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ALMOST SQUARE TRIANGULAR NUMBERS

K. B. Subramaniam
Dept. of Education in Science & Math., Regional Institute of Education (NCERT), Bhopal-462 013, India
(Submitted July 1997-Final Revision April 1998)

1. INTRODUCTION

While undergoing the study of Square Triangular Numbers (STN), it was observed that there
are certain triangular numbers (TN) which, although not squares, are "very close" to squares. If
we restrict this closeness to just unity, we obtain what we shall call "Almost Square Triangular
Numbers" (ASTN). More precisely, an ASTN is a TN that differs from a perfect square exactly
by unity.

The very description of ASTN leads to their two types: first, those TN that exceed a perfect
square by one; second, those that fall short of a perfect square by one.

The purpose of this paper is to account for all the ASTN of both types by linking them with
STN.

2. SOME PRELIMINARIES

2.1 (Def.) a-ASTN

A TN x will be called an ASTN of the type a (a-ASTN) iff x —1is a perfect square.
The first ten a-ASTN are:

10, 325, 11026, 374545, 12723490, 432224101, 14682895930,
498786237505, 16944049179226, and 575598885856165.
2.2 (Def.) B-ASTN

A TN y will be called an ASTN of the type S (S-ASTN) iff y +1 is a perfect square.
The first ten S-ASTN are:

3, 15, 120, 528, 4095, 17955, 139128, 609960, 4726276, and 20720703.

We will need the following notations:
a,= then®™ a-ASTN, B, = then™ B-ASTN, ¢, = then™ STN,
U,=\t,, a,=(a,~D"?, b,=(B,+D"

We will also need the results (in addition to the well-known fact that x is a triangular number
iff 8x +1 is a perfect square) from our earlier works:

u,=6U,,-U,, (from [1}); 2.1
U, U, +1=U? (from [2]). 22

3. THE a-ASTN

Our first result paves the way for constructing an a-ASTN using a given STN, thus guaran-
teeing the infinitude of the set of all a-ASTN.

194 [AuG.



ALMOST SQUARE TRIANGULAR NUMBERS

Lemma 3.1: Ifxis an STN, then 9x+1is an a-ASTN.

Proof: Note that 8(9x+1)+1=(3v8x+1)*. Since x is a TN, 8x+1 must be a perfect
square, thus making 9x+1 a TN. Moreover, x itself is a perfect square, say z?, so 9x+1=
(32)> +1, which means that 9x +1 is an @-ASTN. [

That this construction indeed exhausts all the a-ASTN is confirmed by the following result.

Lemma 3.2: Ifxis an a-ASTN, then (x—1)/9 must be an STN.

Proof: In order that the lemma may make any sense, we must ensure that x —1is indeed a
multiple of 9. For this, we note that whenever x is an a-ASTN, x—1is a perfect square. As a
result, 8x=8,7,4,1 (mod 9). On the other hand, whenever x is a TN, 8x+1is a perfect square.
Thus, 8x=8,0,3,6 (mod 9). Therefore, x=1 (mod 9). Let (x—1)/9=z. Clearly, z is a perfect
square. Also, 8z+1=(8x+1)/9 is a perfect square. This means that z is a TN and, hence, an
STN. O

Our next result establishes a direct link between «, and £,. In what follows, n will always
denote an arbitrary natural number.

Theorem 3.1: o, =91, +1.

Proof: First, note that a; =10=94 +1. Assume the assertion is true for n=£k, so that
a, =91, +1. If possible, let ,,, # 9,,,+1. But (a,,;—1)/9 is an STN (by Lemma 3.2), so let
(ay—1D/9=t, for some m. We have a;, >, so that £, >#,. This means m>k. But m can-
not be equal to k£ +1 (by our assumption), so m>k +1. Also, 97, , +1is an a-ASTN (by Lemma
3.1), so let 9, +1=a, for some p. We have f, <f,,, <#,. This leads to a;, <a, <a,,,, an

absurdity. Hence, by mathematical induction, a, =9¢, +1. O

4. THE B-ASTN

As in the case of the a-ASTN, our first attempt would be toward constructing a f-ASTN
from STN. But here, unlike the case of a-ASTN, we need two consecutive STN. First, we will
need the following auxiliary results.

Lemma 4.1: AU U, +1=U,,,-U)*

Proof: We have
Up =U, iUy +1 [by (2.2)]

= 6UnUn+l - U3+1 +1 [by (2 1)]
Hence, 4U U, +1=U,,-U)* O

Lemma 4.2: 8U U, +1=(U,,+U)*
Proof: Proceed asin Lemma 4.1. O

Lemma4.3: U,, =3U,+8U>+1.
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Proof: While proving Lemma 4.1, we found that U?=6U,,,U,~U?,+1. This yields

(U, -3U,)* =8U%+1. ButU,,, —3U,=3U,-U,_, >0. Hence,

n

U,,,-3U,=,802+1. O

Theorem 4.1: (U,,,—2U,)*-1isa B-ASTN.
Proof: Let
x= Uy —2U,)* ~1={U, +BUZ+1}' =1 (by Lemma 4.3).

Thus, 8x+1= {8Un +4/8U2 +1}2, a perfect square. As a result, x is a TN and, consequently,
(U,1—2U,)*-1isa B-ASTN. O

Theorem 4.1 guarantees the infinitude of the set of all S-ASTN, but it does not guarantee
that this construction accounts for all the #-ASTN. In fact, it cannot do so because there do exist
[-ASTN that cannot be obtained by the application of this theorem, e.g., the very first #-ASTN
viz. 3 cannot be expressed as (U,,, —2U,)* -1 for any n.

In fact, there are infinitely many such exceptions viz. 3, 120, 4095, ... (i.e., all the odd-
indexed B-ASTN). Of course, all the even-indexed #-ASTN are taken care of by the above
theorem.

Theorem 4.2: (U,,,—4U,)*-1isa B-ASTN.

Proof: Let
Y =W ~4U,Y -1={\BU2+1-U,}' -1 (by Lemma 43).

Hence, 8y+1={8U,,—,/8U3+1}2, so that y is a TN. This means that (U,,,—4U,)*~1 is a
B-ASTN. O

It appears that Theorems 4.1 and 4.2 jointly account for all the f-ASTN. The same is con-
firmed by the following theorem.

Theorem 4.3: b,,=U,,,—2U, and b,, ,=U,,,—4U,.

n

Before attacking the proof of Theorem 4.3 (our main theorem), we must prove the following
three lemmas.

Lemma 4.4: If b —1is a S-ASTN, then either {(R+b)/7}* or {(R—b)/7}* must be an STN,
where R = (802 —7)"2.

Proof: For this lemma to make any sense, we have to ensure that either (R+5)/7 or
(R—-b)/7 must be an integer. To this end, we argue that whenever 5> —1is a f-ASTN, b* -1 is
a TN, so 8(5% —1)+1= R* must be a perfect square. Thus, R is an integer. Also (R—b)(R+5b)=
7(b* —1). This ensures that (R—5)/7 or (R+b)/7 is an integer.

Case 1. Let (R+b)/7 be an integer, say x. Then 8x?+1={(8b+R)/7}?, a perfect square.
Hence, x> must be a TN. This means that {(R+5)/7}? is an STN.
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Case 2. Let (R—5)/7 be an integer, say y. Then 8y*+1={(8b—R)/7}*, a perfect square.
Hence, y* must be a TN. This means that {(R—5)/7}* is an STN. Now, we claim that
(R+b)/7 and (R-b)/7 cannot both be integers at the same time. For, if the contrary is true,
then {(R+b6)/T}{(R-b)/7}=(b*-1)/7, which means that 4?1 is a multiple of 7. Also,
{(R+b)/T}—{(R—b)/T}=2b/7, which would mean b is a multiple of 7. This leads to a con-
tradiction. O

Lemma 4.5: If b*—1isa f-ASTN and R-b is a multiple of 7, then b = U,,,, —2U,, for some .

Proof: By Lemma 4.4, {(R—b)/7}% is an STN. Hence, (R-b)/7 =U,, for some m, so that
(b-U,)*=8U%+1. We claim that b>U,,, otherwise » will become U, —(8U2 +1)"? which is
negative, an absurdity. Thus, 5—U, = @QU2+D"?,ie, b=U,,,—2U, (by Lemma 4.3). [

Lemma 4.6: 1fb*—1isa f-ASTN and R+b is a multiple of 7, then b = U, ,, — 4U, for some k.
Proof: As before, (R+b)/7=U, for some k, so that b =-U, +@UZ+1D"?. [

Proof of Theorem 4.3: Define the sequences (x,) and (y,), respectively, by x, =U, ;- 4U,
and y, =U,,,—2U,. Clearly, for eachr, x, <y,. Also,
Xep1 = Ur+2 - 4Ur+l = 2l]r+l - Ur =)t (Ur+1 + Ur) >V

Thus, x, <y, <x,,; <y,,,- Hence, the sequence (z,), defined by z,,_; = x, and z,, = y,, is mono-
tonically increasing. We claim that the sequence ¢b,) is a subsequence of the sequence
(z,) because, for any n, either (R,+b)/7 or (R,—b)/7 is equal to U, for some k [where
R, =@8b2-T7)"?]. Thus, b,=U,,,~2U, or b,=U,,,—4U,. Also, by Theorems 4.1 and 4.2, for
eachr, y, =b, and x, = b, for some m and k. Hence, (z,) and (b,) are identical. O

We conclude by rewriting the statement of Theorem 4.3 in a more useful form, as follows.

Corollary: =U,,-2U0) -1 and B, _,=U,,,—4U) 1.
2n +1 n 2n-1 n+l n

n
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1. INTRODUCTION

Daniel Shanks, in [10], introduced a very interesting algorithm for obtaining the regular con-
tinued fraction expansion of the logarithm of a number. A concise presentation can be found in
[5]; however, it is difficult to find in the literature (e.g., texts such as [1], [2], [4], and [11] do not
mention it). Shanks' algorithm is the inspiration for the one we present here using Pierce expan-
sions, but it can be adapted easily to other well-known expansions such as Engel's or Sylvester's
(see [3] and [6] for details).

A very brief description of Pierce expansions is given below. A more complete account can
be found in [7}, [8], [9], and [12].

Definition 1: The Pierce expansion of a real number a (0, 1] is an expression of the form

1 1 -t
___.._+....+._.__(.)—+..., (1)
a aa, aa,...a, a,

where a;,a,,...,a,, ... constitute a strictly increasing sequence of positive integers. In the case

that the sum above is finite, we call it a terminating (or finite) expansion and then we add the
condition that the last two terms, a,_, and a,,, are not consecutive: a,_; <a, — 1.

We denote (1) by {a,,a,,...,qa,,...). The requirement that a,_, <a,—1 is to ensure unique-
ness in the case of terminating expansions as {a, ..., k)={qa, ..., k, k +1).

Pierce expansions constitute a system of representation of real numbers in (0, 1], as the fol-
lowing theorem proves. ’

Theorem 1: Any real number a, O <a <1, has a unique representation as a Pierce expansion;
rationals as finite expansions and irrationals as infinite expansions.

We include a sketch of the proof as a guide for the algorithm of the next section.

Proof: Uniqueness is the result of observing that a Pierce expansion verifies

an,.A.)S—L

<{ay,a,, ... a

>

a +1
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The existence is easily justified by the following algorithm. If x (0, 1], its Pierce expansion,
(a,a,,...,a,,...), is obtained as follows:

Step 1. x, ¢ x; i« 1.

Step 2. a,=|1/x_;|; x, < 1—-ax,_,.

Step 3. If x, = 0, then stop; else / «—i+1 and go to Step 2.

If x is a rational number p/ g, the algorithm will eventually terminate as Step 2 requires, on
the first iteration, that we perform the division of g by p and after that the division of g by the
successive remainders which are obviously decreasing and eventually must become 0. In that
case, the expansion will be finite. If x is not rational, the algorithm will never terminate but will
provide a series that is easily seen to converge tox. O

2. THE PIERCE EXPANSION OF A LOGARITHM

The following algorithm will provide us with the Pierce expansion of the logarithm of a num-
ber in base > 1. It is easily extended to bases <1. Let x be a real number, 1 <x <b. Our aim is
to find log, x ={(a,, ..., a,, ...), where the Pierce expansion can be terminating or not.

Let x; =x. If we have 1 <x; <b, let g, be the sole positive integer verifying

X% <b<x® 2

The integer a, is well defined as 1<x, <b and the sequence {x/'}, . is strictly increasing. Now
we define
X1 = o €

Xt

From (2), we immediately have 1<x,,; <x, <b. If x,,, > 1, we can continue. Let us suppose we
have reached an x,,, suchthat 1<x,,  <x,<--<x <b.

Lemma 1: Foralli (1<i<n),

(L_J_+...+¢) e
r=p\ A ana) pag )
Proof: We shall proceed by induction oni. For i =1 we have, from (3),
1 1
1 =b-x > x=x=b% x4,
therefore (4) is verified. If we assume it is verified until 7/ = £ —1, from the definition of x,,, we

have
1 1 1

b 1 \a a
— — v — h% . 7
X1 = = X, = (b)) =b% -x, IF
b

By the induction hypothesis,

and, replacing x, by its value, we have
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k-2 —
(L_L+...+_(i)_] I
x=HpN 4% Q21 ) | py - Gp1y Cxfr k)

(L-L+...+__<-1)"" ] (-1
=p a an a4y -G 'x:L.l”ak-
This completes the proof of Lemma 1. O

Now, if x,,,, =1, by the former lemma,

_1\yn-1
Zl——aiz +m+a(al) a
x =50 9% 192 n

and we shall be done as soon as we prove g, <a, <-:-<a,_, <a,—1, to which we turn at once.
In general, if 1 <k <n -1, from the definition of a, ,

a; ap+1
Xk <b<xy

>

there exists a real number o, a, <o <a, +1, such that b = x7. Consequently, we have

L <—1—<i and x =b% Q)
a,+1 "o " a k ’

Now, the first inequality in (5) implies the existence of a real number «, a > g, +1, such that
1 1 1

= 6

o a aqa ©)
We can write

| S SO 1
x, =b% =b% ** = xk-b* = b,
therefore, from the definition of x,,,, we can also write
b 1
X1 = Xk =b”. ) (7)

k

Now, since b < x&1*! | if we replace x, ,, by the value we have just obtained, we have

A1+l

b<(b%)" =p

which implies that

D1

+1
1<—a—<:>a<ak+l+1.

Finally, since a >a, +1, we conclude that a, <a,,.

If in the former reasoning we set Xk =n—1, we can find out what happens with the last two
terms when x,,, =1. In that case, we have x* = b and from (7), which tells us that x, = 4%, we
can say (bV%)* =x"a,=b=>a,=c. On the other hand, since from the definition of «, (6), we
have a > a,_, +1, we can conclude that a,_, <a,—1.

Thus, we have proved that the expression in the exponent of 4 given by (4) is a true Pierce
expansion: a terminating one in the case x,,, =1 or a nonterminating one in the case in which, for
all n eN, x,,, >1. In the latter instance, we have to prove that, for n — oo,
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(i-#-y..._}.__(_l)n._l ) (_l)n
b a; aa, aa,...a, _x;l.i..a,, _)b(al,,._,an,___)
or, equivalently
(G2 Vi
lim x%; % =1. (8)

n—»o0

It is clear that the sequence {x,(;r?n/ (“"""")}n can be split into two subsequences,

1 1 1 1

aa a|a,asa, _a_ _aaa
12’ x51234’_” and X, 1’ X, 123’

)

and since Vn, 1<x, <b, and aa,...a, — o, both subsequences in (9) have limit 1, thus proving
(8) along with

X.

x = bl ) o log, x=(a,,...,a,,...). O

ns

3. PRACTICAL USE OF THE ALGORITHM

The present algorithm is purely theoretical and of little practical interest. The difficulties of
carrying out the calculations involved are quire important due to the size of the integers appearing
in them. In that sense, Shanks' algorithm is much easier to use, thanks mainly to the actual dis-
tribution of partial quotients in a continued fraction in which a given integer & occurs with the
approximate probability,

(1+k)?

1 L Nl S,
& k-1

(see [4], pp. 351-52), thus making small integers much more abundant and, consequently, calcula-
tions much simpler. Let us consider the following example.

Example: Pierce expansion of log,,2 = 030102999... . We have:

X =2 a;=3; xzz%; a, =10;
_2097152 ... _10-1953125%* . _ 80:
BET9B125 BTIS T o715 0 M
and
3,10,32y=282 _030104.... (3,10,32,89y =% ~03010299%... .
960 2136

Using Shanks' algorithm, we would obtain

1
1
1
1
1
24

log,,2=1[0;3,3,9,2,2,...]1=
3+

3+
9+
2+
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this case, the sixth convergent is 146/485=030103092783... . As Olds mentions (see [5], p.

87), each convergent approximates log 2 to one more correct decimal place than the previous
one.
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GENERALIZED FIBONACCI SEQUENCES AND
A GENERALIZATION OF THE Q-MATRIX*

Zhizheng Zhang

Institute of Mathematical Sciences, Dalian University of Technology, Dalian 116024, P.R. China
(Submitted August 1997-Final Revision April 1998)
1. INTRODUCTION

In the notation of Horadam [7], let W, =W, (a, b; p, q), where
Wy= oW, ~qW,, (n22)

Wy=a, Wi=b. 1)
If @ and 3, assumed distinct, are the roots of
Az—p/1+q:0, 2
we have the Binet form
Aa”-Bp"
W= 3
= 3)

inwhich A=b-af and B=b-aa.

The st terms of the well-known Fibonacci and Lucas sequences are then F, =W,(0,1,1,-1)
and L, =W,(2,1,1,-1).

We also write

U,=W,0,% p,q)=

an __ﬂn
V.=W(2,p; =a"+ "
a g A2 ppg)=a"+p
Throughout this paper, 4 is a natural number.
Define the Aitken transformation (see [1]) by

A x. x' x” :M_ 4
(x, ', x") x—2x" +x" @

In 1984, Phillips discovered the following relation between Fibonacci numbers and the Aitken
transformation: A(,_,,7,,7,,,) =",, where r,=F, |/ F, and ¢ <n is a positive integer, and an
account of this work is also given by Vajda in [16]. Later, some articles discussed and extended

Phillips' results. For example, McCabe and Phillips [11], Muskat [14], Jamieson [10]. More
recently, Zhang [17] defined a generalized Fibonacci sequence as

Ak ank+d _ Bk ﬂnk+d

a-p

w3 =wa, b, p,q) = (5)

and obtained
ARRE, BB, RGN = REY, (©)
where R = W& /W% This work generalizes the results of [11], [14], and [10].

* This research was supported by the Natural Science Foundation of Education Committee of Henan Province, P.
R. China.
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Applying the definition of W*), we can easily prove that W) satisfies the following recur-
rence relation:

Wi a= (" + YWD —a' B WY, )

which has the characteristic equation with roots o and g*.
In this article, Section 2 contains the relation between ratios of Wn(’i} and other transforma-

tions and Section 3 gives a generalization of the (O-matrix.

2. THE SECANT, NEWTON-RAPHSON, AND HALLEY TRANSFORMATIONS

If the roots of (2) are real when & tends to infinity, then the sequences of ratios

k)
R® = 4,
3
w0
converges to the d™ power of a root of (2). In other words, the sequences of ratios {R%}
converges to a root of

2—@+pYx+alpl=x*-Vx+q* =0, ®)

namely, R® — a or f? as k — .
Define the Secant transformation S(x, x’) (see [14]) for equation (8) by

x(xl2 _V:ixl+qd)_x'(x2 _I/dx_l_qd) B xxl_qd

O

S(x,x") = .
(x, x7) @?-Vx' +q)-(*-Vx+q9) x+x' -V,
Define the Newton-Raphson transformation N(x) (see [14]) for equation (8) by
2-Vx+q® x*—q°
N(x) = x— d - 10
and the Halley transformation H(x) (see [4]) for equation (8) by
2 _ d 3_ 4. d d
Hp)=x-—2 VX2l _ X3 xtleq ()
(2x-V,)-Xtxrd 3x" -3Vx+Vi—q
d 2%~V

Then we have the following result.

Theorem 1: Let n and m be integers such that m+#n is even, and assume that division by zero
does not occur. Then: '

@ SQRO,RP) =R, where

A2k g memierd _ gk ﬂ(m+n)k+d

2k
R((zk) _ I/V((m+;)1)/2, d _

- = 12
m+n)/2 W((,Zf,z)/z, 0 Azka(m+n)k _ BZkﬁ(m+n)k > ( )

(i) NQRP)=R?; (13)

Giii) H(R®)=R39. (14)

204 [AauG.



