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ON p-ADIC COMPLEMENTARY THEOREMS BETWEEN PASCAL'S
TRIANGLE AND THE MODIFIED PASCAL TRIANGLE*

Shiro Ando
5-29-10 Honda Kokubunji-shi, Tokyo 185-0011, Japan

Daihachiro Sato
Department of mathematics and Statistics, University of Regina, Regina, Saskatchewan, S4S 0A2, Canada
(Submitted July 1996-Final Revision January 2000)

1. INTRODUCTION

For any entry X inside Pascal's triangle, there are six entries next to and surrounding X which
form a hexagon 4,4, A; A, A; A (taken counterclockwise in this order).

A— A4
VAAWAN
A—X—A,
\A4{—~\A5/
FIGURE 1

H. W. Gould [3] conjectured that an equal GCD property of the values of the binomial coeffi-

cients, namely
GCD(4,, 4, 45) = GCD(4,, 4,, 4),

is true for all choices of the central entry X on Pascal's triangle. Gould called this conjecture a
Star of David equality.

This equality was proved p-adically first by A. P. Hillman and V. E. Hoggatt, Jr. [4], and then
by many others. A simple non-p-acid proof for the Star of David equality is given by S. Hitotu-
matu and D. Sato [5].

It is clear that an analogous equal LCM property for the Star of David configuration, namely

LCM(4,, 4, 4;) = LCM(4,, 4,, 4),

does not hold on Pascal's triangle.

In order to obtain an analogous LCM equality for two triplets {4,, 4, A} and {4,, 4,, 4},
S. Ando [1] proposed a modified number array that has modified binomial coefficients
X'=(m+1)l/ kl\(n—k)! as its entries instead of binomial coefficients X =n!/ k!(n—k)! and called
it the modified Pascal triangle. The beginning parts of Pascal's triangle and the modified Pascal
triangle corresponding to 0 <7 <6 are shown in Figure 2.

This modified Pascal triangle consists of the reciprocals of the entries on the harmonic
triangle of Leibniz which has been studied by G. W. Leibniz as a method of summing up an
infinite telescopic sequence.

* The content of this paper was presented to The Fibonacci Association under the title "On p-adic Duality between
Pascal's Triangle and the Harmonic Triangle I" at the Seventh International Research Conference on Fibonacci
Numbers and Their Applications held at the Technische Universitit in Graz, Austria, on July 15-19, 1996.
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1 1
1 1 2 2
1 2 1 3 6 3
1 3 3 1 4 12 12 4
1 4 6 4 1 5 20 30 20 5

1 5 10 10 5 1 6 30 60 60 30 6
1 6 15 20 15 6 1 7 42 105 140 105 42 7

(a) Pascal's Triangle A(B) (b) Modified Pascal Triangle A(M)

FIGURE 2

On the modified Pascal triangle, the equal LCM property of the new Star of David configura-
tion, namely
LCM(4], 43, 45) = LCM(4;, 43, 45),

always holds, no matter where we take the center X’.
While the equal LCM property holds on this modified Pascal triangle, it is easy to see that the
equal GCD property of two triplets {A4], 4;, A;} and {4}, 4}, A¢}, namely

no longer holds there.

Moreover, we studied in [2] a necessary and sufficient condition that rays of a star configura-
tion on Pascal's triangle or on the modified Pascal triangle cover its center with respect to GCD
and LCM. We do not want to repeat the results here, but the conditions for GCD and LCM on
Pascal's triangle correspond to those for LCM and GCD on the modified Pascal triangle, respec-
tively, although on the modified Pascal triangle we have to take the reflection of configurations on
Pascal's triangle with respect to the horizontal line (see item (i) of Section 2 and the Corollary in
Section 4).

The purpose of this paper is to clarify the reason why such a phenomenon occurs between
these triangular arrays of numbers by showing a p-adic complementary relation of binomial coeffi-
cients and modified binomial coefficients.

2. DEFINITIONS, NOTATIONS, AND CLARIFICATIONS

(a) We denote the value of binomial coefficients as

_(n)_ n!
X_(k)_ k!(n—k)!
for 0<k <n. The triangular array of binomial coefficients is Pascal's triangle, which we denote
by A(B).
(b) We call

=zl 0()
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ON p-ADIC COMPLEMENTARY THEOREMS

the modified binomial coefficients, and we refer to a similar triangular array of these coefficients
as the modified Pascal triangle, which we denote by A(M).

(c) Given a prime number p and an integer y, the additive p-adic valuation of y, denoted by
B =v,(»), is the largest S such that p# divides y.

Let the symbols (}) and {;} represent both their numerical values and their positions on
A(B) and A(M), respectively. The inequality 0 < £ <n is assumed throughout the arguments.

(d) The set of both triangular arrays of nonnegative integers defined in (a) and (b) is denoted
by A(T). Thus, A(T) = {A(B), A(M)}, and ¥ € A(T) means that Y is one of these two triangular
arrays.

(e) A finite subset C of ¥ e A(T) is called a configuration on Y.

(f) We introduce an equivalence relation to the set of all the configurations on Y such that
two configurations on Y are equivalent to each other if and only if one is obtained by a parallel
translation of the other. Then an equivalence class of the set of all configurations on Y by this
equivalence relation is called a translatable configuration on Y. Unless otherwise stated, we simply
call it a configuration C even if it is actually referring to the translatable configuration to which the
configuration C belongs. There will not be a danger of misinterpretation since we are discussing -
only the GCD and LCM properties that hold on C independent of the location of C on Y.

(g) Let S, and S, be two nonempty finite subsets of ¥ € A(7) and put C=S,US,. Then C
is a configuration on Y. We do not claim §; NS, = ¢.

If the equality
GCD(S,) = GCD(S,) M)

holds independent of the location of C on ¥, we call (1) a GCD equality on Y. In the case
S, ={4,, 4, A} and S, = {4,, 4,, 4}, (1) turns out to be the original Star of David equality. In
the same manner, if

LCM(S,) = LCM(S,) 2

holds instead of (1), we call (2) a LCM equality in Y.

(h) The central symmetric axis of ¥ € A(T) is the straight line of entries with n =2k, where
k=0,1,2,..., on Y. Any line of entries that is parallel to it on y is called a vertical line of Y. Yis
supposed to be placed in the traditional way so that these lines are vertical. A set of entries with
n= constant on Y is called a horizontal line of Y. It is perpendicular to a vertical line of Y.

(i) We consider a group X ={I,V, H, R} of transformations that operate on the configura-
tion C on Y. [ is the identity transformation by which each entry in C stays unchanged. V is the
vertical reflection of C by which each entry in C moves to its symmetrical point with respect to a
vertical line. H is the horizontal reflection of C by which each entry in C moves to its symmetrical
point with respect to a horizontal line. R is a 180° rotation about a point X by which each entry in
C moves to its symmetrical point with respect to X. Xis not always a point in C, but sometimes is
a midpoint of two entries on Y.

Notice that each transformation in K operates on C, not on Y, and we do not have to locate
the reflection axis or the center of symmetry since we assume that configuration C on which each
element of K operates is translatable.
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() Group K is Klein's four group with unit 7, and its elements satisfy the relations
V2=H*=R*=], VH=HV =R, VR=RV=H, HR=RH=V.

The images of a configuration C under the transformations ¥, H, and R are also called a
vertical (or right-left) reflection of C, a horizontal (or upside-down) reflection of C and a 180°
rotation of C, and are denoted by V' (C), H(C), and R(C), respectively.

3. p-ADIC COMPLEMENTARY THEOREM BETWEEN BINOMIAL
AND MODIFIED BINOMIAL COEFFICIENTS

First, we will write a preparatory lemma concerning binomial coefficients.

Lemma 1: Let p be a given prime number and r be a nonnegative integer. Then we have

e
)

Proof: Both equalities are special cases of Theorem 8 in C. T. Long [6]. Notice that, for
p =2, the second equality is reduced to the first one.

for0<k<p -1, and

for0<k<2p -1.

Now, we will show our main result.

Theorem 1: Let p be a prime number and » be a nonnegative integer. Then, for any integers m,
n, h, and k satisfying

m+n=2p -2, h+k=p -1, 0<k<n and 0<h<m, 3)

()l ) @

Proof: Using given conditions (3) and Lemma 1, we can easily show that

"((7;))*({2} ) } (("7) {Z} ) ) ”"(h!(r;n - m k?(1n+—13c!)!)

| (h+k+D)x(mEn+))! x(h+k)!x(m+n—h—k)!;(m+n+1)!)
TP\ (h+k+ ) mn—h-k)" Wk " (m-h)l@-k)! mi(n+1)!

ety ({5 el el ()
ol ool (5 o)A ()

=r+0+0+0-0=r.

we have
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4. GCD-LCM DUALITY BETWEEN PASCAL'S TRIANGLE
AND THE MODIFIED PASCAL TRIANGLE

As an application of the p-adic complementary theorem between the binomial coefficients and
the modified binomial coefficients that was established in the previous section, we now prove a
duality between Pascal's triangle A(B) and the modified Pascal triangle A(M) concerning the
GCD and the LCM.

Let §; and S, be two nonempty finite subsets of A(B) and put C=S,US,. Then Cisa

configuration in A(B). First, we assume that
GCD(S,) = GCD(S,) ®)

holds independent of the location of C in A(B).
Define min{v,(S)} to be min{v,(4) |4 €S}. Then the GCD equality (5) is equivalent to

min{v,(S;)} = min{v,(S,)} for all primes p. 6)

Let R be a 180° rotation about a point X defined in item (i) in Section 2. Since we are dis-
cussing the translatable properties of the configurations, we can take any point X such that, for
any entry A € A(B), R(4) is also an entry of A(B) as long as R(A4) € A(B).

We overlap two triangles A(B) and A(M) in such a way that (}) and {}} fall on the same
point. Then a configuration C in A(B) is also considered to be one in A(M), which is geometri-
cally the same as C in A(B) although they are different as sets of integers. If R(C) < A(M), we
put C'= R(C). Then C" = S/ U S;, where S = R(S,) and §} = R(S,) are subsets of C’.

Let p be an arbitrary, but fixed prime. If we take the midpoint of

0 2p' -2
(0) and (p’—l)’

where 7 is a sufficiently large positive integer, as the center X of rotation R, then the configuration
C corresponding to C’ by R is contained in A(B). Any entry 4’ €C’ and the corresponding entry
A eC satisfies condition (3) of Theorem 1 if we let

A= (’Z) and A = {Z}

Therefore, we have v,(4) +v,(4’) =r by Theorem 1, so that
min{v,(S)} +max{v,(§)}=r 7

for any S’ e’ and corresponding S €C.
Since we assume the GCD equality (5) on A(B), equality (6) holds so that, using (7), we
have
max{v,(S))} = max{v,(S;)} for all primes p, ®)

which is equivalent to
LCM(S]) = LCM(S;). )

Thus, (9) holds independent of the location of C’ on A(M).
In a similar manner, we can prove that if (9) holds independent of the location of C’ on
A(M), then (5) holds independent of the location of C' on A(B). If we exchange min and max in
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(6), (7), and (8), then GCD and LCM in (5) and (9) must be exchanged. Summarizing these
arguments, we have the following results.

Theorem 2: Let C =S, U S, be a configuration on A(B) and C’ = S U S} be the configuration on
A(M) corresponding to C by a 180° rotation R about a point X. Then GCD equality (5) holds
independent of the location of C on A(B) if and only if LCM equality (9) holds independent of the
location of C* = R(C) on A(M). Similarly, the LCM equality holds for C on A(B) if and only if
the corresponding GCD equality for C' holds on A(M).

Corollary: Let C = §,US, be as above and C” be the configuration on A(M) corresponding to
C by horizontal reflection H with respect to a horizontal line. If we put H(S)) =S8y, H(S,) =S},
then C” = §7'U S}’ . GCD equality (5) holds independent of the location of C on A(B) if and only
if LCM equality LCM(S]") = LCM(S}) holds independent of the location of C”=H(C) on
A(M). Similarly, the LCM equality holds for C on A(B) if and only if the corresponding GCD
equality for C” holds on A(M).

Proof: A horizontal reflection H can be expressed as H = RV by a vertical reflection V and a
180° rotation R. If we remember that the equality

(20)-6)

holds for nonnegative integers n, k with k£ <n, it is clear that a GCD equality or an LCM equality
holds for C if and only if it holds for '(C). Combining this fact with Theorem 2, we have the
stated conclusion.

5. p-ADIC COMPLEMENTARY THEOREMS BETWEEN GENERALIZED BINOMIAL
COEFFICIENTS AND GENERALIZED MODIFIED BINOMIAL COEFFICIENTS
WHICH ARE DEFINED BY A STRONG DIVISIBILITY SEQUENCE

A sequence of integers 4 ={a,}={a,,a,,a,,...} is called a strong divisibility sequence if
(a, @) =ay,  for every k, h=1,2,3,..., where (a;,a,) and (k,h) are the greatest common
divisors of the two numbers.

The sequence of natural numbers N={1,2,3,...} and the sequence of Fibonacci numbers
F={F,FE,F,..} are two examples of strong divisibility sequences.

For any strong divisibility sequence 4 = {a,}, if we generalize the binomial coefficients (})
and modified binomial coefficients {;} by replacing » and & in 2(a) and 2(b) by a, and g,
throughout, then we have 4-binomial coefficients

(n) _ aqa,...a,
k)i~ (@, .a)aa,. a,,)
and A-modified binomial coefficients
{n} _ aa,...aa,. — (n)
ki~ (aa..a)aa,. .a,) "N\k),
It is not difficult to obtain generalizations of the p-adic complementary theorem and the
GCD-LCM duality theorem between analogous two-dimensional number arrays of A-binomial
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coefficients and 4-modified binomial coefficients, both of which are defined by the same strong
divisibility sequence 4 ={a,}.

Those generalizations, other extensions, and their applications will be reported in subsequent

papers in due course.
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A NUMBER THEORETIC FUNCTION ARISING FROM
CONTINUED FRACTIONS

H. C. Williams

University of Manitoba, Department of Computer Science
Winnipeg, Manitoba R3T 2N2 Canada
(Submitted June 1998)

1. INTRODUCTION

Let a, b be integers with > 0. If we perform the Euclidean algorithm to find (a, b), the
greatest common divisor of a and b, we get

a = qb+r O<r<b)
b = qry+n 0<n<r)
Ty = @hi+n 0<n<nr)

until we finally find the least 7 >0 such that 7, =0. Note that for this value of » we get ¢, > 1.
We will define E(a, b) to be this value n. We now let a, g be any pair of coprime integers with
q >0 and set @ = w(a, q) to be the multiplicative order of @ modulo g; that is, @ is the least posi-
tive value of m such that a” =1 (mod gq). We define the number theoretic function W (a, q) by

W(a,q) = 2iLE(a’, 92| (1.1

We next let N be any positive non-square integer and define
V(N)=(oc-1+JN)/o,

where
{2 when N =1 (mod 4),
o=

1 otherwise.
Now consider
N =(o(gra™ + u(@* + 1)1 q) 1 2)* — c*pia’r,
where u, A €{l, -1}, gr|a* + A, (n,k)=1, n>k>1, and
1 if2|gra" + p(@* +1)/q,
7= {2 if 2/gra" + pu(@* + 1)/ q.

It was shown in Williams [16] that W (a, q) is a very important function for determining a priori
the period length p() of the simple continued fraction expansion of V(). For example, in the
simple case of 7 = u= -1 =1, we get

pP(N)=2n+k+kW(a,q)/ w(a,q).

Indeed, as shown in Mollin and Williams [6], we get the simple continued fraction expansion for
V(N) as

V(N) = <q0a Q9> qp);
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where we can actually provide formulas for ¢, (i=0,1,2, ..., p= p(N)) in terms of ¢, a, n, k. In
order to do this, we first need to define for 1< j <n—1 the symbols:

A, = je-Lkj nln,
g,=|(G+Dk/n|-| jk/n],
pj=k-n+i,

= 2|_E(a’,q)/2J+l when &, =1,
T h when ¢, =0,

and y/(i), where y(1) =3 and y(j+1) = y(j)+&;m; +2. With these in mind we get
g =(qa"+@ -0/q)/2+(c-1)/o,

©=9 ¢=9a"",
qa'{f when £, =0,
q -
vo) gai +(a” -y,)/q wheneg; =1

n—k-A4;

Also, if £, =0, then q,,(;,,, =qa /,and if &; =1, then

bi,j forlSiSmj,
Qyyi = qaZ"-k-lj + (a""’lj -6,)/q fori= m;+1

Here,

@ 1q =By by jroor b

> mj,j
y,=a" (modg), 5jsa""lf(modq), and 0<y,, 8, <q.
We have p(N)=2+y(n—-1)=2n+k+kW(a,q)/ w(a,q).

Some properties of W(a, q) were developed by Mollin and Williams [7]; for example,
(w-1)/2

Wa,q)=4 Y, |E@,q)/2| when2fw (1.2)
and .
W(a,q) = 4m§‘:ILE(a", 9)/2]+2|E@*"?,q)/2| when2|w. 1.3)
i=1

Thus, if @ is odd, we always have 4|W(a, q), but if @ is even, the value of W(a, q) is always
even, of course, but its value modulo 4 is determined by 2| E(a®?,q)/2 . In the simple case of
a®? = -1 (mod q), we have E(a®?,q)=2, but we see that @(29,35)=2 and E(29,35)=4.
Thus, it appears that W(a, g) = 2,0 (mod 4) when 2|@. This raises the question of exactly what
values can be assumed by W(a,q). In this paper we will find values that can be assumed by
W(a,q) when w =1,2,3,4,6. In particular, we show that if ® =2 or @ =3 then W(a, q) can
assume all possible positive values that are allowable under the above conditions, i.e., W(a, q)/2
or W(a, q)/4 can be any given positive integer when @ =2 or w =3, respectively. We will then
apply our results to the problem of determining values of N such that the period of the continued
fraction expansion of v(N) has a cyclic structure.
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Bernstein [1], [2] seems to have been the first individual to examine the cycle structure
of periodic continued fractions to any great extent. He developed a rather complicated definition
of a cycle, which resulted from his investigation of the continued fraction expansion of ¥N for
certain parametric families of values of N. However, Nyberg [9], Shanks [11], [12], Yamomoto
[18], and Hendy [4] had essentially discovered cycle structures for certain /N or v(N) earlier.
For example, a result of Hendy is that if N = (ga” +(a—1)/q)* +4a", where a=1 (mod ¢) and
2lga” +(a-1)/q, then

V(INY= {40, 90 @2 - 9, )
where

n—i—1

go=(qa" +(a-1/q+1)/2, g, =90, @y =9a

for i=0,1,2,...,n-1, q,=2g,~1, p=p(N)=2n+1. Bernstein considered pairs like {ga’,

ag™™'} (i=0,1,2,..,n~1) to be cycles in the period g, q,, ...,q, of the continued fraction

expansion of v(&). For the purpose of this paper we will provide a somewhat more restrictive
definition of cycles than that of Bernstein.

Let @,%,,.., P, cZ and P=P, xP, x---xP, be infinite. Let F be some function
defined on P such that F: % — Z and let

N: {V(N);']V :F(pb P “'>pk)>
Dy Py D) EP, N>0,
N not a perfect square}.

We say that the simple continued fraction expansions of the values of V() in the family N have
the structure of cycles of length c if the periodic part gy, 4, ..., 4, (p = p()) of these continued
fractions can, for some fixed value of & = 0, be given by

Gierjss = S0 P Pos s ) G=0,12,.,1-1),
where p(N)=b (modc), 122, and f; (j=0,1,2,...,c—1) are ¢ fixed functions such that
Ji0L2, ,t-xP>2Z.
A cycle in the period of the continued fraction of v(N) e N is any set
{fiG, P, P2, PN J=0,1,2,..,c-1}.

The restriction that # >2 ensures that there are at least two cycles in the period; otherwise, all
continued fractions could be considered to have a cycle structure. In the case of Hendy's
example, we get b=1, c=2, f,(i,a,q,n) =qd', f,G,a,q,n)=qga""",

In the families considered by Nyberg, Shanks, Yamomoto, and Hendy, the values of ¢ are
either 2 or 6, but Bernstein discovered families for which ¢ =4,5,6,8,10,11,12. Later, his results
were extended by Williams [15] and Halter-Koch [3], but no new values of ¢ were found except
for c=3. Bernstein expressed surprise that cycles with ¢ as large as 12 exist, but we will show
here that even under our more restrictive definition of cycle structure there always exist infinite
families N such that any v(N) e N has the structure of cycles of length ¢ for any preselected
value of ¢>0.
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2. SOME PRELIMINARY RESULTS

In order to determine values for W(a, q), we must find values of a, ¢ such that a® =1 (mod
q) for a given @ and such that we can predict the values of E(a’,q). We will do this by making
use of some elementary properties of the continued fraction expansion of quadratic irrationals. In
developing the material in this action, it is assumed that the reader is familiar with basic results
concerning continued fractions which can be found in Perron [10] and Mollin [5] or Stephens and
Williams [13], [14], and Williams and Wunderlich [17].

Consider the continued fraction (g, g, ..., q,, ...). For a fixed i and j, define 4, ; and B, ; by

Aj+l,i = qj+1+1A +Aj Li»

Bj+1,i = qj+l+1Bj,l +Bj—l,l’

Where A—Z,i = O, A—l,i = 1, B__z’i = 1, B—-l,i = O Then

4;
B—_’<qnq,+]" aqi+j>, (21)
B L= Gis > Gisj-1> > D) (2.2)
J,i-1
and
A/ lBj Li~ j 11 s ( 1)j+1 (23)

Put 4,=4,, B;=B,,. IfP,Q, DeZ, $=(P+~/D)/Q, where D is any positive non-

square integer and Q| D— P?, we put B=P, 0=0, ¢,=9, 9=,/ Compute P,,0,,9,,9,
recursively by P,=¢,.,0,,-F, Q,=(D-P)/Q,,, $,=(B,+YD)/Q,, q,=|4,], and
define

QI _] i

24
G G],O_ 24)

Then ¢, can be written in a continued fraction as ¢,=(q,, g, ..., ¢,-,, 4, and, in general, ¢, can
be written as @, = (g, Gis1» > Qo B,y If we define 8, = [T 477, then

ok =(- l)k_l(Ak—z - ¢Bk—2) =(- 1)k_l(Gk-z - ‘/— Bk—z) / Qo (2.5)
Denote by N(@) the norm of &. Since
N =D,/ O, (2.6)
we can show that
G. ; +\[BB- ; JHi+l
L= T] (B +VD)/ G,
Qj+i+1 k=i+1

=(- l)i (G - ‘/D_Bi—l)(GHj + ‘/EBH]') / (QOQ’+]+1);

hence,
G, +VDB, ; =(-1)(G..,~VDB_)(G,,; +VDB, )/ ;. 2.7

Since @; ={q;> Gis1> > Giv s> ¢i+j+l>’ we get
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4 = Pisjnd; i+ A,
i )
PiiiB i+ By
J

on equating rational and irrational parts, we find that
G = BajiaBi+ Qv jnrBio o
DB, ;= F, 4G+ 0 mGjy -

Js1

(2.8)

Let O, be selected such that J, [2D. Since G, = -F,B, (mod Q,) for any i > -2, we get
(G,-+DB)G,, ~DB,)=G,G,+DB,B, - (G,B,,+G,B)JD = 0 (mod Q,),
therefore, (G, —vDB,XG,,—~DB,)/ 0y € Z[\D] for n,m>-2. Now let X,Y € Z and put m=

N(X ++/DY). We have the following theorem.
Theorem 2.1: Let U, T e Z such that U +~/DT =(G,_, —vDB,_))*(X +/DY)/Q, (i >0); then
S=(U+PRT)/Q €Zand S* =m (mod 7).

Proof: Put
R++/DS =~(G_,~VDB_))(G,_, ~VDB_ )X +JDY)/ O,
R +3DS' = (G, ~VDB_,)"(X +JDY)/ O,

where R, S, R, S" € Z. We get

R+VDS __G_,-+DB_, _R +JDS' 2.9
U+JDT ~ G_-JDB_, R+JDS '

Now, by (2.5),
_Gi¢2—‘/D_Bi—2 - E'H/E
Gy - ‘/BBi——l g 7
hence, by equating rational and irrational parts in (2.9), we get U + RT =Q.S, UF,+1TD = (R,
R+PBS=0S8". It follows that

OS'=UP,+ID+P(U +PT)=2P0S+00,_,T

and
S'=QRES+0_1/0.

By (2.6), we have U? — DT? = Q?m; therefore, (Q,S— PT)*— DT* = Q?m, which can be written
as S -TS'=m. O

We next consider the special cases of m=1,—-1,-3. As before, we let F,, J, be selected
such that Q) |2D and (, |D—P2. Denote by 7 the period length of the continued fraction
expansion of ¢,= (Ff+ JD)/Q,. We know (see, e.g., [13]) that there must exist some minimal
h >0 such that either B, = P,,, or O, = (0,,,; in the former case, we get 7 =2h and in the latter,
z=2h+1. If n=h (mod x), put

X+YyD = (G, +¥DB, 1 (0,0, 2.10)
when 7 =2h, and put
X +YVD = (B +VD)G,y + VDB, )* [ (G0sOhn1) (2.11)
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when 7 =2h+1. It is well known (see, e.g., [10]) that
N(X +YJ/D)=(-1)". (2.12)

From results in Mollin, van der Poorten, and Williams [8], we know that if the Diophantine
equation x”— Dy?= -3 is solvable for x, y € Z, then we must get 0,,, = F,,, + O, for some choice
of (J,, where (J, |2D. We will assume that (J, has been so selected. Let n =4 (mod r), then if

X +YVD = (20, ~ Oy +29D)G, + VDB, (003, 2.13)

we have X, Y € Z and
N(X +Y/D)=-3. (2.14)
If, for example, we have X, ¥ given by (2.13), we get
U++DT = (G,_,—DB_D)XX +¥YJD)/Q,
= (( n—i,i +"/——Bn—1 1)/Qh+1)2(2Qh Qh+1 +2‘/-—)
by (2.7). It can be verified after some manipulation involving the identities in (2.8) and the condi-
tion Q,,, = B, + 0, that

U=2G,, B, ;+G,, B +G, +2G,

n—i,i n—i,i“n—i-1,i n—z—ll n—i, i n—i—1,i n—i -1,
(2.15)
T= 2( n—i,i +Bn-1 tBn—l Li +Bn—-l 11)
On using (2.4) and (2.3), we get
S=U+BDIQ,
= 2An—i,iBn—i,i + A'n—i,iBn-i—l,i + An—i—l,iBn—i,i + 2A71-i-1, iBn—i—l,i (2.16)

= 2(An—i,iBn—i,i + An—i—l, an—i,i + An—i-—l,iBn—-i-l,i) + (_ l)n_i+1'

Similarly, we get

T=B, 1B, ii+B,i2Bwi1
8= B, iifnii T Bricg,iBpeicnis (2.17)
when X, Y are given by (2.10), and
T=B., ,+B: . (2.18)

S = An-l,l n—i,i + An—t—l,iBn-i-l,i’
when X, Y are given by (2.11).

