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A COMBINATORIAL PROOF OF A RECURSIVE RELATION OF THE
MOTZKIN SEQUENCE BY LATTICE PATHS

Wen-Jin Woan
Howard University, Washington, D.C. 20059
wwoan@fac.howard.edu

We consider those lattice paths in the Cartesian plane running from (0, 0) that use the steps
from S={U=(1,1) (an up-step), L=(1,0) (a level-step), D=(1,—1) (a down-step)}. Let
A(n, k) be the set of all lattice paths ending at the point (n, k) and let M(n) be the set of lattice
paths in A(n, 0) that never go below the x-axis. Let a(n, k) =|A(n, k)| and m, = |M(n)|, where
m, is called the Motzkin number. Here, we shall give a combinatorial proof of the three-term
recursion of the Motzkin sequence,

(n+2)m, =(2n+m,_; +3(n—-1m,_,,
and also that

6<m,, 4 i

- <3- s =3
n+2 m,_, n+2’ noeom,

The first few Motzkin numbers are my=1,1,2,4,9,21,51.... Let B(n, k) denote the set of
lattice paths in A(n, k) that do not attain their highest value (i.e., maximum second coordinate)
until the last step. Note that the last step of the paths in B(n, k) is U. Let b, ;, = |B(n, k)|, then
some entries of the matrices (a, ;) and (b, ;) are as follows:

(n/k -4 3 -2 -1 0 1 2 3 4
0 1
1 1 1 1
2 1 2 3 2 1 ’
3 1 3 6 7 6 3 1
4 1 4 10 16 19 16 10 4 1

nlk 01 2 3 4

0 1 00O0O

1 01000

2 0110 0

3 02210

4 045 31

Lemma 1: There is a combinatorial proof for the equation m, =b,,, ;. See [1] and [3] for the cut
and paste technique.
Proof: Let P € B(n+1,1), remove the last step (U) and the reflection of the remaining is in
M(n). O
For example,
P =(DLDDUDLUULU)U € B(12,1)—» DLDDUDLUULU
— ULUUDULDDLD = Q € M(11),

2002] 3



A COMBINATORIAL PROOF OF A RECURSIVE RELATION OF THE MOTZKIN SEQUENCE BY LATTICE PATHS

P= X\/\\\/

) s
/\/

Theorem 2: There is a combinatorial proof for the equation (n+1)b,,, ,=a(n+1,1). See also
[5] for the proof and [1] and [3] for the cut and paste technique.

Proof: Let S(n+1)={P*: P eB(n+1,1), P* with one marked vertex, which is one of the
first n+1 vertices}. Then |[S(n+1)|= (n+1)b,,,,. Let P* e S(n+1); this marked vertex parti-
tions the path P = FB, where F is the front section and B is the back section. Then Q =BF €
A(n+1,1). Note that, graphically, the attached point is the leftmost highest point (the second
coordinate) of 0. The converse starts with the leftmost highest point of Q in A(n+1,1) and
reverse the above procedures. [

0

For example,

/

—>P'= x\o—\\/\ ./—-d/ e S(12),

A
0= /_./ N e 42,1).
NN

Proposition 3: The total number of L steps in M(#n) is the same as that in B(n+1,1) andis a, .

Proof: From the proof of Lemma 1, the bijection between M(n) and B(n+1,1) through
reflection, it keeps the L steps. Hence, they have the same number of L steps.

Let P=FLB € B(n+1,1) with L step. Then Q = BF € A(n,1). Note that the joining point is
the leftmost highest point in Q, since P € B(n+1,1), by definition P reaches height 1 only at the
end of the last step, the second coordinate of the L is less than or equal to 0; hence, any point in
the subpath F from the initial point to L is lower or equal to the initial point and any point, before
the terminal point, of the subpath B from L to the terminal point is of lower than the terminal
point. This identification suggests the inverse mapping. O

For example,

4 [FEB.



A COMBINATORIAL PROOF OF A RECURSIVE RELATION OF THE MOTZKIN SEQUENCE BY LATTICE PATHS

@
X

v
> P=FILB= \H\ /<>~<>/ e B2, 1),
N N’

AN
0=8F= X~ \/-\ /’ e A(11, ).

Proposition 4: There is a combinatorial proof for the equation
1 1
Ay o=bp 1t ) (Mbyy 1= Ay ) =By 5 (nb,,11—nb, 1).

Proof: Let T(n)={P°: P eM(n), P°is P with an up-step marked}. By Theorem 2 and
Proposition 3, the number of level-steps among all paths in M(n) is a,;=nb, ;, and the total
number of steps among all paths in M(n) is nm, =nb,; |; hence, the total number of up-steps
among all paths in M(n) is £ (nb,,, ,—nb, )= |T(n)|. Let P°=FUB eT(n) with the U step
marked, then Q = BUF € A(n, 0)— M(n) and the initial point of U in (J is the rightmost lowest
point in Q. The inverse mapping starts with the rightmost lowest point. Note that |M(n)|=m,=
bn+1,1' 0

For example,

Pe=

AT\
y _\,/Q \ ___o\ e T(1Y),

SN
- 0 e 431, 0).
) \\Q/f} AQ1

Proposition 5: There is a combinatorial proof for the equation

Apo=Cpyg 1+ 10t 1=20, 4 1+0,
1
=2(n-Db, ., +b, 1+ 5((” -0b,,-(n-1b,, D

Proof: The first equality represents the partition of A(n, 0) by the last step (U, L, or D), the
second equality represents the symmetric property a, ; ;=a,;; and the last equality by
Theorem 2 and Proposition 4. [
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A COMBINATORIAL PROOF OF A RECURSIVE RELATION OF THE MOTZKIN SEQUENCE BY LATTICE PATHS

The following example shows the trail of one element for n=11.

A
N —\‘\ S0 e 41, 0).

—, &

AN

Removing the last step, the second term of the first equality and the second term of the second

equality,
NN
N / € A(10,0).
o

By Proposition 4, the second term of the third equality,

NN

<>/ Ne—e e T(10).

<~ N

Theorem 6: There is a combinatorial proof for the equation
1 1
bt 3 (nb,,1,—nb, ) =2(n-Db,_, ,+b, + (‘2‘ ((n-1b, ,—(n-Db,,, 1))

Proof: The composition of the mappings in Proposition 4 and Proposition 5. O

The following example shows the trail of one element for n=11,

/\/‘“\

Pe = FUB = / N e Ian,
<
x/ ®
Ve oo
Q'-'—'BUF: X \/‘_‘ A € A(lla 0)’

A

. —e
N \'\._. e A(11,0).
Ne



A COMBINATORIAL PROOF OF A RECURSIVE RELATION OF THE MOTZKIN SEQUENCE BY LATTICE PATHS

Removing the last step,

7 \/'_‘\.\_*\0/0 e 410,0).

By Proposition 4,
/
/<>/<> \/—\\.—\ e T(10).

X

The following result was proved in a combinatorial way in [2].
Theorem 7: (n+2)m,=(2n+1)m,_, +3(n-m,_,.
Proof: By Theorem 6,

1 : 1
b1+ '2‘(”bn+1,1 -nb, )=2(n-1b, , ,+b,,+ (5 (»-1b,,~(n-1b,,, 1))
By Lemma 1,

m,+ -21— (nm, —nm,_))=2(n—Dm,_,+m,_, + (% ((n-2ym,_, —(n—m _2)).

Equivalently,
(n+2ym,=(2n+m,_+3(n-Dm,_,. O
Theorem 8: 3— 6 <3 4 for n>5 and lim 22— =3,
n+2 m,_, n+2 noe M,

Proof: By Theorem 7, let

_m, _2n+l 3n-3m_, 2n+l1 23

" m,_, n+2 n+2 m_; n+2 s,
goo2ntl_, 3 . 3n-3_ . 9
" on+2 n+2’ " n+2 n+2’
then
bn n
s, =a,+ and =S8,

n-1 n "~ “n

If s, , <3, then ’i"a =5,,<3and

Sp

by oy 3 3w _, 6
““Th+2 3 n+2’
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A COMBINATORIAL PROOF OF A RECURSIVE RELATION OF THE MOTZKIN SEQUENCE BY LATTICE PATHS

3-9 3n_
sn+l:an+l+‘b_n+—lS2— 3 + _ng3=2— 3 L;;’l
S, n+3 3--3 n+3 25
3 n+2 4
=2 + =3
n+3 n+3 n+3’
:2 :i S=—9— S:g S:_5_1<3
2T BT T 5T Ty

By induction on both even and odd, we have the following:

6 m, 4 . m,
— - , lim
n+2 m,_, <3 n+2’° nsem,
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ON THE RESOLUTION OF THE EQUATIONS U, = (3) AND ¥, = (3)

Laszl6 Szalay*
University of Soprom, H-9400, Soprom, Bajcsy Zs. it 4, Hungary
E-mail: laszalay@efe.hu
(Submitted September 1999-Final Revision March 2000)

1. INTRODUCTION

The purpose of the present paper is to prove that there are finitely many binomial coefficients
of the form (5 in certain binary recurrences, and give a simple method for the determination of
these coefficients. We illustrate the method by the Fibonacci, the Lucas, and the Pell sequences.
First, we transform both of the title equations into two elliptic equations and apply a theorem of
Mordell [10], [11] to them. (Later, Siegel [16] generalized Mordell's result, and in 1968 Baker
[1] gave its effective version.) After showing the finiteness, we use the program package SIMATH
[15] which is a computer algebra system, especially useful for number theoretic purposes, and is
able to find all the integer points on the corresponding elliptic curves. The algorithms of SIMATH
are based on some deep results of Gebel, Petho, and Zimmer [5].

Before going into detail, we present a short historical survey. Several authors have investi-
gated the occurrence of special figurate numbers in the second-order linear recurrences. One such
problem is, for example, to determine which Fibonacci numbers are square. Cohn [2], [3] and
Wyler [18], applying elementary methods, proved independently that the only square Fibonacci
numbers are F; =0, F,=F, =1, and Fj, =144. A similar result for the Lucas numbers was
obtained by Cohn [4]: if L, = x*, then n=1 or n=3. London and Finkelstein [6] established full
Fibonacci cubes. Petho [12] gave a new proof of the theorem of London and Finkelstein, apply-
ing the Gel'fond-Baker method and computer investigations. Later Petho found all the fifth-
power Fibonacci numbers [14], and all the perfect powers in the Pell sequence [13].

Another special interest was to determine the triangular numbers 7 :Lx;l)_ in certain recur-
rences. Hoggatt conjectured that there are only five triangular Fibonacci numbers. This problem
was originally posed in 1963 by Tallman [17] in The Fibonacci Quarterly. In 1989 Ming [8]
proved Hoggatt's conjecture by showing that the only Fibonacci numbers that are triangular are
F,=0,F,=F,=1, F, =3, F;-21, and F;, =55. Ming also proved in [9] that the only triangular
Lucas numbers are L, =1, L, =3, and L3 = 5778. Moreover, the only triangular Pell number is
P, =1 (see McDaniel [7]).

Since the number 7, is equal to the binomial coefficient (3), it is natural to ask whether the
terms (5) occur in binary recurrences or not. As we will see, the second-order linear recurrences,
for instance, the Fibonacci, the Lucas, and the Pell sequences have few such terms.

Now we introduce some notation. Let the sequence {U,},_, be defined by the initial terms
U,, U,, and by the recurrence relation

U,=AU, ,+BU,, (n>2), 1)

where Uy, U,, A, B € Z with the conditions |Uy| + |U;| > 0 and AB# 0. Moreover, let a and S
be the roots of the polynomial

* Research supported by Hungarian National Foundation for Scientific Research Grant No. 25157/1998.
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ON THE RESOLUTION OF THE EQUATIONS U, = (3) ANDV, = (3)

p(x)=x*- Ax-B, )

and we denote the discriminant 42 +4B of p(x) by D. Suppose D#0 (ie., a # ). Through-
out this paper we also assume that U, =0 and U, = 1.

The sequence
Vo= AV, +BV,, (n22), ®)

with the initial values ¥, = 2 and V] = 4 is the associate sequence of U. The recurrences U and V
satisfy the relation V> — DU? = 4(~B)".
Finally, it is even assumed that [B| = 1. Then

V:—DU? = 4(£1)" = +4. 4)

As usual, denote by F,, L,, and P, the n term of the Fibonacci, the Lucas, and the Pell
sequences, respectively.
The following theorems formulate precisely the new results.

Theorem 1: Both the equations U, =(3) and V, = () have only a finite number of solutions
(n, x) in the integers n >0 and x > 3.

Theorem 2: All the integer solutions of the equation
() F,=(3) are (n,x)=(1,3) and (2,3),

@) L, = (%) are (n,x)=(1,3) and (3,4),

@iii) P,=(3)is(nx)=(13).

2. PROOF OF THEOREM 1

Let U and V be binary recurrences specified above. We distinguish two cases.
Case 1. First, we deal with the equation

v,-(3) ©)

in the integers n and x. Applying (4) together with y =V, and x; = x — 1, we haveU,, = (*;") and

3
XX

7o) e ©

Take the 36 times of the equation (6). Let x, =x7 and y, = 6y, and using these new variables,
from (6) we get
y# = Dx}-2Dx} +Dx, £144. Q)

Multiplying by 3°D? the equation (7) together with k = 3* Dy, and I = 3D(3x, —2), it follows that
k? = P -27D% + (54D £104976D?) . ®)

By a theorem of Mordell [10], [11], it is sufficient to show that the polynomial u(/) = /° -
27D%] +(54D° £104976 D?) has three distinct roots. Suppose the polynomial #(/) has a multiple
root 7. Then [ satisfies w'(l)=3>-27D*=0, i.e, I=+3D. Since u(3D)= +104976D?, it

10 [FEB.



ON THE RESOLUTION OF THE EQUATIONS U, = (3) AND ¥/, = ()

follows that D =0, which is impossible. Moreover, u(—3D) =108D* +104976D? implies D = 0
or D=1972. But D#0, and by |B|=1 there are no integers 4 for which D = A% +4B = +972.
Consequently, #(/) has three distinct zeros.

Case 2. The second case consists of the examination of the Diophantine equation

=) ©)

in the integers 7 and x. Let y=U, and x, =x—1. Applying the method step by step as above in
Case 1, it leads to the elliptic equation

k* =P -27D% +cD?, (10)

where ¢ =-104922 if n is even and ¢ =105030 otherwise. The polynomial v(/) = 1*~ 27D +cD?
also has three distinct roots because v'(J) =3/2~27D% T=+3D, and v(+3D) =0 implies D =0.
Thus, the proof of Theorem 1 is complete. O

3. PROOF OF THEOREM 2

The corresponding elliptic curves of equations (8) and (10) are, in short, Weierstrass normal
form, whence, for a given discriminant D, the theorem can be solved by SIMATH.

By (8) and (10), one can compute the coefficients of the elliptic curves in case of the Fibo-
nacci, the Lucas, and the Pell sequences. The calculations are summarized in Table 1, as well as
all the integer points belonging to them. Every binary recurrence leads to two elliptic equations
because of the even and odd suffixes. For the Fibonacci and Lucas sequences, D = 5; for the Pell
sequence and its associate sequence, D = 8.

TABLE 1

Equation| Transformed equations All the integer solutions (1,k)
(15,1620), (—30,1620), (5199, 374868),
(735,19980), (150,2430), (—129, 756)

(150,810), (555,12960), (1014, 32238),
(195,2160), (451,9424), (4011, 254016)

Fo=(%)| ¥? = 13— 6750 + 2631150

F, = (;) k% = I3 - 6751 — 2617650

Ln= (3)| k* =13 - 6750 — 13115250 no solution

(375,8100), (—74, 3574), (150, 4050),
(~201,2268), (2391,116964)

—192,0), (24, 2592), (—48, 2592), (97, 2737
312,6048), (564,13608), (5208, 375840)

Lo = (3)| k* = 13— 675 + 13128750

P. = (3)| k? =3 — 17281 + 6746112

P, = (3)| k* = I3 - 17281 — 6690816 (240,2592), (609, 14769)

The last step is to calculate x and y from the solutions (/, k). By the proof of Theorem 1, it
follows that x =1+ /(/+6D) /9D, y = k/162D in the case of equation (5), and y =k /162D in
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the case of the associate sequence. Except for some values x and y, they are not integers if x > 3.
The exceptions provide all the solutions of equations (8) and (10). Then the proof of Theorem 2
is complete. O
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1. INTRODUCTION
In [3], Shonhiwa considered the function

G, (n)= Z 1,
1<ay,..,a,<n
(al’"" ak)=1

where k >2, n>1, and asked: "What can be said about this function?" As a partial answer, he
showed that

Gn=3 Tua 7]

where p is the Mobius function (see [3], Theorem 4).
There is a more simple formula, namely,

n k
G =3 w2 M)
= J
leading to the asymptotic result

Gy(n) =

k O(nlogn), ifk=2,
n { (nlogn) @)

2o oy, ifks3,

where ¢ denotes, as usual, the Riemann zeta function. Formulas (1) and (2) are well known (see,
e.g., [1]). It follows that '
Gm_ 1

lim —

oot L)

i.e., the probability that k positive integers chosen at random are relatively prime is ﬁ

For generalizations of this result, we refer to [2].
Remark 1: A short proof of (1) is as follows: Using the following property of the Mobius func-
tion,
Gm= Y ud),
12a,.,ap<n d|(ay,..,a;)
and denoting a; =db;, 1< j <k, we obtain
n n n k
Go)=Yud) T 1=3u@|a].
d=l1 18y, ., by Snid  d=1
In what follows, we investigate the question: What is the probability 4, that & positive inte-

gers are pairwise relatively prime?
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THE PROBABILITY THAT k POSITIVE INTEGERS ARE PAIRWISE RELATIVELY PRIME

For k=2 we have, of course, 4, = ﬁ =0607... and for k >3, A4, <ﬁ. Moreover, for
large k, —4%,5 is nearly 1 and 4, seems to be nearly 0.