GENERALIZED FIBONACCI SEQUENCES AND A GENERALIZATION OF THE O-MATRIX

Proof: We prove only part (i). The proofs of (ii) and (iii) are similar. Applying the defini-
tion and properties—see (3.1)-(3.5) of [17]—of W%}, we have
k k k k d
S, iy - TORD gt VRN W)~

RO+ D=7, W W) + S W) 7,

_ WRWR-amRWR W —a T W
WEIWER+ WL WS~V SOWES — WO W + W wss) -V )
(O.’d _ﬁd)(AZka(m+n)k+d __BZkﬂ(m+n)k+d

= (ad — ﬂd)( A2 (mimk _ gk ey

This completes the proof of Theorem 1.
We define {¥{*}}, the conjugate sequence of {9}, by
Y =8 (a,b; p,q) = A*a™ + B B, (15)
Using (15), it is easy to prove that {¥{)} also satisfies the recurrence relation (7). If
PE) 20, we use R¥ again to denote W) / WH), then this R®) also satisfies the same four rela-
tions: (6), (12), (13), and (14).
3. A GENERALIZATION OF THE Q-MATRIX

Before proceeding, we state some results that will be used subsequently. These results can
be proved using definitions (5) and (15):

P -24"B ™ = A, (16)
(W9 = " W20 = U2, a7
W8 =" WY = U WP, (18)

WIS =g W W2y = U WD, (19)
I/Vn(’rg+k) _ A*B* anm(’rs—k) - VK,(,]i))Wn(,m)a (20)

Wd =" W2 = U B3, @1
WS -WW 2, = 4B q"UL, 22)

where A = p? —4q.
Following Hoggatt (see [6]), the O-matrix is defined by

0=(1 o)

Generalizations of the O-;matrix are to be found in Ivie [9], Filipponi and Horadam [3], Filipponi
[2], and Horadam and Filipponi [8]. For a comprehensive history, see Gould [5]. Recently,
Melham and Shannon [12], [13], gave the following generalization of the QJ-matrix:
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U -q"U,
M = k+m ko
( Uk _quk—mj

We now give a generalization of the matrix M. Associated with the recurrence relation (7)
and with {7} and {¥*)} as in (5) and (15), respectively, define

M® = LAY A
nd =\ gk g, |

where k, n, and d are integers.
By induction and making use of (17) and (18), it can be shown that, for all integral »,
Wmk)  _ pd pr(mk)
(MY =UF iy agyios |
Wn(,o -4 W,

Applying (16)-(20), we obtain the following theorem.

Theorem 2:

(23)

_ W("’lk1+m2k2) _qd W(mlkl +myky)
(M(kl))m, (M(kz))m2 = gmtm 1| ""n,d n,0
n,d n,d d W(rglkl+m2k2) _qd W(mlsl +myky) |-

n, n,—

4. A REMARK

In fact, the sequences W) and ¥{*) may be regarded as two double sequences (in » and &, d
being a parameter). The interesting properties of the sequences #*) and ¥} still need further
research.
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EXE XX

NEW PROBLEM WEB SITE

Readers of The Fibonacci Quarterly will be pleased to know that many of its prob-
lems can now be searched electronically (at no charge) on the World Wide Web at

http://problems.math.umr.edu

Over 23,000 problems from 42 journals and 22 contests are referenced by the site,
which was developed by Stanley Robinowitz’s MathPro Press. Ample hosting space
for the site was generously provided by the Department of Mathematics and Statistics
at the University of Missouri-Rolla, through Leon M. Hall, Chair.

Problem statements are included in most cases, along with proposers, solvers (whose
solutions were published), and other relevant bibliographic information. Difficulty
and subject matter vary widely; almost any mathematical topic can be found.

The site is being operated on a volunteer basis. Anyone who can donate journal
issues or their time is encouraged to do so. For further information, write to:

Mr. Mark Bowron

Director of Operations, MathPro Press
1220 East West Highway #1010A
Silver Spring, MD 290910

(301) 587-0618 (Voice mail)

bowron @compuserve.com (e-mail)
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LAMBERT SERIES AND ELLIPTIC FUNCTIONS AND
CERTAIN RECIPROCAL SUMS

R. S. Melham

School of Mathematical Sciences, University of Technology, Sydney
PO Box 123, Broadway, NSW 2007, Australia
(Submitted August 1997-Final Revision February 1998)

1. INTRODUCTION

For p a strictly positive real number define, for all integers », the sequences
{U,, =pU,,+U,,, Uy,=0, U =1, (w1
I/rl:pI/rl~l+V—27 VO:?" Vl:P .

Then U, and V, generalize F, and L,, respectively. Their Binet forms are

Uu,= aa:g and V, =a"+ /",

where

a

:p+,/p2+4 and ﬂ:p—,/p2+4
2 2 ’

We see that S =—-1, ¢ >1, and -1< £ <0.
It is known that the infinite sums

o0

2

n=0

1 - 1
and
}T2n+l nz=% l’ln

can be found by using certain constants associated with Jacobian elliptic functions, while the sums

> 1 |
ZE;andZ

n=1 n=0 2n+1

involve the Lambert series. For an introduction to these matters we recommend Horadam [6],
which contains a wealth of references to original sources. Further excellent references are
Bruckman [5], Almkvist [1], and Borwein and Borwein [3]. Other types of reciprocal sums
which involve Lambert series can be found in André-Jeannin [2].

In the above four sums, the task of summation is shared equally between the Lambert series
and the Jacobian elliptic functions. The purpose of this paper is to give further reciprocal sums in
which the task of summation is similarly shared, thus exhibiting a pleasing symmetry of method.

While the results in Section 3 are believed to be new, they are variations and extensions of
known results, and so their proofs contain nothing truly innovative. For this reason we simply
state each result and indicate where in the literature a similar proof can be found. In Section 4 we
obtain results the like of which we have not seen, and which involve Lambert series. Interestingly,
certain special cases of these results have known "dual" results which involve the Jacobian elliptic
functions, further highlighting our comments above.
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2. NOTATION AND PRELIMINARY RESULTS

In the theory of Jacobian elliptic functions we have, in standard notation,

K= J-Ir/2 dt /2 dt
0 J1-k?sin*t

and K= [ —%___
0 V1+k"?sin%¢
where 0 <k, k' <1, and k2 +k'? = 1. See, for example, [5] and [7]. Write ¢ =e XX (0<q <1).
Then (see [7])

2K .. 49 . 4¢ | 4

= + + 4o
r 1+¢*> 1+¢* 1+4°

2kK=4\/5+4w/‘1—3+4\/‘?+.... (2.2)

r  1+q 1+¢* 1+¢°

, @.1)

Thus, for a given g (0 < g <1), we are able to find the unique values of X, k, K’, and &’
The Lambert series is defined as

L(x)= S X" <1.
(x) nz=l T [x]
For |x| <1 we require the following three results, which occur as Lemma 1 in [2]:

L x2n+1 5

Z 1- x2n+1 = L(X)— L(x )7 (23)
n=0

Y = L(x) - 2L(x?); (2.4)
B o 4

L x2n+l ) .

Zl+x2n+l =L(x)—3L(x )+2L(x ) (25)
n=0

Finally, we require the following lemma.

Lemma 1: Let m be a positive integer. Then

B 7

1 1 — 1 — U(2n+1)m
212 =
(@-p) _a(zn“)mV(Znﬂ)m a®m Vnam | Voo aniiyam

, meven; (2.6)

1 1 1 _ Uaniym

m n = , modd; 2.7
(@-p) —a(2n+l) Vantim a® +1)2mV(2n+1)2m_ Vansty @netyzm
1 1 1 U
- T =—2"_ " meven. (2.8)
(a-p) [a Vom & ’"Vznm] Verd 2nm

Proof: We prove only (2.8) since the proofs of (2.6) and (2.7) are similar.

1 [ 1 ]
@-P)a™V, &V
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nm’ 2nm

— 1 [ aanan - Vnm
@-p| o, V.

a 1 —anm(aan +ﬂ2nm)__(anm +ﬂnm)
(@-p| ",

nm’ 2nm
1 i a3nm _ anm
= (since m is even and aff = —1)
(@=B) L&V 2m

_ 1 _anm _ﬁnm ~ Unm .
(a _ﬂ) | Vanan - V;rmV .

2nm

3. RECIPROCAL SUMS I

Using the notation in Section 2, we now state the results of this section in the following
theorem.

Theorem 1: Let m be a positive integer. Then

S i = = DL - L™ 61
n=1 nm
= 1 1[2k(8™)
ZV“Z{ = “]’ 32)
e [P -2 L, meven
S Uaninym = (@ - BkBK(B™) modd (33)
27 ’ ’
S ———-————k(ﬂzm;];(ﬂzm), m even, (3.4)

v
n=0” (@n+ym | _ L(B™ +2L(*) - L(B*), m odd.

For a special case of (3.1) concerning the Fibonacci numbers, see the paper of Brady [4],
where there is an obvious misprint (for 2mf and 4mf read B*" and 5*", respectively). Also of
interest is (2.1) in Shannon and Horadam [8]. The proof of (3.2) proceeds along the same lines as
the proof of (3.12) in Horadam [6]. The proofs of the first part of (3.3) and the second part of
(3.4) are similar to the proof of (4.12) in Horadam [6]. For the proofs, one uses the identity

2n+1 2n+1 4n+2

X X X

1— x4n+2 1- x2n+1 1- x4n+2

together with (2.3). Finally, the proofs of the second part of (3.3) and the first part of (3.4) are
similar to the proof on page 103 of the above-mentioned paper of Horadam.
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4. RECIPROCAL SUMS 1T
The results of this section are contained in the following theorem.

Theorem 2: Let m be a positive integer. Then

1 m m "
i Unm _ (a—ﬂ) [L(JB2 )_3L(ﬂ4 )+2L(ﬂ8 )]a m even, (41)
n=1 I/;than 1 [L(,Bz"’) + L(ﬂ4m) _ 6L(ﬂ8m) +4L(ﬂ16m)], m Odd,
(@-p)
L(B*™) — AL(BY™) + 5L( B5™) — 2 L( B'6™
> Uomym  _ (@ ﬂ)[(’B )= 4L(B*")+SL(B™) = 2L(B™)], m even, .
n=0 V(2n+1)mV(2n+1)2m 2my _ m 16m '

Proof: If mis even we have, from (2.8),

= U, _ 1 [
ZVV _(a_ﬂ)z Z 2an :I

n=1" nm" 2nm L n=1 CZ nm 2nm

1 _ao
:(a—~,B) Z _Z 4nm ]

an
o+l o

1 F © (ﬂZm)n (ﬂ4m)n .
= (a_ﬂ) Z 1+(ﬂ2m)n _Z 1+(ﬂ4m)n (Slnce aﬂ: _1)’

and the first part of (4.1) follows from (2.4). To prove (4.2) we begin with (2.6) and (2.7) and
proceed in the same manner, making use of (2.3) and (2.5). Now to the second part of (4.1). In
the first part of (4.1), we replace m by 2m to obtain

>z = ™) — m 16m
= @y L) L) +2L (B,

which is valid for all positive integers m. When we add this sum to the second sum in (4.2), we
obtain the second sum in (4.1). This completes the proof. O

5. THE DUAL RESULTS

In the introduction we referred to known dual results of special cases of (4.1) and (4.2). To
obtain these, we replace U(V) by V(U) in (4.1) and (4.2). Then, with the identity U,, =UV,,
the summands become 1/U?2, and 1/ Ubpsym- Now if we take U, = F,, then the sums

Sy 2gre md Yo

n=1*n n=1 n=0

are known. See, for example (44), (48), and (55) of Bruckman [5], where elliptic functions are
used. See also (f) and (h) on page 320 of Almkvist [1], where theta functions are used.
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We have not found the more general sums

ig andz

(for the two parities of m)
(2n+1)m

in the literature available to us, and we suspect that their determination is much more difficult.
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GENERALIZED FIBONACCI AND LUCAS POLYNOMIALS AND
THEIR ASSOCIATED DIAGONAL POLYNOMIALS

M. N. S. S wamy

Concordia University, Montreal, Quebec H3G 1M8, Canada
(Submitted August 1997-Final Revision November 1997)

1. INTRODUCTION

Horadam [7], in a recent article, defined two sequences of polynomials J,(x) and j,(x), the
Jacobsthal and Jacobsthal-Lucas polynomials, respectively, and studied their properties. In the
same article, he also defined and studied the properties of the rising and descending polynomials
R (x), r,(x), D,(x), and d(x), which are fashioned in a manner similar to those for Chebyshev,
Fermat, and other polynomials (see [2], [3], [4], [5], and [6]).

The purpose of this article is to extend these results to the generalized Fibonacci and Lucas
polynomials defined by

U,(x,y)=xU,(x, )+ YU, ,(x,y) (n=2), (1.1a)
with
Uy, )=0, Ulx,y)=1, (1.1b)
and
V.06, 9) =3V, (x, )+ 3V, 5(x,y) (nz2), (1.2a)
with
N, y)=2, Vxy)=x (1.2b)

In Section 2, we will give some basic properties of the polynomials U, (x, y) and V,(x, y),
most of which are generalizations of those given in [7] for J,(x) and j,(x). In Section 3, we will
derive some new properties of U, (x, y) and V,(x, y) concerning their derivatives, as well as the
differential equations they satisfy. In the remaining sections, we will define and study the proper-
ties of the rising and descending diagonal polynomials associated with U, (x, y) and V,(x, y), thus
generalizing the results already known for Fibonacci, Lucas, Chebyshev, Fermat, and Jacobsthal
polynomials.

2. BASIC PROPERTIES OF U,(x, y) AND V,(x, y)

Binet Forms:
o' — B
U,(x, y) = a_'g , 2.1
Va, ) =a"+p", (2.2)
where
a+f=x, aff=-y, (2.32)
a-f=vJA, A=x*+4y, (2.3b)
2a=x+JA, 2B=x-A. (2.3¢)
Simson Formulas:
Ui (6, WU, 13, )= U (x, y) = (=1)"y"7, (2.4
Va6, YW, (6, ) =V2(x, y) = (1Y A. (2.5)
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Summation Formulas:

ZM(x, »== Py (Ui (%, ) + YU, (x, ) -1], (2.6)
Zoj (x, x+y T (e D)+ Y (x ) + (x-2)]. @27
Important Interrelations:
Vo(x,y) = Uy (x, ¥) + YU, (%, ¥), (2.8)
V.(x, »)+xU,(x,y) =2U,,,(x, ), (2.9)
Va(x, ¥) = xU,(x, y) = 2yU,_(x, y), (2.10)
AU, (x, ) =V, (x, ) + YV, (%, »), (2.11)
AU, (x, y) =2V,,,(x, ) = xV,(x, ), (2.12)
Usu(x, ¥) = U, (x, YV, (, ¥), (2.13)
Vaul%, ¥) =V,2(x, ) = 2(-p)", (2.14)
Van(%, ) = AU (x, y) +2(-p)", (2.15)
AU’(x W +VEx, ») = 2W,(x, ), (2.16)
2U (%, )= U, (x, YV, (%, p) +V,,(x, WU, (x, ¥), (2.17)
W (%, V)=V, 06, YWV, (x, ) + AU, (x, YU, (x, ). (2.18)

All the above results from (2.4)-(2.18) may be derived using the Binet forms (2.1) and (2.2)
or, alternately, using the earlier results of Horadam [8]. Most of these results are to be found in
Lucas ([10], Ch. 18). Now we let X =« and ¥ = # in the following identities, where a and
are given by (2.3), X and Y arbitrary:

n_yn  [(n=)2] o
XX _? — ; (_l)r (n ;' 1)(XY)r(X+ Y)n—2r-—1 (I’l > 0), (2 19)
X+1" = [%2:](*1)' (n;r)(XY)’(X +Y)"Y (n>0). (2.20)

We can then easily establish the following expressions for U, (x, y) and V, (x, y).

Closed Form Expressions:

/2 n_r_l n-2r-1.r
U=y (" ey (221)
r=0
[n/2]
V(e p)=Y " ( )x"‘z’ T (n>0) (2.22)
r—On r

It is seen from (2.21) and (2.22) that U, ,,(x, y) and V,,_,(x, y) are odd polynomials in x of degree
(2n—1) and polynomials in y of degree (n—1), while U,,,,(x, y) and V,,(x, y) are even poly-
nomials in x of degree 2n and polynomials in y of degree n. It may be mentioned that expres-
sion (2.21) for U,(x, y) has already been established by Hoggatt and Long [3]; however, the
expression for V,(x, y) is new. By letting x =1and y =2x, we obtain the results of Horadam [7]
for the polynomials J,(x) and j,(x).
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Hoggatt and Long [3] have shown that
n-1
U,(x,y) =H{x—2 -y cos(%:r)} (n=2). (2.23)
k=1

Using a similar procedure, or by using the technique used by Swamy [11] in obtaining the zeros of
Morgan-Voyce polynomials, we can show that

z 2k -1
7= T2 cof 2
k=1

We may now rewrite expressions (2.23) and (2.24) to express the polynomials U, (x,y) and
V., (x, y) in the product form.

n)} (n=2). (2.24)

Product Form:
[(n=1)/2] k
U,x,y)=x" [] {xz +4y cosz(; n)} (n>2), (2.25)
k=1
V.(x,y)= xl“?"[ﬁ ¥ +4ycost| 21 7[) (n>2) (2.26)
n\"» y - Pl y 2n = s .
where

S =

n

1 ifniseven,
(2.27)

0 ifnisodd.

By letting x =1and y =2x in (2.26) and (2.27), we get the zeros of the Jacobsthal polyno-
mials J,(x) and j,(x) to be, respectively,

x:——l—secz(-’in), k=12, 01, (2.28)
8 n
and
1 af2k-1 .
x= 8sec ( o 7[), k=12,..,n (2.29)
The generating functions for U, (x, y) and V,(x, y) are given below.
Generating Functions:
Ux, y,0)= Y U (e, )" = (1= 1(x +y0)y ™, (2.30)
i=1
V(x,y,8) =2 Vilx, )t =@ xt){1-t(x +yO)}™ (2.31)
i=1
=1+ +yH{1-t(x +y)}™! (2.32)

3. DERIVATIVE PROPERTIES

From (2.30), (2.31), and (2.32), a number of relations involving the derivatives of U, (x, y)
and V,(x, y) may be derived. However, only the following derivative relations are listed here.
Throughout this section, where not explicitly mentioned, U, V, U,, and V, stand for U(x, y, 1),
Vix,y,1), U/(x,y),and V, (x, y), respectively. We can prove that
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%:t%aw, 3.1)
%: t%(zzU), (32)
%: t%, (33)
%: t%+t2U, (3.4)
x%+2y%]=t%g, 3.5)
x%+2yg—l;=t%. (3.6)

The above results are now established. From the generating function (2.30), we have
L W VA W
tox 2Oy x42t A
We see that (3.3) and (3.5) follow directly from (3.7). Now, from (2.32) and (2.31), we have

(.7)

% — 1+ )2, (3.82)

%=12(2——xt)U2. (3.8b)
However,

%(tU) N (3.92)

%(FU) — 12— xt) U™ (3.9b)

Relation (3.1) follows directly from (3.8a) and (3.9a), while (3.2) follows directly from (3.8b) and
(3.9b). Also, from (3.8a) and (3.8b), we have

x%ﬂy%: t(x—xyt* +4yH)U* = t%,
thus establishing (3.6). Finally, we have, from (3.8a),
ov

IZUHE;: 2(1-xt — yHU*+ 21+ ptH) U?

=122 -x)U* = %, using (3.8b).

Thus, relation (3.4) is established. Using the above relations (3.1) to (3.6) and the generating
functions for U(x, y,?) and V(x, y,?) given by (2.30) to (2.32), we can obtain the following
relationships, where the primes indicate partial derivatives with respect to x and dots those with

respect to y:
Vi(x,y)=nU,(x,y), using (3.1), (2.30), and (2.31), (3.10)

V.(x,y)=nU,_(x,y), using (3.2), (2.3), and (2.31), (3.11)
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Uy(x, ¥) = Ui(x, ), using (3.3) and (2.30),

or from (3.10) and (3.11), (3.12)

nV, . (x,y) = @+1)V!(x,y), using (3.10) and (3.11), (3.13)
V.. (x, »)=V!(x, y)+U,(x,y), using (3.4), (2.30), and (2.31),

or from (3.10) and (3.13), (3.14)

xU!(x, ) +2yU,(x, y) = (n—)U,(x, y), using (3.5) and (2.30), (3.15)

xXV!(x, y)+2yV,(x,y) =nV,(x,y), using (3.6) and (2.31). (3.16)

We shall illustrate the procedure for proving the above results by establishing (3.12) and
(3.16); the other results may be established in a similar manner. Substituting (2.30) and (2.31) in
(3.3) and (3.6), respectively, we get:

YUl = 13U, )
1 1
. : * . . 3 . 1_
DVACRIEEDNACREDW RIS

Comparing the coefficients of like powers of ¢ on both sides of the above equations, we obtain
(3.12) and (3.16), respectively.

Using the results of (3.12) and (3.13), we may now derive the following relations for the
higher-order derivatives of U,(x, ) and V,(x, y), where D) and D{” denote the derivatives with
respect to x and y, respectively.

DU, (%, ¥) = DU,y (x, ¥), (3.17)
(=1 + DDV, 1 (x, ) = (1 + DDV, .1 (x, ¥). (3.18)

We will now derive the linear differential equations satisfied by U, (x, y) and V,(x, y). From
(2.12), we have AU,_, +4U,_, =2V, —xV,_,. Hence,
%Af/'n +4U,_, =2nU,_, - x(n-1)U, _,, using (3.11),
= 2n[]n—l - (n - l)[zUn—l - V;1—2]) USing (29)
=2U,_+(n-1)(AU,_,-V,)/y, using (2.11).

Therefore,
YAV, + {2y —(n—=1)AnU,_ +n(n-1)V,=0. (3.19)
Substituting (3.11) in (3.19), we see that V, (x, y) = z satisfies the differential equation given by
y(x*+4y)i+ 2y — (n-D(x* +4y)}z+n(n-1)z=0. (3.20)

Differentiating (3.19) again with respect to y and again making use of the result (3.11), we get
Y2 +4y)nU,_ + {6y —(n-2)(x* +4y)nU,_, +(n—2)(n-3)nU,_, =0.
Now, replacing (n—1) by n, we see that U, (x, y) = z satisfies the differential equation
Y2 +4y);i+ {6y —(n—1D)(x* +4p)}z+(m—-1)(n-2)z=0. (321
Since the Jacobsthal polynomials [7] J,(x) and j,(x) are given by
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J.(x) =U,(1,2x) and j,(x)=V,(1,2x), (3.22)
we see, from (3.21), that J, (x) satisfies the differential equation
x(Bx+1)z"-{42n—-S)x+(n—-1D}z'+2(n—-1)(n—-2)z=0, (3.23)

while, from (3.20), we see that j, (x) satisfies the equation
x(Bx+1)z"—{42n-3)x+(n-1)}z'+2n(n—1)z=0. (3.24)

Recall that y = 2x implies that z =1z and % = {z".

