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A RESULT ABOUT THE PRIMES DIVIDING FIBONACCI NUMBERS

Mansur S. Boase
Trinity College, Cambridge CB2 1TQ, England
(Submitted March 1998-Final Revision February 2001)

1. INTRODUCTION

The following theorem arose from my correspondence with Dr. Peter Neumann of Queen's
College, Oxford, concerning the number of ways of writing an integer of the form F, F;, ... F, as
a sum of two squares.

Theorem 1.1: If m>3, then with the exception of m=6 and m=12, F,, is divisible by some
prime p which does not divide any F;, k <m.

Theorem 1.1 is similar to a theorem proved by K. Zsigmondy in 1892 (see [4]), which states
that, for any natural number a and any m, there is a prime that divides a” —1 but does not divide
a* —1 for k <m with a small number of explicitly stated exceptions. A summary of Zsigmondy's
article can be found in [2, Vol. 1, p. 195]. Since the arithmetic behavior of the sequence of Fibo-
nacci numbers F, is very similar to that of the sequences a” —b" (for fixed a and b), Theorem 1.1
can be regarded as an analog of Zsigmondy's theorem for the Fibonacci sequence.

2. PRELIMINARY LEMMAS

This section includes a few lemmas that are required for the proof of Theorem 1.1.

Lemma 2.1: Let m, n be positive integers and let (a, b) denote the highest common factor of a

and 5. Then
an

Proof: First, we prove by induction on m that

T < m(Fy )™ (mod ).

n

m.

The result holds for m=1. Suppose the result holds for m=k. Then

Yo k() (mod Fy)
Now
Fm+n+l = FmF;, +Fm+lF;:+1 (see [1] or [3]): (1)

SO sz+l)ll - Fkn+(n—l)+l = Flan-l +F/WH'IF;I Therefore,

E
wim _Finp LB R(F Y+ Fyy (mod F)
F F n-1 kn+l 1 n-1

n

= k(F,)* +Fypyy (mod )
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A RESULT ABOUT THE PRIMES DIVIDING FIBONACCI NUMBERS

Using (1) again,
Fnr = Flempyuls + Fppyniifnir = Fpeypirfn  (mod F)
= Fp-ppnfy (mod Fy).
Similarly, #1541 = Fig-gyns1fp1 (mod F)) giving us

Froi1 = FppypiFrpa = F(k-2)n+1(E;—1)2 =---=(F, -1)k (mod F)).
Therefore,

Ek;)n =k(E,_ ) +(F,_)F =(k+1)(F,_)* (modFE).

n

This completes the inductive step.
Let us define

a= (2., | nts 418, ),

where 7 is some integer. Then we have d|F, and d|m(F,_)™". However, (F,, F, )=1,sod
divides m and the lemma is proved. O

Lemma 2.2:
PPyt Py
Db, ---b;
(+4 _ kodd i i
Pl pi T
keven pilpiz"'pik

where the numerator is the product of all numbers of the form p{" p;?...p%» divided by an odd
number of distinct primes and the denominator is the product of all numbers of the form p{1p5? ...
pJ» divided by an even nonzero number of distinct primes.

Proof: The exponent of p, on the left-hand side is «,. The exponent of p, in the numerator

of the right-hand side is
n n-1
5 (o))
kodd

as there are () ways of choosing i, ..., i, and, if i, =r for some s, there are (}_}) ways of choos-
ing the other ;. Similarly, the exponent of p, in the denominator of the right-hand side is

Z(-)
so the exponent of p, on the right-hand side is
ol (G )75 )
=a,(1-1-))-1-D)""=gq,
as required. O

Lemma 2.3: If 0<a <1, then [T (1-a") > (1 —~a),
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A RESULT ABOUT THE PRIMES DIVIDING FIBONACCI NUMBERS

Proof: Equivalently, we must prove that

Zln(l a)y>———=~ ln(l a)

If |x| <1, then the Taylor series expansion for Inx about x =1is In(1+x) =x—%- 4-1‘i —--+, Thus,

2n 3n
1n(1—a")=—(a"+a2 +a3 +)

Therefore,

0

> In(1-a") = —Z%(a" +a* +a* +...)
n=1

i) B

=1

Lemma 2.4: If a = (J/5-1)/ (/5 +1), then

H(1 a") [ []a-a"<2.

neven
nZl n22

Proof: Note that 1-x? <1 and so, for x <1, we have 1+x <(1-x)™!. Thus,

[Ta-a) /T] a-a)<a+a) [Ta-a"
neven n=2
nz1 n22

=(1-ad? ﬁ(l-—a”) <(1-ad)(1-a)Fs <2,
n=1

where the penultimate inequality follows from Lemma 2.3, and the final inequality holds for the
value of a given. [0

Lemma 2.5: If m= p{' p;* ... p%», then the only solutions m, m > 3, to the inequality

Fomy= (1+J—)(n‘ P (B =)

are m=3,4,5,6,10,12,14, and 30.
We first prove the following three easy facts:
@) If f(m)>Cg(m), C>1, and m’ is formed from m by replacing p, in the prime factorization
of m by g;, where g, > p, and g, # p, for any £, then f(m’) > Cg(m’).
(i) If f(m)> g(m) and p is an odd prime, then f(pm) > g(pm).
(i) If f(m)> g(m) and m is even, then f(2m)> g(2m). If f(m)>2g(m) and m is odd, then
f(2m)> g(2m).
Proof of (i): f(m)>Cg(m)=4C so, in particular, f(m)> exp(l). Now
g-1 S

$>P=>9%P - P>9P 9= P,‘l I

<2p,...p, = g(m) @

SO
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i

Fw) 2 fmyT > fm) = £ (m)(f ()™ >f<m>exp(i" )

Since exp(x—1) > x for x> 1, we have

) >'(%§)/(m) > C[%)g(m) - Cg(m).

Proof of (ii): Note that p>2 and g(m) >4 so

S(pm) 2 f ()P~ > g(m)P™ 2 472 g(m) > pg(m) = g(pm).
Proof of (iii): If m is even and f(m)> g(m), then f(2m)> f(m)> g(m)=g(2m). X m is
odd and f(m) > 2g(m), then f(2m) = f(m) > 2g(m) = g(2m).

Proof of Lemma 2.5: We call m "good" if f(m)>2g(m) or if m is even and f(m) > g(m).
Note that, by (ii) and (iii), if m is good, then no multiple of m may satisfy inequality (2).

Standard calculations show that m=11 is good. It then follows from (i) that every prime
greater than 11 is good, so any solution m of (2) must only have 2, 3, 5, and 7 as prime divisors.

It is easy to show that m=3% and m= (3)(7) are good. So, by (i), except for m=(3)(5),
m=p? and m=p,p ,; are good for odd primes p,, p;. Hence, the only odd numbers whose multi-
ples may satisfy inequality (2) are 3, 5, 7, and 15.

Now m=2% is good, as is m=2%(5). Thus, m=2%(p,) is good for odd primes p,, p, >5.
Therefore, the only possible solutions to inequality (2) are 2, 3, 5, 7, 3X(5), (2)(3), (2)(5), (2)(7),
2)(3)(5), 22 and 22(3). Of these, 7 and (3)(5) are not solutions and 2 <3, so we obtain the list
as stated in the lemma. O

3. PROOF OF THE MAIN THEOREM

Suppose we choose a Fibonacci number F,,, with m>3 and m= p{' p3* ... p», such that all
prime factors of F,, divide some previous Fibonacci number.

Then every prime dividing F,, must divide one of Fy;, Foua), .- Frypnp, Where m[ij=m/p;,
making use of the well-known fact that (K, F,) = F, ,- Now F, < pip, ... p.FFoay - Fopmps
for the left-hand side divides the right-hand side, using Lemma 2.1. However, some of the factors
of F,, are being double counted, such as Fz-1,a-1_ e, Which divides both £, and F,5).

To remove repeats, the same Inclusion—Exclusxon Principle idea of Lemma 2.2 can be used.

This gives
H mliy, iy, .

Fm < Dby ..-Py M“L———- (3)
H mliy, iy, ..

where mliy, iy, ..., i ]=m/ p, p, ... p, and the i, are all distinct. In fact, the lefi-hand side divides
the right-hand side, but the inequality is sufficient for our purposes.
It is now necessary to simplify (3) to obtain a weaker inequality that is easier to handle.
Multiplying by the denominator in (3),
H miy,ip, . ig] —P1P2 -Pn H miiy, g, i P (4)

k even

where we have absorbed F,, into the product on the left-hand side.
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Let us define F, to equal

#5
L2 )0
By Binet's formula,
1 [(1+45Y (1=45Y 1-45
F=— - ~l<—=
,,\/g((z)(z))and 1<2<O,

S0, as n— o, I, — F,. Furthermore, F, > F, for n odd and F, < F, for n even.

All the Fibonacci numbers on the left-hand side of (4) are of the form F,,, , k a product of an
even number of distinct primes, and they are all distinct since, if F,,, = F, ., then k =k’ or m/k
and m/k' are 1 and 2 in some order, contradicting the fact that £ and %’ are both products of an
even number of distinct primes. Let us define 7, to equal

neven n

where the product is taken over all even integers n. The left-hand side of (4) would therefore be
made even smaller if all the F, in it were replaced by F, and the result were multiplied by y,.
Similarly, the right-hand side of (4) would be made even larger if all the F, in it were replaced by
F; and the result were multiplied by y,, where ¥, is equal to

(%)
nodd F;:

Thus, if we define € =y, /y,, we obtain from (4) the weaker inequality,

Fr:l[i,,iz,...,i,,] <ép\p,...D, HFnlt[il,iz,...,i,‘]' ()

0 K odd

k even, 2
The number of terms in the product on the left-hand side of (5) is 1+(3)+(})+:-- and on the
right-hand side is (7) + (3) + () +--+, and these numbers are equal as their difference is (1-1)" =0.

Therefore, the 1/+/5 factors of F! will cancel on both sides, leaving

[(H ‘B)m]o-%)a—g-)---u-ﬁ)

> <EpD; ... Dy
on rearranging. Since m = p{!p3? ... pZ», this simplifies to give

(l;_J—é)(”"‘-ﬂ"‘_l)"'(P: =) SEPD; - Pn ©

Now, setting a = (v/5-1)/(/5+1),
- F_ A+5)"-(1-~5)") _ e
n=I1(7)- () oo

neven neven neven

Similarly,

- B [ Q+V5)-0a-5)_ _n
V2= H(—F;';)_ H( (1+_‘/§)n )-nlo—ldd(l a )

nodd nodd
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Therefore, by Lemma 2.4,
e=y,ly, <2

Now Lemma 2.5 gives us a list of possible 7 which may satisfy inequality (6). Thus, it only
remains for us to check which of these m give rise to F,,, all of whose prime factors divide some
previous Fibonacci number. The possible solutions, m, to (6), with m>3, are 3, 4, 5, 6, 10, 12,
14, and 30.

Note that 2|F;, 3|F,, 5|F;, 11|F,, 29|F,, and 31|F,, and the respective primes do not
divide any previous Fibonacci numbers. Thus, the only exceptions to the result are F; =8 and
F, =144. Therefore, Theorem 1.1 is proved. O

A similar result can also be proved for the Lucas numbers.

Corollary 3.1: If m>2, then, with the exception of m=3 and m=6, L, is divisible by some
prime p that does not divide any Z,, 0< k& <m.

Proof: Suppose m=>2 and m does not equal 3 or 6. Then, since 2m >3 and 2m does not
equal 6 or 12, Theorem 1.1 implies the existence of a prime p such that p divides F,,,, but does
not divide any smaller Fibonacci number. Now F,,, = F, L (see [3]), so p must divide L,. We
claim that p does not divide any L, for k <m, for p|L, would imply p|F,,, and since 2k <2m,
this contradicts our choice of p. Hence, the corollary. O

We end with the following conjecture for the general Fibonacci-type sequence.

Conjecture 3.2: Suppose that K| and K, are positive integers and that K, is defined recursively
forn>3by K,=K,_,+K, ,. Then, for all sufficiently large m, there exists a prime p that divides
K, but does not divide any K,, r<m.
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SUMMATION OF CERTAIN RECIPROCAL SERIES RELATED TO
THE GENERALIZED FIBONACCI AND LUCAS NUMBERS

Fengzhen Zhao

Department of Applied Mathematics, Dalian University of Technology, 116024 Dalian, China
(Submitted November 1998-Final Revision March 2001)

1. INTRODUCTION

We are interested in the generalized Fibonacci and Lucas numbers defined by

Un(p’ q)= aan:gn’ V,,(p, ‘I)= a"+,3n:

a:p‘+2~/5’ ﬂzp-z«fA.—, A=p?—4g,p>0, and ¢ <O0.

where

It is well known that {U,(1, - 1)} and {,(1, - 1)} are the classical Fibonacci sequence {F,} and the
Lucas sequence {L,}. There are many publications dealing with summation of reciprocal series
related to the classical Fibonacci and Lucas numbers (see, e.g., [2]-[5]). Backstrom [3] obtained

S 1 A58
2 F, 2L, ¢ @

n=0
and André-Jeannin [2] proved that

— 1 s

—_— 0).
rg) ‘F;n+l+Ls/ ‘/-5_ ZF; (s evem, §% ) (2)

* Are there results similar to (1) or (2) for the generalized Fibonacci and Lucas numbers? In this
paper we will discuss the summation of reciprocal series related to the generalized Fibonacci and
Lucas numbers. We will establish a series of identities involving the generalized Fibonacci and
Lucas numbers and some identities of [2] and [3] will emerge as special cases of our results. In
the final section, following the method introduced by Almkvist, we express four reciprocal series
related to the generalized Fibonacci and Lucas numbers in terms of the theta functions and give
‘their estimates. Some of the estimates obtained generalize the results of [1] and [2], respectively.

2. MAIN RESULTS
The following lemmas will be used later on.

Lemma 1: Let ¢ be a real number with |¢| > 1, s and a be positive integers, and b be a nonnegative
integer. Then one has that

& 1 IR~ 1
,§) t2an+b +t-—2an—b L = 195 — s 'é) 1 +12an+b—a: (3)
and
- ©0 1 1 s-1 1
; = . 4
";0 tZan+b + t-Zamb - (ta.s + t—a:) 195 9 "§0 1- tlan-(-b—as ( )
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Proof: Because the proof of (4) is similar to that of (3), we only give the proof of (3). One
can readily verify that

1 1 1 1
[lantb | g=2an-b | qas | a8 - £as _ 4as (1 + flantbtas - 1+ t2an+b—-as)

holds for n > 5. Hence, by the telescoping effect, one has that

N N s=1
3 1 1 1 1
flantb | y~dan-b | sas o - 195 _ 498 Z 1+ flantbtas - Z 1 +t2an+b—as

n=0 n=N-s+1 n=0

for all N >s. Letting N — +oo, we obtain equality (3) (since |¢[>1). O
Lemma 2: Let t be a real number with || > 1 and s be a positive integer. Then

&1 s-1, 1

= + 5
P 2 1+ ©)
s=1 .
1 s
__r 5 6
Z‘:) 1+ t2n—-s+l 2 > ( )
2s
1 1
L1 e =S5+ {21 Q)
and 2s-1 1
Z;) 1—{2"—2s+1 = 'Si'- (8)

Proof: We only show that equality (5) is valid. The proofs of (6)-(8) follow the same pat-
tern and therefore are omitted here. First,

2m-1 m-1
1 1 1 1 1 1 1
— 4=+ z e B/ Ly DO —
4 Im e 2 (1+t2" l+t“2") 2 1412

n=1
On the other hand,

& 1 1 z 1 1 _ 1
Z 1+12n—2m—1 - 1+t—2m—l +Z 1+t2n—l + 1+t—-2n+l =m+ 1+t—2m—1 :

n=0 n=1
Therefore, equality (5) holds. O

The above lemmas are used to find some equalities involving the generalized Fibonacci and
Lucas numbers. Using the lemmas, we calculate some reciprocal series related to {U,(p, q)} and

V.. 9)}-
Theorem 1: Assume that a and b are integers with a>1and 5>0. Then
(_ q)an+b/ 2 (_ q

0

)a/ 2

»ZB Vaanss 0 )+ (=) "V (p, 9) B JAU(p, 91+ (~a/ ﬁ)(b—\a)/z) ’ ®)
0 (__ q)an+b/2 _ ‘ (__ q)a/Z -\/_A— (10)
2 Uy (0, )+ (@)U (D, q)  V,(p, @1+ (~a! BYE-2Y’

i (_q)an+b/2 (_q)a/Z (1 1)

= VAUps 2 D+ O™ W (0, q) VAU (p, )1+ (—a | BT D7)’
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and

o (- q)an+b/2 (_q)a/ 2
2 Voo . ) AU gy T ar By Y
where a is even in (9), (11) and odd in (10), (12), and b is even in (9), (12) and odd in (10), (11),
respectively.
Proof: Putting ¢ = W in (3) and noticing that a8 = g, we have
w© (—g)™"?

rg) a2an+b + (_ l)b ﬁZan+b + (__ q)an+(b—as)/2 ( a® + (__ 1)as ﬂas)
(_ q)as/ 2 s—1 1

a™— (_ l)asﬂas o 1+ (___a /ﬂ)an+(b—-as)/2 :

(13)

Let us examine different cases according to the values of @, b, and s. With s=1 in (13), then
(9) holds if both @ and b are even and (10) holds if both a and & are odd. On the other hand, if a
is even, b is odd, and s = 1, then we have (11) from (13). Ifais odd, b is even, and 5= 1, then
we have (12) from (13). O

Theorem 2: Suppose that a and b are integers witha>1, >0, and a#b. Then

kal (_ q an+b/2 ~ _ (_q an y
120 Vaanes 0, )~ O™V, (p,q) ~ VAU (p, P(1-(=a/ ) (14)
i (_ q)an+b/2 _ _ -\/—A- (_ q)a/ 2 (1 5)
2 Unanss (0, ) - )™ U (D, q) Vo (p, g)1-(~a/B)E2Y’
i (__ q an+b/2 _ _ (_ q)a/z (1 6)
125 VA U0, )~ ()™ W (p,9) VAU (p, )1 (-a/ B)*92)’

and
© (__ q)an+b/2 _ (_q) al2 (17)

Z;) Vaarst (D> ) — )™ 2 JAU(p,q) Vo, )1 (~a/ BYT?Y’

where a is even in (14), (16) and odd in (15), (17) and 5 is even in (14), (17) and odd in (15),
(16), respectively.

The proofis similar to that of Theorem 1 except that (13) is replaced by

0 __\an+b/2

ngo a2an+b + (_ l)b ﬂZan+b _ (_ q)an+(b—as)/2 ( a® + (_ l)a.r 'Bax)
—(=q .

a® - (__ l)as ﬁa.w fur 1- (__ al ﬂ)an+(b—as)/2

Equality (18) is valid by putting 7 = \/-a /8 in (4).

Theorem 3: Suppose that s is a positive integer. Then

3 (=9 _ (™ (s-1 1
§>V2n(1’= D+, (2, q) JAUp, q)( 2 +1+('ﬁ/a)’/2) (s even),

(18)

as/2 =1 1

o

(19)
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) n+1/2 .v/2

(——q) = ( q R AY S

;,5;% Upns(2, D+ () 2V (p, ) 1 VA~ 2U,(p, q) (s even, 5 0), 20)

N 9" _ 9" [s-1 1

2 Vo2, D)+ VA0 U (p, @)~ V(P q)( 2 +1+(~ﬂ/a)s’2) (odd, @D

had (_q)"‘&'l/z _ (—q)S/ZﬂS

Zi‘; Uppii(0, )+ ()" U (p,q) 2V, (P, 9) (s odd), (22)

3 9 _ 97 (1— s 1 )

E) Vo 22 9) - (-0 AU (D 9) VB D\ 2 (Bla)?-1 (sodd),  (23)
and

i o B ) M (s even, s #0). (24)

= Upi(0, ) - (™ (p, @) VA 2U(p,9)

Proof: Letting a =1 and b = 0 in (13), we have

3 ( q)s/ 2 s-1

S 9"
;z_: Voul 0 )+ (V2. ) VAU, @) 15 1+(—a/ﬂ
Due to (5), we obtain equality (19). On the other hand, if a =5 =11in (13), then

= o (s even).

% (_q)n+1/2 B (_q)s/z s=1 1

%Uzm(n Q)+ VW (p,q)INA T Up, 9) i 1+(—a/ By
Noticing that (6), we have equality (20).
Similarly, equalities (21) and (22) follow from (13), (5), and (6). Equalities (23) and (24) can
be obtained from (18), (7), and (8). O
From the above theorems, we can obtain some results of [2] and [3] according to the values
of p and ¢. For instance, if p =—g =1 in (9), we obtain Theorem V of [3]. If p=—¢g=11in (22),
we obtain equality (1). If p =—¢ =1 in (20), we have (2).

573 (s even).

3. THE ESTIMATES OF FOUR SERIES

In this section, the summation X, is over all integers n. Using the method introduced by
Almkvist [1], we give the estimates of four series related to the generalized Fibonacci and Lucas
numbers. Putting s =0 in the left-hand side of (20), we have

© ( q)n+1/2 12n+1

V&
;;2;6 Uppri(0, @) +2(-@)™ 2 I JA Z;, 24

where t = (-8/ a)"*. By a classical formula (see [1] or [6]), we know that
© 12n+1 193'
o (12n+1 + 1)2 - 87[2193 >

Z ﬂrznzllogt
93 = Rogt
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and

" _ 27[2” 2n? Nlogt
85= logt " logt Z( logt ) ’

By simple computation, we can obtain -

0

( q)n+l/2 \/—A— 472 _\/_ Zn-— 27 2n? [log(-a/f)

2 Unpa(2, @) + 2(-9)™ 2/ \/— 2log(-a/ ﬂ) (log(-a / B))? (1 +23° ¢ ~27n? /log(—a/ﬂ)) .

Hence,

© ( q)n+l/2 JK _ 47[2 \/K

2 Ui 0. )+ 2-q 2 [V 210g(-a/B) (log(-a/B))* (2 + " Iee-alB)y’

Using a similar method, we can obtain the estimates of some other series. We have that

SER ) N DR B
= V@, D+2(=q)" 4 5 @+
i (_ q)n+l/2 J_ Z t2n+l

= U2"+l(p q) 2( q)n+1/2 / _\/— = (t2n+1 1)2 >
and

L) (_q)n _ 0 t2n
nz=:1 VanD, 9)-2(=q)" 73 (" =D

where ¢ = (-/a)"2. From the following facts (see [1] or [6]), i.e.,

87 12"
22 p2|148) ——
92 " ( = @ +1)? )’

t2n+1
94 87[2% t2n+1 )2 ’
and
1 9'" _S_ét _‘21 i 0 12n
247 (92 3,73 )+24 Zl @17
where
7™ 2n/logt
9= log Z( 1
and
= 7'(n-1/2)2/logt
4= log Z
we have that
$___Cor 1. 1, a? 1
n=0 I’Zn(p’ q) +2(—q)n 8 2 log(_a / ﬂ) (log(—a / ﬂ))z e21r 2/ log(-a/f) _ 2 ’
had ( q n+1/2 e J" -\/Z-
2 Upr(0, 9)-2-qy" 2 148~ Alog(-a/P)* 2log(-alp)’
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and

i (=9 1 1
V@, 9 -2(-q)" 24 2log(-a/p)

472 1 1 1
+ 2 2 - 2 += |
3(log(~a/ B\ g7 log(-alp) L9 G2r*llog(-alf) _o 8

Clearly, some of the estimates obtained in this section are the generalizations of [1] and [2],

respectively.
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A DYNAMICAL PROPERTY UNIQUE TO THE LUCAS SEQUENCE

Yash Puri and Thomas Ward

School of Mathematics, UEA, Norwich, NR4 7TJ, UK
(Submitted March 1999-Final Revision September 2000)

1. INTRODUCTION

A dynamical system is taken here to mean a homeomorphism
fX—->X
of a compact metric space X (though the observations here apply equally well to any bijection on
a set). The number of points with period » under fis

Per,(f)=#{xeX|f"x=x},
and the number of points with least period 7 under fis
LPer,(f) = #{x € X |#{f*x}, ., =n}.

