form 2"(2W+1-1), where 2"+1-l is a Mersenne 
prime. Moreover, it is well known that every odd perfect number can be written in the form 
N = pM2 for some integer M > 1. It follows that 6 is the only square-free perfect number. 

Recall that if N has decomposition (2.1), then 

*^=nVr- (61) 
p\N P l 

If Nis square-free, then (6.1) becomes 

P2-I 
P\N y l

 P\N 
a(N) = Y[^-f = Y[(p + l) = N4(N), (6.2) 

where the signature function s is given by s{p) = -1 for all primes/?. Thus, for N square-free, N 
is a perfect number if and only if 

&N) = 2. (6.3) 

More generally, we can ask for square-free ^-perfect integers N, that is, solutions N of 
£(N) = k. (6.4) 

L. E. Dickson [3] and I. S. Gradstein [5] have both proven that there are only a finite number 
of odd perfect numbers N with \S(N)\ bounded, and Dickson [3] generalized this result to primi-
tive abundant numbers. H.-J. Kanold [6] has studied (6.4) for k rational, and proved that there 
are only finitely many primitive (and hence only finitely many odd) solutions N with a fixed num-
ber of prime factors. As mentioned in the introduction, these results have recently been general-
ized by Pomerance [9] and D. R. Heath-Brown [4]. Here we apply the methods developed above 
to prove a similar result for multiperfect numbers. 

Theorem 6.1: For fixed k and t, there exist at most finitely many square-free integers N such that 
\S(N)\ < rand 

a(N) = kN. (6.5) 
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Proof: By the remarks preceding the theorem, the condition a(N) - kN is equivalent to 
g(N) = k. Let CI = {N | g(N) = k, | S(N)\ < t, and N is square-free}. By way of contradiction, 
suppose that CI has infinite cardinality. Since each TV e O is square-free, {N2\NGCI} is 
bounded. It is clear that CI satisfies the hypotheses of Corollary 2.4, and we conclude that k = l. 
But, clearly, a(N)>N + l>kN,&contradiction. D 
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A TOAST TO OUR EDITOR 

To Gerald E. Bergtim in appreciation of 
18 years of dedicated service as Editor of 

The Fibonacci Quarterly Journal 

So read the inscription on the plaque presented to Jerry Bergum at the banquet of the Eighth International 
Conference on Fibonacci Numbers and Their Applications held in Rochester, New York, this past June. The 
attendees of the conference, representing 18 countries, gave Jerry a standing ovation upon his acceptance of the 
plaque. 

But what a colossal understatement of the true feelings of gratitude that the presentation of such a plaque is 
meant to convey. Dedicated service, indeed! How can words describe the demands of processing over 1000 papers 
for potential publication in the Quarterly, acknowledgment of receipt of these papers from a myriad of authors; 
arranging for refereeing by a stellar collection of referees; follow-up of authors with articles in the pipeline, 
deciding whether to accept, reject, or ask for a revision of a paper; providing support and encouragement to 
inexperienced authors to turn ineptly presented but neat mathematical ideas into well reasoned and publishable 
papers; coordinating the typing, layout, and printing of each issue of the Quarterly, and generating a mountain of 
ancillary correspondence. 

In addition to his Fibonacci Quarterly work, Jerry Bergum edited the Proceedings of our biennial 
international conferences—a task equivalent to producing a full year's volume of the Quarterly, with the associated 
responsibilities of negotiating with the commercial publisher of the Proceedings, admonishing authors to proofread 
their papers in a timely fashion, and coordinating all activities needed to provide a camera-ready copy to the 
publisher. 

It seems inevitable that the metaphor "tip of the iceberg" comes to mind when describing Jerry's Fibonacci 
efforts. While handling all these responsibilities, he served as Chairman of the Department of Computer Science 
at South Dakota State University, taught four courses per term, served as governor for his MAA Section, gave 
speeches to various academic groups, and assisted in the raising of a family often children. 

In summation, Jerry is truly a remarkable person, with an infinite capacity for arduous work, a sympathetic 
and helpful attitude toward authors, and an uncompromising quest for quality of achievement in himself and those 
with whom he is associated. 