In a similar way, differentiating both sides of (2.11) with respect to x, and utilizing (3.10),
(2.8), and (1.1a), we can show that V,(x, y) satisfies the equation

(X +4y)z"+xz'-n’z=0. (3.25)

Differentiating (3.25) with respect to x once and making use of (3.10), we see that U, (x, y)
satisfies the equation :
(2 +4y)z"+3xz' +(1-n?)z=0. (3.26)

It should be noted that equations (3.25) and (3.26) appear in [1] as equations (1.11) and (2.6),
respectively, in a slightly varied notation. Tt should also be noted that, after the submission of this
article, an article by Horadam [9] appeared generalizing the results given in (3.20), (3.21), (3.25),
and (3.26).

Also, from (3.11) and (1.2), we can show that

Ve, y) =2l (6 D) 4=, (2, 9) (n23), (3.27a)
while, from (3.10) and (1.2), we can prove that
Vi, y) = 2 )V (e ) H =Ty y) (n23). (3.282)

Thus, we see that both ¥, (x, y) and V;(x, y) satisfy the same recurrence relation, but with differ-
ent initial conditions as given by

N, ») =0, Vyx,»)=2, (3.27b)
Vix,y)=1 Vjix,y)=2x (3.28b)

4. RISING DIAGONAL POLYNOMIALS

Let us first consider the rising diagonal polynomials R, (x, y) associated with U, (x, y); these

polynomials are formed the same way as the rising diagonal polynomials associated with Fermat,
Chebyshev, Jacobsthal, and other similar polynomials (see [2], [4], [5], [6], and [7]). Thus, from

(2.21), we see that Ry(x,y)=0, R(x,y)=1 R(x,y)=x,...,
R,(x,y)=x""+ (" 1 3)x"‘4y +("£ 5) "yt ("5 7) X0y 4
The above may be rewritten as

R,(x,y)=x""+ (n - 11— 2- 1) Ry (n - 12- 2. 2) X
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—1=-7.[21
+(n—13—2-3)xn—1_3.3y3+___+[" l[n__zl][ 3 ])y["%’]‘
3
Hence,

[(n-1)/3]

R@wn= 3 ("7 ey ez, Rep=0 @“.1)

i=0
Similarly, starting with (2.22), we may show that the rising polynomials 7,(x, y) associated with
V,(x, y) are given by

[n/3] . .
n—i (n—2i n=3i i
r(x, y)= Z————n_zi( ; )x 3y n=1), r(x,y)=2. 4.2)
i=0

We now derive some interesting relationships for these rising polynomials including the
recurrence relations. From (4.1) and (4.2), we have

r(x, )+ xR (x, y) = [ﬁlﬁ (n F 2’) X"y 4 [(n§/3] (n - li_ 2i) X"y
i=0 i=0

=3 (" ey =28,
Hence, 1=0

L%, )+ xR.(x, ¥) = 2R, (x, y). 4.3)
Similarly, we can show that

(%, Y) — ¥R, (%, y) = 20K, ,(x, ) (n=2). (4.4)
Hence, from (4.3) and (4.4),
16, ) = Ro(6, M)+ YR, (%, ) (n22),

4.5)
Ro(x,y) = xR (x, y) + YR, ,(x,y) (n22).
Thus, we see that R, (x, y) satisfies the recurrence relation

R,(x, )= xR,_,(x,y) + YR, 3(x,y) (n=3), (4.62)

with
RO(x’y):0> Rl(xa y):l, RZ(xJ y):x' (46b)
Similarly, using (4.3), (4.4), and (4.5), we can deduce that 7,(x, y) satisfies the recurrence relation
1%, ¥y = (e, )+ ym, (%, ) (n23), (4.72)

with
R, =2, Rl y)=x nlxy)=x" (4.7b)

It is interesting to compare the relations (4.6), (4.7), (4.5), (4.3), and (4.4) with their counter-
parts for U, (x, y) and V,(x, y) given, respectively, by (1.1), (1.2), (2.8), (2.9), and (2.10).

The generating functions for R (x, y) and r,(x, y) may be found by following the usual tech-
nique. They are given by

R(x,y,1)= Y R, )i = {1- (x4 yi?)}", (4.8)
i=1
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r(x,y,1)= ir;(x, W =2 -xt){1—-t(x+yt?)}! (4.9)
- =1+ +y){1-t(x+ yH)y . (4.10)

Using these generating functions, we may now derive a number of results concerning the
derivatives of R(x, y,t) and r(x, y, t) where, for the sake of convenience, R and r are used for
R(x,y,t) and r(x, y, 7). A few of these results are:

R _ o 0R

2= (4.11)
-0% =7 ?x +1°R, (4.12)
5R +3 % t%—t@ (4.13)
x%Hygy—t% (4.14)

The above results may be established in a way similar to those given in (3.1) to (3.6). From the
above results, we may derive the following relationships for the derivatives of R (x,y) and
r,(x, y), where again the primes indicate partial derivatives with respect to x and dots those with
respect to y:

R,.5(x,») = Ri(x, ), (4.15)
T2 (%, ¥) =110x, ¥) + R, (x, y), (4.16)
XRi(x, ) +3yR(x, y) = (n=DR,(x, ) (4.17)
xr,(x, y) +3yr,(x, y) = nr,(x, y). (4.13)

Again, it is interesting to compare the relationships (4.11), (4.12), (4.13), (4.14), (4.15),
(4.16), (4.17), and (4.18) with their counterparts for U, (x, y) and V,(x, y), namely, the relations
(3.3), (3.4), (3.5), (3.6), (3.12), (3.14), (3.15), and (3.16), respectively.

5. DESCENDING DIAGONAL POLYNOMIALS

Let us now consider the descending diagonal polynomials D,(x, y) and d,(x, y) associated
with the polynomials U, (x, y) and V, (x, y), respectively; these are formed the same way as the
descending diagonal functions associated with Chebyshev, Fermat, Jacobsthal, and other similar
polynomials (see [2], [4], [5], [6], and [7]). Thus, from (2.21), we see that the descending poly-
nomial D, (x, y) associated with U, (x, y) is given by

Dy(x,y)=0, Di(x,y)=1, Dy(x,y)=x+y,..,

D (x y) (n l)xn—-l +(n1— 1)xn—2y+ +(Z:%)yn—l — (x+y)n—1.
Hence,

D, ) =3 ("7 ey =y 21, D=0 5.1)

i=0
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Similarly, starting with relation (2.22), we can obtain the descending polynomial d,(x, y)
associated with the polynomial ¥, (x, y) to be

n

+i n—i_ i

4,90 = X Mty 21, dytx,0)=2 52)
i=0

Now consider

Dy, )+ YD,(¥, ) = ZO{(’,’) (1) =320y 2,

=0 7
Hence
d,(x,y) =Dy (x, )+ yD,(x,y) (n=1). (5.3)
Thus,
d,(x,y)=(x+2y)(x+ y)"'l n=1). (5.4

We also have, from (5.1) and (5.4),

Dn+l(x’ y) — dn+l(xa y)
Dn(x’ y) dn(x’ y)

d, (%, ) +yd,(x, p) = (x +2)*D,(x, y) (n=1). (5.6)

We may also formulate the following generating functions for the descending polynomials
D,(x, y) and d,(x, y) by following the usual procedure:

=x+y (n=1), (5.5

D(x,y.1)= 3. Dy(x, p)~! = (1 (e + )1y, 5.7)
i=1
dx,y,1) = 3 dy(x, )i = (x4 2p) 1 (e + )t} (5.8)

i=1
From the above generating functions, we may deduce the following relations for the derivatives of
D(x, y,t) and d(x, y, t) where, for the sake of convenience, D and d are used for D(x, y, ) and

d(x,y,1):
8D D

5 (5.9)
%=%+D, (5.10)
x%+y%:t%, (5.11)
xg%+y%:t%l—+d, (5.12)
(x+y)%=(x+y)%)=té§, (5.13)
(x+y)~§f—/x=t%—+(x+y)D, (5.14)
(x+y)%=t%+2(x+y)D. (5.15)
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Using the above relations, we may write the corresponding interrelations for the derivatives
of the polynomials D, (x, y) and d,(x, y) with respect to x and y as has been done for R, (x, y) and
1.(%, ).

6. CONCLUDING REMARKS

We have generalized all the known results concerning the diagonal functions associated with
Fibonacci, Lucas, Chebyshev, Fermat, Pell, and Jacobsthal polynomials to the case of diagonal
functions associated with the generalized polynomials given by (1.1) and (1.2). We have also
derived a number of new interesting results concerning the derivatives of U, (x, y) and V,(x, y)
with respect to y, the differential equations satisfied by these polynomials, as well as the inter-
relations between their derivatives with respect to x and y. Similar results have also been derived
for both the rising and the descending diagonal polynomials associated with U, (x, y) and V, (x, y);
however, we have not been able to find the differential equations satisfied by R, (x, y), r,(x, ),
and d,(x, y) with respect to either x or y. It may also be observed that the descending (rising)
polynomials associated with the rising (descending) polynomials of U,(x, y) and V,(x, y) are,
respectively, U, (x, y) and V,(x, y). This answers one of the questions raised by Horadam [7]
regarding the rising polynomials of the descending polynomials of J,(x) and j,(x) as well as the
descending polynomials of the rising polynomials of J,(x) and j,(x).
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1. INTRODUCTION

Let a,,a,,...,a,_, be arbitrary complex numbers with a,_, #0 (1<r <o). For a given
sequence of complex numbers 4 =(a_,,;,a_,,,, ..., &y), We define the weighted r-generalized
Fibonacci sequence {y ,(n)}.__,., by using a recurrence formula involving r +1 terms* as follows:

yvim=a, m=-r+1,-r+2, ..,0);

ya(n) = Zla,»_]yA(n—i) n=1273,..).

When a;, =1 for all i and 4=(0,0,...,0,1), we get the r-generalized Fibonacci numbers (see
[4]). A Binet-type formula and a combinatorial expression of weighted r-generalized Fibonacci
sequences are given in [3]. Furthermore, in [2], the convergence of the sequence {y,(n)/n"q"}
has been studied, where ¢ is a root of the characteristic polynomial P(x)=x"—agpx -
—a,_,x —a,_; of multiplicity v.

The purpose of this paper is to generalize the weighted r-generalized Fibonacci sequences
with 1<r <o to a class of sequences which are defined by recurrence formulas involving infi-
nitely many terms, and to analyze their asymptotic behavior. We call such sequences oo-general-
ized Fibonacci sequences. This is a new generalization of the usual Fibonacci sequences and
almost nothing has been known about such sequences until now. For example, there has been no
theory of difference equations for such sequences.

More precisely, an oo-generalized Fibonacci sequence is defined as follows. We suppose that
two infinite sequences of complex numbers are given, one for the initial sequence and the other
for the weight sequence. Then a member of the co-generalized Fibonacci sequence is determined
by the weighted series of its preceding members (for a precise definition, see §2). Since the
recurrence formula always involves infinitely many terms, we always have to worry about the
convergence of the series corresponding to the recurrence formula and hence we need auxiliary
conditions on the initial sequence and the weight sequence.

* This is called an r-th order linear recurrence in [3].
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One of the striking results of this paper is that, under certain conditions, an oo-generalized
Fibonacci sequence behaves very much like a weighted r-generalized Fibonacci sequence with
finite, as far as its asymptotic behavior is concerned.

The paper is organized as follows. In §2 we give a precise definition of the co-generalized
Fibonacci sequences. In §3 we analyze their asymptotic behavior under certain conditions. In §4
we give some explicit examples in order to illustrate our results.

2. w-GENERALIZED FIBONACCI SEQUENCES

Take an infinite sequence {g,}-, of complex numbers, which will later be the weight
sequence of oo-generalized Fibonacci sequences. We set h(z) = X, -ya,z for z e C and u(x)=
Yooila|x’ for x e R. Let R denote the radius of convergence of the power series /4, which coin-
cides with the radius of convergence of . We assume the following condition:

0<R< . 21

Let X be the set of sequences {x,};-, of complex numbers such that there exist C >0 and 7" with
0< T <R satisfying |x,| < CT" for all i. Note that X is an infinite dimensional vector space over
C; it will be the set of initial sequences for co-generalized Fibonacci sequences associated with
the weight sequence {g,}>,. Define f: X —C by f(xp,X;,...)=YrpaX,. Since the series
Yo @CT' converges absolutely, the series defining £ also converges absolutely.

Lemma 2.2: If {y,, y_,,V_,,...} €X, then the sequence {¥,,, V1> Vim2s---> V1> Yo V-1> V2> -} 18
an element of X for every finite sequence of complex numbers y,,, ¥, _1, ..., ¥ (m=1).

Proof: By our assumption, there exist C >0 and 7 with 0< 7' < R such that |y_, | < CT" for
all i >0. Then we have |y_,| < (CT™™)T™" for all i >0. On the other hand, there exists C’ >0
such that |y, _,| < C'T’ for j=0,1,..,m~1. Putting C"=max{C’,CT ™"}, we have |y,._;| <
C"T/ for all j>0. This completes the proof. [

Now we define an co-generalized Fibonacci sequence as follows. For a sequence {y,, y_,,
Yy, ...} € X, we define the sequence {y,, y,, J;,...} by

Yn = f(yn—l’ Yn-2>Vn-3> ) = zai—lyn—i (I’l: 1’ 2’ 3) )
i=1

This is well defined by Lemma 2.2. The sequence {y;},., is called an co-generalized Fibonacci

0

sequence associated with the weight sequence {a,}7>,. Note that if there exists an integer r > 1
such that g, = 0 for all 7 >, then the sequence {g,}i, satisfies the condition (2.1) and the above
definition coincides with that of weighted r-generalized Fibonacci sequences. Thus co-generalized

sequences generalize weighted r-generalized Fibonacci sequences with  finite.

Lemma 2.3:

(1) Suppose that each a, is a nonnegative real number and that there exists an § with
0< § <R satisfying
a,> S~ —u(S) (or, equivalently, Sh(S) > 1). (23.1)

Then there exists a unique ¢ € R such that ¢ > S, {g7*V}*) € X,and f(¢7',¢7%,47,..)=1
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(2) Suppose that there exists an § with 0 <.§ <R satisfying
lag| > S~ + u(S). (232
Then there exists a unique ¢ € C such that |g|> S, {2, € X, and f(g7., g% ¢>,..)=1.

Proof:

(I) For x> R, set p(x)=f(x",x2,x73,. . )=x"h(x"). Note that ¢ is a differentiable
function. Then we have lim,_, @(x)=0 and ¢'(x)=f(-x2,—2x>,..)<0 for all x>R.
Furthermore, we have @(S™')>1 by (2.3.1). Then the intermediate value theorem implies that
there exists a unique g >.S~! such that p(q) =1.

(2) Define the holomorphic function v(z) by v(z) =1-X-, az"* for z with |z| < R. Then,
for z with |z| = S, we have

V@) <1+ Y la ||z[*=1+Su(S) < |ay|S =|ayz|

i=1
by (2.3.2). Hence, by Rouché's theorem, a,z —v(z) and a,z have the same number of zeros in the
region |z| <.§. Note that g,z ~v(z) =0 if and only if zh(z) =1. Since ayz has a unique zero in
the region, we have the conclusion. [J
Remark 2.4: For a weighted r-generalized Fibonacci sequence of nonnegative real numbers with
7 finite, condition (2.3.1) is always satisfied, and the real number g as in Lemma 2.3(1) is the
unique positive real root of the characteristic polynomial (not necessarily asymptotically simple in
the terminology of [2]).
Remark 2.5: In the situation of the above lemma, if {y,,y_,,V,,..}={L g, g% g7, ...}, then
we can check easily that y, =¢" foralln € Z.

Note that if condition (2.3.1) or (2.3.2) is not satisfied, then, in general, there exists no g #0
such that {g™¢™M}?, e X and f(¢7',q7%,47,..)=1. For example, consider a,=-1/(@+1)!.
The sequence {a,};2, satisfies condition (2.1) with R=o0. However, 1—zh(z)=¢" and there
exists no ¢ # 0 with ¢7'h(g™") = 1.

3. CONVERGENCE RESULT FOR lim,,__ y, /q"

Our aim in this section is to prove a convergence theorem for the sequence {y,/q"} (Theo-
rem 3.10), where {y,} is an co-generalized Fibonacci sequence as defined in §2 and ¢ is as in
Lemma 2.3.

We first define the auxiliary sequence {g,} as follows. We set g, =1, g, =0 for n<-1, and

define {g,}., as the oo-generalized Fibonacci sequence associated with the weight sequence
{a,}2, and the initial sequence {g,},%%; .., & = (80, &1, &> --)> &2 = F(&1> &o> &-1> ---), €LC.

Lemma 3.1: For all n>1, we have
Vu= 8Vt D, (Z &Gy j_lJy_,--
i=1 \ =1

Furthermore, the series on the right-hand side converges absolutely; i.e., the following series
converges:
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o0 n
FANEDS (Z F- A A ‘le_i I

i=1 \ =1

Proof: Note that g, =a,. Then the equality for n=1 together with the absolute conver-

gence is easily checked. Now assume that, for n, n—1,n-2,...,1, the right-hand side of the
equality converges absolutely and that the equality is valid. Then we have

Y1 = Zaiyn—-i

n-1 o [ n-i 0
- Za [gn zyO + Z [Z gn—i—jak-&j—l)y—kJ+zaiyn—i

i=0 k=1 \ j=1 i=n

(zagn 1)y0+zazz [Zgn—t jak+j I]y k+zan+ky k

i=0 k=1 \y=1 k=1

o (n-1 n-i
= &nt1)o +Z (zaxz En-i- jak+j 1 + n+kjy—k

k=1 \_i=0 =1

J=1 \i=0

algn—j—i)ak+j—1 + gOan+k)y—-k

o £ (2

o [ n+l
=8&pdot z (Z 8En1- G+ j—l)y—k'

k=1 =1
Note that we can change the order of addition, since each of the series appearing in the second
line converges absolutely. Thus, the equality is valid also for n+1 and the right-hand side con-
verges absolutely. O

Set

o0

a;
bm = z qt+l (m O)

i=m

where ¢ is as in Lemma 2.3. Note that b,= f(¢7!,¢72,4>,...) =1. By the previous lemma com-
bined with Remark 2.5, we have, for n>1,

=8 +Z (Z gn—jai+j—1)q_,
i=1 \ j=1

Hence, we have

n - gn— al n < = ai -1 | 8n—j n z gn—'
=8y Y Ti,‘—%i(z Ti,‘) =t b
j=

i=1 j=1 q q Jj=1 \li=1 q q q

In other words, we have 1=5§c, +b¢c,_, +b,c, ,+ - +b,c, for all n>0, where ¢,=g,/q". We
will show that lim

nw G, €Xists. Set k, =c, —c,_
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Lemma 3.2: For all n>1, we have

k= 2 (1B b,

(i} ig) €O,

where ©, is the finite set defined by

0, = {(il, od)id €L i 21, 521 ), :n}.
j=1

Proof: First, note that kb, =1 and that kb, + kb, +---+k,by=0 (n>1). The equality is
easily checked for n=1. Suppose that the equality is valid forn, n—1,...,1. We put ®, = {0} and
adopt the convention that the sum over ®, is equal to 1. Then we have

n+l

kn+1 = _blkn _b2kn—1 -t n+1 0 - zb Z (—l)rbn

(s 1, ) €@y

On the other hand, we have

n+l

n+1 - U{(l lla sees lr) : (ila cres Ir) € ®n+1—i}'

i=1
Then it follows that
k= 2. (-IYB b .
(- ir) [SC

This completes the proof. O

Lemma 3.3: If X _|b,| <1, then the series Xk, converges absolutely and is equal to
( m=0 m)—

Proof: First, note that the series 3. ,(—1)'z’ converges absolutely for |z| <1 and is equal to
(1+2z)™. Since X>_;|5,| <1 by our assumption, we see that the series 22, (-1)'(Z5_,5,) con-
verges absolutely and is equal to (1+X2_,5 ) =(Z>_,5,). Hence, we can change the order of
addition in the series >0, (—=1)'(X>_,5,) . Then, using Lemma 3.2, it is not hard to verify that,
changing the order of addition appropriately, this series coincides with the series Y. k,. This
completes the proof. U

Note that Lemma 3.3 is an analog of Lemma 13 and Theorem 14 of [2]. However, the
method in [2] cannot be applied directly to our case.
Proposition 3.4: Suppose that there exists an § with 0 < .§ < R satisfying (2.3.1) or (2.3.2), and
S%uw'(S) < 1. (3.4.1)
/ ¢" exists and is equal to (1+ 12k (g™)) " = (2o ,) ™"

n—ow cn - hmn—)oo gn

Proof: Since kb, =1 and kb, + kb, ,+---+kb,=0 for all n>1, we see that

w
DI kb, =

j=0 i=0

Then lim
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On the other hand, we have

Sil=3 |3 E < S Pla 15 = Sila 15 = $2(S) < 1
m=1 m=1| i=m q m=1 i=m i=1

by (3.4.1). Thus, lim,_ ¢, =2, .k, converges absolutely by Lemma 3.3. Therefore, we have
ook ) (20 0b,) =1, since X._ b, converges absolutely. On the other hand, we have

(g™ = q‘z(z iaiq'(‘“‘)) = iagq Y,
i=0

i=1
and ¥ b, =1+ % iag ™V This completes the proof. [

Note that the limit as in Proposition 3.4 does not always exist in general as is seen in [2] if we

drop the condition (3.4.1). When there exists an  with g, =0 (7 >r), the above lemma shows
that the sequence is asymptotically simple with dominant root ¢ and dominant multiplicity 1 in the
terminology of [2].
Remark 3.5: Note that it is easy to construct sequences which satisfy condition (2.1) and which
admit a real number S with 0 <§ < R satisfying (2.3.1) or (2.3.2), and (3.4.1). For example, take
an arbitrary holomorphic function A,(z) defined in a neighborhood of zero. Then the sequence
appearing as the coefficients of the power series expansion of the holomorphic function A(z) =
h(z)+a at z = 0 satisfies the above conditions for all a € C with sufficiently large modulus |a|.