The next Theorem contains an asymptotic formula analogous to (2), giving the exact value of
Ak .
2. MAIN RESULTS

Let k,n,u>1 and let

FOm= 3 1

1gay, ., qp <n
(a;.a;)=1ij
(a5, u)=1

be the number of k-tuples {ay,...,a,) with 1<aq,,...,a, <» such that a,, ..., a, are pairwise rela-
tively prime and each is prime to u.
Our main result is the following

Theorem: For a fixed k 21, we have uniformly forn, #>1,
PM(m)y = A, f,@n* + 00" og" ' n), 3

A

p

rw=T1(1-—2=)

plu

where

and &(u) is the number of squarefree divisors of u.
Remark 2: Here f,(u) is a multiplicative function in ».

Corollary 1: The probability that & positive integers are pairwise relatively prime and each is
prime to # is

n—>w

. P®@n
lim kn_"() = A, f, ().

Corollary 2: (u=1) The probability that & positive integers are pairwise relatively prime is

4. =11 (1 ——;;)k—l(l +£;—1).

P

3. PROOF OF THE THEOREM
We need the following lemmas.
Lemma 1: Forevery k,nu>1,
B8 = 3R,
(=

Proof: From the definition of P*)(n), we immediately have
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rAm= 3 ¥ 1= 3 Redm= SR%G)

agn=1 1<ap,.,aqsn apg=1 J=1
(agep =1 g, ap)=Li#]  (ag,,u)=1 (J, =1
(9, a;4)=1

(a;,u)=1

Lemma 2: Forevery k,u>1,

_ 5 MDD
fk(u) ;Z'u k(d) >
where
k-1
w=u[][1+51
a,(u ug( )

and @ () stands for the number of distinct prime factors of u.

Proof: By the multiplicativity of the involved functions, it is enough to verify for n=p“ a

prime power:

Zy(d)k“’(d)_ k(Hk 1)“ -

i~ ak(d) P p 1 :fk{pa)'

p+k
Note that, for £ =2, a,(u) = y(u) is the Dedekind function.

Lemma 3: For k =1, let v,(n) denote, as usual, the number of ordered %-tuples {(a, ...,

positive integers such that n=a,-----a,. Then

@ 35D = 0gog x),
k-1
®) 3 r,;](zn) _ O(logx x)
Proof:

@) Apply the familiar result ¥, __ 7, () = O(xlog*™' x) and partial summation.
PPy nsx “k P

(b) Byinductiononk. Fork=1, r,(n)=1,n21, and

E,—;—%@)w@)

is well known. Suppose that

p k(n) B 1 k-1
YA =@t + 0(———°gx ").

n<x

Then, from the identity v,,(n) = 2, 74 (d), we obtain

sz+12(n) - Z @) _ Z Z Tk(e)
d2 2

n<x n de<x d<x es<x/d e
k ! k-1 X
— 2 -
=X dz(m +0(( %) tog dj)

2002]
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THE PROBABILITY THAT k POSITIVE INTEGERS ARE PAIRWISE RELATIVELY PRIME

d<x x d<x

= ¢ (4(2)+0(§))+0(%”—xmg :)

by (6), and we get the desired result (5).
Now, for the proof of the Theorem, we use induction on k. For k£ =1, we have the Legendre
function

POm= Y 1=3 ¥ wd)=3 Y ud)

1<asn a=1 d|(a,u) a=1 d|a
(a,u)=1 dlu

~Sud) ¥ 1=F )| 2]- 3 w5 +00)

dlu 1<j<n/d dlu dlu

=nY @m(z ;ﬂ(d)).

dlu dlu
Hence,

B9 ()= Z 1=n# 00) ™
(a u) 1

and (3) is true for k =1 with 4, =1, f,(u) =22 ¢ denoting the Euler function.
Suppose that (3) is valid for & and prove 1t for £ +1. From Lemma 1, we obtain

BQ0)= YBm)= Y. (A4S Gn' + 00w og"n)

(1)1 (j)l—“l 8
Jou Jou
()

= A fy(uy* Zn:fk D+ 0[6'('4)""'1 log"™! "i 9(]))-
(f,j“=)1=1 =
Here 37_,0(j) < X7 7,(j) = O(nlogn), where 7, = 7 is the divisor function.
Furthermore, by Lemma 2,
f (@) k@)
Z S dz, ,,(;13@ z ”(ZZ(d) 2z,
(1 u) 1 (J,u)=1 (d,u)=1 (e,u)=1

Using (7), we have
n w(d)
A= Y M ("flfl") +0(0(u)))

j=1 d<n ak(d)
U, u)=l (d,u)=1 (9)
_ 9 JZC) k*@
==n g:" d2,@ +0(9( )dz<" ]
d,u)=1

since a,(d)>d.
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Hence, the main term of (9) is

¢(u) P D _ )
Z doa,(d) u EI( (p+k—1))

(d u) 1
_ ok N,k Y
-"U(l p(p+k—1))£1(l p)(l p(p+k—1))’

O(n 3 k;id)J = O(n 3 E;fzﬂj = O(log"'n)

and its O-terms are

d>n d>n
by Lemma 3(b) and
0(9(14); %} [9( 2)3 ’k(d)J 0(6(u) log* n)

from Lemma 3(a).
Substituting into (8), we get

” k e
=Tl (-t ATl (-3 )

+ 0" logh ™ n)+ O(8(u)n* logk n) = 4,1, .,(n* 1+ O(0(u)n* log* n)

by an easy computation, which shows that the formula is true for £ +1 and the proof is complete.

4. APPROXIMATION OF THE CONSTANTS 4,

Using the arithmetic mean-geometric mean inequality we have, for every £ >2 and every

prime p,
1 k-1 1 1 k-1
(l‘z) (“ p) k“k(("“”(l‘;‘) (”TD b

and obtain the series of positive terms,

}pj log [(1 - %)_kﬂ(l +k_l) J 21 g[(l - -;—) kﬂ(l N kp—,, 1]1) —_log4,  (10)

where p, denotes the n prime.
Furthermore, the Bernoulli-inequality yields

k-1
(1—i) >1-k=1
P P

(4 )

for every k >2 and every prime p.

hence,
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Therefore, the N*®-order error R, of series (10) can be evaluated as follows. Taking
N >k-1, wehave p,, >k -1 and

© 1Y 1) o PR
Ry = log (1———) (1+ ) < log 1—(
N n=§/:+l ( P P n-—%ﬂ P }

o N2 ™ 2
2 108(1+‘p'2(f(k121)2)< y b

n=N+1 n=N+1 PZ ~ (k- 1)2 '

Now using that p, <2n, valid for n>5, we have

= k—1)? k-1 & 1 1
R ( - -
N<n§+l4n2—(k—1)2 2 n§+l(2n—(k—1) 2n+(k—1))

_k-1 1 1 1 (k-1?
= (2N—k+3+2N—k+5+ +2N+k—1) <

2 22N -k+3)
In order to obtain an approximation with r exact decimals, we use the condition
Y
S (L) P W1V
20N-k+3) 2

and have N > 1((k-1)*-10" +k - 3). Consequently, for such an N,

N k-1
1 k-1
A4, ~ 1-— 1+
¢ H( p,,) ( P, )
with r exact decimals.

Choosing 7 = 3 and doing the computations on a computer (I used MAPLE V), we obtain the
following approximate values of the numbers 4, :
A, =0607..., A, =0286..., 4, =0114..., A = 0040...,
A =0013..., A, =0004..., 4;=000L...

Furthermore, taking into account that the factors of the infinite product giving A4, are less than 1,

we obtain
20 9 100 99
i 9 _4 1 99 6
A <” I-— || 1+=|<107", 4 <|| 1-— I+=1<107"°.
10 1( p,,)( p) 0 ( P)( P)

n n=1 n n
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0. INTRODUCTION

For a natural number v and two sequences {A(k), B(k)}, of binomial coefficients, the follow-
ing convolutions of Vandermonde type,

C(m,n,v) = z A(m+kv)B(n-kv),
3

will be investigated in this paper. When v =2, 3, 4, the convolutions will be nominated duplicate,
triplicate, and quadruplicate, respectively. Thanks to the explicit solutions of the corresponding
algebraic equations, we will establish the generating functions of binomial coefficients with run-
ning indices multiplicated accordingly. Then the formal power series method will be used to
demonstrate several binomial convolution identities.

When v =1, we reproduce a pair of binomial identities and the related generating function
relations, from which our argument will be developed. In this respect, there are two general con-
volution formulas due to Hagen and Rothe (cf. [9], §5.4),

o ) o = e L o
and
éaf B (a J;ckﬂ)(yn__lzﬂ){a i ) (0.1b)

which have been recovered by Gould [7] (see also [3], [6], and §4.5 in [10]) through manipulating
the generating functions :

gafkﬂ (a;kﬁ)szna (0.22)
and
> o (a+kf) i gt
,§)a+kﬂ( k )Tk‘ﬂm_ﬂn, (0.2b)

where 7 = (57—1)/n”. More binomial convolution formulas and the related hypergeometric iden-
tities may be found in [4] and [8].

For an indeterminate x and a complex sequence {7(k)},, the generating function is defined by
the following formal power series:

f(x)= Z T(k)x*. (0.3a)
k=0
Denote by o, :exp(zi;/—?—l) the v primitive root of unity. Then there exists a well-known

formula to determine the generating function of the subsequence with running indices congruent
to t modulo v,
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L v—-1
Vz T(kv +1)xk* = Z " f(xaw"), (0.3b)
k=0 =
which will be used in this paper frequently without indication.

1. DUPLICATE CONVOLUTIONS

For f=1/2, the functional equation between two variables 7 and 7 in (0.2) becomes quad-
ratic. The substitution of its solution 7(27) = U?(z) leads the generating functions stated in
(0.2a) and (0.2b) to the following lemma.

Lemma 1.1: For two indeterminates 7 and U related by

=U—le-c>U=r+m, (1.1a)
we have functional equations
1=U(7r)xU(-7), (1.1b)
2t=U(7r)-U(-7), (1.1¢)
Wi+ =U(2)+U(-7), (1.1d)
1+U%(7) = {U(z) +U(-7)}U(7), (1.1e)
1+U?(~7) = {U(z) +U(-7)}U(-7), (1.19)
and generating functions
; L ("*" ’2)(2 o = U*(7) | (1.2a)
and 1+2a
2 (e - garocs (.29

Their combinations lead us immediately to the following proposition.

Proposition 1.2: With the complex function U defined in Lemma 1.1, we have generating func-
tions on duplicated binomial coefficients:

Uza(r)+U2"(—r)=§:0a2f ("*")(2 %, (1.3a)
Ui -U)= 3, 2tk Jasyte, (1.30)
e
I

Based on these relations, we are ready to establish binomial formulas on duplicate convolu-
tions.
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Theorem 1.3 (Duplicate convolution identities [5]):

2a-mfa+k \(c-k)_(a+c m(c—a+m
; a+k (m+2k)(n—2k)_(m+n)+(—l) ( m+n )a (143.)
2a-m( a+k \( ¢c—k \2¢c—n
; a+k (m+2k)(n—2k) c—k (1.4b)
_2a+2c-m-n(a+c m2c—2a+m-n(c—a+m
T a+c (m+n)+(_l) ERPS— ( n ) (1.4c)

Proof: By means of Lemma 1.1, manipulate generating functions

2U 14+2c¢-n (T) 3 2Ul+2a+2c—n (T) 2Ul+20—2a—-n (T)

U@+ U NG00 - U@ 000 T U@ 70D

and
2U 14+2¢-n (T) B 2U2a+20—n (T) 3 2U2+20—2a—n (T)

U - U e G~ U@ U U@ 00D

According to Proposition 1.2, the coefficients of z” and 7'*” in the formal power series expan-
sions lead us, respectively, to the following convolution formulas,

)5

k

2a—1(a+k\ c—k \_(a+c l1+c—-a
;a+k_(1+2k)(n—2k)_(l+n)_( 1+n ) (1.5b)

and

which have been discovered for the first time by Andrews-Burge (see [1], Eqs. 3.1-3.2), with the
help of hypergeometric transformations in their work on plane partition enumerations and deter-
minant evaluations.

Letting 6 =0, 1 be the Kronecker delta, we can unify both formulas as a unilateral convolu-

tion identity,
ZZa—-é' a+k \(c—k \_(a+c +(_1)5 d+c—a
~ a+k S+2k )\n-2k) \6+n S+n )

which, in turn, is expressed under parameter replacements

k—>k+p,
a—>a-p,
c>c+p,
n—>n+2p,
d—>m-2p,

as the first finite bilateral convolution formula stated in the theorem.
Again from Lemma 1.1 and Proposition 1.2, consider the generating functions
{U2a(z.) + U2a(_z.)} x U2c—n(z.) - U2a+2¢—n(1.) + U2c—2a—n(T)
and
{Ula—l ( T) _ U2a—l(_ T)} X UZ(:—n (T) — U2a+2¢—n—l ( T) _ U2c—2a—n+1 ( T) ,
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then the coefficients of z” and z'*” in the formal power series expansions result, respectively, in
the following binomial convolution identities:

2a (a+k\2c—-n(c-k
zk:a+k( 2k )c—k (n—2k) (1.63)
:2a+2c~n(a+c)+20—2a—n(c—a)’ (1.6b)

a+c h c—a n

2a-1(a+k\2c—n( c-k
Lk (1+2k)—c_k (n—2k) . (1.60)
_2a+2c-n-1({a+c)\_2c-2a-n+1(1+c-a
- a+c (1+n) l+c—a ( l+n ) (1.6d)

Their bilateralization derived exactly in the same way as in the proof of the first formula (1.4a)
leads us to the second one (1.4b-1.4c). This completes the proof of Theorem 1:3. O

As a by-product, we present a pair of convolution formulas of Jensen type. From Lemma
1.1, it is trivial to have the formal power series

1 _ 1 _1 i ¢
U@)+U(-7) 2{U(r)-7} 25 UY ()
By means of Proposition 1.2, we can establish the following expansions,

U1+2a(T) + U1+2a (___ T) y 2U1+2c(,[) B i z.kU1+2a+20—k (T) + TkU1+2a—2c+k (-—T)
U()+U(-7) U(r)+U(-1) & U(n)+U(-7)

and
U2a (T) _ U2a(_ T) y 2U1+2c<,[) 3 el TkU2a+2c—k (,[) _ TkU2c—2a—k (1_)
U@)+U(-7) "~ U(®)+U(-1) & U(D)+U(-7) ,

whose coefficients of 7" and 7'*" lead us, respectively, to the Jensen convolutions

S (i) S e (R e (172

k 3

Z(la++211i)(rf—_2kk):zl:%{(‘11:;: H-(52s2 ,’)} (1.7b)

k

and

Further formulas of Jensen type and binomial identities related to Theorem 1.3 as well as their
applications to determinant evaluations can be found in [2] and [5].
2. TRIPLICATE CONVOLUTIONS

When S =1/3, the functional equation between two variables rand 7 in (0.2) is cubic. The
substitution of its solution 7(37) = V3(z) can be used to reformulate the generating functions
stated in (0.2a)-(0.2b) as follows.

Lemma 2.1: Denote the cubic root of unity by ¢ = exp(27 /3). For two indeterminates 7 and V'
related by
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SOME BINOMIAL CONVOLUTION FORMULAS

Jr=p? ——c>V A7) +—2— (2.12)

A()

A@) =Y1+1-43 /2, (2.1b)

where

we have the functional equations

1=V (2) xV (z0) XV (10?), (2.2a)
0=V (1) + oV (t0) + 0% (r0?), (2.2b)
=3t =V (o) (t0*) + oV (2 (10) + 0V (z)V (r0?), (2.2¢)
and generating functions
> s (‘” K/ 3)(3 Y =pa(r), (2.32)
a+k/3 v 3V3(7)
Z ( )( i T (2.3b)

Their combinations yield the following generating functions on triplicated binomial coefficients.

Proposition 2.2: With complex function V' defined as in Lemma 2.1, we have generating function

relations:
-—{3" a+ ")(3 o, (2.4a)
0 a+

3a +a+k 143k
ra+ k( 143k )(37) ’ (2.40)

§‘48

V3 () +V* (tw) +V* (10%)

_
Il

1
Ms

(ST

V34(7) + 03 (10) + oV * (t0?)

k=0

V3 (1) + oV (t0) + 0V * (10*) =

iMs
:-—L

2
3a_[3+a+ k) €1 it (2.4¢)

“Z+a+k\ 2+3k

Theorem 2.3 (Triplicate convolution identities): Given two natural numbers m and n, define

+2, m=n(mod3)
O(m,n) =™ +@*™" =4 ’ 2.5
(m, n) -1, m#n(mod3). 2:5)
Then there holds a binomial identity
3a Ztatk a 2+a-k
; %+a+k( m+3k )g+a—k( n-3k (2.62)
__2a (™"+2a -a :
_’"T*"+2a( m+n )+"‘T+" (m+n )g(m ) (2.6b)
and its reversal
3¢ 42k ¢ 2 yc-2k
zk:l;ﬂ+c+2k( m+ 3k )2—3"+c——2k( n-3k (2.72)
2 2miln 4 2¢ —c (22
_—2"’;2"+20( m+n )+—2’";2"—c( m+n o, m). (2.70)

2002] 23



SOME BINOMIAL CONVOLUTION FORMULAS

Proof: By means of Lemma 2.1, manipulate generating functions:
V34(0) x 2(0) + V3 (@) + V3 (z0%)} =V (7) +V ™ (t0) +V % (z00?),
V3 (2) x (1) + 0V (10) + 0V (t00?)} =V (2) + 0V > (t0) + 0 > (100?),
V34(7) x V(1) + oV (r0) + 0¥ ¥ (10?)} =V (7) + 0V 3 (10) + 0V > (100?).

