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THE INTERVAL ASSOCIATED WITH A FIBONACCI NUMBER

Takao Komatsu
Faculty of Education, Mie University, Tsu, Mie 514-8507, Japan
e-mail: komatsu@edu.mie-u.ac.jp
(Submitted October 2000-Final Revision February 2001)

1. INTRODUCTION

It is well known that the n Fibonacci number F, is given by the Binet-Moivre form F, =
(@" - B") /5, where a, B=(1£+/5)/2. Mobius [2], however, gave a different way to character-
ize a Fibonacci number. Let z be an integer with z>2. Then z is a Fibonacci number if and only
if the interval [gz—1/z, gz +1/z] contains exactly one integer, where g=a = (1++/5)/2 is the
golden number.

In this paper we shall give some criteria about a more general case.

2. CRITERION 1
As usual, let a =[a,; a,, a,, ...] denote the continued fraction expansion of «, where
a=ay+1/a, a,=|al,
a,=a,+1/a,,, a,=|a,| =12,.).
The n' convergent p,/q, = [a,; a,, ..., a,] of a is given by the recurrence relations
Pn = % Dn1 +pn—2 (n = O’ 1’ )’ P2 = 0’ b= 1’
Gn = Apn-1 +qn——2 (n = 0, la )a 42 = 1’ 9= 0.
Let the sequence G, be defined by G, =0, G, =1, G,=aG,_+G, , n=2,3,...). G, is called
the n™ generalized Fibonacci number. The Binet-Moivre form of G, (n=0,1,2, ...) is given by
G _ an_ﬂﬂ
n a-— ﬁ >
where o and B are the solutions of the equation x> —ax—1=0. Assume that > 8. Then the
continued fraction expansion of « is given by

o= a++a*+4

2

=[a;a,aqa,...]
and Gn = qn-—l = pn—2 (n 2 O)

Theorem 1: Let a=(a++a>+4)/2=[a;a,a,..]witha>2 (ora=1and n>2). Thengqgisa
generalized Fibonacci number is and only if the interval

a-—, qa+—
qa-os 4ot

contains exactly one integer p; explicitly g=¢,=G,,, and p=p,.
Remark: In fact,

1 1
-l<goa———«< +
DPn In aq, Pn <q,& aq,

<p,+L

2003] 3



THE INTERVAL ASSOCIATED WITH A FIBONACCI NUMBER

Proof: In general, by [3],

-
qx

1 1
= <
qn(an+lqn + qn—l) an+lqr21

because @,,,; =[a,,1; Fpsz, 1. When @ =(/5+1)/2=[1;1,1,...] and n>2, a more precise upper
bound is possible. Namely, from

we have (@ - p, /q,|<1/(2q2).

Returning to a = (a++va*>+4)/2=[a;a,a,..],ifg=q, (=G,,,) and p= p,, then |a - p/q|
< 1/(aq?), which is equivalent to

1 1
90~ 40 <p<qa+-@.
Furthermore,
1

aq,”

1 1 1
pn+1>qna+1——@2q,,a+@ and p,,—1<q,,a—1+a—q;Sqna—
Notice that when @ =1 and 7 =0, 1, the interval contains two integers. In fact,
1 1
a-—=a-1<1<2<a+l=q,a+—.
™y, ",

On the other hand, suppose that p/q satisfies |a — p/q|< 1/ (ag*). We shall follow a similar
step to the proof of Theorem 184 in [1]. Assume that p/q =[5, b,,...,b,]. Then
a—£=-éi:21—)i (O<£<l).
q q a

Set
F—alQ,, . _woh+F_,

= 1€, A =—¢xF"—"-—"
’ ’ an+Q-l,

- aQn_P::
where P,/Q, = p/q =[bb,,...,b,]. Then

) _, b D)
q2 Qn Qn(a)Qn+Qn—-l)

Letting ¢ =Q, /(@wQ, +0,_,), we have

a)=%—%>a—121 (a=2).

o8

Notice again that we can set a =2 instead of a=1 when a2 =(5+1)/2=[1;1,1,...] and n>2.
Therefore, by Theorem 172 in [1], P,_,/Q,_, and B, /(Q, are two consecutive convergents to a.