Remark 3.6: Suppose that each g; is a nonnegative real number and that there exists an § with
0 <S5 <R satisfying (2.3.1). Then the condition in Lemma 3.3 is equivalent to each of the follow-
ing:

ey g ;fﬁl <1
@) Yi-DE<ay;
i=1 q
®3) : (@) =9 <1,
) e'(q")<2q,

where e(x) = xh(x) for x> R™'. Note that h(g"") =g and e(¢g7") =1. In particular, each of the
above conditions is equivalent to (3.4.1).

Problem 3.7: Suppose that the sequence {a,};, admits an S with 0 <§ <R satisfying (2.3.1) or
(23.2). If > _,|b,| = 1, what happens? Does it happen that lim,_, . g,/¢" exists and is not equal
to the value as in Proposition 3.4?

Remark 3.8: Suppose that each g; is a nonnegative real number and that there exists an § with
0< S <R satisfying (2.3.1). Ifa=1m,_,g,/q" exists, then we have 1<a¥ (b, <2. Thisis
seen as follows. First, we see easily that
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This implies that

n+ls(ibmJ(ic,)_<.2n+l,
1=0

m=0
since X _ob,, ¢;-m =1 (j 20), as we have seen in the paragraph just before Lemma 3.2. Hence,

(S mlSe) < 2

m=0

we have

Thus, ifa=1lim, ¢, =lim, g, /q" exists, then we have 1<ay b, <2.

n—»w n

Now we proceed to the study of the asymptotic behavior of the sequence {y,}.;. By
Lemma 3.1, for all » > 1, we have

yn = gny() +Z (Z gn—jai+j-l)y—i'
i=1 \ j=1
Thus, we have d, =y, + 22,6y, (n 2 1), where d,=y,/q" and & =3"_(c,_ja,, ./ ¢’).
Since the above series converges absolutely by Lemma 3.1, we have

n"‘ ny0+z (Z 1+j—].y—l) ny0+z ~,PJ,

i=1 Jj=1
where p g7 550,y (j21). Putting p,=y,, we have d, —Z;;oc,,_jpj (n>0). Set
t,=d,—d, , (n>1)and &, =y, =d,. Then we have 7, = pk, +pk, ,+---+ p,_,; + p,k, for all
n>0. [‘hus if the series Y., p; converges absolutely, then the series X, ,#, converges abso-
lutely and is equal to the product (X2 p, )Xoy k;), since the series 3, k; converges absolutely
under the condition of Lemma 3.3. Note that >, =d, and that lim,_, ,d, =3, 1.

Lemma 3.9: If there exists an .§ with 0 < § < R satisfying (2.3.1) or (2.3.2), and (3.4.1), then the
series ., p; converges absolutely and is equal to Yo ¢'b,y_,.

Proof: First, consider the series Y., ¢'b,y_,. Since the sequence {y_}2, is an element of X,
there exist C > 0 and T with 0 < T < R satisfying |y_;| < CT" for alli. If T|q| < 1, then we have

lg'b.y_i| < C(TlqlYlb,| < Cla|

and, hence, the series Y., ¢'b,y_, converges absolutely by the proof of Proposition 3.4. When
T|q| > 1, we have

< Iq[’(zI |]ly_,l—CIqF‘(TIqI)'Zla'|. (3.9.1)

. 1< a.
Byl = 1al] 3
=X

= lab™ =1’}

Now consider the series

Z(Z( 4 l))l -3 (o gy G92)

J=0 \i=0 j=0

The radius of convergence of the power series
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+1_
=5 (0o

is equal to

) —1
- 1(Tlg)*' -1} . R
lim sup J ( ifla. = .
(mp\/ Tigl=1 |1 =Tiq

Since we always have |q[!< R/(T|q|), we see that the series (3.9.2) converges (absolutely).
Changing the order of the addition, we see that the series

© ® |al
C 1 T i J‘
Zo g™ ( Iql)g g

converges (absolutely). Thus, by (3.9.1), we see that the seriesY., ¢'b,y_, converges absolutely.
Then we have

gq Vo= Zq(i q,ﬂ]y-,—il(i%’;‘-‘]y.i

J=1

Here we have changed the order of addition, which is allowed since the series in the first line
converges absolutely as we have seen above. This completes the proof. [

Thus, we have proved the following.

Theorem 3.10: Let {a,};, be a sequence of complex numbers which satisfies (2.1) and which
admits an S with 0 < § < R satisfying (2.3.1) or (2.3.2), and (3.4.1). Then lim,_,_y,/q" exists

and is equal to
-1
) ) _ b q y_
b | = &2m=0 m
(Sen) (Sn |- Zmpdetten,

m=0 m=0"m
where ¢ is as in Lemma 2.3.

Note that the above limiting value can be calculated by using only g, (i 2 1), y_; (j =2 0), and
q. We also note that the above result coincides with the results in [2] concerning the case where
there exists an integer r such that a, =0 for alli >r. Furthermore, we note that, using our
results of this section, we can obtain convergence results for the ratio of two co-generalized Fibo-
nacci sequences and for the ratio of successive terms of an co-generalized Fibonacci sequence.
For details, see [2, §3]. As to the ratio of two successive terms Dence [1] has obtained a similar
result for weighted r-generalized Fibonacci sequences with r finite; however, Dence uses all the
roots of the characteristic polynomial, while we obtain a formula in terms of only one root g.

Problem 3.11: For a given sequence {a,}, as above, characterize those sequences {y,}, 7 such

that y, = f(V,—1> Vu-2> Y3, -..) for all m € Z (not just for n > 1). Note that y, =4g" is such an
example. When a, =a, =1 and @, =0 for all / > 2, then the sequence {y,}, 7, defined by

n
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E, nx1,
Y,=40 n=0,
)™E, n<-,

is also such an example, where {F,},.; is the usual Fibonacci sequence.

4. EXAMPLES
In this section we give some examples that will help us to understand general phenomena.

Example 4.1: Let b and a be positive real numbers and consider the sequence {g, };-, defined by
a;=ba’. Then it is not difficult to see that g=b+a, X, _b,=a/b, g,=1, g =b, and that
&1 = 98, for all n> 1. Thus, we see that lim,_, g, /q” exists and is equal to b/qg=5b/(b+a) =
(1+X2_,5,)"". This shows that, even if condition (3.4.1) is not satisfied, the conclusion of
Proposition 3.4 holds in this case. In fact, condition (3.4.1) is equivalent to a/b<1 in this
example. (When a/b<1, choose r>1withr—1<b/a<(@-1)* and set R=ca! and
S =(ra)™!. Then condition (3.4.1) is satisfied.)

Example 4.2: We consider the sequence {g,}2, defined by a, =0 and a, =ba’ fori > 1 for some
positive real numbers b and @, which is a slight modification of Example 4.1. It is easy to see that
g=(a+Va?+4ba)/2, T2 b, =bal/(qg-a)* =blb-(qg-a)'>1, g,=1, =0, and g,,, =
ag,+bag, forn>1. Set £, =g,,,. Thenweseethat £ =1, & =0, and &, =aif,+aié,
(n>0), where aj = aand aj =ba. Note that the number associated with the finite sequence
{a},aj} as in Lemma 2.3 coincides with the number g associated with {a,};2,. Since conditions
(2.1), (2.3.1), and (3.4.1) are satisfied for the sequence {a}, a/}, we see that lim,_ &,/ q" exists
and is equal to gba/ (¢* +ba) by Theorem 3.10. Thus, we see that lim, ,_ g, /¢" exists and is
equal to ba /(g% +ba). (This can also be obtained by a direct computation as in the previous
example.) Note that we always have Y. b, =b(b—(g—a))™ >1 and that (1+X_5,)" =
bal/(g*+ba). In other words, although condition (3.4.1) is not satisfied, the conclusion of
Proposition 3.4 holds in this case.

Example 4.3: We consider the sequence {g,}, defined by a, =aa’ +bf' for some positive real
numbers a, b, a, and f. Then we see that ¢ > a, § and that ¢? —(a+f+a+b)g+(ba+af +
af)=0. Furthermore, we see that g,=1, g, =a+b, g,=(a+b)*+(aa+gp), and g, =
(a+pf+a+b)g,—(ba+af+ap)g, ,forn>2. Therefore, we have g, = Aq" + Br" (n>.1) for
some real numbers 4 and B, where r is the solution of the equation r*—(a+f+a+b)r+
(ba+af+af)=0 withr # q. Since |r|< g, we see that lim, ,_ g,/q" exists and is equal to 4.
The value of 4 can be calculated by using g, and g,. Afier tedious but elementary computations,
we see that 4= (1+aa/(g—a)*+bp/(1-p)*) ' =(1+Z,_b,)". Note that the value X b
can be greater than 1. For example, for (a, 8,a,b)=(1,1/2,1 1), the sum is smaller than 1 while,
for (e, B,a,b)=(3,1,1,1), it is greater than 1.

Example 4.4: Consider the sequence {a 2o With a. =1/ +1)!. Note that, for this sequence, we
have h(x)=(e*—1)/x and e(x) =e*—1. Hence, the radius of convergence R is equal to co. In
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this case, we can easily check that ¢ = (log 2)”'. Hence, we have e'(¢™") =2 < 2(log 2)™' = 24,
which implies that the condition in Lemma 3.3 is satisfied by Remark 3.6. Thus, by an easy
calculation, we see that the sequence {g }, behaves like (log2) ™ /2 when n goes to .
More generally, the sequence {y,}._; behaves like b5(log2)™, where

n=1

NSRS L

i=l j=1 (1+])'

Problem 4.5: For an co-generalized Fibonacci sequence, the function H(z) =z 'A(z™")~1 seems
to be the analog to the characteristic polynomial in the finite case. This raises the question as to a
possible analog to Binet-type formulas for the finite case (see [3] and [2, Th. 1], for example). If
H(z) has finitely many zeros, Examples 4.1 through 4.3 seem to suggest that Binet-type formulas
hold as in the finite case. If H(z) has infinitely many zeros, as in Example 4.4, then will there be a
Binet-type formula that is an infinite series involving powers of the zeros?
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The aim of this paper is to prove the existence of inverse pairs for a certain class of number-
theoretic functions. An application of the result is also illustrated. The motivation comes from
the study of functions such as

C.(n) = 21 and R,(n)= }:1 :

aq+etag=n a+-+ap=n
a;21 (ap, - ap)=1

Gould [1] showed that C,(n) = 2, R.(d) and that R,(r) has an inverse. In [5] a pair of func-
tions similarly related is also studied and similar results obtained.
We start our investigation by giving the following theorem due to Gould [2].

Theorem 1 (The Bracket Function Transform): Define

S<n>=§[] z; )

A(x)=) x"4,, )
n=1
and
S(x)=) x"S,. (3)
n=1
Then
1 © x"
= . 4
e @
From this it follows that
(1-x)8(x)= 2 x"S, - Z x™is = Z (S, -S,_,) x", where S; = 0. )
n=1 n=1 n=1
That is
S, — S, =
Z( ) X" Z A (1 . )
a result equivalent to
S,—8,.,= Z A, (see Hardy & Wright [4], p. 257). ©)
din

But relation (6), in turn, implies that

A(n) = (Sd)-Sd~ 1))u( ) ™

din
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A result also obtained by Gould [2], albeit through an entirely different argument. For complete-
ness, we also include here Gould's [2] elegant formulation of the above result.

Theorem 2:

a(n, k)= Z[ ]b(], k)= Z Y b(d, k)

Jj=1d|j

if and only if

b(n, k)=> (a(d,k)-a(d -], k)),u( )
d|n
We now prove our next result.

Lemma 3: Define

H(x)= i x"H,, where H, = Z A4,

din
Then
Sy =22 ®)
Proof:
5= 38, = zxni A=Y,
=1 =1 =1 d|j =1
= iHjix” = iHjxfix"'f = H(x) , |x]<1
=l n=j j=1 n=j

Next, we prove our main result.
Theorem 4: Define
Hn k)= Z Ald, k),

d|n

S(n, k) = Z[ ]A(} k)= Y Ad,k), and

J=k dlj
B )= % |- 550 8. b

where A(n, k) =B(n,k)=0ifn<k and A(k,k)=B(k, k)=1
Then the functions A(n, k) and B(n, k) satisfy the orthogonality relations

™ 40, KB, j) =& and 3 B(, ) A, j)= 57, where 57 =1 "= %
jgk (J’ ) (n)j)—' r an part (.]a ) (n>.])_ k> WHEre - O, otherwise.

Proof: Consider

0 n—1
ZB(n J)x" = z[ k]xn_z_;xnzsm, JBU, )

n=1 j=k
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X
N B3, B)x) =% x> S(n, HB(, k),
s 2}; ;Zk ;k (. )BU. )
since S(k, k) = 1 by hypothesis.
That is,
) n k
x" Y8, NBU, k) = e
,; 12:76 (1-x)(1-x")
or

25U LSt )= 3B B -
P (I-9(-)

From the last equality in (10) and Theorem 1, we have

2B0LAC ) =2 S

=k n=j
from which it follows that

:l—x

3 BU, DA, )= 5.
J=k

Also, from H(n, k) =%, ,A(d, k), Theorem 1, and Lemma 3, we have that

i H(n, k)x",

and, hence, that

- - x" _H(x)
;A( ’k)(l—x)(l—x") Cl-x

We may now use relation (9) and rewrite this last equation in the form

ZA(n k)Z ZS(I DB, n) = ZS(n k)x",
i=n  j=n
that is,

i iB(] n)A(n, k)Zx NWE i ixiS(i, j)iB(j, mA(n, k)
j=li=j n=1

j=1 n=1 i=j

= Z S(n, k)x",
n=1

which implies that >/_, B(j, n)A(n, k) = 5], and, hence, the result X443, k)B(n, j)=0%..

Theorem 4, in turn, implies the following result.

Theorem 5: For any ordered pair of functions (f(n, k), g(n, k)), the following holds:

Fo k)= g, DAG, k) ifand onlyif g(n, k)= 7 HBU. K,

j:k j_—_k

1999]
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where A(n, k) and B(n, k) are as defined in Theorem 4.

Of interest are the function pairs (f(n, k), g(n, k)) satisfying Theorem 5. One such class may
be obtained from the following result.
Theorem 6: Let

W(n k), ifk/n,

gn k)= { and f(n k)= Zh(n, d)Ad, k).

0, otherwise, i

Then (f(n, k), g(n, k)) satisfies Theorem 5, where h(n, k) is any number-theoretic function.
Proof: If f(n, k) =2,,h(n,d)A(d, k), then

g k)= Shind)AWd, B, K=Y S hin, d)A(d, B, k)

j=k d|n j=k d=j
d|n
= Z Zh(n, d)A(d, j,)B(j, k)= Zn:h(n, d)6¢
P prid
h(n, k), ifk/n,
B {0, otherwise.

The converse is trivial.

Similarly, it may be shown that the functions
h(n k), ifk/n,
otherwise,

S, k)=

and
g(n, k)= h(n,d)B(d, k)
din
satisfy Theorem 5.
As an application, we shall consider some of the results in [5]. There it was established that

G};w@, an
where
I'(n) = >1 , nxk. (12)

1Sai<ap<---<ap<n
(a,ay, ., ap,n)=1

It follows from equation (11) that
n . 1 n n o
S-S rr@-3 5 |lvo (13)
= i ;
Therefore, by Theorem 2,

() = len{(‘/fﬁ) (x4 l)}”(g)zdzln” (;’})(Z) (1%
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Further, if A(n, k)= T;'(n) and H(n,k)=2,,T7(d)=(};), we may also apply Theorem 1 and
Lemma 3 to find the equivalent S(x) and H(x).
And, by Theorem 4, the function 7;"(n) has an inverse given by

K =[2]- Z(’}Ii)l@() as)
aw=[z} wen=(03) 5S-G

wen= (32 ) ) ) ()
() e () e ()
SR e

We may, therefore, generalize and obtain the following explicit form for K, (»).

Clearly,

and

Theorem 7:

K,(n) = é(- 1y (’J’ ! D [;] where K (n)=0ifn<Fk.

Proof: We prove the result by induction on #n. We shall assume the result holds for &, & +1,
.., n and consider

K, (m+1) = "—kﬂ Jz(’;ﬁ)Kk(})
= :nT-I-l _g(zi%)Z( )J“’({ :11)[ ] by the inductive hypothesis
P S ()]
LEFEEIE (oL e

S (3]

where we have used the identity

Z( 1)!"( )() &"  (see Gould [3, (3.119)], p. 36).
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And, from Theorem 5, it follows that

F k)= g(n, HTI() ifand only if gin, k)= 3 £ NK(). (16)

Jj=k j=k
The functions

n+1 n
fob=(371) and g b=|%|
are particular cases of this result.
Also, from Theorem 6, we may obtain other such function pairs for given ~(n, k); in particu-
lar, with A(n, k) = 1, we obtain the functions

1, ifk/n,
g, k)=

0, otherwise,
and

fo - 5@-(;)

d|n

Further, using the techniques in [6], we may prove the following result.

Theorem 8: Let

100 =G

-1

Then (f(n, k), g(n, k)) satisfies Theorem 5, where A(n, k) = 7;'(n) and B(n, k) = K, (n).
Proof: Suppose f(n, k)= (,:i)lk , then

g k)= /@, J)Z( 1)"'(J+l)[k] Z( 1)’[ ]2(122;({:11)

il (J) <D [i](n+1
TS O-EEE)
Conversely, assuming this form for g(n, k), we obtain that

jwn-$382 [5}(7:%)nfu>=§%‘:—’£(?:%)iB’Jw

and

from equation (13). We now use the relation

3 ({ ) - (f’j:ll) (see Gould [3, (1.52)])

J=i
to obtain that
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For(e)-Zer(E)
gergor e

i—%

and, hence, the result.

Clearly, many more such function pairs can be found by use of the right Binomial Identities.

And, as in [6], generalizations of such functions are also possible.
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PARTIAL FIBONACCI AND LUCAS NUMBERS
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0. INTRODUCTION

The well-known Lucas formula

Fon= ng(n;r) &

r=0

connects the Fibonacci numbers with binomial coefficients. Our interest is to find out what kind
of numbers are obtained by taking every number 7 in (1) from a fixed residue class modulo m
(m=2,3,...). Asaresult, a new family of sequences is introduced: the partial, or 1/m-Fibonacci
numbers. We give here a primary description of these numbers and their generating functions. By
a similar construction, partial Lucas, Pell, and other specialized Fibonacci-type sequences can be
obtained. Properties of these number systems will be explained in many respects.

1. THE BASIC RECURSION

Given a modulo m (m=1,2,3,...), we define the (m, k)-Fibonacci numbers as follows:

4
ﬁﬁ’k)=2(";;”i;k) (k=0,1,...,m-1), @)
0

r=

where £=|(n—2k)/2m]; n=2k,2k+1,.... Forn=1,...,2k, F"™" =0 (k > 0). Irrespective of
the value of k or even of m, these numbers may be called 1/m-Fibonacci numbers or partial Fibo-
nacci numbers. For every natural n, according to (1),

ORI o
k=0
For n < 2m, there is F™* = ("%) for all k. We usually disregard (except in §4) the all-zero case
n=0.

Theorem 1: For every m, the sequence {F™")} is the difference sequence of {F™**D} over k in
cyclic order, i.e,,

Lk L k+1 L k+1
EGP = FED - EGED - (k <m-1), @

Fam 0= ERY -F5Y (k=m-1).

n+l

Proof: As (;Z}) = ()~ (";), for the  summand in (2) there obviously is

(n—mr—k):(n+2—mr—k—l)_(nJrl—mr—k—l) (k <m—1),

mr+k mr+k+1 mr+k+1
n—-mr—-m+1)_(n+2-m@r+1)\ (n+1-m(r+1) o
( mr+m-—1 )"( m(r +1) ) ( m(r +1) (k=m=1).
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In the last case, for r = 0 the right side is

n+2 n+l1)_
(57)-(75")-0 0
Thus, all m sequences {F™"} form a cyclic set with respect to the difference operator A,
(see [3]).