There are two basic properties that the resulting sequences (Per,(f)) and (LPer,(f)) must satisfy
if they are finite. First, the set of points with period 7 is the disjoint union of the sets of points
with least period d for each divisor d of , so

Per,(f) = LPer,(f). ¢))

din

Second, if x is a point with least period d, then the d distinct points x, f(x), £2(x), ..., f*(x) are
all points with least period d, so

0<LPer,(f)=0 modd. 2
Equation (1) may be inverted via the Mbius inversion formula to give

LPer,(f)= Zp(n /d)Pery(f),

din
where u(-) is the Mobius function defined by
1 ifn=1

u(m) =40 if n has a squared factor, and
(1) if nis a product of r distinct primes.

A short proof of the inversion formula may be found in Section 2.6 of [6].
Equation (2) therefore implies that

0< Z,u(n/d)Perd(f) =0 modn. 3)
d|n
Indeed, (3) is the only condition on periodic points in dynamical systems: define a given sequence
of nonnegative integers (U,) to be exactly realizable if there is a dynamical system f: X —> X
with U, = Per, (f) for all n>1. Then (U,) is exactly realizable if and only if

0<Y p(n/d)U,; =0 mod nforall n>1,
din
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since the realizing map may be constructed as an infinite permutation using the quantities
1
7 Z unld)U,
din
to determine the number of cycles of length n.
Our purpose here is to study sequences of the form
Uyy=U,n+U, n2l, U=a,U,=b a,b20 6))
with the distinguished Fibonacci sequence denoted (F,), so
U,=aF, ,+bF, | forn>3. )
Theorem 1: The sequence (U,) defined by (4) is exactly realizable if and only if & = 3a.

This result has two parts: the existence of the realizing dynamical system is described first,
which gives many modular corollaries concerning the Fibonacci numbers. One of these is used
later on in the obstruction part of the result. The realizing system is (essentially) a very familiar
and well-known system, the golden-mean shift.

The fact that (up to scalar multiples) the Lucas sequence (L,) is the only exactly realizable
sequence satisfying the Fibonacci recurrence relation to some extent explains the familiar observa-
tion that (L,) satisfies a great array of congruences.

Throughout, » will denote a positive integer and p, g distinct prime numbers.

2. EXISTENCE

An excellent introduction to the family of dynamical systems from which the example comes
is the recent book by Lind and Marcus [4]. Let
X={x=(x) {0, )% |x, =1=>x,,, =0 forall k € Z}.

The set X is a compact metric space in a natural metric (see [4], Ch. 6, for the details). The set X
may also be thought of as the set of all (infinitely long in both past and future) itineraries of a jour-
ney involving two locations (0 and 1), obeying the rule that from 1 you must travel to 0, and from
0 you must travel to either O or 1. Define the homeomorphism f : X — X to be the left shift,

(f®) =%y forallk eZ

The dynamical system f: X — X is a simple example of a subshift of finite type. It is easy to
check that the number of points of period 7 under this map is given by

Per,(f) = trace(4"), ©

where 4 =[] ¢] (see [4], Prop. 2.2.12; the 0-1 entries in the matrix 4 correspond to the allowed
transitions 0 — 0 or 1; 1 — 0 in the elements of X thought of as infinitely long journeys in a graph
with vertices 0 and 1).

Lemma 2: If b =3a in (4), then the corresponding sequence is exactly realizable.

Proof: A simple induction argument shows that (6) reduces to Per,(f) = L, for n2>1, so the
case a =1 is realized using the golden mean shift itself For the general case, let X = X x B,
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where B is a set with a elements, and define f: X — X by f(x,y) =(f(x),y). Then Per,(f)=
a x Per,(f), so we are done. O

The relation (3) must as a result hold for (Z,).
Corollary 3 Zan#@m/d)L;=0 modnforalln>1.

This has many consequences, a sample of which we list here. Many of these are, of course,
well known (see [5], §2.IV) or follow easily from well-known congruences.

(a) Taking n = p gives

L,=F, ;+3F, ;=1 modp. @
(b) It follows from (a) that
F,;=1modpoF, ,=-2 modp, ®)
which will be used below.
(c) Taking n= p* gives
L, =Ly modp* )

for all primes p and £k >1.
(d) Taking n= pq (a product of distinct primes) gives
Ly, +1=L,+ L, mod pq.

3. OBSTRUCTION

The negative part of Theorem 1 is proved as follows. Using some simple modular results on
the Fibonacci numbers, we show that, if the sequence (U,) defined by (4) is exactly realizable,
then the property (3) forces the congruence b = 3a mod p to hold for infinitely many primes p, so

(U,) is a multiple of (L,).
Lemma 4: For any primep, F, ;=1modpif p=5m+2.

Proof: From Hardy and Wright (see [2], Theorem 180), we have that F,,; =0 mod pif p=
Sm+2. The identities Fp,; = 2F,_+F, , =0 mod p and (7) imply that F,_;=1modp. O

Assume now that the sequence (U,) defined by (4) is exactly realizable. Applying (3) forna
prime p shows that U, —U, = 0 mod p, so by (5), aF, ,+bF, ;=a mod p. If pis 2 or 3 mod 5,
Lemma 4 implies that

(Fp2—Da+b=0 mod p. (10)

On the other hand, for such p, (8) implies that F,_, = -2 mod p, so (10) gives b =3a mod p. By
Dirichlet's theorem (or simpler arguments), there are infinitely many primes p with p equal to 2 or
3 mod 5, so b =3a mod p for arbitrarily large values of p. We deduce that b = 3a, as required.

4. REMARKS

(a) Notice that the example of the golden mean shift plays a vital role here. Ifit were not to
hand, exhibiting a dynamical system with the required properties would require proving Corollary
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3, and a priori we have no way of guessing or proving this congruence without using the dynami-
cal system.

(b) The congruence (7) gives a different proof that F, ;=0 or 1 mod p for p=2,5 If
F, 1= a mod p, then (7) shows that F,_, =1-3a mod p, so F, =1-2a. On the other hand, the
recurrence relation gives the well-known equality

.F‘p_sz =F2_1+1

(since p is odd), so 1-5a+6a* = a®+1, hence 5(a*—a)=0 mod p. Since p # 5, this requires
that @ =a mod p, so =0 or 1.

(c) The general picture of conditions on linear recurrence sequences that allow exact realiza-
tion is not clear, but a simple first step in the Fibonacci spirit is the following question: For each
k >1, define a recurrence sequence (U®) by

k) gk k k
U(+)k - Ur(x+)c~l + Ur(1+)k—2 Foeet Ur(x )

n
with specified initial conditions UJ(") =a; for 1< j<k. The subshift of finite type associated to
the 0—1 & x k£ matrix

111 11
100 .. 00
o[0T 0 .00
0 0 1 00
00 ..0710

shows that the sequence (US") is exactly realizable if @, =2/ —1 for 1< j <k. If the sequence is
exactly realizable, does it follow that a; = C(2’ -1) for 1< j <k and some constant C? The spe-
cial case k =1 is trivial, and k¥ =2 is the argument above. Just as in Corollary 3, an infinite family
of congruences follows for each of these multiple Fibonacci sequences from the existence of the
exact realization.

(d) We are grateful to an anonymous referee for suggesting the following questions. Given
a dynamical system f : X — X for which the quantities Per,(f) are all finite, it is conventional to
define the dynamical zeta function

£ =exp (i f,}Per,,cf)),

which defines a complex function on the disc of radius

1/1lim sup Per,(f)"".
n—»
It is a remarkable fact that for many dynamical systems—indeed, all "hyperbolic" ones—the zeta
function is a rational function. For example, the golden mean subshift of finite type used above
has zeta function ;=L—. There are also sharp results that determine exactly what rational func-
tions can arise as zeta functions of irreducible subshifts of finite type or of finitely presented
systems—these are expansive quotients of subshifts of finite type. A simple application of Theo-

rem 6.1 in [1], which describes the possible shape of zeta functions for finitely presented systems
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shows that the sequence a, 3q, 4a, 7a, ... can be exactly realized by an irreducible subshift of finite
type ifand only if a = 1.

It is possible that the recent deep results of Kim, Ormes, and Roush [3] may eventually pro-
vide a complete description of linear recurrence sequences that are exactly realized by subshifts of
finite type.
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ON THE GENERALIZED LAGUERRE POLYNOMIALS

Gospava B. Djordjevié
University of Ni§, Faculty of Technology, 16000 Leskovac, Yugoslavia
(Submitted March 1999)

i. INTRODUCTION

In this note we shall study two classes of polynomials {g} ,(x)},oy and {#; . (x)},.y. These
polynomials are generalizations of Panda's polynomials (see [2], [3]). Also, these polynomials are
special cases of the polynomials which were considered in [4] and [5]. For m =1, the polynomials
{g, .(x)} are the well-known Laguerre polynomials L7 (x) (see [6]), i.e.,

gna(x) = L7 (). (1.0)
In this paper the polynomials {g; ,(x)} and {h; ,(x)} are given by

xt

Fle,f)=(1-1") e " =3 g?  (o)e" a.n
and "
Gx, 1) = (1+17) %€ #7 = 3 12 (0)e". (1.2)

Using (1.1) and (1.2), we shall prove a great number of interesting relations for {g; ,(x)} and
{h, »(x)}, as well as some mixed relations.

2. RECURRENCE RELATIONS AND EXPLICIT REPRESENTATIONS

First we find two recurrence relations of the polynomials {g,, ,,(x)}.
Differentiating (1.1) with respect to 7, we get
.
IF(x,0) _ (A-t"yte =" (amt™ ! — amt*™ ! — x — x(m - 1)e™) ‘
ot . 2.1)
=(1-1") ngl ()"
n=1

By (2.1) and from (1.1), we obtain the following recurrence relation:

Ngy (%) = (1= 1) 85, m(X)

272
= (g™ ()= 85D ()~ K82 () + (m— DI (). @2

Again, from (1.1) and (2.1), we get
ngt () = —(g s () + (M= D1 () o)

+ (m(a - 2) + 2n)g:—m, m(x) - (m(a - 2) + n)gr[:—Zm, m(x)’ nz2m.

Corollary 2.1: 1f m=1, then (2.2) and (2.3) yield the corresponding relations for Laguerre poly-
nomials:
nLH(x) = (n - DIZi(x) = (@ - X)Ly (x) — aL;,_y(x)
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and
nLi(x)=Q2n+a-2-x)L;_(x)-(n+a-2)L;_,(x), n>2.
In a similar way, from (1.2), we get the following relations:
nhy (%) = (m=Dxhi2L, (%) —amhit, ()~ xh3E (x), n=m,

and

nhy (6) = X(m =Dy, 5 (%) = Xy (%)

- (2n+am-2mh;_,, ,(x)—(n+am-2mh;_,, .(x), n=m.

Starting from (1.1) and (1.2), we get the following explicit representations of the polynomials
{gn. m(x)} and {h; ,(x)}, respectively:

L i CEa

&n.n(¥) = ; il(n—mi)! 24)
and
L i R
By, () = go o) X" 2.5)
Corollary 2.2: 1f m=1, then (2.6) is the explicit representation of the Laguerre polynomials:
- L ()" (a+n-i);
Ja 1 x) = ( - i Lyn=i
" () g il(n—1)!
Now, differentiating (1.1) with respect to x, we get
Dg:,m(x) = —ggfll,m(x)’ nxl (26)
If we differentiate (2.6), with respect to x, k times, we obtain
Dkg:,m(x) = (_l)k nrlf,m(x)> nxk. (27)

Corollary 2.3: Using the idea in [1], from (2.2) and (2.6), we get
(n—xD)g; ,(x) = (n—m+x(m—-1)D)g;_,, () +amD(grs1-2m, m(X) ~ &ri1-m, m(X)).
For m=1 in the last equality and from (1.0), we get
(n+(a—x)D) &7} (x) = (n—1+aD) 27}(x).
In a similar way, from (1.2), we have

DH;, ,(x) = —h3* ,(x)

n—-1,m

and
D'y, )= ()R (%), n>s.

n—-s,m

3. SOME IDENTITIES OF THE CONVOLUTION TYPE

In this section we shall prove some interesting identities related to {g, ,(x)} and {A; ,(x)}.
First, from (1.1), we find
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(x+y)t ©

F(e,0)-F(y,)=(1-1"y%e " =Y 2 (x4 )",

whence we get

Zgn—l m(x)gam(y) gn m(x+y)

Theorem 3.1: The following identities hold:

[nim) n—mj n=i=mj (o, i _ 4,7
a Y n—i—-mj),;
&)= 2, ’

== Je-i-m))!

grm(X+);
ZDsgn——l m(x)Dsga 0= gﬁa}?sm(x +y), n=2s,

ZD"g o mOD RS (%) = g%, 1n(2%), n22k;

[(n—k)/m)] (k)

Iga—k-—mt 2m(2x) (— )kzgﬂjl]ik m(x) i, m(x);

i=0

[(n—k)/m] k), k +e
( l)l |Igr7—k—m1 2m(2x) = (_1) z h::—'_k m(x)g,‘-f m(X);

i=0
Zgn_, (V&L (%) = gy (2%).
i=0

Proof: From (3.1), we have

Y »

(1-1")y e = =elt” Zgz ' (x+ ),

whence

g)ngm(xw - (ZO )@ (¥) (—t'”)"]@gﬁf‘m(x +y)t").

(3.1)

(.2)

(3.3)

(3.4)

(.5)

(3.6)

(.7)

Multiplying the series on the right side, then comparing the coefficients to #”, by the last

equality we get (3.2).
If we differentiate (1.1) s times, with respect to x, we find

s __xt
& ‘I;(ﬁ t) ( l)sts(l _ IM)—a—se 1-t™ .

From (a), we get

S°F(x,1) S'F(y,1)
o ay*

- Zgg’a’-’l’-ZS(x+y)tn+25.
n=0

Since

OF(x, 1) IF(p,1) _ > <
. > — Ds a Ds a ln
ooy =% DB DN,
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ON THE GENERALIZED LAGUERRE POLYNOMIALS

and, from (i), it follows that
2 D8y D () = Gren(x+ ), 225,
i=0

The last identity is the desired identity (3.3).
Differentiating (1.2) & times, with respect to x, we get

k _xt_
TIED - Cpptamyete (b)

Then, from (a) and (b), we find
OF(x, 1) o”kG(x 1)

o Z gtk (2x)m, (i)
The left side of (ii) yields
F*F(x, 1) é”‘G(x D o~ kp
D D"h 1"
0"x" 5)6 ;g) g gn-r m(x) i, m(x) (lll)

So, from (ii) and (iii), we get (3.4).
In a similar way, starting from (1.1) and (1.2), we can prove identity (3.5). From (1.1) and
(b), we can prove identity (3.6).
In the proof identity (3.7), we start from
_xt
Fo(x,)=(1-1")y"e =", by (1.1),

and
xt

FP(x,ty=(1-1")ybe =" by (1.1).
So, we obtain
Fo(x,1)-F°(x, 1) = z g:jf,’(Zx)t".
n=0
On the other side, we have

(i g:,m(x)t"](i gf:,,,,(x)t"j =3 gE@u)e

n=0 n=0 n=0

Identity (3.7) follows by the last equality and the proof of Theorem 3.1 is completed.
Corollary 3.1: If m=1in (3.2), (3.3), and (3.7), then we get

n n-j n—r—
Lﬁa—-l(x — (n i- .])1 L2a—l(x+y)’
) ,go Zo Jin—i-j)!
Y DIAD L) = BE e+ ),
i=0
and

ZLn.,(x)L”"‘(x) L (2x),
i=0
respectively.
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ON THE GENERALIZED LAGUERRE POLYNOMIALS

Furthermore, we shall prove some more general results.

Theorem 3.2:
2 gt m(a) - &k () = gl TR (e o0 )5 (-8)
I
Z h::m(xl)'”hi:fm(xk):hr‘:,];mwk(xl-*'"""xk); G.9)
i1+--~+i,‘=n

ST g ) g Y (e h(5)

=0 iy+---+ip=n-s St + =S (3 10)

= Z i,,2m(2x1) gii,lm(zxk)'

it +ig=n
Proof: From (1.1), we get

0
Fa(xy, t) -+ F (i, 1) = 3 gty (o + 2007
n=0

Further, we have the following identity:

0

2 X & () e 8k ()" = D (e X
n=0

n=0 i+ +ip=n
Identity (3.8) follows immediately from the last equality. In a similar way, from (1.2), we can
prove (3.9).
Now we shall prove (3.10). From (1.1) and (1.2), we have

_2(x,+~~~+xk)t
Fxy, 1) F (8, 1) G(xy, 1) -+ G(x,,, 1) = (1= 27y *ae 1=m
So we get

[i Z gi‘:,m(xl) gﬂ,m(xk)t")'(i Z h;,,m(xl) “'hf-,,,m(xk)t")

n=0 ij+--+ig=n n=0 ji+--+jg=n

=Y g (2x e+ 221",

n=0

Comparing the coefficients to #” in the last equality, we get (3.10) and the proof of Theorem 3.2
is completed.

Corollary 3.2: If m=1, using (1.0), then (3.8) becomes
L) L) = L O e ).

i Hig=n
Corollary 3.3: If x,=x,=---=x, =x and a, =a, =---=a, =a, then (3.8) becomes
Y &) g () = g, @3.11)
i+ +ig=n

Corollary 3.4: If m=1, then (3.11) yields
Y LT L) = LY ().

iyt tig=n
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Errata for " Generalizations of Some Identities Involving the Fibonacci Numbers"

by Fengzhen Zhao & Tianming Wang
The Fibonacci Quarterly 39.2 (2001):165-167

On page 166, (10) should be
Z UaUnUg =

a+b+c=n

Ui
2077 -49")
~q"V,(4n* —6n— DU -y + q* (4n® ~ DUp-ze), 12 2.

(=D -2W7U,

Hence, on page 167, (13) should be

F2
FyFyFy =———%t —((n-1)(n-2)I2F,
Z ikt bkt ck 2(Li“4(—1)k)2 (( )( ) %+ nk

a+b+c=n

—(-D¥L,(4n* —6n—A)F,, 1, +(4n* =D F, ), n=2.

In the meantime, line 14 and line 16 of page should be, respectively,

Y FuFuFi =55 (00— D01-DF, - 3(4n ~n=4)Fyyy + (417 = F, ).

a+b+c=n
S BuFyk. = Sio((lsn2 631+ 66)F,,_y + (10n% —36n+44)E), ).
a+b+c=n

Line 19 of page 167 should be: + (4n> —-4)F,_,,), n>2.
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1. INTRODUCTION

Functions defined by Dirichlet series . ja,n~* are interesting because they often code and
link properties of an algebraic nature in analytic terms. This is most often the case when the coef-
ficients a, are multiplicative arithmetic functions, such as the number or sum of the divisors of 7,
or group characters. Such series were the first to be studied, and are fundamental in many aspects
of number theory. The most famous example of these is undoubtedly £(s) =2 #n~° (Re(s) > 1),
the Riemann zeta function. Initially studied by Euler, who wanted to know the values at the posi-
tive integers, it achieved prominence with Riemann, who clarified its intimate connection with the
distribution of primes, and gave it lasting notoriety with his hypothesis about the location of its
ZEeros.

Another class of Dirichlet series arises in problems of Diophantine approximation, taking a,
to be the fractional part of #8, where @ is an irrational number. Their properties depend on how
well one can approximate @ by rational numbers, and how these fractional parts are distributed
modulo 1. The latter is also a dynamical question about the iterative behavior of the rotation by
angle @ of the unit circle. Such functions were defined and studied by Hardy and Littlewood in
[3], and also by Hecke [5], Ostrowski and others.

A Dirichlet series typically converges in a half-plane Re(s) > o,. The first step in retrieving
the information contained in it is to study its possible analytic continuation. Even its existence is
not usually something that can be deduced immediately from the form of the coefficients, however
simple their algebraic or analytic nature may be. For instance, as is well known, {(s) extends
meromorphically to the whole complex plane, with only a simple pole at s=1. In addition, it has
an important symmetry around Re(s)=1/2, in the form of a functional equation, a hallmark of
many arithmetical Dirichlet series. It has "trivial" zeros at —2,—4, -6, ..., and its values at the
negative odd integers are rational, essentially given by the Bernoulli numbers.

The Diophantine series described above also extend to meromorphic functions on C, but
there is no reason to expect a symmetric functional equation. Indeed their poles form the half of a
lattice in the left half-plane. Other series, more fancifully defined, are likely not to extend at all.
For instance, it is known that 3 p~°, where p runs over the primes, cannot extend beyond any
point on the imaginary axis, even though it is formed from terms of X, #~* (Chandrasekharan's
book [1] is a nice introduction to these arithmetical connections, whereas Hardy and Riesz's book
[4] is a good source for the more analytical aspects of the general theory of Dirichlet series).

The function ¢(s) we study in this paper, defined by the Dirichlet series 2 F, *, where F, is
the ™ Fibonacci number, shares properties with both types mentioned above. We will show that
it extends to a meromorphic function on all of C and that it has, like the Riemann zeta function,
"trivial" zeros at -2, —6, — 10, .... However, it has trivial simple poles at 0, —4, -8, .... Again like
£(s), we show that at the odd negative integers its values are rational numbers, in this case
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naturally expressible by Fibonacci and Lucas numbers. In addition, we derive arithmetical expres-
sions for the values of ¢(s) at positive integers.

On the other hand, we also show that ¢(s) is analytically similar to the Diophantine series
with the golden ratio as the irrational number 6. Indeed @(s) has the same "haif-lattice" of poles.
More recently, Grabner and Prodinger [2] describe a "Fibonacci" stochastic process in which
there arise analytic continuations sharing yet again this kind of pole structure, thus adding a third
interesting context in which similar analytic behavior arises. This can be explained by a formal
similarity in the calculations in each case, but it would be interesting to study further if there are
deeper connections between them.

2. FIRST STEPS

The Fibonacci numbers grow exponentially, and, in general, if a >1 and v, are integers with
v, 2 a”, then for o = Res >0 we have the estimate

il v, < i v, < i a " =(a® -1

n=1 n=1 n=1

Hence, the Dirichlet series 2., , v,* defines an analytic function f(s) for o > 0, and furthermore,
7)< Isl(@” -1 = (loga)* L+ 00

as o — 0", so that sf(s) is bounded in every angular sector with vertex at 0 opening into the half-
plane Res>0.

Applying this to the Fibonacci numbers F,, we get an analytic function ¢(s) defined for o =
Re s> 0 by the Dirichlet series X, F,*. It is interesting to express this as a Mellin transform in
the classical manner (see Ch. 4 of [4], for example). This is accomplished by the counting function
D(x)=#{n=>1:F, <x}, which counts the number of Fibonacci numbers less than or equal to x,
where we start with F and count F,=F, =1 twice. Equivalently, ®(x)=max{n>0:F, <x}
(but this is not the same as starting from F; = 0 and counting distinct F;). Then

P(s) = s D(x)xdkx.