According to Proposition 2.2, the coefficients of 7"V, v=0, 1, 2, in the formal power series
expansions lead us, respectively, to the following binomial convolutions,

Z 3a yta+k a Fta-k
— s+a+k\ v+3k )2+a-k\ n-3k
2a (MY +2a -a (2v
= +— 3 0
"+TV+2"( n+v ) Y —q ( +V) v, ),
which gives rise to the first finite bilateral convolution formula stated in the theorem under param-

eter replacements £ — k+p, v—>m—3p, and n—> n+3p. Rewriting every binomial coefficient
in the first binomial identity through

7( ) Yy (Z/)

we immediately obtain the second one in the theorem. [

3. QUADRUPLICATE CONVOLUTIONS

For #=1/4, the functional equation between two variables 7 and 7 in (0.2) becomes
quartic. The substitution of its solution 7(47) = W*(z) leads the generating functions stated in
(0.2a)-(0.2b) to the following lemma.

Lemma 3.1: For two indeterminates 7 and W related by

41=W3——V117¢:>W=L—-———‘m2§1)~12, (.1a)
where
Q1) ={# @)+ (D) +¥ (D) (3.1b)
and
#(7), l//(r)=%/;tz+\/14+1/27, (3.1¢)
we have the functional equations
Q(7)= Q(-7) = Q(i7) = Q(-i7), (3.2a)
W) x W(—7) x W(it) x W(—it) =1, (3.2b)
#(0) x y(r)=1 and F(1)-y’(r) =272, (3.20)
and generating functions
g e 4("”‘/ 4)(4 o = (), (3.32)
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& (a+k/4 _ 4wtta(g)
Eo( k )(4T)k T 143 (3.3b)

Their combinations bring about the following generating functions.

Proposition 3.2: With the complex function W as in Lemma 3.1, we have the following generat-
ing function relations:

I;) c+k( ak )(47) =W () +W*(-7) (3.4a)
+W(ir) + W*(=it), (3.4b)
o 4 (Ltc+k ek _ prdes_ ppder
k%%+c+k( 1+4k )(41) =@ - (.40)
—iW*(it) +iW*(~i7), (3.4d)
-4 I+c+k . .
2 Trorh (22 ak )(‘” =T ) (3.4¢)
=0
—W*(i7) - W*(=i7), (3.4f)
- 4 dtc+k . .
2, l+cc+k (43 +c4k )(4T =) - () (3.4g)
k=0 4
+iW*(it) —iW* (~i7). (3.4h)

Theorem 3.3 (Quadruplicate convolution identities): For two integers m and n, let
+1, m+n#0(mod4),
&(m,n) = ( ) (3.5)
-1, m+n=0(mod4).

Then, for mxn 1 (mod 4), we have

_ 4 [GHe-k|_c [(fte-k

Zk: %+c+k( m+4k )%+c—k( n—4k ) (3.6a)
_4c %_C'i'k —-C %_C_k

+; %_c+k( m+ 4k )%-c—k( Ak )s(m,n) (3.6b)

__ 2 (™42 —2¢ (mm_2c

_mTMJ“zc( m+n )+%E—ZC( m+n )S(m,n), (3.60)

Otherwise, for m xn =1 (mod 4), there holds

4c  (Z+c—k c Lic—k
; %+c+k( m+4k )§+c—k( n—ar )50 (3.72)
—4c n-c—k ~C 4-c—k
+§k; 2+T"’—c+k(2+m+4k)%—c—k(n—2—4k) (3.7b)
_ 2 (mr+2c -2c (#-2c
_”’T+"+20( s )8(m,n)+—m¥_2c( fen | (3.7¢)
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Proof: For v=0, 1, 2, 3, define the binomial convolutions 0, (, ¢) by

0 THc+k c L+c-k
om, )= Z—+c+k(v+4k L+c—k\ n-4k ) (3.8)

The proof of the theorem will be divided into four cases according to m (mod 4).

Case 1: m=0 (mod 4). By means of Lemma 3.1 and (3. 4a)-(3.4b), we may manipulate
generating functions:

—WR() + W (2) x (W*(2) + W*(~) + W (i7) + W* (i)}
= W)W (~it) + W (=W (i7) + W (=)W~ (=i 7).

The coefficients of 7" in the formal power series expansions lead us to the following binomial
convolutions,

Ay(n,©) * 0y, 0) - -—"’{Z“%j (3.92)

2c+2\ n
“Z{_Cc("c)%;c (_nj‘i ] ) o, ), (3.9b)

where 2(n, k) = (—1)"{i* +i* +i2**3"} whose values are displayed in Table 1.

TABLE 1. Values of Ay(n, k)

n
k 0 1 2 3
0 3 |1—-2 1 | —-2—1
1 -1 —1 1 1

2 -1 |¢+2| =3 | 2—1
3 -1 -1 1 1

For n=0 (mod 2), Table 1 suggests that we express (3.9b) as
n -4 - 2-c—k
By(m,c)=(-1) /22 : ( 4k )_%]}_( n—4k )
n f-c) - (Zk-c
gl

which may be simplified, by means of (0.1a), to the following relation:

(‘ - Zc) (3.10a)

8a(m0) =120, —0) ()"

=(-1)"2Ay(n,—c), n=0 (mod 2). (3.10b)
While 7= 1 (mod 2), it is easy to check from Table 1 that

n

k(n k(n-k)

Ao, k) + A, n— k) = —2(~1)"F2

Then the combination of (3.12b) and its reversal enables us to write
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_ — —C % —-C k(n-k)
N N e O
4

- (£-c) -c¢ [(%t-c — (£-¢) -¢ (Zk-c
= 4 4 -4 4 4
zk:%_c( ko )rt-c\ n-k ksoéxl‘t)%_c ko )rt-c n- k).

Applying (0.1a) to the penultimate sum, we get

Ay(n,c) =—0,(n, —c)+z__igc-(%_n2c) (3.11a)
4
=-Ay(n,—c), n=1 (mod?2). (3.11b)

Both relations (3.10) and (3.11) may be stated as the single one A,(n, c)+ Ay(n, —c)&(0,7) =0
which, in view of (3.9a), confirms the case m=0 (mod 4) of Theorem 3.3 with replacements
k—>k+pandn—on+4p.

Case 2: m=1 (mod 4). In view of Lemma 3.1 and (3.4c)-(3.4d), we have the generating
function relation:
W (1) + W* (1) x (¥ () —~W*(~1) = iW*(it) +iW* (-i7)}
=W ()W (=it) +iW*(~0)W*(i1) - iW ()W (-i7).

The coefficients of 7!*”

convolutions,

in their formal power series expansions leads us to the following binomial

y 2¢  (2c+12
A(n, ¢) € Oy(n, C)_—2c+cl+_n( 01:n4 ) (3.12a)
— £k _ - l+n-k
—Zi_cc( c] l+n—kc c(lin k) i(n, k), (3.12b)

where A4,(n, k) = (=1)"{i"** +i"*™2* 1i*3%} ' whose values are displayed in Table 2.

TABLE 2. Values of 4,(n, k)

in

k 0 1 2 3
0 1 1 —1 -1
1 | —2—-4) 1 |i—-2| 3
2 7 1 —1 ~1
3 2—1 | =3 |i+2| -1

For n=1 (mod 2), Table 2 suggests that we rewrite (3.12b) as
b_c) —c (Bt
A0 =DT Zk ( k )‘*;"‘—c(Hn—k)
e T-c+k —c 22 _c—k
D% Zl—c+k( 3+4k )——c k(n—2—4k)

which may be simplified, by means of (0.1a), to the following relation:
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A, 0) = (=D 4 20(1+1"+’120) | (3.13a3)
- (—l)T (n—-2,-c), n=1 (mod2) (3.13b)
=A(n,—c), n=3 (mod4), (3.13¢)

where the last line is derived by reversing the summation order.
When 7= 0 (mod 2), it is easy to check from Table 2 that

n— k)(k 1)

A k)+A(n1+n—k)=-2(- 1)

Then the combination of (3.12b) and its reversal enables us to express

k_ — l+n—k _(n—k)gk D
l(n C) z k C( )1+2-.k (l-:n k ( )

_ k_ —c  (Bok_c — [k-c) ¢ (Bmk_¢
—Zk —-c Link _ 1+n k —4 2 k_c\ k bk 1+n k)
t 4 4 k=1(mod 4) 4 4

Applying (0.1a) to the penultimate sum, we get

_ —2c (Hn-2¢
An,c) =-0,(n,—c)+ l—j’l—ZC( L in ) (3.14a)
=-A(n,-¢), n=0 (mod?2). (3.14b)

Both relations (3.13) and (3.14) may be restated as
A(n,c)+A(n,—c)e(l,n) =0, n#1 (mod4)
O, c)+03(n—-2,-¢): n=1 (mod4)

__ 2 (Hm42c L2 Lr_2¢

T haggel 1+n ) Bro3c Gn
which, in view of (3.12a), confirms the case m=1 (mod 4) of Theorem 3.3 with replacements
k—>k+pand n—o>n+4p.

Case 3: m=2 (mod 4). Using Lemma 3.1 and (3.4e)-(3.4f), perform the formal manipula-
tion on generating functions:
—-WE() + W (7) x (W (2) + W*(-1) - W““(l 7)-W*(~it)}
=W W (—it) - W (=W (i1) - W (—)W (=i 7).

The coefficients of 72" in the formal power series expansions lead us to the following binomial
convolutions,
def 2c [2c+2n
AZ(n’ )= 02(” c)- 2+ 2+n( 24n ) (3.152)
24n—k
— —€ | 3¢ —C _4_
sl en o
where

2(11 k) ( l)n {12+k :243k +i 2+n+2k}
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whose values are displayed in Table 3.
For n= 0 (mod 2), Table 3 suggests that we reformulate (3.15b) as

2+n-k

k
A — (-1 0l —C Z"—C -C 4 —-C
2(n’c)‘ ( ) %%_c k 2+Z—k_c 24n—k

—4¢ (L-c+k) -c¢ (Z-c-k
(-1 n/2 2 L
D ;%—c+k(2+4k )ﬂ c—k(n—4k )’

4-

which may be simplified, by means of (0.1a), to the following relation:

2+n
A = —(—1 n/2 . _1yn/2 —2c T_ZC ]
250 = =000 -+ () | T (3.162)
=—(-1)"2A,(n,~c), n=0 (mod?2). (3.16b)
TABLE 3. Values of 4,(n, &)
NN ERE: 3
0 -3 |i+2| -1 | 2—4
1 1 —1 =1 )
2 1 1—21 3 |-2—1
3 1 —1 -1 1

While 7= 1 (mod 2), it is easy to check from Table 3 abdve that

k(n+k)

Ay, k) + Ap(m, 2+~ k) =2(=1) *

Then the combination of (3.12b) and its reversal enables us to state

c (E-c) - (2zEk_¢ Kotk
AZ(”’C)Zgi—c(‘tk )——2":"‘—0(2111——]()(_1) ’
4

k 2+n-k k 2+n—k
_ —C "T—C —-C 4 —-C _ —C 7—"0 —C T—C
;%—c( k )2—“’2':&—0(2+n—k) 4 2 "—c( k )—2+Z‘k—c(2+n—k)'

k=2 (mod 4) 4

Applying (0.1a) to the penultimate sum, we get

_ B -2¢ (&r-2c
A, (n, ) ==0,(n, c)+_2%£_2c( D ) (3.17a)
=-A,(n,—c), n=1(mod2). (3.17b)

Roth relations (3.16) and (3.17) may be written as the single relation
Ay(n,c)+Ay(n,—c)e(2,n) =0,

which confirms, in view of (3.15a), the case m=2 (mod 4) of Theorem 3.3 with replacements
k—k+pandn—>n+dp.

Case 4: m=3 (mod 4). Finally, from Lemma 3.1 and (3.4g)-(3.4h), we get the following
functional equation:
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WD) + W¥(7) x W (2) - W*(=1) +iW*(it) —iW* (=iT)}

=W (W (~it) = iW (=)W (i7) +iW * (—)W 4 (i7).
The coefficients of 7>*" in their formal power series expansions leads us to the following binomial
convolutions,

e 2 2c+3n
A3(n> C) d=f 03(": C)—’ 20+cﬂ( §+’: ) (3183)
— k _ — 3+n—k
‘Z&_cc( c) o - 0(31,, k)/ls(n k), (3.18b)

where
3(71 k) ( l)n {l3+k 143k + i3+n+2k}

whose values are displayed in Table 4.

TABLE 4. Values of 15(n, k)

ki" 0 1 2 3
0 | = | =1 3 1
T 42| =1 | 2=7 | =3
2 =7 | =1 ; 1
3 i=2| 3 [—2—i| 1

For n=1 (mod 2), Table 4 suggests that we rewrite (3.18b) as
s—Cct+k —C s—-c—k
8319 = (D7 TLT c+k(1+4k)2+" Ze- k(2+n—4k)

-z () (5)
T hk-c\ k )¥E-c\3+n-k

which may be simplified, by means of (0.1a), to the following relation,

Ay, 0) = (-1)F =2 (31;;30) (3.192)
+(—1)"T"<>l(2+n, —¢), n=1 (mod2) (3.19b)
= (—l)”%lA3(n, —-¢), n=1(mod4), (3.19¢)

where the last line is derived by reversing the summation order.
While 7= 0 (mod 2), it is easy to check from Table 4 that

n— k)(k+l

Ay, K)+A5(n, 3+n—k)=-2(-1) T

Then, the combination of (3.18b) and its reversal leads us to

E_c -C 3n—k _ (n—k)(k+1)
Ay, €)= z" c( k )3’"’"‘ c(3+n k)( D
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- k_ — 3tn-k _ k 3+n-k
*Zi—c(“k )M—c(}in—k)_‘l Z k _ (4k )3+n—k (34 k)'
k 4 4 k=3(mod4) 4 — € g —e\otn-

Applying (0.1a) to the penultimate sum, we get

O -2¢ [&2-2¢
Ay(n,¢) =—04(n,—c) + %,1_26( 43+n ) (3.20a)
=-A;(n,—c), n=0 (mod2). (3.20b)

Both relations (3.19) and (3.20) may be reproduced as
As(n,c)+Ay(n,—c)e(3,n) =0, n#3 (mod4),
Os(n, c)+0,(2+n,—¢): n=3 (mod4)

__ 2 (¥r+2 L2 Hu . 2¢
3 42c\ 3+n 3#n_2¢\ 3+n )
which confirms, in view of (3.18a), the case m=3 (mod 4) of Theorem 3.3 with replacements

k—>k+pandn—>n+4p.
Therefore, the proof of Theorem 3.3 is complete. O

Remark: During the 100" anniversary of Tricomi (October 1997, Rome), Richard Askey sug-
gested that the author try another approach to the binomial identities stated in Theorem 1.3. This
may be presented as follows:

Letting #=1/2 in (0.1b), we obtain

Z‘H_c]’c/z(a+]{f/2)(c,;f]{,2)=(a;c). (3.21a)

a (a+k/2)=(_1)k -a (—a+k/2)
a+k/2\ & —a+k/2 k ’

we can reformulate (3.21a) as
r ¢ a (a+k/2\(c-k/2\_(c-a
k=o(‘l) a+k/2( k )( n—k )—( n ) @3.210)

Then identities (1.5a) and (1.5b) follow directly from.the combinations of (3.21a) and (3.21b).
Two other identities, stated in (1.6a)-(1.6b) and (1.6c)—(1.6d), may be derived similarly from
(0.1a). The details are left to the reader.

By means of
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1. INTRODUCTION
The modified Dickson polynomials

[n/2] o ] )

Zn(y’ a) = ZL(" _J)(_a)Jy[n/zl—J (1.1)
=\ J

were defined and studied by P. Filipponi in the case @ =1 in [1], where several identities and con-

gruences were established. In this note we generalize some of those theorems and present some

new properties of these polynomials. One basic result is Proposition 2 in [1] which states that if p

is an odd prime and £ is an integer, then

Z,(k,1)=(k|p) (mod p), (1.2)
where (k|p) is the Legendre symbol. The generalization is as follows.
Theorem 1: If p is an odd prime, a and k are integers, and m and r are positive integers, then
Zmp, (k,a)=H,(k)- Zmp,_l (k,a) (mod p"),
1, if m is even,

h H (k)=
where () {(k|p), if m is odd.

We will deduce this from a corresponding congruence for these polynomials in the polyno-
mial ring Z[y, a], and present a few applications thereof in the next section. We give an analogous
definition of modified Dickson polynomials of the second kind and give some identities, recur-
rences, and congruences for them in Section 3. We conclude by describing a compositeness test
based on Theorem 1 in the last section.

2. CONGRUENCES FOR MODIFIED DICKSON POLYNOMIALS
The (usual) Dickson polynomials D,(x, a) are defined for n> 0 by

—[n/2] n (n—j o
Dn(x,a)_;—’;—:}( j )(—a)fx J 2.0

(cf. [2]), with the convention that D,(x,a)=2. They may also be defined as the expansion coef-
ficients of the rational differential form

dP & dr
a __NDp aL
L-3nmare, 2)
where P(T) =1-xT +aT? (see [5], eq. (1.6)), and they satisfy the functional equation
D,,(u+ﬂ, a) =" +(ﬂ)". (2.3)
u u
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By comparing (1.1) and (2.1), we see that as polynomials in y and a,

D.(y"?, a), ifni
Z0. a):{ . (yV4, a) is even,

2.4
y2D,(y"?,a), ifnisodd @9

(cf. [1], eq. (1.2)). We have the following congruence for the polynomials Z,(y, a).
Theorem 2: If p is an odd prime and m, r are positive integers, then the congruence
Z,w»,a)= H,-Z,,.(y?,a") (mod p'Z[y, a])
holds in the polynomial ring Z[y, a], where
1, if m is even,
m= {y""l)’ 2 ifmis odd.