Under his leadership, The Fibonacci Quarterly has not only prospered but has achieved an international 
reputation for excellence. The members of The Fibonacci Association, and all others who have read the Quarterly 
over these past 18 years, do indeed owe a considerable debt of gratitude to our Editor for his years of dedicated and 
selfless effort on behalf of us all. 

Last, but certainly far from least, it goes without saying that all of this could not have happened had Jerry not 
had the strong support and understanding of his family and, particularly, his wife, Shirley. Jerry and Shirley, 
know that our hats are off to both of you, and that you have the respect, appreciation, and love of the many 
individuals you have touched during this 18-year saga of service to an idea and an ideal. 
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E L E M E N T A R Y P R O B L E M S AND SOLUTIONS 

Edited by 
Stanley Rabinowitz 

Please send all material for ELEMENTARY PROBLEMS AND SOLUTIONS to Dr. STANLEY 
RABINOWITZ; 12 VINE BROOK RD; WESTFORD, MA 01886-4212 USA. Correspondence 
may also be sent to the problem editor by electronic mail to stan@mathpro.com on Internet. All 
correspondence will be acknowledged. 

Each solution should be on a separate sheet (or sheets) and must be received within six 
months of publication of the problem. Solutions typed in the format used below will be given 
preference. Proposers of problems should normally include solutions. Although this Elementary 
Problem section does not insist on original problems, we do ask that proposers inform us of the 
history of the problem, if it is not original. A problem should not be submitted elsewhere while it 
is under consideration for publication in this column. 

BASIC FORMULAS 

The Fibonacci numbers Fn and the Lucas numbers Ln satisfy 
F*+2 = Fn+1+Fn, F0 = °> ^1 = 1; 
Ai+2 ~ Ai+1 + Ai> LQ = 2, Lx - 1. 

Also, a = (l + V5)/2, /? = ( l -V5)/2 , Fn = (an-fin)/&dnd Ln = an+/]n. 

PROBLEMS PROPOSED IN THIS ISSUE 

B-854 Proposed by Paul S. Brack/nan, Edmonds, WA 
Simplify 

3 arctan(a_1) - arctan(a~5). 

B-855 Proposed by the editor 
Let r„ = Fn+l I Fn for n > 0. Find a recurrence for rn. 

B-856 Proposed by Zdravko F. Stare, Vrsac. Yugoslavia 
If n is a positive integer, prove that 

Ll^l+L24F2+L34F3 + -^Ln4Fn<SFn
2
+4Fri. 

B-857 Proposed by the editor 
Find a sequence of integers (wn) satisfying a recurrence of the form wn+2 = Pwn+l -Qwn for 

n > 0, such that for all n > 0, wn has precisely n digits (in base 10). 

B-858 Proposed by Wolf dieter Lang9 Universititt Karlsruhe, Germany 
(a) Find an explicit formula for 

which is the convolution of the sequence (n) and the sequence (Fn). 
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(b) Find explicit formulas for other interesting convolutions. 
(The convolution of the sequence (an) and (hn) is the sum Hn

k=0akhn_k.) 

B-859 Proposed by Kenneth R Davenport, Pittsburgh, PA 
Simplify 

A1A7+1 
^w+3^/7+4 
Fn+6Fn+7 

^n+l^n+2 
rn+4rn+5 

^n+l^n+% 

•^n+2^n+3 

^ w + 5 ^ + 6 

^n+S^n+9 

NOTE: The Elementary Problems Column is in need of more easy, yet elegant and nonroutine 
problems. 

SOLUTIONS 
Radical Inequality 

B-834 Proposed by Zdravho F. Stare, Vrsac, Yugoslavia 
(Vol 35, no. 3, August 1997) 

For x a real number and n an integer larger than 1, prove that 

Editorial comment; In the original statement of the problem in the August issue, the final term 
"6nx2 " was erroneously printed as "nx2 ". Nevertheless, Bruckman managed to prove the 
stronger inequality, as it was actually printed. We now present his solution to this stronger 
inequality. 