Note that ®(x) =0 for 0 < x <1, so the integral actually starts at x =1.

Let N(x)=[log, x+/5], where log,, means the logarithm in base ¢ and [x] is the integer part
of x. Then it is not hard to see that ®(x)= N(x)+5(x), where 5(x)=0,1,—1 and, in fact,
8(x) =1 if and only if x is in an interval of the form [F,,, ¢*"/+/5), n>1, and 8(x) = -1 if and
only if x is in an interval of the form [@?™*!//5, F,,,;). Let E c[1,) be the union of these
intervals. Then m(E) < oo, where m is Lebesgue measure, and thus we have

o(s)=s]; w[——"’lg(f;‘f)]x-’-&ms [ 60 0

The first integral may be calculated explicitly, and defines a meromorphic function on the whole
complex plane. The second integral converges at least for o > -1, since for such o,

IElx“’llcbc = jE x % <m(E) < co.
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In fact, we do not need to calculate the first integral once we realize that approximating ® by N is
equivalent to approximating F,, by ¢” /+/5 in the Dirichlet series. Indeed,

(4 /I ..g }72n+l -
A(s)= ?;L e [ s

0 21\ "¢ 241\~ F
S ] (7
;Zﬂ 2 T L1~ ( N N

—25
:w(s)__l_s—s/Z V4 —
l-¢

for o > 0. Thus,

cs

-1’

o(s) = A(s) +1+-2
@

where ¢ = log¢,(J§) —1. This is an analytic continuation of @(s) to ¢ > ~1, and we see that ¢ has
a simple pole at s =0 with residue 1/log@. In fact, the series expression
A@s)= 2 B (9" 15y
n=2
converges for o > -2, since by the mean value theorem,
|Ey* = (0" 13)| < |F ~(@" 1D supy, sl

=—=_0 —n(o+1) slO —n(c+2) .
J— (™) = Is10(p )
Note also that A(s)—>1 as |s|—> o and s lies in an angular sector at 0 opening onto Res>0.
This is consistent with @(s) —> 2 as |s|—> o in this manner.

Now we proceed to determine the analytic continuation of ¢(s) to a meromorphic function

on C, and determine its poles. From this we will see the reason for this first "jump" from o =0
too=-2.

3. ANALYTIC CONTINUATION

Proposition 1: The Dirichlet series X, F.* can be continued analytically to a meromorphic
function @(s) on C whose singularities are simple poles at s =2k + Z&™8 £ >0 5 e Z, with

logg >
residue (~1)¥52(3¥)/log(p).

Proof: We obtain the full analytic continuation of @(s) by refining the approximation to F,
to a full binomial series

n *np *"p
Fr-|9 =0 | _5pi2pml1_| L
=[5 ser{i2

=5 pl2 np( ( 1)n+l ) =5 pl2 z (i) (__ 1)(n+1)k ¢n( p-2k) .
k=0 (2)
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This expansion is valid for any p € C and principal powers since then (xy)? = xPy? for x,y >0,
and the binomial series converges since @ >1. Substituting this into the Dirichlet series for ¢(s),
we get

o(s) = Z F= 5s/2z Z( ) (~1)FD gn(@+16). 3)

n=1 k=0

The double series (3) is absolutely convergent for o > 0, for we have the estimate

! (—ks) _ ! (—s)(-s-1) ki (-s—k+1)

< |S|(|S|+1)-;!(lSl+k—1)‘Z(ISHkk—l) (- 1)k( iSl)

4

and then

el

2

n2l, k20

(-]-(s )(_ 1)k(n+1) ¢—n(s+2k)

i (- 1)k( |Si) —n(o+2k)

n1, k20

— Z na'(l (D—Zn) 5] < (1 —2)—|slz¢na < 0,
n=1

n=1

8

Interchanging the order of summation, we get, since [p~ 2| = ¢~*?H) <1 for ¢ > 0,k > 0,

09 =573( 7)) 0ty
k=0 n=1

Nk —(s42K)
“53/22( )( )k_l_(_(l_)l)_f_:@_k)_ (5)

- (- 1
=552 ( S) '
Z;.) k ¢s+2k + (_1)k+1

This series converges uniformly and absolutely on compact subsets of C not containing any of the

poles of the functions
1

which are at the points s = -2k + ="~ '(2"+k) for k>0 and n e Z. Thus, they he on the lines o = -2k
spaced at intervals of 13;’;; 5= —2k 1s a pole when £ is even, and s = -2k +;Z- 1s a pole when k is
odd. Here we see the reason for our initial jump from o =0 to o =-2. For any s € C, we have

|p° % 4+ (=1} 2 97+ — 1> @™ for k> 0; hence,

% o1z Zen (ot -oa-gyce

k>ky

for k,> 0, and this bound is uniform when s varies in a compact set. Hence, (5) defines the

analytic continuation of ¢(s) to a meromorphic function on C with simple poles at s, = -2k +
zi(An+k)

D , k>0, neZ. The residue at s,, is easily seen to be
og 9
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55 /2 (_Iikn) (_ l)k 55%:/2 (_ikn)
d s = lo :
ag_ ((0 2k + (— l)‘:.,.l)x=.<)',‘,l g(?)

(©)

4. VALUES AT NEGATIVE INTEGERS

Next, we discuss the values of ¢(s) at the negative integers. We already know that 0, —4,
-8, ... are simple poles.

Proposition 2: @(s) has "trivial" zeros at —m, where m >0, m=2 mod 4, and the values at other
negative integers are rational numbers, which can be expressed in terms of Fibonacci and Lucas
numbers.

Proof: Let m=0 be an integer not a multiple of 4. By (5),

g 1
pm) =53 (7 |-
’; k P +2k +(_l)k+l

and since m € Z*, all terms with & >m are 0, so that this is really a finite sum belonging to
QWS). Let oy = (F)e™™* +(-)**")" and @, = 0}, +0,,_,, so that &, =, ; and

l _ m
PE) =25 a,
k=0
with

m_z—L
p(-m)=5""23 a
k=0

if m is odd. We compute

_(m 1 m 1
T =\ T 4 (—1)FT -k @™ (=) EH

_ (m) 1 N 1
—\k ¢2k—m + (_ 1)k+1 (_ 1)m ¢t(2k—m) + (__ 1)m+k+1

_(m 1 + -1)”
“\k ¢2k—m +(_l)k+1 (D*(Zk—m) +(_1)k+1 >

so that a} = @, if m is even, and aj, = —a, if m is odd, where a* denotes the Galois conjugate in
Q(5). Thus, if m is even, we have o, € Q for all k, and since also 5™ e Q, we see that
@(-m) € Q in this case. Ifm is odd, then e, if of the form a,+/5, where a, € Q, as is also 52,
so that again ¢(—m) € Q. We get further information by carrying through the computation of «, :

o = (m) (_1)m¢2k—m +(___1)m+k+1 +¢*(2k—m) +(_1)k+l
k k (¢¢*)2k—m + (_1)k+1(¢2k-—m + ¢*(2k _ m) + 1)

_ (m) (—1)+ (@) "+ M + () (A+(=D)™)
k PP+ P 4 (A (-D™)

™
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If m =2 mod 4, then this simplifies to &, = (7)(~1)**!, and then

o(-m)=— 5"”’22( )( D=0 (m=>0 even). 3
These may be considered the "trivial" zeros of ¢(s).
If m is odd, then
QP k)
+9
ay “( )( 1)k+1 2k— ¢*(2k—m)
F m F
=J§( ) _lk 2k—m :Jg( ) -1 k+1 m—2kJ
k ( Iﬂk—m k ( ) Lm-2k

where L, = 9" + ¢ is the Lucas sequence 2,1,3,4,7, ..., and both F, and L, are extended to all
nelZ,sothat F,=(-1)"""F, and L_,=(-1)"L,; hence, F,/L_,=—F,/L, forall n=0. Then

1 & (m k41 Fpg
k=0 ‘m—2

All that has been done for the Dirichlet series >, F.~* may be carried out in an entirely anal-
ogous manner for Y- ,(~1)"F,*. Carrying out the corresponding calculations, which amounts to
chasing sign changes in the previous ones, yields the following result.

Theorem 1: The Dirichlet series X, (—-1)"F,” can be analytically continued to a meromorphic
function y(s) on C by the series

The singularities of y/(s) are simple poles at
’s=—2k+M, k>0, neZ,
loge
with residue

153 () ogto).

These are "complementary" to the poles of ¢(s). Thus, —m is a simple pole for integers m >0,
m=2 mod 4. Similarly, w(s) has trivial zeros at —m, where m>0, m=0 mod 4 (note that
w(0)=-1/2). Finally,
< F,
'//(_m) — ¢(_’n) - 5—(m—1)/22( )( 1)k+1 -2k
k=0 m—2k
form>0, m=1mod 2.
In particular, 1(¢(s)—@(s)) analytically continues the series X, 5,5, to a function with
simple poles at

s——2k+ ,k>0,ne”,

log o’
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hence, at all even negative integers. The odd negative integers are trivial zeros of this function.
Similarly, 1(@(s)—@(s)) analytically continues the series X, 5, to a function with the same
singularities, and rational values at the odd negative integers.

5. VALUES AT POSITIVE INTEGERS

Theorem 2: For meN, p(m)=5"2%7, cp™, where the coefficients ¢, are combinations of
sums of powers of divisors of /. In particular, we have the formulas

p()=BY (D + (D' D) o™,

I=1

p@=5 Y DMo(h)e?,

I=0mod 2
o) = 23O - + (D~ g™
=1 ‘

11
pW=2 T (@ UB-oxh)e™ v

I=2mod 4

£25 Y [1 L o gy + CB 1 03([11'2)(0”’,

I=0mod 4

where dik(n) = Zdin, d=i(4) dk’ d, = dil, O’k(n) = Zd!ndk, [l]z = 2ord2(1) is the 2—part of I, and [l]& is
the part of / prime to 2.
- +k-1
@)

Proof: Starting from (2) and
g2 z (m +k— 1) (=Tyengnm20).

Let d = m+ 2k, which ranges over S,, = {d >m:d =m mod 2}, so

5m/2 Z ( ) (__1)11—-— —nd

desS,

we have, for m e N,

Let St ={d>m:s=m mod 4} and S, = {d >m:s=m+2 mod 4}. Then

" d+m=-2 d d+m-2 —nd
Er_m:Sm Z (mil)¢—n +(_l)n Z (m11)¢ nd |

deS;, deS,

To sum over n, we will collect like powers /=nd , so that / runs over all natural numbers and we
restrict to d|/, obtaining

>Fm- 5’”’22( 2 (,;mwl) 2 (D”“(m :)Jw"- (12)

n=1 I=1\d|l,d S, d|l,deS,
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Similarly, we may sum over subsets § of the natural numbers, letting / run over multiples of S,, by
ne§. For example, if m is odd, then the divisors d € S,, are odd, so if we wish to sum over odd
n, then we let / run over odd numbers. If we wish to sum over even », then / runs over even
numbers. If m is even, then the divisors d € S,, are even, so / runs over even numbers. In the
case m=1, we have S ={d >1,d =1 mod 4} and S ={d >1,d =3 mod 4}. The binomial coef-
ficients reduce to 1. Noting that ¥, ;.; 4 (~D"? = (-1)'d/(J), this gives us the formulas:

ZF ~ Jﬁlz () + (D dyD)p™;
S Iy E = J?li«— ' d () +dy(D) o7
n=1 =1

= (13)
Z Fz_nl+1 =5 z (@ ()—ds(D) ¢‘_l;
n=0 I=1mod 2

25l =5 ) d+aD)e™.

n=1 I=0mod 2

Horadam [6] treats other approaches to these and other sums of reciprocals (s =1) of quadratic
recurrence sequences involving elliptic functions (see Proposition 3 below).

x+m=2
neor=(2F)

is a polynomial in x of degree m—1, divisible by x if m is even. Write

m=1
By(X) = ) @X”,
k=0

In general,

where a,, € Q. Then p(m)=5"2X3, cp™, where

clzmz—:lakm( > db+ ) (—l)lldd"). (14)

k=0 d\l,d &S}, kll,deS;,
This observation proves the theorem. 0

To get the specific formulas for fixed /, m, let s, denote the expression in parentheses.
Note that, for odd m, we have sums over divisor classes d =1, 3 mod 4, so the signs do not
bother us:

m-1

G = Zakm( > db -y Y d"J

k=0 \d|LdeS; kil deS;
and the greater difficulty is the size restriction on divisors, d >m. For even m, the signs are more
of a nuisance. The classes S, S,, are of divisors d =0, 2 mod 4. We are summing over even /,
and we write /=2"4 with r >1 and A odd. Then the divisors d|/ with d =2 mod 4 are of the
form d =28 with §|4. Thus, forgetting for the moment about the restrictions on the size of d,
we note that Xy seomeaa @ =250, (1) and Ty 4oy meaa(-)"d* = (-1)"*2%0(4), since 1/d =
A /6 is odd or even according to whether A =1//2 is odd or even.
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The divisors d|/ with d =0 mod 4 are nonexistent if 7 = 1; otherwise, they are of the form
d=2P8, with2< p<r and §|4. Thus,

=3 ¥ sy =2

k
d|l,d=2 mod 4 S|4 p=2 27 -1

k(r+1) _ 22k o (/1)
k

and

S ()M=Y Z’: 2°5) (- 1)2"/’%

d|l,d=2 mod 4 S|4 p=2
r=1
=-»2%5*+3 3 (2°6)F =-2%0,(A).
S|4 S|4 p=2

Putting it all together, we obtain the formulas

2ba (1)~ D dF, 1=2 (4),
dszd,’xfou
P d<m
@ -2, Ydk - TN, 1=0 (4),
d.=_2dnfod 4 d52erlod 4
d<m d<m
if m=2 mod 4, and
(ko (A)+  YdE, 1=2 (4,
ds2dnlmlod 4
d<m
Skim = . Qk(r+D) _ 92k ) y
Yo +E o ()~ Yd - d, 1=0 (),
2" -1 d|l d|l
d=2mod4 d=2mod4
L d<m d<m

if m=0 mod 4, from which we get the formulas in the theorem.

A curious result may be derived from these formulas in the case m =1, which is probably the
subject of Landau's centenary paper [7], to which, unfortunately, the author did not have access.
Let ®(2) = X,z €™z denote Jacobi's theta function. We write also ®(g) = X,z g, for g =™
with Im z > 0. Then,

Proposition 3: The following formula holds for & = {2
V5ol _1Y _of-2Y
Z 53 o5 ) @

Proof: Note that g =g for z=-1/8 (8 is the minimum difference of the poles of ¢(s)
along the vertical lines o =-2k). We have @(g)? = X2, 7,(Dq’, where r,(I) is the number of
representations of / as a sum of two integer squares. Since r,(/) = 4(d,(l) - d,(I)), we have shown

Z Fn_lzﬁ Z nDe™,

n=1mod 2 4 I=1mod 2

and the formula follows from noting that r,(2/) = r,(I) since d,(2/) =d,(/), hence
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0(¢")* =Y (D" = rn2hg*
=0 =0
and so

> n(hd'=0()*-0(¢")* O

I=1mod 2

6. DIOPHANTINE APPROXIMATION

The "Fibonacci zeta function" ¢(s) has much in common with the meromorphic function
obtained by analytic continuation of the Dirichlet series f(s)=X2, %2 (where {x} is the
fractional part of x) studied by (among others) Hecke in [5] and Hardy and Littlewood in [3] and
related papers. Indeed, they show that this function has the same singularities as ¢(s), namely,
simple poles at —2k& + (2;:;2”’ They work with any reduced quadratic irrational «, and it is easily
seen that we have analogous results in that case also. In particular, f(s) and ¢(s) differ by an
entire function. The function @(s) is not in those papers, which have in mind the study of the
distribution of the fractional parts {na} (see also Lang [8]). Hecke mentions that Y., .g#~* also
has an analytic continuation when S is the set of positive integers satisfying {na} < & for a given
£>0. Note that F,,,, €S except for finitely many », but by Weyl's equidistribution theorem
there are infinitely more numbers in S, making these continued functions have an additional pole at
s=1. Comparing (5) with formulas in [5] and [3], we find similar summands multiplied by zeta-
like functions. It would be interesting to obtain more qualitative information. Further questions
about ¢(s) might involve finding nontrivial zeros and studying their distribution, and more prop-
erties of the values @(m) at integers m.
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In our previous report [5], we developed some methods in the study of the line-sequential
properties of the polynomial sequences treated in Shannon and Horadam [9]. In this report, we
work out the properties for the general case and apply them to the Pell polynomial line-sequence
as an example. Some known results are included for completeness, but only new aspects will be
presented in some detail.

1. THE BASIC FORMULAS

Recall that the linear homogeneous second-order recurrence relation is given by
cu,+bu, =u, ., c,b#0, nel; (1.0a)

and a general line-sequence is expressed as

U(c, b):...,ug uy,u_y, Uy, ], 0, 5, u,,...,u, €R, (1.0b)

Uy,
where [u,, #,] denotes the generating pair of the line-sequence.

1. Basis Pair. The basis pair for the general case, that is, without specifying the parametric coef-
ficients b and c, is given by (4.2) and (4.3) in [8]:

Gy o(c,B): ..., (c+b%)/ c*, -b/c,[1,0], ¢, ch, c(c+b7), ..., (1.1a)
Go1(c,b): ..., (c+B%)/ S, -b/c*,1/¢,[0,1],b, (c+b?),.... (1.1b)
Definition 1: Two line-sequences are said to be complementary if they are orthogonal.

Obviously, the pair (1.1a) and (1.1b) are orthogonal and form a set of basis. When c=5b=1,
they reduce to the complementary Fibonacci and the Fibonacci line-sequences, /i, and Fy,
respectively. It is clear that all the line-sequential properties of either a number line-sequence or a
polynomial line-sequence given by the recurrence relation (1.0a) originate from the properties of
this pair. Following are some of the main properties.

2. Translation. The translational relation between the basic pair is given by:
TGy o =¢Gy 1, (1.2a)
where T denotes the translation operation, see (3.1) in [8]. Let g [/, j] denote the n™ term in the

line-sequence G, ;, then, in terms of the elements, (1.2a) becomes

g.ull, 01=cg,[0,1]. (1.2b)
3. Parity. The parity relation of the elements in G, , is found to be
8.1 0]=(-1)"c"Vg [1,0]. (1.3a)
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From (4.9) in [8], the parity relation of the elements in G, , is given by
g.,10,1]=(-)"cg f0,1]. (1.3b)

Applying translational relation (1.2b) to (1.3b), we get (1.3a). In the nomenclature of Shannon
and Horadam [9], parity relation (1.3b) reduces to (1.7) in [1] for ¢= -1 in the case of Morgan-
Voyce even Fibonacci polynomials.

4. Cross Relations. Combining the translational and parity relations, we obtain the following set
of cross relations among the elements of the two basis polynomial line-sequences:

g.,[L0]=(-1)"c"g,,[0,1], (1.4a)
811, 01=cg 510, 1; (1.4b)
or
8.,[0,11=(-D™'c"Vg, ,[1, 0], (1.4c)
g.,00,1]=c""g_,1[1, 0. (1.4d)
S. Geemetrical Line-Sequences. The pair of geometrical line-sequences relating to G, is
given by:
Gy (e, b):...,a?, o\ [Lal, a% &, ..., (1.5a)
G, g(c,b): ..., B ALILALA B (1.5b)
where o and £ are the roots of the generating equation
g*-bg—c=0 (1.5¢)

(ref. (1.7) in [4], with g=0).
6. Binet's Formula. Binet's formula for the G , basis is given by
Gy0 = (=BG, +aGy p)/ (a - f), (1.62)
and for the G ; basis is given by
GO,I:(GLa_Gl,ﬂ)/(a_ﬂ) (1.6b)
(ref. (4.9) in [7]).

7. (General) Lucas Pair. Recall that the line-sequence "conjugate" to G , is the "general" Lucas
line-sequence generated by [2, b], see (4.12) in [8]:

G, (¢, b): ..., Qc+b%) /%, -b/c,[2,b],2c+8%, b(3c+b%), ..., (1.7a)
which reduces to the Lucas line-sequence L, | if c=5b=1. Its complement is
Gy, 5(c,0):...,b(c+2 +b%)/ct, -2 +b%)/c,[b,—2],(c—-2)b, —2c+(c-2)b?,.... (1.7b)
For ¢ =b =1, it reduces to the complementary Lucas line-sequence,

L (LY, ~7,4,-3,[1,-2],-1,-3,-4,-7,.... (1.7¢)
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The orthogonal pair (1.7a) and (1.7b) then form a "(general) Lucas basis" spanning the same
2D space as does the basis pair G, ; and G, |, but with a normalization factor (6% +4)™"2.

8. Decomposition Schemes. Thus, we have the following different ways of decomposing a
given line-sequence, G; ;(c,b): The first is the "basic decomposition" resulting in the basic com-
ponent expression, see (2.9) in [8]:

G, (¢, 8) =iGy,¢(c, b) + jGy,1(¢, b). (1.82)
The second is the "Binet decomposition" the general formula of which is
G, (¢, b) =[-(Bi= )Gy o +(ai= )Gy g/ (@ - ). (1.8b)

Note that the Binet pair G, , and G; 4 does not form an orthogonal pair unless ¢ =1, see (2.8) in
[8].

The third is the "Lucas decomposition," which produces the Lucas component expression,
the formula of which is given by

Gi,j(c: b) =[(2i +b))G, , + (bi - 2/)G, _,1/ (3*+4), (1.8¢c)

where the denominator accounts for the normalization factor.

Since line-sequences G, , and G, _, are complementary, by repeated application of the
vector addition and the scalar multiplication rules, see [8], we obtain the general orthogonal
decomposition formula:

G, (¢, 0) =[(xi + NG, , + (i = X)NG,, .1/ (& + 7). (1.8d)
Putting x =1 and y = -1, and applying the rule for scalar multiplication by —1, we obtain (1.8a);

if we put x =2 and y =b, we obtain (1.8c).
Similarly, for an arbitrary pair of line-sequences G, , and G, ,,, we find

G, ;(c,b) =[-(wi - Z))G, , + (i - x))G, 1/ (yz —wx). (1.8¢)

This is the general decomposition formula. For convenience, we call G, , and G, ,, the pair of
coordinate line-sequences, and their coefficients the respective components. Putting z=y and
w=-x, we get (1.8d); if we put x=2z=1, y=a, and w =, we get (1.8b). Wang and Zhang
[11] adopted a very special pair of coordinates based on their conjugation property: G, , and
G, . Putting x=0, y=1, z=2, and w = b, we obtain

G, j(¢,b) =[-(bi - 2))Gy, 1 +iG, 4]/ 2, (1.89)

which is equivalent to equation (2) in [11]. This decomposition scheme is particularly convenient
to use in treating products of terms because of the conjugation property.

9. Translational Representation. By applying the translational relation (1.2a) to (1.8a), we
obtain the translational representation of a general line-sequence in terms of the first basis,

G, ,(c,b) = (Il + jc"'T)G, o(c, b), (1.9a)
where I denotes the identity translation; or, in terms of the elements, in the second basis:

gL, j1=cig, [0, 1]+ jg,[0,1]. (1.9b)
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10. Binet's Product. Consistent with the multiplication of the corresponding terms in two line-
sequences to obtain their product, we present the following definition.

Definition 2: The product of two line-sequences is defined as the product of the two respective
Binet formulas, and shall be referred to as "Binet's Product." Also, for convenience, exponen-
tiation notation is adopted when it applies.