3. VALUES ASSUMED BY W (a, q)

We now need to find a, g such that we can easily compute E(d’,q) for i=12,...,|@/2].
We first note that E(a, q) =1 if and only if ¢ |a, and E(a,q) =1 if and only if a =1 (mod ¢); thus,
W(a,q) =0 whenever @ =1 and W(a, q) # 0 whenever w >1. Indeed, the story concerning the
values that W(a, q) can assume when @ =2 is very different from that when @ =1. For let T and
S be given by (2.17). We have $? =1 (mod T) by Theorem 2.1, and

S ( n-i-1, l n—t—Z 1)An—r i + An—x—-l i

T ( n—i-1, 1 n—t—2 1) n—i, 1 n—t -1,i
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= <qia ‘qi+1’ Tty qm Bn-i—l,i /Bn—i—Z,i>
= <qia Giv15 > qn’ qn—l’ Dn-2>--+> qi+1>
by (2.1) and (2.2). Thus, E(S,#)=2n-2i-1- y,,,, where y is defined by

0 wheng,>1,
Y1711 when q,=1

Thus, if g =T and a=§ (mod g), then
W(a,q)=2|E(a,q)/2]=2(n—i-1).

It is evident that if we put n = kx + A then, for any given positive integer x, we can find £, i such
that W(a,q)=2x when @w =2. Hence, W(a,q) can assume all possible even positive values
when @ =2.
We next consider the case of @ =4. We let T and S be given by (2.18); we have S*=-1
(mod 7) and
S Buii! Bujy ) A it Aniy

T - (Bn—-i,i /Bn—i—l,i)Bn—-i,i +Bn—i—l,i
=G0 B> -+ D> D> Gn1> -+ Gra1)-
Hence, E(S,T)=2n-2i—-%,,,. Onputting g=T and a=S (mod gq), we get
W(a,q) =4 E(S,T)/2|+2=4n—i- x.,)+2.
For D= (42 +c+ f)* +4fc+1, we get VD = (b, 2¢, 2¢, 2b) with b=4fc* +c+ f. In this case,
we have h=1,7=3,n=3r+1, y, =0 for all j; hence, W(a, q) =4(3r +1-i)+2. Thus, given any

positive x =2 (mod 4), we can find values of a, ¢ such that w(a,q) =4 and W(a,q) = x.
The case of w = 3 is a little more difficult. We let 7 and S be given by (2.15) and (2.16) and
note that §? = -3 (mod 7). Thus, since 2||7, we have S =1 (mod 2) and
(S-D/2*+(S-1/2+1=0 (modT/2);
it follows that
((S-1/2)*=1 (modT/2)

and @((S-1)/2,T)=3. Let n=h (mod r) and put g, =g, +1-17, q;=q, +n, where 17 €{0,1}.

Then
@.q gl = Ay +A-mA,
i nelo A B, . +(A-mB,_;
s B ..
" —_ —i-2,0 _ =1
<qn’ Gp-1> Dn-2> -+ qi+1> =4, + B:—Ii—l,: - Br:iil,i + 77,
hence

(T/ 2)<qn Gis1> > 9n-1> qr’v q);'ﬂ Tn-1>-+» qi+l> '
= A, B it Apeic,iBaeii t ApeicyiBaion s (- 1y
=(§+()™@2y-1)/2

by (2.3) and (2.16). Putting 257—1=(-1)"", we get
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($-1/2
T/2
and E((S-1)/2,T/2)=2n-2i-y,,,. fweput g=T/2 and a=(S-1)/2 (mod g), we see by
(1.2) that

= <qia qi+1; ARRE ] qn—la ‘I,’,’ q;;'; qn—l) L] qi+1>

W(a,q) =4 E(a,q)/2|=4n—i- 7,

We should also observe that, since Q,,,=0,+P,,,, we have D= P2, +P,,,0,+0? and
VD < By +Q,. It follows that g, =1, B, =0y~ By = 0> and Oy, = B,,; hence, 0y, =
Opsz + By By the symmetry rules O, =0, and F,_,=F,;, we get O, 1 =F, ;1 +0, .
Thus, we can replace 4 by 7 —h—2 and still have Q,,, =0, + P,,,. It follows that n—i— y,,, can
be=h-i-y;,,or=—h-2-i-y,,, (mod7). For example, in the simple case of D =21, P, =0,
0, =1, we get

J21=(4,1,1,2,1,1,8)
with O, =Q,+F and O;=0,+F. We have #=6 and n=6m or n=6m+4, y,=1, 7, =1,
X3=0, x4=1, xs=1, x¢=0. The values of n—i— y,,, can be 6m—1, 6m—2, 6m—4, 6m->5,
6m—3, 6m—6, where in the last case m > 1; that is, n—i — y,,, can take on any positive integral
value and therefore W(a, q)/4 can take on any positive integral value.

For 7, § given by (2.15), (2.16), we also have

((S+1)/22—(S+1)/2+1=0 (mod T/2);

hence, (S+1)/2)*=1 (mod 7/2) and ((S+1)/2)°=-1, ((S+1)/2)*#1, (S+1)/2#1 (mod
T/2). Weget w((S+1)/2,T/2)=6 and

W(a,q)=4|E(a,q)/2|+4|E@* q)/2]+2

by (1.3) when g=T/2 and a=(S+1)/2 (mod T/2). Since a®>=(S-1)/2 (mod T/2), the
continued fraction expansion for a/q and a®/q are identical except that the values of ¢/, and ¢
are interchanged. We get

W(a,q)=8(m—i-x;,)+2
and W(a, q) can therefore assume any positive value which is 2 (mod 8), but these need not be
the only values that W (a, q) is capable of assuming when @ = 6.

4. CYCLE STRUCTURES

We will now use our earlier results to establish the existence of cycle structures of arbitrary
length in the continued fraction period of V(N) for N =(o(ga” +(a* —1)/q))* + o’a” with cer-
tain values of a, ¢, n, k. Weput n=sk+1(s>1), k = wt, where @ = w(a, q). Then

P(N)=2(sk+ D)+t +tW =tc+2,

where W =W(a,q) and c=2s+ Do +W.

Let j be any nonnegative integer <n—1=sk = wst, and suppose j=us+r (1<r<s). We
get j =un+otr—u and O<ofr-u<ost+1=n; thus, 1, =wtr-u<(s—-Dwt+1whenr<s. It
follows that A; <n—k if » <s; hence, by Lemma 4.5 of [6], &, =0ifr <s or, equivalently,
g;=0ifs]j. Ifs|j,thenr=sandu=j/s—-1<k-1. Inthis case,
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Aj=ort-uzwsi—(k-1)=(s-Dwt+1=n-k,

thus, &; =1 if and only if 5| j.
We next assume that j+gsw <n-1. We get k(j + gsw) = n(u+ wg) —u— wg+ wrt. Now,
ort<wst=n-1 and @st> j+ gsw or wt>u+ gw+r/s; hence, u+ gw < wir <n and

Lk(j+ gsw)/n|=u+wg.
It follows that
Ajrgso=2;— 8.

If j = gsw +is, then 1; = A;;=—i+1(mod @) and p; = —i (modw).

Consider
Y(@) =y ((g+D)sw +1)-y(gsw +1)
(g+)sw (g+)sw
= 2w(G+D-yv()= D.(gm+2)
J=gsw+1 Jj=gsw+1

[}
=2sw +ngm+,-s =2sw+w+W=c,
i=1

a value independent of the value of g as long as (g+1)sw <n—1=stw or g+1<¢. From this,
we can easily establish by induction that y(gsw +1) = gc+3, and since &; = &5, ;, M; = Mgy, ;,
we can use induction to show that w(gsw + j) = gc+ y(j) whenever g+1<7 and j < ws.
We now see that the continued fraction expansion of v(/N) given in Section 1 with n = sk +1

(s=1) has

g, =(qa" +(@ -1)/q)/2+(c-1)/0,

Q=9 H=9a""
Ifo<g<t-1, 1<h<sw, then

qatg® when s/ A,
Dy (hyrge =

virtee ) gathge + (@tmtge 5, /q when s |k

furthermore, when s/ A,
k=4
Dy (hy+ge1 = qa" Tt TnrEe,

and when s|A,
b, when 1<i<m,,

gun =37 )
w(h)+ge+i {qazn—k—lh+gw +(an—gm—lh _5h)/q when i = m, +1,

where
a1 q = (By By po--or B, ,)-
That is, there are c functions f;(g,a,4,n,k) (j=0,12,...,c—1) such that
Dgerju3 = fi(8,a, 9,1 k)
for g=0,1,...,#—1. This means that the period of V() has ¢ cycles of length c= (2s+ 1w +

W(a, q) whenever n=sk+1>1.
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We next show that, given any positive integer ¢, we can find s, @, g such that
c=2s+Dw(a,q)+W(a,q).

When c is odd, this is very easy because W =0 whenever @ =1; thus, we need only put

s=(c-1)/2, a=mq+1. For example, if we have c=7 (a cycle length not previously known),

wecanput s=3,k=1,n=3k+1,a=1 (mod q) and
fo(g.a,q,k)=qa"%, fi(g,a,9,k)=qa
f:(g.a,q,k)=qa’%, fi(g,a,9,k) = qa"",
fi(8,a,9,k)=aq’* 8 +(a**" 1) /4,
f(ga,9.k)=q, f(gaqk=qa"?+(@*"-1)/q.

We get for N = (ga***! +(a* —1)/ q)* + 4a***! (2]a) that the periodic part of the continued frac-
tion expansion of V(N) is given by q,,, ;.3 = f;(g,a,9, k) for g=0,1,2, ., k-1

k+g+1
3

It is also easy to handle this problem when c is even. Since 2|W(a, q), we must have 2 |W.
If we put =2, we get c=2(2s+1)+W(a,q), but we can find a, ¢ such that W(a,q)=
c—2(2s+1) for any s>1 such that c—2(2s+1)>0. Thus, if ¢>8, we can always produce by
this technique cycles of length c. We have already seen that examples exist of cycles of length 2,
4,6.

When, in the case of odd ¢, we put w =1, we are compelled to make s large in order to
produce a large cycle length. We can also do this in another way by using @ = 3. In this case, we
have ¢ =3(2s+1)+W. Thus, we can keep s small and try to find # =c—3(2s+1). For example,
consider the case of ¢=13; we put s=1 and must find a, ¢ such that W(a,q)=4. If we use
D=21,i=5n=6, we get n—i—-y,,,=1and (§-1)/7=(,9,8). Hence, ($—1)/2=81 and
T/2=173; and if a=8 (mod 73), =73, we get w(a,q)=4. It follows that if 2|a and a=38
(mod 73), then v(N), where

N = (730 +(a¥ - 1)/ 73)* + 4>
has a cycle length of 13. This cycle is given by g3, ;.3 = f;(8, a, 1), where

folg, a,1)=T3a¥7 +(a’'7% - 64) / T3,
filg.a,0=1, f,(ga,0)=17, f(ga1)=9,
fu(g,a,1)=T3a%"* +(a** -8)/ 73,
fs(g,a,0)="73a"38" 4 (a¥3¢72-8) /73,
fs(g&a,0)=9, fi(ga =1 fi(ga)=1,
fo(g,a,1)=T3a%" +(a**? - 64) / 73,
Sfo(g, a,t)=T3a%7382 1 (a¥ 383 1)/ 73,
fulga,0)=13, f,(g a,1)="13a%""+(@*%"-1)/73.

A more extreme example is provided by putting i =0, n=12. Weget n—i— y,,, =11, n=1,
(S-1)/T=(4112,1181121189112118,1,1,2,2)
= 664670164 /1450042921.
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Thus, if

N = (145004292125 + (a* - 1)/1450042921)2 + 425+,

where a =84498480 (mod 1450042921) and 2 |a, then v(N) has a cycle structure with cycle

length
c=W+(2s+1)w =44+15=59.
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1. MORGAN-VOYCE NUMBERS
Consider the recurrence
Xpy =3~ X, (L)
with
Xo=a, X, =b (a,b integers). (1.2)

Morgan-Voyce numbers B,, b,, and their related numbers C,, c, are then generated accord-

ing to the following scheme in which F,, L, symbolize the n™ Fibonacci and 7™ Lucas numbers,
respectively:

X, a b X,=F,L,
(B)|B, 0 1 B,
®|s 11 B, (1.3)
|G 2 3 L,,
©lec -11 Lyp

Readers are encouraged to determine the first few members of each of these sequences. In
particular, {B,}=0,1,3,8,21,55,....

The sets of numbers (1.3) are special cases of the corresponding sets of polynomials B,(x),
b,(x), C,(x), c,(x) [2] when x=1.

2. REPRESENTATIONS BY B,

Next, consider the representation of positive integers N by means of B, :
N = Z aiﬂi (ai = 07 1, 2) (2 1)
i=1

Of special interest is the case as in [3] in which all the ¢, in (2.1) are 1, giving rise to the
numbers 1, 4, 12, 33, ..., i.e,
Y B =Fp-1. 22)
i=1
A minimal representation is indicated in the abbreviated table (Table 1) in which an empty
space signifies 0 (zero). This table has already appeared in [3]. An essential feature of this repre-
sentation proved in [3] is that no two successive terms in the summation have coefficient 2.
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TABLE 1. Minimal Representation for {B,}:n=1,2,3,4

N (B, B, B, B, N (B B, B B, N (B B, B, B,
{1 3 8 21 {1 308 21 {1 3 8 21
11 13 2 1 24 1 1
2 2 14 2 1 25 1 1 1
3 1 15 1 1 26 2 1 1
4 11 16 2 27 2 1
502 1 7 1 2 22 1 2 1
6 2 18 2 2 29 11
7 1 2 19 12 30 1 11
8 1 20 11 2 31 2 11
9 1 21 1 32 11 1
10 2 i 2 1 1 33 11 1
11 11 23 2 1 34 2 1 1 1
2 111 35 2 1 1

Is this representation unique?

Write S, for the set of digits 0, 1, 2 of length & in the representation. Let

Npin - the smallest integer in S,

Npax = the largest integer in 5}, 2.3)
R, = the range of integers in §j,

I, = the number of integers in S;.

Then we readily construct the following scheme (Table 2).

TABLE 2. B, Representation Summary

kS, R, Npin N 1,
118 L2 B B, -1 2=F
218, 3,...7 B, B,~-1 S5=FK
318, 8...,20 B, B, -1 13=F,
4185, 2L...,54 B, B,—-1 34=F,
k1S B Fpn—l Bi=Fy B, ~1=F,-1 Fy

Clearly, I, = NP*™ - NP +1= Fyypp — Fye = Py
In each block of length % in Table 1,
{the smallest number is necessarily (0, 0, 0, ..., 1), and 2.4)
the largest number is necessarily (0, 0, O, ..., 2).
Lemmal: B.<N<B, -1
E.g., By(= 987) < N = 1000 < B, — I(= 2583).
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Lemma 2: k is uniquely determined by M.
E.g, N=1000=k =5.

Combining the above information, we deduce that

Theorem I: Every positive integer N has a unique representation of the form
N = z aiBi >
i=1

where [3] two successive values «;, a;,; cannot both be 2.

The distinctive pattern fixed in Tables 1 and 2 determines the uniqueness of the repre-
sentation.

A tabular schedule similar to that in Table 1 (but suppressed here for the sake of brevity)
ought now to be constructed for maximal representations by B,. The embargo on the appearance
of two successive coefficients in the summation with the value 2, as in the enunciation of Theorem
1, naturally does not apply for maximality. A fixed pattern of the coefficients emerges in the tabu-
lation of maximal representations for B,, leading to the conviction that the maximal representation
is unique. Where this situation differs from that, say, for Pell numbers [1], is that, while (2.2) in
which all coefficients are 1 is there common to both minimal and maximal representations, other
summations here are common to both which do not belong to (2.2), e.g., 5=2B,+B,. Also see
[3] in this context.

3. OTHER REPRESENTATIONS

(i) C, (lacunary)

Coming now to the companion number set {C,} =2,3,7,18,47,... to {B,}, i.e,, (1.3)(C), we
find that the even tenor of our progress is disrupted. For a start, C, =2, C; =3, so that there
is no possible representation of 1 (unity). Thus, any representation is necessarily lacunary. It
is no good appealing to C_; as an accommodating adjunct to the set {C,} since C_; =3
(indeed, C_, = C,).

Because of this hiatus, there is also no member in the pattern of the minimal representation
of, say, 8 though it can be represented maximally as 8 = 2C, +2C;, in which there occur two
successive coefficients equal to 2. Except for the lacuna at N =1, the potentially fixed
minimal pattern is negated in a regular way at C, =1, n>2. The nature of the representation
is therefore hybrid.

(i) b,

Turning now to the Morgan-Voyce numbers {5,} : 1,2,5,13, 34, ..., we encounter a similar set
of circumstances to those for {B,}. Arguments paralleling those employed in the previous
section are likewise applicable to this context. Analogously to Table 1, a minimal
representation table may be constructed (an entertaining and instructive pastime). As for B,,
the proscription of two successive coefficients equal to 2 in a minimal representation applies
here also.

For comparison with the Table 2 Summary for B,, we here append a Summary (Table 3) for
b,, in which non-capital symbols correspond to the capital symbols specified in (2.3).
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TABLE 3. b, Representation Summary

ks, r, neor=

s, 1 b b-1 K
21s, 2,..,4 b, b-1 F
3|5 5..,12 b, b,-1 F
4 s, 13,...,33 b, b-1 K
klse Py Fpn—1 b by-1 Fy

Observe that, by (1.3), i, = (b,,, —D—(,) +1=b,,;, - b, = Fyp .y — Fy -, = F;, . Uniqueness of
the minimal representation is determined by the fixedness of the pattern.

(i) ¢,
Some initial comfort is offered here by the fact that 1 =c¢,, 2 =2¢,. But to represent the num-
ber 3, we need to revert to the subterfuge of including —1=c_, (c_, =c¢, in fact) in our set
{c,}. This implies that a representation exists which is non-lacunary. There is a purpose-
fulness about the coefficients which then suggests minimality and uniqueness.

4, CONCLUDING OBSERVATIONS
Write

n n n—1
®B,=> B (22), b,=2 b, 6,=3.C, «,
i=1 i=1 i=0

n
2.6
i=1

Then we discover the following schedule (cf. (1.3)):

Fibonacci Equivalence Recurrence Relation
%n En+l~ -1 %n+2 = 3%n+l—%n_ 1
bn Fin bn+2 = 3bn+l - bn
(Gn L2n+l -1 (€n+2 = 3(€’n+l—_(€nw1
€y L2n -2 Crr2 = 3cn+l —C,+ 2

Aspects of B, and 6, are discussed in [3], while features of b,, and c, are analyzed in [4].

Peripherally of import to this paper, but also to provide some publicity for the concept, we
mention Brahmagupta polynomials [5] which relate to B,(x) and b,(x) [5], and to C,(x) and
c,(x) [4]. Historical information on Brahmagupta and his mathematics is given in some detail in
[61. ,
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1. INTRODUCTION

In [8], Lin introduced a well-known result (i.e., Theorem 3.1) from discrete dynamical
systems theory (which he called "iterated maps") concerning the number of period-n points. As
applications, Lin computed the number N(n) of period-n points of the maps B(u, x) for some
suitably chosen x and obtained some interesting dividing formulas »n|N(n) (i.e., formulas (4.23)
in [8]) which had already been obtained in [6, Theorem 3] from different maps. As mentioned in
[8], each iterated map contributes an N(n) and, hence, in principle, infinitely many N(#n) can be
obtained. However, in practice, to actually compute N(n) is not so easy as was demonstrated in
[8]. Lin did not mention how to compute explicit formulas for N(n) other than the one for the
special maps B(x, x), where the method he used does not seem to apply to other maps easily. In
this note, we want to point out that a simple systematic way of constructing functions Q(n) such
that »|Q(n) has already been introduced in [2]-[7] (see also [9]) for a large class of continuous
maps from a compact interval into itself and examples of various Q(n) can also be found in [4]-
[7]. Furthermore, we want to present a few methods (Theorems 1-3) from discrete dynamical
systems theory of obtaining new functions Q(n) from the known ones so that many more Q(n)
can be constructed (see, e.g., Theorem 4). Finally, in [8], Lin only considered the numbers of
period-n points for iterated maps. He did not mention the numbers of symmetric period-(2n)
points. Therefore, we also include such examples in Theorem 5.

2. SOME DEFINITIONS

Since our main results are taken from discrete dynamical systems theory, we shall use the
notations commonly used there (see also [4]-[7]). For completeness, we include the definitions of
D,(p,n), i=1,2, below. Let ¢(n) be an integer-valued function defined on the set of all positive
integers. If n=pfipk ... p* where the p,'s are distinct prime numbers, 7 and the £,'s are posi-
tive integers, we let @,(g, 1) = ¢(1) and let

®1(¢,n)=¢(n)—i¢(%]+z¢( ; )* 2 ¢(p,-1:piJ

i=1 iy <iy PP, iy <iy<iy

where the summation Zil<i2<"'<ij is taken over all integers i, i,, ..., ; with 1<, <i, <+ <i <r.
If n=2% plkl pf2 .-+ p¥ | where the p,'s are distinct odd prime numbers and ky>0,r 21, and the
k,'s>1 are integers, we let
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<1>2(¢,n)=¢(n)—i¢(;’,’.—)+2¢(p_’; )— > ¢( . )

i=1 iy <ip iy <iy <iy by p, Py,

If n = 2% where k >0 is an integer, we let D,(p,n) =g(m)-1.

3. MAIN RESULTS

Let S be a nonempty set and let f be a function from S into itself. In the sequel, for every
positive integer 1, we let ¢ .(n) denote the number (if finite) of distinct solutions of the equation
f7(x)=x in S, where f” denotes the n™ iterate of f: f,=f and f"=fof"" for n>1. By
standard inclusion-exclusion arguments, it is easy to see that, for each positive integer n,
®,(¢,,n) is the number of periodic points of f with least period n. On the other hand, if §
contains the origin and g is an odd function from § into itself, we let ¥ (n) denote the number (if
finite) of distinct solutions of the equation g”(x)=—x. In this case, if g"(y) = —y, then g (y) =
&) (y)=-y for every odd integer £>1 and g™ (»)=(g")"(y)=y for every even integer
m>1. So, it is again easy to see, by the same inclusion-exclusion arguments, that ®,(y,,#) is
the number of symmetric periodic points (i.e., periodic points whose orbits are symmetric with
respect to the origin) of g with least period 2n. Consequently, we have ®,(¢,,n) =0 (mod n)
and @, (y,,n) =0 (mod 2n) for all positive integers n. Therefore, by letting O(n) = (¢, n) or
Q(n) = ®,(y,,n), we obtain that n|Q(n) for all positive integers n. In the following, we shall
present a few methods (Theorems 1-3) from discrete dynamical systems theory of obtaining new
functions O(n) from the known ones so that many more (J(n) can be constructed.

Since ®@,(g, n) is linear in ¢ [note that ®,(w,n) is not linear in y because of its definition
on n = 2*], we easily obtain the following result.

Theorem 1: Let ¢, i=12, be integer-valued functions defined on the set of all positive
integers. 1If, for all positive integers n, ®,(¢,,7) =0 (mod n) and ®,(¢,,n) =0 (mod #n), then,
for any fixed integers k and m, ®,(kp,+m@,,n) =k® (p,,n)+md,(p,,n)=0 (mod n) for all
positive integers n.

Let fand f,, 1<i < j, be functions from S into itself and let (ITL, #7,)(n) = I1L, #5,(m) for all
positive integers n. If A is a function from § into itself defined by A(x)= f *(x), then, since
h"(») =y if and only if £*'(y)=y, we obtain that $y(n)=¢ (kn). On the other hand, if A is
a function from the Cartesian product set S/ into itself defined by H(x,,x,,...,x,) = (fi(x),
f2(2), ..., f;(x;)), then, since (¥, ¥,, ..., y)= H' 0, ¥, y;)= 'O 702, fj‘n(.yj))
if and only if y, = £,"(y,) for all 1<i < j, we obtain that ¢, (n) = (II_, ¢,,)(n). If S contains the
origin and all fand f;, 1<i< j, are also odd functions, then so are / (when & is odd) and H.
Arguments similar to the above also show that y () = (TT_, v )») =TT, ¥ ;,(n). Therefore,
we obtain the following results.
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Theorem 2: Letfand f,, 1<i < j, be functions from § into itself. Then the following hold:

(@) For any fixed positive integer £, let ¢, ()= ¢ (kn). Then @ (p,,n)=0 (mod n) for all
positive integers .

() ®,(I1.,¢y,n) =0 (mod n) for all positive integers n.

Theorem 3: Assume that the set S contains the origin and let g and g, 1 <i < j, be odd functions

from S into itself. Then the following hold:

(a) For any fixed odd integer k>0, let v, (n) =y (kn). Then ®@,(y,,n)=0 (mod 2n) for all
positive integers 7.

(®) ©,(I1_, v, n) =0 (mod 2n) for all positive integers n.

Remark: Note that in Theorem 1 we only require @, to satisfy ®,(p,,n) =0 (mod n), while in
Theorems 2 and 3 we require them to be the numbers of (symmetric, respectively) periodic points
of all periods for some (odd, respectively) maps. It would be interesting to know if these stronger
requirements in Theorems 2 and 3 can be loosened.

4. SOME EXAMPLES

In [6] we show that, for any fixed integer j 22, if ¢ (n)=2"-1 for I<n<j and ¢,(n) =
L9, (n-i) for j<n, then p; satisfies the congruence identities ®;(¢;,n) =0 (mod n) for all
positive integers n. Since the constant functions also satisfy the same congruence identities,
it follows from Theorem 1 that, for any fixed integers j, k, and m with j>2, if ¢, , .(n) =
m@ ;(n)+k for all positive integers n, then @,(¢; ; ,,,7) =0 (mod n) for all positive integers 7.
Since it is easy to see that ¢, , , also satisfies the recursive formula ¢, , ,,(n) =m(2" —1)+ £ for
Isn<jand @, ,(n)= (ZL, ¢ b, m(? —i))-(j - Dk for j < n, we have the following result.

Theorem 4: For any fixed integers j, k, and m with j >2, let

m(2" - +k, forl<n<j,
¢j,k,m(n) = ~j . . .
(Z'i=l ¢j, k,m(”_’)) -(J-Dk, forj<n.

Then @,(¢ n) = 0 (mod n) for all positive integers .

J»k,m>

The following is an example of @, (,n) =0 (mod 27). For other examples see [5] and [7].
By Theorem 3 above, many more examples can be generated easily from these known ones.

Theorem 5: Let j 22 be a fixed integer and let g;(x) be the continuous map from [~j, j] onto
itself defined by
x+1,  for —j<x<-2,
7, forx=-1,
g,(x)=4-1J, forx=1,
x-1, for2<x<j,
linear, on each of the intervals [-2, —1],[~1, 1}, [1, 2].

We let ¢,(n) be defined by
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3"-2, forl<m<j,
$,(n)=13"-2-4n-3"7, forj+1<n<2j-1,
/120~ g, (i) + S 4 -2~ g (i), for 2/ <

We also let y ;(n) be defined by

(37, forl<n<j-1,
31'_2‘ fc =7

l//j(n)=< : J> o ori? J> ‘
3"—4n-3"77, forj+1<n<2j-1,

ZLQi- Dy (n-i)+ T2, (4 -2 - Dy (n—i), for2j<n.
Then, for any integer j > 2, the following hold:

(@) For any positive integer n, ¢;(n) is the number of distinct solutions of the equation g7(x) = x
in[-J, j]. Consequently, ®(¢;,n) =0 (mod n) for all positive integers 7.