3. CRITERION 2

As Mobius proved, unless « is the golden number, the number of integers included in the
interval [qa—l, qa+ﬂ may be more than one. For the generalized a, the following criterion

holds.

4 : [FEB.



THE INTERVAL ASSOCIATED WITH A FIBONACCI NUMBER

Theorem 2: Let a=(a++a®+4)/2=[a;a,a,...]. Then the solutions (p, q) of the inequality
qa—1/q < p <qa+1/q using positive integers p and q are as follows:
(pm qn): teey (tpm tqn)a (Pn +pn—1, qn +qn—l)’ (pn+1 _pna qn+1 - qn) (n 2 0)’
where 7 = L«/E _|
Proof: Let q be an integer with g, <g <q,,,. First, we will show that if |ga — p| <1/q then

the form of ¢ must be iq, or q,,,—-ig, (=1,2,. —1). By Lemma 2.1 and Theorem 3.3 in
[4], we have

s n+1

{may <{ua} <---<{u, _a} ifniseven,

{ma} > {wa}>--->{u, _a} ifnisodd,

where {u;, uy,...,u, _1}={L2,...,q,, —1} is a set with u; = jg, (mod q,,,) G=12,...,q,,—1).
Explicitly,
{90} < (29,0} <+ <{a,119,2} <{(g, — G»-D 2} <{(29, — -2}

<+ <{(Gn1 =295 + 452} <{(Gns1 — G0 + 4n-1)2} <{(Qps1 — Bpi9n)0}

<+ <{(Gn1 = 29,)2} < {1 — )},
if n is even,; similar if » is odd. Since

Oy +1 1

Qpiidnt 91 G

1\

(g, = gn-Dell = @, = gD = @, = Pr-d)| =
and
a1 1
Cpstdn* 1 G
there does not exist a g satisfying ga—1/g < p <qa+1/q unless the form of g is g =ig, or
9= G~ 1q, (1=1,2,...,0,,,~1).
kp,

n

”(qn+l —qy +qn—l)a " = I(qn+l —q,+ qn—l)a - (pn+l —DPnt pn—l)l =

1 1
ST
qn(an+lqn + qn—l) k

k< an+l+h.
In
When a =[a; a,aq, ...], we have

Uil 9, 9 _
Ja<va = Ja+3L < Ja+L << oy 422 < o, +20 = —=.
\/1 \/3% \/“q3\/2q1~/a_

a_

=l D
qn

holds if and only if

Since | Va |=|a/Va]=1(a=1) and a/Ja <Ja+1 (a=2), we obtain

In %4
= + =|—7=1.
1) | o+ |- 5|
Let a,,, > 4. Then, since a,,, 2i+2>i%/(i-1) fori=2,3,...,a,,,~2, we have (i —a,,,a,,, >
lzan+b yleldmg ((1 1)an+2 +1)qn+l > (1 L2 +i+ l)qn . ThuS,

2003] 5
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j 1 i ia, ,+1 1
”(qn+1 - lqn)a “ = + = n+2 > __
2 AW,/ VST 7 P S/ I o/ R ST/ S o P PR 7

Since

a>a+l—l=£l-12£’l—1=gﬂ—1
a ql qn qn

for n >0, we have

1 1
|(qn —qn)a_ nt1 ~ Pn)| = at < s
+ (p + p )I aqn+l +qn qn+1 - qn
yielding
_Pra— P
91— 9

< 1 2
Grr1 —9)

(04

Since

a<a+1:&+ls%+1=g”-“—+l

0 n n
for n>1, we have
a-1 i
< b
aqn + qn—l qn + qn-—l

”(qn+1 - (an+1 - 1)qn)au = |(qn + qn—l)a - (pn + pn—l)l =

yielding
+
l g @, +11n_1)2 '
Forn=0,
+1
‘a—g‘i}—o— =|a~(a+1)|<l=q—lg.
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SOME IDENTITIES INVOLVING THE POWERS OF THE
GENERALIZED FIBONACCI NUMBERS

Feng-Zhen Zhao and Tianming Wang

Dalian University of Technology, 116024 Dalian, P.R. China
(Submitted October 2000-Final Revision May 2001)