Note that, except for some special cases, Binet's product does not, in general, constitute a
line-sequence governed by (1.0a). This question will be discussed in a later paper.

In the line-sequential format, we then have

G, Go,1 = (—(BG} ,+aG} p+b(=c)")/ (B* +40) (1.10a)
or, in terms of the elements,
&L, 012,[0, 1] = (cgy, 12, 61+ b(~c)") / (B2 + 4c). (1.100)
The conjugation of Gy ; and G, , (ref. (4.7) and (4.8) in [8]) is then given by
Go,le,b=(G12,a—G12’ﬂ)/(a—ﬂ) (1.10c)

or, in terms of the elements,
gn[O’ l]gn[z; b] = an[O’ 1] (1 . lOd)

This is the general conjugation formula relating the Fibonacci and the Lucas elements. For
c=b =1, it reduces to the basic conjugation relation, £/, = f,,.
The Binet product of G, o and G, _, is somewhat more complex, that is,

Gy,0G,, —, = {[B(Bb + 2)Gf o Fo(ab+ 2)Gf p1+2b(c -G, Gy g} (a - By (1.10e)
or, in terms of the elements,
g,[1,01g,[5, - 21=cf{bcg,, ,[2, b] - 2g,,,[2, b1+ 2b(—c) (c - D]/ (B* +4c).  (1.10f)

When ¢ = b =1, it reduces to the more easily recognizable relation,

fIL 01 [L —21=(1,,,02,1]-21,, ,[2,1]) /5, (1.10g)
which is a set of even terms in the negative Fibonacci line-sequence,
Fy....8-53-2,1-1[0,-1,-1,-2,-3,-5-8, .. (1.10h)

11. Summation. From the recurrence relation, it is easy to show that the general consecutive
terms summation formula is given by

k+n
(B+c=1D 1= Cllpyy + ey + (0= Dot ~ 1y, (1.11a)
i=k
where ik, n>0; i, k,n € Z. We stress that this formula, like (4.3u) in [6], is translationally
covariant. In the harmonic case, b = ¢ = 1, it reduces to the latter. In the case of Jacobsthal num-
bers, it reduces to (2.7) and (2.8) in [3], respectively; in the case of Jacobsthal polynomials, it
reduces to (3.7) and (3.8) in [2], respectively, and so forth.
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A word about the convention. In (4.3u) in [6], the translational degree of freedom is implicit
in that the zeroth element #, may be assigned to any element in the line-sequence. In the current
case, however, we want to assign the zeroth element in the formula to the zeroth element of the
line-sequence in question; for example, in the Pell line-sequence, we want to assign %, = p,, so the
translational degree of freedom lies explicitly in the value of the parameter & chosen.

It is easy to show that the following two equations hold:

k+n k+n

(c- l)z Uy +bZ Ugi_y = CUy(tmy = U1y (1.11b)
i=k i=k
k+n k+n

(c- 1)2 Uyint bz Uy = C(Ug(termyrr — Uag-1)- (1.11c)
i=k i=k

In the harmonic case, (1.11b) reduces to the odd terms summation formula (4.4u), and (1.11c)
reduces to the even terms summation formula (4.5u) in [6], respectively.
Combining (1.11b) and (1.11c), we obtain the general even terms summation formula,

k+n

2t = (€= Dtagranyz = i) = bCQy(ppmyes = 121-1)1/ [(c = 1) = 571, (1.11d)
i=k
and the general odd terms summation formula,

k+n

Z Wiv1 = [c? (u2(k+n)+1 —y_y) — (”2(k+n)+3 — )]/ [(c— 1)? -] (L.11¢)

i=k
12. Translational Operators. By the dual relation of Section 4 in [6], corresponding to for-
mulas (1.11a) through (1.11e), we have the following set of covariant equations of the transla-
tional operators:

k+n
G+c-DY =Tyt Ly +G-DL T, (1.12a)
i=k
k+n k+n
C-DY 5 +b) by = A Lgeny — Dge-ny), (1.12b)
i=k i=k
k+n k+n
(c- 1)2 L +bz L= C(E(k+n)+1 = D), (1.12¢)
i=k i=k
k+n ) )
Z L =l(c- 1)(];(k+n)+2 - L) ‘bc(E(k+n)+x = L)V [(c-1)"-b7], (1.12d)
i=k
k+n ) ) )
Z Lin= [c (E(k+n)+l - 2k—1) - (E(k+n)+3 - T2k+1)]/ [(c- 1) -b"]. (1 . 123)
i=k

13. Simson's Formula. The general Simson formula is found to be

&rull, J18uall, 1= (8,1, J1? = (o) Bij+ci’ - 7). (1.13)

In particular, for the general Fibonacci and the general Lucas pairs,
Z,ull, 01g,4[1,01-(g,[1, 0])* = ~(-¢)", (1.132)
8n1[0, 11,410, 11~ (g,[0, 1)* = ~(=¢)", (1.13b)
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&2, 518,12, 81~ (g,[2, 8]) = (=)' (B” + 4o), (1.13¢)

gn+1[ba - 2] gn—l[b’ - 2] - (gn[ba - 2])2 = _(_c)n_l(sz - bzc + 4) (1 . 13d)

In the case of Jacobsthal numbers, (1.13b) and (1.13c) above reduce to (2.5) and (2.6) in [3],
respectively. In the case of Jacobsthal polynomials, they reduce to (3.5) and (3.6) in [2], respec-

tively, and so forth. From (1.13), it is clear that the significance of Simson's formula lies in its
independence of the index », apart from a sign correction.

2. THE GENERAL LUCAS PAIR

The general Lucas line-sequence G, , is particularly interesting, mainly owing to its being
conjugate to the second basis line-sequence G, ;. In addition to the aforementioned properties, a
few more basic properties are given below.

The basis component expression of G, ;, according to (1.8a), is given by

Gz,b=261,0+bG0,l (21a)
or, in terms of the elements,
8i[2,5]=2g,[1, 0]+ bg,[0,1]. (2.1b)
Substitution of the translational relation (1.2a) into (2.1a) produces the translational representa-
tion of G, , in terms of the first basis,

G, =21 +bc'T)G, o, 2.1c)

which can also be obtained from (1.9a) by putting i =2 and j=5.
The basis component expression of G, _, is given by

Gy, 2=bGy0-2Gy (2.22)
or, in terms of the elements,
8:lb, —2]=bg,[1,0]-2g,[0,1]. (2.2b)
The translational representation in terms of the first basis is then given by
Gy, = (b1 —2¢7'T)G, o, (2.2¢)

which can again be obtained from (1.9a) by putting i =5 and j=-2.
Binet's formula for G, ,, according to (1.8b), is

G 4(6,0) =Gy o+ Gy, (2.3a)
and Binet's formula for its complement is

G, _5(c,0) =[(Bb+2)Gy , +(ab+2)Gy 4]/ (a— ). (2.3b)

Substituting the geometrical line-sequences (1.5a) and (1.5b) into (2.3a) and noting that
aff = —c, we obtain the parity relation of the elements in G, ;, that is,
8_4[2,8]=(-)"g,[2,].

Again in the nomenclature of Shannon and Horadam [9], the parity relation (2.4) reduces to
(1.9) in [1] for ¢ = -1 in the case of Morgan-Voyce even Lucas polynomials.
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Applying the cross relation (1.4a) and the parity relation (1.3b) to the component expression
(1.13b), using the parity relation (2.4), we obtain

gn[z’ b] =2gn+l[0a 1]_bgn[0a 1]7 (25)

which is the general version of the basis representation of the Lucas elements (for c=5=1):
=2 = I

Similarly, from the component expression (2.2b), we obtain
gn[ba - 2] =bcgn—1[oa l] - 2gn[0’ 1]’ (263)

which is the basis representation of the complementary Lucas elements in terms of the second
basis. Note that if we choose to express the elements in terms of the first basis, using the trans-
lational relation (1.2b), we would obtain

g,[b, —2]=-2c""g, . .[1,0]+bg,[1, 0], (2.6b)

which is more symmetrical with (2.5).

3. THE PELL POLYNOMIAL LINE-SEQUENCES

We now apply the formulas obtained in the previous sections to the Pell polynomials and, for
the sake of checking, we also calculate the results independently, that is, without using those
formulas. The results are found to agree in each and every case. The order of development fol-
lows largely that of the previous sections with some minor variations.

The Pell polynomials line-sequence is defined by b =2x, ¢ =1. The basic pair is given by

B o(1,2x): ..., — 4x(1+2x?), (1+4x?), - 2x,[1, 0], 1, 2x, (1 +4x?), .., (3.1a)
By ,(1,2x): ..., —4x(1+2x%), 1+ 4x%, - 2x,1,[0, 1], 2x, (1 +4x?), ..., (3.1b)
where the first one is referred to as the complementary P-Fibonacci line-sequence, or the £ , line-
sequence for short; the second is referred to as the P-Fibonacci line-sequence, or the £, ; line-

sequence for short.
Obviously, they are translationally related, in agreement with (1.2a), that is,

TP o= By, (3.29)
In terms of the elements, this becomes
P.ll, 01= p,[0, 1]. (3.2b)
The parity relation of the elements in F , is given by (1.3a),
P-l1, 01=(-1)"p,[1, 01, (3.3a)
and the parity relation of the elements in £ ; is given by (1.3b),
P[0, 11=(-D""p,[0,1]. (3.3b)

Or, by applying (3.2b) to (3.3b), we also obtain (3.3a).
Combining the translational relations with the parity ones, we obtain the following set of

cross relations among the elements of the two basis polynomial line-sequences, in agreement with
relations (1.4a) through (1.4d):
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P11, 01=(=1)"p,[0,1] (3.42)
P-ilL 01= P[0, 11; ' (3.4b)
or
P[0, 11=(-1D)""p,,[1,0], (.40
P10, 1]= p_¢,-p[1L, 0. (3.4d)
From (1.5a) and (1.5b), the pair of geometrical line-sequences relating to F, , is given by
P L2x):..,a % a|[Lal, o ..., (3.52)
P p(,2x):.., B2 BLILBL BB (3.5b)
respectively, where @ and £ are the roots of the generating equation
q*-2xq-1=0. (3.5¢)
By formulas (1.6a) and (1.6b), Binet's formula for 7 , is
Ro=CpR, a+ah, B/ (a-p), (3.6a)
and for the £ ; is
Ba=(A - pla-p). (3.6b)
From (1.7a) and (1.7b), the P-Lucas line-sequence is given by
P, 5.1, 2%): = 2x(3 +4x%), 2(1 + 2x%), - 2x,[2, 2x], 2(1+2x%), 2x(3 +4x?),....  (3.7a)
Its complement is then
B, 5(1,2x): ..., 2x(3 +4x%), - 2(1+ 2x%),[2x, — 2], - 2%, - 2(1+2x7), ... (3.7b)

These two line-sequences are clearly orthogonal, with a normalization factor [2(1+x?)V2T.
The basis component expression for an arbitrary Pell polynomial line-sequence, according to
(1.8a), is given by

F j(l, 2x) =i, o(1, 2x) + jR 1 (1, 2x), (3.8)

so we have, for the P-Lucas pair:
P, ,.(1,2x) = 2P, y(1,2x) +2xF, 1(1, 2x), (3.8a)
B, _,(1,2x)=2xA ¢(1,2x) - 2F, ,(1, 2x). (3.8b)

It can be easily shown that the general formula of Binet decomposition, in the simpler appli-
cable form for the Pell polynomial line-sequences, is given by

B, j(L2x)=[-i(BR o —aR g+ j(B .~ B pl/ (@-P). (3.9)

Thus, we have
BZ, 2x(1a 2x) = 2[’(ﬂP1, a” aPl, ,B) + x(Pl,a - Pl, ﬂ)]/ ((1 - ﬂ) (393)
By, 2(1,2x) =2[-x(BR o — aP, ) +(F o — B pl/ (- p). (3.9b)

The formula for the Lucas decomposition of an arbitrary Pell polynomial line-sequence,
according to (1.8c), is given by
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P j(1,2) = [ +X))B, 5+ (6i = ) By, )/ 2(14 %), (3.10)

so the component formulas of the basis pair with respect to the Lucas bases are
Po(L26) =B, 5, + Xy, ]/ 2(1452), (3.109)
Py 1(1,2%) = [xB, 5.~ B, ]/ 201+ 5. (3.10)

The conjugation of £, ; and B, ;, by (1.10c), produces
BBy 0= (B~ Bp) (@~ ). (3.11a)
In terms of the elements, this becomes

p,[0,11p,[2, 2x]= p,, [0, 1], (3.11b)

which is the P-version of the conjugation relation £,/ = f,,.
The Binet product of A ; and B, _,, by (1.10e), is found to be
B By, = AB(Px + DB, + alax+ DB (- B (3.122)
In terms of the elements, with a8 = -1, this becomes

pn[l’ 0]pn[2x’ - 2] = (xp2n—2[2’ 2x] - p2n—1[2a ZX]) / 2(1 + x2). (3 : 12b)

From Binet's formula (3.9a), we obtain the following parity relation between the elements of
the P-Lucas line-sequence (3.7a),

Po,[2,2x]1=(-1)"p,[2,2x], (3.13)
which apparently holds true.
The component expression of the P-Lucas line-sequence is given by

By, =2R+2xK) ;. (3.14a)
In terms of the elements, this becomes
Pal2,2x]1=2p,[1, 0]+2xp,[0, 1]. (3.14b)
Applying (3.3b) and (3.4a) and using the parity relation (3.13), we obtain
Pa[2,2x]=2p, [0, 11~ 2xp,[0, 1], (3.14c)

which is the P-version of the relation [, =21, ., - f,.
Substituting the translation relation (3.2a) to the component expression (3.14a), we obtain
the translational representation of the P-Lucas line-sequence,

B o =2(I+xT)F . (3.15)
The component expression of the complementary P-Lucas line-sequence is
B2 =2xR -2k, (3.16a)
In terms of the elements, this becomes
pl2x,-2]=2xp,[1,0]-2p,[0, 1]. (3.16b)

Applying parity relation (3.3b) and cross relation (3.4a), we obtain
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Pu[2x,—2]=-2p,[0, 1]+ 2xp,_,[0, 1], (3.16¢)
which is the complement of the relation (3.14c) in terms of the second basis. Its equivalence in
terms of the first basis is obtained by applying the translational relation (3.2b),

Pa[2%, = 2= -2p, 1, 0] +2xp,[1, 0], (3.16d)
which is more symmetrical with (3.14c).

Substituting the translation relation (3.2a) into the component expression (3.16a), we obtain
the translational representation of the complementary P-Lucas line-sequence,

By =26~ T)R,. 3.17)
The following summation formulas can be verified easily:
k+n
2.8 = Pean+ Prnn +(2x=Dpy = Prul/ 2%, (3.18a)
i=k
k+n
Zp2i-l = (Pagksny — Page-y) 1 2%, (3.18b)
i=k
k+n
Z P2 = Pageanysr = Par-1) 1 2. (3.18¢)
i=k

Formulas (1.11b) and (1.11c) in the general case reduce to (3.18b) and (3.18c), respectively.
The dual relation then gives the corresponding operators equations of translation:

k+n

Z];":[];c-&-n +Tk+n+l +(2x-l)];c "‘7];.;.1]/21?, (3]93)
i=k
k+n
> hie1 = Bygany — Be-n)! 2x, (3.19b)
i=k
k+n
2 h= (Besnysr = Bop-y) 1 2x. (3.19¢)
i=k

For example, let £ = -3 and n =35, then the left-hand side (L.h.s.) of (3.19a) gives

k+n
(Z Tijpl[O, 1]=3+4x%,

i=k

and its right-hand side (r.h.s.) gives [T, + I, + 2x - 1)1 ;- T',1p,[0,1]/2x =3 +4x?%; hence, Lh.s. =
r.hs.
Simson's formulas for the Pell polynomial line-sequence are found to be:

Dol 012,4[1, 01 - (p,[1, 0])* = (=)™, (3.20a)
Pol0, 12,400, 11- (p,[0, 1])* = (-1)", (3.20b)
Panil2,2X1p,4[2,2x1- (p,[2, 2x])* = ()" () (1+x?), (3.20c)
Prnl2%, ~219,.,[2%, ~2]- (p,12%, ~2))" = (-1 (4)(1 + 1?). (3.20d)

For example, let =1 in (3.20d), then Lh.s. = r.h.s. = —4(1+x?).
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Remark: A number of specific problems in this work need to be addressed. For example, as of
this writing, we have not yet found the parity relation of the elements in Gy, 2, as compared to
those in G, ,, see (2.4). Also, as far as this author is aware of, the relation (3.12b) does not seem
to relate to any known line-sequential relation, in contradistinguishing to relation (3.11b), which
relates to the well-known conjugation relation f,/, = f,,. It is also interesting to see, as is pointed
out by the referee, that viewing from the bigger picture, so to say, how this piece of 2D work
relates to the work in the 3D case, as, for example, in the context of [10].
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ENUMERATION OF PATHS, COMPOSITIONS OF INTEGERS,
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1. INTRODUCTION

We study certain paths in the first quadrant from (0,0) to (7, /). These paths consist of
segments from (x,, y,) = (0, 0) to (x,, ) to ... to (x;, ) = (@, j). If we write

Ph=%—Xpt, Gy =Yy~ Vp-1» B=12,..,k,
then p, 20, g, 20, and
Dtpyte g =h gyt =
Thus, the p, form a composition of 7, the g, a composition of ;.

The paths we shall study will have some restrictions on the p, and g,. For exan:ple, in Sec-
tion 3, we shall enumerate paths for which

a,<py<b, a,<q,<b, h=12,. .k k21,
wherea, 21,a,21.
2. COMPOSITIONS
A composition of a nonnegative integer » is a vector (p,, ..., p;) for which
ptpytetp=n, p,20.

Note that the order in which the p, are listed matters. Each p, is called a part, and k, the number
of parts. Let c(n, k,a,b) be the number of compositions of » into k parts p, witha<p, <b. It

is well known that
_(n+k-1
c(n,k,O,oo)—( k-1 )

On subtracting a from each part, it is easy to see that
c(n, k,a,0)=c(n—ka,k,0, oo)=(n—klfjlk—l). 1)
With a =1, this gives the number of compositions of » into % positive parts,
ot k19 =(77])

and the number of compositions of # into positive parts,

Y e k,1, w)=l§(;,':{)=zﬂ.

k=1
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3. SOME RESULTS ON PATHS

Theorem 1: Suppose a,, b, a,, b, are integers satisfying 1<a, <b and 1<a,<b, Let
7(0,0)=1,and for i >0 and Jj=20 but noti=j=0,let 7(i, j) be the number of paths satisfying

<py<b, and a,<q,<b, @
forh=1,2,..,k and k=1,2,... min(i, j). Then
o minG )
T(l’ -]): Zc(l’ k’ a.x7b )c(]’ k’ y’ )' (3)
k=1

Proof: Suppose 1<k <min(7, j). Corresponding to each path of the sort described in the
introduction satisfying (2) is a composition of 7 into & parts and a composition of j into & parts
satisfying (2), and conversely.

There are c(1 k,a,,b) such compositions of i and c(j, k,a,,b,) such compositions of j,
hence c(i, k, a,, b,)c(j, k, a,, b,) such paths consisting of k segments. Summing over all possible
numbers of segments yields (3). 0

Corollary 1.1: The number of paths T, ) with p, >a,, q,>a, (where a, 21, a,>1)is

3 y—
min(i, j) /. .
. i—-ka +k-WN\j—ka,+k-1
TG, )= 2, ( k-1 )(J k-1 )

k=1
Proof: Let b, = and b, = 0 in Theorem 1. O

Lemma 1.1: If I and J are nonnegative integers, then

2(EE-(7) = Z0%)=0)

Proof: The assertions clearly hold for / =.J=0. Suppose that 7 +J >1 and that both iden-
tities hold for all /’ and J' satisfying I'+J’' <I+J. Then

S0 £06-) 0
(M)

I Y () YD () )
(55

Although both of the identities in Lemma 1.1 are needed inductively in the foregoing proof,
only the first identity will be used below.

and

Corollary 1.2: The number T, ) of paths satisfying p, 21, g, > 1is given by
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o (i+j-2
ra.0=("77%)
Proof: Put a, =1, a,=1in Corollary 1.1, and apply Lemma 1.1. [

Theorem 2: The number T, j) of paths satisfying p, 21, g, > 0 is given by
R . S(i-1\(j+k-1
76.) = Yet,k Lok k0. =3 (1) (7147
k=1 k=1

Proof: The method of proof is essentially the same as for Theorem 1. Here, however, the
greatest k for which there is a path for which all p, >1 is i, rather than min(7, j). O
The array of Theorem 2 is of particular inierest; for example:
(A) TG,0)=2""fori=1;
B) TG, D=G+1)2 2 forix1;
© Z TG, j)=F,, for nx=1, i.e., antidiagonal sums are Fibonacci numbers;
2020
(D) Z (-1 TG, j)=E, for n>1, i.e., alternating antidiagonal sums are Fibonacci numbers;
20,750
(E) the diagonal T(n,n—1)=(1, 3,13, 63,321, ...) is the Delannoy sequence, A001850 in [1];
(F) the diagonal T(n,n) = (1, 1,4,19, 96, 501, ...) is the sequence A047781 in [1].
We leave proofs of (A)-(F) to the reader, along with the determination of the position and magni-
tude of the maximum number M, in the n™ antidiagonal of 7. The first fourteen values of M,
are 1,2, 4, 8, 20, 48, 112, 272, 688, 1696, 4096, 10496, 26624, 66304. One wonders what can
be said about lim,_, , M, /F,,. Initial terms of the sequences in (A)-(F) appear in Figure 1.
The T(i, j) given in Theorem 2 are determined recursively by 7(0,0)=1, 7(0, j)=0 for
j=1, TG 0)=2""fori>1, and

i-1 J
16, j)=3 3 Tk, D). @)
k=0 1=0

To verify (4), note that each path with final segment terminating on (7, j) has penultimate seg-
ment terminating on a lattice point (A, s) in the rectangle

R ,:={0,1..,i-1}x{0,1,.., j}.

Therefore, the number of relevant paths from (0,0) to (7, j) is the sum of the numbers of such
paths from (0, 0) to a point in R, ;.
More generally, all arrays as in Theorems 1 and 2 are determined recursively by

TG, )= D, T(hs)foriz2and j=1,
(h,s)eR, ;

where initial values and lattice point sets R, ; are determined by (2) or other conditions.
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0 1 10 64 328 1462 | 5908 | 22180
‘_‘“"—\
0 1 9 53 253 1059 | 4043 | 14407
0 1 8 43 190 743 2668 | 8989
. P
) 1 7 34 138 501 1683 | 5336
o 1 6 26 96 321 1002 | 2972
ou < o
0 1 5 19 63 192 552 1520
o]
o] 1 4 13 38 104 272 688
] [
0 1 3 J 8 20 48 112 256
[
1 1 2 4 8 16 32 64
[og O © O O

FIGURE 1. p,>1, q;, >0 (see Theorem 2)

4. RESTRICTED HORIZONTAL COMPONENTS

Suppose m>2. In this section, we determine 7(/, j) when 1< p, <m and g, >0. By the
argument of Theorem 2,
i i .
. . . _ . j+k-1
T(l: .]) - ;10(1’ k’ 1’ m)C(j, k: O, w) - kz=ic(l’ k; 1’ m)( k -1 ):
where (i, k, 1, m) is the number of compositions of 7 into k positive parts, all <m. By the remarks

at the end of Section 3, the numbers 7(i, j) are determined recursively by 7(0,0) =1, 7(0, j))=0
for j>1, T(,0)=2""fori=1,2,...,m, and

i-1
TG, )= Y, Y2 TkD. &)
k=i-m 1=0
Values of T(i, j) for m=2 are shown in Figure 2.