(b) For any positive integer n, y ;(n) is the number of distinct solutions of the equation g7 (x) =
—x in [—J, j]. Consequently ®,(y ;,n) =0 (mod 2n) for all positive integers 7.

Remark: Numerical computations suggest that the functions y ;(n) in Theorem 5 also satisfy
®,(y;,n) =0 (mod n) for all positive integers n. However, we are unable to verify this.

5. OUTLINE OF THE PROOF OF THEOREM 5

The proof of Theorem 5 is based on the method of symbolic representations which is simple
and easy to use. For a description of this method, we refer the reader to, say, Section 2 of [6].
Here we only give an outline of the proof. We shall also use the terminology introduced there. In
the following, we shall assume that j > 2. The case j =2 can be proved similarly.

Lemma 6: Under g;, we have:

EN->EG-DEG=2) - EDEDED I,
1=7) = ENIEDED)E3) - (G -G - D),
(-Di—>i@+1) and i(i—-1)— (@ +1)i, for —-(j-2)<i<-2,
2)(-D > (-1j and (-1)(-2) - j(-D),
Ni= CEG-DEG=2) - (ED)EDjE0123 (G -2)G - 1),
JEN = G=-DG=2) - 321-)jDE2)(3) - (G -G - D),
12 > (= )1 and 21— 1(-}),
i(i+)—>@-Vi and (i+1)i—>i(i-1) for2<i<j-2,
JE) > G-DG=2) - 321(=)) ],
L D> JEN23--(G-2)G-D.

)

In the following, when we say the representation for y = gj/(x), we mean the representation
obtained, following the procedure as described in Section 2 of [6], by applying Lemma 6 to the
representation (—(j - D)(—(j —2)) - (-=3)(-2)(-Dj(-)123---(j-2)(j-1) for y =g;(x) succes-
sively until we get to the one for y = g7 (x).
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For every positive integer » and all integers &, i with —(j—1)<k<j—1and —(j-1)<i<
J—1,leta,, ; ; denote the number of v's and vu's in the representation for y = g7(x) whose cor-
responding x-coordinates are in the interval [s,, #,], where

Ny, fori=—(j-1),

[k-1Ek], for-(j-D<k<-], i-Di, for —(j—2)<i<-],
(s, 6 ]1=1[-11], for k=0, and wv=1(-j)j, fori=0,
[k, k+1], forl<k<j-1, ii+1), forl<i<j-2,

Jj=D, fori=j-1
We also define ¢, ; and d, ; by letting

J-1 i1 =2
cn,j = Z an,k,k,j + kzl(an,—k,o,j +an,k,0,j) + ;?:'o(a"’“k’f(j_l)’j + an,k,j—l,j)

k=—(j-1)
and
j-1 j-1 Jj=2
d,;= Z Ay ek, T Z @k, + B0, )+ Z (@ (-1, j F Dok -1, )
k=—(-1) k=1 k=0

It is easy to see that, for every positive integer », ¢, ; is the number of distinct solutions of
the equation g7(x) = x and d,, ; is the number of distinct solutions of the equation g7(x) = —x.

Now, from Lemma 6 above, we find that these sequences {(a, ,; ;) can be computed recur-
sively.

ko4, j

Lemma 7: For every positive integer 7 and all integers £ with —(j —1) <k < j—1, we have

At e -G-0,7 = B ke,0,5 T ¥k, 1, T W, -1, o

Ay ie—(j=2),) = Fnt,0,5 F P ke, ~(j-1), j>

it tei; = Onkimt,j T k0, T Onp-j-n,p —U—3)Si<-],
YFni1,k,0,5 = Fn ke, ~(j-1),j T Fn,k,0,7 Pk, j-1, js

Aot inj = On,0, T Fneint,j T Pk, j-1, 0 I<i<j-3,

an+l,k,j—2,j = an,k,O,j +an,k,j—l,j’

Wik, j-1,j = ke, ~(j-1), T Onk,-1,j T An k0,5

\

The initial values of a, can be found easily as follows:

k.1, j

(a4, =1 for —(j-D<k<-2,
a ;=L
@00, =1,
1-g-p; =1
G-ty =1 for2<k<j-1,
;=0 elsewhere.

Since the initial values of the a,  ; ;'s are known, it follows from Lemma 7, by direct but
somewhat tedious computations for » ranging from 1 to 2j, that we can find explicit expressions
(omitted) for the sequences {a,;; ;), —~(j—-D<k<j-1, -(j-D<i<j-1,1<n<2j, and from
there we obtain the following two results:
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(@ ¢,;=¢;(m)andd, ;= (m) for1<m<2j-1.
®) aq, Jokadnf % (2m—1Da, j=miii,j Zrznj:jln(‘lj —-2m-1)a, j-mk,i, j
forall -(j-)<k<j-1,-(j-D<i<j-1

Since, for fixed integers k and i with —(j-1) <k <j-1, -(j-D<i<j-1, a,

ki, 1S a linear

combination of a,_, ; ,, ;, —=(j—1) <m< j—1, it follows from part (b) above that

J 2j-1
@i = ZI(Zm— Da, i+ Z£4j -2m-Na,_, ., foralln>2j.
m= m=j+

Since both ¢, ; and d,, ; are linear combinations of the a, ; ; ;'s, we obtain that

J 2j-1
¢, =2.@m-Nc,, + Y (@j-2m-1,, ,
m=1 m=j+1
j 2j-1
and d,,=>@m-0d,_, + Y @4j-2m-1d,,
m=1 m=j+1

forall n>2j. This completes the proof of Theorem 5.
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ON THE FIBONACCI NUMBERS AND THE DEDEKIND SUMS

Zhang Wenpeng and Yi Yuan
The Research Center for Science, Xi'an Jiaotong University,
Xi'an, Shaanxi, Peoples Republic of China
(Submitted July 1998-Final Revision April 1999)

1. INTRODUCTION

As usual, the Fibonacci sequence F = (F,) is defined by F, =0, F; =1, and by the second-
order linear recurrence sequence F,,, =F,,, +F, for n>0. This sequence has many important
properties, and it has been investigated by many authors. In this paper we shall attempt to study
the distribution problem of Dedekind sums for Fibonacci numbers and obtain some interesting
results. For convenience, we first introduce the definition of the Dedekind sum S(#,g). For a

positive integer ¢ and an arbitrary integer A, we define

wo-3 (9)(2)

where ©9) = {x ~[x]-1 ?f x ?s not. an integer;
0 if x is an integer.

The various arithmetical properties of S(h, k) can be found in [3], [4], and [6]. About Dedekind
sums and uniform distribution, Myerson [5] and Zheng [7] have obtained some meaningful
conclusions. However, it seems that no one has yet studied the mean value distribution of
S(F,, F,,,), at least we have not found expressions such as 2. S(F,, F,,,) in the literature. The
main purpose of this paper is to study the mean value distribution of S(F,, F,,;) and present a
sharper asymptotic formula. That is, we shall prove the following main theorem.

Theorem: Let m be a positive integer, then we have

= V5 -1)? 1
5508, Fy =~ SEgm s com+0 ),
where o = 1_+2£’ C(m) is a constant depending only on the parity of m, i.e.,
n+1
—l—i 1 +l 3 (%) ) if m is an even number;
Cony— | 2 A Bt 1235 F,

if m is an odd number.

ii 1 +_1_i (é)n-i-l
25 i, 12

n=1

2. SOME LEMMAS
To complete the proof of the theorem, we need the following two lemmas.

Lemma 1: Let m be a positive integer, then we have

Fm—-l __1_ 1 _ 1 ver — ”’_2—1
S Fn) + 15 '12[1«;,,1: FoE D 172173]

m+1 m+1 m=1"m
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Proof: 1t is clear that (F,,F,,)=1 m=123,..., so, from the reciprocity formula of
Dedekind sums (see [2] or [3]), we get
F2+F%,+1 1

S(Fm)Fm+1)+S(Fm+l’Fm)="i’2F-—Fl_Z- (1)
'm+

By the recursion relationship F,,,=F,+F, , for m>0, we have S(F,,,, F,)=3S(F,._,, F,).
Thus,

Fl}+Fl,+1 1_1(F, K 1 1
S(E, Fyu)+S(F, . Fy="nttmntl 1_ - 1
(m’ m+l) S( -1 m) 12FEn+1 4 12 I;:”+1+ F +FFm+1 4
A (B By 1 N1 1 By B,
F m F m+1 F En+1 6 12F mF m+l 12F;n+1 12F m ’
so that
_ 1
S(F'"’F'"*‘)+12F1 12F F, . [S(F'"'"F'" IZF]
1 1 F
= - +1 S m3 ...
12F F. . 12F,_F. [ Fa '"'1)+121«;,,_1]
1 1 1 _ Fy
e o s B+ |

B 12F,Fpp B 12F,, \F,, * 125, 5Fp
It is clear that S(f, F;) =S8(1,1) =0 and F, =0, so we obtain

oy 1 1
12F,,, 12EFE,. 12F_F,

m+l m+1

1

S( Fm+l)+ 12172};;

+oe (-1

This concludes the proof of Lemma 1.
Lemma 2: Let m be a positive integer, then we have

§$ B o1, S, o(=)

n=1 I;;!+l n=1 n+l

where a = 3*2£

Proof: From the second recursion relationship for F,, we can easily deduce that

) o o]

From these identities, we get

m Fn 1 ap;l 1& F;‘ + % n
DD Yy ) +} o)
n=1" n+l n=1"n+l n=1 n+l

This completes the proof of Lemma 2.
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3. PROOF OF THE THEOREM

In this section we shall complete the proof of the theorem. First, let m be a positive integer,

then from (1) we have

E, E, 1 1
S(Fm’Fm+1)+S( m+1> )—E( F+1 +F +FF )"—

m+1 m* m+l1 4
or
F_ F 1 1
S(F,, F, F . F 2wy 1 |2
and
1| F, E_ 1 m
,,Z_:[S( n» n+l)+S( n-1» n)]"‘-‘—; I:F;1+1+ ‘F,,1+E,F;,+1:l—_g
Noting that
S(Fy, £)=80,)=0 and F;=0
so that
23 Sy Fp)-S(Fy, Fy) ==Y 2y LS L 150 1 m
2,5 P DGR, X E, 12X Fh, 6
hence,
1& 1& F, 2m+1
2ZS< oo Fout) = S(By, Fyur) 422 " gnz TPy T

Applying (2), Lemma 1, and Lemma 2, we obtain

S B S S L N

n=1 m+1 m=-1*'m

n=1

it J§—1m+i(é)"+l+0( 1 )+ii 1 2m+1
6| 2 Fo  \o™)|"122EF, 12

If m is an even number, then from the above we have

ZS(E,, F;t+1) F F

n=1 2n+l

n+l
__ (5= r’ 1 1@ (L)
=3 m+1zzeann+1+122 +0| == |.

+

12

n=1
If m is an odd number, then

: B3, 101 16 (&)
25U D=5 L Ryl 2 F e

n=1 n=1 +1 a
O\ R I TS B B 1) +0(—~1—)
48 12 = 1Fén+1};én+2 12 n=1 F;H'l o™

This completes the proof of the theorem.
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1. INTRODUCTION

A remarkable theorem of E. Lucas [10] provides a simple way to compute the binomial coef-
ficient (f,‘,’ modulo a prime p in terms of the binomial coefficients of the base-p digits of N and m:
IfN =X N,;p’ and m=Xm;p’, where 0< N;, m; < p, then

N N;
(m) = H[m]j) (mod p).
This paper will generalize the following alternative version of Lucas's theorem: Let
_(m+n)_(m+n)!

B(m,n)—( m )_ min! ’

then
B(m, n) = B(m+ p,n+ p)B(mmod p,nmod p) (mod p),

where m+ p is the integer quotient of m by p, and m mod p is the remainder. It follows that if
m=Xm;p’ and n=Yn;p’, where 0<m;, n, <p, then

B(m,n) = HB(mj, n;) (mod p).

As a corollary, p | B(m, n) if and only if m; +n; > p for some ;.

This theorem also implies that the residues of Pascal's triangle modulo p have a self-similar
structure; see, e.g., [12], [2], [4], [5], [9], [17], and [1]. For example, if p =3, then [B(m, n)
mod p] for 0<m, n< 9 is given as follows:

4

1B 1B 1B
" |1B OB 0B

1B 2B OB] (mod p),

QOO OOOON -
QOO OCOOO

QOO OO it ot

[ Y = N
ONF ON = ON
QOO OOO
OO OMNNN = -
OO0 ONON
COOOOMNOO

i
1

where

111 11 1
B=|1 2 3l=|1 2 0} (modp),
1 3 6/ (100

so this matrix is the tensor (or Kronecker) product B&B mod p. Generally, as noted in [11],
modulo p we have that [B(m, n) mod p] for 0<m, n < p* will be B®¥, the k-fold tensor product
of B =[B(i, j)mod p], where 0<i, j < p. Note that matrix indices start at index pair (0, 0).
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Generalized binomial coefficients are defined corresponding to a given sequence (u,) by
replacing n! by the product of # through #,. This paper uses recurrence-relation techniques
to deduce generalizations of Lucas's theorem for generalized binomial coefficients based on a
sequence generated by a second-order recurrence relation (see Theorems 1 and 3). One resulting
generalization is equivalent to the theorem (Theorem 4 below) obtained by Wells [13] by an intri-
cate analysis. The new approach to the proof clarifies and explains the complexities of Wells's
formula.

2. THE UNDERLYING SEQUENCE (u,)
Definition 1: Let a,b € Z. Let p be a prime. Define the sequence (u,) recursively as follows:
uy=0, yy=1; u,=au, ,+bu, , for n=2,3,4, ...

(oruyy=1, u,=a; u,=au,_,+bu, , for n=3,4,5,...).
For example, when a=2 and b=-1, then #, =n; when a=1+¢ and b= —¢q, then u, =1+
g+q*+---+¢""; and when a=1 and b = 1, then u, = F,, the n™ Fibonacci number.

Definition 2: Let r denote the rank of apparition of p; thus, » = min{n eN:#%, =0 (mod p)}.
Let 7 denote the (least) period of (#, mod p), if it exists. Let s=1¢/r.

From now on, consider the prime p and the integers a and b fixed, and assume a and b are
not both zero. We shall usually assume that p{b. If p|b, then u, =a"" (mod p), and so either
pla and u, =0 (mod p) for n>2 while » =1 so that ¢ is undefined, or pJa and ¥ =c0. In any
case, the recurrence relation u, = au,_, +bu,_, (mod p) defines a transformation

o]l el e
mapping {0, ..., p—1}? to itself. If p|b, then the transformation is invertible, and consequently it
must be periodic with period # < p?, and, since %, = 0 and O repeats, < 7.
The following basic addition formula, which appears, e.g., in [7], may be proved by induction.
Lemma 1 (Extended Recurrence): Form>1and n>0, u,, =uu,  +bu, u,.
Many basic properties of the sequence (u,) follow immediately from this lemma.

Corollary 0: Let z=min{n eN:u,=0}. Then z>1, and if z<o, then {n eN:u, =0} =
{z,2z2,3z,...}.

Proof: If z <o, Lemma 1 implies that u,,, =u,u,, , +bu,,_u,, from which the conclusion
easily follows by induction if  # 0. If 5 = 0, then u, = a™! for n> 0, where a # 0 (by the assump-
tion above), so z=0c0. [

Corollary 1: If p|b, then {n eN:u, =0 (mod p)} = {r,2r,3r,...}.

Corollary 2: If p[b, then s (defined as #/r) is an integer.

Corollary 3: If r <oo, then, for k=1,2,3,..., bu,_=u,, = uf+l (mod p).

Corollary 4: 1f p|b, then uy =1, ., Up,;, ..., Ys_1),41—OT, €quivalently, ut,, for 0< k < s—are

all distinct modulo p.
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Corollary 5: If p|b, then the sequence (u',; mod p)»_, has period s: #,, = #"5°** (mod p).

Corollary 6: 1f p|b, then s|p-1.

Definition 3: The rank of apparition of k, denoted r(k), is the least index » for which & divides
u,: r(k)=min{n eN:k|u,}. (Ifk does not divide any u,, then r(k) = 0.) Note that r = r(p).

Definition 4: The sequence (u,) is regularly divisible by p if, for every positive integer i,
{neN:p'lu}={kr(p) k eN}.

Corollary 7 (Wells): If p|b, then the sequence (u,) is regularly divisible by p.

3. GENERALIZED BINOMIAL COEFFICIENTS
Definition 5: Given (u,), define the generalized, or bracket, factorial [#]! for n=0,1,2, ... by

[7]!= In-[uj.
j=1

For m > 0 and n > 0, define the generalized binomial coefficient C(m, n) by

_|m+n|_[m+n]!
Clmn=["" |-
If some factors are zero, then it is to be understood that zeros in the numerator and denominator
are to be canceled in pairs. By Corollary 0, if there are some zero factors u;, their indices j are
multiples of some z>1. so the number of zero factors in the numerator will either equal the
number in the denominator or exceed it by 1.

When a=2 and b=-1, then u,=n and the generalized binomial coefficients become the
ordinary binomial coefficients: C(m,n) = B(m,n). When a=1+¢q and b=—q, then u, =1+¢g+
g*+---+q""! and the generalized binomial coefficients are the Gauss g-binomial coefficients.
When a =1and b =1, then u, = F, and the generalized binomial coefficients become the Fibono-
mial coefficients.

Obviously, the generalized binomial coefficients are symmetric: C(m,n)=C(n,m). Also,
they satisfy the following boundary conditions:

C(@m,0)=1 and C(0,n)=1 for m=>0, n=0.
Lemma 2 (Basic Recurrence): For m>1, n>1, C(m,n) =u,,,,C(m,n—1)+bu, ,C(m—1,n).

Proof:
u,,,C(m,n—1)+bu, ,C(m—-1,n)

U am+n-0u, u,bu, [m—1+n]

[m[n—1]'u, u,[m—1]![n]!
_[m+n-1](u,,,u, +bu,u,_;)
- il

because u,u,,,, +bu,_u, =u,,,, by Lemma 1. O

Corollary: If a and b are integers, then the generalized binomial coefficients are all integers.
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4. GENERALIZED BINOMIAL COEFFICIENTS MODULO p

When p|b, the generalized binomial coefficients modulo p are very simple. If p|b, then
u,=a"" (mod p), and by Lemma 2, C(m,n)=u,, C(m,n—1) (mod p). Also, C(m,0)=1 for
m20. Therefore, for m,n=>0,

if p|b, then C(m, n) =a™ (mod p).
Here 0°=1.

When p|b, the pattern of the residues is more complex. There may be a self-similar pattern,
as in the case of binomial coefficients presented above. But the pattern may be more complicated.
For example, see Table 1 for the layout of Fibonomial coefficients modulo 3.

When pfb, a formula for the mod-p residues of C(m,n) may be derived in three steps: (1)
Show that C(m, n) =0 (mod p) when m mod r+n mod » >r; (2) find a recurrence for C'(m, n),
defined as C(mr,nr), and solve it; and (3) complete the solution by using the basic recurrence
relation in Lemma 2. This procedure parallels and extends that given in [6], which may be con-
sulted for further details.

Notation: If r < o, then, for each nonnegative integer », let

ny=nmodr,
n=n=r,
n*=nmod?,

n'=p*<+r=n"mods.

Lemma 3: If p|b, then C(m,n) =0 (mod p) when my, +m, >r.

Proof: This result is a consequence of Knuth and Wilf's generalization of Kummer's theorem:
According to [8], C(m, n) will be divisible by p if there is a carry across the radix point when m/r
and n/r are added in base p; this happens when my +n, >r. O
Lemma 4 (r-Step Recurrence): If p|b, then, for every m>1and n>1,

C(mr, nr) = u\C(mr,(n—Dr) +u5,C((m—Dr,nr) (mod p).
Proof: For h=1,2,...,r -1, we have, by Lemma 2,
C(mr,(n—1)r+h)
=t  C(mr, (n=Dr +h=1) +bu,_p, ; C(m~Dr +r =1, (n—1r +h)
= 14, C(mr, (n—Dr +h~1) (mod p),
because C((m—1)r +r—1,(n—1)r +h)=0, by Lemma 3. Together with Corollary 3, this implies
that
C(mr,(n—Dr +r—1)=u"™"DC(mr, (n-1)r) (mod p). ¢))
Similarly,
C((m—"Dr +r—1,nr) =u"OC((m-)r, nr) (mod p). ?)
Again by Lemma 2, C(mr, nr) = u,,,.,C(mr,nr —1)+bu,,_,C(mr —1,nr) (mod p). Equations (1)
and (2) and Corollary 3 transform this result into the desired conclusion. O
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TABLE 1. The Fibonomial Coefficients Modulo 3

111111111111 1111 1111 1111 1111 1111 1111
1120 2210 1120 2210 1120 2210 1120 2210 1120
1200 1200 1200 1200 1200 1200 1200 1200 1200
1000 2000 1000 2000 1000 2000 1000 2000 1000

1212 2121 0000 1212 2121 0000 1212 2121 0000
1220 1220 0000 2110 2110 0000 1220 1220 0000
1100 2200 0000 1100 2200 0000 1100 2200 0000
1000 1000 0000 2000 2000 0000 1000 1000 0000

1111 0000 0000 1111 0000 0000 1111 0000 0000
1120 0000 0000 2210 0000 0000 1120 0000 0000
1200 0000 0000 1200 0000 0000 1200 0000 0000
1000 0000 0000 2000 0000 0000 1000 0000 0OOOO

1212 1212 1212 2121 2121 2121 0000 0000 0000
1220 2110 1220 1220 2110 1220 0000 0000 0000
1100 1100 1100 2200 2200 2200 0000 0000 0OOO
1000 2000 1000 1000 2000 1000 0000 0000 0000

1111 2222 0000 2222 1111 0000 0000 0000 0000
1120 1120 0000 1120 1120 0000 0000 0000 0OOOCO
1200 2100 0000 2100 1200 0000 0000 0000 0000
1000 1000 0000 1000 1000 0000 0000 0000 0OOOO

1212 0000 0000 2121 0000 0000 0000 0000 00O0O
1220 0000 0000 1220 0000 0000 0000 0000 0OOO
1100 0000 0000 2200 0000 0000 0000 0000 0000
1000 0000 0000 1000 0000 0000 0000 0000 0000

1111 1111 1111 0000 0000 0000 0000 0000 0000
1120 2210 1120 0000 0000 0000 0000 0000 0000
1200 1200 1200 0000 0000 0000 0000 0000 0000
1000 2000 1000 0000 0000 0000 0000 0000 0000

1212 2121 0000 0000 0000 0000 0000 0000 0000
1220 1220 0000 0000 0000 0000 0000 0000 0000
1100 2200 0000 0000 0000 0000 0000 0000 0000
1000 1000 0000 0000 0000 0000 0000 0000 0000
1111 0000 0000 0000 0000 0000 0000 0000 0000
1120 0000 0000 0000 0000 0000 0000 0000 0000

1200 0000 0000 0000 0000 0000 0000 0000 0000
1000 0000 0000 0000 0000 0000 0000 0000 0000

Introduce C’(m, n) = C(mr,nr). By Lemma 4,

C'(m, m) = w4C'(m~1,n) +u74C'(m~1, 1) (mod p). 3)

Also
C'(m,0)=1 and C'(0,n)=1(mod p) form,n=>0. “)

One may check that the unique solution of congruence (3) satisfying the boundary conditions (4)
is given by the following formula. This step involves the Pascal triangle rule,

B(m,n)=B(m,n—1)+ B(m—1,n).

Lemma 5: If p|b, then, for every m>0 and n>0, C(mr,nr) = B(m,n)u.y' (mod p).
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Definition 6: For i, j>0 and for 0<k, I<r, let 4 ;(k,]) denote the solution of the modulo-p
recurrence relation

Ai,j(ka n= uir+k+lAi,j(ka -1 +bujr+l—lA'i,j(k -1
for 0<k,/<r together with the boundary conditions 4, ;(k,—1)=0 (mod p) for 1<k <7 and
4, ,(-1,1)=0 (mod p) for 1< /<r and 4 ;(0,0)=1 (mod p).

If (i, j)=(m',n’) and (k,])=(my,n,), and if the final boundary condition in this definition
were A4, ,(0,0)=C(m'r,n'r), then these would be the congruences satisfied by C(m'r +my,
n'r+my) for 0<my, ny<r. Because ., 41 =y
similarly for u,,,, _;, these congruences imply that

Ay, (o, 1) = Ay (i, 1) (mod p). )

and so C(m, n) mod p is given as follows.

remp+1 (mod p) where m” =m" mod s, and

'r+ny

Lemma 6: If p|b, then, for m>0 and n>0, C(m,n)=C(m'r,n'r) A, ,.(my, ny) (mod p).

Definition 7: If r <oo, then, for i, j>0 and 0<k,/<r, define H, ,(k,])= 'y , (k. D). By
Corollary 5 and equation (5), H,, .(my, m) = H,,, .. (my, 1y) (mod p).

5. THE PATTERN OF THE RESIDUES

Recall that ny=n mod r, W =n+r, n* =n mod ¢, and n” =n’ mod s, where r is the rank of
apparition of the prime p in (u,),  is the period of (u, mod p), and s=¢/r. Lemmas 5 and 6
yield the following formula.

Theorem 1: If p|b, then, for m,n>0, C(m,n) = B(m', n')H,,., .. (my, ny) (mod p).

This result simplifies nicely when s=1. Then m”=n"=0, and H, o(my, ny) = C(my, 1)
(mod p) for 0<my, my<r. Thus, in this case, as in the Pascal "triangle" case, the pattern of
residues exhibits self-similarity upon scaling by p.

Corollary: If p|b and s=1, then, for m,n>0, C(m,n) = B(m',n")C(my, n,) (mod p) or, letting
B denote the matrix [B(, j)] with 0<i, j < p, and C, =[C(m, n)] with 0<m,n <rp*, we have
C, =B®* ®C, (mod p).

Example 1: q-Binomial Coefficients. Take u, = Y7~ q* to obtain the g-binomial coefficients. If
plg, then u,=1for n=>1, so C(m,n)=1 (mod p) for m,n=>0. So assume p|g. Then 1+g+:--
+¢ '=u =0 (mod p), so ¢’ —1=qu, —u, =0 (mod p), whence u,,;=u,+q" =0+1=1 (mod
p). Thus, (4,,u4,,,) = (4, %), and so the period, #, equals r, and so s =1. Therefore, the corollary
covers the case of g-binomial coefficients when p/q, yielding a result given originally by Fray [3].

For a numerical example, take g=2 and p=5. Thenu, =1, u, =3, =7, u, =15, us =31,
..., whence 7 =4 and

11 1 111111
13 7 151 11320
Co={1 7 35 155|=|1 2 0 of (Mod3),

115 155 1395| [1 0 0 0
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SO
1C, 1C, 1C, 1C, 1C,
1IC, 2C, 3C, 4C, 0C,
C,=B®C,=|1C, 3C, 1C, 0C, 0C,| (mod5).
IC, 4C, 0C, 0C, 0C,
1C, 0C, 0C, 0C, 0C,

Individual residues may be calculated easily by the Corollary to Theorem 1. For example,

C(222,161) = B(55,40)C(2, 1) = B2, 1)B(1, 3)B(0,0)C(2,1)=3-4-1-2=4 (mod5).