Proof: In Theorem 2 of [5] we showed that the congruence
D, ,(x,a)=D, ,.(x",a") (mod pZ[y,a]) @5)

holds in the polynomial ring Z[y, a]. Replacing the indeterminate x with y'? yields
Dmpr (.yl/z’ a) = Dmp’_‘ (yp/2’ aP) (mOd prZD}UZ > a]) > (26)

where y?”'? is defined to be (y/2)?. By (2.4), this gives the result for even m, since both sides of
the congruence (2.6) lie in Z[y, @] in that case. For odd m, we divide both sides of (2.6) by 2
to obtain the congruence

y~1/2Dmpr (yl/Z’ a) = y(P"l)/Z . (y"P/ZDmpr_l (yP/Z, ap)) (mOd prZ[y, a])’ (27)
both sides of which now lie in Z[y, a]. Comparison with (2.4} now gives the result for odd m.

Theorem 1 may be obtained directly from this as follows.

Proof of Theorem 1: Let a, k be integers and consider them as elements of the ring Z, of
p-adic integers. For an element u of Z,, the Teichmiiller representative # of u is defined to be the
unique solution to x” = x which is congruent to # modulo pZ,; it is also given by the p-adic limit
#i=lm,_ u” . Observing that 4” =a, k? =k, and k"2 = (k| p), we evaluate the polynomial
congruence of Theorem 2 at y =%, a =4 to obtain

2,y (k@)= Hy(k) 2,1 (k,4) (mod p'Z,), 238)

where H, (k) is as defined in the statement of the theorem.
Now, from the second statement of Theorem 3 given in [5], applied with i=1, n=1, and
K = Q,(Vk), it follows that

D,k a=D, (£Y2, ) (mod " Ok) (2.9)
for all , where (x) is the maximal ideal in the ring of integers Oy of the field K. For m even,
comparison of (2.8) and (2.9) yields

D - k2, a)= Dmp,_l (Y2, @) (mod 7p""'Ox), (2.10)

but both sides of this congruence are integers, so it must hold modulo p’Z. In this case the
theorem then follows by comparison with (2.4).
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If m is odd and £ # 0, multiplying both sides of (2.8) by £? yields
D, ,(k"?,8)=(k|p)-D, (K", 8) (mod p'Dx). 211

m,

Comparison with (2.9) shows that
D,, k2, a)= (k|p)- D, (k2 a) (mod mp™'Ox), (2.12)

and then dividing by £ yields
Z,,(k,a)=(k|p)-Z,,.(k,a) (modzp'Ox), (2.13)

but again both sides of this congruence are integers, so it holds modulo p"Z, proving the theorem
in that case.

Finally, when % =0 and 7 is odd, we have the identity Z,(0,a) = (~a)""?.n (cf. [1], eq.
(2.7)), so that Z,,,-(0,a) =0 (mod p") when m is odd. Combining this with (2.9), we see that in
this case we also have

Zmp, (k,a)=H,(k)-Z - (k,a) (mod ' 'Ox), 2.149)

but again both sides are integers, proving the theorem.

Remarks: Perhaps the most interesting feature of these theorems is that while the "special ele-
ment" H , depends on y and on the parity of m, it does not depend on a. For example, taking
m=1, r =1in Theorem 1 and observing that Z,(y, a) =1 yields

Z,(k,a)=(k|p) (mod p), (2.15)

of which Filipponi's result (1.2) is a special case; indeed it is evident from (1.1) that Z,(k,a) =
kP2 (mod p) for all a. In Section 4 below we propose a compositeness test based on (2.15).
One also obtains interesting congruences by combining Theorem 1 above with Filipponi's
multiplication formula ([1], eq. (3.6)). For example, for # even the A =3 case of Filipponi's result
is the identity
Z,,=2Z2-3Z, (2.16)

(cf. [1], eq. (3.5)), where Z,=2Z,(k,1). Putting n=m-3" with m even, from Theorem 1.1 we
obtain Z,, = Z, (mod 3™'); combining this with (2.16) yields Z,(Z2 -4)=0 (mod 3™*'). It fol-
lows that, if  is even and divisible by 3", then Z, is congruent to either -2, 0, or 2 modulo 3™,
A similar but slightly more complicated result holds for » odd. Many other such results may be
obtained similarly.

We conclude this section with a generating form and recurrence for the Z (y,a), which
provides an efficient means for generating the sequence and for obtaining identities.

Theorem 3: For n>0 the polynomials Z (y, a) may be obtained as the expansion coefficients of
the rational differential form

o O — N — T2 — 22273

Zzno,a)]wgzz (1-Qa-y)T—aTl? 2;1 °)dT

ot T 1+Q2a-y)T? +a*T*

Consequently, the sequence Z, = Z,(y, a) is given by the recurrence Z, =2, Z, =1, Z, =y -2a,
Z,=y-3a,and Z,,, = (y-2a)Z,-a’Z,_,.
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Proof: Use (2.4) to write the power series

XN Q.. _ .
322, =123 D,6M%, a) (1 + (1)
n=1 n=1

e 2.17)
+3 2 D,O", @) (I (=T
n=1
as the sum of an even function of 7 and an odd function of 7. Then from (2.2) we obtain
R ar _1 un@P(T) , .. 12, dP(=T)

where P(T)=1-y"?T+aT?. Expanding and simplifying (2.18) yields the first statement of the
theorem. The recurrence follows by multiplying both sides by 1+(2a - y)7? +aT* and equating
coefficients of 77dT.

3. MODIFIED DICKSON POLYNOMIALS OF THE SECOND KIND
The Dickson polynomials of the second kind E, (x, a) are defined for n >0 by

w2, ‘ .
E(x,a)= ) ( . )(—a)f x" 2 (3.1
=\ J
(cf. [2]). They may also be defined as the expansion coefficients of the rational differential form
ar &
——=) E (x,a)T"dT, (3.2)
P(T) nz=(:) )

where P(T)=1-xT+aT? ([5], eq. (4.4)). By way of analogy with (1.1) we define the modified
Dickson polynomials of the second kind Y,(y, a) by

2y, . ' _
L.a)=Y (" .f)(—a)fyl"”l-f. (33)
j=0 J
Comparison of (3.1) and (3.3) shows that as polynomials in y and q,
E, (0", a), if nis even,
LG, = -1/2 1/2 0o (3.4)
Yy E,(y"*,a), ifnisodd.

From this definition, we deduce the following generating form for the polynomials ¥, (y, a).

Theorem 4: The polynomials ¥ (y,a) may be obtained as the expansion coefficients of the

rational differential form
1+ T+aT*dT

210, a1l = 1+ a-y)T* +a’T*

n=0

Consequently, the sequence ¥, =Y (y,a) is given by the recurrence I, =1, =1, L, =y-a,

n

L=y-2a,and 1,,, = (y-2a)Y,-a’t, ;.

n
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Proof: Use (3.4) to write the power series 2, ¥ (v, a)T” as the sum of an even function of T
and an odd function of 7. Then from (3.2) we obtain

drT _ay AT
A@ O en) 63
where P(T)=1-y"2T+aT?. Expanding and simplifying (3.5) yields the first statement of the
theorem. The recurrence follows by multiplying both sides by 1+ (2a— y)T? +aT* and equating
coefficients of 77dT.

The generating functions for ¥, and Z, may be used directly to deduce several identities relat-
ing them to D, and E,, some of which we record here.

PRA a)f“dT=%((1+y‘“2)
n=0 -

Theorem 5: In the polynomial ring Z[y, a] we have the identities
G Y,..(v,a)=E,_ (y-2a,a% form>0,
() Z,,(y,a)=D,(y-2a,a? form>=0,
Gi) Y,,(yv,a)+2Z,,,,(v,a)=2E, (y—2a,a*)  form=>0,
) Y,,a)-2,,.,,a) =2aE, (y-2a,a*) form>0.

Proof: For (iii), use Theorems 3 and 4 and equation (3.2) to write

2dT
1+(2a-y)I? +a?

Y&, +Z,,)1dT = +(odd function of T) dT ~
=0 r (3.6)

=2 E,(y-2a,a*)T*"dT +(odd function of T) dT .

m=0

Equating coefficients of 7%"dT gives the result. The other parts are obtained similarly.

Remarks: Replacing y with y? in (i) and using (2.4) yields the 7= 2 case of the familiar compo-
sition formula

D,,(y,a) = D,(D,(y, a),a") (3.7
for the usual Dickson polynomials. An analogous formula
Eppi(3,0) = y-E, ((Dy(»,0),0%) (3.3)

is obtained in a like manner from (i). Similar composition formulas for E,, and D,, ., may be
obtained by combining (iii) and (iv) and replacing y with y?.

Another set of identities relating the polynomials ¥, and Z, may be derived from the
observation that the characteristic polynomial 1+ (2a— y)T? +a?T* is invariant under the trans-
formation a > —a, y > y—4a, as follows.

Theorem 6: If m is a nonnegative integer we have, as identities in the polynomial ring Z[y, a],
() Zyyu(y—4a,-a)=1h,(,a),
(i) 7,,(y—4a,-a)=17,,(y,q),
(i) bL,(y-4a,-a)=2,,,(y,a),
() Lpn(y—4a,-a) =Ly (y,a).

2002] 37



ON MODIFIED DICKSON POLYNOMIALS

Proof: Using the generating form from Theorem 3, we compute

3 o dl _(1-Qa-y)T+aT*-24*T%)dT
gznu 4a,~a)T" == 02— T AT

_ (—(2a—y),’f’"—2azT3)a'T+ (1+aT?drT
1+Qa- )T +a’T* 1+Qa-y)T?+a’T*

(3.9)

Noting that the even part of this form agrees with the even part of the generating form for ¥, from
Theorem 4, and the odd part of (3.9) agrees with the odd part of the generating form for Z, from
Theorem 3, gives results (i) and (ii). Repeating the argument starting from the generating form
for ¥, from Theorem 4 gives (iii) and (iv).

Remark: Parts (i) and (iii) of Theorem 6 are equivalent.

Finally, we will use the results of Theorems 5 and 6 to give an analog of Theorem 1 for the
values of the polynomials V.

Theorem 7: If p is an odd prime, a and % are integers, and m and r are positive integers, then
Ymp,_l(k, a)=G,(k)- Ymp,_,_l(k, a) (mod p"),
where
G, (k) = (k(k —4a)|p), ?f m z;is ever,
(k —4a|p), if m is odd.

Proof: First, suppose m=2j is even. From Theorem 5(i), we have

Yy s(k, @) = E, i (k ~2a,0%)

for all > 0. Using the congruence

E; r y(x, a) = (x* —4a|p)-E, ;_,(x,a) (modp") (3.19)

(see [5], Cor. C; [4], Cor. 1(i)) with x = & — 2a and a replaced by a? yields the result for even m.
If m is odd, then mp” -1 is even for all r 20, and from Theorem 6(i) we have ¥ ._,(y,a) =
Z,,,-(y—4a,—a). The result in this case then follows from the odd m case of Theorem 1.

Remarks: While it is possible to prove a polynomial congruence that holds modulo p"Z[y, a]
(analogous to Theorem 2) for the ¥, the resulting congruence is rather inelegant due to the cum-
bersome "lifting of Frobenius" involved (cf. [5], Remark A2, p. 43). However, the "mod p" case
of this congruence may be stated rather simply: If p is an odd prime and m is a positive integer,
then the congruence

Bpi (0, @) =G, - 1, (y*, aP) (mod pZ]y, a]) G.11)
holds in the polynomial ring Z[y, al, where

G = {(Y(}’ ~4a))P D2 if mis even,

3.12
(y—4a)P 72, if m is odd. @.12)
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For m even, this follows from Theorem 5(i) above and from Theorem 5 in [S]; for m odd, it
follows from Theorem 6(i) and from the odd m case of Theorem 2. In particular, the special case
m =1 yields the congruence

Ya(,a) = (v -4 (mod pZ[y,a)), (.12)

and the case m = 2 yields

Y10, @) = (v - 4a))P™D2 (mod pZ[y, al). (3.13)

4. A COMPOSITENESS TEST

The congruence (2.15) furnishes a compositeness test which contains the usual Dickson
polynomial test and the Solovay-Strassen test as special cases. If 7 is a prime then for all integers

k and a we have
Z(k,a)=(k|n) (mod n) 4.1

by (2.15), where (k|n) now (and throughout this section) denotes the Jacobi symbol. If » is odd
then in the special case in which a = 0 the congruence (4.1) becomes

kY2 = (k|n) (mod n), (4.2)

which is the basis for the Solovay-Strassen test. On the other hand, suppose » is odd and % is a
quadratic residue modulo #. Writing & = 5% (mod 7) and using (2.4), we have

bZ (k,a)=bZ,(b%,a)=D,(b,a) (mod n), 4.3)

whereas (k|n)=1. So, in the case where % is a quadratic residue modulo #», the congruence (4.1)
is equivalent to the congruence

D,(b,a)=b (mod n), (4.4)

which is the basis of the usual Dickson polynomial compositeness test.

If n is a prime, it is clear that (4.4) is satisfied for all integers a and b from (2.5) with m=
r=1and p=n; and (4.2) is likewise satisfied for all integers k. However, if » is an odd compos-
ite number then there exist values of & with (k,7) =1 for which (4.2) holds; in this case, » is said
to be a Fuler pseudoprime to the base k. Furthermore, if » is an odd composite it may happen
that (4.4) is satisfied for all integers b and a fixed integer a, in which case # is said to be a strong
Dickson pseudoprime to the base a (cf. [2]). It is even possible that 7» may be a strong Dickson
pseudoprime to every base; that is, (4.4) may hold for all integers a and b, although 7 is not
prime.

It is quite easy to see that the compositeness test we propose based on the congruence (4.1)
admits no "strong pseudoprimes" to any given base a; in fact, if 7 is not prime then for any a the
congruence (4.1) fails at least half the time, as we now record.

Theorem 8: Let n be an odd composite integer, and let U, denote the group of units in the ring
Z/nZ. Then for any integer a, the congruence (4.1) fails for at least half the elements & of U,,.

Proof: First, suppose that »n is a nonsquare and write n = pm with p prime, e odd, and
(m, p) =1. Suppose that (4.1) holds for k£ =b. Using the Chinese remainder theorem, choose an
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integer ¢ such that c=5 (mod m) and (c|p)=—(b|p). It then follows that (c|n)=—(b|n) but
Z,(c,a)= Z,(b,a) (mod m); hence (4.1) cannot hold for k =c. Using the isomorphism U, =
U, xU,., we see that in fact half the integers ¢ congruent to & modulo m have (c|p)=—-(b|p).
Therefore, in any congruence class modulo m at most half the elements & can satisfy (4.1). The
theorem then follows in this case.

Now suppose that 7 is a square and write 7 = p*m with p prime. Since 7 is a square we have
(k|m) =1 for all integers k. Suppose then that (4.1) holds for k = b; then evaluating the polyno-
mial congruence of Theorem 2 with r =2 at a=a, y =b yields

1=2Z2,,(b,a)=b#""?Z, (b7,a”) (mod p*). 4.5)

Now if c is any integer congruent to » modulo p, then ¢” =b” (mod p?) and therefore
Znp(c?,aP) = Z,,(b?, aP) (mod p?). However, if c=b (mod p), then ¢7D'2 & p(P~D'2 (mod p?)
unless c=b (mod p?). Thus, if c=b (mod p) but c#5 (mod p?) then (4.1) cannot hold for
k=c. Rewriting n as n=p°m with e even and (p,m’)=1 and using the isomorphism
U,=U,, xUp shows that more than half the integers ¢ € U, which are congruent to » modulo p
are not congruent to » modulo p2. The theorem then follows in this case.

The test described here may be implemented in time commensurate with that required for
other well-known tests. Using the identities

Z,(k,a)*-2a", ifniseven,
ZZn(k’ a) = 2 . . (46)
kZ,(k,a)*-2a", ifnisodd,
Zynalh @) = Z,1(k, )2, (k, @) - ", 4.7)

and the recursion
Z,(k,a)-aZ, ,(k,a), ifniseven,

7 (b a) = 4.8
n+l( > a) {an(k, a) - aZn—l(k’ a)’ lfn iS Odd, ( )

one may compute Z,(k,a) with O(logn) multiplications, as outlined in Lemma 2.5 of [2] for

D,(k,a). The identities (4.6)-(4.8) were given in the case @ =1 in equations (3.2)-(3.4) of [1],
and are proved for general a in the same manner.
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1. INTRODUCTION

In 1983 and 1984, Neville Robbins showed that neither the Fibonacci nor the Pell number
sequence has terms of the form px? for prime p=3 (mod 4), with one exception in each
sequence [3], [4]. The main idea of Robbins' paper can be used to prove a stronger result, namely,
that with a small number of exceptions, neither sequence has terms of the form kx? if k is an
integer all of whose prime factors are congruent to 3 modulo 4. An interesting corollary is that,
with 11 exceptions, every term of the Fibonacci sequence has a prime factor of the form 4r +1
and, similarly, with 5 exceptions, for the Pell sequence.

The solutions of F, = x* and F, =2x* were found by Cohn [1], and of F, = kx?, for certain
values of k > 2, by Robbins [5]; of particular interest is Robbins' result that there are 15 values of
k, 2 <k <1000, for which solutions exist, and he gives these solutions. We refer the reader to [5].

2. SOME IDENTITIES AND RESULTS

We shall use the following identities and well-known facts relating the Fibonacci and Lucas
numbers:

by, =F,L,, (M
gcd(F,, L,) =2 if 3|n and 1 otherwise, )]
By = F+Fly. 3)

Let S={3,4,6,8,16,24,32,48} and let T={k'|k’>1 is square-free and each odd prime
factor of k' is =3 (mod 4)}. It may be noted that, in the following theorem, there is no loss of
generality in assuming that % is square-free.

Theorem 1: If n>1, then F, = kx* for some square-free integer ¥ >2 whose odd prime factors
areall =3 (mod 4) iff n € §.