In Figure 2, the antidiagonal sums (1,1,3,7,17,41,99,...) comprise a sequence that appears
in many guises, such as the numerators of the continued-fraction convergents to V2, (See the
sequence A001333 in [1].)

Also in Figure 2, the numbers in the bottom row, 7(7, 0), are the Fibonacci numbers. Since
the other rows are easily obtained via (5) from these, it is natural to inquire about the bottom row
when m > 3; we shall see, as a corollary to Theorem 3, that the m-Fibonacci numbers then occupy

the bottom row.
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© O
0 1 10 63 309 1290 | 4797 16335
0 1 9 52 236 918 3198 10248
v}
0 1 8 42 175 630 2044 6132
‘4 2
0 1 7 33 128 | 413 1239 | 3458
> o}
0 1 [ 25 85 255 701 1806
& o}
0 1 5 18 54 145 361 850
o}
5
0 1 4 12 31 73 162 344
>
0 1 3 7 15 30 58 109
< < o4
1 1 2 3 5 8 13 21

FIGURE 2. Enumeration of Paths Consisting of Segments
with Horizontal Components of Lengths 1 or 2

Lemma 3.1: Suppose m>1. The number F(m,n)=2}_, c(n, k,1,m) of compositions of » into
positive parts <m is given by:
FLmy=1forn>1;
F(mn)=2""for1<n<m, m>2;
Fmny=Fmn-D+Fmn-2)+--+Fmn-m)forn>m+1=3.

Proof: For row 1 of the array F, there is only one composition of » into positive parts all
<1, namely, the n-dimensional vector (1,1, ..., 1), so that F(1,n)=1 for n>1. Now suppose that
the row number m is =2 and 1<n<m. Then every composition of » has all parts <m, and
F(m,n)=2""1.

Finally, suppose n>m+12>3. Each composition (p,, p,, ..., p,) of m into parts all <m has a
final part p, that will serve our purposes. For u=1,2,..., m, the set

k
S, ={(p1,p2,...,pk):1$p, <mfori=12,..k Zp,- =n, P =u}
i=1
is an obvious one-to-one correspondence with the set of compositions (p,, p,, ..., p,_,) for which
l1<sp<m fori=12,...,k-1 and Zf‘;ll p, =n—u, of which, by the induction hypothesis, there
are F(m,n—u). Thesets S,, S,, ..., S,, partition the set of compositions to be enumerated, so that
the total count is F(m,n—1)+ F(m,n—2)+ -+ F(m,n—m). O
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Theorem 3: Suppose m21. Then the bottom row of array T is given by 7(i, 0) = F(m,i+1) for
i20.

Proof: We have T(0,0)= F(m,1)=1. Suppose now that i >1. The sum in (5) and initial
values given with (5) yield

si—1 . .
76, 0) = 2 if 1<i<m,
TG-mO0)+ TG -m+1,0)+--+ TG -1,0) ifi>m+1,
and by Lemma 3.1,
Fm,i+1) = 2 if0<i<m-—1,
F(m,i)+F@m,i—1)+---+F(m,i+1-m) ifi>m.

Thus, the initial values and recurrences of the sequences {T(i, 0)} and {F(m,i +1)} are identical,
so that the sequences are equal.

REFERENCE

1. Neil J. A. Sloane. Online Encyclopedia of Integer Sequences. http://www.research.att.com/
~njas/sequences/
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NEW PROBLEM WEB SITE

Readers of The Fibonacci Quarterly will be pleased to know that many of its problems can now
be searched electronically (at no charge) on the World Wide Web at

http://problems.math.umr.edu

Over 20,000 problems from 38 journals and 21 contests are referenced by the site, which was
developed by Stanley Rabinowitz's MathPro Press. Ample hosting space for the site was gener-
ously provided by the Department of Mathematics and Statistics at the University of Missouri-
Rolla, through Leon M. Hall, Chair.

Problem statements are included in most cases, along with proposers, solvers (whose solutions
were published), and other relevant bibliographic information. Difficulty and subject matter vary
widely; almost any mathematical topic can be found.

The site is being operated on a volunteer basis. Anyone who can donate journal issues or their
time is encouraged to do so. For further information, write to:

Mr. Mark Bowron

Director of Operations, MathPro Press
P.0. Box 713

Westford, MA 01886 USA
bowron@my-deja.com
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SOME IDENTITIES FOR THE GENERALIZED FIBONACCI
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1. INTRODUCTION

In this paper, we consider the generalized Fibonacci and Lucas functions, which may be
defined by
a* - ei:rx ﬂx
U(x)=>"—-"-"-2=— 1
=== 7 M
V(x)=a®+e™p", @
where a = (p+A)/2, B=(p-+JA)/2>0, A=p?-4q, p and q are integers with ¢ > 0, and x
is an arbitrary real number. It is clear that U(x) = F(2x) and V' (x) = L(2x) when p=3 and g =1,
where F(x) and L(x) are the Fibonacci and Lucas functions, respectively (see [2]).
In [2], R. André-Jeannin proved that well-known identities for Fibonacci and Lucas numbers
are again true for F(x) and L(x). Basic results regarding these topics can be found in [1]. Some
special cases of the functionts U(x) and V(x) are treated in [4] and referred to in the Remark in

[8]. The aim of this paper is to establish some identities for U(x) and V' (x). We are interested in
calculating the summation of reciprocals of products of U(x) and V'(x).

and

2. MAIN RESULTS

From the definitions of the generalized Fibonacci and Lucas functions, we can obtain the
main results of this paper.

Theorem: Assume that n, r, and s are positive integers, and x is an arbitrary real number. Then

i ein'(k-—l)rx q(k—l)rx _ U(nrx) 3
= U(lrx —rx +sx)U(krx +sx)  U(rx)U(sx)U(sx +nrx) ®)
and
n eilr(k-—l)rx q(k—l)rx B U(nrx) 4
,Z:, V(sx +krx—rx)V(sx +krx) ~ U(rx)V(sx)V(sx+nrx)’ @)

Proof: From (1) and (2), it is easy to verify that U(x) and V' (x) satisfy

V(sx) V(sx+rx) _ 2e™¢™U(rx) s
U(sx) U(sx+rx)  U(se)U(sx +7x) )

and

U(sx) U(sx+rx) _ 2™ ¢™U(rx) ©)
V(sx) V(sx+rx) V(sx)V(sx+rx)

In (5) and (6), replacing s by s, s +r, s+2r, ..., s+ (n—1)r, and adding the results we can obtain
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zn: m(k l)ncq(k Drx e—ifrsxq—sx(V(sx) ~ V(sx+nrx))
S U(sx+krx—ro)U(sc+h) . 20(x) \U(se)  Ulsx +7rx)
and
ifr(k Drx

i q(k-—l)rx e—irrsxq—sx ( U(SJC) _ U(Sx + nrx)
S V(sx+hkrx—r)V(sc+kx)  2U@x) \V(sx) V(sx+mrx))

From (5) and (6), we can prove that the equalities (3) and (4) hold. O

Remark: From (1) and (2), we can show that the following relations are valid:
V(2rx)— ei”(’“s)xq("‘)xV(st) =AU(rx — sx)U(rx + sx);
V(2rx) +e™ % g =9 (25%) = V(rx — sx)V (rx + sx);
U(rx) — e™=92qr=97 2 (sx) = U(rx — sx)U(rx + 5x);
V2(rx) — e~ 9%qr=9xy Y (sx) = AU (rx — sx)U(rx + 5x).

From (7) and (8), we have

inkrx Jkrx n inkrx krx

> - =3 AT et
& V(2krx +1x +25x) — 7RG (1) AU (krx + sx)U(krx +rx + 5x)

k=0

and

inkrx krx izkrx krx
e g €9

V(2er +7x + 2.5‘3(?) + eur(sx+er)qsx+erV(rx) = V(er + .S'X)V(er I sx) .

M:
M:

By the method used to obtain (3) and (4), we obtain the equalities

n inkrx krx U(nrx +I'X)

€ 9q
,é) V(2krx +rx +2s%) — o TR (1)~ AU (rx)U(sx)U (% +nrx +7x)

and
merqer U(nrx + I'X)

V(2krx + 1% + 25%) + gy ey = U)W (sx)V (sx +nrx +7x)

M.~.

Using (9) and (10) and applying the method used to obtain (3), we obtain the equalities

n-1 e217rerq2k7x U(2nrx)
& U (2krx +1x + 5x) — @7 I g2 () = U@m)U(sx)U(sx + 2nrx)

and
n e2mer q2er U(znrx)

kz() V2(2krx + rx + 5x) — €7 UR) g AUy 2 (1) = AU@re)U(sx)Ul(sx +2nrx) -

Letting x be a positive real number and |§| <1, dueto

Ume) _ 1 Umx) __1
A T - @ ™ T rr) - JAa™

we immediately have the following corollary.

(M
®
®)
(10)

Corollary: Suppose that r and s are positive integers, and x is a positive real number. If | gl <1,

then we have

2001]
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eirr(k—-l)rx q(k—l)rx 1

kZ=IU(Sx+kVX“"x)U(sx+km) " V() U(sv)

and
em(k—l)rxq(k—l)rx 1

:él Visc+hre—m)V(sc+ k) JA@"U(re)V(sx)’

We note that formulas (3.3), (3.4), (3.5), (3.6), (3.9), and (3.10) in [6] are special cases of
the Theorem and the Corollary.

Valuable references connected with the main results of this paper are [3], [5], and [7].

Finally, we give some special cases of the Theorem and the Corollary. If p=3 and g=1 in
(3) and (4), we obtain

z eirr(k—l)rx _ F(2nrx)
o FRhkrx —2rx +2sx)F (2krx +2sx)  F(2rx)F(2sx + 2nrx)

and

i g/ k=Drx _ F(2nrx)
o LQ2krx — 2rx + 25%) L(2krx +2sx)  F(2rx)L(2sx) L(2sx + 2nrx)

If p=3, g=1, and x =1 in the Corollary, we have

0 (_ 1)(k-—1)r 3 2s
,;_1 F(2s+2kr —2r)F(2s+2kr) ~ (3+/5)°F(2r)F(2s)

and

o (_ l)(k—l)r a oX
k; L(2s+2kr —2r)L(2s+2kr) ~ /53 +/5)° F(2r)L(2s)
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1. INTRODUCTION

For arbitrary positive integer 7, numbers of the form D, = (a”- ")/ (a - ) are called the
Lucas numbers, where o and B are distinct roots of the polynomial f(z)=2z2—Lz+M, and L
and M are integers that are nonzero. The Lucas sequence (D): D,, D, D, ... is called real when
a and B are real. Throughout this paper, we assume that L and M are coprime. Each D, is an
integer. A prime p is called a primitive divisor of D, if p divides D, but does not divide D,, for
O0<m<n. Carmichael [2] calls it a characteristic factor and Ward [9] an intrinsic divisor. As
Durst [4] observed, in the study of primitive divisors, it suffices to take L >0. Therefore, we
assume L > O in this paper.

In 1913, Carmichael [2] established the following.

Theorem 1 (Carmichael): If o and f are real and n# 1,2, 6, then D, contains at least one primi-
tive divisor except when n=12, L =1, M =-1,

In 1974, Schinzel [6] proved that if the roots of f are complex and their quotient is not a root
of unity and if 7 is sufficiently large then the n™ term in the associated Lucas sequence has a
primitive divisor. In 1976, Stewart [7] proved that if #=5 or n> 6 there are only finitely many
Lucas sequences that do not have a primitive divisor, and they may be determined. In 1995,
Voutier [8] determined all the exceptional Lucas sequences with 7 at most 30. Finally, Bilu,
Hanrot, and Voutier [1] have recently shown that there are no other exceptional sequences that
do not have a primitive divisor for the n term with » larger than 30.

The aim of this paper is to give an elementary and simple proof of Theorem 1. To prove that
Theorem 1 is true for all real Lucas sequences, it is sufficient to discuss the two special sequences,
namely, the Fibonacci sequence and the so-called Fermat sequence.

2. A SUFFICIENT CONDITION THAT D, HAS A PRIMITIVE DIVISOR

Let n>1 be an integer. Following Ward [9], we call the numbers

Ql =1, Qn = Qn(a) ﬁ) = H(a _e2m‘r/nﬁ) for n>2

1srsn
(r,m)=1
the cyclotomic numbers associated with the Lucas sequence, where «, f are the roots of the
polynomial f(z) =z*>- Lz+ M and the product is extended over all positive integers less than 7
and prime to n. Each Q, is an integer, and D, =I1;, 0,, where the product is extended over all
divisors d of n. Hence, p is a primitive divisor of D, if and only if p is a primitive divisor of 0,.
Lemma 1 below was shown by several authors (Carmichael, Durst, Ward, and others).
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Lemma 1: Let p be prime and let & be the least positive value of the index 7 such that p divides
D,. Ifn#1,2,6 and if p divides 0, and some Q,, with 0 <m <n, then p? does not divide O, and
n=p'k withr>1.

Now suppose that » has a prime-power factorization n = pJ'p ... p/*, where p,, p,, ..., p, are
distinct primes and e, e,, ..., ¢, are positive integers. Lemma 1 leads us to the following lemma
(cf. Halton [5], Ward [9]).

Lemma 2: Let n#1,2,6. A sufficient condition that D, contains at least one primitive divisor is
that |0, |> pip, ... 1.

Proof: We prove the contraposition. Suppose that D, has no primitive divisors. If p is an
arbitrary prime factor of 0,, then p divides some Q,, with 0<m <n. Therefore, p divides » and
p? does not divide O,. Hence, 0, divides pip,...p;, s0 |0,|< pip,...p;. O

Our proof of Carmichael's theorem is based on the following.

Theorem 2: If n#1,2, 6 and if both the ' cyclotomic number associated with z>—z—1 and that
associated with z> -3z +2 are greater than the product of all prime factors of n, then, for every
real Lucas sequence, D, contains at least one primitive divisor.

Now assume that 7 is an integer greater than 2 and that & and f are real, that is, I* —4M is
positive. As Ward observed,

Oi(@, p) =Tla-{"Ba-¢7"P) )
=I((a+p)*-ap(2+{ +¢7), @
where ¢ = e*"/" and the products are extended over all positive integers less than 7/2 and prime

ton. Since ¢+ =L and off = M, by putting 8, =2+¢" +¢7, we have

0, =0,(a, p)=TI(L* - MP,). ®)
Fix an arbitrary n>2. Then (J, can be considered as the function of variables L and M. We shall
discuss for what values of L and M the n cyclotomic number O, has its least value.

Lemma 3: Let n>2 be an arbitrary fixed integer. If & and S are real, then O, has its least value
either when L=1and M =-1orwhen L=3 and M =2.

Proof: Take an arbitrary 6, and fix it. Since n>2, we have 0< 6, <4. Thus, if M < 0, we
have 12— M@, >1+8,, with equality holding only in the case L=1, M =—1. When M >0, con-
sider the cases M =1, M >1. In the first case we have L >3, so that

[*-M6,29-6.>9-26,.
Now assume M >1. Then, since 1> >4M +1, we have
[*-M6,24M +1-M6,=9-26,+(M-2)(4-6,)>9-20,

with equality holding only in the case M =2, L =3. Hence, by formula (3), we have completed
the proof. O

Combining Lemma 2 with Lemma 3, we complete the proof of Theorem 2.
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3. CARMICHAEL'S THEOREM

We call the Lucas sequence generated by z2—z—1 the Fibonacci sequence and that gener-
ated by z?—3z+2 the Fermat sequence. Theorem 2 implies that to prove Carmichael's theorem
it is sufficient to discuss the Fibonacci sequence and the Fermat sequence.

Now we suppose that n has a prime-power factorization n=pfipS...pf, and let @, (x)
denote the n cyclotomic polynomial.

Lemma 4: If n>2 and if a is real with |a| < 1/2, then ®,(a) >1-|a|-|a|*.

Proof: We have
@, (@) =]](1-a")*®,

d|n

where 1 denotes the Mobius function and the product is extended over all divisors d of n. Since
la|<1/2 and (1-a"®)HD >1— |a|™@

@, (a) 2Ij(l— laf)= (- |a))(- |aP-|af-|al*~-)

- (= lap)1- 2 - 1 al - .

Here we have used the fact that if 0<x<1 and 0<y <1 then (1-x)(1-y)>1-x-y. We have
thus proved the lemma. O

Theorem 3: If n#1,2,6,12, then the n™ term of the Fibonacci sequence contains at least one
primitive divisor.

Proof: Assume n>2. We shall determine for what » the inequality |Q,| > pp, ... p; is satis-
fied, where Q, is the n™ cyclotomic number associated with the Fibonacci sequence. The roots of
the polynomial z2—z—1 are & = (1++/5)/2 and f=(1-+/5)/2. Since |B/a|=(3-/5)/2<1/2,
Lemma 4 gives

@,(8/a2)21-|B/a|-|Blaf=245-4>2/5.
In addition, since a >3/2, we have
0,(a, )= a*® (B/a)>(2/5)(3/2)¥™,

where ¢(n) denotes the Euler function: ¢(n) = I, p#~(p,-1). Thus, |Q,|> pp, ... p; is true for
n satisfying
2/53/2)*” > pp,...p,. ©))

We first suppose p, > 7 without loss of generality. Then (2/5)(3/2) #P) > 2p, is true, and conse-
quently (2/5)(3/2)*” > p,p, ... p,. Here we have used the fact that if x, y are real with x>y >3
and if m is integral with m>2 then x™'>my. We next suppose pf! =2* 3° 5%, or 7* without

loss of generality. Therefore, (2/5)(3/2)%®" >2p, is true, and consequently (2/5)(3/2)%" >
D p,..-p,- Hence, inequality (4) is true unless 7 is of the form

n=23b5°77, o)
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where 0<a<3, 0<b<2, 0<c<1, and 0<d <1. By substituting (5) into (4), we verify that
inequality (4) is true for n#1,2,3,4,5,6,7,8,9,10,12,14,15,18,30. However, by direct compu-

tation, we have
Q2=1’ Q3=2a Q4=3a Q5=5) Q6:4’
Q7 :13’ Q8:7’ Q9 :17’ Q10=11’ Q12 =6:
04=29, O=61, Q=19, 0=3L

Hence, |Q,| > pip, ... p; holds for n#1,2,3,5,6,12. It follows from Lemma 2 that if n# 1,2, 3, 5,
6,12 then the n™ Fibonacci number F, contains at least one primitive divisor. In addition, since
F=1,F=1,F=2 F=3, =5, F,=2% F,=2%3% the numbers F;, and F; have a primi-
tive divisor, and F, F,, Fg, and F{, donot. O

Theorem 4: If n#1,2, 6, then the n term of the Fermat sequence contains at least one primitive
divisor.
Proof: The roots of the polynomial z2—3z+2 are « =2 and f#=1. By Lemma 4,
@, (B/a)21-|Blal-|B/a*=1/4.
Therefore,
0,(a, B)=a’™® (B/a) > (1/4)-2%7.

Now the inequality (1/4)-2%" > (2/5)(3/2)%™ is true for all n>2. As shown in the proof of
Theorem 3, the inequality (2/5)(3/2)*™ > p,p,...p, is true for n=1,2,3,4,5,6,7,8,9,10,12,14,
15,18,30. Moreover, by direct computation, we observe that (1/4)-2%" > pp, ... p, is true for
n=17,89, 14,15, 18,30, and furthermore, we have

=17, O=5 05=31, 0s=3, Q) =1], O, =13

Hence, |Q,| > pip,...p, holds for n#1,2,6. It follows from Lemma 2 that if »#1,2, 6 then the
n™ term of the Fermat sequence contains at least one primitive divisor. [

Now we are ready to prove Carmichael's theorem.

Proof of Carmichael's Theorem: As observed previously, for n#1,2,3,5,6,12, both the
n™ cyclotomic number associated with the Fibonacci sequence and that associated with the
Fermat sequence are greater than p,p,...p,. It follows from Theorem 2 that if n#1,2,3,5,6,12
then D, contains at least one primitive divisor. In addition, O, = L— M >3 except when L =1,
M =-1. Moreover, since Os=5 and (;, =6 when L=1, M =-1, and ;=31 and Q,, =13
when L =3, M =2, Lemma 3 gives O; >5 and (,, > 6 except for the Fibonacci sequence.

Therefore, by Lemma 2, if n#1,2,6 then D, contains at least one primitive divisor except
when L =1, M =—-1. Combining with Theorem 3, we complete the proof. O

4. APPENDIX
In 1955, Ward [9] proved the theorem below for the Lehmer numbers defined by

p= (@"-p")/(a—p), nodd,
(" -B"/(a®-p?, neven,

n
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where & and § are distinct roots of the polynomial z? ~/Lz+ M, and L and M are coprime inte-
gers with L positive and M nonzero. Here a sufficient condition 7+ 6 was pointed out by Durst

[3].

Theorem 5 (Ward): If o and f are real and n#1,2,6, then P, contains at least one primitive
divisor except when n=12, L=1, M=-1and whenn=12, L=5, M =1.

We can also give an elementary proof of this theorem. It parallels the proof of Carmichael's
theorem. The essential observation is that if ##1,2,6 and if both the n" cyclotomic number
associated with z2—z—1 and that associated with z2 —~/5z +1 are greater than the product of all
prime factors of n then, for all real Lehmer sequences, P, contains at least one primitive divisor.
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1. INTRODUCTION

We prove that the order of divisibility by prime p of k! S(a(p—1)p?, k) does not depend on a
and q is sufficiently large and &/p is not an odd integer. Here S(n, k) denotes the Stirling num-
ber of the second kind; i.e., the number of partitions of a set of n objects into £ nonempty subsets.
The proof is based on divisibility results for p-sected alternating binomial coefficient sums. A
fairly general criterion is also given to obtain divisibility properties of recurrent sequences when
the coefficients follow some divisibility patterns.

The motivation of the paper is to generalize the identity [8]

v,(K\S(m, k) =k—1, 1<k<n, 1)

where S(n, k) denotes the Stirling number of the second kind, and n=a2?, a is odd, and ¢ is suf-
ficiently large (for example, g > ¥ —2 suffices). Here v,(m) denotes the order of divisibility by
prime p of m, i.e., the greatest integer e such that p°¢ divides m. It is worth noting the remarkable
fact that the order of divisibility by 2 does not depend on a and ¢ if g is sufficiently large. We will
clarify later what value is large enough.

Our objective in this paper is to analyze v,(k!S(n, k)) for an arbitrary prime p. It turns out
that identity (1) can be generalized to calculate the exact value of v ,(k!S(n, k)) if n=a(p-1)p?
and k is divisible by p—1. The main result of this paper is

Theorem 1: If n=a(p—-1)p?, 1<k <mn, a and q are positive integers such that (a, p)=1, g is
sufficiently large, and k/p is not an odd integer, then

v, (K1S(n, k) = {%} +7,(6),

where 7,(k) is a nonnegative integer. Moreover, if k is a multiple of p—1, then 7,(k) = 0.

Here |x] denotes the greatest integer function. Note that the order of divisibility by p of
k'S(a(p-1p?, k) does not depend on a and q if g is sufficiently large. For instance, we may
choose g such that g > -E’i—l— 2 in this case. Numerical evidence suggests that the condition on the
magnitude of ¢ may be relaxed and it appears that n > k suffices in many cases (cf. [8]).