Example 2: Fibonomial Coefficients Modulo p. Let a=5b=1 so that u, = F, and, for illustra-
tion, let p=3. Then r=4, =8, and s=2. The initial part of the table of Fibonomial coeffi-

cients modulo 3 were given in Table 1 above. Submatrices of the Fibonomial coefficients modulo
3 are shown in Table 2.

TABLE 2. Submatrices of the Fibonomial Coefficients Modulo 3

H,, 1H,, 1H,, IH,, 1H,, 1H,, IH,, 1H,, 1H,,
H,, 2H,, OH, IH,, 2H,, OH,, IH,, 2H,, OH,,
1H,, OH,, OH,, 1H,, OH,, OH,, 1H,, OH,, OH,,
1H,, 1H,, I1H,, 2H,, 2H,, 2H,, OH,, OH,, OH,,
1H,, 2H,, OHy, 2H,, 1H,, OH,, OH,, OH,, OH,,
1H,, OH,, OH,, 2H,, OH,, OH,, OH,, OH,, OH,,
1H,, 1H,, I1H,, OH,, OH,, OH,, OH,, OH,, OH,,
IH,, 2H,, OH,, OH,, OH,, OH,, OH,, OH,, OH,,
1H,, OH,, OH,, OH,, OH,, OH,, OH,, OH,, OH,,

By Definition 7,
1111 1111 1212 1212
1120 l2210] 4 |1220 4 |2110
Hoo=|1 2 0 o) Ho1=|1 2 0 of Hro=[1 1 0 of Hu1=|T 1 0 o]
1000 2000 1000 2000

Wells [16] also gives a formula for these residues, one that is a special case of her Theorem
4, given below, and she provides a detailed description of the pattern of these sub-matrices from a
"triangular" perspective.

Modulo p =2, the Fibonacci sequence has » =¢=3, so s=1 and, in accordance with the
corollary, the Fibonomial coefficients modulo 2 exhibit a pattern similar to that of the binomial
coefficients, but with a different C,. Wells [15] presents the equivalent of this result in an inter-
esting context. The pattern of Fibonomial coefficients modulo any prime is treated in [6].

Theorem 1 and the Examples show that the infinite matrix [C(#, j) mod p] may be partitioned
into 7 xr submatrices which form basic, natural "tiling units." The pattern of the residues is
obtained by superimposing the self-similar array of binomial coefficients modulo p upon the
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doubly periodic "tiling" of the plane by "hidden"  x » H matrices. The binomial structure is self-
similar upon scaling by the factor p. The r x r tiling structure has period s both horizontally and
vertically, and so the period is  at the element level.

When s=1, there are p—1 different nonzero r x r submatrices, one for each nonzero residue
value of B(m', n’) mod p times C,. In the general case, by Corollary 4, there are also s-s differ-
ent H . -matrices. This suggests that there may be (p- D)s* different nonzero "tiles." In the
case of the Fibonomial coefficients modulo 3, the exhibited matrix shows these seven submatrices:

1]10,0) 1H0,1’ 1E[I,O’ IHI,la 2]10,13 2Hl,0’ 2Hl,l'

The missing case, 2H, ,, must be sought farther out. The places of the missing 2H, , are (5,11),
(1L, 5), (5, 13), (13,5)... in Table 2.

Theorem 2: Assume p|b. The number of different nonzero r x » submatrices of the infinite
matrix [C(@i, j) mod p] is (p—1)s°.

Proof: The proofis trivial for s =1, so assume s> 1. First, we verify that the tiles pH, , are
distinct for different (p, g, v)'s with 1< p< p and 0< g, v <s. By Definition 6 and Corollary 3,
4,,0,0=1, 4, 0,)=u,,, =u/,, and 4, (1,0)=du, ,=u, (mod p), so by Definition 7,
H, (0,0 =u%y, H, (0,)=ul{"*, and H, (1,0)=u{"" (mod p). Note that plu.; If

Pl , = pHy 5 (mod p), where 1< p, p<p, and 0< v, i, V<s, or H, , = piHy 5 (mod p),

— A1 7 riv ruviy _ rEvV+ TUVAY _ riv+v
where py=p7p, then wly = puly, uly™" = pply™¥, and wly™ = pply™" (mod p), so

u’, =ul, and u’,, =u’,; (mod p), whence, by Corollary 4, =7 and v =¥, and therefore going

r

back one finds p; =1, i.e, p=p. This proves that the mapping (o, u, v) > pH,, , is one to one.

It remains to show that, given (p, g, v) with 1< p<p and 0< z, v <s, one can find (m, n)
such that B(m’,n’) = p (mod p) and m" = y and n” =v. Let m=r(1+ip) and n=r(p-1+ jp?),
choosing 7 and j so that i= g—1 (mod s), j=v—-(p—1) (mod 5), and 0<i, j<p. Since p=1
and p? =1 (mod s), by Corollary 6, we have

m' =(m+r) mods=(1+ip)mods=(1+i)mods =y,
n" =(p-1+ jp)mods=(p—1+ j)mods=v,
and, by Lucas's theorem,
B(m',n") = B(0, ))B(i, 0)B(1, p—1) = p (mod p).

{Modification of this construction can yield infinitely many occurrences of each possible tile.). O

6. GENERALIZATION OF LUCAS'S THEOREM

Using Theorem 1, one may express H,,. ,.(my, ny) in terms of C(m, n) for small values of
(m,n). The tricky part is to work around the cases when B(m’,n')=0 (mod p). Here is one
approach.

Given (m,n), let g=m" and v=n"+ Az, where A will be chosen later. By Theorem 1,

Clp, V) = BGt', V)H o, (t1g, V) (mod p). ©6)
Now,
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Hy=nm"modr = (mmod f)modr =mmod r =my,
W =m'sr=m"
M= mods=m"mods=m",

Vo = (n*+Af)modr =n*modr =n,, 0
V= +A)+r=(mmod?)+r+As=n"+As, and

v'=(n*+A)mod ) +r =n* (modf) +r=n*+r=n".

Thus, equation (6) becomes C(m*, n* + At) = B(m", n" + As)H,,,. .. (my, ny) (mod p). Now, if A is
chosen so that p|B(m"”,n"” + As), then

Hop e (0, 16) = B(m", 0" + A5y Clon", " + ) (mod p). ®

Theorem 3: Assume p|b. Let A = max{0,m" +n"—(p—-1)}. Then
C(m, n) = B(m', n")B(m", n" + As)"\C(m*, n* + Af) (mod p).

Proof: By Corollary 6, s|p—1. If s<p—1, then actually s<(p—-1)/2, so m" +n" < p-1,
whence A =0 and p|B(m",n" +As). If s=p-1and m" +n" < p, then again we have 1 =0 and
pl|B(m"”,n" +As). Assume that s=p—1and m”"+n”"2p. Now n”"+As=n"+A(p-)=Ap+
(n"—A) and 0<n"” — A < p—1. By Lucas's theorem, B(m",n"” + As) = B(0, A)B(m",n"” — 1) (mod
p), and this is not congruent to 0 as long as m"” +n"”" - A < p—1. Therefore, A=m"+n"—-(p-1)
is actually the minimum value that works. Now, in every case, equation (8) and Theorem 1 imply
the desired conclusion. O

Thus, except when s=p—1 and m" +n" > p, the residue C(m,n) mod p is given by this
simple, symmetric expression:

C(m,n) = B(m', n")B(m", n")"'C(m*, n*) (mod p).

Example 3: Consider the Fibonomial coefficient C(6,29) mod 3. It appears in the 7" row and
30" column of Table 1. Since u,=F, and p=3, then r=4, =8, and s=2. Let m=6 and
n=29. Then my=2, m' =1, m*=6, and m”" =1, while ny=1, n"=7, n* =5, and n” =1. Here
m'+n"—(p-1)=1+1-2=0,s0 1 =0. Now
B(m',n")=B(1,7)=B(1,2x3+1)= B(0,2)B(1,1) =2 (mod 3),
B(m",n" +As)= B(1,1) =2 and 27! = 2 (mod 3),

and
C(m*,n* + At) = C(6,5) = 2 (mod 3)
$O

C(m,n) = B(m', n")B(m", n"Y'C(m*, n*) =2-2-2 =2 (mod 3).

Theorem 3 may also be used to go back and extend Lemma 4 to a full r-step recurrence
formula. The result is stated in the following tidy formula.

Corollary: If p|b, then for mn=r,
C(m,n) =u,,C(m,n—r)+ul',,C(m—r,n) (mod p).
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In terms of the rxrmatricesG ;:=[C@r+h, jr+k)], where 0<h, k<r, and i, j >0, and

the diagonal matrix D = diag{u’,,, u.,,, ..., u’;}}, the conclusion of the corollary may be rewritten

as

G, ,; =4 .DG, ; +ulG,, D (mod p).

i-1, 7

For binomial coefficients, #,,, = p+1=1(modp) and D=[,50 G, ; =G, ;_, +G,_, ; (mod p), the

p x p generalization of the Pascal triangle rule noted by Long [9]. For Fibonomial coefficients
modulo 2, ,,, = F, =1 (mod 2) and again D=0, 50 G, ;=G, ; ;+G,, ; (mod 2), as noted by

Wells [15]. For Fibonomial coefficients modulo 3, whlch were considered in Example 2, u,,, =
Fs=2 (mod 3) and D= diag{1,2,1,2}, so that G, ;=DG, ; ;+G,_; ;D (mod 3), which the
reader may see illustrated in Table 2. [Note first that [DIH],’ ;=H 5 and H, D=H,, ; (mod 3).]

7. WELLS'S THEOREM

By means of a bit of translation, Theorem 3 may be transformed into Wells's theorem. Let
N =m+n and, correspondingly, N, =N modr, N'=N +r,and N”"=N' mods. Then,

C(m, n) = [Inf ]

B(m',n") = (In\:,' )

Let N'=%,, N,p’™ and m' = ,;m;p’™" be the base-p representations of N’ and »’. By the

(1,:[,) = E(ﬁ:j’) (mod p).

The result of Wells [14] is as follows.
Theorem 4 (Wells): If p|b, then, for N >m",

- (%::)-IH(%)W?J,IX,‘;] (mod p)

Jj21

and

original Lucas theorem,

and, for N” <m",

s+N”)'l N)[1+N r+N] d ifs<p-1
[N]_ ( bk g(m,- ity +my | @04 P) p-1
M1 s Y (N[N + 1)+ N7v + N .
() H(,,,’,][( o) modp) it s=p-,
J21 J

where Ny=N modr, N'=N +r,and N”" =N’ mod s.
Proof: Let n=N—m. First, assume that m, +ny >r. Then []=C(m,n)=0 (mod p), by
Lemma 3. Also, Ny =my+n,—r, so, for Kr=N"r, t+N"r, or (N"+1)t+ N'r, we have

[Kr+No

m'r +mo] =Cm'r +my, (K —~1-m)r +np) =0 (mod p),
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again by Lemma 3, and so all congruences in the theorem's conclusion reduce to 0=0 when
my +ny 2 7. Next, assume m, +n, <7. Theorem 3 and the theorem of Lucas imply that

N m" +n" + A\ 1 (N [+
=2 T ] noa,
2\
where A = max{0,m"” +n"” —(p—1)}. Refer to the mixed-radix addition
m=m"t+m"r +m,

+ n=wnw"l +n'"r+mn
N=N"t+N'"r+N,

where 0<my,ny,, Ny<r, 0<m",n", N"<s, and 0<m™,n", N <oo. Since my+n,<r,
there is no carry out of the rightmost column. If N”>m", then m"+n"=N" <s< p-1, so
A=0and m"+n"+As=N" and m" +#n" + AUt =m"r +my +n"r +nmy = N'r + N,, so the first for-
mula is correct. Now assume N” <m”. Then there is a carry out of the second column, so
N'=m"+n"—s. If s<p-1, then m"+n" <2s<p-1,50 A=0 and m"+n"+As=s+N"+0
and m" +n" + U =m"r+my+n"r+ny=(s+ N"yr+(my+m) =1+ N"r+ N,, and the formula for
this case follows. Finally, if s=p—1, then A=m"+n"—(p-1)=N" and m"+n"+As=
s+ N"+N"s=s5+N"(1+5)=p—-1+N"p, whence

m' "+ As\_(p—1}(N"\_{( s
m" Lm0 )T \m

m +n" + A =N"r+Ny+li + N't,

and

and the final case follows. [

Example 4: Let us find the value of the Fibonomial coefficient [’ ] modulo 3. This is equivalent
to Example 3. Here p=3, r=4, r=8, and s=2. Corresponding to m =6, we have m, =2,
m' =1, and m" =1. Similarly, for N =35, we have N, =3, N'=8, and N”"=0. Also, my =1,
m,=0, Ny=2,and N, =2. Here N" <m" and s= p-1, so

N _( s YN N\ [(N"+Dt+N'r + Ny
m| \m" my \ m, m"r +
_(2Y'(2)(2\[(0+1)8+0-4+3
“i1) L0 1-4+2
=2-2-1.2=2 (mod3).
This result is consistent, of course, with the calculation based on Theorem 3.
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1. INTRODUCTION

In this paper we study two classes of polynomials: the generalized Jacobsthal polynomials
{J,., m(x)} and the generalized Jacobsthal-Lucas polynomials {j, ,,(x)} defined, respectively, by

I, (%) = Sy, (%) + 2%, (), B2, (1.1)
with J, ,(x)=0, J, ,(x)=1, n=12,...,m~1, and
Jnm ) = Jpet, () +2%),_, (%), B2m, (1.2)

with jo ,(¥) =2, j, n(x)=1, n=1,2,...,m—1. In this paper we call these polynomials the gener-
alized Jacobsthal polynomials.

The polynomials J, ,(x) and j, ,(x) are studied in [4].

For m=2 and x =1, we get the Jacobsthal numbers {J, ,(1)} and Jacobsthal-Lucas numbers
{J,.2(D)}, which are studied in [3].

Here we shall prove the list of characteristic properties of the polynomials {J, ,(x)} and
{Jnm(¥)}. Also, we are going to introduce two classes of polynomials: {F, ,,(x)} and {f, ,,(¥)}.
For m=2, these polynomials are studied in [4]. Namely, we are going to exhibit some basic
properties of the polynomials {J, ,.(X)}, {J, .(¥)}, {F, .(x)}, and {f, ,(x)}, to generalize the
properties of the corresponding polynomials in [4].

2. POLYNOMIALS J,, ,.(x) ANDj, ,,(x)

Using (1.1) and (1.2), we find the first m+3-members of the sequences {J, ,(x)} and
{J, m(*)}, which are given in Table 1.

TABLE 1

no | Jum® | aa®)
0 0 2

1 1 1

) 1 1

m-1 1 1

m 1 we | 14+4x
m+1| 142x .| 1+6x
m+2| 1+4x -+ | 14+8x
m+3| 1+6x - |1+10x ---
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Using the standard method, we find that the polynomials {J, ,,(x)} have the following gen-
erating function,

+00
F(x,)=(-t=2xt"y1=3Y" J, ()", 2.1
n=1
and the polynomials {j, ,,(x)} have the generating function
+0
G(x, )= A+4xt™ (1 —1=2xt")1 = j, W)™ (2.2)
n=1

From (2.1) and (2.2), we get the following explicit representations:

[(n=1)/m}
Ion®= 3 (” L=(m- 1)")(2 ¥, @.3)

k=0

& n—(m—2)k (n—(m—-1k
Jn,m(%) = kZ;) =D ( k )(2x)". (2.4)
For m=2 in (2.3) and (2.4), we get the known polynomials {J,(x)} and {j,(x)} (see [4]),
respectively.

We can prove the following theorem.

Theorem 2.1: The polynomials J, ,(x) and j, ,(x) satisfy the following equalities, where the
superscript (k) denotes the £t derivative with respect to x:

jn, m(x) = Jn m(x) +4xJn+1-—m, m(x); (25)
JE(x) = JE, () + 25 JED, () + 2% 8, (%), k21, (2.6)
JEn) = S ) + kIS0, () +4xT T, (%); @7
JE0) = O, ) + 2% jED () + 228, (x), K21 (2.8)
n _l
EJ.§’2<x)J£2,m(x)=(2tm-‘(k+s+1)(" 2 s 9
i=0
S (k) (ay 1(9) _ =g (k54D (x) 210
g"}( (x).]n—l m(x) 2(k +S+1)(k+5) ‘] (x)’ ( . )
(k) () - 2-¢ ) (k+s+1) 21
r—ZOJ' m(x).]n—t m(x) tm+1(k +S+l)(k+s) (x) ( . 1)
ntm,m(%)—1
;J, m(¥) = ——5 " (2.12)
Jntm,m(¥) —1
ZJ, m(¥) = —1—*——. (2.13)

i=1

Proof: From Table 1, we can see that (2.5) is true.

To prove the relations (2.6), (2.7), and (2.8), we will use (1.1), (2.5), and (1.2), respectively.
Namely, differentiating (1.1), (2.5), and (1.2) % times with respect to x, we obtain equalities (2.6),
(2.7), and (2.8), respectively.
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From (2.1), we get
O*F(x, 1) 2Fk1m*
ok (1—t—-2u™F

J(") ) (o)L, §))
n—l
From (2.2), we get

I'G(x, 1) _ 2°s12— ™! 9 (g
o (l—t( - 2x3"')”‘ ) Zj G @

n=]

Using (1), we obtain
OF(x,1) O°F(x,1) _ 2F+k1s14mE+

ox o (I—t-2xmyers?”
Since
OF(x,1) &F(x,t n _
L) ZP0D - 5 5 8 a0,
n=2 i=0

we have

0 2 - 2k+sk! !tmk+ms+l

Z B It = 2 [by (1)]

(1 —1— 2xtm)k+s+2

_ 2k 4 s+ D)V sl gkt
T 20k + s+ DIV (1— 1 = 2xtm)krs+2

=__._._If_!§!._.__.. 3 (k+s+1) n-1
2w s+ )T g

By the last equalities, we find
n -1
3 00,0 = (2m s 0 (M) sz,
which is the desired equality (2.9).
In a similar way, from

O*F (x, t) 3G(x, 1) _ 2k+sk|s|(2 t)tmk-amS-

axk Nt (1 1—2x tm)k+sp.2 [by (1) and (2)]’
we get (2.10):
3 J® (5) = it o +5+
; () 2, m(%) = 2(k = H)(,m) JEED ()

Again, from (2), we get the equality (2.11). Using the recurrence relations (1.1) and (1.2),

we can prove equalities (2.12) and (2.13), respectively.
Corollary 2.1: For m=1, m=2, and m= 3, we obtain (see [4]):

Jn,l(x) = Dn(x): .]n 1(x) dn(x)

Jn,Z(x) = Jn(x)’ Jn,Z(x) ]n(x);

Jn3(X) =R, (%), Jin,3(¥) = 1,(x).
Corollary 2.2: For s=0 in (2.9) and for k =0 in (2.10), we have

2 I s, (%) = (2t (ke + D) IO (),

i=0
and
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>~ HU )= LT S0 ),
where JO,(x) = J,, ().
3. POLYNOMIALS F, ,,(x) AND £, ,,(x)

First, we are going to introduce the polynomials {

F, n(x)} and {f, ,,(x)} by

Fy () = Fyy p(8)+2XF,p, (X)+3, n2m, 3.1)
with Fy ,(x)=0, F, ,(x)=1,n=1,2,...,m~-1, and
Jom(¥) = Joot, m(X) + 2%y (X) +5, B2, 32

With ﬁ),m(x) = O’ fn,m(x) = 1’ n= 1) 2: “res

m—1. So, by (3.1), we find the first m+ 2-members of

the sequence {F, ,(x)}:
Fon®)=0, F,(x)=L..,F, (=]
F,n(x)=4, F, ,()=7+2x, F,, ,(x)=10+4x.
By (3.2), we find:
Jom@@ =0,  fi,)=L.., fr (=1
Fum) =6, fraom®) =1142x, f.5 (%) =16+4x.

For m =2, the polynomials {

Theorem 3.1: The polynomials

F, »(¥)} and {f,, ,(x)} are studied in [4].

E, (x) and f, ,(x) have, respectively, the following explicit

representations:
[n/m]
Ertomn®) = Do) +33 (” ey (33)
[n/m] _ _
Frtmn®)= om0 +5 3 ("~ 17V Jxy (3.4)

Proof: From (1.1) and (3.1), we see that (3.3) is true for n=1.

Suppose that (3.3) is true

fornm, ie.,
Frron @) =Sz n) 433 ("0 23y
Then
Frtmm(®) = Fopym, m(%) +2%F, ,(x) +3

n—l+m m(x) + 3[n/ZM] (n (m l)r) (2x)r

+2x(

242

r=0

[(n=m+1)/m]
J,,,,,,(x)+3 Z (n+l—7’7?;§m—l)r)(2x)r}+3
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= Jn+m m(x) + 3[("-'-21)/”’] (n - (m - l)r

oo

By induction on n, we conclude that (3.3) is true for all n.
Similarly, we can prove that equality (3.4) is true for all n.

r=0

The polynomials F, ,(x) and f, ,(x) are studied in [4].
Theorem 3.2: The polynomials {F, ,(x)} and {f, ,(x)} satisfy the following relations:

m=2

25F, (%) = T, () + 2Ty () = 2% Sy (%) =3 (3.5)
i=1
m=2

2xfn, m(x) = Jn+m, m(x) + 4Jn+l, m(x) - ZXZ Jn—i, m(x) =3 (3 6)

i=1
Proof: From (1.1) and (1.2), we see that (3.5) is true for n=0,1,.... Assume (3.5) is true
forn=k,i.e,
m=2
2xFl‘c, m(x) = Jk+m, m(x) + 2'Jk+l, m(x) - 2xz Jk—i, m(x) -3
Then =
By, m(%) = By (¥) + 2XFp 41, n(¥) +3 [by B.1)]

_ iam, m(%) + 2 g4y (%) — 2% Zi":lz i m(¥) =3

2x
+2% Jk+l,m(x) + 2Jk+2—m, m(x) -2x itr:Z Jk+1—m—i,m(x) -3 +3
2x
_ ']k+l+m,m(x) + 2‘]k+2, m(¥)—2x Zin:z Jk+1—i,m(x) -3
2x ’

By induction on n, we conclude that (3.5) is true for all . In a similar way, we can prove that
(3.6) is true for all n.
From (3.5) and (3.6), we get

Jom(®) = Fy (%) =

For m = 2 in the last equality, we obtain the known equality (6.11) in [4].

Jn+l, m(x) -1
——'———x .
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1. INTRODUCTION

Consider sequences of integers {U,},_, defined by U, =aU,_, +bU,_, for all integers n>2,
where U, =0, U, =1, a and b are given integers. We call these sequences generalized Fibonacci
sequences with parameters a and b. In the case where a = b =1, the sequence {U,},., is called
the Fibonacci sequence, and we denote its terms by Fy, F, ....

The polynomial f(x) = x> —ax—b with discriminant D =a? +4b is called the characteristic
polynomial of the sequence {U,}._,. Suppose that f(x)=0 has two distinct solutions o and 3.
Then we can express U, in the Binet form,

_a"-p
Un b m— .

This and its relative V, = a” + 8" are known as Lucas functions as well and have a rich history.
Please see the pioneering work of the late D. Lehmer [2] for more detail. Let p be a prime
number. If x = g satisfies the congruence f(x)=x*>-ax—b =0 (mod p), then by setting W, =1,
W, =g, and W, =aW,_, +bW,_,, we have that W = g” (mod p). We have given particular atten-
tion to those cases having the longest possible cycles, i.e., the number g being a primitive root
modulo p; these are the most important cases in practical applications of the theory. We call g
a generalized Fibonacci primitive root modulo p with parameters a and b if g is a root of
x?> —ax—b =0 (mod p) and g is a primitive root modulo p. In particular, in the case a=b =1, we
call g a Fibonacci primitive root.

Fibonacci primitive roots modulo p have an extensive literature (see, e.g., [1], [3], [4], [7],
[8], and [9]). For generalized Fibonacci primitive roots modulo p, R. A. Mollin [5] dealt with the
case a =1 and B. M. Phong [6] dealt with the case b=+1. Mollin's work was the first to intro-
duce the notion of a generalized Fibonacci primitive root based upon the pioneering work of the
last D. Shanks [8]. In this paper we consider even more general cases, i.e., with arbitrary a and b.
Our main theorem generalizes the results of Mollin and Phong.

2. NOTATIONS AND PRELIMINARY RESULTS

Let {U,}_, be the generalized Fibonacci sequence with parameters a and 5. In this section
we always suppose that b is relatively prime to m and suppose that x*> —ax—5b=0 (mod m) has
two distinct solutions modulo m.

For convenience, we introduce some notations:

(1) Let  be an integer relatively prime to m. Denote ord, () the least positive integer x
such that a* =1 (mod m).
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(2) k(m) is called the period of the sequence {U,} ., modulo m if it is the smallest positive
integer for which U,y =0 (mod m) and Uy,,y,; =1 (mod m).

(3) [x, y] is the least common multiple of x and y.

(4) For an odd prime p, (#/p) denotes the Legendre symbol; i.e., (8/p) =1 if and only if
»? = B (mod p) is solvable.

We now state some elementary results that will be useful later.

Suppose that a and S are distinct solutions to x> —ax—b=0 (mod m). Let /=[ord,(a),
ord,(B)]. Since af = -b (mod m), we have that 1= (af)' = (=b)! (mod m). This implies that

ord,,(-) [[ord, (@), ord,,(B)].
By a similar argument, we have that

ord,, () |[ord,,(~b), ord,(8)]

and

ord,,(f) |[ord, (@), ord,,(-b)].

In particular, if ord,,(-b) |ord,,(@), then ord,,(B) |ord,(a) and vice versa. We have the follow-
ing lemma.

Lemma 2.1: Let a and f be the two distinct solutions to x> —ax—5 =0 (mod m). Suppose that
ord,(-b)|ord, (). Then we have ord,(f)|ord, (). Furthermore, ord,(f) = ord,(a) if and
only if ord,,(-b) | ord,, ().

Lemma 2.2: Let a and S be the two distinct solutions to x? —ax—b =0 (mod m) and let k(m)
be the period of the generalized Fibonacci sequence with parameters a and & modulo m. Then

k(m) = [ord,,(@), ord,,(B)]-
Proof: Since a and 3 are the two distinct solutions to x* —ax —b =0 (mod m),
a"=aa" +ba"?* (modm) and B"=af"'+bB"? (mod m).

Consider the sequence {4}, where 4,—baU, ,+a*U, . Since {4,}=, and {a"};, both
satisfy the same recurrence relation modulo m and 4, = @?, 4;=a® (mod m). Therefore, we
have that 4, = " (mod m) for all n>2. Thus, " =balU,_,+ a*U,_, (mod m) and, similarly, we
have B =bpU,_,+ f?U,_, (mod m). This tells us that if k(m) is the period of the generalized
Fibonacci sequence modulo m then

a" ™2 = b,y + @?Uy g (mod m).
Hence, ord,,(a) | k(m) and ord,,(f) | k(m). On the other hand, consider the Binet form
U, = “—ag% (mod m).