Solution 2 by PaulS. Rruckman, Edmonds, WA 
The inequality is false if the radicand is negative, so to simplify matters, we impose the condi-

tion x > 0, which ensures that the right member is well defined. 
Let 

S(x,n) = ±(x + k)Fk 
k=l 

denote the left member of the putative inequality. Then 

S(x, ri) = J [(x + k)Fk+2 - Fk+3 -(x + k- \)FM + Fk+2] 
k=\ 

= (x+n)Fn+2 - Fn+3 - xF2 + F3 

= (x+n)Fn+2-Fn+3-(x-2) 
= x(F„+2-l) + (n-l)Fn+2-F„+l + 2. 

Since n > 2, we have n < 2"~l, Fn+l > 2, and F„+2 < 1 + 2"_1. Therefore, 

S(x, n)<x- 2"~l + n(\ + 2"~l) < 2"-\x + n +1). 

If 
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R(x n) = T /y<yi + 1 ) ( 2 y g + 1 + 6 * ) + ' z * 2 

represents the right member of the putative inequality, then 

R(x, n) = 2n^JnJ~6 • ̂ x2 + 6(n + l)x + (n + l)(2w +1) 

> 2"-Vx2+2(« + l)x + (w-M)2 

= 2n-\x + n + l). 

Thus, ^(x, w) < i?(x, w) if w > 2. 

Weighted Binomial Sum 

B-839 Proposed by David M Bloom, Brooklyn College of CUNY, Brooklyn, NY 
(Vol 35, no. 4, November 1997) 

Evaluate the sum 

X(-lf2^(n-k
2k) 

k=o V J k= 

in terms of Fibonacci numbers. 
Comment: Seiffert and Prielipp pointed out that the result 

L^3J - -'n-2k\ F^-\ 
k=o ^ 

was proven by Jaiswal in [1]. 

n+3 
x - , 2n 

Reference 
1. D. V. Jaiswal. "On Polynomials Related to the Tchebichef Polynomials of the Second Kind." 
The Fibonacci Quarterly 12.3 (1974):263-65. 

Seiffert found several other related identities, such as the remarkable formula 

V / ^k,sk^-3k n-2k] 2 r3n+6 + 2 ^ W ? - 1 

31-17" jfc=0 \ y Ji i / 

Lfewg- f/ie Binet form for the Fibonacci polynomials, he was able to show that 

L«/3J /. L^J . . - - 'n-lk\ x»+lFn+2{x) + xn+2Fn+l{x)-\ 
* J (x2 + l)"(2x2-l) fc=0 

where Fn+2(x) = xFn+l(x) + Fn(x) with F0(x) = 0 and F{(x) = 1. 

Rabinowitz looked at the sum 

and found that it satisfies the recurrence xn = 2xw_1 + xw_3, ii/f he found no further generaliza-
tion. 
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Solutions also received from Paul S. Bruckman, Nenad Cakic, Charles K Cook, Russell Jay 
Hendel, H.-J. Seiffert, and the proposer. 

An Arcane Formula for a Curious Matrix 

B-840 Proposed by the editor 
(Vol 35, no. 4, November 1997) 

Let 

4, r 4 
4 4 

Find a formula for ^ in terms of An and 4,+L 

Solution by Paul S. Bruckman, Edmonds, WA 
We require the following identities: 

4 - i4+44+i = 4»; 4-i4 + 44+i = 4»-
The first identity is obvious, from the relations 4 - i + 4+i = 4 a n^ 4 4 ~ 4 r Since Fn_xLn = 
F2n_x +(-!)" and 4 4 + i - 4«+i -("!)"? w e s e e that the left side of the second identity is equal to 
4*-i + 4*+i = 4*> as claimed. 

From these identities, it follows immediately that 

4*H = 4-l4? +44i+l-
Comment by the editor: All solvers came up with the formula A2n ~4-i47+442+i> but this 
formula expresses A2n in terms of An, An+l, 4? an(l 4-i- What the proposer wanted, and perhaps 
did not state clearly enough, was a formula for A2n expressed in terms of 4 , and An+l

 only- The 
proposer's solution was 

^ = 4^3 3 ij^2 (2 ij^^^yi oJ^2+i 

How the proposer found this arcane formula remains a mystery. 
Editorial comment: In general, we have H2n = Fn_xHn + FnHn+l for any sequence satisfying the 
recurrence Hn = Hn_lfHn_2. 