Theorem 2: For every m and k, the recurrence
F0 = 3 () E, ©
=0

of order 2m holds.
Proof: From (4), with n instead of n+1, by consecutive forward substitutions
E o ) ( <m=1), EP0 - o,
and with & = 0 instead of ¥ =m for the transition step (addition modulo m), we have
FOnR = pOmked) g plmies2) | pln k42)
= FUmEAD) g plnked) | 3 pOniesd) | plmksd) _

>

so that (5) follows after m—1 steps. This can be proved easily by induction. [

2. FIBONACCI CYCLOTOMIC POLYNOMIALS

From the recurrence (5), we obtain the characteristic polynomial
S0 -1 (=0 1= () ©)
5=0

of degree 2m. The polynomials (6) can be called Fibonacci cyclotomic polynomials, as the sub-
stitution # = x(x —1) turns them into the classical cyclotomic polynomials (see [4]). Hence, they
admit the following factorization over C:

oo =] —x e, ™

J=0

where &/ = cos%+isin% are the values of %/1. The factor x*> —x —1 (for j = 0) whose zeros
are @ = —1];(1 +4/5), fp=1-a, is present in all p,(x). The quotient polynomial
: Pa® N2y
X)=-—tr—= x°—x 8
) =5 2 ) ®

has the first m lower terms (=1)"F,,,x" (h=0,1,...,m—1) and its (pairwise conjugate) zeros are

2 Z’j :%(liM);
~ ©)
’g,{:,/lﬂscosgg G=1,2 .., m=1).
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Examples:
g(®) =1 g)=x"-x+1, gO)=x*-2x*+2x~x+1;

Ga(x) = x5 =3x" +4x* -3 +2x% ~x +1= g, (x)(x* - 22> + x* +1);
gs(0) = x® —4x7 +7x5 - 7x° +5x* - 33 + 2x% —x +1;
gs(x) = X1~ 5% + 11x® — 14x7 +12x® - 8x +5x* - 3x> +2x? —x +1
= I ()(x* ~ 26 +x+1).
The final factorization to quadratic trinomials over R is more difficult:

() = (* = (1+ A)x+ M)(x* - (1- Ax+1/ M),

94 _ (2 _ 2_(1-
e (x*-=(1+B)x+N)x*-(1-B)x+1/N),

A= F(B-D),  M=i(B+1+y2(J13-1);

B=[L(17T+1), N=1(/T7T+1+2(JT7+1)).
Solutions of the equation g,,(x) = 0 for m < 6 involve radicals /3, v/5, /13, /17, and /21 .

where

3. GENERATING FUNCTIONS
Theorem 3: The generating function of the sequence {F™")},

x2k (1 _ x)m—k—l

P = Y O = : 10
,,_Zzlk +1 rm(x) ( )
where
r,(x) = xz’"pm(l /x)y=(1-x)"~ x2m
Proof: Inthe case k =m—1,
£ =X ()

(X)

i.e., the series Yo Fm Dx" with shifted coefficient sequence (with F7:7" ™" =1 being the first
one) is the inverse for 7,,(x):

1 o
o /O, () = 1,

as can be seen from the convolution formulas (see [2], [3])

XLV = R

Further, it follows from (4) that
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1-x ,m
FR )= = SRy (k=0,1,...,m-2). 12)
From this, we obtain (10). In particular,
1—x m-1
SO (x) = =" r (i) . O (13)

Now we can verify the identity (3} in terms of generating functions. Indeed,
1) = (1= x = x%)s,,(%),

where

m—1
5 (0) = x*"q,, (1/ x) = D" x** (1 %)™+
k=0
is exactly the sum of numerators in (10) over all £&. Hence,

m=1
TSR0 = = = 100,

2 =
-X n=0

4. EXPLICIT EXPRESSIONS: m =2

In some simplest cases, it is possible to express the numbers F™*) directly as functions of n,
thus giving generalizations of the Binet formula

Fy=1e(@"= "), (14)

For m=2, denote

=K

n

L("i/” (n -1- 2r)

(2,0)
b - 2r

r=0
and

| (n-3)/4]
(2,1) _ n—-2-2r _
EXY =2 (2r+1 )—Dn

(the even and odd semi-Fibonacci numbers). Then, from (6) and (7), the characteristic equation
()= -x-D(x*-x+1)=0

is obtained, whose roots are @, f=1-a, and ¢, €= %(1 iiﬁ). As £° =1, there is

g=¢-1 & =-1 gt=—¢ £=1-¢=¢.

Using the (extended) initial conditions E,=Dy=D, =D, =0 and E, =E,=FE;=D;=1 in the
general solution

E,D,=Aa"+B(1-a)"+Ce"+D(1-¢)",
we obtain for both £, and D,,

201 1 1
A:—B: = =
10 2Q2a-1) 245’
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and for E, and D,, respectively (instead of C and D),

e Ty — 1 " — _ Ny — 1
C'=-D = 2@e-0) and C"=-D 2@e=T)’
Hence,
_ 1 n_ (1_ n _ n

and, in accordance to (3), E,+ D, = F,. The first summand in (15) is exactly F, /2, whereas the
differences
L(n=1)/2] 1
=E,-D, = 1) ~-(1-¢)"
6,=E,-D= 3 ("= gg )
form a periodic sequence (0,1,1,0,—1,—1) modulo 6. (See also [1].)
The generating functions (11) and (13) are

&) = Z X" = (1=%) /1 1y(x) = e(x)

n=0

and
FONE) = 3 Dy = 4 1(3) =),
where r,(x) = (1- x— x?)(1 - x +x2). Then
e()+d(x) = Txl—_— = 7,

e(x)— d(x)- Z(x ) =1+x-x}—x* +x8+x" -

5. PARTIAL LUCAS NUMBERS
Next we apply our approach to the Lucas numbers
L2l e _
L=F +F =1+ ((”rﬁll)Jr(”r’)). (16)
r=1

Then a definition of the (m, k)-Lucas numbers, parallel to (2), is
(mk) _ n—-mr—k n—mr—k+1 _
Lo = 1+Z(( ek )+( kil D (k=0,1,...,m=1), (17)

where £=|(n—2k)/2m];n=2k,2k+1,.... Forn=0,1,...,2k, I™P =0 (k > 0), and I{"V=2,
I =0 (k>0). The formula

-1
S0 =1, =100 (1)
k=0

corresponds to (3).
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The numbers L{™* satisfy conditions analogous to (4) and, consequently, also the basic
recursion (5). The particular solutions differ from the previous Fibonacci case only because of
another initial conditions. Thus, for m = 2 (the semi-Lucas numbers), we obtain, instead of (15),

lez,O)’ L(nz,l) :%Lni%(8"+(l—8)"). (19)

The differences &’ = L% — I2D form a periodic sequence (2,1,—1,—2,—1,1) modulo 6. The
n n n p q
generating functions are
= 2—3x +x?
P20 () = S @0 _ 2= 3% +x?
( ) ng() n+1 X r2(x)

and
D) =Y [EDy" = 2x* - x’
- Dyn = ,
n=0 " rz(x)

and their sum (18) is

27X L = ().

5 =
l-x-x* =

The general formula that corresponds to (10) here is

L 2k (1 _ \m—k=lgn _
(b= 3 Lmpr = XA @o) (20)
n=2k rm(x)

6. NUMERICAL RESULTS
We give the values of £™* and I{™* for m<4 in Tables 1 and 2 below. For the negative
subscripts (in Table 1), formulas (4) were used.
7. SOME PROPERTIES

We mention here without proof the following appealing properties of F™* and L™®,
discovered after short observations:

1) F'—(:’n,k) — (_l)n+1F;7(m,k®r); (21)

2) LR = ()" IO (n=mq+r>0,r=0,1,..,m-1), (22)
where © is subtraction modulo m;

3) Lgm,k) — E,(f']’kel)+F,,(ﬁ’k); (23)

4) lem,k) — F;l(-Tik) _F;'(:Vlz,k(@(m—z))’ (24)

where @ is addition modulo m;

- (m,k) — F;‘l(-l'-"ik+l) (k = O’ 1: R m-— 2)7 (25)
3) ZFJ' ) im0y _ — 1)
j=1 Fo -1 (k=m-1)
\ L)-2  (k=0),
6) Z l/(jm,k) = L(n”-:-’2k+1) (k = 1; T m— 2)3 (26)
= £r9_1  (k=m-1).
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These examples reveal a remarkable variety of repetition patterns, including the "rotation"
(twisting) phenomenon. The usual Fibonacci-type formulas are obtained by summation over all £.

TABLE 1. Numbers F™%

n F m=2 5, m=3 m=4
k=0 1 k=0 1 2 | k=0 1 2 3

-10| -55| -27 -28 1| -13 -21 -21| -21 -20 -6 -8
-9 34 17 17 0 11 8 15 7 15 10 2
-8{ -21| -11 -10 -1| -10 -5 -6 -1 -6 -10 -4
-7 13 6 7 -1 5 6 2 1 1 5 6
6| -8 -4 -4 0 -1 -4 3 =3 0 -1 -4
-5 5 3 2 1 1 1 3 3 1 0 1
-4 -3 -1 2 1 -2 0 -1 -1 -2 0 0
-3 2 1 1 0 1 1 0 0 1 1 0
-2 -1 -1 0 -1 0 -1 0 0 0 -1 0
-1 1 0 1 -1 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 1 1 0 0 1 0 0 0
2 1 1 0 1 1 0 0 1 0 0 0
3 2 1 1 0 1 1 0 1 1 0 0
4 3 1 2 -1 1 2 0 1 2 0 0
5 5 2 3 -1 1 3 1 1 3 1 0
6 8 4 4 0 1 4 3 1 4 3 0
7 13 7 6 1 2 5 6 1 5 6 1
8 21 11 10 1 5 6 10 1 6 10 4
9 34 17 17 0 11 8 15 2 7 15 10
10 55 27 28 -1 21 13 21 6 8 21 20
11 89 4 45 -1 36 24 29 16 10 28 35
12| 144 72 72 0 57 45 42 36 16 36 56
13] 233, 117 116 1 86 81 66 71 32 46 84
14 377¢ 189 188 1| 128 138 111| 127 68 62 120
15| 610| 305 305 O} 194 224 192| 211 139 94 166
16| 987 493 494 -1|{ 305 352 330| 331 266 162 228
1711597 | 798 799 -1| 497 546 554 | 497 477 301 322

[AUG.



PARTIAL FIBONACCI AND LUCAS NUMBERS

TABLE 2. Numbers ™"

n F m=2 5 m=3 m=4
=0 1 k=0 1 2 | k=0 1 2 3
0 2 2 0 2 2 0 0 2 0 0 0
1 1 1 0 1 1 0 0 1 0 0 0
2 3 1 2 -1 1 2 0 1 2 0 0
3 4 1 3 2 1 3 0 1 3 0 0
4 7 3 4 -1 1 4 2 1 4 2 0
5 11 6 5 1 1 5 5 1 5 5 0
6 18 10 8 2 3 6 9 1 6 9 2
7 29 15 14 1 8 7 14 1 7 14 7
8| 47 23 24 -1 17 10 20 3 8 20 16
9 76 37 39 2 31 18 27 10 9 27 30
10| 123 61 62 -1 51 35 37 26 12 35 50
11 199 100 99 1 78 66 55 56 22 4 77
12| 322| 162 160 2| 115 117 90| 106 48 56 112
13 521| 261 260 1| 170 195 156 | 183 104 78 156
14| 843 421 422 -1| 260 310 273| 295 210 126 212
151364 | 681 683 -2 | 416 480 468 | 451 393 230 290
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SUMS OF CERTAIN PRODUCTS OF FIBONACCI
AND LUCAS NUMBERS

R. S. Melham
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(Submitted September 1997-Final Revision February 1998)

1. INTRODUCTION
Inspired by the charming result

ZF}CZ :E1E1+17 (11)
k=1

Clary and Hemenway [3] discovered factored closed-form expressions for all sums of the form
>r_ F3, where r is an integer. One of their main aims was to find sums that could be expressed
neatly as products of Fibonacci and Lucas numbers. At the end of their paper they mentioned the
result
< 1
Z Bl = 5E1E1+1Fr'1+2 > (1.2)
k=1
published by Block [2] in 1953.

Motivated by (1.1) and (1.2), we have discovered an infinity of similar identities which we
believe are new. For example, we have found

< 1
Z FFenF o Fslias = " T30 ARV SOV ST DAY PR (1.3)
k=1
and
< 1
Z Fka+1Fk+2Ec+3Ec2+4Ec+5Ec+6Ec+7Ec+s = 11 T 00 AR (1.4)

k=1

In Section 2 we prove a theorem involving a sum of products of Fibonacci numbers, and in
Section 3 we prove the corresponding theorem for the Lucas numbers. In Section 4 we present
three additional theorems, two of which involve sums of products of squares of Fibonacci and
Lucas numbers.

We require the following identities:

E. . +F,_.=FEL, keven, (1.5)
E+F_,=LF, kodd, (1.6)
B =y = F L, kodd, (1.7)
Frsx = Foi = LFy, keven, (1.8)
L.+L_,=L1L, keven, (1.9)
L+L,,=5FEF, kodd, (1.10)
Lw~L,=LL, kodd, (1.11)
L..—L,,.=5FF, keven, (1.12)
I2-L,,=-2=-1I,, nodd, (1.13)
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Sk -1}, =—4=~I2, (1.14)
SFE Ly, = 2= I, (L.15)
Identities (1.5)-(1.8) occur on page 59 of Hoggatt [4], while (1.9)-(1.12) occur as (9)-(12),

respectively, in Bergum and Hoggatt [1]. Identities (1.13)-(1.15) can be proved with the use of
the Binet forms.

2. A FAMILY OF SUMS FOR THE FIBONACCI NUMBERS

Theorem 1: Let m be a positive integer. Then
Y Filpg oo g By = L2ttt @b
k=1

L2m+1

Proof: We use the elegant method described on page 135 in [3] to prove (1.2). Let /, and
r, denote the left and right sides, respectively, of (2.1). Then [, =1, = F,F, ...F 0, .. Frpan.

Also,
EF r

By —ha = H—T:;M[E1+4m+l - E’I—l]
2Zm+1
FFoi Fos
== nz e [F('n+2m)+(2m+l) - PEH+2m)—(2m+l)]
2m+1

=1 —1,_, using (1.7).

Hence, to prove that [, =r, it suffices to show that /, = ;. But

— FiF.’:) te ‘Ft'lm+1Fém+1L

r] L 2l (S].[I'ICC Fén = Ean)

2m+1
=1/;, and this completes the proof. U
When m=1 and 2, identity (2.1) reduces to (1.3) and (1.4), respectively. However, while
(1.1) and (1.2) can be proved in a similar way, they are not special cases of (2.1).

3. CORRESPONDING RESULTS FOR THE LUCAS NUMBERS

Corresponding to (1.1) we have

ZLZ :LnLn+l_2’ (31)
k=1
which occurs as I, in Hoggatt [4]. The Lucas counterpart to (1.2) is
< 1
Z L’Ii Lk+1 = 5 LnLn+1Ln+2 -3 (3 2)
k=t

The constants on the right sides of (3.1) and (3.2) can be obtained by trial, and also in the same
manner as in our next theorem, demonstrating a certain unity.

Theorem 2: Let m be a positive integer. Then

" LL Ly
2 Ll Liam Lam = %ﬂ_ Ry, (3.3)

k=1 2m+1
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where

Rn — LnLn+1L"'Ln+4m+1 , I’I:O, l: 2)

2m+1
Proof: Again, let [, denote the left side of (3.3). Then
LL,...L, 4
R,-R, ==l 1]
2m+1
LL. . ...L.a,
= ——.ﬁl—ﬂ—[[’(n+2m)+(2m+l) = Liramy-amny]
= LnLrH-l T Li+2m o Lrl+4m [by (1 1 1)]
=1-1_,.
From this we see that /, — R, = ¢, where c is a constant. Now,
c=0L—-R,
Ly
=LL,... L4m+l[L2m+l - f‘ﬂ:l
2m+1

I} . —L
_ L 2m+l 4m+2
= LiLy... Ly 20t —=tms2
2m+1

—-_ LoLiLy. .. Lypyy [by (1.13)]

L2m+l

=-R,
This concludes the proof. 0

Since this method of proof applies to (3.1) and (3.2), we see that the appropriate constants
on the right sides are -2 =—L¢L, and -3 =—-1 L,L,L,, respectively. Accordingly, we write (3.1),
for example, as

n
Z Li = [LkLk+1]3~
k=0
We use this notation throughout the remainder of the paper.

Remark: If for m=0 we interpret the summands in (2.1) and (3.3) to be F? and I2,
respectively, then we can realize (1.1) and (3.1) within the framework of our two theorems.
However, the same cannot be said for (1.2) and (3.2).

4. MORE SUMS OF PRODUCTS

In this section we state three additional theorems, two of which involve sums of products of
squares. Using (1.5)-(1.15), they can be proved in the same manner as Theorems 1 and 2, and so
we leave this task to the reader. In each theorem, m is assumed to be a nonnegative integer.

Theorem 3:
Z FeFpsy o FryamaDisomn = +IF i3 > 4.1
k=1 2m+2
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S LL., ..L i
Z Ll LisamsaFrerame = [MI‘—JM—”'H} . 4.2)
k=1 5F‘Zm-!-Z 0

Theorem 4:

: FF2 .. FZ
ZFI?FILZH . E52+4mFék+4m ] n+}17 n+4mtl , (43)
k=1 4m+2

z LR, §
Z L%L%H'l i Li+4m‘Fék+4m = [M?F__Mil' . (44)
k=1 4m+2 0

In the proof of (4.3), when finding r, —7,_,, we obtain the expression F2,,.,, — F/~,, which by
(1.6) and (1.7) can be written as

[Fezmyramety ~ Fonszmy-meny W nramyr@meny T Fonvamy-@men ]
= F;1+2ml’2m+1 ' Ln+2mEm+l = 172n+4m]:4'1m+2'

Similar expressions that arise in the proof of (4.4), and in the proof of the next theorem, can be
treated in the same manner.
A simple special case of (4.3), which occurs for m=0, is ¥;_, F2F,, = F*F~ .

Theorem 5:

n E)ZEIZ .. .F2 i
Z FI?ECZH o E62+4m+2pék+4m+2 = +IF~ pes » (4 5)
k=1 4m+4

2 L, I !
Z L?CL?C-FI e Li+4m+2f?2k+4m+2 = I: k IH;F ferdmed : (46)
k=1 4m+4 0

To conclude we mention that, for p real, the sequences {U,} and {V,}, defined for all integers
nby
Un = pUn—l +Un—2> UO = C” Ul = ]’
I/rlszt1—1+V—2’ VO:2> I/lzpa

generalize the Fibonacci and Lucas numbers, respectively. The results contained in Theorems 1-5
translate immediately to U, and V. The reason is that if we replace F, by U,, L, by V,, and 5 by
p*+4, then U, and V, satisfy (1.5)-(1.15).
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FIBONACCI NUMBERS AND HARMONIC QUADRUPLES

Georg Johann Rieger
Institut fiir Mathematik, Universitit Hannover, Welfengarten 1, 30167 Hannover, Germany
(Submitted September 1997-Final Revision May 1998)

Here, we combine number theory (Fibonacci numbers) and projective geometry (harmonic
fourth).
Let the real numbers

A<B<C<D (€))
form a harmonic quadruple (see [1], pp. 159-60), i.e.,
B-C D-C LN
B34 D4 (cross ratio) =-1
or
D(2B-A-C)=BC-2CA+ AB. ()

The number D is also called a harmonic fourth. The affine map x+> ax+f with real
numbers @ >0 and S does not change equations (1) and (2). Especially, with a =2/(C — A4)
and f=—(C+A4)/(C-A4), we get A =-1, C;=1 and, therefore, BD,=1, 0<B <1<D,.
Then, B, =(2B—-A-C)/(C - A) > 0 implies, from (1), that

2B> A+C. 3)
It is easy to find harmonic quadruples of squares and also of primes like
<32 <4? <17, 12 <112 <15% <412,
P <12 <132 <17?, 42 <92 <112<17?,
and

3<11<17<59, 3<23<41<383,
5<13<19<61, 7<19<29<139;

also, the number O together with any three consecutive terms (n+2)~!, (n+1)7!, n™! of the har-
monic series form a harmonic quadruple.
Theorem: There are no harmonic quadruples of Fibonacci numbers.
Proof (by contradiction): For integers 2 <a <b <c <d, we replace (1) by
F,<F <F.<F, @

and (2) by

FyQF - F, - F) = BF, - 2FF, + FF,. )
By (3), we must have 2F, > F,+F, >1+F, and, hence, c=b+1; however, 2F, >2+F,,, or
F,_, 22 holds exactly for »>5. Inequality (3) now says F,_, >1+F,. By b>5, this is satisfied
exactly for 2 <a <b-3. Consequently, instead of (5), we have to look at

Fy(Fyy = Fo) = ByFyy = 2F, By + Fo By (©)
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or
FyFyg = By = Fo(Fy =28y, + 1) (™
forb>5 2<a<b-3,d=b+2. We observe that
Fy=2F + B 2By = 2F,,+F,=F_,>0.
Fora=2 and a=5b-3, we obtain ">" and "<", respectively, in (7) and thus in (6). This means
Fy(Fy =) 2 FF, - 28, +F, (3)

and
FyFy g < Fybyyy —2F, 3F, + By 3F,. )

But
FyFp —2F, + B+ Fya(1- By o) = 2(Fy + -D?)>0 (3=3)

and (8) imply d > b +4. Furthermore,
Fyysby g = FyFyy + 28, 5B — By oF, = (18F, -11F,)F, , >0 (b=5)

and (9) imply d <b+4. This leaves d =b+4.
We found that b > 5, and 2 <a <b-3, and that (4) and (7) can be replaced, respectively, by
Ez <E7 <Fi¢+1 <Fb+4 and

Fyrobly o = Ryl = Fo(Fyy =285, + Fy)
or, equivalently,
(F, ~ 12, +3F3)3Fy + Fy ) = -32F2.
This implies (3F, + F,,,)|32F;. Since 1=(F,,,, I;) = (3F, + F,,,, F;), we obtain
(B, +F,p)32. (10)

But, 3K + Fg =23 and 3F, + F,,; >37 (b>6). Hence (10) is impossible. [
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NOTES ON RECIPROCAL SERIES RELATED TO
FIBONACCI AND LUCAS NUMBERS

Feng-Zhen Zhao

Dalian University of Technology, 116024 Dalian, China
(Submitted September 1997)

1. INTRODUCTION

As usual, the Fibonacci and Lucas numbers are defined by
F=%-Cha” ‘(“/51) & L=a"+ (-l
where & = (+/S+1)/2. Sums of the form X1/ (F,,,, +c) or ©1/(L,,,, +¢) have been computed
in many publications for certain values of a, b, and c (see, for instance, [2]-[5]). For example:
Backstrom [3] obtained

i 124541 &1 _A5,
o +3 10 7 =Sk, +1 27

André-Jeannin [2] proved that

i [MV8

: Yoot
n_ol'zn*'\/w a’ =0 2n+1+3/\/_

i 1 V5 N
n=0 2n+1 +2/ -\/- 410g a (lOg a)2(e7r (log )™ + 2)

and Almkvist [1] also gave an estimate of another series, i.e.,

- l 1 V4
Z=:[2n+2 ) 4loga (loga)?(e” Toe@)™ _2)’

2

In this paper, we continue this work and obtain some new results of similar kinds.