Proof: The sufficiency:

FE=2 (k=2) Fs=3-7-47 (k =987)
F,=3 (k=3) F,=2°.32.7.23 (k=322)
F,=8 (k=2) F,;,=3-7-47-2207 (k =2178309)
F,=3-7 (k=21) Fg=2°-3%.7-23-47-1103 (k = 8346401)

The necessity: Assume there exists at least one integer #n>1, n ¢ S, such that F, has the
form k'X? for some k' T and integer X. Then there exists a least such integer N, we let
Fy = kx? for some k € T and integer x. Now N is not odd, since, by (3), if N is odd, then F}, is
the sum of 2 squares and it is well known that the square-free part of the sum of 2 squares does
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not have a factor =3 (mod 4). Let N =2m. Then, by (1) and (2), Fy = kx? implies that there
exist integers y and z, x = yz, such that either

(@ F,=y*and L, =kz?, () F,=ky*and L,=ky2*, or

(b) E,=2y*and L,=2kz, (d) F,=2ky*and L, =2k,z%,
where kik, =k, k, > 2.

If (a), then by [1], m=1,2, or 12. But then N =2, which is not possible since F, =1, or
N =4 or 24, contrary to our assumption that N ¢ S

If (b), then by [2], m=3 or 6, but then N =6, contrary to our assumption, or N =12, but
F, # kx?.

If (c), then, since m<N and k, € T, m=4,6,8,16,24,32, or 48; that is, N =8, 12, 16, 32,
48, 64, or 96. But 8, 16,32, 48 arein S, F, # klxz, 4481| Fg,, and 769 | F,, (4481,769 =1 (mod
4)).

If (d), then either 2k, € T or, if k, is even, k, =2k, and F, = 2ky* = k;(2y*), with k, € T;
hence, the argument of (c) applies with %, replaced by 2k, or k.

It follows that, if n ¢ S, then F, # k'x? forany k' e T

Since F, # kx? implies F, # k, we immediately have

Theorem 2: If n#0,1,2 or an element of S, then F, has at least one prime factor of the form
4r +1.

If P, denotes the n™ Pell number, and R, the n term of the "associated Pell sequence"
(Ry=2, R, =1), then, with one minor change, properties (1), (2), and (3) hold: B, =P,R,,
ged(P,, R,)=2 if mis even and 1 otherwise, and P,,,, = p2 + pZ,,.

We have the following results for Pell numbers. The proofs require the known facts that P,
is a square iff n=1 or 7 and P, is twice a square iff n =1 (see [4]); since the proofs parallel those
of Theorems 1 and 2, we omit them.

Theorem 3: If n>1, then P, = kx* for some square-free integer kK whose odd prime factors are
all =3 (mod 4) iff n=2,4, or 14.

Theorem 4: If n+#0,1,2,4, or 14, then P, has at least one prime factor of the form 4r +1.
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0. INTRODUCTION

Let Z denote the set of integers, P denote the positive integers, and N denote the nonnegative
integers. Define the Collatz mapping T:2N+1—2N+1 by T(x) = (3x+1)/2’, where 2/|3x +1
but 2/*}/3x+1. The famous 3x+1 Conjecture, or Collatz Problem, asserts that, for any x €
2N +1, there exists k €N satisfying 7% (x) =1, where T* denotes k compositions of the function
T. This paper's version of the Collatz mapping is also found in [4], whereas the most commonly
used version is given in the comprehensive survey of Lagarias [6] and the research monograph of
Wirsching [9]. It is obvious that our formulation of the 3x +1 Conjecture is equivalent to those
given in [6] and [9].

It is natural to study the 3x+1 Conjecture in terms of the directed graph G,y,, with vertices
2N +1 and directed edges from x to 7(x). A portion of this graph, known as the Collatz graph
[6], is displayed in Figure 1. A slightly different version of the Collatz graph, which includes the
positive even integers, is presented in [6], whereas G,,, excludes these with the purpose of
making upcoming properties of certain vertices more transparent.

1

17

11 45 23 93

Figure 1. The Collatz Graph G,,, (T 4(x) =1, x <150)

A directed graph is said to be weakly connected if it is connected when viewed as an
undirected graph, and we will call a pair of vertices weakly connected if they are connected by an
undirected path. Using these graph-theoretical considerations, the 3x+1 Conjecture can be re-
stated as follows:

3x+1 Conjecture (1* form): The Collatz graph is weakly connected.
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-Our immediate goal is to identify a collection of vertices of G,y,, which have a certain con-
nectivity property (Section 1). We then use this result to analyze new directed graphs with vertex
sets contained in 2N +1 for which weak connectivity also implies truth of the 3x +1 Conjecture
(Sections 2 and 3). Some conditions under which vertices of these new graphs are weakly con-
nected are given. Certain numbers x satisfying the condition that 72(x) =1 are discussed in Sec-
tion 4. (A different characterization of some positive integers satisfying 7*(x) = 1 can be found in
[2].) In Section 4, we also prove the facts that cycles and divergent trajectories in our new graphs
induce cycles and divergent trajectories in the original Collatz graph.

1. VERTICES WITH A SPECIAL CONNECTIVITY PROPERTY

To identify our vertex set, we need a few preliminaries. For x €2N +1, the fotal stopping
time of x, denoted o(x), is the least whole number k satisfying 7%(x) = 1. (If no such k exists, set
o(x) =.) Define the binary relation ~ on 2N +1 as follows: x ~ y if and only if there exists
k €N with k < min(o(x), o(y)) satisfying T*(x) = T*(y). Clearly, ~ is an equivalence relation,
hence each x € 2N +1 belongs to an equivalence class C,. Observe that o(x) = o(¥) < implies
that x ~ y, and furthermore, the set I, = {x € 2N +1|o(x) = k} is an equivalence class under ~.

Progress has been made recently in determining the density of positive integers x satisfying
o(x) <. The strongest known result is in [3], where it is shown that, if 7(x) counts the number
of integers » satisfying |n| < x and o(#) < o, then, for all sufficiently large x, 7(x) > x®!. Impor-
tant groundwork for this result was provided by Krasikov [5], who used a scheme of difference
inequalities to show that z(x) > x¥7. A stochastic approach for analyzing total stopping times is
presented in [7], and a thorough summary of currently known total stopping time resulits can be
found in [9].

It also bears mentioning that, throughout the literature, there is a distinct difference between
stopping time and total stopping time. The stopping time of x is defined to be the least positive
integer k for which 7*(x) < x. The most important stopping time result is given in [8], where it is
shown that the density of positive integers with finite stopping time is 1.

We are not ready to state and prove our first resuit, which can also be found in [1]. The
proof reveals properties of certain vertices of the Collatz graph which are useful later; therefore, it
is presented here.

Theorem 1: If x>5 is the smallest element in C,, then there exists » € P such that 7"(x) =
T"(2x+1).

Proof: Let A, denote the arithmetic progression {2"2m+2"—~1}%_,, and let B, denote the
arithmetic progression {2™2m+2"1 42" 132 If we let S, =U,eanii(4,), S5 =Uncor(B,),
8 =Unep(4,), and Sy =U, c2n41(B,), it is easy to verify that {S;, 5,,S;, S,} is a partition of
2N +1. We now show that x € §; LS, is impossible. If x € 5;, write x =2""?m+2" -1, where n
is even, and if x € §, and 7 =1, choose y satisfying 4y +1= x, else choose y satisfying 2y +1=x.
In all cases, a straightforward computation, taking parity of » into consideration when necessary,
shows that 77(x) = 7"(y). Hence y ~ x with y < x, contradicting the fact that x is smallest in its
equivalence class. Therefore, x ¢ S;US,, so x € §;US,. If x €5, write x = 2"2m 42" ~1 with
n odd, and if x € §,, write x =2"%m+2™! +2" — 1 with n even. Again applying the Collatz func-
tion # times and taking parity of » into account, we obtain 7"(x) = 7"(2x+1). U
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Corollary 1 follows easily from Theorem 1.

Corollary 1: 1f x is the smallest element in L, then the vertices x and 2x +1 of G,,, are weakly
connected.

2. REDUCING THE VERTEX SET OF THE COLLATZ GRAPH

We now construct a new directed graph whose vertices are the smallest elements of the
equivalence classes under ~. The primary tool used is a mapping 7" induced by the Collatz map-
ping. The construction has the advantage of reducing the set of vertices of the Collatz graph, but
the disadvantage of sacrificing some information about 7(x).

Let M={xe2N+1l|x<y forall yeC,}. For S P, define ¥(S) to be the smallest ele-
ment of . Define : M — M by T(m)= X(Cromy). Due to the fact that every vertex of the
Collatz graph is weakly connected to some m € M, the following statement is equivalent to the
3x +1 Conjecture.

3x+1 Conjecture (2™ form): The directed graph G,, with vertices M and directed edges from
m to T(m) is weakly connected.

7
FIGURE 2. The Graph G,; (o(x)<5)

A portion of G, is displayed in Figure 2. The graph G, in effect, collapses the vertices of
G,ns1 Whose trajectories enter M, thereby reducing the set of vertices necessary to connect.
Despite this reduction in the vertex set, it turns out that weak connectivity can be established for
certain pairs of vertices of Gy, as shown in the next three theorems.

Theorem 2: Let x e M with x =5 (mod 6), and define 77'(x) to be the smallest y in 2N +1
satisfying 7(y)=x. Thenx and 7'(x) are weakly connected vertices of G

Proof: Letting x =6t +5, it follows that 7-'(x)=4¢+3. We must show that 47+3 is a
vertex of G,,. If 4¢+3 is not in M, then there exists w <47+3 with w = 47+3, and using the
definition of =, it follows that 7(w) ~ 7(4¢+3)=x. Since x € M, we obtain x < 7(w), and this
yields '
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3w+l

61+5< , where j>1

Substituting the inequality w < 47 + 3 yields
3(4t+3)+1_12/+10
2/ 2/
a contradiction. Hence, x = 47 +3 is a vertex of G,,. Finally, since
F(I () = 2(Cripoiiyy) = 2(C) = x,
we have x and 77'(x) weakly connected. [

61+5< =61+5.

Remark: 1If x e M with x=1 (mod 6), then T~'(x) is not necessarily in M. For example, 379 =
Z(Ly,) and 283 = x(L,), but T71(379) = 505.

Theorem 3: Let x € M with x=1 (mod 8), and let y = ¥(Cr(y)). Assume y is not a multiple of
3. Then T(x) = y, and x and y are weakly connected vertices of G,,.

Proof: Let x=8k+1. If T(x) %y, then y = ¥(Cr(y)) implies that y < T(x) and y ~ I(x).
Also, by hypothesis, y must be of the form 67+1 or 6¢+5. If y=6¢+1, then y < T(x) gives
6t+1<6k+1, hence 1< k. Also, y~T(x) implies 7-'(y)~ x, where T-!(y) is the smallest
inverse image of y under 7. Therefore, 87 + 1~ x, and since x € M, we must have x <87+1. This
yields 8%k +1<87+1, hence k£ <7, a contradiction. Ify is of the form 67+ 35, then y < 7(x) yields
61+5<6k+1, hence < k. The condition T'(y)~ x yields 4¢/+3~x, hence 8k +1<47+3.
Substituting the inequality 7 < & yields 87+1< 47 +3, again a contradiction. Therefore, 7(x) =y
must hold. Since T(x)= X(Cry) =y, it follows that x and y are weakly connected vertices of
Gy. O

Theorem 4: Let x e M with x =25 (mod 64), and let y = (Cr(y). Then y =[3(x~-1)]/8, and
the vertices x and [3(x —1)]/8 are weakly connected.

Proof: Let x =64k +25. Simple computations show that 7(x) = 48k +19 and that
T (J—LT = 1) = T%(T(x)).

Therefore, [T(x)—1]/2 = T(x), hence T(x) = y. Also x=1 (mod 8), so we can apply Theorem 3
to see that y must be a multiple of 3. Let y =37. By Theorem 1, we have y =2y +1=67+1.
Since T(8¢7+1)=67+1, we have T(8¢+1)~ y, and using the fact that y = T(x) along with the
transitivity of ~, we obtain 7(87+1) ~ T(x). Using the definition of =, it follows that 87 +1~ x,
and since x € M, we have x <87 +1. Furthermore, y = T'(x) = [T(x)-1]/2 = 24k +9; thus, by
the minimality of y, we see that 3r<24k+9. From this inequality, we get $(37)+1<
£(24k +9)+1 which yields 87+1<x. Therefore, x =87+1, hence y=[3(x—1)]/8. It follows
that 7(x) = [3(x—1)]/8 and that x and [3(x —1)]/8 are weakly connected. [

Observe that, if x > 5 is a vertex of G, then, by the proof of Theorem 1, it must be true that
x €8;US,. We can actually restrict the vertex set of G,, slightly further, according to the next
theorem.
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Theorem 5: If x is in the arithmetic progression {32m+17},_,, then x is not a vertex of G,,.

Proof: We will assume x € M and find a contradiction. Let x =32k +17with £ >1, and let
Y =%(Cry). Since T(x) =24k +13 and T(24k +13) = T(6k +3), it follows that 7(x) # y. Also,
x=1 (mod 8) and x e M, so we can apply Theorem 3 to see that y must be a multiple of 3.
Now, y~2y+1 by Theorem 1 and y ~ T(x) by the definition of y, hence T(x)~2y+1. Since y
is a multiple of 3, 77'(2y+1)=%y+1, we have x~ £y+1. This yields x<%y+1, and since
y~T(x)~6k+3, we have y <6k +3. Combining these inequalities yields x <16k +9, a contra-
diction. Therefore, x ¢ M, and x is not a vertex of G,,. O

Remarks: A further systematic reduction of the vertex set beyond that of Theorem 5 would be of
interest, as would further development of the weak connectivity results given in Theorems 1-4. It
would also be interesting to state conditions which, when combined with the theorems in this
section, would be sufficient to guarantee weak connectivity of G,; in fact, 17 e M.

3. A DIFFERENT REDUCTION OF THE VERTEX SET

We now reduce the vertex set of the Collatz graph to a set properly containing M, and use
this set to construct a new directed graph for which weak connectedness is equivalent to truth of
the 3x +1 Conjecture. First, we need some preliminaries to help describe our vertex set. If we let
f(x)=4x+1 and g(x) =2x+1 and let M b defined as in Section 2, we have the following lemma.

Lemma 1: Let xeM, neN, and § €{0,1}. Then f"(x) € C, when x>1, and f"g%(x) e C,
when x> 5.

Proof: When x > 1, a quick computation shows that 7(f(x)) = T(x), thus T(f"(x)) = T(x),
and hence f"(x) € C, for n € N. When x >5, we can apply Theorem 1 to obtain g%(x) € C,, so
frgé(x)eC,. O

For x>5, let G, ={f"g%(x)|neN,5 €{0,1}}; for x=3 and x=35, let G, = {f"(x)|n e N}.
Note that G, consists of a collection of vertices for which weak connectedness to x in the Collatz
graph has been established. For convenience, set G, = {1}. Lemma 1 implies that G, c C,; there-
fore, it makes sense to study the vertices of C, apart from G,. We do so using the following
inductive definition.

Definition: For je N, the jt exceptional number in C, is the smallest positive integer x; satis-
fying x; € C, - UL, Gx,.,, where G, =0.
To clarify the previous definition, consider the example
G,s = {25,101, 405, ...} U {51,205 821, ...}
Since o(25) =7, it follows that C,s = {x € P|o(x) = 7}. Direct computation shows that 217 is the

smallest positive integer in C,s—G,s, hence 217 is the first exceptional number in C,. Repeating
the process, we compute

G,y = {217,869,3477, ...} U {435,1741, 6965, ...},
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and hence can verify that 433 is the smallest positive integer in C,5 — {G,5\W G,,,}. Therefore, 433
is the second exceptional number in C,;. A table of exceptional numbers satisfying o(x) < 10 and
Jj < 4 is provided below.

TABLE 1. Exceptional Numbers (o(x) < 10, j < 4)

o(x) X
0 1
1 5
2 3,113, 7281, 466033, 29826161
3 [17,75, 1137, 2417, 4849
4 11, 201, 369, 401, 753
5 7,241, 267, 497, 537
6 9, 81, 321, 331, 625
7 25,49, 217, 433, 441
8 33, 65, 273, 289, 529
9 43, 89, 177, 385, 423
10 |57, 59, 465, 473, 507

Let E denote the set of all exceptional numbers 2N +1. Using the methods of the proof of
Theorem 4 of [1], it can be shown that, for o(x)>1, C,—=UL,G,,_, =0 for all j € N, hence, in
this case, each j >0 gives a distinct element of £. Furthermore, the following lemma gives a
complete description of the set E.

Lemma 2: S0, U{3,5}=FE.

Proof: The fact that E c S, US, U{3, 5} is an immediate consequence of Lemmas 6 and 7 of
[1] and Theorem 1. Therefore, we will show that S,US,U{3,5}c E. If xeS,US,U{3,5}
with x <11, numerical computation shows that x e £, thus we will show that, if x>11, then
x€8uUS, gives x eE. If x ¢E, then x = f"g%(y) for some y e E. If n>1, then x €8m+5,
which is impossible, hence n=0. Therefore, x = g(y) for some y e E. If § =0, we obtain
x =y, which contradicts the fact that x ¢ £. Hence 6 =1; thus x=2y+1. Since x €5, US,,
this yields y € S; uS, with y > 5, which contradicts the fact that y e £ < S, LS, U {3,5}. Hence,
our assumption that x ¢ £ must be false. O

Remark: Using the equivalence classes defined in Section 1, the proofs of Theorems 3 and 4 of
[1] can immediately be generalized to the case where o(x) < .

The primary purpose of Lemma 2 is to establish weak connectivity between certain vertices
of a new directed graph (see Theorem 7). However, it is interesting to note that we can use
Lemma 2 and the proof of Theorem 1 to immediately establish the following theorem, which is
also given in [1].

Theorem 6: Let x € E with x>5. Then there exists k € N such that 7%(x) = T*(2x +1).

We now use the sets G, to construct a new partition of the positive odd integers. This par-
tition will enable us to define a new directed graph.