Solutions also received by Brian D. Beasley, Charles K. Cook, Leonard A. G. Dresel, Russell 
JayHendel, CarlLibis, H.-J. Seiffert, and the proposer. 

Integer Quotient 

B-841 Proposed by David Zeitlin, Minneapolis, MN 
(Vol 35, no. 4, November 1997) 

Let P be an integer. For n > 0, let Un+2 = PUn+l + U„, with U0 = 0 and Ux = 1. Let Vn+2 = 
PVn+i+Vn, with VQ = 2 and Vx = P. Prove that 

V2+V2 
rn ' r n+a u2+u2 

is always an integer if a is odd. 
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Solution by Mai-Xing Zhao, Qinghai Normal University, Xining, QingHai, China 
From [1], we have 

where a+/? = P, ap- - 1 , and A = P2 + 4. Hence, 

U2„=Uv2n~2(-iy) and V„2 =F2lf+2(-l)". 
Therefore, 

*?+*%«, = A ^ „ + ^ 2 a + 2 ( - l ) " + 2(-l> 
^ + ^ + a ^2„ + ̂ 2 , - 2 ( - l ) " - 2 ( - l > 

F 2 + F 2 

liL_li2±£_ - ^ - p2 ^ ^ 
^ + ^ K , 

When a is odd, 

which is an integer. 

Reference 
1. M. N. S. Swamy. "On a Class of Generalized Polynomials." The Fibonacci Quarterly 35A 

(1997):329-40. 
Solutions also received by Paul So Bmckman, Leonard A. G. Dresel, Herta T. Freitag, Russell 
Jay Hendel, H.-J. Seiffert, and the proposer. 

Divisibility by x - 1 

B-842 Proposed by the editor 
(Vol 36, no. 1, February 1998) 

The Fibonacci polynomials, F„(x), and the Lucas polynomials, Ln(x), satisfy 
F„+2(x) = xFn+l(x) + Fn(xl F0(x) = 0, Fx(x) = ]; 

4+2 (*) = *4+l0) + 4(*X 4 0 ) = 2> 40 ) = *• 
Prove that no Lucas polynomial is exactly divisible by x -1. 

Solution by Lawrence Somer, The Catholic University of America, Washington, B.C. 

We prove, more generally, that if a is a nonzero real number, then no Lucas polynomial is 
exactly divisible by x—a for « > 0 and no Fibonacci polynomial is exactly divisible by x—a for 

By the Factor Theorem, x-a exactly divides Ln(x) if and only if Ln(a) = 0 and x—a exactly 
divides Fn(x) if and only if Fn(a) = 0. Clearly, Ln(a) and Fn(a) both satisfy the second-order 
recurrence 

Wn+2{a) = aWn+l{a) + W„{a) 
with initial terms 4 ( a ) = 2, L^a) = a, and F0(a) = 0, Fx(a) = 1. It is easily proved by induction 
that 4 ( - a ) = ( - ! ) " / , » and Fn(-a) = (-l)w+14 W . Thus, 

\Ln(-a)\ = \Ln(a)\ and \Fn(-a)\ = | F » | . 
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It thus suffices to prove that if a > 0, then Ln(a) > 0 for n > 0 and Fn(a) > 0 for n > 1. These 
assertions easily follow by induction. We are now done. 

Solutions also received by Paul S. Bruckman, Leonard A. G. Dresel, Russell Euler & Jawad 
Sadek (jointly), Russell Jay Hendel, Harris Kwong, Angel Plaza & Miguel A. Pedrdn (jointly), 
H.-J. Seiffert, Indulis Strazdins, and the proposer, 

Addenda: The editor wishes to apologize for misplacing some solutions that were sent in on 
time. We therefore acknowledge solutions from the following solvers. 