In Section 2, some identities related to Fibonacci and Lucas numbers, which may be com-
pared with the ones of [2] and [3], are established. In Section 3, following Almkvist's method, we
express the series Yo 1/ (F,,,; —2/+/5) and ¥ 1/(L,, —2) in terms of the theta functions and
give their estimates.

2. MAIN RESULTS

The following lemma will be used later.

Lemma: Let q be a real number with |g| > 1, s and a be positive integers, and b be a nonnegative
integer. Then one has that

2 1 1 1
an an—- —as = —as as an —-as (1)
nz=:')‘z’2 gt (P + g g% -¢q él—ff b

(b#as, 2af(as-b)).
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Proof: One can readily verify that

1 1 1 1
q2n+b +q—2an—b _ (qas + q—as) - qa.\' _ q—-as (1 _qlan+b+as 1— ann+b—as)

holds for n>s. Hence, by the telescoping effect, one has that

2 1 _ 1 ( i 1 2‘ 1 j
— q2an+b —2an—b _ (qas + q—aS) qas _ q—as s 1— q2an+b+as ! 1- q2an+b—as

for all N >s. Letting N — +oo, we obtain the equality (1). O

From the Lemma, some reciprocal series related to Fibonacci and Lucas numbers can be
computed.

Theorem I: Assume that a and b are integers with @a>1and 5> 0. Then

= 1 1
Z;)Fz = 75 = F@ - (a even, b odd), 2)
n= an+ a a
= 1 1
a odd, b even), 3
; an+b '\/—F L (ab ‘- ) ( ) ( )
Z T (;b_a 5 (a, b even, a # b, and 2a}(a—b)), (4)
n=0 an+b a -
and
Y I_F :L(aﬁ (@ bodd axb and 2al(a-b). (5)
=0+ 2an+b a ‘a -
Proof: Set g=«. It follows from (1) that
& 1 RS 1
= ) 6
r;) aZarH—b + a—2an~b _ (aas + a—as) a ™ — o’ ’; 1— a2m1—as+b ( )

Examine different cases according to the values of @, b, and 5. If a is even, b is odd, and s=1,
then we have (2) from (6). If ais odd, b is even, and s=1 in (6), then (3) holds. On the other
hand, assume that s=1, 2a)(a—b), and a #b in (6), then we have the equalities (4) and (5) if
both a and b are even or odd, respectively. O

Theorem 2: Suppose that sis a positive integer. Then

i 7 Ll(l s+a_}_1) (s odd) ™

and

0

Z L/J— 2F

n= 2n+l

(s even). ®)

Proof: Letting a=1and b =0 in (6), we have

s—1

= 1 1 1
z;) mz TZ Py (s odd).

s s n=0
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Due to
2m m
};) 1- a2n—2m-1 = - a_zm_l +n2=1(1_ a_2n+l + - a_zn_lj = - a—lm—l +m,

we obtain the equality (7). On the other hand, if @ =5 =1 in (6), then

2 1 1 1
z L /\/— F Z 2n+l-s5 (S even).

B snm0 1—Q

Noticing that

2m-1 1 m l 1
Z(:) 1= g2iam = nzd(l_a-znﬂ + 1_a2n—1) =m,

we have the equality (8). O

Remark: Consider the recurrence relation W, = pW,_ +W,_,, n>2, p>0, and the solutions

m:gi%%ﬁi,n:w+@wwﬂ
where A=p*+4, a=(p++A)/2>1. {U,} and {V,} are the generalizations of {F,} and {L,}.
Clearly, the conclusions of Theorems 1 and 2 can be generalized to the case in which £, L,, and
5 are replaced by U,, ¥, and /A , respectively.
The identities given in the above theorems may be compared with the ones in [2]. In addition,
we can also obtain some interesting equalities. For example, lettinga=2, b=1in(2) and s=11n
(7), respectively, we have

5 1
§=: 4n+l 3/'\/— nz LG \/§

and letting s =2 in (8), we have
g 2n+1 3 / ‘/_

3. ESTIMATES OF TWO SERIES

In this section, the summation ¥, is over all integers n.
Putting a=b =1 and s =0 in the left-hand side of (6), we have
2n+1

z 2/‘/—7_-\/_r§) 2n+l 1)2’

2n+l

where ¢ = a™!. From a classical result (see, e.g., [1] or [6]), we know that

0 2n+1 ‘91/
4

q -
r;) (q2n+l )2 872'234 ’

where

Z 7 (n-05)(logq)™"

logq
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Through simple computation, we obtain

i 1 B ﬂ2J§ ~ Jg ~ 7.[2 Zn(nZ _ n) e—7r2 (n-0.5)2(log )"
= Fopn—2/45  8(loga)* 4loga 2(loga)* L, g7 (=05 (loga)™!

Thus, a good estimate of the series 3. 1/ (F,,,, —2/+/5) is given by

AE
8(log)* 4loga’

Using a similar method, we obtain an estimate of another series. From the following results

>

2n

ZLln——z_n= 2n_1)2’

1

where g =a™, and

00 2n
q 1 (8 8y %) 1
= S =
,,Z:l(qz”—l)z 247r2(82 9, 9, 24°

where (see [1] or [6])

G, = [— 4 —-N” 7n(log g)™! — |— 4 72n2 (log q)”!
2 logg Za(-1)'e e long”e ’

i 11 . 1 B 1 1
“~ L,,-2 24 4loga 3(loga)*\erlea)’ Lo prilga)” _5 8
I B N
24 4loga  24(loga)*’

we obtain
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ON THE FORM OF SOLUTIONS OF MARTIN DAVIS'
DIOPHANTINE EQUATION

Anatoly S. Izotov
Mining Institute, Novosibirsk, Russia
(Submitted September 1997-Final Revision February 1998)

1. INTRODUCTION

M. Davis proved in [1] that, if the Diophantine equation
9w+ ) -T2 +75%) =2 ¢))

had no nontrivial solutions other than u =v =1, r = s =0, in nonnegative integers, then Hilbert's
Tenth Problem would be unsolvable. J. Robinson proved that Hilbert's Tenth Problem would be
unsolvable if (1) had only finitely many solutions.

In [3], O. Herrmann proved the existence of nontrivial solutions of (1) and D. Shanks [5]
solved (1) explicitly.

D. Shanks and S. S. Wagstaff [6] found 48 more solutions of (1). They also conjectured that
this equation has infinitely many solutions and gave an elaborate argument in this direction.

In this note, it is proved that solutions of (1) are members of a certain Lucas sequence and its
form is described.

2. REPRESENTATION OF A4,B, AS A MEMBER OF
A RECURRENCE OF ORDER TWO

Herrmann [2] considered the Pell-like equation

942 -7B*=2. )
He proved that, if 4, =1, B, =1, then

A,.,=84,+7B, and B, , =94,+8B, 3)

give all positive solutions of (2).

If 4, has the form #* +7v* and B, has the form % + 75, then every solution of (2) is a solu-
tion of (1).

By the first equation of (3), we have

7Bn = An+1 - 8An and 7B, +1 = A'n+2 - 8An+17 (4)

n

while, by the second equation of (3), we see that 7B5,,, =634, +8-7B, and, by (4), that
44y ~84,,,=634,+8(4,,,-84,)

or
4,4, =164,, -4, 4~1, 4 =15 )
Analogously,
Bn+2 = 16lgn+1 _Bm BO =1, Bl =17 (6)
Now, consider the recurrence
v,,=1U,,-U, U,=0, U =1 N
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By the theory of integer linear recurrences of order two, 4, =U,,,-U,, B,=U,,,+U,, and
Aan = Ui&»l - Uj = U2n+l‘ (8)

Let § be the set of all odd positive numbers that have the form x? +7y? for any integers x, y.
The criterion for an odd z € S is:

z € § if and only if, for some prime p, p* |z, then p* € §;

©
p* €S ifand onlyif p* =0,1,2, or 4 (mod 7).
By the criterion for integer z € 5, we have
ifz;eS, z, €8, then z;z, € S,
1 2 1% (10)

ifz=zz, (z;,z;)=1,and z€ S, then z; € §, z, € §.

It is clear that a solution 4,, B, of (2) is a solution of (1) if and only if 4, €S, B, €S.
Since (4,, B,) =1, we see by (8) that 4,, B, is a solution of (2) if and only if U,,,,, € S.

Later on, we shall say that U,,,, = 4,8, is a solution of (2), and accordingly of (1), if 4,, B,
is a solution of (2). The notations U, and U(n) are considered to be equivalent.

It is known that {U,} is periodic modulo 7 and its period is {1,2,3,4,5,6,0}. By (9) and
(10),if U,, € § and m is odd, then »
m=1,7,9,11 (mod 14). (1

3. SOME PROPERTIES OF U(m)

In what follows, we shall need some properties of recurrence (7), which we give here without
proofs, since they can be found in [2] and [4].
Let m, and m, be positive integers. Then

Um)|U(mym,), i=1,2, (A)
(U(mymy) [ U(my), U(my)) = (my, U (my)). ®)
If p, and p, are primes not equal to 3 or 7 and p, < p,, then, for k >0,
(P, UPp) =1. ©
If the prime ¢ has the form ¢ =2- N +(7/q), where (7/q) is the Legendre symbol, then
qlU(N). (D)

4. "PRIME" AND "COMPOSITE" SOLUTIONS

Let U, be a solution of (1). We say that m is a "prime" solution if m is prime and a "com-
posite" solution if m is a composite number. By the properties of integer linear recurring
sequences of order two, if m is a "composite" solution, then there exists a "prime" solution.

Theorem 1: Let m be an odd composite number, m= pf' --- pht 2 < p <p, <---<p,, k,>0. If
d=1, then k;>1. Let U(m)eS. Then, forall i=1,2,..,d, p, €S, and for all £, 1<k <k,

UphHes.
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Proof: We shall prove the theorem by induction on d.
(i) Letd=1and m=p{", k,>1. For 0<k < k;, by (A) we have

Up) =U@")/U@)-U@).
By (B),
U@/ U@, U@ =™, Up) =1 for py#3 or 7.
Since U(m) € S, we have U(pf)eS for k=1,2,...,k—1. So, for k=1, U(p) €S and, by
(11), p, S.
If py=3or 7and U(plkl) € §, then

U =pU@")/U@)- U/ py and (pUR")/Up), U/ p) =1
Therefore, U(p,)/ p, € S, which is impossible since
U@B)/3=517¢8 and U(7)/7=13-293-617 ¢ §.
(i) Letd=2, m=php? p <p, and U(m)eS. Then, U(m)=U(m)/U(pt)-U(pi?).
Since (U(m) /U(p¥)-U(p¥)) = (pF, U(p)) =1 by (C), we haveU(p¥?) € S and, by (i), p, €S,

Up,)eSs.
Furthermore, U(m) =U(m)/ U (plk N-U (plk ). Let

Um) /U@, Up") = (py -Uwy")) = p5, for 0<c<k,.
Then, U(m) = p5-U(m)/U(p{")-U(pf)/ p5 and M =U(p))/ p5eS. Since p,eS, pSes,
and MpS =U(pf) € S. By (i), we have U(p) € S, p, €S.

(iii) Assume that the statements of Theorem 1 are true for 1<#<d. Then, for 1 =d, let
m=ph-phr-...pki p<p,<-<p,,andUm) eS. Also, let m=mpts By (i), p,>7. Fur-
thermore, U(m) =U(m) /U (p,’}’ )-U (pf,"’ ).

Since (U(m)/U(ps*), U(p*)) = (m, U(ps*)) =1 by (C), we have U(pj) €S and, by (i),
Up)eS, p,es.

Consider U(m) =U(m)/U(m)-U(m,). Let D=(U(m)/U(m),U(m))=(pk, U(m)) = ps,
where 0<c<k;. Then, U(m)=D-U(m)/U(m)-U(m)/D and M =U(m)/D eS. Since
DeS§, wehave U(m)=M-D €S and, by the induction statements, for all 7, 0<i<d, p, €S,
U(p¥) €S, 0<k <k, and the theorem is proved.

In [6], Daniel Shanks and Samuel S. Wagstaff conjectured that equation (1) has infinitely
many solutions. Theorem 2 gives some information on the form of these solutions.

Theorem 2: If there are infinitely many solutions of (1), but only finitely many "prime" solutions,
then there is at least one prime ¢ € S such that U(g*) € § for all £ > 0.

Inversely, if there are infinitely many solutions of (1) and, for each prime p € §, there exists
k = k(p) such that U(p*) ¢ S, then there are infinitely many "prime" solutions.

Proof: Let {m}, i=1,2,... be the set of solutions of (1). If p,, p,, ..., p, is the finite set of

kli k2i

"prime" solutions of (1), then, by Theorem 1, m, = pfip5» ... pka  Since m,_ — o, there exists

at least one p;, 0 < j <d such that k; — o as i — 0. By Theorem 1, U(p}‘) €S forall £>1.
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Inversely, if for each prime p € § there exists k = k(g) and U(p*) ¢ S, then, by Theorem 1,
U(p*) ¢ S for d>k(p). If there are finitely many "prime" solutions, then, by Theorem 1, there
exist finitely many "composite" solutions only.

It is more probable that there exist infinitely many "prime" solutions. Indeed, if for each
prime p €S there exists at least one prime g of the form g=2p"+(7/q), where (7/q) is the
Legendre symbol, then (g/7)=-1andso g ¢ §. By (D), q|U(p") and (p") ¢ S.

5. ON "COMPOSITE" SOLUTIONS

In [6], the solution p, =53 was given and two new solutions of equation (1) were found:
p, =67 and p;=71. By Theorem 1, the corresponding "composite" solutions have the form
m= ppip5, a,b,c>0. To test whether there are "composite" solutions, it is sufficient to con-
sider my = p{, m, = p\py, my = pyps, my = p3, ms = pyps, and mg = p;.
A computer examination produced the following:
For my =53 =2809, U(m,) has no prime divisors up to 1-10°.
For my =53-67=13551, 7103||{U(m,), and 7103 ¢ S, so U(m,) & S.
For my =53-71=3763, 1979339|U(m), and 1979339 ¢ S, so U(m,) & ..
For m, = 67% = 4489, 673349|U(m,), and 673349 ¢ S, so U(m,) ¢ S .
For ms = 67-71=4757, 332989 U(m;), and 332989 ¢ S, so U(ms) ¢ .
For mg =717 = 5041, 46427611 U(my), and 46427611 ¢ S, so U(mg) & S.
Note that:
For m, = 53° = 148877, 893261|U(m,), and 893261 ¢ S, so U(m,) ¢ S..

Perhaps the only "composite” solution of (1) of the form m = p{ Pops is my =537 = 2809, and

it is the least "composite" solution.
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1. AIM OF THE NOTE

The principal aim of this short note is to put into evidence a quite interesting property of the
integers M, given by the left-hand side of the Fibonacci characteristic equation

x> -x-1=0 1.1)
taken at integers. More precisely, let us define the odd numbers M, as
M, =n(n-1)-1=n*-n-1 (n>2 aninteger). 1.2)

After establishing two marginal properties of the numbers M, we prove their main property:
namely, for n >3, their canonical decomposition does not contain primes of the form 102+3. A
brief discussion on which numbers M, are also Fibonacci or Lucas numbers concludes our note.

2. MARGINAL PROPERTIES OF THE NUMBERS M,

Proposition 1:

1 (mod10) 2,4,7, or9 (mod 10)
M, =<5 (mod10) if n={3o0r8 (mod 10) 2.1
9 (mod10) 0,1,5, or6 (mod 10).

Proposition 1 can be proved by simply computing (1.2) modulo 10.
Proposition 2: For n>2, M, is not divisible by 25.

Proof: From (2.1), we see that, for M to be divisible by 5, one must have n=5h+3 (h=0,
1,2, ..). Consequently, from (1.2), we have M, = 25h* +25h+5=5 (mod 25).

3. MAIN RESULT

Proposition 3: For n >3, the canonical decomposition of M, has the form

M, =5T]p¥, G.1
k=1
where 7 is either 0 or 1 and p, is a prime of the form 10~ +1 with s, a nonnegative integer. In
particular, the canonical decomposition of M, does not contain primes of the form 104 +3.
Remark: If M is a prime, then the statement of Proposition 3 and that of Proposition 1 coincide.

Proof of Proposition 3: From (1.2) and Proposition 2, it is sufficient to prove that the
incongruence

n*—n—1#0 (mod 10A+3) (10h+3 a prime) 3.2)
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holds true for all n. Let D (=5) be the discriminant of the equation x> —~x—-1=0. In [3, p. 223]
it is shown how the solution of the congruence x*> —x —1=0 (mod q) (g a prime) is given by the
solution of the congruence z*> = D (mod g). It follows that a sufficient condition for the incon-
gruence (3.2) to be satisfied is that the congruence z2 =5 (mod 104+3) has no solutions. In
other words, denoting by (m/ p) (p an odd prime, m an integer not divisible by p) the Legendre
symbol, to prove (3.2) we have to prove that

(5/10h£3)=-1. 3.3)
To obtain (3.3), first use the reciprocity law for (m/ p) (e.g., see [3, p. 322]), thus getting

(5/10h+3)(10h+3/5) = (-1)SD2AHD2 — (_1)10n+2
(5/10h—3)(10h—3/5) = (1) /20972 — (_1)10n=4
whence
(5/10n£3)(10h£3/5)=1. (3.4)

Then, on using the property (m/ p) = m"™'2 (mod p) (see [3, p. 315]), write

(10h+3/5)=(10~+3)%D2 (mod 5)
=(13)*=9=-1 (mod 5)
whence
(10h+3/5)=—1. (3.5)
The validity of (3.3) follows necessarily from (3.5) and (3.4). O

An Observation: At first sight, we were amazed at the relatively large number of prime M, (cf.
Sequences 179 and 1558 of [4]): we found 48 of them for 3<7 <100 and 311 of them for
3<n <1000, whereas it can be seen readily [2] that the expected number of primes in a set of

1000 odd numbers randomly chosen in [3, 10°] is 157. Actually, the fact that there are so many
prime M, is not surprising, for we know, from Proposition 3, that M, is not divisible by 3 (or by

7), and that most of the composite numbers are.

4. A QUESTION ABOUT THE NUMBERS M,

We observed that
MZZE:]TZZLb M6:L7’
M3:F;’ MSZEO’ (41)
M, = Ls, My = H,.

A computer experiment allows us to ascertain that, for 11<n< 10'°, no numbers M, are
Fibonacci or Lucas numbers. This experiment was carried out by seeking values of & for which
the discriminant 4F, +5 (resp. 41, +5) of the equation n*—n—1=F, (resp. = L) is a perfect
square.
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Question: Do there exist numbers M, that are Fibonacci or Lucas numbers besides those given
in (4.1)?

Remark: By virtue of the identity 41,, + (-1)*8 = (21,)* (see identities I,5 and I;; of [1]), it is
not hard to prove that M, cannot equal an even-subscripted Lucas number.
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For any integers n>1 and k£ >0, let ¢(n) and o,(n) be the Euler totient function of » and
the sum of the k™ powers of the divisors of n, respectively. In this note, we present the following
inequalities.

Theorem:

(D) ¢(F,)=Fy, forall n>1. Equality is obtained only if n=1,2, 3.

(2) o (F)<F,,foraln>1and k >1. Equality is obtained only if n=1 or (k,n) = (1, 3).
3) oo(F,) =2 F; (, forall n=1. Equality is obtained only if n=1,2, 4.

Proof:

(1) See [2] for a more general result. O

(2) Let k>1. Notice that o (/) =F, g =1 forall k>1. Moreover, as 0,(2) = 1+2% >3
for k> 1, it follows that F, ;) =F  2F=2>1=0,(1)=0,(F;). Now let n=3. Notice that
Fy 3 =F,=3=0(2)=0(F3). However, if k22, then 0,(3)=1+3">10. Since F,>n for
nz6, it follows that F, ) =F, . > 1+3¢ >1+2¥ = 6,(2) = 0, (F3) for k>2. From this point
on, we assume that n>4.

Moreover, assume that

o (F) 2 F, ) (D

for some n>4 and some k >1. First, we show that if inequality (1) holds, then » is prime. In-
deed, assume that » is not prime.