Lemma 3: Let P ={G,|x € E}. Then P is a partition of 2N +1.
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Proof: Since
Ureasr Cx =2N+1 and C = UxeC,nE Gy,

it follows immediately that
UxEEGx = 2N+1

It remains to show that, if x and y are in E, then G, NG, =0 when G, # G,. We will prove this
by contradiction. If z € G, NG, then

z= g (x)= fmg% (),
where m,n, € N, 6,,6, €{0,1}, f(x)=4x+1, and g(x) =2x+1. Without loss of generality, we
can consider three cases: §, =5, =0;8,=0and §, =1;and §,=6, =1.
In the first case, we have

fr)=r"0),

and since we can assume 7 <n, without loss of generality, we obtain x=f™""(y). Assume
x #5, as the theorem follows trivially in this case. If », —n, =0, then G, = G, is a contradiction,
and if n, —n, >0, we have x of the form 8m+5 with m>1 and x € E, which contradicts Lemma
2. Hence, in any event, 6, = §, = 0 is impossible.

In the second case, we have

S =f"Q2y+1).

If m =n,, then x=2y+1, hence x € G,. Since Theorem 6 implies that x € C,, we have contra-
dicted the fact that x € E. If n <n,, then x = f™71(2y =1); therefore, x is of the form 8m+5
with m>1. Since x € E, we have again contradicted Lemma 2. If n, <n,, we obtain 2y +1=
Jf™m™(x), which implies that 2y +1 is of the form 8m+5, contradicting the fact that y is odd.
Hence, in any event, 6, =0 and &, =1 is impossible.

Finally, the third case gives

SMQ2x+1)=f2Q2y+1).

Again, without loss of generality, assume n, <n,. If n,=n,, then x=y, hence G, =G, is a
contradiction. If n, <n,, then 2x+1= f™"(2y+1) implies that 2x+1 is of the form 8m+5.
This forces x to be even, again a contradiction. Thus, §; =, =1 is also impossible, and hence
our assumption that G, NG, = 0 must be false. O

Using the partition %, we define the equivalence relation ~ as follows: x ~ y if and only if x
and y are in G, for some z € E. Denote by E, the equivalence class under ~ which contains x.
For e c E, define T:E — E by T(e)= ¥(Er.)). We now obtain another formulation of the

3x +1 Conjecture.
3x+1 Conjecture (3 form): The directed graph Gz with vertices E and directed edges from e
to T(e) is weakly connected.

A portion of the directed graph G is displayed in Figure 3. The graph Gz collapses some
vertices of G,n,; Whose trajectories enter E, while at the same time retaining enough vertices to
permit establishing of substantial weak connectivity.
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FIGURE 3. The Graph Gy (o(x)<5, j< 4, x <5000)
Now let S; and S, be defined as in the proof of Theorem 1, and let § =5, U, —1. For x not
a multiple of 3, let 7-!(x) be the smallest y in 2N +1 satisfying 7(y) = x, and define
TY(8) = {T"(s)|s € S-3P}.
We then have the following results.
Lemma 4: T(S)cS.
Proof: If x €S, let x=2"?m+2" -1 with n€2N+1. By considering congruences of m
modulo 3, we see that x can be expressed in one of the following three forms:
x=3.2"2k 42" -1,
x=3-2"2f 42M2 42"
x=3.2"2f 42" 42" 1,
If x is of the first form, then 7 odd yields x =1 (mod 6). This gives

1 _4x—1
T‘(Jc)---—3 .

Hence T7'(x) =1 (mod 8), and therefore 7'(x) € S.
If x is of the second form, then 7 odd yields x = 0 (mod 3), hence 7~!(x) does not exist.
If x is of the third form, then n odd yields x =5 (mod 6). This gives

T—l(x) — 2x3_1 — 2n+3k +2n+2 +271+1 _ 1’

hence T7'(x) € S,. If x€S,, let x=2"2m+2""+2" -1 with n e 2P. Again considering con-
gruences of m modulo 3, x can be expressed in one of the following three forms:
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x=3-2"2f 4 2m 42" 1,

x=3-2"2f 422 4 2m  0n

x=3-2"2f 4 2m3 pm on ],
If x is of the first form, then x = 5 (mod 6). Therefore,

T = 2= omp i,

and hence 77 '(x) € §.

If x is of the second form, then x = 0 (mod 6), and thus 7~!(x) does not exist.

If x is of the third form, then x = 1 (mod 6) and, as before, 77'(x) =1 (mod 8), and thus is in
S,. Hence, in all cases, 7'(x) e §. O

Theorem 7: Let x be an element of E. Then the vertices x and 77'(x) of Gy are weakly con-
nected.

Proof: We first show that x € E yields 77'(x) € E. We can assume without loss of gener-
ality that x > 5. Letting x € £ and applying Lemma 2, we see that x € §; U S,. Applying Lemma
3 gives T7'(x) € §; U S, —1, and again applying Lemma 2, we obtain 7'(x) € E. Finally, we get

T(T_i(x)) = ;{(ET(T_l(x))) = Z(Ex) =X,

hence x and T7'(x) are weakly connected. O

4. TOTAL STOPPING TIMES OF CERTAIN EXCEPTIONAL NUMBERS
AND CYCLES UNDER INDUCED MAPS

One possible approach to establishing weak connectedness of Gy is to characterize all x € £
with a given finite total stopping time, and to apply T~' repeatedly to those vertices. By Theorem
7, these inverse images would also be vertices of Gy, and perhaps would substantially "fill up" the
set of all vertices of Gg. All x € £ satisfying o{x) < 2 are described in Lemma 5 and Theorem 8.

Lemma 5: Let x € £, and let f(x)=4x+1. Then o(x)=1 ifand only if x = 5.
Proof: Ti is well known that, for any x € 2N +1, o(x) =1 if and only if x =1(4"" -1) for
some n € P (see [4]). Since
%(47&1 _ l) - 241 - fn—l(s)
i=0
and since x € £, we must have x=35. [

Lemma 6: Let
3m—-2

= 1 & itn __ — 1 itn—-1 _
Ay n = 3(204 1} and b, ,= 3(2 204 1l
Then L, ={a,, ,imneP}U b, ,ImnecP}

Proof: The fact that a,, , and b, , are in L, is easily verified by computation of ™@,,»

and 7%(b,, ,). Thus, we need to show that L,C {a, ,|mne Pyu b, |mnecP}. If xel,,
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thenT(T(x)) =1, hence T(x)=1(4**'-1) for some k €P. Since 7(x)=(3x+1)/2/ for some
j € P, we obtain

3x + 1 k+1 i
4 -1 4
T3 = Z

hence 2/ =¥ 4’ =1 (mod 3). This yields2/(k +1)=1 (mod 3). Thus, ifj is even, we have £ =0
(mod 3), and if j is odd, we have k¥ =1 (mod 3). In the first case, setting j = 2n and k = 3m gives
x=a, ,;in the second case, setting j =2n—1and k =3m—2 gives x=5, ,. O

mn’

If we let x € E with o(x) =2, direct computation yields E, = {3,113, 7281,466033,...}. It
is interesting to observe that the function A(x) = 64x+49 generates all of £ except for x =3,
hence motivating our final lemma as well as Theorem 8.

Lemma 7: Let x € 2N +1, g(x)=2x+1, and h(x) = 64x+49. Then T2(g(h*(x))) = T?(H*(x))
forallk eP.

Proof: We proceed by induction on k. When k& =1, some simple computation shows that
T*(g(H* (x))) = T2 (W' (x)).

Assuming the lemma is true for £ = j, we show that the lemma holds for £ = j+1. Since

T*(g(W*(x)) = T*(g(W (h(x))))

and the induction hypothesis gives

T*(g(W (h(x)))) = T*(W (W(x))),

T*(g(W*'(x))) = T*(W*'(x)).
Hence, the case where k£ = j+1 holds true. O

we obtain

Theorem 8: Let x € E with x>5 and let A(x)=64x+49. Then o(x)=2 if and only if x=
n'(1) for someneP.

Proof: Assume o(x)=2 and let a,, , and b,, , be defined as in Lemma 6. Using this lemma,
we see that x=a, , or x=4, , for some m,neP. If we let f(x)=4x+1, the relationships
a,.n=rf@,,) andd, . =f(,,) are easily verified. Hence, using the fact that x € £ in con-
junction w1th Lemma 2, we see that x=a,,, or x=5,,. Now direct computation shows that
h( 1) =0y forallmeP,soa,, =1 (mod 8). Usmg Lemma 2 and verifying the case where
=1 independently, we obtain a,,, € E for all m e P. Now let g(x)=2x+1. Since 7%(a,,,) =
TQ( w,1) and g(a, ;) =b,,,,, we see that b,,,, € E only when m=0, hence when b,,,, ; =3.
Since x> 5, we conclude that x = h'(a,,,) for some me P and n e N. Using h(a,, ) =a,,, ; and
the fact that a; ; = A(1), the result x = h"(l) for some n € P follows.

We now show by induction that o(x) =2 is a necessary condition for x =/4"(1). For n=1,
o(x) =2 is easily verified. We assume that, for x = #"(1) x = h*(1), we have o(x) =2, and will
show that x = #**(1) yields o(x) =2. Direct computation shows that T2(h(x)) = T?(g(x)), thus
T2(K*1(x)) = T2(h(K* (x))) = T*(g(H*(x))). Using Lemma 7, we obtain T2(K**'(x)) = T2(h*(x)).
Finally, setting x =1 and invoking the induction hypothesis, we get T?(A**'(1)) =1; hence, for
x = H*1(1), we have o(x)=2. O
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Remark: A similar characterization for x € E satisfying o(x) = k when k >3 would be of inter-
est. In the case where & = 3; numerical computation suggests that x = (%)"(17) or x = (h,)*(75),
where /4 (x) = 64x +49 and hy(x)=32x+17. Furthermore, if we let E, = {x € E|o(x) = k}, it
can be conjectured that £, = U, {#"(x,)|n € N} for some #, € P and 4 =a,x+b. The behavior
of t,/k as k — oo also merits further study.

We now demonstrate that a nontrivial cycle under T will induce a nontrivial cycle under the
maps T and T (Theorems 9 and 10). Thus, to prove that nontrivial cycles do not exist under 7, it
is sufficient to prove that nontrivial cycles do not exist under either 7' or 7. Let ~ and ~ be the
equivalence relations given in Sections 1 and 3, and let ¥ be defined as in Section 2. If we define
T:2N+1—-52N+ by T(x)= Z(Crx), we have the following lemmas.

Lemma 8: T%(x) = T(T(x)) for all x € 2P +1.

Proof: Letting y = T(x) and z= T(x), we have y~z, so T ()= T(z). Therefore, Cr(,) =
Cr(»), and thus ¥(Cry) = 2(Cry). This gives T(y) = T(z), and substituting for y and z gives the
result. O

Lemma 9: T%+'(x) = T(T*(x)) for all k € P and for all x € 2P +1 satisfying o(x) > k.

Proof: We proceed by induction on k. The case in which & =1 follows from Lemma 8.
Assume that the lemma holds when &k = j. Since

1742(x) = T(17 ) = T(I(TY () = T2(77 ()
and since Lemma 8 gives
11T/ (x)) = T(T(T7 (%)) = T(T7*' (%),
the case when & = j+1 holds true. O

Theorem 9: If T*(x)=x for some k € P and x € 2N +1, then there exists y € M satisfying
M=y

Proof: By Lemma 9, 7**'(x)=T(T*(x)), hence invoking the hypothesis of the theorem
gives T¥*1(x) = T(x), and setting y = T(x) gives the result. O

Lemma 10: Let x, y € E with x ~y. Then T(x) ~ T(y).

Proof: If x ~ y, then x and y are in G, for some z € E. Hence we can write x = /™ g% (z)
and y = f™g%(z), where n,n, €N, 8,8, €{0,1}, f(x)=4x+1, and g(x)=2x+1. Applying
Lemma 1, we see that 7(x) = T(g%(x)) and T(y) = T(g%:(x)). If 5, =6,, the result follows, so
assume, without loss of generality, that §, =0 and §, =1. This yields 7(x) =T(z) and T(y) =
T(2z+1). If z=5, the conclusion of the lemma is easily verified, so assume z#5. Since z € E,
we can combine Lemma 2 with the proof of Theorem 1 to see that 7(z) = (3z+1)/2/ with j=1
or j=2. (The possibility of j=4 is eliminated since z#5.) Noting that 7(2z+1) =3z+2, we
obtain 2/ T(z)+1=T(2z+1). When j =1, this yields g(7(x)) = T(y), and when j = 2, this yields
f(T(x)) = T(y); hence, in either case, T(x) ~ T(y). O

Theorem 10: If T*(x) = x for some k € P, then there exists e € E satisfying T*(e) = e.
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Proof: Using Lemma 10, the statements and proofs of Lemmas 8 and 9 hold with 7" replaced
by T, C, replaced by E,. and ~ replaced by ~. Hence, the result follows from a proof analogous

to that of Theorem 9, with T replaced by T and M replaced by E. O

Finally, we will demonstrate that divergent trajectories under 7 and T will induce divergent
trajectories under 7.

Theorem 11: If {T* (%)}5, is divergent, then {T*(x)}5., is divergent.

Proof: By Lemma 9, we obtain 7%(x) = T(7*7'(x)), and by the definition of 7', we have
T(T*'(x) = (Cri(yy).  Thus, T#(x) = 2(Cps(y), and hence 7¥(x) <T*(x), from which the
theorem immediately follows. O

Theorem 12: Tf {T*(x)}7., is divergent, then {T*(x)}7., is divergent.

Proof: Since Lemma 9 holds with 7' replaced by 7', Theorem 12 follows from a proof analo-
gous to that of Theorem 11, with 7 replaced by 7. O

Remarks: The results in this paper are primarily geared toward a constructive proof of the 3x +1
Conjecture by establishing weak connectivity of G,, or Ggz. It is interesting to note that, if x=1
(mod 32) and f(x) =8x+9, thenx and f(x) are weakly connected in Gz. Furthermore, if x is in
E, x=3 (mod 4), and g(x) =32x+17, then x and g(x) are weakly connected in Gz . Finally, if
x =1 (mod 8) and A(x) = 64x +49, then x and A(x) are weakly connected vertices of Gz. These
results, coupled with Theorems 6 and 7, may be sufficient to establish weak connectivity of G.
This appears to be a promising direction for future research.
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BOOK REVIEW

Fibonacci and Lucas Numbers with Applications, by Thomas Koshy
(New York: Wiley-Interscience, 2001; ISBN: 0-47-39969-8)

This is a delightful book which should prove of great value not only to the professional
mathematician but also to a great variety of other professionals like architects, biologists, neuro-
physiologists, physicists, and stock market analysts, to name but a few. The book is aimed at a
broad student audience as well, and it contains a large selection of proposed problems which
should make the book a valuable instrument for teaching a first course on number theory. Finally,
the book should be of interest to Fibonacci enthusiasts and laypersons alike. This book has a very
broad scope indeed!

Koshy begins by offering a lively and well-documented historical perspective on Leonardo
Fibonacci and on his mathematical works; he also sketches the contributions made by Edouard
Lucas. Next, the author takes the reader through some of the interesting occurrences of Fibo-
nacci numbers in the biological, the chemical, the medical, the physical and the money market
worlds. After having set this motivational stage in the first four chapters of the book, Koshy now
adeptly moves on, in chapters 5 through 15, to some of the more elementary properties of
Fibonacci and Lucas numbers: techniques for generating simple identities are presented and linear
recurrence relations are discussed; links between the Fibonacci numbers and Pascal's triangle are
established and explored, etc. Finally, the author proceeds to a presentation of more advanced
subjects which involve Fibonacci and Lucas numbers, such as divisibility properties, generating
functions, continued fractions, periodicity, weighted sums, matrices and the (J-matrix, Fibonacci
and Lucas polynomials, Jacobsthal polynomials, Morgan-Voyce polynomials, Tribonacci poly-
nomials, etc. The coverage is truly extensive.

The book is well written, well researched, and well organized. One should not overlook
these features, particularly the last one, considering the astronomical amount of research and
pedagogical literature that exists on Fibonacci numbers! The style is lively and precise. Difficult
underlying concepts such as graphs, trees, etc. are all explained with great ease and confidence. I
particularly enjoy the numerous theorems, identities, and results that are quoted throughout the
book! I am also delighted by Koshy's tendency to provide anecdotal and biographical background
on the authors he quotes. As a result of that tendency, the reader can catch a glimpse, albeit too
brief at times, of the human face that lies behind this particular theorem or that particular
technique. The entire book is liberally sprinkled with historical anecdotes and footnotes which
show that the author has thoroughly researched his subject and which add color and vitality to the
topic at hand.

I would venture to say that Koshy's book is the most comprehensive collection of results,
theorems, and references regarding Fibonacci numbers and their applications to date. The timing
and scope of the book make it a rather fitting tribute to the enduring impact of Leonardo
Fibonacci's Liber Abaci since it was originally published in 1202, 800 years ago next year! I
recommend Koshy's book without reservation to professional mathematicians who teach a course
on number theory, to professional scientists and engineers, to students, and to the general
amateurs and enthusiasts alike.

Reviewed by Napoleon Gauthier
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AN ALTERNATE PROOF OF A THEOREM OF J. EWELL
Neville Robbins

Math. Department, San Francisco State University, San Francisco, CA 94231
E-mail: robbins@math.sfsu.edu
(Submitted February 2000-Final Revision April 2000)

Let 7.(n) denote the number of representations of » as a sum of r triangular numbers. In [1],
J. Ewell derived a sextuple product identity, one of whose consequences is

Theorem 1: For each integer n > 0,
t,(n)=0(2n+1)

where o denotes the arithmetical sum-of-divisors function.
In this note we present an alternate proof of Theorem 1.