The case excluded by Theorem 1, in which &/p is an odd integer, behaves somewhat differ-

ently.

* Partially supported by NSF grant DMS-9622456.
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Theorem 2: For any odd prime p, if k/p is an odd integer, then v,(k!S(a(p-1)p?, k)) > q.
In Section 2 we prove a fundamental lemma: If n = a(p - 1)p?, then

(D "'k!S(n, k) = G, (k) (mod p?*), ()

where
G, =X (5.
pli

All of our divisibility results for the Stirling numbers are consequences of divisibility results for the
alternating binomial coefficient sums G,(k), which are of independent interest. Theorem 2 is an
immediate consequence of (2) since, if k/p is an odd integer, the corresponding binomial coeffi-
cient sum is 0.

To prove Theorem 1, we prove the analogous divisibility result for G,(k). The proof is pre-
sented in Section 2, and it combines number-theoretical, combinatorial, and analytical arguments.
By an application of Euler's theorem, we prove (2). We then apply p-section of the binomial
expansion of (1-x)* to express G,(k) as a sum of p—1 terms involving roots of unity. We take
a closer look at this sum from different perspectives in Sections 3 and 4 and give a comprehensive
study of the special cases p =3 and 5. We choose two different approaches in these sections: we
illustrate the use of roots of unity in the case in which p =3, and for p =5 we use known results
relating Gs(k) to Fibonacci and Lucas numbers.

We outline a generating function based method to analyze the sum in terms of a recurrent
sequence in Section 2. A fairly general lemma (Lemma 7) is also given in order to provide the
framework for proving divisibility properties. The reader may find it a helpful tool in obtaining
divisibility properties of recurrent sequences when the coefficients follow some divisibility pat-
terns (e.g., [1]). The lemma complements previous results that can be found, for example, in [11]
and [13]. Theorem 1 follows by an application of Lemma 7. A similar approach yields

Theorem 3: For any odd prime p and any integer ¢,

P p (mod pP1),  if kis divisible by p—1,

k i
2 (e |4 ‘
i=t (mod p) 0 (mod pT ), otherwise.

Fleck [4] and Kapferer [7] proved the second part of Theorem 3, and Lundell [10] obtained
the first part (Theorem 1.1(ii)). Lundell has only indicated that the proof is based on a tedious
induction on L;’i—l_[ The case £=0, k= p(p—1) of Theorem 3 was proposed as an American
Mathematical Monthly problem by Evans [3].

The proofs of Lemma 7 and Theorem 3 are given in Section 5 in which an application of

Theorem 3 is also presented to prove its generalization.

Theorem 4: Let p be an odd prime and let m be an integer with 0 <m < min(%, p) such that
r= ’;—"ﬂ is an integer. We set r =7’ (mod p) with 1<r’' < p. If v’ > m, then for any integer ¢,

-1
> (§)evim=com T (Emp (mod p‘ﬁ""”p((r’i)'"!)}

i=t (mod p)
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For example, it follows that
3 (135) 1yi = (135)7!177 (mod 17%),
i=t(mod17)

independently of . Here we have m=7 and ' =r =8.

Theorem 4 is a generalization of Theorem 1.7 of [10]. Note that the conditions of Theorem
4 are always satisfied for m=0 and 1 provided p—1|k—m. The theorem can be generalized to
the case in which p=2 and m=0 or 1, also (see [8]), e.g.,

(=2t

Some conjectures on 7,(k) are discussed at the end of the paper.

2. TOOLS AND THE GENERAL CASE
Lemma 5: f n=a(p-1)p?, then

D*k1S(n, k) = Z (l:) (=1 (mod p*). 3)

pli
Proof: By a well-known identity for the Stirling numbers (see [2], p. 204), we have
» k
k\S(n k)= Z(’;)i"(— = Z(’I‘ )i"(—l)""' (mod p").
i=0 pli
For n=a(p-1Dp? and (i, p) =1, we have
i"=1 (mod p7*)
by Euler's theorem. Notice that n >¢g+1. By the binomial theorem, we obtain
k i k i
- =X (e 2 (5)ew;

pli pli
therefore, we have

k1 S(n, k) = ,,Z,: (’;)(_1)::-1- _ (_Dk§ (lf) 1y

= (—1)"“2(’1.‘) (=1 (mod p?). O

pli

Lemma 6: For any odd prime p, if & is an odd multiple of p, then

Z(’i‘)(—l)" =0,

pli
Proof: The terms (¥)(-1) and (,%,)(=1)*" cancel in (3). O

Theorem 2 is an immediate consequence of Lemmas 5 and 6. We note that by multisection
identities (see [12], p. 131, or [2], p. 84),
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E(Ii‘)(—l)f - ﬁ(l ') 4)

mli
where @ = exp(27i/m) is a primitive m™ root of unity. To illustrate the use of this identity, we
note that identity (1) follows immediately if we set m = p = 2; identities (3) and (4) with @ = -1,
imply that
k1S(n, ky= (=125 (mod 29

if >k —2. The ways of improving this lower bound on ¢ have been discussed in [8].
In the general case, we set

k i
Gt =3 (¥ )1y ©)
mli
For example, for any prime p, we have G,(k) =1 for 0<k <p, and G,(p) =0. By identity (3),

we get that
k1S(a(p-1)p?, k) = (-1)*'G, (k) (mod p*") ©®)

holds for all g > 0.

Now we are going to determine the generating function of G,(k) in identity (8) and deduce
recurrence (9). An application of Lemma 7 to this recurrence will imply the required divisibility
properties. For any odd m, we obtain

i[E(—l}"(’f)}x X

k=0 ml|i mii
= m_ X" _ 1 _ =" B
2;)( 1) (1 x)m_,-H 1—x (1 (1__ x)m) (7)
A-x L (1—x)m o
U T e

We note that an alternative derivation of identity (7) follows by binomial inversion [5].

From now on p denotes an odd prime. In some cases, the discussion can be extended to
p =2, as will be pointed out.

We set m= p and subtract 1 from both sides of (7), to yield

iGp(k)xk = xﬂ_—_xM_ (8)
k=1

(1-x)P +xf

We adopt the usual notation [x*]f(x) to denote the coefficient of x*in the formal power series
f(x). If we multiply both sides of (8) by the denominator of the right-hand side and equate coef-
ficients, we get a useful recurrence that helps us in deriving divisibility properties. Note that the
right side is a polynomial of degree p—1. For k = p, we obtain that the coefficient of x* is zero;
ie.,

[x*I((A-x)? +xP)Y. G, ()x' =0.
=1
Tt follows that
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Z( 1)’( )G (k-i)=0,

ie.,

6,0 =-3 (7)o, ©
Remark: Note that, for p =2, identity (8) has a slightly different form as it becomes

2 G = 70,

and we can easily deduce that G,(k) = 2¥!, which agrees with v (K1S(n, k)) =k -1.

The calculation of G,(k) is more complicated for p>2. However, we can find a lower
bound on v,(G, %)) and effectively compute G,(k) (mod p ¥ (G, (k))”) if p—~1|k by making
some observatlons about identity (9). We shall need the following general result.

Lemma 7: Let p be an arbitrary prime. Assume that the integral sequence a, satisfies the
recurrence

d
a, =Zb,.ak_,., k>d+1,

i=1

and that, for some nonnegative m, v,(a,) =m 20 and the initial values @, i =1,2,...,d -1, are all
divisible by p™. Let v,(5,)=r 21 and suppose that the coefficients 5, i =1,2,...,d -1, are all
divisible by p”. We write a; = op™ and b, = fp", and set

Sy =1, e m,7) = m+[kd 1J
Then v,(a;) = f(k), and equality holds if d | k. Moreover, for any integer # > 1, we have

a, = aﬂt—lpnﬂ-(t—l)r (mod prm-tr)

According to the lemma, there is a transparent relation between the lower bound f(k) on v,(a,)
and the parameters v,(a,), v,(8,), and d provided v,(a)2m and v,(3)2r fori=12,...,d -1
We prove Lemma 7 in Section 5. With its help, we can now prove Theorem 1.

Proof of Theorem 1: By identity (5), we have g, =G,())=1 for i=1,2,..., p—1, and by
identity (9), b, = (-)*(?) for i=12,..., p—1; therefore, v,(a)=0 and v,(5)=1. We apply
Lemma7 withd=p-1,m=0,r=1, a=1, f=-1,and s=2, and get

(17 prr! (mod p7),  if kis divisible by p-1,

G,(k)=a, = (10)

0 (mod pL"_k‘rJ ), otherwise.

It follows that v,(a;) 2 %— 1, and equality holds if and only if p—1{4. We define 7,(k) by

7, (k)= vp(ak)—[%J.
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By identities (6) and (10), it follows that, for all ¢ > v, (a,)-1, v,(k!S(n, k) = v,(a,), which
concludes the proof of Theorem 1. O

In the next two sections, we study the cases p =3 and p =S5 in detail.

3. AN APPLICATION, p=3

We set m= p=3 and @* =1. By identities (3) and (4), we have

>(%)er =La-op +a-am9 = 2a-orararer) an

3i
Note that 1+ @ = -0?, and (1-®)* =1-2w +@® = -3 . Therefore, identity (11) implies
3 (¥)er =La-ora+ o =L o (12)
3|i
For 6|k, we get 1(-3w)*"?2 = (-1)*?2-3"*7), yielding v;(k!S(n, k))=k/2—-1forg>k/2-2.
For k even and 3|k, by identity (12) we have

(_I)k/23k/2—1wk/2(1+w2k) — (_l)k/23k/2—l(a)k/2 +a)—k/2)

= (~1)H/2HIgk/2-

k/2 1

since @*? +0™*"? = @ +@~! = -1 in this case.
We are left with cases in which & is odd. For k odd and 3/k, we have two cases. If k=1
(mod 6), say k£ = 6/+1 for some integer /> 0, then by identity (11) we obtain

1 1
30-0)°(1-0)(1+ (o)™ = (-30) 1-w)(1-0?)
== ()T
If k =5 (mod 6), say k = 6/+5 for some integer / > 0, then by identity (11) we obtain
1 1
5= 0)*(1-@)’(1+(-0*)**) = 5(—3w)3’ (1-0)(1-o)

=1 (B0) = (-3
In summary, we get
Theorem 8: For q > %J— 1, k>0, and k # 3 (mod 6), we have

vy (k1S(2a%, k) = [EZ‘—IJ
Recall that, if k£ /3 is an odd integer, then v,(k!S(n, k)) > ¢ by Theorem 2.
4. AN APPLICATION, p=5

For p =S5, we can use the fact that Gy(k) can be expressed explicitly in terms of Fibonacci or
Lucas numbers, with the formula depending on k¥ modulo 20, as shown by Howard and Witt [6].
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(The Fibonacci numbers F, are givenby F; =0, F;=1,and F,=F, | +F, , for n>2. The Lucas
numbers L, satisfy the same recurrence, but with the initial conditions L,=2 and L, =1.)

The power of 5 dividing a Fibonacci or Lucas number is determined by the following result
[91.
Lemma 9: For all n>0, we have v4(F,) = vs(n). On the other hand, L, is not divisible by 5 for
any n.

Theorem 10: If k=5 (mod 10), then Gy(k)=0. If £ #5 (mod 10), then

k-1
Gk = A [ o),
where
vs(k+1), ifk=9 (mod20),
_Jvs(k), if £ =10 (mod 20),
7s(k) = vs(k+2), if k=18 (modZ20), o
0, otherwise.

Proof: From a result of Howard and Witt (see [6], Theorem 3.2), we find that the value of
57L<-D/41G (k) is given by the following table:

k mod 20 0 1 2 3 4
5-Lk=D/4@ (k) | 2Lkja  Fuerryyz  Frjper Lk-1)2 Likja—a

k mod 20 5 6 7 8 9
5-L=D/4IGs (k)| 0 —Fi/a-1 —L(kfx)/z —Lijor1 —Fiktry/2
k mod 20 10 11 12 13 14

5-Lk=D/4 Gy (k) | —2Fkj2 —Lk+1yy2 —Lkja+1 —F-1/2 —Fkja-1

k mod 20 15 = 16 17 18 19
5TUED/UGs (k)| 0 Lija—y Fienye Fepprn o Lksny)e

The result then follows easily from Lemma 9. O

We can now derive our main result on the divisibility of Stirling numbers by powers of 5.
Theorem 11: If n is divisible by 4-57, where q is sufficiently large, and &£ # 5 (mod 10), then
vs(k!S(n, k)) = vs(Gs(k)) = [k—glJ +75(k),
where 74(k) is given by (13).
Proof: Apply Lemma 5 to Theorem 10. O

Note that in Theorem 11 any g exceeding vs(k!S(n, k)) —1 will suffice; for instance, we can
select the lower bound | 47 |+ 75(k) - 1.

Our proof of Theorem 10 does not generalize to other primes, so we mention another
approach that in principle does generalize, though it is not easy to apply it to primes larger than 5.
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The basic idea is to p-sect the generating functions ¥, G,(k)x*. If A(x)=N(x)/D(x),
where N(x) and D(x) are polynomials, then we can determine all of the p-sections of A(x) by
multiplying the numerator and denominator of A(x) by D(wx)D(w?x) -+ D(w? 'x), where @ is a
primitive p™ root of unity; since D(x)D(awx) -+ D(w? ') is invariant under substituting wx for x,
it must be a polynomial in x?. For example, we find in this way that

e 1-x)?—x? _ x+x*-3x*—9x° —18x°
Gy ()t = x -
kz=, 3() (1-x)°+x° 1427x° (14
and
= 1-x)* —x* Ny(x)
Gy(k)x* =x( = 3 15
,CZ_I (k) A-x°+x° 1+54x104+5x%° (15)
where
Ny(x) = x+x2 + x>+ x* — 5x% —20x7 — 55x% —125x° — 250x'0 +175x!! (16)

—100x'? —375x"3 - 375%™ +500x® + 625x'7 — 1250x"'° — 2500x2°.

Of course, once we have found these formulas, by whatever method, they may be immediately
verified.

We note that in both of these generating functions the denominator is actually a polynomial in
x?P rather than just in x”, and it is not difficult to show that this is true in general.

From (14), we can immediately derive a formula for G;(k). With somewhat more difficulty,
one can use (15) and (16) to determine the exact power of 5 dividing Gs(k) and thereby give a
different proof of Theorem 10.

5. THE PROOFS OF LEMMA 7, THEOREM 3, AND THEOREM 4
We present the proofs of a lemma and two theorems that were stated in Section 2.

Proof of Lemma 7: We prove that the following two assertions hold, by induction on :
() voy(a)=f(k).

(#) If k = td, where ¢ is a positive integer, then a, = o' p™ D" (mod p™7).

Note that (i) implies that v,(a;) = f (k).

If 1<k <d, then these assertions are consequences of the initial conditions. Now suppose
that (i) and (ii) hold for a,_,, ..., a,_,. Then the induction hypothesis implies that b,a,_, is divisi-
bleby p"*/* D fori=1,2,...,d. We have r+ f(k—i)2r+ f(k—d) = f(k), so ba,_, is divisible
by p/®, and thus so is a, = ba,_,+ -+ +ba,_,. This proves (i).

For (ii), suppose that k£ = 7d. By the induction hypothesis, we have

a(r—l)d = aﬂr—Z pm+(t—-2)r (mod pm+(t—l)r)

and
v, (@) 2 m+[td:;_ 1Jr =m+(-1r forl<i<d.
Thus,
b da(t—l)d = @r . aﬂr—Z pm+(r-2)r - aﬂr—lpm+(t—l)r (mod pm+tr)
and
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v,(bay ) zm+ir forl<i<d.

Then (ii) follows from the recurrence for a,. O

We note that the lemma extends the study of situations discussed in [11] and [13] by relaxing
the condition that the coefficient b, be relatively prime to the modulus.
We can further generalize identity (10) and obtain the

Proof of Theorem 3: Analogously to the definition of (5), we set
k i
Gutk= % (¥)en
i=t (mod m)
for 0<¢<m-1. Ina manner similar to the derivation of identity (7), for every odd m, we obtain
that
N (K| k — () A=x)"""
D ( ) X =
k=ZOI:i-Et(§odm) ! (A-x)"+x

Note that the degree of the numerator is m—1. It is fairly easy to modify identities (8) and (9) for
G,,(k,?). An application of Lemma 7 to G,,(k, ?) yields Theorem 3. We note that here

a= (p . 1)(—1)';
hence, @ =1 (mod p). The gongruence follows from the two identities

(f)-:-O(modp),lStSp—l, and (It’)=(€:ll)+(p;])

(We note that, for every prime p and positive integer n,

(p nt_ l) = (=1) (mod p)
also holds.) O

The interested reader may try another application of Lemma 7 to prove the following identity

(<t [1]): |
Vs (Z(ZZ; 1)3"]=n-—l, n=12,....

k=0

Finally, we note that it would be interesting to find an upper bound on v,(a,) — f (k) as a function
of k. The case p=5and k=9, 10, or 18 (mod 20) shows that the difference can be as big as C
log k with some positive constant C.

We conclude this section with the

Proof of Theorem 4: Theorem 3 deals with the case in which m =0, thus we may assume that
m>1. Using the identities

gt = (XD

for /<i<k, we have
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iEf(%sd p) (lic)(_l)iim ) isx(mzodp)(lf)(ml)i gS(m’ 1)(5)1!
=§:o oo l)() 2 (I;:ll)(‘l)i 17

I= i=t(mod p)

=ZO( 1).S(m, l)( ) i 3 (";1)(—1)".

t—I (mod p)

3

Observe that Theorem 3 applies to the last sum.

We shall show that under the conditions of Theorem 4, the term with / = m has the smallest
exponent of p on the right side of (17). If /=0, then S(m, /) = 0 in identity (17), so we need only
consider the terms in which />1. Let y (x) =1ifand only if y |x. We shall show that

p((’l‘)luplan Zpr(- z)) v, (k1) = v, (k- 1)|)+[ J 2pale=D), 1<1<m,

assumes its unique minimum at / = m; this fact, together with Theorem 3, implies Theorem 4.
By a well-known formula, we have

Vp((k—l)!)zl%J J{kp—z 1J+

The hypotheses of Theorem 4 imply that k —m=r(p—1)=-r' (mod p), where 1<r'<p and
m<r'. It follows that | &% | is constant for i =0,1,...,r'~1; i.e, | & | is constant for /=m,
m—1,...,m—r'+1. Since r' >m, this implies that | £! | is constant for 1 </<m. Similarly, L%
is constant for 1 </<m. Therefore, v,((k—1)!) is constant for 1</<m.

Next, we show that

s

Since p—1 divides k—m, k-1 is not divisible by p—1 for I=m-1, m-2, ..., m-—p+2, and
since m < p, this implies all cases of (18) except m= p, /=1. In this case, we have

A=t |- - D=1+ 52|y, -p),

and thus (18) holds in this case also. The proof is now complete. O

J Xpa(k—m), 1<l<m. (18)

We note that the generating function of the sum on the left-hand side of (17) can be derived
by binomial inversion [5] in terms of Eulerian polynomials.
6. CONJECTURES

Empirical evidence suggests that formulas for z,(k) exist based on the residue of £ modulo
p(p-1). The following conjectures have been proved only in the cases p=3 and p=5.

Conjecture 1:
(a) Ifkis divisible by 2p but not by p(p-1), then 7,(k) = v, (k).
(b) If k +1is divisible by 2p but not by p(p—1), then 7,,(k) = v,(k +1).
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Conjecture 2: For each odd prime p, there is a set 4, = {1,2,..., p(p—1)—1} such that, if K #0

or

~1 (mod 2p) and k is not an odd multiple of p, then 7,,(k) > 0 if and only if £ is congruent mod-

ulo p(p-1) to an element of 4,,.

It usually seems to be true under the conditions of Conjecture 2 that, for each i € 4,, there

exists some integer #,, ; such that, if k =7 (mod p(p—1)), then 7,(k) = v,(k +u, ;).

For example, Theorem 7 asserts that the conjectures hold for p=3, with 4; =0, and

Theorem 8 asserts that the conjectures hold for p=35 with A= {18} and us,3=2. Empirical
evidence suggests that 4, = {16}, with u; ;o = 75. Here are the empirical values of 4, for primes
p from 11 to 23.

W N =

el

10.

11.

12.
13.

Ay, ={14,18,73, 81,93},

Ap; = {82,126,148},

Ay, ={37,39,62,121,179,230,234},

A, = {85,117,119,156,196,201,203,244,279,295,299,316, 320,337},

Ay, = {72,128,130,145,148,170,171,188,201,210,211,232,233,234,317,325,378,466}..
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1. INTRODUCTION

Let A, be the least number having exactly n representations as a sum of distinct Fibonacci
numbers. Let R(N) denote the number of representations of N as sums of distinct Fibonacci
numbers, and let Zeck N denote the Zeckendorf representation of N, which is the unique repre-
sentation of NV as a sum of distinct, nonconsecutive Fibonacci Numbers. The sequence {4,} is
sequence A013583 studied earlier [7], [9], where we list the first 330 terms; here, we extend our
computer results by pencil and logic to calculate 4,5, and other "missing values." We list some
pertinent background information.

Theorem 1: The least integer having F, representations is (F;)*—1, and F; is the largest value
for R(XN) for Nin the interval 7, , <N <F,, ;.

Theorem 2: Let N be an integer written in Zeckendorf form; if N=F,,, +K, F, <K <F,,,, we
can write R(N) by using the appropriate formula:

R(N)=R(Fyuz, +K) = pRCK) + R(Fypy ~k—2), k =2p; (1.1)
R(N) = R(Fyypp +K) = (p+DR(K), k=2p+1; (1.2)
R(N)=R(N - )+ R(Fyyy - N=2), By, SN < By, (13)

Theorem 3: Zeck A, endsin .. +F,,, c22. If Zeck Nendsin .. +F, .., +F,,, =2, then
R(N)=R(N -D)R(F,;)=cR(N -1).
If Zeck A4, =F,+K,then F, <A, <F,+F,_,.
Lemma 1: If {b,} is a sequence of natural numbers such that b,,, =b,,, +b,, then
R(®,-)=R(,,,-D)=k
for all sufficiently large 7 (see [8]).
Lemma 1 and Theorem 3 are useful in calculating 4, when n is composite. Theorems 2 and
3 are proved in [2] and [3], while Theorem 1 is the main result of [1].

Theorem 4: 1If n=R(4,) is a prime, then Zeck A, ;is the sum of even-subscripted Fibonacci
numbers only. If Zeck A, begins with F,,,, then n= R(4,) cannot be prime.
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Proof: Theorem 3 and (1.2) show that a change in parity in subscripts indicates that at least
one pair of factors exists for R(N).

Lemma 2: For integers N such that F,, < 4, <N <F,,,, and R(N) =n,
Fy SR(4,~Fy) <R(Fypy~ N -2 SRy~ 4, - < . (1.4)

Proof: The pair of exterior endpoints are a consequence of Theorem 1. The pair of interior
endpoints reflect symmetry about the center of the interval, since R(N) is a palindromic sequence
within each such interval F,, <N <F,,,, -2.

If Zeck n=F,+K, 0<K<F,_,, then 4,>F,,_,, where we note that we are relating the
Zeckendorf representations of 4, and of R(4,). In our extensive tables, Zeck 4, begins with
E,_, B, Fypys of Ey,,, while all values for n, 1<n=R(N)<F,, appear for N <F,,,,, but
this has not been proved. The first 330 values for 4, are listed in [7], too long a table to repeat
here. Our computer results conclude with A, =229971; there are 69 "missing values" for #
between 330 and 466. We also have complete tables for R(N) for all N < F,,, not included here,
which shorten the work but are not essential to follow the logic in solving for 4, given n.