Since n* >nk for all n>4 and k >1, and since F,,,>F,-F, for all integers u and v, it
follows that

E,,,ZE,,CZF,," forn>4 and k > 1. 2
Clearly
ﬁ>“;f,:") for m>2and k>1. 3)
If n<41, then F, < F,; <2-10°. By Lemma 4.2 in [3], it follows that
F,
6>—=2—, 4)
#(F)
and by inequalities (1)-(4), it follows that
F, o) Fom
= 2 e > > : 5

F‘G 8>6>¢(E,)> F;,k = F;:" FO'k(n)—n" ( )

Hence, 6> o, (n)— n*. Since n is not prime, it follows that
o, (n)—-n > Jn". ©6)
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Therefore, 6> +/n*. Since n>4, it follows that 6> Va* =2* or k<3. The only pairs (k, n)
satisfying the inequality 6> +/n* for which 4 <n <40 is not prime are (k,n) =(2,4) and (1,n),
where 4 <n <35 is not prime. One can check using Mathematika, for example, that F; ;) >
o, (F,) for all the above pairs (k, n).

Suppose now that inequality (1) holds for some k£ >1 and some n>42 that is not a prime.
Since F, > F,, >2-10°, it follows by Lemma 4.1 in [3] that

log(F,) > ¢f;; 3 %)

By inequalities (1), (2), (3), and (7), it follows that
E 0B Fom

loB(Fy) > Gy > e 2, 2 Fo ®)
Since
(1+2J§)n>1:’, >%-[(1+2‘/§)n—1] foralln>1, ©)
it follows from inequalities (6) and (9) that
nlog(1 +2‘/§) >logF, > Fak(n)—n" > %[(1 +2‘/§Jﬁk - IJ. (10)
If k >2, then ¥n* >n, and inequality (10) implies that
nlog(1+2£)>%'((l+2‘/§)"_IJ. an

Inequality (11) implies that » <3, which contradicts the fact that #>42. Hence k£ =1. Inequality

(10) becomes
Jn
nlog(lzﬁ) . %_((1?@) _ 1}

which implies that » <92. One can check using Mathematika, for example, that F
for all 42 <n<91.

From the above arguments, it follows that if inequality (1) holds for some 7 >4 and some
k >1, then n is prime. In particular, n>35,

y > o(F)

1(n

Write F, =¢q]'-----q]", where g, <---<g, are prime numbers, and y, >1fori=1,....f. We
show that ¢,, g,, and ¢ satisfy the following conditions:

(@ qzn;
(b) Ift>1, then g, >2n-1;

(C) t—1> 2(]’1- ])]og(%,e—l/(n—l)) .
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Indeed, let g be one of the primes dividing F,, From Lemma II and Theorem XII in [1], it
follows that g |F, - Fjz_;.

Suppose first that g|F,,. We conclude that q|(F,, Fj2) = F, ).
that (n, g*) # 1. Since both q and » are prime, it follows that g =n.

Suppose now that g|F,_,. We conclude that g|(F;,, Fj2_;) = F(, ,2_1,*q =*1 (mod n). Then,
clearly, g # n£1 because g and n are both prime and #» > 5. Hence, ¢ >2n—1 in this case.

Since F; =1, we conclude

Now (a) and (b) follow immediately from the above arguments.
For (c), notice that by inequalities (1), (2), and (3),

! 1 FE o (F ) E EF . F 3
1+ - n_ k\"nt - ox(n) — _In > 1+n >
H( 2 —1) T R R R (12)

i=1

because F,,,,/ F,, >3/2 for all m>3. Taking logarithms in inequality (12), and using the fact that
log(1+x) < x for all x> 0, we conclude that

i 1 > log(g).
i=1 2

g -1

From (a) and (b), it follows that

1 -1 3
-1 20m-1) >1°g(5)' (13)

Inequality (13) is obviously equivalent to the inequality asserted at (c) above.
From inequality (10) and inequalities (2)-(c) above, it follows that

1
nlog(1+2‘/§)> logF, > Zlogq,. >logn+(t—1)log(2n-1)

i=1

> (t-1)log(2n—1) > 2(n—1)log(2n-1)log (% . e‘l/("‘l)).

Hence,

h 1+\[5_ 3 1
2(n-1)log(2n-1) "°g( 2 )‘“’g(i)* a1 (14)

Inequality (14) implies that n <5, which contradicts the fact that n>5. [

(3) Let k =0. For any positive integer m, let 7(m) and v(m) be the number of divisors of m
and the number of prime divisors of m, respectively. Notice that 7(m) = o,(m). Therefore, the
inequality asserted at (3) is equivalent to 7(F,) > Fy(, forn>1.

Let n be a positive integer. Recall that a primitive divisor of F, is a prime number g, such
that q|F,, but q|F, for any 1<m<n. From Theorem XXIII in [1], we know that F, has a
primitive divisor for all n>1 except n=1,2,6, 12. We distinguish the following cases.

Case 1. 6)n. Since F,|F, for all d|n, and F} has a primitive divisor for all d except d =1,
2, it follows that v(F,) > 7(n)—2. Hence,

o(F) > 2" > 27(m=2 (15)
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Since 272 > F, for all k >4, it follows that the inequality asserted by (3) holds for all n such that
(n)z4.

If z(n)=1,thenn=1and 7(H) = F,,=1.

If 7(n)=2, thenn=p isaprimeand 7(F,) 21=F = F,
p=2.

If 7(n) = 3, then n= p?, where p is a prime. Moreover, 7(Fj2) 22 = F; = F,(,», and equality
certainly holds for p=2. If p>2, then both F, and F,; have a primitive divisor; therefore,

T(sz) 24>2=F= E(pz).

Case 2. 6|n,but 12[n. In this case, v(F,) > r(n)—3. Moreover, since F; =8|F,, it follows
that the exponent at which 2 appears in the prime factor decomposition of F,, is at least 3. Hence,

7(F) 22" 3+ 1) 2270 4 =272 s B

(»)- Obviously, equality holds only if

because 7(n) = 4 = 7(6).

Case 3. 12|n. In this case, v(F,)>7(n)—4. Moreover, since 2*-3% = [, |F,, it follows
that the exponents at which 2 and 3 appear in the prime factor decomposition of F, are at least 4
and 2, respectively. Thus,

T(F)=2"""2.(441)-2+1) 227515, (16)

Moreover, since 12 |n, it follows that 7(n) = 6 = 7(12). By inequality (15), it follows that it suf-
fices to show that
15:2F> F, for k26. a7

This can be proved easily by induction. 0
This completes the proof of the Theorem. [
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1. INTRODUCTION
Define the sequences {U,} and {V,} for all integers » by

{U,,:pU 1—qU,,, U,=0,U =], (11
V;1=er1—1_quz—2’ %:2’ VI:P’ .

where p and ¢ are real numbers with g(p* —4q) #0. These sequences were studied originally by
Lucas [6], and have subsequently been the subject of much attention.

The Binet forms for U, and V, are

U,,:“(::g" and V,=a"+ B, (12)

where

_ PP’ -4 po PP 4 (13)
2 2 '

are the roots, assumed distinct, of x> — px +¢ = 0. We assume further that /3 is not an nth root
of unity for any n.
A well-known relationship between U, and V, is

Vn = Un+l - qUn—l’ (l 4)

a and

which we use subsequently.

Recently, Melham [7] considered functions of a 3-by-3 matrix and obtained infinite sums
involving squares of terms from the sequences (1.1). Here, using a similarly defined 4-by-4
matrix, we obtain new infinite sums involving cubes, and other terms of degree three, from the
sequences (1.1). For example, closed expressions for

© 3 0 2
Z Un and Z Un Un+l
n=0

n! n!

n=0

arise as special cases of results in Section 3 [see (3.4) and (3.5)]. Since the above mentioned
paper of Melham contains a comprehensive list of references, we have chosen not to repeat them
here.

Unfortunately, one of the matrices which we need to record does not fit comfortably on a
standard page. We overcome this difficulty by simply listing elements in a table. Following con-
vention, the (i, j) element is the element in the /%" row and j* column.
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2. THE MATRIX 4, ,
By lengthy but straightforward induction on #, it can be shown that the 4-by-4 matrix

0 0 0 -q°
0 0 2 3pg?

¢ 3w @)
0 -9 —2pq -3p*q

1 p P r

A=

is such that, for nonnegative integers n, A” is as follows:

U, -q°U U, -q°U, U} -q°U;
3q2Ur?-lUn q2 (2U3Un—l + Un+1U3—I) q2 (Ug + 2l]n-lljn(]nﬂ) 3q2U3Un+I
_3qUn—lU3 —q(Ur? + 2Un—1UnUn+l) _q(ZU)zUnH + Un—lUn2+l) _3qUnU3+1 .
Ug Ur? Un+1 UnUtgﬂ U3+1

To complete the proof by induction, we make repeated use of the recurrence for {U,}. For exam-
ple, performing the inductive step for the (2, 2) position, we have

—q3 (U;’ + 2Un——lUnUn+1) + SPqZUZUnH
= qun[Un(_qUn) + 2Un+](_qUn—l) + 3p(]n(]nﬂ]
= qZUn[Un(UrHZ - pUn+l) + 2Un+1(Un+l - pUn) + 3pUnUn+l]
= qun[2U3+1 + UnUn+2]

=q*[2U2, U, +U,,,U?], which is the required expression.

When p =1 and g = -1, the matrix 4 becomes

0 0 01
0 013
01 2 37
1 111

which is a 4-by-4 Fibonacci matrix. Other 4-by-4 Fibonacci matrices have been studied, for
example, in [3] and [4].

The characteristic equation of 4 is

X = p(p? =22 +q(p* - 29)(p* - DA - pg* (P> -2g)A+4° = 0.

Since p=a+f and g = af, it is readily verified that o>, a?8, aff?, and S° are the eigenvalues
A4;(j=12,3,4) of A. These eigenvalues are nonzero and distinct because of our assumptions in
Section 1.

Associated with 4, we define the matrix 4, , by

A, = xA4¥, 2
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where x is an arbitrary real number and k is a nonnegative integer. From the definition of an
eigenvalue, it follows immediately that xa*, xa® g, xa*p%*, and x* are the eigenvalues of
4, .. Again, they are nonzero and distinct.

3. THE MAIN RESULTS

Let f(z)=X,_oa,z" be a power series whose domain of convergence includes the eigen-
values of 4, .. Then we have, from (2.2),

f(Ak,x) = ZanAl’:,x = Zanankn' (31)
n=0 n=0

The final sum in (3.1) can be expressed as a 4-by-4 matrix whose entries we record in the follow-
ing table.

()] (i, j) element of f(4, ,)
18) —qﬁanx"u,?n,,
1,2) 43U, Ui,
1,3 —qioa,,x"ukn,,vzn
(,4) 43 a0},
@0 3q22a,,x"U3HUkn

2,2) ‘]2 Zanx"(ZUlankn—] + Ukn+1Ul?n~1)
n=0

2,3) qzzanxn(Ul?n +2U4 U Usnit)
n=0

(2’ 4) 3q2 Z anxnUlanan
n=0
(33 l) —quanx"Ukn—lUI?n
n=0
(3’ 2) ‘—qzanxn(UEn + 2Ukn~1Uankn+])
n=0

(3: 3) _qzanx"(zUlanan + UlmleI?nH)
n=0

(3,4) —3q2a,.x"uk,,vzm
CN)) ianx"U 2
“,2) ioa,.x"UZnUm.
(4,3) 30, Uyl
(4,4) ioanx"vim
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On the other hand, from the theory of functions of matrices ([2] and [5]), it is known that
f4, D=cl+qd, +cA] . +cA ., (3.2)

where [ is the 4-by-4 identity matrix, and where ¢, ¢, ¢,, and ¢; can be obtained by solving the
system

Gy +oxa’k +ex?adt + cxda’ = f(x ) = f(xa®),

Cy +exa?t fr 4 e, xta** B + cx3abk B3 = f(xAL) = f(xa?* ),

¢y +exak f* + e, x2a?* B + cx3a3k B = f(xAK) = f(xak ),

o+ X + X2 % + e x3 % = f(xA4) = f(xf%F).
With the use of Cramer's rule, and making use of the Binet form for U,, we obtain, after much
tedious algebra,

o= —f(xa3k)ﬂ6k f(vakﬂk)akﬂ3k
0 U Uy Uy (e~ By UiUy(a - By

f(xakﬂZk)a3kﬂk f(xﬂ3k)a6k
UiUy (e~ By UkUku3k(a_ﬂ >’

_SGa®)H e+ p* +at ) f(xa® Y + B +a )

xa2kUkUku3k (a-p»° vakUzUz (a-p)
f(xa"ﬂ2")(a3" +ﬂ3k +a"ﬂ2") f(xﬂBk)afik(azk +ﬂ2k +akﬂk)
xpFURU(a - B PrUU Uy (@~ By
f(xa3k),8k(a2k +ﬁ2k +akﬂk) f(xalkﬂk)(aiik +ﬂ3k +akﬂ2k)
T e U Uy Un (@~ Y o BrU Uy (@~ By’
f(xak,b’z")(a:‘k +ﬂ3k +a2",b"‘) f(xﬂ3")a"(a2" +ﬂ2k +ak,3k)
X2 U U (e~ p)? PUUUg(a@~p)*
f(xa™) f(xa*p*)
5T P U (@= B Fa™ Uy (e~ )
f (xa* ) _ f(B*)

TRy (a-p) U UpUn(@- PP

The symmetry in these expressions emerges if we compare the coefficients of f(xa**) and
f(xB*) and the coefficients of f(xa?p*¥) and f(xa*p*).

Now, if we consider (3.1) and (3.2) and the expressions for the entries of 4", and equate
entries in the (4, 1) position, we obtain

> ax"U3, = exU} +c,x2U3, +¢x°U3, . (3.3)

n=0

Finally, with the values of c,, c,, and ¢, obtained above, we obtain, with much needed help from
the software package "Mathematica":
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iaxnUa S (xa?) =31 (xa? ) + 3/ (xa f) ~ f (ef)
0 (a-py

In precisely the same manner, we equate appropriate entries in (3.1) and (3.2) to obtain

i anxnUl?nUan
= 3.5
_ o xa)-Qa+p)f(xa® ) +(a+2p)f(xa* ) - ff (Xﬂy‘) ¢
(a-py

G4

z an x nUanI?nH
n=0 36
_ @S (xa*) = (& +2aP) [ (xa™ ) + (P + 20f) f (e [) ~ 1 o) o
(a-py

ianxnUlgnH
=0 (3.7)
_ & f(xa®) -3 ff (xa® ) + 30 f (xa* **) — ﬂ3f(xﬂ3")
(a-py

i anxnUkn«lUlgn
n=0 (38)
_pfa®)—(a+2B)f(xa® B*) + Qa+p) f (xa* *) - of (Xﬂ3")
ap(a-py

i a,x"(U}, +2U,, {UpUpnir)
n=0 (39)
_3af(f (xa™*) ~ f(xf*)) - (e +2)a + f)(f (xa* ) - f(xakﬂ“))
af(a - py’

3 4" QUL g + Uy Un)
9 3.10
_3a?Bf (xa*) - a(a +2P)2 f (xa® B*) + PQRa + P f (xa* ) = 3af* £ (xf*) 10
afi(a- By ’

i anxnUlznAUkn
=0 (3.11)
_Pf(xa*) - pRa+ P f(xa® ) +a(a +20) f (xa* ) - o’ f (xﬂ3")
a’fia- By

ianxn(ZUlankn—x +UpuiUb-1)
n=0 3.12
_3ap*f(xa™*) - fQa+ p) f(xa® f*) + ala +2B)* f (xa* ) - 30’ Bf (x ) G
a*f(a - py ’
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ianxnUl:zn—l
n=0 (3.13)
_Pf(xa™) -3af f(xa™B*) + 3o Bf (xa* B**) - &’ f (xB*)
a’Bla-py

From (3.4) and (3.9), we obtain

i anx "Ukn~1Uankn+1
_af(f(xa™) - f(xB™)) - (@ + af+ B*) [ (xa® B*) - f (xa* ) C19
ap(a—py

Similarly, (3.5) and (3.10) and then (3.8) and (3.12) yield, respectively,

0
n 2
Z a,x Ukn—lUkn+1

n=0
_ &?Bf(xa™) - a(a® +2p°) f (xa™ ) + (20> + ) f(xakﬂzk) o f(x,B3k) (.15)
af(a-p)’
i anxnUanUI?n— 1
i (3.16)
_ o f(xa®) - pa’ + ) f (xa®* BY) + a(a® + 2% f (xa* B*) - a?Bf (xB*)
a’f(a—py

Finally, from (1.2), we have V) =U} ., - 3qUz . 1Up1 +3¢°U1iUb-1 —q°U3._,.  This, to-
gether with (3.7), (3.13), (3.15), and (3.16), yields

ianX"V;fn = f(xa®) +3f (xa®™ ) +3f (xa" ) + f (x5) (.17)

after some tedious manipulation involving the use of the equality af =¢.

4. APPLICATIONS

We now specialize (3.4) and (3.17) to the Chebyshev polynomials to obtain some attractive
sums involving third powers of the sine and cosine functions.

Let {Z,()}n, and {S,(f)}r, denote the Chebyshev polynomials of the first and second

kinds, respectively. Then

S(t) = sinné
sin@ , t=cosf, n=0.
7.(t) = cosnf

Indeed, {S,(1)},, and {27,(#)}_, are the sequences {U,}>, and {V,}>_,, respectively, generated
by (1.1), where p=2cos6 and g =1. Thus,

a=cosf+isin@=e? and f=cosf—isin@=e"?,
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which are obtained from (1.3). Further information about Chebyshev polynomials can be found,
for example, in [1].

We use the following well-known power series, each of which has the complex plane as its
domain of convergence:

sinz= 3 CW2™ @.1)

= (2n+1!”’ :

_ 0 (_l)nZZn

cosz= r;)-————(zn)! , 4.2)
sinh z= i 2 (43)

~@n+1V '

0 2n
_ z

coshz= g(:)_—_(Zn)!' 4.4)

Now, in (3.4), taking U, =sinn@/sin @ and replacing f by the functions in (4.1)-(4.4), we
obtain , after replacing all occurrences of k6 by ¢,

S (=) % sin®(2n+1)¢ 3 cos(x cosg) sinh(x sin @) — cos(x cos3¢) sinh( x sin 3¢)

~ 2n+1)! - 4 @)
S (—1)"x*"sin®2ng _ —3sin(x cosg) sinh(x sin @) + sin(x cos3¢) sinh( x sin 3¢) 46
;) (2n)! - 4 ’ (4.6)
i x> sin3(2n+1)¢ _ 3 cosh(x cosg) sin(x sin ¢) — cosh(x cos3¢@) sin( x sin 3¢) 4.7)
~  (2n+)! 4 ’ '
2 x?"sin®2n¢ _ 3sinh(x cosg)sin(x sin @) — sinh(x cos3¢) sin(x sin 3¢) (43)
~  (@n)! 4 ' '

Similarly, in (3.17), taking ¥V, = 2cosné and replacing f by the functions in (4.1)-(4.4), we
obtain, respectively,

i (=1)"x*"* cos’(2n+1)¢ _ 3sin(x cosg) cosh(x sin @) + sin(x cos3¢) cosh(x sin 3¢) (4.9)

@2n+1)! - 4 ’
i (-1)"x*" cos® 2né _ 3cos(x cosg) cosh(x sin #) + cos(x cos3¢) cosh(x sin 3¢) ’ (4.10)
o (2n)! 4
i x*" cos’(2n+1)¢ _ 3sinh(x cosg) cos(x sin @) + sinh(x cos3¢) cos(x sin 3¢) , 4.11)
~ (2n+1)! 4
2, x*" cos 2n¢ 3 cosh(x cos @) cos(x sin ¢) + cosh(x cos3¢) cos(x sin 3¢) (4.12)
Z;, (2n)! 4 ' '

Finally, we mention that much of the tedious algebra in this paper was accomplished with the
help of "Mathematica".
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ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
Stanley Rabinowitz

Please send all material for ELEMENTARY PROBLEMS AND SOLUTIONS to Dr. STANLEY
RABINOWITZ; 12 VINE BROOK RD; WESTFORD, MA 01886-4212 USA. Correspondence
may also be sent to the problem editor by electronic mail to stanley@tiac.net on Internet. All
correspondence will be acknowledged.

Each solution should be on a separate sheet (or sheets) and must be received within six
months of publication of the problem. Solutions typed in the format used below will be given
preference. Proposers of problems should normally include solutions. Although this Elementary
Problem section does not insist on original problems, we do ask that proposers inform us of the
history of the problem, if it is not original. A problem should not be submitted elsewhere while it
is under consideration for publication in this column.

BASIC FORMULAS
The Fibonacci numbers F,, and the Lucas numbers L, satisfy
F+2:F +E1’FE):0’ Pizls

n n+l

L,=L,+L, L,=2, L =1
Also, a=(1+/5)/2, B=(1-5)/2, E,=(a"-B")//5 and L,=a"+p".

PROBLEMS PROPOSED IN THIS ISSUE

B-878 Proposed by L. A. G. Dresel, Reading, England

Show that, for positive integers », the harmonic mean of F, and L, can be expressed as the
ratio of two Fibonacci numbers, and that it is equal to L, + R, where |R,|< 1. Find a simple
formula for R,.

Note: If 4 is the harmonic mean of x and y, then 2/h=1/x+1/y.

B-879 Proposed by Mario DeNobili, Vaduz, Lichtenstein

Let {c,) be defined by the recurrence c,,, = 2¢,,3 +C,y, —2¢,,; —¢, With initial conditions
¢=0,¢=1,¢=2,and ¢;=6. Express ¢, in terms of Fibonacci and/or Lucas numbers.

B-880 Proposed by A. J. Stam, Winsum, The Netherlands
Express i , .
Z (ml 1)(_ l)l 3m=2i
2i<m
in terms of Fibonacci and/or Lucas numbers.