Peter G. Anderson—B-814 
Brian Beasley—B-836, 837, 838 
Leonard Dresel—B-784 to 789; 814, 815, 816, 819 
Frank Flanigan—B-815 
Pentti Haukkanen—B-837 
Russell Hendel—B-814, 815, 816, 819, 821, 822, 823 
Daina Krigens—B-814 
Carl Libis—B-836, 837, 838 
Graham Lord—B-815,816 
Bob Prielipp—B-836 
Don Redmond—B-795 
Lawrence Somer—B-796 to 801, 814 

• > • > • > 
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Edited by 

Raymond E* Whitney 

Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS 
to RAYMOND E. WHITNEY, MATHEMATICS DEPARTMENT, LOCK HAVEN UNIVERSITY, 
LOCK HAVEN, PA 17745. This department especially welcomes problems believed to be new or 
extending old results. Proposers should submit solutions or other information that will assist the 
editor. To facilitate their consideration, all solutions should be submitted on separate signed 
sheets within two months after publication of the problems. 

PROBLEMS PROPOSED IN THIS ISSUE 

H-542 Proposed by H.-J. Seiffert, Berlin, Germany 
Define the sequence (ck)k>l by 

fl if* = 2 (mod 5), 
1 if* = 3 (mod5), 

0 otherwise. 

Show that, for all positive integers n: 

n^Kn-k)^-1'^ 
211 'ck=Fln_2- (1) 

2«-l 

2n~ ZII'H)^^-,2-!)^^1^; (2) 

sI^^^V,. (3) 

H-543 Proposed by David M Bloom, Brooklyn College of CUNY, Brooklyn, NY 
Find all positive nonsquare integers d such that, in the continued-fraction expansion 

4d = ]p\ %..., ar_u2n], 

we have ax = • • • = ar_x = 1. (This includes the case r = 1 in which there are no a's.) 

H-544 Proposed by Paul S, Bruckman, Highwood, IL 
Given a prime p > 5 such that Z(p) = p + l, suppose that q = ±(p2 - 3) and r = p2 - p -1 are 

primes with Z(q) = q + l, Z(r) = y (r -1). Prove that n = pqr is a FPP (see previous proposals 
for definitions of the Z-fiinction and of FPP's). 
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SOLUTIONS 
Re-enter 

H-525 Proposed by Paul S. Bruckman, Highwood, IL 
(Vol 35, no. 1, February 1997) 

Let/? be any prime ^ 2,5. Let 

q = \(p-M « = (}), r = \(p-e). 

Let Z(p) denote the entry-point of/? in the Fibonacci sequence. Given that 2p~l = 1 (mod p) and 
5q=e (mod/?), let 

^ l(2--l) , *-l<*-.X o g ^ l 
Prove that Z(p2) = Z(p) if and only if eA - B = C (mod p). 

Solution by the proposer 
Unless otherwise indicated, we will assume congruences (modp), but will omit the "(mod/?)" 

notation. Note that (5/ p) = (-1/ p) = 1. It follows from [1] that a and q have the same parity 
and, in fact, are both even. Since /? = 1 (mod 4), let r = q/2, an integer. Define the function 
Sp = S as follows: 

f+1 i f p s i ( m o d 20) , 
[-1 ifp = 9 (mod 20). U 

We may therefore express the desired result as follows: 
S-5r = (-l)a/2+r. (2) 

The following result was shown in [2]: 

^ + i - ( - l ) f l / 2 + r - (3) 

Also, note that (afl I p) = (-1 / p) = 1, hence (a I /?) = (/?/ p); note that since (5 / p) = 1, V5 and, 
hence, a and J3 are ordinary residues. Then, 

Fq+l = 5"1/2(a*+1 -/?*+1) = 5~m(aqa -/Pfi) = (a -P)~l{(a lp)a-((3l /?)/?}, 

or 

Fq+l = (a/p). (4) 

In light of (2), (3), and (4), it suffices to prove that 

(a/p) = S5r. (5) 

Note that 5r = (S)q = (V5//?). Therefore, it suffices to prove that 

(a/p) = S(j5/p). (6) 

However, the last result is an old result attributable to E. Lehmer (see [3]); we have only changed 
the notation to conform with that employed herein. Thus, the desired result is established. 
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References 
1. D. M. Bloom. Problem H-494. The Fibonacci Quarterly 33.1 (1995):91. The solution by 