2. THE CALCULATION OF A4;;,

Since A, is known for all 7 <330 and, for all » such that 4, < F,¢, and since 331 is prime, we
can find A5, by listing successive addends for Zeck A,, and choosing the smallest possibility at
each step. Let N = Fyu+K, for Fyy ,, <K <Fy »,. Then

R(N)=qR(K) +R(Fy_5, - K -2) @1
by (1.1), and the maximum possible value for R(N) is

max R(N) =qFs_, + F

5—-q 4—q

by Theorem 1. Since Fy, < 4, < F,, +F,;_,, 2<q. We summarize in Table 1.

TABLE 1
N=Fy+K, Fg . <K<Fy,,
max RON): gFss_, +Fo,
2F,,+F, = 466 +144 = 610
3F, +F, =432+89 =521
AF, +Fy=356+55=411
5F,+ Fy = 275+34 = 309

ESIEE ST SRS
I
“nohA W N

Notice that maximum values for R(V) for g =5 are smaller than 331. For our purposes, the
smallest possibility is g =4, or N = F)g+ F,;+ K. We write Table 2 to determine the third pos-
sible even subscript in Zeck N when g =4.

Start with w = 3 in Table 2, the smallest possibility, with /, < K < F;5. Solve the Diophan-
tine equation 144 +5B =331, 13 <4 <21, which has 14(19)+5(13) =331. By Lemma 2, since
Ao=F,4+A4;,, T<B=R(Fs—K-2)<19-7=12. Thus, B#13 and w # 3.
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TABLE 2
N=Fg+Fy+K, Fy,,<K<F,,
R(N)=(w-1)R(K) +5R(F,,_,,, - K-2)
max R(N): Sw-1DF,_, +5F,_,,
4Fy+5F, =220+170 = 390
OF, +5F; =306+105=411

14F; +5F, = 294+ 65=1359
19F; +5F; = 247 +40 = 287

Next take w = 2 in Table 2, with F{; < K < F;,, and solve 94 +5B =331, 21 < 4 <34, which
has 9(34) +5(5) = 331, but 4;, = Fi4+ 4,5, so that we must have 13 < B<21; B=5 is too small.
We also find 9(29)+5(14) =331, which is plausible since 4,, =1050= Fj4+ 4, and 8<B=
14 <21. However, this combination of values does not appear in the computer printouts; only
N =1050, 1152, 1189 have R(N) =29 for N <F,+F,,so B=8,21, 18,11, 17, or 12, but not
14. However, we can verify that B # 14 either by assuming that the next term is /, and calculat-
ing one more step, or by noting that we are solving 4 = R(K) =29 for some K which also has
R(F;—K-2)=14 and R(K-F4)=29-14=15. We must have K- F, >4 ;=F,+FK+F,
or K=F¢+F,+K' Then, because F{,—K—-2=F,;—-K'-2< A4, =F,;+16, we cannot have
R(F;—K~-2)=14 =B, a contradiction. The last viable solution 9(24)+5(23) =331 has B too
large. Thus, w#2.

Finally, take w=1, with Fji<K<F,. Solve 44+5B=331 for 34 < A<55, obtaining
4(49)+5(27) =331 and 4(44) +5(31) =331, where 4(39) +5(35) =331 has B too large. From the
computer printout, 4,, = Fig+ A, =2744, but R(F,—-2744-2) =32, not 31. The next occur-
rence of R(K) =44 in our computer table is for K=2791 for which 31=R(F,—2791-2); and
since 2791 is the smallest integer that satisfies all of the parameters, we have a solution. Without
such a table, one could assume that Fjq is the next term, and compute the term following F;. We
now have

T T T
Il
H W

Agyy = Fpg + Fyy +2791=327367.

Let us make use of our work thus far. In Table 2, w =3 has 14F; +5F, =359, one of the
"missing values." Since we cannot write a smaller solution,

Asgo = Fog + Fyy + Ay, = 317811+ 6765+ 440 = 325016.

Also, Table 1, g =4, N = Fy3 +(Fy,+ K) has R(N) =359 for 4(76)+55=359, or for N = Fy3 +
A, = 317811+ 7205, which gives the same result.

3. THE CALCULATION OF A4;;,

The second missing value on our list is 339. We can find 455, with very little effort, although
339=3-113 is not a prime. Since 4,3=F,,+K, N=Fg+F;+--- has R(N)=3R(Fp+---),
and A, is too large to appear as the second factor. Now, taking g =4, for N = Fyg + (Fyy +K),
4(74)+43=1339, and 4,, =8187 while R(F,,~8187-2)=R(2757)=43; in fact, 2757 = A,,.
Then

N = Ayg = Fyg + A7y = 317811+8187 = 325998.
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We have also generated
N = Fyg + Ago = 31781147920 = 325731
which has R(N)=411 from Table 1, g =4, while Table 2, w =2, gives A, =Fyg+ F)o+ 43,4
which is the same result. Just as for 339, while we can factor 411=3-137, A5, is too large.
Again from Table 2, w =2, changing 4 and B slightly, we find 9F;, +5F, =371, also on our list.
If we take K =1427 =F¢+F, + F,+F;, then R(K) =34, R(F,;—K-2)=13; the only other
value for X in this interval such that R(K) =34 is 4;, but R(F;, — 4;,—2) =21, so 1427 is the
smallest we can take for K. Thus, we write

Ay, = Fog + Fyy +1427 = 326003.

We next illustrate how to use factoring to find 4, when n is composite, using Lemma 1 and
Theorem 3. Let n=410=41-10:
4 =105=F,+F; +F,
Ay =2736 = Fig+ 1y + I,
41=R(Fg+Fy+Fs+ F =) =R(Fyg+ Fyp + Fg + F; = 1),
4110 = R(Fg + Fyp + Fig + 4yp).
N =Fy+Fy) + K+ F,+F,+F,=336614 has R(N)=410. Writing R(N) as 205-2 gives
the same solution, while 82-5 gives a slightly larger solution. N = 4,,, if there is no smaller

solution using the even subscript formula. We can easily see that N # F,g + F,,+ K from our
earlier work, so we test out N = Fy¢ + F,, + K in Table 3.

TABLE 3
N=Fy+Fn+K, Fp,,<K<Fu,,
R(N) = (4p~DR(K) +4R(Fy; ,, ~K 2)
max R(N): (4p-DF,_,+4F,_,

p=1 3F, +4F, =267+220 = 487
p=2 TR, +4F, =385+136 =521
p=3 11F, +4F, = 374 +84 = 458
p=4 15F; +4F, =315+52 =367
p=5 19F, +4F, = 247+24 =271

The smallest choice to generate 410 is p=3 for F <K <F, which requires that we solve
114+4B =410 for 4 <34 which, in turn, gives us 11(30) +4(20) =410; 4, =1092 = F,+105
and R(Fy; — Ay —2) =20, so that

Ay = Fyg + Fyy + Fig +105,

the same result as by factoring.

Note that Table 3 provides more "missing values" on our list. Here, p =4 gives R(N) =367
for N = Fyg + F), + 4,,, which easily demonstrates that N # Fy; + F,)+ K, s0 4;¢; =335962, the
same result as 44, = F5 + Ay, by working with Table 1, ¢ =3. Furthermore,
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Aysg = Fog + A3 =317811+18866 = 336677

comes from g =3 of Table 1, and 455 = Fyq + Fy, + A;, comes from p =3 above.

We expect to see all "missing values" 7 < F{, =377 appearing for N = F,g+ K based on our
previous experience, but we have been unable to prove that all n=R(N), 1<n < F,, will appear
for N=F,, +K. Generating some of them will take patience, especially for a value such as
n =421 which has no solution for 4, = F,s+K. One can generate more tables such as Table 4
similarly to Tables 1 through 3, or one can list possible successive subscripts for Zeck A, and
evaluate each case.

Some results, verifiable in other ways, can be read from the tables. From Table 4. below, we
have
Asio=Fyg+Fyu+ 4y and  Asyy = Fpg+ Fyy + Ass.

However, Asss = Ao +5 <Fyg + 5y + Ay, Table 1 gives

Agio = Fog + Ayss (the same result) and A, = Fog+ A4 4,.
Table 3 gives
Ay = Fyg+ Fpy+ 4y and A, = Fog + F, + Ass (the same result).
Table 4 gives R(N)=333 for N =F+ F,,+A4,,, where Zeck N uses only even-subscripted
Fibonacci numbers, but 4;;; =209668 </N. One must verify that N is the smallest possible,
especially if R(N) is composite.
TABLE 4
N=Fg+F,+K, Fyy g, <K<Fy,,
R(N)= 3p~DR(K)+3R(Fys o, ~K ~2)
max R(N): Gp-1DF,_,+3F,_,

2F, +3F, = 288+ 267 =555
5F,,+3F, = 445+165=610
8F;, +3F, = 440+102 = 542
11F, +43F, =374+ 63 =437
14F, +3F, = 294 +39 =333

I

I

I
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By constructing N taking one even-subscripted Fibonacci number at a time, one can find 4,
for n prime, n<466; some solutions are very short, while others take patience. Prime values
for n in Table 5 can be found for N = Fyz+K except for n=421, 439, and 461, which need
N = F,,+ K. The composites n for which 4, > Fyg + K, found by considering factors of n, need
N = F,, + K. Note that only the subscripts in Zeck A, are listed in Table 5.

The calculations of 4, for n prime and of 4,, where Zeck A4, has even subscripts only agree
with D. Englund [4], [5], and with computations using "Microsoft Excel" by M. Johnson. Of the
composites n = R(4,), where 4, contains an odd-subscripted term, there are very many cases to
consider and thus checking is more difficult. Each composite » starred in the table can be com-
puted from its factors and has 4, < N, where R(N)=n and Zeck N contains even-subscripted
Fibonacci numbers only.
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n prime

A, Zeck 4,
327367 28,20,18,12,10,6
336067 28,22,14,12,8,4
339528 28,22,18,16,14,10,4
338185 28,22,18,10,8,4
325016 28,20,14,10,6
335962 28,22,14,10,6
336588 28,22,16,10,8,4
338690 28,22,18,14,12,10,6
338638 28,22,18,14,12,6,4
336944 28,22,16,14,104
342688 28,22,20,14,8,4
338648 28,22,18,14,12,8
343476 28,22,20,16,12,10,4
338656 28,22,18,14,12,8,6
839994 30,20,16,12,10,4
343714 28,22,20,16,14,10,8
343426 28,22,20,16,12,6
841557 30,20,18,12,8,4
343447 28,22,20,16,12,8,6.
367292 28,24,18,14,12,6
367923 28,24,18,16,12,8,6
851181 30,22,16,14,10,6 4
338562 28,22,18,14,10,8,4

n

339
371
381
391

396*
402*
404*

410*
411
412*
413
415
417
422
423*
425
426
427
428*
429*

434
435*
436*
437
438
444*

447*
448*
450*
451*
452*
453

454*
455*
456*
458

459*
460*
462*
464*
465

TABLE 5. "Missing Values" for n, 331<n=R(N) <465

n composite

An
325998
326003
339533
336674
343709
337224
336690
343722
336061
338258
3366014
325731
365326
336716
339300
336682
371960
338580
338279
336949
372015
372468
337287
338635
339156
338363
338266
343337
338512
339253
367957
530063
338643
338829
544635
527110
371350
526877
340426
338520
336677
544580
343434
337389
338376
338274

Zeck A4,
28,20,16,14,10,4
28,20,16,14,10,6
28,22,18,16,14,10,6
28,22,16,12,8
28,22,20,16,14,10,4
28,22,17,11,7,4
28,22,16,129,4
28,22,20,16,14,10,7 4
28,22,16,12,6
28,22,18,12,6
28,22,16,11,7,4
28,20,16,12,8,4
28,24,16,12,7,4
28,22,16,12,10,6
28,22,18,16,12,10,6
28,22,16,12,8,6
28,24,20,16,8,6
28,22,18,14,11,6
28,22,18,12,8,6
28,22,16,14,10,6
28,24,20,16,10,8,6
28,24,20,16,14,12,7,4
28,22,17,12,8,4
28,22,18,14,12,6
28,22,18,16,10,6
28,22,18,13,8,4
28,22,18,12,7,4
28,22,20,16,10,6
28,22,18,14,8,6
28,22,18,16,12,7,4
28,24,18,16,12,10,6
29,21,19,15,11,6
28,22,18,14,12,7 4
28,22,18,15,11,8,4
29,23,17,12,6
29,21,17,13,11,7,4
28,24,20,14,8,6
29,21,17,11,7,4
28,22,19,15,11,8,4
28,22,18,149,4
28,22,16,12,8,4
29,23,17,11,6
28,22,20,16,12,7,4
28,22,17,13,9,4
28,22,18,13,9,4
28,22,18,12,8,4
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1. HAPPY NUMBERS

Let S,:Z* — Z"* denote the function that takes a positive integer to the sum of the squares
of its digits. More generally, for e>2 and 0<a, <9, define S, by

Se(Za,.IO‘): T
i=0 i=0

A positive integer a is a happy number if, when S, is applied to a iteratively, the resulting
sequence of integers (which we will call the §,-sequence of a) eventually reaches 1. Thusais a
happy number if and only if there exists some 72> 0 such that S7'(a)=1. For example, 13 is a
happy number since S7(13) = 1.

Notice that 4 is not a happy number. Its S,-sequence is periodic with S3(4) = 4. Tt is simple
to verify that every positive integer less than 100 either is a happy number or has an §,-sequence
that enters the cyclic ,-sequence of 4. It can further be shown that, for each positive integer
a =100, S,(a) <a. This leads to the following well-known theorem. (See [2] for a complete
proof’)

Theorem 1: Given a € Z*, there exists # > 0 such that S}(a) =1 or 4.

Generalizing the concept of a happy number, we say that a positive integer a is a cubic happy
number if its S;-sequence eventually reaches 1. We note that a positive integer can be a cubic
happy number only if it is congruent to 1 modulo 3. This follows immediately from the following
femma.

Lemma 2: Given a e Z™, for all m, S]'(a) = a (mod 3).

Proof: Let a=Y a0/, 0<a; <9. Using the fact that, for each i, @’ =g, (mod 3) and
10' =1 (mod 3), we get

n

Sy(a) = S{ia,.lof)“éfzag =
i=0

n
i=0 i=0

a=> al10 =a (mod 3).

i=0
Thus, by a simple induction argument, we get that, for all m € Z*, S}"(a) =a (mod 3). O

The fixed points and cycles of S, are characterized in Theorem 3, which can be found without
proofin [1]. '

Theorem 3: The fixed points of S; are 1, 153, 370, 371, and 407, the cycles are 136 — 244 —
136, 919 — 1459 — 919, 55— 250 — 133 — 55, and 160 — 217 — 352 — 160. Further, for any
positive integer a:
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e Ifa=0 (mod 3), then there exists an m such that S7(a) =153,
e Ifa=1 (mod 3), then there exists an m such that §7'(a)=1,55,136,160, 370, or 919.
® Ifa=2 (mod 3), then there exists an m such that S3'(a) =371 or 407.

Note that the second part of the theorem follows from the first half and Lemma 2. Rather

than prove the first part here, we state and prove a generalization of Theorems 1 and 3 in the
following section.

2. VARIATIONS OF BASE

By expressing numbers in different bases, we can generalize happy numbers even further.

Fix 522, Let a=%,ab’ with 0<a,<b-1. Let e>2. We then define the function
S, 5" > 7" by

Se,b(a)=Se,b(ia,-bf]=iaf.
i=0 i=0

Ifan S, , sequence reaches 1, we call @ an e-power b-happy number.

Theorem 4: For all e > 2, every positive integer is an e-power 2-happy number.
Proof: Fixe. Leta=% a2, 0<a <1,a,>0. Then
n n n n n
a-8,,@)=3 a2 -%af = 242 =% a =23 a( -.
i=0 i=0 i=0 i=0 j=0

Note that none of the terms can be negative. Thus, if n>1, a-35,,(@)>0. So, for a#1,

S, 2(a@) <a. With this fact, it is easy to prove by induction that every positive integer is an
e-power 2-happy number. O

Again, we ask: What are the fixed points and cycles generated when these functions are
iterated? We give the answers for S, ,, 2 <5 <10, in Table 1 and for 834, 2<b<10, in Table 2.

TABLE 1. Fixed points and cycles of S, ,,2<5<10

Base | Fixed Points and Cycles

2 1

3 1, 12, 22
2112

4 1

5 1, 23, 33
453125204

6 1

32— 21 = 5 — 41 — 25 = 45 — 105 — 42— 32
7 1,13, 34, 44, 63

2245222112

16 — 52 — 41 — 23 — 16

8 |1,24,64

4204

523121225

153215

9 |1,45,55

58 — 108 — 72— 58

82 — 75 — 82

10 1

4— 16— 37— 58 — 89 — 145 — 42 =+ 20 = 4
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TABLE 2. Fixed points and cycles of S5 ,,2<5h <10

Base | Fixed Points and Cycles

2 1

3 1,122

222121 101 » 2

4 1, 20, 21, 203, 313, 130, 131, 223, 332

5 1, 103, 433

14 — 230 — 120 — 14

6 1, 243, 514, 1055

13 — 44 — 332 — 142 — 201 — 13

7 1, 12, 22, 250, 251, 305, 505

241122

13 —+ 40 — 121 — 13

23 — 50 — 236 — 506 — 665 — 1424 — 254 — 401 — 122 — 23

51 — 240 — 132 — 51

160 — 430 — 160

161 — 431 — 161

466 — 1306 — 466

516 — 666 — 1614 — 5562 — 516

8 1, 134, 205, 463, 660, 661

662 — 670 — 1057 — 725 — 734 — 662

9 1, 30, 31, 150, 151, 570, 571, 1388

38 — 658 — 1147 — 504 — 230 — 38

152 — 158 — 778 — 1571 — 572 — 578 — 1308 — 660 — 530 —
178 — 1151 — 152

638 — 1028 — 638

818 — 1358 — 818

10 |1, 153, 371, 407, 370

55 — 250 — 133 — 55

136 — 244 — 136

160 — 217 — 352 — 160

919 — 1459 — 919

It is easy to verify that each entry in the tables above is, indeed, a fixed point or cycle. Theorem 5
asserts that the tables are, in fact, complete.

Theorem 5: Tables 1 and 2 give all of the fixed points and cycles of S, 5 and §; ,, respectively,
for 2<5<10.

The proof of Theorem 5 uses the same techniques as the proof of Theorem 1 given in [2].
First, we find a value N for which S, ,(a) < a for all a> N. This implies that, for each a € Z*,
there exists some m € Z* such that S",(a) <N. Then a direct calculation for each @ < N com-
pletes the process and Theorem 5 is proven. Lemma 6 provides an N for e =2 and all bases b > 2
while Lemma 8 does the same for e = 3.

Lemma 6: 1fb>2 and a>b?, then S, ,(a) < a.
Proof: Leta=73]  ab'. We have
a-— Sz,b(a) = Zaibi - Zaiz = Zai(bi -a).
=0 =0 =0

Every term in the final sum is positive with the possible exception of the 7 =0 term which is at
least (b—1)(1-(b-1)). It is not difficult to show that the / = term is minimal if 4, =1. From
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a>b* =100, it follows that n>2. So the i =n term is at least 1(52—1). Thus, a-3,,(a)>
b’ 1+ (-1~ (-1)=3b-3>0, since b>2. Hence, forall a2 5%, 5, ,(a)<a. O

Using induction, Corollary 7 is immediate.
Corollary 7: For each a € Z*, there is an m € Z* such that S}, (a) <.
This completes the argument for e =2. Now we consider e = 3.
Lemma 8: 1b>2 and a>2b°, then S; ,(a) <a.

Proof: The proof of Theorem 4 gives an even stronger result for 5 =2, so we will assume
b> 2. Using the notation from above, we have

a-8,@)=>.ab -3 a'=> a@® -a?)
=0 i=0 i=0
The i =0 term is at least (53— 1)(1—(b—1)%) and the i =1 term is at least (b—1)(b— (5 -1)?).
The remaining terms are all nonnegative. Since a > 2b° =2000¢), n>3 and if n=3, then a; > 2.
So, if n=3, the a, term is at least 2(3*—4). If n>3, then the a, term is at least
b*-1>2(b*-4). Thus,
a-8,,(a) 2a,(b’ -a)) +a(b-aj) +a,(1-a3)

220 - +G-Db-G-D)+G-D)(1-3-1?)

=7b*-6b—7>0
since b>2. Hence, for all a>2b°, S; ,(a)<a. O

Corollary 9: For each a € Z*, there is an m € Z* such that S}, (a) <2b°.

Theorem 5 now follows from a direct calculation of the S ,-sequences for all @ <3? and the
83, 5-sequences for all a < 2b%. These calculations are easily completed with a computer.
- We conclude with two general theorems concerning congruences. If, for given e, b, and d,
™,(@)=a (mod d) for all a and m, then, as in Lemma 2, all e-power b-happy numbers must be
congruent to 1 modulo d. Thus, the following theorems yield a great deal of information con-
cerning generalized happy numbers. In particular, bounds on the densities of the numbers are
immediate.
Theorem 10: Let p be prime and let »=1 (mod p). Then, for any a €Z* and me Z*, S}/ ,(a) =
a (mod p).
Proof: Let a=2% jab'. ByFermat, a? =a, (mod p) for all i. Thus,

S, p@) = Sp,,,(Za,-b’) =Y af =) a =) ab' =a (modp).
i=0 i=0 i=0 i=0

Using induction, we see that, for all m ¢ Z*, §}/,(a) =a (mod p). O

Corollary 11: If a is a (2-power) b-happy number with b odd, then a must be odd. In general, if
a is a p-power b-happy number with b = 1 (mod p) for some prime p, then a =1 (mod p).
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Theorem 12: Let b=1 (mod gcd(6,6—-1)). Then, for any ac€Z” and meZ*, S (a)=a
(mod gcd(6,5-1)).

Proof: Let a=Y,ab’' and d=gcd(6,b—1). If d =1, then the theorem is vacuous. For
d =2, note that @®> =a (mod 2). Since =1 (mod 2), we have

S55(@) =S5, (ia,-b') = iaf = ia,. = En:a,.bi =a (mod 2),
i=0 i=0 i=0 i=0

and induction completes the argument. The case d =3 is immediate from Theorem 10. Finally,
d = 6 follows from the cases d=2 and d=3. O
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ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
Russ Euler and Jawad Sadek

Please submit all new problem proposals and corresponding solutions to the Problems Editor,
DR. RUSS EULER, Department of Mathematics and Statistics, Northwest Missouri State Univer-
sity, 800 University Drive, Maryville, MO 64468. All solutions to others’ proposals must be sub-
mitted to the Solutions Editor, DR. JAWAD SADEK, Department of Mathematics and Statistics,
Northwest Missouri State University, 800 University Drive, Maryville, MO 64468.

If you wish to have receipt of your submission acknowledged, please include a self-addressed,
stamped envelope.

Each problem and solution should be typed on separate sheets. Solutions to problems in this
issue must be received by May 15, 2002. If a problem is not original, the proposer should
inform the Problem Editor of the history of the problem. A problem should not be submitted
elsewhere while it is under consideration for publication in this Journal. Solvers are asked to
include references rather than quoting "well-known results”.