Let /=[ord,(a),ord,(8)]. @' -p =0 (mod m) and @' - f"*' = a - B (mod m). This implies
that U, = 0 (mod m) and U, = 1 (mod m). Thus, k(m)|[ord, (@), ord,(B)]. O
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3. GENERALIZED FIBONACCI PRIMITIVE ROOTS MODULO p

The conditions for the existence of Fibonacci primitive roots modulo p and their properties
were studied by several authors. In this section we will generalize their results to generalized
Fibonacci primitive roots. Again {U, } ., is the generalized Fibonacci sequence with parameters a
and b. For completeness, we begin with special cases. Since the argument is quite straight-
forward, we omit the proofs.

Proposition 3.1: Let p be an odd prime and let {U,},_, be the generalized Fibonacci sequence
with parameters a and b.

(1) Suppose that p|b but pla. Then there exists a generalized Fibonacci primitive root for
{U,} o modulo p if and only if z = p is the least integer greater than 1 such that U, =1 (mod p).
Moreover, in this case, a is the unique generalized Fibonacci primitive root for {U, },_, modulo p.
(2) Suppose that p|a® +4b. Then there exists a generalized Fibonacci primitive root for {U,}2,
modulo p if and only if k(p) = p(p—1). Moreover, in this case, @ =a/2 (mod p) is the unique
generalized Fibonacci primitive root for {U, },._, modulo p.

For the remainder of this section we assume that p is an odd prime with (D/p) =1, where
D=a?+4b and plb.

In the Fibonacci case, {F,} , possesses a Fibonacci primitive root modulo p if and only if the
period of {F,},., modulo p equals p—1 (for results on Fibonacci primitive roots, we refer to [6]).
This is not always true for generalized Fibonacci primitive roots. We have the following example.
Example: Let a=1,b=2,and p=7. {U,}n=1{0,1,1,3,54,0,1,...} (mod 7). The period of
{U,}>, modulo pis p—1. x=2 and 6 (mod 7) are distinct roots to x*~x—2=0 (mod 7) but
neither 2 nor 6 is a primitive root modulo 7. Hence, there is no generalized Fibonacci primitive
root modulo 7 for {U,},_, with parameters 1 and 2.

However, by Lemma 2.2, there is no generalized Fibonacci primitive root modulo p if
k(p)=p-1.

Lemma 3.2: Let o and B be two distinct roots of x? —ax—b=0 (mod p). Then there exists a
generalized Fibonacci primitive root modulo p for {U,};._, with parameters a and b if and only if
k(p) = p—1 and either ord,(-b) |ord () or ord,(-b)|ord ().

Proof: Suppose that « is a primitive root modulo p. Then ord,(-b) |ord,,(a) by Euler's
theorem, and k(p) = p—1 by Lemma 2.2. Conversely, suppose that ord,(-b)|ord,(a). Then
ord ,(f) |ord (&) by Lemma 2.1, and hence k(p) = ord (@) by Lemma 2.2. By the assumption,
k(p) = p—1, and our proof is complete. O

Theorem 3.3: Suppose that ord,(-b) = q, where g is a prime power of 1. Then there exists a
generalized Fibonacci root modulo p for {U,},, with parameters a and b if and only if

k(p)=p-1

Proof: Let a and B be two distinct roots of x> —ax—b=0 (mod p). Since ¢ = ord (D)
[ord (@), ord ,(B)] and q is a prime power, this implies ord ,(-b) |ord ,(a) or ord,(-b) | ord ().
By Lemma 3.2, our claim follows. O
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Example: Consider the Fibonacci sequence. Since b=1, ord,(-b)=2. We have that there
exists a Fibonacci primitive root modulo p if and only if the period of the Fibonacci sequence
modulopis p—1.

Naturally, we ask if anything more can be said about the existence of generalized Fibonacci
primitive roots modulo p with parameters a and b, for ord,(~b) not a prime power. The follow-
ing example shows that nothing more can be said in this case.

Example:
(I) Wehavethata=1,5=2,and p=7. ord,(-2)=2-3, and there is no generalized Fibonacci
primitive root modulo 7 with parameters 1 and 2.
(2) Leta=-1,5=2, and p=7.Then {U,},,={0,1,6,3,2,4,0,1,...} (mod 7). The period of
{U,}5, modulo pis p—1, and x=5 and 1 (mod 7) are distinct roots of x> —x—2=0 (mod 7).
5 is a primitive root modulo 7. Hence, there is a general-ized Fibonacci primitive root modulo 7
for {U,},—, with parameters —1 and 2.

Suppose that ord,,(—b) =q. Let @ and § be two distinct roots of x*—ax-b=0 (mod p).
Let ord,(a) =n and let ord,(f)=n,. Suppose that q|n. Then, by Lemma 2.1, we have that

n, |n,. Moreover, since (o) = (af)?™ = (-b)?™ =1 (mod p), we have that n, |, and n, |gn,.

Theorem 3.4: Suppose that ord,(-b) = q (hence g |p—1), where g is a prime power. Suppose
also that the period of the generalized Fibonacci sequence with parameters a and b modulo p is
p—1. Then we have the following:

(1) Suppose that g% | p—1. Then there exist two distinct general Fibonacci primitive roots mod-
ulo p with parameters a and b.

(2) Suppose that g[(p—1)/2. Then there exists exactly one generalized Fibonacci primitive root
modulo p with parameters @ and b.

Proof:

(1) Let o and B be two distinct roots of x>~ax—b=0 (mod p). By Theorem 3.3, the
assumption implies that either  or £ is a primitive root modulo p; let us say that o is a primitive
root. By Lemma 2.1, g|ord,(f) if and only if § is a primitive root modulo p. Suppose that
qford,(B). By the assumption g*|p-1, it follows that p—1)qord,(#). This contradicts the
argument above which says that ord (@) = p—1|gord,(8). Therefore, § is also a primitive root
modulo p.

(2) ord,(-b)|(p-1)/2 is equivalent to (-b/p) =-1. Since aff =-b, it is impossible that
(a/p) =-1and (B/p) =-1. Our claim follows. O

Remark: Theorems 3.3 and 3.4 generalize Phong ([6], Theorem 1). In his case, b =1, and hence
ord,(-b) =2. Therefore, suppose k(p)=p-1. p=1 (mod 4) (i.e.,, 4| p—1) implies the exist-
ence of two distinct generalized Fibonacci primitive roots modulo p, and p=-1 (mod 4) (i.e,
2/(p-1)/2) implies the existence of exactly one generalized Fibonacci primitive root modulo p.

Suppose that g2/ p—1. There may be two or only one generalized Fibonacci primitive root
modulo p. Our next example illustrates these cases.
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Example:

(1) Consider a=1,b=2,and p=11. ord,(-b)=5and 5*|p-1. {U,}v,={0,1,1,3,50,10,10,
8,6,0,1,...} (mod 11). The period {U,};, modulo pis p—1, and x=2 and -1 (mod 11) are
distinct roots of x> —x—2=0 (mod 11). 2 is a primitive root modulo 11 and -1 is not a primitive
root modulo 11. Hence, there is a generalized Fibonacci primitive root modulo 11 for {U,}
with parameters 1 and 2.

(2) Consider a=-1, b=6, and p=11. ord,(-b)=5 and $p-1. {UJ}>,={0,1,10,7,9,0,
10,1,4,2,0,1,...} (mod 11). The period {U,},., modulo pis p—1, and x =2 and 8 (mod 7) are
distinct roots of x>+x—6=0 (mod 11). Both 2 and 8 are primitive roots modulo 11. Hence,
there are two generalized Fibonacci primitive roots modulo 11 for {U,},_, with parameters —1
and 6.

4. SOME INTERESTING EXAMPLES

In [8], D. Shanks asked whether there exist infinitely many primes possessing Fibonacci
primitive roots. For generalized Fibonacci primitive roots similar questions can be asked. In [4],
Mays proved that if p=60k—1 and ¢ =30k —1 are both prime, then there exists a Fibonacci
primitive root modulo p. Phong ( see [6], Corollary 3) generalized Mays' result for a generalized
Fibonacci sequence with parameters @ and b = 1, which says that if a is an integer and both ¢ and
p =2q+1 are primes with (D/p) =1, where D = a* +4, then there exists exactly one generalized
Fibonacci primitive root modulo p with parameters a and b =1. Mollin (see [5], Theorem 1), fol-
lowing Mays' method, proved the following: Suppose that p>5b>2 and (D/p) =1, where
D=4b+1 and p=2qg+1 is a prime with g an odd prime. Furthermore, suppose that b has order
g modulo p. Then there exists a generalized Fibonacci primitive root modulo p with parameters
a=1 and b. Our next theorem generalizes Phong and Mollin's results.

Theorem 4.1: Suppose that p=2q+1 is a prime with ¢ an odd prime and suppose that
(D/p) =1, where D =a? +4b. Furthermore, suppose that 1+a—5 # 0 (mod p) and ord, () =1
or q. Then there exists exactly one generalized Fibonacci primitive root modulo p with parameters
aand b.

Proof: Suppose that ord,(—b) = q. Then % =-1 (mod p). This contradicts our assumption
that ord,() =1 or ¢. Our assumption also says that ord,(—b) # 1, because otherwise ord,(b) = 2.
Therefore, the possible order for —b modulo p is 2 or 2q. Let a and S be two distinct roots of
x*—ax-b=0 (mod p). Since ord,(-b) |[ord (@), ord ,(B)], this implies that either ord,(a) is
even or ord,(B) is even, say that ord,(a) is even. Now, since —1 is not a root of x—ax-b=0
(mod p), by the assumption, it follows that ord (@) =2¢ = p-1, and by the same reasoning as in
Theorem 3.4(2), there exists exactly one generalized Fibonacci primitive root modulo p.

Remark: Suppose that p=2q+1 is a prime with ¢ an odd prime and suppose that (D/p) =1,
where D =a? +4b. Furthermore, suppose that 1+a—b# 0 (mod p) and b # —1 (mod p). Let o
and S be two roots of x2 —ax—b=0 (mod p). Then Theorem 4.1 says that among «, B, and
—aff there exists one primitive root modulo p. Unfortunately, we do not know whether or not
there exist infinitely many such p.
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In [10], Wall asked whether, for a Fibonacci sequence, k(p) = k(p?) is always impossible; up
to now, this is still an open question. According to Williams [11], £(p) # k(p?) for every odd
prime p less than 10°. Our next proposition states that, for a generalized Fibonacci sequence, it is
possible that k(p) = k(p?).

Proposition 4.2: For any odd prime p, there exists a generalized Fibonacci sequence with par-
ameters a and b such that k(p) = k(p?).

Proof: For any odd prime p, choose a # 0 (mod p) and 8 # 0 (mod p) such that a # # (mod
p). By Hensel's lemma, there exist @’=a (mod p) and B’ = (mod p) such that ord »(a’) =
ord,(@) and ord:(f") =ord,(B). Choose a=a’+p' and b=—-a'f'. Consider the generalized
Fibonacci sequence {U,},., with parameters a and b. Then, by Lemma 2.2,

k(p) =[ord,(a’), ord ,(B)]=[ord . ("), ord (8] = k(p?). O

Example: For p=35, consider =2 and f=1. We have that ord,s(7) =ords(2)=4 and
ord,s(1) =ords(I)=1. Let a=7+1=8 and b=-7. Then {U,};,=1{0,1,3,2,0,1,...} (mod 5)
and {U,},,=1{0,1,8,7,0,1,...} (mod 25).
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This study started with an unusual advertisement which appeared (January 6, 1996) in The
Globe and Mail, Canada's national newspaper. Vivikanand Kadarnauth (of Toronto) presented
the "first few cases" in a family of solutions to the "cubic version of the Pythagorean equation”

A+ +3=d? 1)
as
#+5+3 =6, +17°+22° =25,
163 +23° +41° =44 166 +47° +108° = 1113,
643 +107° +405% = 4083, 64° +155% +664° = 667°.
Mr. Kadarnauth then asked the reader to find the general pattern. Some of the patterns indicate
that the general solution is
(@,b,c,d)= (2%, 2.2¥" ~3.2m 43 2% _2.22m 1 3.0m 3 23" _3.p2m 1 3.0m)
and
(@,b,c,d)=(22",2-22" +3.2m 43,25 +.2.22m 4+ 3.27 23" 1.2.22m 1 3.2™ 1. 3),
where m varies over the positive integers. One may generalize this by replacing 2” with x, thus
yielding the one-parameter polynomial families of solutions
(a,b,c,d) =(x?2x* -3x+3, x> —2x2 +3x -3, x> = 2x? + 3x) ?)
and
(a,b,c,d) = (x?,2x? +3x+3, x> +2x2 +3x, x> +2x? + 3x +3). 3)
The second family (3) is equivalent to (2). This is seen by replacing x with —x in (2) and re-
arranging the terms, since @® +5* +¢* = d° implies a® +5* +(~d)® = (-c)*. By letting x=v/u in
(3) and multiplying by #° gives the family of solutions listed by Jandasek (see [3], p. 559):
(a,b, c,d) = (uv?, 3u®v + 2uv? + V3, 30 + 3uPv + 2uv?, 3 + 3u®v + 2uv? +1°). 4
The cubic Diophantine equation (1) has been studied for over 400 years. In 1591, P. Bungus
(see [3], p. 550) found the smallest positive solution mentioned above, namely
£+52+3 =6, )
the same year that Vieta found a family of solutions. (Perelman writes on page 139 in [7]: "It is

said that [equation (5)] highly intrigued Plato.") Almost 200 years later, Euler (see [3], p. 552)
found that the general rational solution to equation (1) may be represented (see [6], p. 292) as
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(@,b,¢,d) = (o(-(£-3m)(&* +37) +1),
o((&*+31) ~ (£+3m)),
o((§+3n)(& +3177) - 1),
o((&*+37°) = (£ - 3m),

where o, £, and 77 are rationals. The variable o is simply a scaling factor reflecting the homo-
geneity of equation (1). Ramanujan [2] also gave a general solution as

@bcd)=(a+Xy,ip+y,~Aa~y, f+Xy) )

whenever o +af+ % =31y? (Ramanujan's result was slightly pre-dated by a very similar gen-
eral solution due to Schwering (see [3], p. 557).)

Despite these results, however, there is no known formula characterizing the integral solu-
tions to equation (1). In this light, considering various families of solutions is of value. This
paper categorizes and extends various families of solutions to equation (1). Many of the results
may be found in Dickson [3] and Barbeau [1].

There are many other one-parameter families of solutions to equation (1) besides (2) and (3).
Examples are:

©

(@,b,c,d) = ((2x - D(2x* - 6x? — 1), (x + D(5x® = 9x? + 3x - 1),

8
3x(x + D(x? - x +1), 3x2x — D(x? - x +1)); ®)
(@,b,c,d)=(x*+1,2x> -1, x(x* - 2), x(x* +1)); %)
(a,b,c,d)=(3x?, 6x? +3x+1 3x(3x2 £ 2x +1),c +1). (10)

As before, one may let x be a rational number v/« and multiply through by an appropriate power
of  to obtain a two-parameter family of integral solutions.
A strikingly dissimilar one-parameter family of solutions is due to Ramanujan. Letting

1+ 53x +9x? n
= a.x
1-82x—82x? +x° ;, "

2-26x-12x2
= > bx"
1-82x—82x? + x° Eo "

2+8x-10x?  _ Yo
1-82x-82x%+x* &0
yields
B +B = +(-1).
This result produces "near misses" when considering Fermat's Last Theorem. Hirschhorn [4] has
observed that Ramanujan's solutions are contained in
(a,b,c,d) = (@* +Tuv—? —u? +%uv +v? 2u* — 4uv +12v%, 2u* + 10v%). (11)
Some authors have given two-parameter families of solutions to equation (1) that could have

been generated from a one-parameter solutions (as we have done earlier). Examples are:

(a,b,c,d) = (3u* +5uv— 5v2, 4u? — duv + 6V, Su® — Suv — 3v?, 6u* — duv + 4v?); (12)
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(a,b, c,d) = Bu? +16uv —Tv2, 6u* — 4uv + 14V~ 3u® + 16uv + V2, 6u® +4uv +14v%).  (13)
Two-parameter solutions of (1) which do not arise from one-parameter solutions are not so
plentiful. Ramanujan (see [1], pp. 35, 48) discovered
(a,b,c,d)=(u" =3(v+Du* + (32 +6v +2u, 2u® - 3Q2v+D® +3v? +3v +1,
u®=3v2 -3v—1Lu" - 3wt + (3v* - u).

(14

In comparing the different families of solutions previously mentioned, one notices that the
coefficients in the solution represented by (12) are the same as the values in equation (5). This
generalizes to

Theorem 1: If
a+b+3=d* (15)
and
c(c® —a?) = b(d* - b?), (16)
then
(ax? +ex—c)® +(bx? — bx +d)’ +(cx? —cx—a)® = (dx? —bx +b).
This theorem may be proved directly by expansion. It shows that a one-parameter family of

solutions may sometimes be constructed from one solution. The next theorem shows exactly
where Theorem 1 applies.

Theorem 2: The only solutions of equations (15)-(16) are:
(a) (trivial) solutions of the form (a,b,c,d) =(a, b, —a, b);
(b) (scaled) solutions of the one-parameter system represented by (9), namely
(@,b,c,d)=Q+u®,u* —2u,2° -1, u* +u).
Proof: Substituting Euler's general solution (6) of (15) into (16) gives (after dividing by o)
0=36(&~ (&> +3n7 ~)(&* +6&8* 77 + &7 + 95" + 317 + 1),

If 7=0 or & +37°~1=0, one falls into the first class of solutions. The only other possibility is
if &= 77, which yields

(a,b,c,d)= @8 +1,16n* —4n, 1617 — 1, 165" +27).

Setting » = 277 shows that this case falls into the second class of solutions. [
Note that the second class of solutions is the same as (9). This solution is due to Vieta.
Combining Theorems 1 and 2 generates a new two-parameter family of solutions to (1), namely

(a,b,c,d)=((1+u?)x* + (2u® - )(x -1), (" - 2u)x(x - 1) +u* +u,

a7
(202 = Dx(x 1)~ -1, (@* +u)x® — (u* - 2u)(x - 1)).
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NEW PROBLEM WEB SITE

Readers of The Fibonacci Quarterly will be pleased to know that many of its problems can now
be searched electronically (at no charge) on the World Wide Web at

http://problems.math.umr.edu

Over 20,000 problems from 38 journals and 21 contests are referenced by the site, which was
developed by Stanley Rabinowitz's MathPro Press. Ample hosting space for the site was gener-
ously provided by the Department of Mathematics and Statistics at the University of Missouri-
Rolla, through Leon M. Hall, Chair.

Problem statements are included in most cases, along with proposers, solvers (whose solutions
were published), and other relevant bibliographic information. Difficulty and subject matter vary
widely; almost any mathematical topic can be found.

The site is being operated on a volunteer basis. Anyone who can donate journal issues or their
time is encouraged to do so. For further information, write to:

Mr. Mark Bowron

Director of Operations, MathPro Press
P.O. Box 713

Westford, MA 01886 USA
bowron@my-deja.com
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ALTERNATING SUMS OF FOURTH POWERS OF
FIBONACCI AND LUCAS NUMBERS

R. S. Melham

School of Mathematical Sciences, University of Technology, Sydney
PO Box 123, Broadway, NSW 2007 Australia
(Submitted August 1998-Final Revision December 1998)

1. INTRODUCTION

The Fibonacci and Lucas numbers are defined for all integers » as
Fa=F+E,, Hk=K=],
L.,=L+L,,, L=1L,=3

a"~ﬂ"
a-f
Inspired by the well-known sum

Their Binet forms are F, = and L, = a"+ ", where a and S are the roots of x* —x—1=0.

Y F=FF,,, (1.1)
k=1

Clary and Hemenway [2] obtained factored closed-form expressions for all sums of the form
Y4y F2,, where m is an integer. For example, they discovered

iffk _ 1R \F, \L,, ifniseven, 12
k=1 L2F: L, \F,,, ifnisodd,
and
- 1
2. Fi= ‘S'Fzanzzn+2(L4n+2 +6). (1.3)
k=1

Motivated by the results of Clary and Hemenway, we turned to fourth powers to see if similar
factorizations could be obtained. In the case of nonalternating sums, we could find nothing to
compare with the beautiful formulas of Clary and Hemenway. However, by experimenting with
many numerical examples, we found the most interesting results when we considered alternating
sums. We present these results in Section 3, and indicate our method of proof in Section 4. As
noted in [2], once such identities are discovered, it is usually a comparatively routine matter to
prove them. However, to assist us in the proofs, we have discovered a number of striking sums
that involve the Lucas numbers, and we present these in Section 2.

2. PRELIMINARY RESULTS

We require the following results.

Fop + Fpy = B L, k even, 2.1)
F;x+k +F;I—k = LnEc’ k Odd’ (22)
Fovi = oo = Foly, k odd, (2:3)
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Fo—F = LF,
L+ L, =LL,
L+ L, =5Fk,
Ly =Ly = LI,
L, =L, =5FF,
Ly,~-2=1%,
Ly,+2=12,

Ly, +(-)™'2=5F2.

k even,
k even,
k odd,
k odd,
k even,

m odd,

m even,

(2.49)
(2.5)
(2.6)
@.7)
(2.8)
(2.9)
(2.10)
2.11)

Identities (2.1)-(2.8) appear as (5)-(12) in Bergum and Hoggatt [1], while (2.9)-(2.11) can be

proved with the aid of the Binet forms for F, and L,.

Throughout this paper m # 0 is an integer. To assist in our proofs, we also make use of four
sums which involve Lucas numbers with even subscripts. If m is odd, we have

5EF

mn” m(n+1)
n Lm ’
ZL2mk =1 I
k=1

and

Lmn ‘m(n+1)

I T
mk =

k=0 SanFm(nH!
L

>

m

n even,

n odd,

n even,

n odd.

(2.12)

(2.13)

On the right sides of (2.12) and (2.13), the even and odd cases are reversed. Equally surprising,

we have found that for m even
SFE_F

mn” m(n+1)

n ‘ L
Z D)L, =
k=1

L

m

and
L L

‘mn~m(n+1)

PN A R
= 2mk — F F

_ mn”_m(n+1)
L

m

The proofs of (2.12)-(2.15) are similar. We illustrate the method by proving (2.13).

L, L
_ Tmn m!n+l!’ nodd,

n even,

n even,

n odd.

(2.14)

(2.15)

Proof of (2.13): Expressing L,,, in Binet form and summing the resulting geometric pro-

gressions, we obtain
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2mn+2m _ 1 ﬂZmn+2m -1

S a
= +
I.:Z:()IIZMIC a2m -1 ﬂ2m -1

=_L_2_rnn_+lm_'_£2_m__2

L,,-2
- l‘(2mn+m)+m - i‘(ZZmrﬁm)—m + Lfn [by (29)]
2
= .len+r;§‘m + Lm [by (27)]
'm
— L(mn+m)+mn + l(mn+m)—mn
L, '
Since m is odd, (2.13) follows from (2.5) and (2.6). O
3. THE MAIN RESULTS
We now present our main results. If m is even, then
i (_ l)kF4 - (— 1)nI:mnF;n(nH)[LmLanm(n+l) B 4L2m]
k=1 m 5LmL2m ’
4 S5F, F, [L,L,.L +4L,,]
-1 krse _ mn” m(n+)L=m~“mn"~m(n+1) 2m.
kZ—l( ) Lmk LmLzm > n even,

n S5E, F i [ LnLn L +4L,,]
_1\k 74 —_ T mn m(n+D)L~“m~mn"~m(n+1) 2m.
kZ:O( DFI2, T , nodd.

We mention that (3.2) and (3.3) can be combined in a single sum as

_ (_ 1)"5F Fm(n+l)[LmLanm(n+l) + 4L2m]

DLy = o —8(1+(=1)™).
’g_l k LmLzm ( ( )

On the other hand, if m is odd, then

i - l)k FA = " FM"F'”(”+1)[LmLanm(n oyt 4(—1)"'” L,)
k=t " 5L Lo :
_ SEF i LinLonn Linrsty + 4 L]

mn” m(n+1

(-nkr}, , neven,
kZ-l k LmLZm

n SE F. LI L . —4L, ]
1 k rd —_mn m(n+)L“m~“mn*~m(n+1) 2m,
I;)( YL, L , nodd.

G.1)

(3.2)

(.3)

(3.4)

(3.5)

(3.6)

As before, (3.5) and (3.6) can be expressed as a single sum, but we choose to write them
separately in order to present the right sides in factored form. This is the reason for the appear-

ance of the zero lower limit.
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4. THE METHOD OF PROOF

To illustrate the method, we prove (3.4). First, let 7 be even. In what follows, we note that
since m is odd and @ff = -1, then (a8)™ = (-1)¥. Now

SEVEL = 0t - gy
k=1 2504
- -2% i D (Lt = 41" Ly +6)
k=1
= 2_15 i ((_ l)k L4mk - 4lek + 6(— l)k)
k=1

= iz (-V*L,,, —4L,,,), sincenis even.
254
With the use of (2.12) and (2.14), this becomes

_1__ 5172mn}72m(n+l) _ 2OF‘mnP.'m(nH) = 1 anLmnFm(n+l)Lm(n+l) _ 4anFm(n+1)
25| L, L, 5 L, L

- anF (n+l)[L LnL _4L2m]

m ‘m*~mn*~m(n+1)

5L, L,

m

If » is odd, then we have

n

SDFEY =Y (CIFEY, (since Ky =0)
k=1

k=0

1< )
=5z Z ((— l)k L4mk - 4L2mk + 6(— l)k)
256
-1 D (- Ly —4Ly,), since nis odd.
25 =

With the aid of (2.13) and (2.15), this sum becomes

__1__ _5}72mn}?2m(n+l) _ 2OF‘mmF‘m(nH) = _l anLmnFm(n+l)Lm(n+l) + 4}rmnF'm(nH)
25 L, L 5 L, L

m m ”
_ anFm(nﬂ)[LmLanm(n.,_l) +4L2m]
5LmLZm ’

and this completes the proof. O

We remark that the proof of (3.1) is similar since the parities of #» must be considered separ-
ately, but the proofs of the other results in Section 3 are more straightforward.

5. CONCLUSION

During the course of our investigation we discovered two further pairs of sums similar in
character to (2.12)-(2.15) which we include here. If m is odd, then
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( l)n mn—m(n
Z(‘"l)kLzmk = —F—H‘Q, (.1
and
( 1) mn— m(n
ZGWQW~—7rLﬂ (5.2)
If m is even, then
anLm n
Z L2mk = F( D » (5.3)
and
LmnFm n
Z Ly = “—75'(-2)“ (54
The Lucas counterpart of (1.1), which appears as I, in [3], is
Z L2 = Lanl—l -2= LnLn+l - LOLI (55)
k=1

The right side of (5.5) suggests the notation [Z; 1+1]o

We now make an observation about ldentlty (3.4) and its Lucas counterpart. We have found
that for m =1 they can be expressed as

n _1 n
> 0 =EL B, (5.6)
=1

and

Z( DL = [—?—L LLJHL]H]. (5.7)

They can be proved quite effectively using the method outlined on page 135 of [2]. We illustrate
by proving (5.7).