H.-J. Seiffert appeared in The Fibonacci Quarterly 342 (1996): 190-91. 
2. P. S. Bruckman. Problem H-515. The Fibonacci Quarterly 34.4 (1996):379. 
3. E. Lehmer. "On the Quadratic Character of the Fibonacci Root." The Fibonacci Quarterly 

42 (1966): 135-38. 
Also solved by H.-J, Seiffert 

Generator Trouble 

H-526 Proposed by Paul S. Bruckman^ Highwood? IL 
(Vol 35, no. 2, May 1997) 

Following H-465, let r1? r2, and r3 be natural integers such that 
3 

(1) ]T krk - n, where n is a given natural integer. 
k=l 

Let 
/2) B 1 fa+r2+r3)! 
1 } ri'r2';"3 rx + r2+r3 rx\r2\r3\ 

Also, let 

(3) Q = I 5 r , r , r J summed over all possible rx,r2, and r3. 

Define the generating function 

(4) *"(*) = fX*": 
(a) find a closed form for F(x); 
(b) obtain an explicit expression for C„; 
(c) show that C„ is a positive integer for all n>l,n prime. 

Solution by the proposer 
Solution of part (a): Note that 2 < 2r2 < n-l-3r3 < n-4 (eliminating rl=n-2r2-3r3). 

Then 

11=6 r3=l r2=l r 2 ! l W J / 3 Z / 2 i ! 

- f _L f J ^ V * , -r,-l)| 
^ U t ^ £ r2\(n-3r3-2r2y: 

Changing variables, we obtain 

FM _ v i v r m + 3 v + 3 [ % 2 ) \ m + 2 + v-u)\ 
K)~^iv\^n ~ «!(w + 3-2«)! 

v=l w=0 w=l v / 
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n=l n v=l V J 

2\-n 

-m^y i - -
1-x2 -[o-*3r-i] 

-s l - x ^ x 3 l - * 1 l - x 3 + x" 

= -log 1 + log 1 X 1 + l Q g f l - * log ( l - x ) 
l-x2-x3) \ l-x2) V l - x 3 , 

- l o g ( l - x - x 2 - x 3 ) + log( l -x 2 -x 3 ) + l o g ( l - x - x 2 ) - l o g ( l - x 2 ) 
+ l og ( l -x -x 3 ) - l og ( l -x 3 ) - l og ( l -x ) , 

or 
F( ,_, [ (1 -X-X 2 ) (1 -X 2 -X 3 ) (1 -X-X 3 ) 
* W JOg | ( i _ ^ _ ^ 2 ) ( i _ ^ _x_x2_x3) 

Solution of part (b): Suppose 

1 - x2 - x3 = (1 - rx)(l - sx)(l - tx), 
1 - X - X3 = (1 - MX)(1 - Vx)(l - WX), 
\-x~x2 -x3 = (\- jx)(\- gx)(\-hx). 

Then 
F(x) = log (1 - car) + log (1 - /3x) + log (1 - rx) + log (1 - sx) + log (1 - tx) 

+ log (1 - ux) + log (1 - vx) + log (1 - wx) - 3 log ( l -x ) - log (1 + x) 
- log (1 - cox) - log (1 - co2x) - log (1 - fx) - log (1 - gx) - log (1 - hx), 

where a and /? are the usual Fibonacci constants and co = exp(2ix / 3). We then obtain 

F(x) = £ — [ - ( a " + / O - (/•" + 5" + r ) - (a" +v"+ w") 

+ 3 + (-1)" + co" + a)2" + (J" + g" + h")]. 

Comparison of coefficients yields the explicit formula: 

where 

Cn = ^(Jn + 3 + (-ir+co"+co2n-Ln-Gn-H„), n = l,2,3,. 

Ln = a"+/3" (Lucas numbers), G„ = r" + ̂  + t", 

H„ = u" + v"+w", J„ = f"+g"+h", #1 = 1,2,.... 

(*) 

(**) 

(***) 

(****) 
The initial values and recurrence relations satisfied by the Jn% G„'s, and Hn'$ may be obtained 
from (**), and are as follows: 
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(i) Jn+3 = J„+2 + J„+i + J„, « = 1,2,...; ^ = 1 ,^ = 3 , ^ = 7; 
(ii) G„+3 = G„+l + G„, n = 1,2,...; Gx = 0,G2= 2,G3 = 3; 

(iii) ff„+3 = H„+2+H„, n = l,2,...; H^H2 = 1,H3 = 4. 