BASIC FORMULAS
The Fibonacci numbers F,, and the Lucas numbers L, satisfy
Frp=Fn+F, =0, k=1
L,=L,+L, Ly=2 L =1

Also, a=(1++5)/2, B=(1-5)/2, F,=(a"-B") /5 and L,=a"+p".

PROBLEMS PROPOSED IN THIS ISSUE

B-925 Proposed by José Luis Diaz & Juan J. Egozcue, Universitat Politécnica de Catalunya,
Terrassa, Spain
Prove that X7_ F3,, divides

Y. FlFiua +(-1¥ F] for n20.
k=0
B-926 Proposed by Ovidiu Furdui, Western Michigan University, Kalamazoo, Michigan
If1<a<a, evaluate
lim (af{*#*"'*# - a?‘{*ﬁ* 7",)
n—pe0 )
B-927 Proposed by R S. Melham, University of Technology, Sydney, Australia
G. Candido ["A Relationship between the Fourth Powers of the Terms of the Fibonacci
Series," Scripta Mathematica 17.3-4 (1951):230] gave the following fourth-power relation:

2F}+ Fhy+ By = (F2+ Fa+ Fio).
Generalize this relation to the sequence defined for all integers n by
Wi =pW{,_1 _qW—Z’ % =a, PVJ. =ba

n
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B-928 Proposed by H.-J. Seiffert, Berlin, Germany
The Fibonacci polynomials are defined by Fy(x) =0, F(x)=1, F,,(x) =xF, (x)+ F,(x) for
n=0. Show that, for all complex numbers x and all nonnegative integers #,

Fun= S0 ("1 o 2,

where | *] and [*] denote the floor- and ceiling-function, respectively.

B-928 Proposed by Harvey J. Hindin, Huntington Station, NY
Prove that:

2N-1

A) Fy=1/5"2) Y P(5"?/2) By _x(5"*/2) for N 21
K=0

and

2N
K=0

where P, (x) is the Legendre polynomial given by Fy(x)=1, F(x)=x, and the recurrence rela-
tion (K + 1) Py, (%) = QK + D xPy(x) — KP,_(%).

SOLUTIONS
Divisible or Not Divisible; That Is, by 5

B-911 Proposed by M. N. Deshpande, Institute of Science, Nagpur, India
(Vol. 39, no. 1, February 2001)

Determine whether L, +2(-1)"L,_,,,_; is divisible by 5 for all positive integers m and ».

 Solution by Pantelimon Stinica, Montgomery, AL

We prove that the expression is divisible by 5 for all positive integers m, n. Formula (17b)
on page 177 in S. Vajda'a Fibonacci & Lucas Numbers, and the Golden Section (Ellis Horwood)
states L—(- )i L, ,=5F,F,. Taking p=n-m, k= m+1 and p=n-m-1, k=m, we get

L,--y*L, , ,=SF_,F. ad L_—(-D"L,_, ,=5F,_, .F, . Subtracting the second
formula from the first, and using the definition of L, we obtain

Ln + 2(—'1)an__2”,_1 = S(F;t—mF mel T F;x—m-lF m)a
which implies the claim.

Also solved by Brian D. Beasley, Paul Bruckman, 1. A. G. Dresel, Ovidiu Furdui, Russell
Hendel, Walther Janous, Harris Kwong, Carl Libis, H.-J. Seiffert, James Sellers, and the
proposer.

From a Product to 2 Sum

B-912 Proposed by the editor
(Vol. 39, no. 1, February 2001)

Express F.(,mod2) * Lnt1—(nmod2) @5 @ sum of Fibonacci numbers.
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Solution by Charles K. Cook, University of South Carolina at Sumter, Sumter, SC
The following formulas from [1] will be used:

0) Y Fy=Fpy-1 and () F,,~F,,=FL, ifpisodd
j=1
Case 1: neven >nmod2=0. So

E:'Lni-l:F F;l—n—l=F;n+l_El=En+l_1=ZEj‘
Jj=1

n+n+l
Case2: nodd >nmod2=1. So

FogL,=F,,-F =F2n+1“1=ZF2j-
J=1
Thus,

3

F;1+(n mod 2) Ln+1—(n mod 2) = F;j'
J

1|
—

Reference
1. V.E. Hoggatt, Jr. Fibonacci and Lucas Numbers. Santa Clara, CA: The Fibonacci Associa-
tion, 1979.

Also solved by Brian D. Beasley (3 solutions), Paul Bruckman, L. A. G. Dresel, Ovidiu Furdui,
Pentti Haukkanen, Russell Hendel, Steve Hennagin, Walther Janous, Harris Kwong, Carl
Libis, H.-J.-Seiffert, James Sellers, Pantelimon Stanicd, and the proposer.

A "Constant"” Search

B-913 Proposed by Herbert S. Wilf, University of Pennsylvania, Philadelphia, PA
(Vol. 39, no. 1, February 2001)
Fix an integer £ >1. The Fibonacci numbers satisfy an "accelerated" recurrence of the form
F = akF(n_mk ‘F(n-z)zk (n=2,3,...) with F, =0 and F,, to start the recurrence. For example,
when k =1, we have Fy, =3Fy, ;) — Fy, 5 (n=2,3,..; =0, F,=1).
a. Find the constant a, by identifying it as a certain member of a sequence that is known
by readers of these pages.
b. Generalize this result by similarly identifying the constant $, for which the accelerated
recurrence F,.; = BuFun-1ysn +(—1)"’+‘Fm(,,_2)+,,, with appropriate initial conditions,
holds.

Solution by N. Gauthier, Kingston, ON

Case a is deduced from Case b by setting 2=0 and m=2* for k a positive integer, so we
solve Case b only. The sought answer is §,, = L, for values of »n such that m(m—1)+A = 0; for
mn—-1)+h=0, B, can be arbitrary but finite, since F; =0. The former is of interest and we
have, from the definition, that

: [ amn+h + (_ l)m am(n—2)+h] - [ﬂmn+h + (__ l)m 'Bm(n-2)+h]
ﬂ mT [ am(n-l)+h _ ﬁm(n—l)+h]
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_ [am(n—l)-o-h(am + (_ l)ma—m) _ ﬂm(n—l)+h(ﬂm + (_ l)mﬂ—m)]

[ am(n-l)+h _ ﬂm(n—l)+h]

=[a"+p"=1,

since @™ = (-1)" ™ and vice versa. This completes the proof.

Also solved by Brian D. Beasley, Paul Bruckman, L. A. G. Dresel, Ovidiu Furdui, Walther
Janous, Harris Kwong, H.-J. Seiffert, Pantelimon Stanica, and the proposer.

A "Product and a Sum" Inequality

B-914 Proposed by José Luis Diaz, Universitat Politécnica de Catalunya, Terrassa, Spain
(Vol. 39, no. 1, February 2001)

Let n>2 be an integer. Prove that

n k 1 1 2
bl o)
k:Z{,-=l(1~1+2—F,—1>2} FFon\BF T,

Solution by H.-J. Seiffert, Berlin, Germany
We first prove that

KEFy 2 (Fyy =12 for k=1, )

For k=1,2,3,4,5,6, and 7, this can be verified directly. If ¥ >8, then F,, <2F,,, <4F,, and

therefore kF,F,,, > (k /8)F2, > F2, > (F,, — 12
Let £ >2. The function

1

/0= (Fesz—x-D*’

0<x<F,

is convex, as is seen from its second derivative. Applying Jensen's Inequality gives

k 1 k
LIE) 2K | F; |
= k

J=1

From (I,) of [1], we know that T%_ F, = F,,, - 1. Hence,

k 1 ( k )2 k
> ,
Z(Fk+z—F,~—l)2 k=1) (F,-D?

Jj=1
which, by (1), may be weakened to

Zk: 1 S ( k )2 1
J=1 (Ec+2 - F_} - 1)2 k-1 FFen
Taking the product over ¥ =2,3,...,n, n>2, we obtain the desired inequality.

Reference

1. V. E. Hoggatt, Jr. Fibonacci and Lucas Numbers. Santa Clara, CA: The Fibonacci Associa-
tion, 1979.

Also solved by Paul Bruckman, Walther Janous, and the proposer.
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Editor's Comment: Walther Janous actually improved the inequality by elementary means and
showed the right-hand side to be greater than n!/ 2°" ™ [T;_,(F,,, ~ D*.

A "Double Sum" Inequality

B-915 Proposed by Mohammad K. Azarian, University of Evansville, Evansville, IN
(Vol. 39, no. 1, February 2001)

If |x| <1, prove that

i
ZiZ'J‘lex"l <.

n
i=1 j=1

Solution by Paul Bruckman, Sacramento, CA
A stronger result is actually true, namely:

iz—j—-lF}xi—l
j=1

M=
M~

<n(n+1)/2, whenever |x| <1.

I
s

i

Let G(x, n) denote the quantity within the absolute value bars. Then
|GG, m)| < |G(Ln)| =) ij-j—l]:} < zizz_j_le.
i=} j=1 i=1 j=1
Now X5, u/7'F, = (1-u—u?)"", provided |u| <a™. Setting u=1/2, we obtain T3, 27/7'F, =1
Thus,

GG, m)| < Si =n(n+1) /2.
i=1

Note that n(n+1)/2 <n’, with equality iff n=1. Since G(x,1)=1/4, we see that the result
indicated in the statement of the problem is certainly true.

Also solved by Ovidiu Furdui, H.-J. Seiffert, and the proposer.

A Response to Gauthier's Comments on the Bruckman Conjecture

A Comment by Paul Bruckman

First, I would like to make a slight correction. Although I appreciate being referred to as
"Professor Bruckman," I must regretfully inform the world that I am no longer teaching math,
having returned to consulting work for a private firm.

Secondly, I am sincerely flattered to have my name associated with a certain set of polyno-
mials (the P.() of Dr. Gauthier's note). Before accepting this honor, however, I would like to be
sure that these polynomials are indeed new in the literature; I would be loath to usurp someone
else's rightful niche in mathematical history.

I am grateful to Dr. Gauthier for pointing out the corrected version of my conjecture. I
might have discovered this for myself, had I taken the time and effort to develop the correct poly-
nomial expressions, as Dr. Gauthier has obviously done.

It should be mentioned that there is an advanced problem proposed by Dr. Gauthier (H-568)
in the last issue [The Fibonacci Quarterly 38.5 (2000):473; corrected 39.1 (2001):91-92] which
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is highly interesting and bears some superficial resemblance to my problem B-871 [37.1 (1999):
85]. However, unlike the polynomials P.(n), the "Gauthier functions" f, (n) are rational func-
tions. I have submitted my solution for Problem H-568 to the Advanced Problems Editor.

The remainder of this letter is devoted to indicating some of my subsequent research in
response to Dr. Gauthier's comments.

Following Gauthier's notation, we may define the functions F,(n) as follows:

2oy= (2] 3 (3 )m-kp 0

k=0
As Dr. Gauthier correctly pointed out, what I should have originally conjectures was:

F,(n) is a polynomial in n of degree r 2)
(that is, leaving out the erroneous modifier "monic").

Actually, we can prove a somewhat stronger result than (2), namely: P.(n) is a polynomial in
n of degree r, with its first two leading terms given by ’

P,(n)=(r—l)!n’—(r—2)!(§)n”l+-~-. 3)

Towards this end, we first demonstrate that the P.(n)'s satisfy the recurrence relation:
P =r*(B@)-E®-1), r=12,... @

By means of (4), with F(n) =n, we readily obtain the expressions for P.(n) indicated by
Gauthier in his note, for r=1,2,3,4,5. The proof of (4) is straightforward, following from the
definition of the P.(n). In turn, (4) implies (3), as can be demonstrated by induction.

What appears to be a more difficult problem is to obtain a general expansion (for all the
terms) of P.(n). Once obtained, this might reveal other properties of the P.(n), and may possibly
demonstrate that they are special cases of well-studied polynomials with known properties.

If it should turn out that these are indeed new polynomials, they may be expected to yield
additional research and should generate further interest in their properties. It already seems inter-
esting enough that the special form given in the definitions of the polynomials P,(n) and f,,(n) (as
given in Dr. Gauthier's note and in H-568, respectively) should yield polynomial functions and
rational functions, respectively.

00 o
L <4 0.0

0,
L4
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ADVANCED PROBLEMS AND SOLUTIONS

Edited by
Raymond E. Whitney
Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS
to RAYMOND E. WHITNEY, MATHEMATICS DEPARTMENT, LOCK HAVEN UNIVERSITY,
LOCK HAVEN, PA 17745. This department especially welcomes problems believed to be new or
extending old results. Proposers should submit solutions or other information that will assist the

editor. To facilitate their consideration, all solutions should be submitted on separate signed
sheets within two months after publication of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-577 Proposed by Paul S. Bruckman, Sacramento, CA
Define the following constant: C =I1,{1-1/p(p—1)} as an infinite product over all primes p.
(4) Show that

ilu(n)/{nqs(n)},

where u(n) and ¢(n) are the Mobius and Euler functions, respectively.

(B) Let
P(n) = Z Hn/d)L,.
d|n
It was shown in the solution to H-517 (see Vol. 35, no. 4 (1997), pp. 381-82) that n| P(n).
Show that

c =TTy o,
n=2

where ¢ is the Riemann zeta function.

Note: C is the conjectured density of primes p such that Z(p) = p—(5/ p); see P. G. Anderson &
P. S. Bruckman, "On the a-Densities of the Fibonacci Sequence," NNTDM 6.1 (2000):1-13.
Approximately, C =0.37395581.

H-578 Proposed by N. Gauthier & J. R. Gosselin, Royal Military College of Canada

In Problem B-863, S. Rabinowitz gave a set of four 2 x 2 matrices which are particular solu-
tions of the matrix equation

X2=X+I, 1)

where 7 is the unit matrix [The Fibonacci Quarterly 36.5 (1998); solved by H. Kappus, 37.3
(1999)]. The matrices presented by Rabinowitz are not diagonal (i.e., they are nontrivial), have
determinant —1 and trace +1.
a. Find the complete set {X} of the nontrivial solutions of (1) and establish whether the proper-
ties det(X) = -1 and tr(X) = +1 hold generally.
b. Determine the complete set {X} of the nontrivial solutions of the generalized characteristic
equation
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XP=xX+)yl, )]

for the 2 x 2 Fibonacci matrix sequence X™%=xX"1+yX" n=0,1,2,..., where x and y are
arbitrary parameters such that x2/4+ y # 0; obtain expressions for the determinant and for the
trace.

H-579 Proposed by Paul S. Bruckman, Sacramento, CA
Prove or disprove that, for all odd primes p,

12(p-1)
> (2:)(—1)" /n=0 (mod p).

n=1
Each quantity 1/7 is to be interpreted as 7! (mod p).

H-580 Proposed by José Diaz-Barrero, Politechnic University of Cataluya, Barcelona, Spain
Let

A(2) =) a2
k=0

be a monic complex polynomial. Show that all its zeros lie in the disk C = {z € C:|z| <r}, where

L.
¥ = max k—-——lf%—————lan,kt , j=0,1,2,....
1<ksn |V C(n, k)2° Ly,

SOLUTIONS
Sum Problem

H-566 Proposed by N. Gauthier, Royal Military College of Canada
(Vol. 38, no. 4, August 2000)

Let ¢,:=m/2n, where n is a positive integer, and set L,=a” +b", F,=(a" -b")/(a-b),
where a =1 (u++u*-4), b=1(u~u* -4), u#+2, and show that, for n>2,

n-1

Sw:=Y AT

1
—_—— = ——t——— [ . +3L, +3L,_,+L,,].
= 1+ (Zi-;- )tgz (k¢n) 2 2(ll + 2)2};;' [ n+l n n—1 n—2]

Solution by Paul S. Bruckman, Berkeley, CA
2u

The notation "#g?" in the statement of the problem evidently means "tan?". We make use of
a general identity which was derived in this solver's solution of Problem H-559, Part (a) (Feb.
2000) by the proposer of this problem. This identity is the following, valid for all integers n>1,
complex x and y with x2 # y*:

(x2 f(.:2”)—(';;%””2yn) = ’g(‘xz - ny cos2kn/n +y2)_l X (1)

If we set x=a and y = b in (1), we obtain (using the proposer's notation):

nlL, ! {u(u® - 4)F,} = Zn: (@W* —2-2cos2kn/n)™". )

k=1
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We may transform the sum in the right member of (2) as follows:

w*—2-2c0s2knw /n=u* —4cos* kr/n,
so the sum becomes:

1/2uy {(u—2coskr /n)™ +(u+2coskx/n)"}.
k=1
Therefore,

2nL,/F, = @* -4)Y_ {(u—2coskx/n)™ + (u+2coskx /n)™'}
k=1

= (-9 ((u+2-4cof k) +(u—2 +4cos kg,) ).
k=1

Let D, denote 1+{(u+2)/(u—2)}tan’*kg,. We note that the transformation k¥ — n—k trans-
forms tankg, to 1/tankg,. Then using standard trigonometric manipulations, we obtain afier
some effort:

n n-1
2nL,/F, =) {u-2+4/D}+ ) {u+2-4(u+2)/ (u-2)tan’ kg, / D,}
k=0

k=1
n-1 n-1
=(-2)n+Y 4/ D, +w+2n-4y (D, -1/D,,
k=1 k=1
since the terms for £ =0 and k =» involving D, vanish. Then nL,/F, =un-2(n-1)+4S,(u).
Hence, 4S,(u)=nL,/F, —(u-2)n-2, or
S,(u)=-1/2+n{L, — (u—2)F,} / 4F,. A3)
We note that @* = au—1, b* = bu—1, which implies (@ +1)* = a(u+2), (b+1)2 =b(u+2), so
@+’ =a@+)w+2), @+1)* =b(b+1)u+2). Thesum L,,,+3L,+3L, ,+L, , reduces to:
a" A (a® +3a% +3a+ 1)+ b2 (B +36* +3b+ 1) =a" 2 (a+1)* +b" 2 (b +1)°
=a" N a+Du+2)+b" b+ D)u+2) = w+2)(L,+L,).

Therefore, letting R,(#) denote the expression in the right member of the statement of the
problem, we have

R(w)y=m(L,+L, )/ {2u+2)F,}-1/2. @
We next prove the following identity:
ul,=2L_,+u*-4)F,. )

Proof of (5): Let 6= (u*-4)"%. Notethat a—b=86, ab=1. Hence,
2L, ,+(? - 4)F, =a""'(2+6a)+b""'(2-6b)
=a"1+a®)+b" 0+ =L, ,+ L, ,=uL,,
since the characteristic equation of the L,'s (and of the F,'s)is U,,, =«U,-U,_,. O
Comparing the results of (3) and (4), we see that it suffices to prove the following:

L,+L, )/ w+2)=(L,-(u-2)F,}/2,
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which (after simplification) reduces to (5). Thus, S,(x) = R,(#), which completes the proof.
Incidentally, although not required, we could also express the result as follows:

S,(u)=a,-a, where a,=n(F,~F, )/ 2F,. 6)
Also solved by H.-J. Seiffert and the proposer.

An UnEqual Problem

H-567 Proposed by Ernst Herrmann, Siegburg, Germany
(Vol. 38, no. 5, November 2000)
Let F, denote the n™ Fibonacci number. For any natural number 7 > 3, the four inequalities

1 1 1

F o

n

M

F,

n+ta,

E

n+ay+a,

) ) @

n+ay F;H-al +ay-1

determine uniquely two natural numbers g, and a,. Find the numbers g, and a, dependent on n.

Solution by H.-J. Seiffert, Berlin, Germany
It is known [see A. F. Horadam & Bro. J. M. Mahon, "Pell and Pell-Lucas Polynomials," The
Fibonacci Quarterly 23.1 (1985):7-20, Identity (3.32)] that
FrutFost = FoFopyp = CD)"FyFy, mbk € Z.

With (m, h,k)=(n,-1,1), (n-1,1,2), (n-1,-1,4), (n—-1,-1,5), (n-1,-1,2), (n,—2,2), we
obtain, respectively:

F \Fpn—F = (1), G)
FFE - F Faa=( 1)"_1’ ©)
I Y e - F \Fyp =3(-D", ©))
Fn—2Fn+4 - Fn—xf;»s =5(- 1)"_1, )
F b =B F = (=D, 0
E oFpa—Fl=(-D"", ®)
valid for all integers n. Also, the easily verifiable identity
F, =5F3+3(-1Y'F,, neZ, ©)

and the following inequalities are needed below.
Lemma 1: For all integers n >3, it holds that
F;-4<F F, n+l<FZ;n—3'

n: n-1
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Proof: From (3) and (9), we have
FpiFFy = B +(-)'F, =2 (F, +2(-1'F,),

showing that the left side is equivalent to 5F;,_, < F;, +2(~1)"F,. But this inequality follows from
F,=5F, ,+3F, sand, by n>3, F, _; > F,. Using (9) with n replaced by n—1, we see that the
right side is equivalent to F,F,,, <SFZ2, ~3(~1)", so that, in view of (4), we must show that
F, \F,., <SF2,-2(-1)". Since F,,,=3F, ,+2F,_,, this inequality becomes F, ,F, , <F2, -
(-1)". Clearly, this holds for n=3. For n>4, the latter inequality follows from 1< F,_, <
F,,-1 QED.

Lemma 2: For all integers n>5, it holds that
LY 8

JTERS FoF o1 Friq
Proof: After multiplying the left side by F, ,F,—1>0, we see that we must prove the
inequality F,(F,_,F,.; — F,_|F,.,) <F,,; which, by (5), reduces to 3(-1)"F, < F,.;. However, this
follows from F, ; = 2F,,,+ F, >3F,. Similarly, the right side is equivalent to
Frys <E(F,oFs — o)

Using F,,, = F,,;—F,,; and (6), we see that we must prove that F,,, <5(-1)""F, +F,_|F,F,..,
which follows from F, , =5F, +3F,_, <8F, and 13<F,_|F,,,; note that n>5. QE.D.

Let n>3 be an integer. Since F, - F,_, = F,_,, it is easily verified that (1) is equivalent to

FyoFaq S FoFy <FoFry g

= n+al

We claim that
{1 if n is odd,
al =

2 ifmniseven.

For odd n, we must show that F, ,F, <F, F, <F, ,F,.,. The left side is obviously true, while

n-1"n
the right side follows from (7). If » is even, we must show that F, ,F,,, <F,_\F, <F,_,F,.,,
whose left side again follows from (7). To prove the right side, observe that 1< F,_; < F, -1, so
that F,_,F,,,~F, \F, 2 F, ,F,.,— F +F, = F,—1>0, where we have used (8). This proves the
above claim. Next, we shall prove that

2n—-4 ifnisodd,
a,=43 if n=4,
2 if n>4 is even.

If n>3 is odd, then @, =1, and based on F,+F,,, =F,, and (4), it is easily seen that (2)
becomes F,,, <F, F,F,. <F,,.. Applying Lemma 1, it follows that a, =2n-4. Ifn>4is

even, then @, =2 and, since F, - F,_, = F,_,, (2) is equivalent to

FuFFa g

n+a,+2°
Fy By - Fo b, :

F;l+az+l <
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Since, by (8), F,_,F,,, = F% -1, and since F, - F,_, =

F F;1-1F;1Fn+2 <F

n+ay+l = En-ZE: -1 nta, +2*

", these inequalities are equivalent to

Direct computation shows that a, =3 if n=4. For even n>6, from Lemma 2, we find a, =2.
This completes the solution.

Also solved by P. Bruckman, L. A. G. Dresel, R. Martin, and the proposer.
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