Let /, denote the sum on the left side of (5.7), and let , = H) L, ,LL, . Then
1 n
BT = ( ) L (L —ZLn+an+3 +Ln-3L L +2) (58)
Now, by using the recurrence satisfied by the Lucas numbers, we express L, ,, L,.5, L, 5, L, ,,

and L, interms of L, and L, and substitute in (5.8) to obtain

r,—r_,=1-1 :—(_I)HL‘,‘,.

n n-1 n—1 3

Thus, I, —r, = —7,, and this proves (5.7).
To conclude, we mention that for p real the sequences {U,} and {//,} defined for all integers
nby
Un:pU +U_2, U0=0, Ul=17
Vnsz +V—2’ VO::2’ I/1=p,
generalize the Fibonacci and Lucas numbers, respectively. Identities (2.12)-(2.15), together with
the results in Section 3, and (5.1)-(5.4) translate immediately to U, and ¥,. The reason is that if
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we replace F, by U,, L, by V,, and 5 by p?+4, then U, and V,, satisfy (2.1)-(2.11), upon which
all our proofs are based. For example, if m is odd, (3.4) and (3.5) become, respectively,

zn: (_ l)k U4 — (— 1)nl]mn(]m(nﬂ)[Vmean(nH) + 4(— l)n+lV2m] ( 5 9)
a o @+ DV, ’ |
and
n 2+4)U, U, Vy V 4V,
Z(_l)kV':k — (p ) mn m(n}-})[Vmen m(n+1) + 2m]’ 1 even. (510)
k=1 m 2m
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will be $40.00 plus postage for non-subscribers, while subscribers to The Fibonacci Quarterly need only
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PROFESSOR CHARLES K. COOK

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF SOUTH CAROLINA AT SUMTER
1 LOUISE CIRCLE

SUMTER, SC 29150

The indices have been compiled using WORDPERFECT. Should you wish to order a copy of the indices for
another wordprocessor or for a non-compatible IBM machine, please explain your situation to Dr. Cook
when you place your order and he will try to accommodate you. DO NOT SEND PAYMENT WITH
YOUR ORDER. You will be billed for the indices and postage by Dr. Cook when he sends you the
disk. A star is used in the indices to indicate unsolved problems. Furthermore, Dr. Cook is working on
a SUBJECT index and will also be classifying all articles by use of the AMS Classification Scheme.
Those who purchase the indices will be given one free update of all indices when the SUBJECT index and
the AMS Classification of all articles published in The Fibonacci Quarterly are completed.
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COMPLETION OF NUMERICAL VALUES OF GENERALIZED
MORGAN-VOYCE AND RELATED POLYNOMIALS

A. F. Horadam

The University of New England, Armidale, Australia 2351
(Submittted August 1998-Final Revision February 1999)

1. MOTIVATION

Two recent publications [2], [3] examined some of the properties of the related polynomial
sequences {R{"*)(x)} and {S"*)(x)} defined recursively by

RO9(x) = (x +2)R%(x) - RO (x) (n22), (L.1)
S70(x) = (x+877(x) +873°(x) (n22). (12)
with identical initial conditions
Ry(x)=u, R(x)=x+r+u, (1.3)
Se(x)=u, S(x)=x+r+u. (1.4)

Papers [2] and [3] dealt only with the five values of the subscript pairs, and the notation,
indicated immediately below:

R:9) | r | S50 ()
xB,(x) |0 0] x%&,(x)
by(¥) |0 1| ¢,y(x)
G |0 2| € (1)
B |1 1|3, (x)
cn+l(x) 2 1 bn+l(x)

where B,(x), b,(x), C,(x), and c,(x) in the R-column are the Morgan-Voyce polynomials speci-
fied by the following tabulation (a, b being initial conditions for n = 0, 1, respectively)

R-Yx) | a | b

B(x) |0 1

b,(x) 1 1 (1.6)
C(x) |2 |2+x

c(x) |-1| 1

and RB,(x), b,(x), €,(x), and c,(x) in the S-column are the corresponding polynomials (the
quasi-Morgan-Voyce polynomials) relating to ST (x).
Let us now examine the consequence of considering the remaining 3%~ 5=4 superscript pairs
(r,w)=(1,0), (2,0), (1,2), (2,2). (1.7)
Readers are encouraged to construct sets of polynomial expressions for R{“*(x) and
S{¥)(x) for the cases listed in (1.7). Particular usage is made of these polynomials when x =1,

@) RPM)=R"Y, so B,()=B,, ..,
@)  SUP1)=8"Y, so B(N=R,,...|

Conventions: Write

(1.8)
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Observe that by (1.2), (1.5), and (1.8),
R, =3B, ,+%RB,. (1.9

2. REFERENCE DATA
It is known from [1] that

b,(x) = B,(x) - B, (%), @D
6,() = B,()+ B,_,(¥), (2.2)
C,(¥) = By ()~ B,_,(®), @3)
while (see [3])

b,(x) =B, (x) + By (%), (2.4)
¢, (¥) = B, (x) - B, 1(x), @35)
G, (1) = By (x) + B, 1 ). 26)

Moreover (see [1]),
B,=F, (2.7)
b,= Fyor (28)
C=rL,. (2.9)
c=L, . (2.10)

where F, and L, are the n Fibonacci and Lucas numbers, respectively. For basic information on
F, and L,, one might consult [4].
Fibonacci and Lucas polynomials are defined recursively by

F,(x) = xF,_(x) + F,,(x), F(x)=0, K(x)=1; 211
L(x)=xL,_,(x)+ L, 5(x), Ly(x)=2, L(x)=x. (2.12)
Particular Cases: x=1 EMO)=F, L(D)=L, (2.13)
x=2 F@2)=F, L(2)=0, (2.14)

(the n'™ Pell and Pell-Lucas numbers, respectively);
x=3 {F,(3)}={0,1,3,10,33,109, ..} = {®,}, (2.15)
{L,(3)}=1{2,3,11,36,119,393,...} = {€,}, (2.16)

as one may readily verify.
Keep in mind the recurrence (x =3 in (2.11))

FE,(3)=3F,_(3)+F,_,(3). (2.17)
Knowledge of the facts from [1]
b,=B,-B,,, (2.18)
cn = Bn +Bn—la (219)
and from [3]
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bn = %n+ %n—l, (220)
c, = %n" %n—b (221)

is applicable to the "crossing" correspondence vis-a-vis b, and ¢,, and ¢, and b, in relation to +
and — in (2.18)-(2.21), which appears schematically in [3, (4.33)].

Two Useful Theorems:

L R&9(x) = PO(x)+(u—-1)b,(x) [2, Theorem 1], (2.22)
in which
BO(x) = b, (x), (2.23)
P (x) =B, (%), (2249
PA(x) = G (%). (2.25)
From (2.23)-(2.25) were derived the results for R"*)(x) in (1.5).
1L ST (x) = (x+r+u)B,(x) +uB, (x) [3, (4.14)]. (2.26)

3. NUMERICAL COMPLETION
A critical elementary question to ask is: Considering the basic property B,= R®® =F,
derived from (1.5), (1.8), and (2.7), what number plays the corresponding role in %, = S*??
S;(;o’ 0)
Comparison of (1.9) and (2.17) quickly reveals that
S0 =F,(3) (=%,) (3.1)

since both relevant sequences have initial conditions 0, 1 at #=0,1. Therefore, we would expect
E,(3)=%, could effect a role for S"*)(x) analogous to F,, = %B,=R®? for R""*(x). Then it
remains for us to discover whether our expectations are fully realized.

R,(,” u)

Values of R"* in (1.5) and (1.8) are known (see [2]), so we need only to enquire into the
corresponding situation appropriate to (1.7).

Pairs of values of (r,%) in (1.7) with x =1 now lead by (2.22), (2.24), (2.25), and (2.7)-
(2.10), to

RGO =p®_p B b =2F, 3.2)
R*O=pD_p —¢c b =3F, 3.3)
RYD=pDyp =B . +b =2F,,, 3.4)
RED=PD4p =¢  +c,=F, s (3.5)

S'(|r, u)

Pairs of values of (r, ) in (1.5) with x =1 disclose that by (2.26), (3.1), (2.17), and (1.5),

S0 =2R,+ R, = F,,(3) - F,3) (= ¢,), (3.6)
Sr(xo’ 2 = 3%n +2%n—1 = F;:+l(3) +F, —1(3) = Ln(3) :%m (3'7)
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S0 =3B+ B,y = By = F, 0 (3), .8
SV = 4B+ R, = F,,,3)+ F,(3) = b, (.9)
Turning next to (1.7), we determine by (2.26), (3.1), and (2.17) that
S’SI, 0 =20 = 2F,(3), (3.10)
S'('2,0)=3%n=31§1(3), (3.11)
$2 =208, +B,.)) = 2Fu(3)- FO), G.12)
8% =53, +2%,_, = 2F,,,(3) - F,(3). (3.13)

Proofs of all the numerical properties stated above are quite straightforward, as the reader
may readily verify.
4. SUMMARY AND CONCLUSION
Assembling together all the 2 x 3% = 18 exhibited superscript values of 7, # in R"*) and S("+*)

for convenience and visual comparison, we have the following attractive compact correlation
pattern, which thus completes our objective.

TABLE 1. R and S for r,u=0,1, 2

r,u R'('r, u) S'('r, u)

00 | K, (=B, | F,3) (=%,

01 F;n+l Ex+1(3) - “F;‘I(B)
02 | L,, L,3)

11 Fén+2 F;1+l(3)

21 | Lypy £+ F,(3)
10 |25, 2F,(3)

20 |3E, 3F,(3)

12 21%,,_,_1 2F;1+1 (3) -2F, (3)
22 | By | 2F,,0)-FQ)

Thus, for example,
R'SZ, 0) S’S2, 0) 3

RED ~ 500 "2
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For an integer n>2, let 7, be the unique set of positive integers such that:
(1) 1eT;
(2) ift>1,thent T, iffexactlyoneof r—1, t—nisin T,.

Condition (2) can be rephrased as
The Triple Criterion: If t #1, then |{t —n,1 -1, 1} T | € {0, 2}.

If n=2, then the set T, is closely related to the Fibonacci sequence; specifically, ¢ € 7, iff the
™ term of the Fibonacci sequence is odd.

We ask, for each n, which numbers are uniquely expressible as the sum of two distinct ele-
ments of 7,. In general, for any given n, one can determine exactly which numbers are uniquely
expressible. If m=2, it is easy to see that there are five such numbers: 3=1+2, 5=1+4,
7=2+45,8=1+4+7, and 10=2+8. If n=3, then there are exactly eight uniquely expressible
numbers: 3=1+2, 4=1+3,5=2+3,6=1+5, 7=2+5,8=3+5,9=1+8, and 16=1+15. If
n=4, then there are exactly five uniquely expressible numbers: 3=1+2, 4=1+3, 6=2+4,
8=2+6,and 16=4+12. If n>3,then 1,2,3 € T, so that 3 and 4 are uniquely expressible.

The principal theorem of this note answers this question for all other situations. Let U, be
the set of all integers which are uniquely expressible as the sum of two distinct elements of 7,.
Thus, we have just observed that

U,={3,57,810}, U;={3,4,56,7,8,9,16}, and U, = {3, 4, 6, 8, 16}.
The following principal theorem characterizes U, for n > 5.
Theorem: Let n>5. Then U, ={3,4, n*—n+3,2n* - 2n+4} if n=2*% +1 for some k, and U,=
{3, 4} otherwise.

The remainder of this paper consists of two sections. The first contains a discussion of the
motivation for the principal theorem, and the second contains its proof. The second section can
be read independently of the first.

1. MOTIVATION

For an integer n>2, let f, f,, f;, ... be the sequence defined by the initial conditions

h= == gy=1
f;z+j = fj +fn+j—1

for j>1. If, in particular, n=2, then the Fibonacci sequence has just been defined, and, as
another example, if 7 =35, then we get the sequence

1,1,1,1,1,2,3,4,5,6,8,11, 15,20, 26, 34, 45, 60,80, 106, ... .

and the recurrence relation
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From this sequence, we define another sequence f;,7,,;,..., which we will call the n" parity
sequence: we set 7, = j iff the /** odd term in the sequence Jio Jas fos oo i Jj. For example, the
5% parity sequence is

1,2,3,4,5,7,9,12,13,17,22,23,24, ...
Then 7, = {t,,1,, 1, ...}.

The principal theorem extends the result of [4] but in a somewhat disguised form. What is
essentially proved in [4] is this theorem weakened by requiring that » be an even number, thereby
eliminating any exceptional cases.

We next discuss some background for the result of [4] and, consequently, of the above
theorem. For positive integers u <v, the I-additive sequence based on u,v is the sequence
8,8, 83,..., where s, =u, s, =v, and s,,, is the least a > s,,, for which there is a unique pair of
integers 7, j such that 1<i < j<n+1 and a=s +s,. For example, the 1-additive sequence based
on 1, 2 is the sequence

1,2,3,4,6,8,11,13,16,18,26,28, ...,
which was introduced by Ulam [5]. This sequence is still not well understood, but it appears to
have a quite erratic behavior. Other 1-additive sequences, such as the one based on 2,3 also
exhibit a similar erratic behavior. In contrast to this, the 1-additive sequence based on 2, v, where
v =5 is an odd number, has a much more predictable behavior.

Finch made the definition in [2] that the (increasing) sequence s,, s,, 55, ... is regular if there
are positive integers m, p, and d such that whenever i >m, then s, , =5 +d. (He refers to the
least such p as the period of the sequence and to the least such d as the fundamental difference.)
He observed in [2] that a 1-additive sequence having only finitely many even terms is regular. He
then went on to make the conjecture, based on extensive numerical evidence, that for relatively
prime u < v, the 1-additive sequence based on u, v has only finitely many even terms iff one of the
following holds:

(i) u=2 and v25isodd;

(ii) =4 and v=5isodd,

(iii) =5 and v=6;
(iv) u=6is even
(v) u>=7is odd and v is even.

For each of the cases (i)-(v), he made a conjecture as to what the finite sets are. For example, in
(i) the set of even terms is {2,2v+2}, and in (ii) the set is {4,2v+4,4v+4} provided that
v#2™—1 for any m>3. The conjecture for (i) was proved correct in [4], and for (ii) it was
proved correct in [1] in the case v =1 (mod 4). For (iii) the set is

{6,16,26,36,80,124,144,172,184,196, 238, 416, 448},

and in this case the truth of the conjecture can be verified by direct computation.

Now suppose that D = {d,,d,, ..., d,} is a finite set of integers, where d, <d, <---<d,. Let
us say for niow that the sequence #,14,, 1, ... is the I-incremental sequence based on D if f, = 1
and ¢, is the least a >, for which there is a unique pair of integers 7, j such that 1<i<n,
1< j<k,and a=1,+d;. For example, the 1-incremental sequence based on {1, 5} is

1,2,3,4,5,7,9,12,13,17,22, 23,24, ....
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Notice that this sequence is identical to the 5 parity sequence. In general, the n® parity
sequence is identical to the 1-incremental sequence based on {1, n}.

The connection between 1-incremental sequences and the regularity of 1-additive sequences,
elaborating on Finch's observation [2], will be discussed next.

Consider the 1-additive sequence s, s,, s;,... based on #,v, where u=2d, is even and v is
odd. Suppose that 2d,,2d,, ..., 2d, are all the even terms that are no greater than 2(d,_; +d)
occurring in the 1-additive sequence, where d, <d, <---<d,. Let 1,,1,, 1, ... be the 1-incremental
sequence based on D ={d,,d,, ...,d,} and let T ={t,,1,,t,,...}. Itis easy to check that

{8, 8,8, ...} ={2t+v-2:t e T} U{2d,,2d,,...,2d,}.

Now consider 1-additive sequences based on 2, v, where v>5 is an odd integer. The result of [4]
is thus seen to be equivalent to the principal theorem restricted to even n > 6. This leads naturally
to the question that this theorem answers.

Every n™ parity sequence is regular. (In fact, it is obvious that every 1-incremental sequence
is regular.) However, even a little more is true for these sequences (and for all 1-incremental
sequences based on 2-element sets, as well). Let P(#) be the period of the n parity sequence
4,1, b, ..., and let D(n) be the fundamental difference. Then, it follows from the Triple Criterion
that, for each i 21, 4, p,) =1 +D(n). Also D(n) is the least d >1 for which none of d, d-1,
d-2,..,d-n+2isin T,. Tabulation of 2D(n) and P(n) for many even n>6 can be found in
3]

2. THE PROOF

We will need an analysis of the (2% + 1) parity sequence. An analysis of the (2¢)® parity
sequence was given in [4]. As a comparison, we summarize that analysis here.

Proposition 1 ([4]): Let k>1 and let n=2%_ Let 1<t <4n” and suppose that ¢ = 2in+ j, where
0<i<2n and 1< j<2n. Then:

(1) ifi<nandj<n,thent €T, iffin+jeT,;

(2) ifi<nandj>n,thent €T, iffin+j-neT;

(3) ifiznandj<n,thent €T, iff —n)n+j €T andj <n,

(4) ifiznandj>n,thent €T, iff j=2n. O

The following notation from Section 1 will be used. Recall from Section 1 that, for each
n>2, thereisd>1 suchthat, forany r>1,¢ €T iff t+d €T,. Welet D(n) be the least such d.
Clearly, D(n) is the least d > 1 such that d+1, d+2, d+3, .., d+n € T, and also it is the least
d>1suchthatd,d-1,d-2,.,.d-(n-2)e¢T,.

Using Proposition 1, we can easily prove by induction that, if 7 = 2* then the following hold:
if1<i<n,theninel,;if1<j<n, then (n-1)j eT; ifi<nandn-i< j<n, thenin+j¢T,.
From this it follows that n® -1 is the least d >1 such that {d,d-1d-2,....d-n+2}n T, =0.
Thus, D(n) = 4* —1=n?~1. It can also be shown that P(n) =3* —1.

There is another way to characterize the elements of 7,,. We introduce some notation. For
nonnegative integers 7 and i, we let b,(¢) be the i digit in the binary expansion of z. For example,
since 37 =1+4+32, we get that 5(37)=1if i=0,2,5 and 5,(37) =0 for all other nonnegative
integers 7.
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Proposition 2: Suppose k21 and n=2", and let 1<7<n*=2%. Then ¢ € T, iff whenever
0<r <k, then b,(¢)-b,,,(t) = 0.

Proof: Let us first consider the special case of the proposition when 8,_,() =1, b,,_,() =0,
and b,(1)=0 for all r <k-1. Clearly, b.(f)-b,,,(r)=0 for all r <k. It is easily checked by
induction on £ that Proposition 1 implies that all such 7 arein T.

We now turn to the proof of the proposition in general. The proof is by induction on k. For
k=1, it is easily checked. Let n=2*; we will prove it for the case 2n =21, Let 1< <4n?,
and (as in Proposition 1) let # =2in+ j, where 0<i <2n and 1< j <2n. The proof splits natur-
ally into the same four cases as does Proposition 1. Since each one is routine, we will do just case
(1), where i <n and j <n. Notice that these restrictions on 7 and j are equivalent to the condition
that b,(t —1) = b,;,,,(t — 1) = 0, and this condition splits into two subcases.

Subcase 1: b, (¢) = b,,,,(¥) =0 and b,(t) =1 for some r <k. Since b,(t) = 0, we need only
be concerned with b,(¢)-by.yy,(f) for r<k. For such r, b(t)=5b.(in+j) and By, ()=

b, (in+ j), so the result easily follows from the inductive hypothesis.

Subcase 2: 5,(¢) =1, b,,,,(¥) =0, and b,(¢) = 0 for all » <k . But this is just the special case
that was noted at the beginning of the proof. O

In ways analogous to those in Propositions 1 and 2, the sets 7,,,, can be analyzed. This is
done in Propositions 3 and 4, respectively.

Proposition 3: Let k>0 and let n=2%. Let 1<¢<(2n+1)? and suppose that t =i(2n+1)+ j,
where 0<i<2n and 1< j<2n+1. Then:

(1) fi<nandj<n+1,thent €T, iff im+1)+jeT,,;

(2) ifi<nandj>n+1,thent €1, iff iln+)+j-nel, andi=*n;

(3) ifi>nandj<n+1,thent €T, iff (—-n)n+D+jel,;

(49 ifi>nandj>n+1,thent €7, iffi =2n

Proof: The proof is by induction on k. For k =0, it is easily checked. Consider some & >0,
and assume, as the inductive hypothesis, that the proposition holds for all smaller values of k. Let
n=2% andlet t =i(2n+1)+ j, where 0<i<2n and 1< j<2n+1. We proceed by induction on
t. The proof splits naturally into four cases. Since each is routine, we will show only case (1),
where i <n and j <n+1. This case splits into three subcases.

Subcase 1: i =0. Then = j, anditisclearthat j €7, and j €T,,.
Subcase 2: i > 0 and j > 1. Then, using the Triple Criterion and the inductive hypothesis on
t, we see that 7 € T,,,,, iff
t-1el,,,t-C2n+) ¢T,,,

iff
iCn+)+j-1el, ,o@-D2n+D)+jel,,
iff
im+D)+j-lel ,o(-Dn+)+jel,
iff

in+h+jel,,.

2000] 267



A REMARK ON PARITY SEQUENCES

Subcase 3: i > 0 and j =1. Then, again using the Triple Criterion and the inductive hypothe-
sisont, we seethat 1 € 7, iff

t-1 e];n+l<:>t_(2n+1) e];nﬂ

iff
(-D@n+)+@2n+) e, o F@-D2n+)+1¢ T,
iff
im+t) el o@-Dn+)+1e¢T,,
iff

im+h+1el,. O
Proposition 4: Suppose k>1 and n=2%, and let 2<t<n*+1. Then ¢t € T,,, iff whenever
0<r<k,thenb (t-2)25,,(t-2).

Proof: The proof is by induction on k. For small values of k, say k =1, 2, it is easily checked.
Let n=2*; we will prove it for the case 2n =21, Let 2 <7 <4n*+1, and (as in Proposition 3)
let t=i(2n+1)+ j, where 0<i<2n and 1< j<2n+1. As¢>2, it is obvious that 2<i+ j. The
proof splits naturally into the same four cases as does Proposition 3. Since each one is routine,
we will show just case (1), wherei <n and j<n+1. Thus, 2<i+j<2n+1=2141.

Subcase 1: i + j < 2. Since # =i2¥*! + (i + j), where 2 <i+ j <2* it is clear that b (- 2) =
byy41(t—2) =0 and also that b,(t —2) = b,(in+ (i + j) - 2) and by, (,,1y(t—=2) = by, (in+(i+ j)-2)
for r <k . Therefore, from the inductive hypothesis,

tel,oin+t)+jel, obin+)+j-2)2b, >((n+)+j-2)
forr <k < b,(1-2) 2 by, (1 -2) forr<k.

Subcase 2: i +j = 2¥. Then by(t—2)=b,(t—2) = b,,,,(t—2)=0, and b, (t-2)=1if 1<r<k.
Also, b,,,(t—2)=0 iff i is even. Therefore, we have that b,(f—2) > b,,y,,(f —2) whenever
0<r <k iffiis even. On the other hand,

tel, oin+)+jel, o(+hnel,  <b(+)n-2)=0&i iseven.

Subcase 3: i+ j=2%+1. Then b,(t-2)=b,,,,(t—2)=0and b,(t-2) =1if 0<r <k. Thus,

we have that b,(f —2) > by, (f —2) whenever 0<r <k. On the other hand,
i 42 41el,, o @(+)n+leTl,,
which is the case since b,(( +1)n—1)=1forall r <k.

Subcase 4: 2¥ +2 <i+j<2**'. Asin Subcase 1, it is clear that b (¢ —2) =1 and also that
b(t-2)=b,(in+(i+j)-2) and by, (., (t-2) = b, (in+(i+j)-2) for r <k. Therefore, from
the inductive hypothesis,

tel,oin+)+jel, <bn+)+j-2)2b,, >(Hn+D)+j-2)
forr <k < b,(1=2) 2 b4y, (1 -2) for r<k.

Subcase 5: i + j = 2¥*1, (This subcase is similar to Subcase 2.) Then by(t —2) = b,(t —2) =0
and b,(r-2)=1if 1<r<k. Also, b,,(t-2)=0 iff i is even. Therefore, we have that b,(r —2) >
Bi+1y+r(t —2) whenever 0<r <k iff i is even. On the other hand,
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teh,ein+t)+jel o @+hnel,, b ((+Yn-2)=0<i is even.
Subcase 6: i+j=2"""+1. Therefore, we have i=n, j=n+1, and =22 42141
Then b,(t-2)=1 for all ¥<k. Thus, we have that b,( —2) 2 8,y (f —2) whenever 0<r <k.
On the other hand,

t €Ly on2n+)+n+l) €Ty, Snm+Y+n+1)T, 2% +2¥ 41eT,,

which is the case by the inductive hypothesis since 5,(2% + 2t ~1)=1forall r <k. O

Proposition 5: Suppose that n>2 and s=in+ j, where 0<i<n and 0< j <n. Then:

(1) ifi<n-landj<n—i-1,then D(n)-s ¢ T,

(2) ifi<nandj=n—-i-1,then Dn)-seT;

(3) ifi<n-1landj=n-1,then D(n)-s €T,

Proof: The proof is by induction on s. We provide the details. We let s=in+ j, where
0<i<n and either 0< j<n—i—1or j=n-1. Suppose the proposition is true for all smaller
values of s. Let a=D(n)-s, so a might be negative. We will determine whether or not a € T,
by seeing whether or not each of a+n and a+n-1 is in 7,, and then use the Triple Criterion
applied to {a,a+n—-1,a+n}. To do so, it is necessary to know that a+n=1. In each case, it
will be clear that a+n # 1 since there will be b such that a<b<a+n and b ¢T,.

Case 1: i=0,0<j<n—1 Thena+n=n+Dmn)-jeT sincen—jecl, anda+n-1=
n+Dm)—j—1€T, since n—j—1e1T,. Therefore,a ¢T,.

Case2:i=0, j=n—1. Thena+n=Dm)+1€ 7T, sincel €T, and a+n-1=D(n)eT, by
the inductive hypothesis. Therefore, a € T,.

Case 3: 0<i<n—1, j=0. Then a+n=D(n)=(G-neT, and a+n-1=D(n)-((i-Dn
+1) ¢ T, by the inductive hypothesis. Therefore, a ¢7,,.

Case4: i=n—1, j=0.Then a+n=Dm)-(n-2n¢T, and a+n—-1=Dm)-((n—-2)n+1)
€ T, by the inductive hypothesis. Therefore, a € T,.

Case 5: 0<i<n—1,0<j<n—i-1 Then a+n=Dn)—((-Dn+j) T, and a+n—-1=
D(n)—((i = Dn+(j+1)) ¢ T, by the inductive hypothesis. Therefore, a ¢T,.

Case 6: 0<i<n—1, j=n—i—1 Then a+n=Dm)—((-DYn+j) eI, and a+n-1=
D(n)—((i —Dn+(j+1)) €T, by the inductive hypothesis. Therefore, a € T,.

Case 7: O0<i<n—1, j=n—1 Then a+n=D@)-((-Yn+(n-1)) €7, and a+n-1=
D(n)—in ¢ T, by the inductive hypothesis. Therefore, a € 7;,. O

Two special instances of Proposition 5 will be used later on. If i =1, then (2) shows that
D(n)—-2n+2 €T, and (3) shows that D(n)~2n+1¢€T,.