If n > 5 is prime, of + a>2" = - 1 ; thus, for prime n > 1, we obtain the slightly simplified formula 
forC„: 

Cn = —(Jn + l-Ln-Gn-Hn), n>7, n prime. (*****) 

To obtain values of Jn, G„, and Hn without means of the recurrence relations (i)-(iii), we would 
need to solve for the roots in (**); we shall omit this exercise and assume that these roots are 
known. Also, it is of interest to note, as can be verified, that Cn given by (* * *) vanishes for 
n = 1,2,3,4,5, as we would expect. 

Solution of part (c): As was determined in Problem H-465 as a special case, B is an 
integer for prime n > 7. From (3), it then follows immediately that C„ is an integer if n is prime 
(even for n - 2, 3,5, since C2 = C3 = C5 = 0.) 

Note: It may be shown that Ln = l (mod ri) for all prime n; from this result and the expression in 
(*****)?we deduce that 

Jn = Gn+ Hn (mod «), if n is prime. (#) 

Sum Formula 

H-527 Proposed by K Gauthier, Royal Military College of Canada 
(Vol 35, no. 2, May 1997) 

Let q, a, and h be positive integers, with (a, h) = 1. Prove or disprove the following: 
a-l jj-\ p p p 
\* \* (__\\q(br+as) j _ q(a+b-ab)£qab , <i\q(l-ab) rq{2ab-l) . 

a \ Zu2L\ V ^2q(br+as)- r r +\ L) p 
m/ r=0s=0 IqaIqb Aq 

(br+as<ab) 

S V X^ f-1\<l(br+as) T - ( n g d - ^ ) q(2ab-l) ^qab^qja+b-ab) 
ft) DZ,Z,\ l) ^2q{br+as)-\ l) p F F ' 
UJ r=0s=0 Aq J qa1 qb 

(br+as<ab) 

Solution by the proposer 
Consider 

s(X;a,b)=a£b£xbr+as> 
r=0 s=0 I 1 ) 

(br+as<ab) 

for a, b positive integers, with (a, b) = 1, and x * 1 an arbitrary variable. L. Carlitz has shown 
["Some Restricted Multiple Sums," The Fibonacci Quarterly 18.1 (1980):58-65, eqns. (1.1) and 
(1.2)] that 

1 _ yab yab 

* * * » > - ( I - I T O - . * ) - ^ - <2) 

Now, for q a positive integer, consider 
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T±(q;a, b) = S{aqI fiq\a,h)±S(J3q /aq;a,b\ 

where a - \[a + V5], /? - \[1 - V5], a/3 = -1. It is readily seen that (2) in (3) gives 

ST+ = -Rq{a+b~ab) qab + aqabBq{^~ab) — 
FqaFqb 

+ a 
F 1 

q{a+b-ab) gab _ nqab q{l-ab) _}_ 
F F 
rqarqb 

where F„ = (a" - /?") IJ5. Similarly, (1) in (3) gives 

q \br+as f ^q \br+as a-\ b-\ 

r=0 s=0 
(br+as<ab) 

a-\ b-l 

a 
(3q \ a J 

- V 5 T T (-\y{br+as)\a
29(br+as) ± f)2q(br+as)] 

r=0 s=0 
(br+as<ab) 

(3) 

(4) 

(5) 

The solution to part (a) follows by choosing T+ in (4) and (5); equating the results gives 
a-lb-\ 

ZuZ^y V ^2q{br+as) 
r=0 s=0 

(br+as<ab) 

rq{a+b-ab)rqab + /_j\q(l-ab) rq{2ab-l) 
rqarqb -*-q 

For the solution to part (b), choose T_ in (4) and (5) to obtain 
a-lb-l J F T 

5 V V ( _ \\Q(l>r+as) T _/_ i\q(l-ab) ^q{2ab-l) _ J qab^qja+b-ab) 

r=0 s=0 
(br+as<ab) 

FqaFqb 

Also solved by P. Bruckman. 
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