Proof: Clearly, n is a sum of four triangular numbers if and only if 82+4 is a sum of the
squares of four odd positive integers. Let 7,(n) denote the number of representations of » as a
sum of four squares, while s,(r7) denotes the number of representations of # as the sum of four
odd squares. An elementary argument shows that, if 8n2+4 is a sum of four squares, then these
squares must all have the same parity. It is easily seen that

4
8n+4= Z (2b,-)2
i=1
if and only if
4
2n+1=Y B2.

i=1
Therefore, we have

s, (8n+4) =r,Bn+4)-r,(2n+1)=8(X{d :d|(Bn+4),4|d} - {d :d|(2n+1)})
=8(oc(4n+2)-oc(2n+1)) =160(2n+1),
according to a well-known formula of Jacobi ([2], Theorem 386, p. 312). Therefore, the number
of representations of 8n+4 as the sum of the squares of four odd positive integers is

%s‘,(Sn +4)=0(2n+1)

from which the conclusion follows.
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ON THE NUMBER OF PARTITIONS INTO AN EVEN
AND ODD NUMBER OF PARTS

Neville Robbins
Mathematics Department, San Francisco State University, San Francisco, CA 94132
E-mail: robbins @math. sfsu.edu
(Submitted February 2000-Final Revision July 2000)

INTRODUCTION

Let g/ (n), g/(n) denote, respectively, the number of partitions into » evenly many, oddly
many parts, with each part occurring at most i times. Let A,(m)=q/(n)—g’(n). Let w(j)=
Fj(3j—1/2. Itis well known that

-y ifn=w(x)),
s

otherwise.

Formulas for A,(n) were obtained by Hickerson [2] in the cases i =3, i even; by Alder & Muwafi
{1]in the cases i = 5, 7, by Hickerson [3] for i odd. In this note, we present a simpler formula for
A,(n), where i is odd, than that given in [3]. As a consequence, we obtain two apparently new
recurrences concerning g(#).

Remark: Note that, if f denotes any partition function, then we define f(a)=0 if & is not a
nonnegative integer.
PRELIMINARIES

Definition 1: If r 22, let b,(n) denote the number of r-regular partitions of , i.e., the number of
partitions of n into parts not divisible by 7, or equivalently, the number of partitions of 7 such that
each part occurs less than r times.

Let x €C, |x| <1. Then we have

TTa-x"y =143 (D (x°® +x2C9), (1)
A2l k21
Y, 0w =TT, @
nz0 21 1—%
3 4,y = [IECDE ©)
n20 nzi +x"
Ay = {(-1)" ifn= j-(j +1)/2, @
otherwise.

Theorem 1: Ifr =2, then

@ =5 [P (1258 5, (2=4R))

Proof: Invoking (3), (2), and (1), we have
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" 1- 2rn
ZAZr—l(n)x = H X n

n<0 nx1 I+x
- [I5 T10-)- (Zb( ) "]Ha—x")
n>1 =X s n20 nx1

- [o.2) pe{(n(22)e, (2o

The conclusion now follows by matching coefficients of like powers of x.

Theorem 2:

_ ifn=i(j /
@ ‘1(”)+Z(—1)"{q( w(k))+q( w(zk))}z{l ifn=j(j+D/4

k1 0 otherwise.

®) ‘I(n)+Z(—l)k_l{q(n+l_—g’(k—))+q(n+_l__a’2(__ﬁ)}= {1 ifn=j(j+3)/4,

fre 0 otherwise.

Proof: Apply Theorem 1 with r = 2, noting that b,(n) = g(n). This yields

o(5) Zorta(5 ) o250

If we invoke (4) and replace n by 2n, we get (a); similarly, if we replace n by 2n+1, we get (b).

Since it is easily seen that 2|w(k) iff £=0,3 (mod 4), we may rewrite Theorem 2 in a
fraction-free form as follows.

Theorem 2%:

@ qm)—qn-D+3 (g(n- (4 -DGi-D)+q(n—(n- 4 +1)(Gi +1)))

i1
1 ifn=j(j+1)/4,
—Z(q(n—i(ui—1))+q(n—i(1zi+1))):{O . rvil(sf )

i1

b)) gn)+ Zq(n —i(12i = 5)) +q(n—i(12i + 5)) - Z(q(n —-(4i-3)(3i-1))

i1 i1

1 ifn=j(j+3)/4,
+q(n-@i-1Gi-2) = {0 :_)t:er\ajfi(sje.+ !
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ON THE MORGAN-VOYCE POLYNOMIAL GENERALIZATION
OF THE FIRST KIND

Jack Y. Lee
280 86th Street #D2, Brooklyn, NY 11209

(Submitted November 1999-Final Revision March 2000)

In recent years, a number of papers appeared on the subject of generalization of the Morgan-
Voyce (M-) polynomials (see, e.g., André-Jeannin [1]-[3] and Horadam [4]-[7]). The richness of
results in these works prompted our investigation on this subject. We further generalized the M-
polynomials in a particular way and obtained some new relations by means of the line-sequential
formalism developed earlier (see, e.g., [8]-[10]). It was also shown that many known results were
obtainable from these relations in a simple and systematic manner.

The recurrence relation of the M-polynomials is given by

-m,+(2+x)m,,,=m,, nelk, ¢))

where m, denotes the n™ term in the line-sequence; and ¢=—1 and b =2+ x are the parametric
coefficients with x being the polynomial variable. The pair of basis, see (1.3a) and (1.4a) in [9], is
given by, respectively,

M, o(-1,2+4x):..,[1,0], - L, - (2 +x), - B+4x+x?), .., (2a)
My (-1,2+%):..,[0,1],2+x,3+4x+x%,4+10x+6x> +x°, .., (2b)
which spans the two-dimensional M-vector space.

Let the n™ element of the line-sequence M ; be denoted by m,[i, j], then by the definition of
translation operation, (3.1) in [8], we have

Tm][1,01=m,,,[1,0]; Tm][O,1]=m,,,[O,1]. (3a)
From (2a) and (2b), obviously the following translational relations hold:
M, o =-M,,, TMy,=M, ;,,, (3b)

where we have applied the rule of scalar multiplication in [8]. The first relation above also states
the translational relation between the two basis line-sequences. In terms of the elements, it takes

the form
m, (1, 0]=-m,[0,1], (3¢)

in agreement with formula (1.2b) in [10]. Also, by the parity relations (1.3a) and (1.3b) in [10],
we have, between the elements in the positive and negative branches of each of the two basis line-
sequences, the following relations, respectively,

m_,[1,0]=-m,,,[1,0], (4a)
m_,[0,1]= -m,[0, 1]. (4b)

The negative branches in (2a) and (2b) can be obtained by applying these relations, respectively.
Let the generating pair of a line-sequence be [/, j], where j=i+sx+r, and i,s,7 €Z,

denote a set of parametric constants. This generating pair specifies a corresponding family of
line-sequences lying in the M-space. We call this way of generalization adopted by André-Jeannin
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[1] the generalization of the first kind, hence the title of this report. Later, André-Jeannin [2] also
generalized the recurrence relation (1); thus, from the line-sequential point of view, generalized
the M-space itself. We call this latter way of generalization the generalization of the second kind.
In this report we shall concern ourselves with the former case only. The latter case will be dis-
cussed in a separate report.

Table 1 below gives the line-sequential conversion of those polynomial sequences treated in
this report. The parametric coefficients in the Morgan-Voyce line-sequence are implicit in the
designation of the letter M and henceforth omitted. There appears in the literature more than one
set of conventions, we shall stick to those adopted in this table.

TABLE 1. Line-Sequences and Elements Conversion

Polynomials Elements  Line-Sequences References
mn[i: l + 5% +r] M, i+sx+r (Sa): (Sb)
B,(x) m,[0,1] M, , [11]
b,(x) m,[1,1] M, , [11]
P")(x) m[1,1+x+7r] M poxir 1
oP®)  m22+x+r] My, [4]
R9)(x) m[u,u+x+r] M, yixer [5]
U,(») m,[0,1] M, , [11]

The line-sequence M, ; can be decomposed according to the rules of linear addition and
scalar multiplication, see [8], as

M,i+sx+r = M, l+sxc+r T (l - 1)Ml, 1 (Sa)
In terms of the elements, this becomes
myi,i+sx+r]=m][l 1+sx+r]+@{—-Dm,[1,1]. (5b)

Putting / =4, s =1, and using the conversion in Table 1, we obtain

R{P(x) = RO () +(u = 1), (x). (9

This is Theorem 1 in [5] and, equivalently, Theorem 1 in [6]. See the Remark below for further
explanation.
We may also decompose M, ; in the following manner:

M,i+sx+r = M,2i+sx + (r - i)MO, 1- (Ga)

Let i = s =1, then we obtain
M tier = My 50 + (=DM ;. B (6b)
In terms of the elements, applying (3a) and (3b), we find
m[L14+x+r]=m,, [0, 1]+ (r—1)m,[0,1]. - (6¢c)
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Applying conversions in Table 1, we obtain

F{(x) = B, (x) + (r = 1B,(x) (6d)
or, equivalently,
: 2+
BY() = Uy 252 -0, (2£2), (©)
which is {(4.6) in [5].
If we decompose A, ; in the following manner,
M,i+sx+r = M,Z-Hx+(i—2+r)MO,1+(i_l)Ml,07 (7a)

and let i =u and s =1. Then, using (3b) and (3¢), we obtain
M, xar = My 1 + @ =2+1)My | — (= 1DT'M, |,
which, in terms of the elements, becomes

mfu, u+x+rj=m, [0, 1]+ —-2+r)m[0,1]- (u—Dm,_ [0, 1]. (7b)
Using the conversions in Table 1, we obtain

R(x) = By (x) + (=2 +1)B,(x) — (u = DB, ()

or, equivalently,

ROO(x)= U, (2—“;‘)+(u-2+r)un(2;x)—(u~1)U_1(2;”‘). (70)

This is Theorem 2 in [5] (with a minor typographical correction). It is also valid for negative
values of the index n (ref. Theorem 2 in [6]). See the Remiark below.
We may also decompose M, ; in the following manner:

M, , =iM, o+ M, , (8a)
=iM o +iMy y + sxMy +rM ;. (8b)
Following André-Jeannin [1} and Horadam [4], we define
m,({i,s,r)= z m, (s, rxt k>0 (8¢c)
k

where the notation has been modified slightly for typographical convenience but is otherwise
easily recognizable as compared to the relating symbols used in [1] and [4]. It is known (see [1])
that the coefficients of x in the basis line-sequence M, , are generated by the combinatorial func-
tion (5, by the translational relation (3b), the coefficients in the complementary basis line-
sequence M, , are then generated by — 1), Substituting into (8b), using Pascal's theorem, we
obtain the general coefficient formula:

. . +k-1 +k +k
mn,k(l’s’r):(l_s)(n 2k )+s(n2k )+r(£lk+l) (9)
Repeated use of Pascal's theorem leads to relations for some special cases, following are
some important examples.
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Example 1: Leti=1 and s=1; we obtain formula (9) in [1]:

m, ,(,1,7)= (”Z’;Ck ) +"(51k++k1)' (10)
Example 2: Let i =2 and s=1; we obtain Theorem 1 in [4]:
m, ,(2,1,7)= (” k- 1) +("2J;c")+r(;k+ +k1)- a1)
Example 3: Let i =u and s =1; we obtain formula (2.12) in [5]:
m, ,(u,1,r)=(u-1) (n +2,;c_ 1) + (nz-'}(k) +r (;k++kl)‘ (12)

Example 4: Applying the "negative whole" formula

(—rn) — 1y (n - 1)

(which has its origin in the reflection symmetry of the Pascal array) to (9), we obtain the equiva-
lent formula for —n:

m_, . (G,s1r)=(>- s)(n;kk)+ s(n +2];c_ l)— r(;k++kl)’ (13)
Putting / =% and s =1, we see that it reduces to
k +k-1 +k
m_ 1) == )+ (AT (5K (14)

which is equation (2.9) in [6]. And so forth.
It is easy to verify that

n+k-1\_,(n+k-2\ (n+k-3 n+k-3
( 2%k )‘2( 2% )’( 2k )+(2k—2 ) (15)
Using this identity, we obtain

m, (,s,r)=2m,, ,(Gsr)-m,_,,.@G-sr)+ m, ,,@,s,7). (16)

This reduces to (7) in [1]ifi=s=1; to (2.10) in [4] if i =2 and s=1; and to (2.10) in [5] ifi=u
and s=1.
Applying the "negative whole" formula to (15), we obtain

i) () ) o
Using this identity, we obtain
m_, ,(0,8,7r)=2m_,_ ,(G,s,r)-m_,_, ,(,s,1r)+ m_, ;0,s,r), (18)
which reduces to (2.7) in [6] if i =u and s=1.
Remark: Both identities (9) and (13) and identities (15) and (17) are valid for both positive

and negative values of index n, a property intrinsic to the line-sequential formalism. Since (5a) is
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a line-sequential formulation, this means that equation (5c) is valid irrespective of the positivity or
the negativity of the index n. Therefore, equation (5c) is equivalent to both Theorem 1 in [5] and
Theorem 1 in [6]. Similarly, equation (7c) is equivalent to Theorem 2 in [5] and also equivalent
to Theorem 2 in [6].

There are some special cases that are worth our attention.
Case 1. Let i =s—r in (9). We then have

m,  (s—r,s,r)=r (n2+kli—1 l) + s(n;ck) =ra, , +saQ). (19)
This translates into the decomposition formula
M, ;= (s—r)Mj o +s(1+x)M, ;. (20)

The polynomial line-sequence is as follows:

M, q1an(=L2+%):., [s=7, s(1+X)], s+7+3sx +5x%,

§—

2]
S+2r +(65+r)x+5sx? +5x3, ...
Case 2. Let s=r in (9). We then have
m, o 6,1) =G0 ("o e (M) = G- a0, vral @)
This translates into the decomposition formula
The polynomial line-sequence is as follows:
M, oy (L1420 [ i 4P+ )L i1+ X) +7(2+3x +X7), (24)
Case 3 (a special case of Case 2). Let i =0 and s =7 in (9). Then we have
- k
m, o(0,r,F) = ’((ni;cﬁ : 1) . ("27: )) = (@D, , +a). (25)
This translates into the decomposition formula, from (23),
Ali,j =r(1+x)M0,1. (26)
Hence, this reduces to a multiple of the second basis. The polynomial line-sequence is as follows:
My 141 1+2x):., [0, 7(1+%)], (2 +3x +x%), 73+ Tx + 5% +x7), ... 27
Case 4. Leti=2r and s=r in (9). We then have
- k+1
m, ,(2r,r,r)=r ((n +2]2 1) + (an;‘ :i D =r(Bh —agk +ag), (28
where b), is as given in Table 2 below. This translates into the decomposition formula
M, Gix) =TQM, o +(3+ )M, ). (29

The polynomial line-sequence is as follows:
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My, 4n(=1, 14+2X): . [2r, P+ X)), 7+ Trx +2rx?, = 2r +8rx +16rx* +4rx, ... (30)

Note that, for —n, we also have, from (28),

mosCrrn= (e (7)) e e

where b{"), is as given in Table 2 below. And so forth.

Table 2 is a compilation of some conversion relations for convenience of reference.

TABLE 2. Conversion Relations

Relations References
m, ,(i,s,7) =@ —s)al?, , +sa) +ral’ [see(9)]
m,.1 (11,0 =("54) - a9 [1]
n+k+1
m, 10,1, = ("5 ) = [

m, ,(1,17r)= (
w210~ (") ()1 ”
(AN (Ve (k) e
(A (5 e (k)
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The usual way to multiply numbers in binary representation runs as follows: To compute
m-n, copy n to x. Multiply x by two. If the last digit of m is 1, then add » to x. Now delete the
last digit of m. Repeat until m=1, then x =m-n.

Since multiplication by 2 needs almost no time, the running time of this aigorithm depends
only on the time to add two numbers and the number of 1's occurring in m. If » and m are both
k-bit numbers, one needs almost always %kz -bit operations.

In [1], Dimitrov and Donevsky used the Zeckendorf representation to construct a number
system in which, on average, less nonvanishing digits are needed to represent a number. Thus,
using this representation, multiplication becomes about 3.2% faster. In this note we will give
another number system, which gives an algorithm to multiply #-digit numbers in expected time
%nz +2n, i.e., for large numbers this algorithm is 25% faster than the usual one.

Note that, for very large numbers, Karatsuba and Ofmann gave an algorithms with running
time O(n"**°), and Schoenhagen and Strasser gave one with running time O(nlognloglogn) [2];
however, the constants implied by the O-notations are so large that these algorithms have no
meaning for most computations. Thus, faster multiplication of smcll numbers might speed up
many computations.

We will write integers as a string consisting of 1, 0, and -1, and interpret a string a,a,_; ...
a, as 2,2, Our algorithm will make use of the following simple statement.

Proposition 1:

(a) Every integer n has a unique representation as above with the following additional
requirements: there are no three consecutive 1's, no two consecutive nonvanishing digits are —1's,
between a 1 and a —1 there are at least two 0's, and the first digit is 0 if and only if n=0.

(b) The expected number of nonvanishing digits in the representation of an n-bit number is
3(n+3).

(c) The representation can be found by changing < 37-bits on average.

Proof: First, we prove the uniqueness of this representation. Let n be the least number such
that there are two different representations «,, ..., and G, ... f,. f k>, then

&y ...0q— B, ... By 2100-100...—110110... = 1-1-1-1..=1.
Thus, £ =1. Since, by the same computation, the leading digit of a positive digit is 1, deleting this
digit together with the following 0's yields a counterexample of smaller absolute value, therefore
inverting if necessary gives a smaller positive counterexample. However, we assumed 7 to be
minimal.
To construct this representation, begin with the ordinary binary representation of n. Now,
since 2F + - +4+2+1=2%1_-1 we have
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11...11=100...00-1.

\.T__J R
k digits k+1 digits

Thus, replacing every string of k& consecutive 1's as above does not change the value of the string,
and it is easily seen that the new representation fulfills all requirements, if we replace only blocks
of length > 3. During this replacement, we have to change & +1 digits for every block of length k.
Since the expected value of the number of blocks of length £ in an n-digit number is #27*7!, the
expected value of replacements equals

4 k-1 _ N N — k 3

kgzn(k+l)2 _<.4+2§32k—zn.