Corollary 6: Let n>2.

(1) Then D(m)>n* —n+1.

(2) Ifn=2%+1,then D(n)=n*-n+1.

Proof: 1t follows from Proposition 5(2) (letting i =n—1, j=0) that D(n)—(n—Dn €T, so
that D(n) 2 n*> —n+1. For n=2F +1, it follows from Proposition 4 that, if n* —n+2<7<n*+1,
then # €T, so that D(n)<n*-n+1. O
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It can be shown that, if n=2* +1, then P(n)=3* +1.
It follows that, if n=2% +1, then n* ~n+2=1+D(n) € T, and 2n* -2n+3=1+2D(n) e T,.
We can now deduce a part of the principal theorem.

Corollary 7: Suppose k >1 and n=2* +1. Let a,b € T, be such that a <b.

() fa+b=n*-n+3,thena=1and b=n*-n+2.

(2) fa+b=2n*-2n+4,thena=1and b=2n"-2n+3.

Proof: Let a,b € T, such that a <b.

(1) Suppose a+b=n*-n+3buta>1. Letc=a-2, d=b-2,and e=c+d=n*-n-1.
Then b, ,(¢) =1 and, for 0<i<2*=n-1, b(e)=1iff i <2*. Sinceb €T and b<n® —n+1, it
must be that b <n* —2n+1, so that d <n’ —2n. Therefore, there is j <k such that &,,,(c)=1
and then, also, b,(d) =1. Consider some such j. Clearly, for each i <k, b,(c) #b(d). Itis also
clear that, if k <i <2k, then b,(c) =5(d). But then 1=4,,,(c) =8, ;(d) =b;(d)#b;(c), contra-
dicting Proposition 4.

(2) Suppose a+b=2n*~2n+4,buta>1. Then b>n*-n+3. Let c=b—(n*-n+1), so
that c>2, ¢ € T, by Corollary 6(2), and a+c=n*-n+3. It follows from (1) that a=c, which
is impossible because a+c is odd. O

With the assistance of Proposition 3 or Proposition 4 we can, in general, determine a large
initial segment of any n parity sequence.

Proposition 8: Let k>0, g>1,, n=¢2*+1, and m=2* +1. Suppose 1<t <n(m—1), and let
t=in+j, where 0<i<m—1and 1< j<n. Let j=r2*+s where 0<r <q and 1<s<m. Then
tel iffim+sel,.

Proof: The proofis a straightforward inductiononz. O

Proof of the Theorem: Suppose that n>5. As previously observed, 3,4 € U,. It follows
from Corollary 7 that, if n=2% +1, then n* —n+3 and 2n* -2n+4 arein U,

For the reverse inclusion, suppose that a,b € T, are such that a <b, a+5>5, and for no
a,b'eT isitthecasethataza’'<b'#band a’'+b'=a+b.

We can assume that a+5>2n. (For, as is easy to check, if s <2n, then the number of pairs
a,b e T, such that a<b and a+b=sis [L(s- D] if s<n,is 2(n-1) if s>nis odd, is Z if s>n
and n is even, and is %(n— 2) if s>nis even and n is even‘) Since {1,2,3,...,n} < T, and since
fa+b-la+b-2,a+b-3,..,a+b-n}nT #0, it must be that 1<a<n. Also, b<2D(n)+n,
as other-wise setting a’ = a+ D(n) and &’ = b— D(n) yields a contradiction.

Now let 7= q2* +1, where g is odd. We consider two cases.

a=1 Then {b-1,0-2,b-3,..,b—-n+1}nT =0. Thus, b=1+pD(n) for some p=>1,
and also p <2, as otherwise a’ =1+ D(n), b’ =1+(p—1)D(n) would yield a contradiction. By
Corollary 7, we can suppose that ¢>1. Then, from Proposition 8, we get that 2* +1 € T, and,
from Proposition 5, that D(n)—2* +1 € T.. Tt follows from Corollary 6 that D(n) - 2% +1>2* +1.
Thus, setting a’ = 2* +1 and " = b—2* +1 yields a contradiction.
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I<a<mn Then {a+b-i:1<i<n and i#a}n7T,=0. Thus, Proposition 5 implies that
b =pD(n)—n+1 for some p>0. Either a+n €7, ora+n—1€T,. Let a’ be whichever one is
in 7,, and let " =b—(a’—a). Then, by Proposition 5, " € T, thereby arriving at a contradic-
tion. O
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1. INTRODUCTION

Fix a prime p. We say that a set § forms a complete residue system modulo p if, for all 7 such
that 0<i < p—1, there exists s € § such that s=i (mod p). We say that a set S forms a reduced
residue system modulo p if, for all i such that 1<i < p—1, there exists s € S such that s=i (mod
p). In [9], Shah showed that, if p is a prime and p=1,9 (mod 10), then the Fibonacci sequence
does not form a complete residue system modulo p. For p> 7, Bruckner [2] proved this result
for the remaining case. Thus, if p is a prime and p > 7, then the Fibonacci sequence {F,} has an
incomplete system of residues modulo p. Somer [11] generalized these results by considering all
linear recurrence sequences with parameters (a, 1), i.e., linear recurrences of the form

u,=au,  +u, .

He proved that, if p>7 and p#1 or 9 (mod 20), then all recurrence sequences with parameters
(a, 1), for which pfa®+4, have an incomplete system of residues modulo p. For the remaining
primes, this result has been proved by Schinzel in [8].

In this paper we obtain a unified theory of the structure of recurrence sequences by examin-
ing the ratios of recurrence sequences. We can apply our method to prove that, if p> 7, then all
recurrence sequences with parameters (a, 1), for which pJa®+4, have an incomplete system of
residues modulo p. To explain our idea more clearly, we include our proof here. However, our
idea is totally different from Schinzel's. Finally, we apply our method to determine for which
primes p a second-order recurrence sequence forms a reduced residue system modulo p. Our
main result is that, if p>17 and a*> +4 is not a quadratic residue modulo p, then all the recur-
rence sequences with parameters (a, 1) do not form a reduced residue system modulo p.

2. PRELIMINARIES AND CONVENTIONAL NOTATIONS

Given a,b € Z, we consider all the second-order linear recurrence sequences {u,} in Z satis-
fying u, = au,_, +bu,_,. However, in this paper we exclude the case u, =0 forall n € Z. We
also exclude the case in which =0 (mod p) since, in this case, {,} is not purely periodic
modulo p. We call the sequence {u,} a second-order recurrence sequence with parameters (a, b).
In particu-lar, the sequence with #, =0 and # =1 is called the generalized Fibonacci sequence
and we denote it by {f,}. The sequence with %, =2 and » =a is called the generalized Lucas
sequence and we denote it by {/ }.

Definition: Let {u,} be a second-order linear recurrence sequence. Consider 7, = (u,, #,,,) as an
element in the projective space P'(Z/pZ). We call r, the n'" ratio of {u,} modulo p and we call
the sequence {r,} the ratio sequence of {#,} modulo p.
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We say that two sequences {u,} and {«,} which both satisfy the same recurrence relation are
equivalent modulo p if there is ¢ # 0 (mod p) and an integer s such that u,, . = cu! (mod p) for all
n. Let {r,} and {r,/} be the ratio sequences of {u,} and {u;} modulo p, respectively. Then {u,}
and {u,} are equivalent modulo p if and only if there exist integers s and 7 such that r, =7/ in
PYZ/ pZ).

Since {u,} is periodic modulo p, the ratio sequence {r,} of {u,} modulo p is also periodic.
The least positive integer z such that 7, =7, in PY(Z/ pZ) is called the rank of {#,} modulo p. We
remark that the rank of apparition of {f,} modulo p (i.e., the smallest positive integer z such that
J, =0 (mod p)), by our definition, equals the rank of {f,} modulo p.

For convenience, we introduce some notation:

(1) (B/p) denotes the Legendre symbol; i.e., for p| B, (B/p) =1 if y* = B (mod p) is solv-
able and (B8/p) = -1if y* = B (mod p) is not solvable.

(2) For an integer m# 0 (mod p), we denote m™" to be the solution of mx = 1 (mod p).

(3) We denote the least positive integer ¢ such that d' =1 (mod p) by ord ().

Given a sequence {u,}, there exists an » € Z such that {#,} modulo p is equivalent to the
sequence {#/} modulo p with %, =1 and u/ =r. Therefore, without loss of generality, we only
consider the sequence with u#, =1and w, =r.

The following lemmas are not new. However, for some of the lemmas, we include proofs
because these ideas will be used for the proof of our main theorems.

Lemma 2.1: Let {u,} be the recurrence sequence with parameters (a, b) and u, =1, &, =r. Then
the rank of {u,} modulo p equals the rank of {f,} modulo p if > —ar —b # 0 (mod p).

Proof: Suppose the the rank of {u#,} modulo p is ¢ and the rank of {f,} modulo p is z. Since
u, = bf,_, +rf,, we have that u,,, =rf,,, =ru, (mod p) because f,=0 (mod p) and bf,_, = 1.,
(mod p). This says that (u,,u,,,) = (4, #) in P'(Z/pZ) and hence #|z. On the other hand, we
have that &f, +1f,,, = r(bf,_; +1f,) (mod p) by the assumption that u,,, = ru, (mod p). Substitut-
ing f,,, =af, +bf,_;, we have that (r*—ar —b)f, =0 (mod p). Therefore, pfr?—ar—b implies
that f, = 0 (mod p). This says that z{¢. O

Lemma 2.2: Let p be an odd prime and let z be the rank of the generalized Fibonacci sequence
with parameters (@, b) modulo p. Let D =a? +4b. Then

() z|p+1if(D/p)=-1,

(@) z=pifp|D,
@iii) z|p-1if(D/p)=1.

Proof: (i) Suppose that (D/p) =-1. Then x* —ax—b =0 (mod p) has no solution. Thus,

by Lemma 2.1, every recurrence sequence with parameters (@, b) has the same rank modulo p.
Let ¢ be the number of distinct equivalence classes of recurrence sequences of parameters (g, b)
modulo p. Further, let {{u,»,,,} |1<i <1t} be a representative of these equivalence classes and let
{{r, ,} |1<i <t} be their ratio sequences in PYZ/ pZ), respectively. By definition, we then have
T, #E , in PYZ/pZ) for all 1<s# A<z and, if i # j, {r, ,} and {r; ,} are disjoint. Since, for
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any r € PNZ/pZ), (uy, ) =r gives a sequence {u,}, we have {1 ,...., 5, U Ufr, .. ,7} =
PYZ/ pZ). 1t follows that #z = p+1 because the number of elements in P{Z/pZ) is p+1.

(i) For p|D, x*—ax—b=0 (mod p) has a double root. By Lemma 2.1, the number of
ratios that give the same rank as the generalized Fibonacci sequence does is p+1-1=p. Our
claim follows by a similar argument as in (i) above.

(iii) For (D/p) =1, there exist two distinct solutions to x? —ax—b =0 (mod p). Our claim
follows by a similar argument as in (i) above. O

Remark: From the proof above, we have that the number of distinct equivalence classes of recur-
rence sequences with parameters (a, ) modulo pis (p+1)/z (resp. 2+(p—-1)/2), if (D/p)=-1
(resp. (D/p) =1).

Lemma 2.3: Let z be the rank of the generalized Fibonacci sequence with parameters (a, 8) mod-
ulo p and let D=a*+4b. Suppose that p is an odd prime such that p/D. Then (-b/p)=1 if
and only ileﬂ"(—f/—p)—.

Proof: For the proof, please see Lehmer [5]. [

Lemma 2.4: Let {f,} be the generalized Fibonacci sequence with parameters (a, ) and let z be

the rank and k be the period of {f,} modulo p, respectively. Let z=2"z" and ord,(-b) = 2"h, 7

where z’ and A are odd integers.
(i) If v p, then k = 2lem(z, ord ,(-b)].
(i) Ifv=p>0, then k =lem[z, ord,,(-)].
Proof: For the proof, please see Wyler [13]. O
In the following, we concentrate on recurrence sequences with parameters (a, 1).

Lemma 2.5: Let {u,} and {u,} be two recurrence sequences with parameters (a,1). Then
Upthg + Uy UGy = Uy gy ) F 10U
Proof: By the recurrence formula, we have that

14 1 r —_ 4 | J— ’ ’
Uy + U U, = ur+l(ux+l aus) + (aur+l +ur)us = Uy Uyy + wug. o

Lemma 2.6: Let z be the rank of apparition of the generalized Fibonacci sequence modulo p.
() fife-ia* finSmi =0 (mod p).

. | Srzwe (mod p) iftis odd,
() [ = —fiz+r (mod p) if tiseven.

- dp) iftisodd,
(i) If zis even, then f,,,_, = ez (mod p) fHriso
Jfoaee (modp) if £is even.

Proof: (i) Since 1f, ,+af, ,=f,=0 (mod p) and f; =1, f, =a by Lemma 2.5, we have
that f, f, 5+ f,f,_, =0 (mod p). By induction, our claim follows.
(ii) Since f,, =0 (mod p), we have that f,,f;, ,+ fi,.1.fi. =0 (mod p). It follows from
Lemma 2.5 that f,,, /1,2 + f1202/2.-1 = 0 (mod p). We have that f,,_, =—f;.., (mod p) because
Siz-1 = Size1 (mod p). By induction, our claim follows.
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(iii) 'Substitute i=2z/2 in (). We have f,,f,» 1+ fy241/,2 =0 (mod p). Since f,,,#0
(mod p), it follows that f,, , = —f,/,,, (mod p). By induction, our claim follows. O

Since f;,, = f,u/y (mod p) and f, = f,., f, (mod p), it follows that f,,, = f,,,f, (mod p) for
all n. Suppose that {u,} is a recurrence sequence with parameters (a,1). Then, as u, = u,f,_, +

u,f,, we also have u,,, = f,,u, (mod p) for all n and, hence, u,, ,, = £, (mod p).

Lemma 2.7: Let z be the rank of apparition of the generalized Fibonacci sequence modulo p.

Then

&) L+, =0 (modp),

i) 1, =] (modp) iftisodd
L. (modp) iftiseven.

Proof: (i) Since z is the rank of {f,} modulo p, by the argument above it follows that
(Z,1.) =, 1) =(2,a) in P(Z/pZ). By the recurrence relation, we have that (_,, L) = (-a, 2)
in P(Z/pZ). Therefore, we have that [J_,+4/, =0 (mod p). By Lemma 2.5, it follows that
4l _, +L1,_, =0 (mod p). By induction, our claim follows.

(i) Since /;,_, =—1;,,, (mod p), we have that [,,l;, , +/;,,,/;, =0 (mod p). By Lemma 2.5 it
follows that /,, ;. » +1),,505,_, =0 (mod p). Therefore, I, , =1,,,, (mod p). By induction, our
claim follows. O

3. COMPLETE RESIDUE SYSTEMS OF SECOND-ORDER
RECURRENCES MODULO p

Somer [11] proved that, if p>7, pfa*+4, and p#1 or 9 (mod 20), then all recurrence
sequences with parameters (a, 1) have an incomplete system of residues modulo p. In Theorem
3.3 we will improve Somer's results to all primes p>7 by substantially extending the methods
used in Somer's paper. As remarked earlier, Schinzel [8] proved this result by a different method.

We remark that, if %, = 0 (mod p) for some i, then the recurrence sequence {u,} is equivalent
to {f,} modulo p. Therefore, we only have to consider the sequence that is equivalent to the gen-
eralized Fibonacci sequence modulo p. Hence, we reduce our problem to considering whether or
not {f,} forms a complete residue system modulo p.

First, we consider the case where pJa’+4 and x*-ax—1=0 (mod p) is solvable. In this
case, it follows by Lemmas 2.2, 2.3, and 2.4 that the period of {f,} divides p—1. Thus, the
number of distinct residues of {f,} modulo p is less than p and we conclude that {f,} does not
form a complete residue system modulo p.

Now we consider the case where x*> —ax —1=0 (mod p) is not solvable.

Lemma 3.1: Suppose that x?—ax—1= 0 (mod p) is not solvable. Let z be the rank of apparition
of the generalized Fibonacci sequence modulo p. Consider all recurrence sequences with param-
eters (a,1) modulo p. Fix an integer e with 1<e<z. Then, given an integer A, up to the

equivalence relation, there exists a unique {u,} and there exists a unique integer / depending on
{u,} with 1<i <z such that u,, = Ay, (mod p).

Proof: Suppose (u,u,,,)=(1,r) in P(Z/pZ). Then we see by induction that (4,u,,)=
(L 7f,+ f,,) in PZ/pZ). Since f,#0 (mod p), for 1 <e <z, there exists a unique » modulo p

2000] 275



COMPLETE AND REDUCED RESIDUE SYSTEMS OF SECOND-ORDER RECURRENCES MODULO p

such that 7f, + f,_, = A (mod p). For the ratio (1,7) € P'(Z/ pZ), this gives a unique equivalence
class of recurrence sequences modulo p. Let {u,} be a representative of such a class. Since there
is no solution for x2—ax—1=0 (mod p), the rank of {u,} modulo p is equal to z. Therefore,
there exists a unique i with 1</ < z such that (u,4,,)=(1,r) in P'(Z/pZ). O

Example: We are particularly interested in the case A ==+1 (mod p). Consider the recurrence
sequences satisfying u, = 3u,_, +u,_, modulo p =7. We have the generalized Fibonacci sequence

{/u}0 =1{0,1,3,3,54,3,6,0,6,4,4,2,3,4,1,0,...} (mod 7).
Since z =8 = p+1, every recurrence sequence with parameters (3, 1) is equivalent to {f,} modulo
7. For e=3, we have f,=f,,; and f,=—-f,,; (mod 7). For e=5, we have f;= f;,; and
s = —fers (mod 7).
Since Somer has treated the case p=3 (mod 4) completely, in the following we only con-

sider the case p =1 (mod 4).
For the case p =1 (mod 4), by Lemma 2.3, we have that z |(p+1)/2; hence, by Lemma 2.4,

k=4z. Thus, k2p occurs only if z=(p+1)/2; hence, we have to consider only the case '

z=(p+1)/2. In this case, by the Remark following Lemma 2.2, there are exactly two distinct
equivalence classes of recurrence sequences with parameters (@, 1) modulo p. One is equivalent
to {f,,} modulo p and the other is equivalent to {/,} because of the following.

Lemma 3.2: Let p=1 (mod 4) be a prime such that x> —ax—1= 0 (mod p) is not solvable.

(i) The generalized Lucas sequence with parameters (a,1) is not equivalent to the generalized
Fibonacci sequence with parameters (a, 1) modulo p.

(i) Let z be the rank of {f,} modulo p. Then, forevery ,1 €Z, I1_,,, =(-D)*]_,1_, (mod p).

Proof: (i) For {f,}, we have f2— f,_,f,.; = (~1)""" Suppose that {u,} is equivalent to {f,}
modulo p. Then there exist r and j such that u, =rf,,; (mod p) for all n. Thus, w—u, g, =
(=D™"1¥2 (mod p); hence, it is a quadratic residue modulo p for all # because —1 is a quadratic
residue modulo p. On the other hand, 12— I ., = (-1)"(a* +4) which, by assumption, is not a
quadratic residue modulo p. Our first claim follows.

(i) Since {/,} is not equivalent to {f,} modulo p, it follows that /, # 0 (mod p) for all n. By
Lemma 2.7(i), we have that [ =-L_ I, I i =-L_ .., .. (mod p). Multiplying on
both sides, our proofis complete. O

From the proof above we know that, if z=(p+1)/2, then {u,} is equivalent to {f,} modulo
p if and only if #> —u__u,,, is a quadratic residue modulo p for all 7.

By Lemma 2.6(ii), for each ¢ with 1<#<k =2(p+1), we have that f, =xf, (mod p) for
some i, where 1<i<z=(p+1)/2. Thus, if we can find one pair (i, j), where 1<i, j<z-1,
such that f; =+, (mod p), then the number of distinct residues of {f,} modulo p is less than or
equal to 2(z—2)+1= p-2 since f, = f, =0 (mod p); hence, {f,} does not form a complete resi-
due system modulo p. We only have to claim that there exists an odd integer e such that 1<e <
(p+1)/2 and f; =xf,,, (mod p) for some 7 such that 1<i <z-1. This claim is sufficient because
in this case, if i +e >z, then by Lemma 2.6(ii), we have that f,=+f, .. (mod p) and 1<2z-
(i+e)<z. (Notice that 2z— (i +e)—i is also odd.) Now, for a fixed odd integer e, consider the
sequence {u,} such that u, = f, — f,... Since e is odd, it follows by the Binet formulas that
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ug Uy gl = (~ l)n(.fe-i-l +fe—l) = (_ l)nle'
Since p=1 (mod 4), it follows that there exists i with 1<i<z-1 such that f, = £, (mod p) if
and only if {u,} is equivalent to {f,} modulo p if and only if /, is a quadratic residue modulo p.
Similarly, using the Binet formulas to show that, if u; = £, + f,.., then (u)* —u,_u,, =(-1)""'L,

we find that there exists j such that 1< j <z-1 and such that J; ==fj+. (mod p) if and only if /,
is a quadratic residue modulo p. We remark that /, is a quadratic residue modulo p since, for

e=z, u,= f,— f, =0 (mod p).

Theorem 3.3: Let {f,} be the generalized Fibonacci sequence with parameters (a, 1) and let p be
a prime such that p =1 (mod 4) and (D/p) = -1, where D=a*+4. Then, for p>5, {f,} does
not form a complete residue system modulo p.

Proof: Assume that /, is not a quadratic residue modulo p for all odd integers e such that
1<e<z. We shall get a contradiction.

First, we consider the case p =5 (mod 8). By substituting i = (z—1)/2 in Lemma 2.6(i) and
i=(z+1)/2 in Lemma 2.7(i), we have that /., ,l; ), and f ./, are solutions to
x?=-1 (mod p); hence, neither is a quadratic residue modulo p. Note that [, =2 is not a
quadratic residue modulo p, either. By assumption, / = a is not a quadratic residue modulo p.
By Lemma 2.7(), 4" =—-1_I;' (mod p); hence, _, is a quadratic residue modulo p. By the
assumption (L_, / p) = —1, we have that (,/ p) = 1 because LI = ~I_,I"!, (mod p). By induction,
we have that (/ /p)=—1 for odd , but (/;/p) =1 for even j, where 1<i, j<z—1. This means
that /I7} is not a quadratic residue modulo p for every # such that 2<7<z-1. Note that every
element of {//|2<¢<z-1} is in a distinct residue class modulo p and that there are z—2 =
(p-3)/2 of them. Because {/,} and {f,} are not equivalent modulo p, {{/}|2<¢<z-1} and
{(f.f}12<t<z-1} are disjoint modulo p. It follows that among {f,f }|2<7<z-1} there is
only one which is not a quadratic residue modulo p. But we know that neither fi,,)/,f(;p, nor
£/t =a =1 is a quadratic residue modulo p. We get a contradiction because, by the assump-
tion, p>5, (z+1)/2=(p+3)/4>2.

For the case p=1 (mod 8), l(m)/zl('zl_!),z and f,11 f(;llm are roots of x> =-1 (mod p);
hence, both are quadratic residues modulo p. Note that J, =2 is also a quadratic residue modulo
p. By the same reasoning as above, we have that (/ / p) = -1 for every integer / such that 1</ <
z—1; hence, L/} is a quadratic residue modulo p for every ¢ such that 2<¢<z—1. Therefore,
among {f,f1|2<t<z-1}, Sz f(;fl),z is the only quadratic residue modulo p. However,
since f, =a =1, is not a quadratic residue modulo p, it follows that f, = f,/, is a quadratic residue
modulo p. Hence, one of f,f;" or f,f;" is a quadratic residue modulo p. We get a contradic-
tion because, by the assumption, p>17, (z+1)/2=(p+3)/4>4. O

4. REDUCED RESIDUE SYSTEMS OF SECOND-ORDER
RECURRENCES MODULO p

From the previous section, we conclude that, if p>7 and pja®+4, then every recurrence
sequence {u,} with parameters (a, 1) does not form a complete residue system modulo p.
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It would be interesting to know whether or not the recurrence sequence {u,} forms a reduced
residue system modulo p.

For the prime p such that p|a® +4, since z = p, there are exactly two distinct equivalence
classes modulo p. One is the equivalence class of {f,} modulo p and the other is the equivalence
class of {v,} which satisfies v, =1 and v, = @, where a is the double root of x* —ax—1=0 (mod
p). We already know, by [3], [11], and [12], that {f,} forms a complete residue system modulo
p. Moreover, {v,} also forms a reduced residue system modulo p if and only if o is a primitive
root modulo p, since v, = " (mod p).

Definition: Let a be aroot of x> —ax—1=0 (mod p). We call a a generalized Fibonacci primi-
tive root with parameters (a, 1) modulo p if & is a primitive root modulo p. For the case a=1,
we call it a Fibonacci primitive root modulo p.

Brison [1], using Hermite's criterion for a permutation polynomial over a finite field (see [6]), -
proved that, for p>7, a recurrence sequence {u,} with parameters (1,1) has the property that
{m,uy,...,u,,} is a reduced residue system modulo p if and only if {u,} is equivalent to the
sequence {v,} modulo p, where v, =1 and v, is a Fibonacci primitive root modulo p. Brison's
method can be applied directly to recurrence sequences with parameters (a,1). Therefore, we
have the following lemma.

Lemma 4.1: Let p>7 be a prime. Then a recurrence sequence {,} with parameters (a,1) has
the property that {u;, u,,...,u,_,} is a reduced residue system modulo p if and only if uu; ! mod-
ulo p is a generalized Fibonacci primitive root with parameters (a, 1) modulo p.

For a prime p > 7 such that a +4 is a quadratic residue modulo p, the period of every recur-
rence sequence with parameters (a,1) modulo p divides p—1. Therefore, we rephrase Lemma
4.1 as follows.

Proposition 4.2: Let p >7 be a prime such that a* +4 is a quadratic residue modulo p. Then a ,
recurrence sequence {u,} with parameters (a, 1) forms a reduced residue system modulo p if and
only if ;! modulo p is a generalized Fibonacci primitive root with parameters (a, 1) modulo p.

Fibonacci primitive roots and related topics have an extensive literature. Here, we refer to
Shanks [10] and Phong [7].

Lemma 4.1 does not answer our question for primes p such that a*+4 is not a quadratic
residue modulo p, because in this case the period of the recurrence sequence with parameters
(a, 1) modulo p may be greater than p—1. We have the following example.

Example: Consider the Lucas sequence {L,} (ie, [,=2, [;=1,and L, =L, ;+ L, ,) modulo
13 and 17. We have that
{L}0=1213,4,7,11,53} (mod 13),

{L,)2,,=1{11,12,10,9,6,2,8,10} (mod 13),
and
(LY _,=1{2,1,3,4,7,11,1,12,13,8} (mod 17),

(L2 ,5={15,16,14,13,10,6,16,5 4,9} (mod 17).

Therefore, the Lucas sequence forms a reduced residue system modulo 13 and 17.
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We now claim that, for a prime p>17 such that a* +4 is not a quadratic residue modulo D,
every recurrence sequence with parameters (a, 1) does not form a reduced residue system modulo
p.