1. INTRODUCTION

In this paper, we are interested in the generalized Fibonacci and Lucas numbers

U, =225 V= s p M
where a = (p++/p*-49)/2, B=(p—+p*~4q)/2, and p and q are real numbers with pg = 0
and p?~4g>0.For p=—-q=1, {U,} and {¥,} are the classical Fibonacci sequence {F,}and the
classical Lucas sequence {L,}, respectively. It is obvious that the sequences {U,} and {V,} satisfy
the linear recurrence relation W, = pW,_,—qW,_,, n>2. In [1], Zhang discussed the calculation
of the summation

>, uu,..U,. Q)

ajtay+tag=n

This problem is very interesting and can help us to find some convolution properties. Zhang [1]
gave a method for calculating (2) and obtained a series of identities involving the generalized
Fibonacci numbers. For instance, he proved that

U,

UlU, =—2 [(n=DpU, -2nqU >1 3
aén a~'b p2_4q [(n )p n nq n—l]: n=zl, ( )
U2
UUU, = —1—[((p* - 4pg)n* - 3p* — 6pq)n+(2p* + 4pq))U,_
Z e 2(p? - 4g) o @)

+((4g* - p*q)n* +3p*qn - (2p*q +4¢4*)U,_,], n=2.

For the powers of the generalized Fibonacci numbers, are there results similar to (3) and (4)?
It seems that this has not been studied. The purpose of this paper is to investigate the calculation
of the summation of the forms

>, UMV .U and >, wu ..U

a4
ajtay+tag=n ayrag+etag=n

Using Zhang's method, we will establish some identities involving the squares and cubics of the
generalized Fibonacci numbers.

2. MAIN RESULTS
Consider the generating functions of {UZ} and {U} :

G(x)= iU,fx" and H(x)= iU,:,’x".

n=0 n=0

By using (1) and the geometric series formula, we have

2003] 7
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1 ax Px
G(x) = —
) a—ﬂ[(l—azx)(l—-aﬂx) (l—ﬂzx)(l—aﬂx)] 'x'<mm(| P Wl Iq!)

and

Uyx 3x J

_ 1
B =gy [(1 o= F) (- ag)(—pa)

Define

Fe =0 =30, R@=LpS et Be=pSpve o

B =B =30, B@= 3, B = T S0 ©)

For F(x), F(x), F,(x), E(x), Ey(x), and E,(x), we have the following lemmas.
Lemma 1: If F(x), F(x), and F,(x) are defined by (5), then they satisfy:

F'(x) = @ _1 57 [(p- 20 fr)F(x) — 4B (%) + (p — 20f"%) F; (x) - 4af*F,(x)]

) Zaﬂ[ @ p B ap ] @
@- B [@ == @A) 1-afs (- afiey

(e = L2 BY ) - 140 (p = 20" B (x) + 320 PR ()
2a-p)
_ (p=20f%) F(x) ~ 14af*(p - 2aB*0)F; (x) + 32a*BFy (x)
2(a-pY

3af a® 4a5p
“@-pF [(az P1-a*xf (@~ pa-B)l-a’x) ®)
B 4ap° 4°B? + 40’ B°
@~ Ba-P-F%) (@) a-B)1-af)
_ B° 3a2,5‘2 N 2052 ]
@-B)1-F5F  (-apef  (-afef |

Proof: 1t is clear that
FA(x) = F(x)+ FR(x) - 2R@F() and F(x) = F(x) - () - 3R@E©)F ().
Using the definition of F;(x) and the derivative of F|(x), and noticing that a + 8 = p, we get

F(x)= [(p—2a*fx)F (x) - 4a’BR(x)]. ®

1
(a- By

Following the same pattern, we get

F(x)=

2P IR ® 40 )

8 [FEB.
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In the meantime, it is very easy to show that

__of ot _ g’ __aB ___of
F‘(x)FZ(x)_(a—ﬂ)4[(a—ﬂ)(l—a2x) @ - F-F%)  T-afix (1—aﬂx)2:l’

where

|x|<min(—1 ,———12,——1—J.
laf” 18P q]
Thus, (7) holds.