B-881 Proposed by Mohammad K. Azarian, University of Evansville, IN
Consider the two equations

ZLixi =F,; and Z Ly, =L~ F,,.
i=1 i=1
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Show that the number of positive integer solutions of the first equation is equal to the number of
nonnegative integer solutions of the second equation.

B-882 Proposed by A. J. Stam, Winsum, The Netherlands
Suppose the sequence (4,) satisfies the recurrence 4, =4, ,+ A4, ,. Let

B,= Y (-4, .
k=0
Prove that B, = A,F,,, for all nonnegative integers n.

B-883 Proposed by L. A. G. Dresel, Reading, England

Let (f,) be the Fibonacci sequence F, modulo p, where p is a prime, so that we have f, = F,
(mod p) and 0< f, < p for all n>0. The sequence {f,) is known to be periodic. Prove that, for
a given integer ¢ in the range 0<c < p, there can be at most four values of » for which f, =c
within any one cycle of this period.

SOLUTIONS
A Perfect Square

B-860 Proposed by Herta T. Freitag, Roanoke, VA
(Vol. 36, no. 5, November 1998)
Let & be a positive integer. The sequence {4,) is defined by the recurrence 4,,, =2k4,., - 4,
for n>0 with initial conditions 4, =0 and 4 =1. Prove that (k* —1)42+1 is a perfect square
for all n>0.

Solution by Don Redmond, Southern lllinois University, Carbondale, IL

We give a generalization. Let p and g be integers and let 4, =0 and 4, =1. Define, for
n >0, the sequence (4,) by 4,,, =2pA4,,, —qA,. Then, for n>0,

q"+(p*-q) 4
is a perfect square. If we let ¢ =1 and p = k, we obtain the desired result.

Let s and 7 be the roots of the polynomial x?>—2px+qg=0. Then we know that we can
write, for n>0,

n

s —t
s—1

A”:
Now s+1=2p, st =q, and s—1=2,/p*—q. Thus,

aq" +4(p* - q) A2 = 4(st)" + (s—1)? (%)2 = 4(st) + (5" — 17 = (5" +1")2.

Hence
s+t

7+ -9 4, =(———2 )2~

Finally, (s" +7")/2 is indeed an integer because it satisfies the same recurrence as 4, but with
initial values 1 and p.
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Seiffert also found this generalization. Lord showed that, for the original sequence,

(k2= 1) 42 +1= (kd, ~ 4,
Redmond noted that another generalization can be found on page 501 of [1]: If a, is any
integer, a, = kay+p and, for n>0, a,,,=2ka,,, —a,, then (k*-1)(a?-a2)+p?* is a perfect
square. The problem at hand is the case ay=0 and p=1.

Reference:
1. Don Redmond. Number Theory: An Introduction. New York: Marcel Dekker, 1996.

Solutions also received by Richard André-Jeannin, Paul S. Bruckman, Charles K. Cook,
Leonard A. G. Dresel, Steve Edwards, N. Gauthier, Joe Howard, Hans Kappus, Harris
Kwong, Graham Lord, Maitland A. Rose, H.-J. Seiffert, Indulis Strazdins, Andras Szilard,
and the proposer.

Integer Coefficients?

B-861 Proposed by the editor
(Vol. 36, no. 5, November 1998)
The sequence wy, w;, w,, w;, W,, ... satisfies the recurrence w, = Pw,_,—QOw,_, for n>1. If
every term of the sequence is an integer, must P and Q both be integers?

Counterexample by Steve Edwards, Southern Polytechnic State University, Marietta, GA
The sequence w, = k, where k is an integer, is a counterexample when p is not an integer and
P-0=1

Solution by L. A. G. Dresel, Reading, England

We shall prove that 2 and Q must both be integers provided that w? —wyw, # 0.

Let D, =w?,—w,w,,,. Eliminating P from the equations w,,, = Pw,,, —Ow, and w,,; =
Pw,.,—0Ow,,,, wehave D, , = 0D, for n>0. Therefore, D, = OD,, and by inductionD, = 0"D),
forn>0.

If D,+#0, then Q= D,/ Dy is the ratio of two integers, and then D, = Q"D, for all n>1
implies that O must be an integer.

It remains to prove that P must also be an integer in this case. Suppose, on the contrary, that
P is a rational fraction, P = p/d, where gcd(p,d)=1. Consider the recurrence in the form
Pw,=w,,,+0Ow,_, for n>1. It follows that d divides w,, so that d divides w;, w,, ws, ... There-
fore, for n =2, the right side of the recurrence is divisible by d, and we have d* divides w,, ws,
w,,.... Continuing in this way (let us call it the escalator principle), we find that for each n, d”
divides w,. Hence d*"*? divides D, = Q"D, for all n, and it follows that Q is divisible by d°.

Returning again to the recurrence Pw, =w,,, +0Ow,_, for n>1, we see that the right side is
divisible by d?, and therefore d° divides w,, w,, w,,.... Then, for n>2, the right side of the
recurrence is divisible by d°, so that d® divides w,, w;,w,,.... Continuing with this escalator
principle, we find that, for each n, d*" divides w,. Hence, d®*® divides D, = Q"D, for all n, and
it follows that Q is divisible by d°. Returning again (and again) to the recurrence formula and
applying the escalator principle, we require even higher powers of d dividing both O and D), so
that we cannot construct the sequence of integers unless d = 1.

This implies that when D, # 0, both P and Q must be integers.
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Counterexamples also received by Richard André-Jeannin, Paul S. Bruckman, H.-J. Seiffert,
and Andras Szilard.
Large LCM

B-862 Proposed by Charles K. Cook, University of South Carolina, Sumter, SC
(Vol. 36, no. 5, November 1998)
Find a Fibonacci number and a Lucas number whose sum is 114,628 and whose least
common multiple is 567,451,586.

Solution by Scott H. Brown, Auburn University at Montgomery, Montgomery, AL

Since the sum of the two numbers ends in 8, we test the combinations in the one's digits:
0+8,1+7,2+6, 3+5, and 4+4. Testing these combinations and observing that they must add
up to 114,628, many of these combinations are eliminated with the exception of the following:

(a) F,=10946 L, =103,682;
(b) Fy=75025 L, =39,603.

These values were found on pages 83 and 84 in [1].

Factoring the integers in question, we find 10946 =2-13-421, 103682 =2-47-1103, 75025 =
5%.3001, and 39603 = 3-43-307.

Checking the LCM we find, in case (a), lem(F,, L,,) =2-13-421-47-1103 = 567451586 and,
in case (b), lem(F5s, L,,) = 2971215075. Case (b) does not give the desired LCM.

Hence, the answer is F, and L,,.

Reference
1. Vermner E. Hoggatt, Jr. Fibonacci and Lucas Numbers. Santa Clara, CA: The Fibonacci
Association, 1979.

Solutions also received by Richard André-Jeannin, Paul S. Bruckman, Leonard A. G. Dresel,
Steve Edwards, Daina Krigens, Carl Libis, H.-J. Seiffert, Indulis Strazdins, Andras Szilard.
and the proposer.

Matrix Lucas Sequence

B-863 Proposed by Stanley Rabinowitz, Westford, MA
(Vol. 36, no. 5, November 1998)

Let
(-9 1 _(-10 1 (-7 5 (-4 19
A'(—89 10)’ B"(—109 11)’ C‘(—ll 8)’ and D_(—l 5)>
and let n be a positive integer. Simplify 304" —24B" —5C" + D".

Solution by Hans Kappus, Rodersdorf, Switzerland

It is easily checked that the matrix equation X? = X + 1, where I is the identity matrix, is true
for X =A4,B,C, and D. Hence, the matrices M, =304"-24B"-5C"+D", n=0,1,2,..., sat- -
isfy the recurrence M, ., = M, ,, + M,. Furthermore, M, =27 and M, =I. Therefore,

L, 0

M,,:L,,I:(O L

), n=0,12 ...
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Solutions also received by Richard André-Jeannin, Paul S. Bruckman, Charles K. Cook,
Leonard A. G. Dresel, Carl Libis, Maitland A. Rose, H.-J. Seiffert, Andras Szilard, and the
proposer.

Confound Those Congruences

B-864 Proposed by Stanley Rabinowitz, Westford, MA
(Vol. 36, no. 5, November 1998)

The sequence (Q,) is defined by 0, =20,_; +0,_, for n>1 with initial conditions §, = 2 and
Q=2

(a) Show that O,, = L, (mod 159) for all n.

(b) Find an integer m>1 such that Q,,, = L, (mod m) for all n.

(c) Find an integer a such that Q,, = L, (mod 31) for all n.

(d) Show that there is no integer a such that g, = L, (mod 7) for all n.

(e) Extra credit: Find an integer m > 1 such that Q,,, = L, (mod m) for all n.

Solution by David M. Bloom, Brooklyn College of CUNY, Brooklyn , NY
For k >0, we have

Qn+k + (-l)an-—k = QnQ(: (1)
by induction on . (The cases £ =0 and k =1 are easy.) Next, we show the following:
Ifais odd and m|(Q, - 1), then 0,, = L, (mod m) for all n. )

Indeed, (2) holds for n=0 trivially and for n=1 by hypothesis on m, and, if true for n=j -1,
then
Oy = Ouj-ny + 050, [by (1]
=0,y +0,; (modm) (since 0, =1)
=L, +L; (mod m) {(by the induction hypothesis)
=L, (modm),

so that (2) holds for n = j+1. Hence, (2) holds for all 7 by induction.
Part (a) of the problem now follows from (2) with a = 7 since (, — 1= 477 is divisible by 159.
Part (b) holds with m = 13 since 13 divides Q;, — 1.
Part (c) holds with a =17 since 31 divides (), - 1.
Part (e) holds with m=Q,, —1=18738637.

Finally, if Q,, = L, (mod 7) for all n, then, in particular, 0, = L, =1 (mod 7). However, this is
impossible since we have (mod 7)

(QO’ Q1> QZ: ) = (2: 29 67 Oa 63 5; 2: 27 )a
which clearly repeats with period 6 and never assumes the value 1. Thus, part (d) is proved.

Solutions also received by Richard André-Jeannin, Paul S. Bruckman, Leonard A. G. Dresel,
H.-J. Seiffert, Andras Szilard, and the proposer.

Belated Acknowledgment: Brian Beasley was inadvertently omitted as a solver of Problems B-
854, B-855, and B-857.
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Edited by
Raymond E. Whitney

Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS
to RAYMOND E. WHITNEY, MATHEMATICS DEPARTMENT, LOCK HAVEN UNIVERSITY,
LOCK HAVEN, PA 17745. This department especially welcomes problems believed to be new or
extending old results. Proposers should submit solutions or other information that will assist the
editor. To facilitate their consideration, all solutions should be submitted on separate signed
sheets within two months after publication of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-553 Proposed by Paul Bruckman, Berkeley, CA
The following Diophantine equation has the trivial solution (4, B, C, D)= (A4, 4, 4, 0):
A+ B3 +C*-34BC = D*, where k is a positive integer. ¢))

Find nontrivial solutions of (1), i.e., with all quantities positive integers.

H-554 Proposed by N. Gauthier, Royal Military College of Canada
Let £, a, and b be positive integers, with a and b relatively prime to each other, and define
Ny=(A+ D -1y
=(2-1,)", keven;

=-I;', kodd.
a. Show that

—
o

—1

Lq(br+as) - qa qb[2 +1 ‘q(a+b) an - qu qab +( 1) ‘ga(b—1)

Q

(1]
br+as<ab

~
1l
S
il
(=

+ (vl)qb[’qb(a—l) + (_l)q(a+b)+lL ‘q(ab—a— b)]

+N D Loy — Lyas),
where ¢ is a positive integer.
b. Show that
a1 b=1
Z Z q(bras) = Nanqb[(—l)(J(a+b)+1F;](ab a-by T Ega + Fyp
brsaseat

—Foup + D Fpppmty + Fopamty — Fygarny]
+ N [CDEypory = Foap)s

where g is a positive integer.

282 [AUG.
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H-55S Proposed by Paul S. Bruckman, Berkeley, CA
Prove the following identity:

[n/3]

"+ Y+ )" = (=) + Y (DG, Doy + PP +xy+ )2 m=12, (1)
k=0
where

Cor= (”‘kz")-n/(n-zm.

Using (1), prove the following:

[n/3]
@@ 5L, =-1+) (-*C, 54", n=2,46, ; )
k=0
[n/3]
(b) 5U*D2E =143 (-1)*C, 54" *, n=1,3,5, ; 3)
k=0
[n/3]
(¢) L,=-1+Y (-D*C, 2", n=1,2,3, ... 4)
k=0

SOLUTIONS
An Odd Problem

H-536 Proposed by Paul S. Bruckman, Highwood, IL
(Vol. 36, no. 1, February 1998)

Given an odd prime p, integers n and r with n> 1, let m=2[1n| -1,
& k Fk+ & k k+
Sn,r,p:ZFm 'Ta n,r,p:ZFm'Mk_~
k=1 k=1
Prove the following congruences:

_FPE,. ~FPF, ., +F

@ 8, === (mod p),
FPL ~FPL +L
(b) 7;" rp = n mp+r pm le+r T (mod p).

Solution by the proposer
Proof: We begin with the following identity:
Fa™"=Fa" 1. (*)
We may verify () by dealing with the cases » even or n odd separately, then expanding the Binet

formulas. A similar identity holds with the a's replaced by f's.
Raising each side of (%) to the power p, we obtain:

& p k ok o nk & p-h\p k=1 gk o nk
PoMP — TP y"P _ Vo " FPo"P — —1)*~ 4
Era™ = Fra 1+k§=1(kj( D E,a™ = Ffa 1+k§=l(k_1)k( D F ™.
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For1<k<p-1,
-1 -1
(i—l)z(k—l) (mod p)
:(—l)k_l,

Then, multiplying throughout by ", we obtain:

p-l ‘ ank+r )
F;,PamlH-r _F”{Janp+r +a = szm k (modp )
k=1

Note that the quantities "1/ k" are the uniquely determined inverses £~' (mod p?); upon division
throughout by p, these become the uniquely determined inverses £ (mod p). A similar con-
gruence holds with the a's replaced by f's. Subtracting these two congruences and dividing
throughout by p+/5 yields the result in (a). Adding these two congruences and dividing through-
out by p yields (b).

Note: Using these results, it may be shown that a necessary and sufficient condition for
Z(p*) = Z(p) is that

AN

S Fu
k

Si1p= =0 (mod p).

=
|

1

Also solved by H.-J. Seiffert

A Recurrent Theme

H-537 Proposed by Stanley Rabinowitz, Westford, MA
(Vol. 36, no. 1, February 1998)

Let (w,) be any sequence satisfying the recurrence

Woa = Pwn+1 - an'
Let e = wyw, —w} and assume e # 0 and Q #0.
Computer experiments suggest the following formula, where £ is an integer larger than 1:

LN (R ik
Win = ek._l ch~i i (_ ) W,Wii1s
i=0

where
k-2
k-2 ey
0= % (*57)comymi s,
PN

Prove or disprove this conjecture.

Solution by Paul S. Bruckman, Berkeley, CA
We may express the w,'s in terms of the "fundamental" sequence (#,,), defined as follows:

=@ V") (w-v), (M)

where

u=Y%(P+6), v=)(P-6), 0=(P-40)%. ®
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Note that u+v=P, u—v =0, and uv=. Also note that the ¢,'s satisfy the same recurrence
relation as the w,,s, but have the initial values:

$9=0, ¢;=1 3)
Also, ¢_, =-1/Q, ¢,=P. The formula for w,, is then as follows:
W, =W B, — OWd, ;. “)

We proceed to obtain closed form expressions for the indicated sums. First, we obtain a closed
formula for the ¢ 's, substituting the expressions in (4):

o k=2 ) .
6 =6 ww, = Owol'™' 3, GOn) ™ (=Qw /)
j=0

k=2
-6 l(le - Qwo)vi—lz k—2Cj(w1)k—2—j(‘Qwo /vy

=0
= 6_1(””’1 - Qwo)ui_l(wl - Vwo)k-2 - 94("'”’1 - Qwo)vi—l(wl - ”Wo)k_2
or
ci =07 (W, —vwo) T — 67 (w, —uw ) %)

Next, let
k

Sn,k = z kq(wn)k—i ("wn+1)i Ce—i-

i=0

Note that this last expression differs from the sum given in the statement of the problem (with the
roles of w, and w,,, interchanged). Substituting the expression in (5) yields:

k
Sn,k = 9_12 kC;'(wn)k_i(_wnH)i{uk_i(wl - VWo)k_l -k (w - uwo)k_l}
=0
or
S = 07 0wy —vw )N, = w, ) = 7w —uwp) T omw, —w, )E (6)

The problem (as corrected) asks us to verify or refute the relation
Sn, k= ek—lwkn - (7)

Next, we employ the following relations [easily verified from the preceding relations, including

@I

UW, =W,y = Wy —w)V", ®)

W, =W,y = (VWo —w " ©)
It is also easily verified that

(uwy —w))(vwy —w,) = —e. (10)

Putting these facts together, we obtain (after simplification):
Sn,k = g—l(wl - vwo)k—l(uwn - wn+l)k - a-l(wl - qu)k_l(vwn - wn+l)k

= ek—l(wl¢kn —OWob 1) = ek_lwkw Q.E.D.
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Thus, there is a typographical error in the statement of the problem; the result is true only if the
quantities w, and w,,, occurring in the first sum given are interchanged.

Also solved by H.-J. Seiffert
An Elementary Result

H-538 Proposed by Paul S. Bruckman, Highwood, IL
(Vol. 36, no. 1, February 1998)

Define the sequence of integers (B, ),s, by the generating function:

-1 -1 (3%)*
(1-07"'1+x)2 =Y B, , |x]<1 (see[1]).

k0 k!
Show that
1 7z'2 1
[P U S TR
g') F(2k+2)! 8 4 og“u, where u
Reference

1. P. S. Bruckman. "An Interesting Sequence of Numbers Derived from Various Generating
Functions." The Fibonacci Quarterly 10.2 (1972):169-81.
Solution by the proposer

In [1], it is shown that

x2k+1

“1. 01 2y V2 _ 2
tan” x-(1-x7) ZBk(le_l)!'

k20
The following result is Elementary Problem E3140, Part (b)(ii), proposed by Khristo Boyadzhiev
in The American Math Monthly 93.3 (1986):216:
1 .
_[0 tan” x-(1-x*)2dx = 7* /8 - 1log? u.

(The notation is modified to conform to our own.) The result follows immediately, by integrating -
the series given in [1] term by term and evaluating it at the integral's limits.

Beta Version

H-539 Proposed by H.-J. Seiffert, Berlin, Germany
(Vol. 36, no. 2, May 1998)

m .
Let Hm(p)=ZB(%,p),meN,p>0,
J=1

where

B(x, y) = %%YT) = joltx“(l — 1y 'dt

denotes the Beta function. Show that for all positive reals p and all positive integers n,

1
n+p-1

30} ) Haetp) = 47 B pn p-+ )
k=1
From (1), deduce the identities
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ADVANCED PROBLEMS AND SOLUTIONS

e B+

2@ (¥-as

and

Solution by the proposer
Since

j 1, _ I _
B(%ap):jot(’ DR(1- 0Pt =2 W (1),

it easily follows that

1 m
H,(p)= 2f ll—u —utldu, me N.
o 1-

If S,(p) denotes the left side of the stated identity (1), then, by the Binomial theorem,

_ ln_kl 2y | (L= 2)P!
5.0 =2| | 307 )a-u) |95

o \k=1
A L, 2y (=)
_ZL(];O( l)k(k) ) - [(1 u?) du

%Sn(p) = [y 7214yt

or

Substituting # = 1—2v yields
1 _ pgn+p-l 172 n+p-2 n+p-1
5 Sup)=4""7 jo VP2 (L= yy Pl gy,

Integrating (4) by parts, we find
l _ ___]_ n+p-1 12 n+p~ley yntp-2
25”(p)_n+p—1+4 L Iy,

Replacing v by 1—v in the latter integral, we get

l _ 1 n+p—l1 n+p-271 _  \n+p-1
SiP) =y HA Ay

Now, the desired identity (1) follows by adding (4) and (5).

Interestingly, (2) and (3) will follow from (1), simultaneously, when taking p=1/2.

as is well known,

B(rad 2 )= 2 (%) r ey and B(rg =4/(2’), ren,
2°2) 4 \r 2) rf\’r

we have

1999]

€3]

€)

(4)

®)

Since,
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Each of the equations
k-1
1(2r\_ 2k(2k 2r k/(2k
2 (7)) wem ma 23/ 2(f(E)) wen
r=0
can be proved by a simple induction argument. Hence,
1)_2k(2k 2k
HZ"(E) = 47( k )7[+2(4k/( % )— l), k eN.
1 1\ 27 (2n-2
B("Jri’"—i)_ e ( n-1 )
and observing that 7 is an irrational number, from (1) with p =1/2, we find the two equations

2o @) )7 ©
zz (_l)k-l(z)(mc /(zlf)_ 1) 2 "

Obviously, (2) is equivalent to (6). Dividing (7) by 2 and adding
> 0(f)-1
k=1

to both sides of the resulting equation gives (3).
With p =1, identity (1), after dividing by 2, gives

-1 2n_1n!(n—1)! 1
Z( Dk () w=2 —@1)!—4“5;,

where H, = H,(1)/2=3%"_,1/j is the m™ harmonic number. This equation (including a general-
ization in another direction) was obtained in [1].

Using

and

Reference
1. L. C. Hsu & H. Kappus. Problem B-818. 7The Fibonacci Quarterly 35.3 (1997):280-81.

Also solved by P. Bruckman and partially by A. Stam.

0 o% %
EXE X2 <4
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