In the resulting string, there is a single 1 for every substring 011 in the ordinary binary representa-
tion, two consecutive 1's for every substring 0110 and a 1 and a —1 for every block of length > 3.
Thus, to estimate the number of nonvanishing digits, we have to count the blocks in the ordinary
binary representation. At every digit, a new block begins with probability 1/2, except the firsi
one, where this is certain. If the last digit is O, then there are as many 1-blocks as 0-blocks, other-
wise, there is one 1-block more. Thus, the expected number of 1-blocks is Z2. Among these,

there are 22 blocks of length 1; thus, the total number of nonvanishing digits equals

n+3 n+3_3
ZT-T— 8(n+3).

Hence, all of our claims are proved. O

Now, adding and subtracting integers takes the same amount of time. Thus, to multiply two
n-digit numbers using this modified binary system, we need 3 (2+3) additions or subtractions on
average.  Each addition needs 7 bit operations, so this part of the multiplication algorithm needs
%nz +%n steps. We also have to modify one of the two numbers to be multiplied, which takes
%n steps. Therefore, the total running time becomes

3, 18 3,
gn +?n <§n +2n
as claimed.
For n>15, we have 1n* > 3r? +1n. Thus, for numbers > 2° = 32768, multiplying by using
this number system is faster than the usual algorithm.
Note that things become even better if one has to do computations with the same number
several times, since than one only has to convert the integers once. It is easily seen that in this

case multiplication is always at least as fast as the standard algorithm.
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An integer 7 is called a totient if there is some integer x such that ¢(x)=n, where ¢ is
Euler's function. If this equation is not solvable, # is called a nontotient. In 1956, Schinzel [4]
proved that, for any positive &, 2-7* is a nontotient. In 1961, Ore (see [1]) proved that, for every
a, there is some odd number & such that 2%-% is a nontotient. In 1963, Selfridge [1] showed
that the same is true with % restricted by £ <271129. Recently, Mingzhi [3] proved that, for any
given d, there are infinitely many primes p such that dp is a nontotient. In fact, his proof gives the
existence of a, g with (a, q) = 1 such that, for any sufficiently large prime p=a (mod ¢), dp is a
nontotient. Thus, by the prime number theorem for arithmetic progressions, a positive percentage
of all primes p has this property. However, here ¢ >d™®, where 7(n) denotes the number of
divisors of »; thus, this percentage is quite small. In this note we will show this is true for almost
all primes p. Further, we describe explicitly a large class of nontotients. We will prove the follow-
ing theorems.

Theorem 1: There is an absolute constant ¢ such that, for any integer d, the number of primes
p < x such that dp is a totient is bounded above by c7(d?) TR
Here and in the sequel, the letter ¢ denotes absolute positive constants and the letters p and ¢

denote prime numbers only.

Theorem 2: Set m=3-5-7-13-19.37-73, a =35274404. If dis an integer relatively prime to m
such that, for every prime divisor p of d, p is a quadratic residue (mod 73), and g =a (mod m) is
a prime number such that ¢ —1/d, then dg is a nontotient.

It will be apparent from the proof that the value of a is by no means unique. Also, m may be
subject to variation. We only use the fact that m has many prime divisors, and that the least
common multiple of all p—1, where p ranges over the prime divisors of m, is very small.
However, for other values of m, the computations would become extremely long.

The proof of Theorem 1 is based on the following theorem of Erdos [2].

Theorem 3: There is an absolute constant ¢ such that, for any integer a, we have, for the number
N ,(x) of primes p < x such that ap +1 is also prime, the inequality

N,(x)<c x2 H(l—l)_l.

log x gla q

Proof of Theorem 1: Assume that p is some prime such that dp is a totient, say dp = p(n).
Since ¢ is multiplicative and, for prime numbers g, we have @(q) =g —1, there is either some
prime divisor g of » such that g =1 (mod p), say g = ap+1, or n is divisible by p*. In the latter
case we have n= p*m, where (p,m)=1. Thus, we get dp=(p-0)p*p(m) and p-1 |d. So
the number of such p is < 7(d). In the first case, we have n=gm with (g, m) = 1; therefore, we
get dp = (q— Do(m) = app(m). Especially, a is some divisor of d. We now fix some a, and count
the number of primes p <x such that the equation dp = @(gm) is solvable when g=ap+1 is
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prime. This is at most the number of p <x such that g =ap+1 is prime, and by Theorem 2 this

number is -1
<% H(l-%) .

¢
log” x 4

Since a is a divisor of d, the total number of solutions is at most

c—> ZH(I—%)_I.

2
log xa|d qla

N(-3) =N(+3)0(-%)
<%2H(1+%)SCZ%.

qla tla

We have

Hence, the sum above can be estimated as

> (1-3) <z >
q9) r
ald gla ald tla

The function f(d)=2,,%,,+ is multiplicative, since it is the Dirichlet convolution of multipli-
cative functions. For prime powers, we have

= > pm= Y (k-m+Dp" <2k+1=1(p*).

0<i<k 0<m<l 0<m<k

By multiplicativity, we get f(n) < 7(n*) for any n. Hence, the total number of primes p < x such

that dp is totient is at most

Y —1(d®)+1(d),
log® x

c

and by increasing c slightly, the second term may be neglected. This proves Theorem 1.
Proof of Theorem 2: Note that, if the equation ¢(x) = dq is solvable, either g?|x or there is
some prime p =1 (mod g) such that p—1|dg. In the first case, we have
9@ -1)=p(q") | p(x) = dg,

contradicting our first assumption on d. In the second case, number the prime divisors of m by r;,
1< <7, and choose some primitive root 7; for each j. We may assume that p does not divide
m; thus, the condition that p is prime implies 7; [ p. This is equivalent to d’q# 1 (mod r;) for a
certain divisor d’ of d. Write

d = ﬁpfl R
i=1

define a; by z7¥ = p; (mod r;), and define b, by 7r’j’/ =q=a (mod r;). Then the condition on p
implies the system of incongruences

Za,-jx,- #-b, (modr,—1).

i=1
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Now, choosing 7; to be the least primitive root (mod r), i.e,, ;=2 for j#3,7, 73 =3, and
7w, =5, weobtainb =1,b,=2,b,=4,b,=8, b =12, b, =24, b, =0. (Note that here we have
much more freedom; we could choose different primitive roots, and we could use different values
for the b;, each resulting in different values for a.) To prove our claim, note first that by assump-
tion all p, are quadratic residues (mod 73), so all a,, are even. Thus, since b, is even, too, we
may divide the seventh incongruence by 2, obtaining an incongruence (mod 36). Further, for all j,
we have r; —1{36, so every incongruence (mod 7; — 1) may be written as a set of incongruences
(mod 36). Now, the solvability of the system is equivalent to the existence of some residue class
(mod 36) that is not contained in one of the following seven sets, each defined by one of the seven
incongruences:

{1,3,5,7,9,11,13,15,17,19, 21, 23,25, 27, 29, 31, 33,35},
{2,6,10,14, 18,22, 26, 30, 34},

{4,10,14, 20, 26,32},

(8,20, 32}, {12, 30}, {24}, {36}.

By construction, the first four sets define residue classes (mod 12), and one easily checks that all
but the class 0 are covered, whereas the last three sets contain the remaining class. Thus, our
initial assumption on the solvability of the equation ¢(x) = dg was wrong, proving Theorem 2.
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1. INTRODUCTION

In [2], Brousseau considered sums of the form

1
k. k..
S( vy ) ZFEr+k,Ez+k2 Er+k,,, (1.1)
and
Ty, g, . ) = Z e (12)

F F;r+le;1+k2 n+k

where the k; are positive integers with k, <k, <---<k,. He stated that the sums in (1.1) and
(1.2) could be written as

Stky, k,, ..., k) =1+n51,2,...,m) (1.3)
and
I(ky, &y, .. k) =1+ 1, T(L, 2, ..., m), (1.4)

where 7, r,, r;, and r, are rational numbers that depend upon &, k,, ..., k,,. He arrived at this
conclusion after treating several cases involving small values of m.

Our aim in this paper is to prove Brousseau's claim by providing reduction formulas that
accomplish this task. Recently, André-Jeannin [1] treated the case m =1 by giving explicit expres-
sions for the coefficients 7, r,, r;, and 7,. Indeed, he worked with a generalization of the Fibo-
nacci sequence, and we will do the same. In light of André-Jeannin's results, we consider only
m=>2. We have found, for each of the sums (1.3) and (1.4), that two reduction formulas are
needed for the case m =2, and three are needed for m>3. Consequently, we treat those cases
separately.

Define the sequences {U,} and {W,} for all integers n by

Unsz—l_qU—Z’ U0=O’ Ul=l,
W,= oWy —aWyss Wo=a, Wi =b

Here a, b, p, and q are assumed to be integers with pg# 0 and A = p*—4q>0. Consequently,
we can write down closed expressions for U, and W, (see [3]):

a” ﬂn Aa"—B,B"
U,= pray and W—————a_ﬁ , (1.5)

where a = (p%JK)/Z, B=(p-+JA)/2, A=b-af, and B=b-aa. Thus, {W,} generalizes
{U,} which, in turn, generalizes {F,}.
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We note that

a>1and a>|8]if p>0, while f<-1and |B]> |alif p<O0. (1.6)
Consequently,

anai{ﬂa”ifp>0,andI/Vnza’_Bﬂﬁ"ifp<0. W)

Throughout the remainder of the paper, we take

= 1
Sty by, K ) = (1.8)
and
T A T R ) (1.9)
A Pl Wiy - Was,

where the £; are positive integers as described earlier. From (1.6) it follows that U, # 0 for n>1.
We shall suppose that W, # 0 for n>1. Then, by (1.6) and (1.7), use of the ratio test shows that
the series in (1.8) and (1.9) are absolutely convergent.

We require the following identities:

UbVosi =Wosm = QU Wy, (1.10)
UnestWoik = Woem = QU W1 (1.11)
U+ " U W mea = Ui aWnas (1.12)

PV + U = U (1.13)
Uit =UpetstWram = 4 U Wy (1.14)

Identity (1.11) follows from (1.10), which is essentially (3.14) in [3], where the initial values of
{U,} are shifted. Identities (1.13) and (1.14) follow from (1.12), which occurs as (5.7) in [4].
2. THREE TERMS IN THE DENOMINATOR

Our results for the case in which the denominator consists of a product of three terms are
contained in the following theorem.

Theorem 1: Let k, and k, be positive integers with &, <k,. Then

1 .
S(kl,kz)=--—qU [WioreS( — 1 k) — S(ky - L k)] if 1<k, 2.1)
kK
2
9V, 1 .
S k) =-L-501,2)+ Sk -1)-—a— | f2<k,, 22
2 Ukz ( U]Q 2 u/lmujkz 2 ( )
1 .
T(ky, ky) = T (Ui T =1 k)~ Tk 1, k)] if 1<k, (2.3)
27
2
q°Uy,—, 1 .
T(, k) =-£2-1(1, 2) + —2 ~T(Lk,—1)| if2<k,. 2.4
(Z)Ukz()Ukz[WleWh(z)} . 24)
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Proof: With the use of (1.11), it follows that

WUy, Uhypn 1
- - >
n{xu{ﬁkl an+k2 I/Vann+kl —lmwkz VVnIan+kl —IVVn+k1

2.5)

and summing both sides we obtain (2.1). Likewise, to obtain (2.3), we first multiply (2.5) by
(=1)"! and sum both sides.
Next we have
U, _ p + qukz—Z
Wi,  WlosiWorz WoaioWoir,”

(2.6)

which follows from (1.13). Now, if we sum both sides of (2.6) and note that

— = SOk -1D-
X 5= A

n=1""n+1""n+2"" n+k,

we obtain (2.2). Finally, to establish (2.4), we multiply (2.6) by (=1)""!, sum both sides, and note
that

PO ) (S
o WitWidWor, WL,

This proves Theorem 1. O

It is instructive to work through some examples. Taking W, = F, and using (2.1) and (2.2)
repeatedly, we find that S(3, 6) = - 22 +1.5(1, 2), and this agrees with the corresponding entry in

Table III of [2]. Again, with W, = F,, we have T(3, 6) = - 2%+ +7(1,2).

3. MORE THAN THREE TERMS IN THE DENOMINATOR

Let k;, ky, ..., k,, be positive integers and put P(ky, ..., k,) =W W, ... W, . With this nota-
tion, the work that follows will be more succinct. The main result of this section is contained in
the theorem that follows, where we give only the reduction formulas for S(k,, k,, ..., k). After
the proof, we will indicate how the corresponding reduction formulas for 7(k,, k,, ..., k,,) can be
obtained.

Theorem 2: For m=>3, let k, <k, <--- <k, be positive integers and set k, =0. Then

Uity Koy =LKy B g
S(kl, k2, ceey km) = km-l_kj'HU S(kb AR g £ £ 1_1, Jo s Pm=2s m)
9 b~ (3.1
Uk,,,_,—k_,+l
Stky, ...k, k- Lk, ... .k, )

T 1=k +1 DR i S B R
qr Ui+,

if 1<j<m-2and k;_, <k;-1;

U _
Sty ..., k) = %S(k Y S I )
Tt (3.2

1 .
—mS(kl, veey km—2’ km-—l - 1, km—l) if km—2 < km—l - 1,
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SA,2, . m=1 k) =In51 2, .., m)
O (3.3)
+ Tk S(1,2,...,m—1,km—1)————L—] tm<k
Uy, ww, .. W, |

Proof: With the use of (1.14), we see that

qk,,,_l—k_,»+1(]km_km_l B Ukm—-kj+1
Pl k) POk —Lk. k%)

R O ERdd | s Vs Pm=2s m

Uk,,,_, ~k;+1

Pk, kb =Lk, Ky )

and summing both sides we obtain (3.1).
Next we have

qu,,,—k,,,_, _ Uk,,,-k,,,_,+1 _ 1
P(k,...k,) Pk, .k, k,1—LEk,) Py, . ky, bk, -1k,

s m=20 m— * m=25 Vm—

which can be proved with the use of (1.11). Summing both sides, we obtain (3.2).
Finally, with the aid of (1.12) we see that

Ui U 9"Uy,-m

P(L2,..m-Lk) PQ2,..m W.W. W.T

n+l""n+2 - n+m'’ ntk,

The reduction formula (3.3) follows if we sum both sides and observe that

2 1 1
=SU,2,..,m-Lk ~)—— b
LT Wrer, (42,..m=1k, ~1) Wi, . W,

n=1""n+1""n+2 * n+m

This completes the proof of Theorem 2. O

As was the case in Theorem 1, the reduction formulas for T can be obtained from those for S.

In (3.1) and (3.2), we simply replace S by 7. In (3.3), we first replace the term in square brackets
by

1

W—S(l’z"“’m‘l’kmﬂ)

and then replace S by T.
As an application of Theorem 2 we have, with W, = F, |

S(1,2,4,6,7)=-35(,2,3,4,7)+25(1,2,3,4,6) by (3.1); (3.4)

$(1,2,3,4,7) = 3017—0+%S(1, 2,3,4,5) —T%S(l, 2,3,4,6) by (33); 3.5)

$(1,2,3,4,6)= ﬁn%so, 2,3,4,5 by (3.3). (3.6)

Together (3.4)-(3.6) imply that

S(1,2,4,6,7) = -6—%—2—16&1, 2,3,4,5).
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4. CONCLUDING COMMENTS

Recently, Rabinowitz [5] considered the finite sums associated with (1.1) and (1.2). That is,
he took the upper limit of summation to be N, and gave an algorithm for expressing the resulting

sums in terms of
N N N
1 sy 1
ZF’; 7 and z_:FF

n=l"n

In addition, he posed a number of interesting open questions.
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In this note, we find all triples consisting of consecutive binomial coefficients

(F) (¢ (472) ®

forming Pythagorean triples. The result is

Theorem: If the three numbers listed at (1) above form a Pythagorean triple, then »= 62 and
k =26 or 34.

We first notice that it is enough to assume that k¥ +2 <n/2. Indeed, if £ >n/2, then one can
use the symmetry of the Pascal triangle to reduce the problem to the previous one, while the case
in which k <n/2 but k+2>n/2 is impossible because these conditions will lead to isosceles
Pythagorean triangles which, as we all know, do not exist.

Proof: After performing the cancellations in the following equation,

(Z)z * (k’i 1)2 = (k Y 2)2’ @)

we get
k+2)2(k+D)2+(n-k)?)=(n-k)*(n-k -1~ 3)
We make the substitution x :=n—k and y:=k+1. Equation (3) becomes
O +D*(? +yH) = xP(x-1)% “

Notice that equation (4) implies that x2 + y? is a square. Let d:= gcd(x, y).
We distinguish two cases:
Case 1.

x=2duv,
{ where gcd(v,v) =1 and # # v (mod 2). )

y=d@ -v?),
Combining formulas (5) and equation (4), we get
(d@® —vH) +1)(? +v?) = 2uv(2duv - 1). ©)
Since ged(u? +v2, 2uv) = 1, it follows from equation (6) that (u? +v2) | (2duv—1). Hence,

2duv-1_du?-v)+1
P 2uv =d, ™

where d| is an integer. One can rewrite the two equations (7) as
{d(2uv) —dP +v) =1,

d(@* —v*)-d,(2uv) = -1. ®)
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One can now regard (8) as a linear system in two unknowns, namely,  and d,. After solving it by
using Kramer's rule, one gets

do_—ut v)?
ut —vt -4y’
=+ v -2uv
ut —vt— 4y

©)

1

Let A =u"—v*—4u*” be the determinant of the coefficient matrix. We now show that A = +1.
Indeed, notice that since u # v (mod 2), it follows that A is odd. Assume that |A| >1 and let p be
an odd prime divisor of A. From the first formula (9) and the fact that d is an integer, we get that
p|(u+v). Since p|A =u* —v* —4u*v? = (u+v)(u - v)(@? +v¥) —4u*? | it follows that p|uv. But
since p|(u +v) also,<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>