Let {u,} be a recurrence sequence with parameters (a,1). Since u, =u,f,_, +u,f,, we have
that the period of {u,} modulo p divides the period of {f,} modulo p. Therefore, as before, we
only have to consider the cases where the rank of the generalized Fibonacci sequence modulo p is
(p+1)/2 or p+1. Ifthe rank is p+1, then, since every sequence is equivalent to {£,} modulo p,
it follows that none of the recurrence sequences with parameters (a,1) forms a reduced residue
system modulo p. For the case in which the rank is (p+1)/2, by Theorem 3.3, {f,} does not
form a complete residue system modulo p. Therefore, we only have to consider the generalized
Lucas sequence {/,} modulo p. By Lemma 2.7(ii), for every ¢ with 1<# <k =2(p+1), we have
that [ = +/ for some i, where 0<i<z=(p+1)/2. Thus, if we can find three distinct pairs (i, j)
such that 0<i< j<(p+1)/2 and =%/, (mod p), then the number of distinct residues of {/ }
modulo p is less than or equal to 2(z+1-3) = p-3; hence, {/,} does not form a reduced residue
system modulo p.

For a fixed odd integer e, consider the sequence {v,} such that v, =/ -/, . Since e is odd,
we see by the Binet formulas that v2-v,_v,,, = (-1)""(@*+4)/,. Since z=(p+1)/2, by Lemma
23, p=1 (mod 4). Because a* +4 is not a quadratic residue modulo p, it follows that there
exists 0<i<(p+1)/2 such that / =/, (mod p) if and only if {v,} is equivalent to {f,} modulo
p if and only if Z, is not a quadratlc residue modulo p. Similarly, by using the Binet formulas to
show that, if v, =/ +1 ,_, then (v )2 —v._v... = (=D"(a® +4)L,, we have that there exists j such

n+e>

that 0< j <z and such that /; =-/,,, (mod p) if and only if /, is not a quadratic residue modulo p.
If there exist three distinct odd integers e such that 0 <e <z and /, is not a quadratic residue
modulo p, then, by the routine argument given in the last section, we can find three distinct pairs
(@, ) suchthat 0<i<j<z and } =1/, (mod p).

Suppose that there are at most two odd integers e such that 0 <e <z and /, is not a quadratic
residue modulo p. Then, for p large enough, we claim this leads to a contradiction.

First, we consider the case p=1 (mod 8). Recall that z=(p+1)/2 and /, must be a quad-
ratic residue modulo p. Since [, =2 in this case, we have (},/p) = (/,/p) =1; hence, (}/p)=
(,_,/p) by Lemma 2.7(i). Again, by Lemma 2.7(i) and by induction, it follows that (}/p) =
(L_;/p) for all 0<i<(z+1)/2. Note that i is odd if and only if z—i is even. By assumption,
there are at most two odd integers e such that 0 <e <z and (/,/ p) = —1; hence, there are also at
most two even integers e such that 0<e <z and (/,/p) =—1. Therefore, among {{/}|1<i <z}
modulo p, there are at most eight quadratic nonresidues modulo p. Hence, there are at least
(p+1)/2 -8 nonzero quadratic residues modulo p in {{J-|1<i<z}. Since {f,f}|1<i<z} and
{171 11<i < z} modulo p form a reduced residue system modulo p, we get a contradiction if we
find eight nonzero quadratic residues modulo p among {ffoill<i<z}. Let s=(z+1)/2. By
Lemma 2.6(i), we have that f,,,f.;., =—f,i..f (mod p). Therefore, for s large enough, if we
can prove that there exist four integers i with 1<i <s=(p+3)/4 such that f,f_| is a nonzero
quadratic residue modulo p, then our claim follows. Recall that f,, =1 f,. Suppose that e is odd
and ([,/p)=1. Then we have (f,/p) = (f,./p) and, since e is odd, it follows that there exists /
with e <i < 2e such that (f,/p) = (f,_,/p). Thus, f.f] is a quadratic residue modulo p. Hence,
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our strategy is finding s large enough so that we can find four positive odd integers e(?) with
2e(i) <e(i +1) for 1<i <3 and 2e(4) <s such that (/,;)/p)=1forall 1</ <4. Since, by assump-
tion, we have at most two odd integers e such that (/,/p) = -1, the worst case is that (/,/p) =
(l;/ p) =-1. In this case, we can choose e(1) =5, e(2) =11, e(3) =23, and e(4) =47. Therefore,
for s>94 (i.e., p>373), we get a contradiction.

Next we consider the case p=5 (mod 8). Since /,=2 in this case, we have that (/,/p)=
—(l,/ p) =-1; hence, (},/p) =—(l,_,/ p) by Lemma 2.7(i). Again, by Lemma 2.7(i) and by induc-
tion, it follows that (/,/ p) = —(/,_;/ p) for all 0<i<(z+1)/2. By assumption, there are at most
two odd integers e such that 0 <e <z and (/,/ p) = —1; hence, there are at most two positive even |
integers e such that 0<e <z and (J,/p) =1. Thus, among {{/”}|1<i < z} modulo p, there are at
most eight quadratic residues modulo p, so there are at least (p+1)/2 —8 quadratic nonresidues
modulo p in {{/-}|1<i <z}. Therefore, by the same argument as above for s large enough, if we
can prove that there exist four integers i with 1<i <s=(p+3)/4 such that f,f] is a quadratic
nonresidue modulo p, then our claim follows. Suppose that e is even and (/,/p) =—1. Then we
have (f,/p) =—-(f,./p), and it follows that there exists an integer i with e <7 <2e such that
((f,/p) =—(f_;/p). Thus, f,f7} is a quadratic nonresidue modulo p. Hence, our strategy is
finding s large enough so that we are able to discover four positive even integers e(i) with 2e(i) <
e(i +1) for 1<i <3 and 2e(4) <s such that () /p)=-1for all 1<i<4. The worst case is that
(/p)=(,/p)=1. In this case, we can choose e(1) =6, e(2) =12, e(3) =24, and e(4) =48.
Therefore, for s> 96 (i.e., p>381), we get a contradiction.

We remark that, by more detailed investigation, the argument can be narrowed down to the
case s> 13 (i.e., p>49). However, in order to avoid this complication, we omit the proof here.
For the cases p=29, p=37, and p =41, by direct computation, we have that the generalized
Lucas sequence with parameters (a, 1) does not form a reduced residue system modulo p. Thus,
we have the following theorem.

Theorem 4.3: Let p be a prime such that a> +4 is not a quadratic residue modulo p. Then, for
p>17, every recurrence sequence {u,} with parameters (a,1) does not form a reduced residue
system modulo p.

In conclusion, we remark that in [11] Somer mentions that, for a more general recurrence
sequence (i.e., a recurrence with parameters (a, b), where b # 1) our results are not always true.
The following proposition tells us that, given any prime p, there exists a generalized Fibonacci
sequence that forms a complete residue system modulo p.

Proposition 4.4: Suppose that either p =2 or that p is an odd prime, —b is a primitive root mod-
ulo p, and a* +4b is not a quadratic residue modulo p. Then the generalized Fibonacci sequence
{f,} with parameters (a,b) forms a complete residue system modulo p. Furthermore, every
recurrence sequence with parameters (@, b) which is not equivalent to {f,} forms a reduced resi-
due system modulo p.

Proof: The proposition is true by inspection for p=2. Assume p>2. Let z and & be the
rank and period of {f,} modulo p, respectively. Since a*+4b is not a quadratic residue modulo
D, then z| p+1 by Lemma 2.2. Furthermore, since —b is not a quadratic residue modulo p, then
z/(p+1)/2 by Lemma 2.3. Suppose that p=1 (mod 4). Then z=2 (mod 4) and, by Theorem
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2.4, it follows that k =2gced[z, p—1]=z(p—1). Suppose that p =3 (mod 4). Then z=0 (mod
4) and, by Theorem 2.4, it follows that & =2gcd[z, p—1]=z(p—1). This shows that £, is a
primitive root modulo p in both cases. Since, for every recurrence sequence {u,} with parameters
(a,b), uy,, = £ (mod p), our proof is complete, O

Remark: Regarding the statement of Proposition 4.4, we note that, for any odd prime p, one can
always find residues a and & modulo p such that —5 is a primitive root modulo p and a® +4b is a
quadratic nonresidue modulo p. It was proved in [4] that, for a fixed residue » modulo p, one can
always find a residue a such that a® +4b is a quadratic nonresidue modulo p.
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1. INTRODUCTION

Fibonacci numbers arise in the solution of many combinatorial problems. They count the
number of binary sequences with no consecutive zeros, the number of sequences of 1's and 2's
which sum to a given number, and the number of independent sets of a path graph. Similar inter-
pretations exist for Lucas numbers. Using these interpretations, it is possible to provide combina-
torial proofs that shed light on many interesting Fibonacci and Lucas identities (see [1], [3]). In

this paper we extend the combinatorial approach to understand relationships among generalized

Fibonacci numbers.

Given G, and G,, a generalized Fibonacci sequence G, G,, G,, ... is defined recursively by
G,=G,_;+G,_, for n>2. Two important special cases are the classical Fibonacci sequence F,
(F, =0 and F, =1) and the Lucas sequence L, (L,=2 and L, =1).

These sequences satisfy numerous relationships. Many are documented in Vajda [6], where
they are proved by algebraic means. Our goal is to recount these identities by combinatorial
means. We introduce several combinatorial techniques which allow us to provide new proofs of
nearly all the identities in [6] involving generalized Fibonacci numbers. We show that in the
framework of phased tilings, these identities follow naturally as the tilings are counted, repre-
sented, and transformed in clever ways. These techniques are developed in the next several
sections. In the final section, we discuss possible extensions.

2. COMBINATORIAL INTERPRETATION

Recall that F,,, counts the number of sequences of 1's and 2's which sum to n. Equivalently, °
E,,, counts the number of ways to tile a 1xn rectangle (called an n-board consisting of cells
labeled 1, ..., n) with 1x 1 squares and 1x 2 dominoes. For combinatorial convenience, we define
f,=F,,,. Then f, is the number of ways to tile an n-board with squares and dominoes.

When G, and G, are nonnegative integers, we shall obtain an analogous combinatorial inter-
pretation of the generalized Fibonacci numbers G,. Define a phased n-tiling to be a tiling of an
n-board by squares and dominoes in which the last tile is distinguished in a certain way. Specifi-
cally, if the last tile is a domino, it can be assigned one of G, possible phases, and if the last tile is
a square, it can be assigned one of G, possible phases. For example, when G, =5 and G, =17,
there are G =39 phased tilings of length 3 as follows: There are 5 of the form (square, phased
domino); 17 of the form (domino, phased square); and 17 of the form (square, square, phased

282 [JUNE-JULY



PHASED TILINGS AND GENERALIZED FIBONACCI IDENTITIES

square). In general, let g,=G,, g =G, and, for n>2, let g, count the number of phased
n-tilings. By conditioning on whether the first tile is a square or domino, we obtain the identity
&, = 8,1+8&,, forn>2. Hence, g, =G,, giving the desired interpretation.

This combinatorial definition can be extended to #=1 and n=0. Clearly G, counts the num-
ber of phased 1-tilings. It will be convenient to assign the "last" tile of a 0-board one of the G,
domino phases.

Notice when there exists only one domino phase and only one square phase, we recover our
original interpretation of f,.

Previous interpretations of the Lucas numbers Z, (see [1], [4], [5]) counted the number of
ways to tile a "circular" n-board by squares or dominoes. Since Z,=2 and L,;=1, a phased
n-board tiling can end with a phase one domino, a phase two domino, or a phase one square. In
all three cases, the corresponding circular n-board tiling arises by first gluing cells » and 1
together. Tilings that end in a phase two domino are then rotated one cell to obtain a circular
tiling with a domino covering cells 7 and 1.

3. ELEMENTARY IDENTITIES

Before launching into more sophisticated techniques, we demonstrate how our combinatorial
interpretation of G, yields quick proofs of some basic identities. For instance, by conditioning on
whether the last tile is a phased domino or a phased square, we immediately obtain, for n>2,

G, =Gy fpr + Gifer-

More identities are obtained by conditioning on other events. Consider
n
Identity 1 [Vajda (33)]: Y G, =G,,,—G,.
k=0

The right-hand side of this equality counts all phased (7 +2)-tilings containing at least one dom-
ino (there are G, phased tilings consisting of all squares). The lefi-hand side is obtained by
conditioning on the position of the first domino. 1If the first domino covers cells n—k +1 and
n—k+2 (0<k <n), then the preceding cells are covered by squares and the remaining cells can

be covered G, ways.
Similarly, there are G,, — G, phased 2n-tilings with at least one square. By conditioning on

the position of the first square, we obtain
Identity 2 [Vajda (39)]: 3 Gy =G, —Gy.
k=1
A phased (2n +1)-tiling must contain a first square, which leads to

Identity 3 [Vajda (35)]: G+ 3Gy, = Gy
k=1

The G, term on the left-hand side counts those boards that begin with n dominoes followed by a

phased square.
To prove

Ide”ﬁty 4 [ Vajda (8)] v Gm+n = f mGn + f ;n—lGn-—l s

2000] 283



PHASED TILINGS AND GENERALIZED FIBONACCI IDENTITIES

we consider whether or not a phased (m+n)-tiling can be separated into an (unphased) m-tiling
followed by a phased »-tiling. There are f,G, tilings breakable at cell m. The unbreakable tilings
must contain a domino covering cells m and m+1; the remaining board can be covered f,_,G,_;
ways.

4. BINOMIAL IDENTITIES

Vajda contains several identities involving generalized Fibonacci numbers and binomial coef-
ficients. All of these are special cases of the following two identities.

Identity 5 [Vajda (46)]: G,,, = f(’.’) G,

il
i=0

p . .
Ldentity 6 [Vajda (8]: Gy =35 ) 111 G
i=0
When n > p, Identity 5 counts phased (n+ p)-tilings by conditioning on the number of dom-

inoes that appear among the first p tiles. Given an initial segment of i dominoes and p —i squares,

(?) counts the number of ways to select the i positions for the dominoes among the first p tiles. .

G,_; counts the number of ways the remaining n—i cells can be given a phased tiling.

Identity 6 can be seen as trying to break a phased (m+ (¢ +1)p)-tiling into p unphased seg-
ments of length ¢ followed by a phased remainder. The first segment consists of the tiles covering
cells 1 through j;, where j; = if the tiling is breakable at cell # and j, =7 +1 otherwise. The next
segment consists of the tiles covering cells j; +1 through j, + j,, where j, =7 if the tiling is
breakable at cell j;+7 and j, =7+1 otherwise. Continuing in this fashion, we decompose our
phased tiling into p tiled segments of length ¢ or ¢ +1 followed by a phased remainder of length at
least m. Since the length 7 +1 segments must end with a domino, the term () £/ f,?'G,,,; counts
the number of phased (m+ (¢ + 1) p)-tilings with exactly / segments of length 7.

5. SIMULTANEOUS TILINGS

Identities involving squares of generalized Fibonacci numbers suggest investigating pairs of
phased tilings. The right-hand side of '

2n
Identity 7 [Vajda (39)]: Y.G,_G, =G}, -G?
i=1

counts ordered pairs (4, B) of phased 2n-tilings, where A or B contains at least one square. To
interpret the left-hand side, we define the parameter ky to be the first cell of the phased tiling X
covered by a square. If X is all dominoes, we set ky equal to infinity. Since, in this case, at
least one square exists in (4, B), the minimum of k, and kg must be finite and odd. Let k =
min{k,,kz+1}. When k is odd, 4 and B have dominoes covering cells 1 through £ —1 and 4 has
a square covering cell k. Hence, the number of phased pairs (4, B) with odd k is G,,_,G;,,_p41-
When £ is even, A has dominoes covering cells 1 through k£ and B has dominoes covering cells 1
through & —2 with a square covering cell £ —1. Hence, the number of phased pairs (4, B) with
even kis also G,, G, ;.. Setting i =2n+1-k gives the desired identity. ‘
Similarly, the next identity counts ordered pairs of phased (2n+1)-tilings that contain an °
unphased square. Conditioning on the first unphased square yields
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2n+1

Identity 8 [Vajda (41)]: G, G, = G2,,,— G2
=2

In the same spirit, our next identity conditions on the location of the first domino in a pair of
phased tilings.

n
Identity 9 [Vajda (43)]: .G,_\G,,, = G2, -G?.

i=1
The right-hand side counts the number of pairs (4, B) of phased (n+1)-tilings, where 4 or B
contains at least one domino. Here we define the parameter £y to be the first cell of the phased
tiling X covered by a domino. If X is all squares, we set £y equal to infinity. Let £ = min{{,, {z}.
The number of phased (n+1)-tiling pairs (A4, B), where the % cell of 4 is covered by a domino
is G,_,G,_s,, and the number of such pairs where the ¢! cell of 4 is covered by a square is
G,_411G,—,. This implies

n
Z G,-t(Gyops3+Gyop)) = G2y - GP
=1
Substituting G,_,,; for G,_,,, +G,_,,, and letting i = n— £ +1 yields the desired identity.

6. A TRANSFER PROCEDURE

The identities proved in this section all take advantage of the same technique. Before pro-
ceeding, we introduce helpful notation. For m >0, define %, to be the set of all phased m-tilings
with G, domino phases and G, square phases. An element 4 €%, created from a sequence of ¢
dominoes, e, squares, e; dominoes, ..., and ending with a phased tile can be expressed uniquely as
A =das2d*s% ... d*-s% p, where p represents the phase of the last tile. All exponents are posi-
tive except that e, or ¢, may be 0, and 2¢,+e, +2e;+¢e,+:--+2¢,_,+¢, =m. When ¢, =0, the
last tile is a domino and p €{l, ..., G,}; when ¢, > 1, the last tile is a square and p €{l, ..., G}.
Likewise, for n > 0, define ¥, to be the set of all phased »-tilings with H, domino phases and H,
square phases. Notice that the sizes of %,, and ¥, are G,, and H,, respectively.

We introduce a transfer procedure 7 to map an ordered pair (4, B) €9,,x ¥, to an ordered
pair (4’, B") €%,,.1x ¥,,,, where 1<m<n. T has the effect of shrinking the smaller tiling and
growing the larger tiling by one unit. For such a pair (4, B), define k = min{k,, k5}, the first cell
in 4 or B that is covered by a square. If the k™ cell of 4 is covered by a square and 1<k <m-1,
then we transfer that square from A4 to the k™ cell of B. Formally, before the transfer, we have
A=d®D2sq B=d*b2p where a €, i, b ¥, 1. The transfer yields A’'=d*D'?q,
B’ =d®D2sp_ If the k' cell of 4 is covered by a domino and 1<k <m -2, then we exchange
that domino with the square in the k% cell of B. Formally, before the exchange, 4 =d®**)/2q,
B=d®*V2sp where a €%,,,_, b €¥,_,. The exchange yields 4’ =d*V2sq, B'=d**V/2p,
We abbreviate this transformation by T(4, B) = (4’, B'). Notice that our rules do not allow for a
phased tile to be transferred or exchanged.

Lemma 1: For 1<m<n, T establishes an almost one-to-one correspondence between 9,, x 7,
and 9,,—; x #,.;. The difference of their sizes satisfies

GmH n_ Gm—lHn+I = (— l)m[GOH n-m+2 ~ GlHn—-m+l]'
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Proof: Notice that when T is defined, 7(4, B) has the same k value as (4, B), which makes
T easy to reverse. It remains to enumerate (4, B) €9, x#, for which 7 is undefined and
(4', B") €%,,, x ¥,,, that do not appear in the image of 7.

When m is odd, T is undefined whenever k =m. Here A=d™Y2q, B=d™Y2p where
ac9, be¥, .. Hence, the domain of T contains G,,H,—GH,_,,,, elements. The elements
of 4, x #,,, that do not appear in the image of T have £ >m and are therefore of the form
A'=dmV2p B =dmD2% where p e{l,..., Gy}, b’ €¥,,_,v2. Hence, the image of T consists
of G,_H,,,—GyH,_,., elements. Since T is one-to-one we have, when m is odd,

GmHn - GlHn—mH = Gm-—lHn+1 - GOHn—m+2‘

When m is even, T is undefined whenever £ >m and sometimes undefined when &k =m-1.
Specifically, T is undefined when A=d™?p, B=d™2?p, where p e{l,...,Gy}, b € ¥z -
Hence, the domain of T contains G, H, — G,H,_,,., elements. The elements of 4,,_; x ¥,,; that do .
not appear in the image are of the form A’ =d" 2%’ B'=d™?b’, where a’ €9,, b’ € #,y_ppi1 -
Hence, the image of 7 consists of G,,_,H,.,, — G, H,_,,., elements. Thus, when m is even, we have

GpH, = GoHy_miz = Gy Hpy — GiH, . O

We specialize Lemma 1 by setting m=n and choosing the same initial conditions for %,, and
¥, to obtain

Identity 10 [Vajda (28)]: G,,,G,_,-G? = (-1)"(G} - G,G,).

Alternately, setting G,, = F,, and evaluating lemma 1 at m+1, we obtain
Identity 11 [Vajda (9)]: H,_,,=(-)"(F,.H,-F,H,,) for0<m<n.

A slightly different transfer process is used to prove
Hdentity 12 [Vajda (10a)]: G,,,,+(-1)"G,_,=L,G, for 0<m<n.

We construct an almost one-to-one correspondence from &£, x%, to 4,,,,, where &,
denotes the set of Lucas tilings of length m. Let (4,B)e<,, x%,. If A ends in a (phase 1)
square or a phase 1 domino, then we simply append 4 to the front of B to create an (m+ n)-tiling
that is breakable at m. Otherwise, 4 ends in a phase 2 domino. In this case, before appending 4
to the front of B, we transfer a unit from B to 4 by a similar process. (If the first square occurs in
B, then transfer it into the corresponding cell of 4. Otherwise, the first square of 4 is exchanged
with the corresponding domino in B.) This creates a tiling of 9,,,, that is unbreakable at m.
When m is even, the transfer is undefined for the G,_,, elements of &£,, x%,, where 4 contains
only dominoes, ending with a phase 2 domino, and B begins with m/2 dominoes. Otherwise, the
transfer is one-to-one and onto 4,,,,. When m is odd, the transfer is always defined but misses
the G,_,, elements of 4,,,, that begin with m dominoes. Identity 12 follows.

A similar argument establishes

Identity 13 [Vajda (10b)]: G,,,—(-1D)"G,_,=F,(G,,+G,,) for0Osm<n.

The transfer process T can be refined to allow us to shrink and grow pairs of phased tilings by
more than one unit. Specifically, we construct an almost one-to-one correspondence between
Gnx ¥, and G,,_;, x #,,,,, where 1<h<m—-1<n.Let %, denote the set of (unphased) n-tilings.
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So |F|= f,. Given (4, B) €, x ¥,, define a transfer process 7T, as follows: if 4 is breakable at
cell 4, i.e, A=am,, where a; €%, and a, €, _,, then we append segment q, to the beginning of
B. That is to say, 7,(4, B)=(A', B’), where A’ =a, and B’ =a,B. If A is unbreakable at cell A,
ie, A=ada,, where ay €%, and @, =, , |, then let (4", B")=T(da,, B) and (4’,B')=
(4"”,a;B"). Notice that B”, when defined, will necessarily begin with a domino and, therefore,
B’ will be unbreakable at 4.

Discrepancies in T, mapping 4, x ¥, to §,,_;, x ¥,,,,, are proportional (by a factor of f,_,)
to the discrepancies in 7" mapping %9,,_.1 x #, t0 9,,_, x #,,,. Hence, for I<h<m—1, Lemma
1 implies

Gy, = G = 0" £y s GoHmanir =GB - )
Notice that f,_H,_,.,.; counts the number of phased (n—m+2h)-tilings that are breakable at
h—1. Hence, f,_\H, ,.ni1=H,_pion = o2y pen- Similarly, £,_,G, =G, - f,_,G,. So equation
(1) can be rewritten as

GmHn - Gm—th+h = (_ 1)m—hH(GOIIn—m+2h - Gth—m+h) .
Reindexing, this is equivalent to
Identity 14 [Vajda (18)]:  G,,,H,,; - G,H,p. = (1" (G,H, — GoH,,,).
This identity is applied, directly or indirectly, by Vajda to obtain identities (19a) through (32).

7. BINARY SEQUENCES

There are identities involving generalized Fibonacci numbers and powers of 2. This leads us
to investigate the relationship between binary sequences and Fibonacci tilings.

A binary sequence x = x;x,...x, can be viewed as a set of instructions for creating a Fibo-
nacci tiling of length less than or equal to n. Reading x from left to right, we interpret 1's and 01's
as squares and dominoes, respectively. The construction halts on encountering a 00 or the end of
the sequence. For example, 111010110101 represents the 12-tiling s’d*sd?, 1110101110 repre-
sents the 9-tiling s°d%s?, and 0111001011 represents the 4-tiling ds*. Binary sequences that begin
with 00 denote the 0-tiling.

Given n, tilings of length » and »—1 are represented uniquely by binary sequences of length n
that end with a 1 or 0, respectively. For k <n—2, a k-tiling is represented by 2" binary
sequences of length » since the first &£ +2 bits are determined by the A-tiling followed by 00; the
remaining 72— (k +2) bits may be chosen freely. This yields the following identity:

n-2
fn+fn—l+2fk2n_k_2 =2". (2)
k=0
By dividing by 2", reindexing, and employing f,,, = f, + f,_;, we obtain
- Ji /.
Identity 15 [Vajda (37a)]: Z——;—,gl: 1—2"—;“‘.
k=2

The same strategy can be applied to phased tilings. Here, for convenience, we assume the phase
is determined by the first tile (rather than the last). The phased identity corresponding to equation
2)is
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n=1

GutG,+ Z G,CZ”"“1 =2"(Gy+Gy). ?3)
k=0

The right-hand side counts the number of ways to select a length » binary sequence x and a phase
p. From this, we construct a length »+1 binary sequence. If p is a domino phase, construct the
sequence Ox; if p is a square phase, construct the sequence 1x. Interpret this new n+ 1-sequence
as a Fibonacci tiling in the manner discussed previously, and assign the tiling the phase p. By con-
struction, the phase is compatible with the first tile. (Recall that empty tilings are assigned a
domino phase.) A phased tiling of length »+1 or » has a unique (x, p) representation. For
0<k <n-1, a phased k-tiling has 2"*~! representations. This establishes equation (3). Dividing °
by 2" gives '

Gn+l + Gn

n-1
Identity 16 [Vajda (37)]: ¥ 2k = (G, +Gy) - 3
k=

. 2k+1

8. DISCUSSION

The techniques presented in this paper are simple but powerful—counting phased tilings
enables us to give visual interpretations to expressions involving generalized Fibonacci numbers.
This approach facilitates a clearer understanding of existing identities, and can be extended in a
number of ways.

For instance, by allowing tiles of length 3 or longer, we can give combinatorial interpretation
to higher-order recurrences; however, the initial conditions do not work out so neatly, since the
number of phases that the last tile admits do not correspond with the initial conditions of the
recurrence.

Another possibility is to allow every square and domino to possess a number of phases,
depending on its location. This leads to recurrences of the form x, =a,x,_, +b,x, ,. The special
case where b, =1 for all n provides a tiling interpretation of the numerators and denominators of
simple finite continued fractions and is treated in [2].
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