Differentiating in (9), we have

2F()F (%) = —

(a-py’

[(p—20”Bx)F"(x) - 60’ BF (x)].
Applying (9) again, we have

s o) < (P2 B () - 140 Blp 20" B () + 20 B ()
e 2a—py '

Following the same way, we have
B3y = 2208 ()~ 140 (p~ 20 F; (1) + 320 B'Fy(x)
: 2a-p)°
On the other hand, after careful calculus, one can verify that
__9oB a’ a 40°p
E(X)E(X)F(X) - (a _ﬂ)s I:(aZ _ﬂZ)(l _ azx)z (a2 _ﬂZ)(a —ﬂ)(l _ a2x)

B 4ap® N 4’B? +4a’B’

(@ - ) a-B)1-B%) (o - B*)a - B)(1-afx)
B ﬂ6 N 3a2,B2 N 2a2ﬂ2

(@ -pH1-F)  (1-apx)* (1-afx)’ |

Therefore, (8) holds. O
Lemma 2: If E(x), E,(x), and E,(x) are defined by (6), then they satisfy:

2°x+V)E[(x) __44°E() | [64°x+3p(g+2)]E} (x)

P*-49)°Us  (P*-49)°Us  (P*q+2p* +H(@* -49)

- 12, (x) ___ 6 o _a’q0r+9) (10)
(p2q+2p2 +4)(p2_4q) p(p2_4q)7/2 1_a3x 1_aqx

Lt B ]

EZ(x) - (_

1-fgx  1-f

1

27 —agy B e~ B W) 14005 - 20 B () + 32" By ()]

1
NPTz =R
+[3p(g +2) +64*x](6q% +129) E; (x) +288g°E,(x)}

E3x)=

[Bp(q +2)+64*xF Ej (x)

2003] 9
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9% { o +[a3q3%+q)_a6q(Vz+q>_ a3q3V3] 1

_p(p2—4q)5 (1-a’x)? a?- p? a-pf ad-p3 1-ax
a‘q’ aq“ tq [ B¢ ﬂq“ Vat+q
ﬂ a?-p* )1-agx ﬂ a’-p?)1-fgx
| Bathta) Bq 3(V2 +q) BV | 1 p |, 274 (11)
a— ﬂ a _ﬂZ a3_ﬂ3 l_ﬂBx (l—,B3x 2 p(p2 _4q)5
y { a’ |dra-as B¢ | 1 adqW+g)
(@*-pH(1-a’x) a-p B l1-agx  (1-ogx)?
[/3 4-BVa’Vr+q) , @ ] 1 Pat+q) Vi }
a-p s =B |1-Bax  (1-pgx* (@*-pH(1-B%))

The proof of Lemma 2 is similar to that of Lemma 1 and therefore is omitted here.

From the lemmas, we can obtain the main results of this paper. We now state and prove the
following new results.

Theorem 1: Let {U,} be the generalized Fibonacci sequence. Then we have

Z V2 = [-2nqU, +p(n DW,V, 24 (Uzm-z —ng"! ), n>1, (12)

atben P'—4q P-4\ U,
3 U0V = g PP~ DU =242+ U, U
+4G07 +100=9)0, U]~ iq4q)3 [(” - 2?2"“ (13)
+ 4q§c]12"(';€3_—23+1) +(n+3)(n— l)q"] , n>2.

Proof: To show that this theorem is valid, comparing the coefficients on both sides of (7)
and (8), and noticing that (1), a+8=p, efi=q, and (a - B)* = p* —4q, we get identities (12)
and (13). O

Corollary 1: Let {U,} be the generalized Fibonacci sequence and k be a positive integer. Then

Z U Ubk _ [- 2nqunk—k +( =D ULV Uy _ 2qu1? (Uan+2k _nan—k)’ n>1, (14)
atb=n P*-4q P-4\ Uy

2 kUkacZk' A - 4 )3 2["(" I)Vk nk+k

a+b+c=n

—Zquk(2n+3)Unk k+k+4q2k(n +10n -9V U1t ] (15)

3q 4q™ Vak—4 Vz ktke) nk
- -, +—E 3k 1 anmttks 4 (n+3)(n—-1)q™U,, |,
Uzk(P2 _ 4q)3 [(n ) 2nk+2k Uk (p2 _ 4q) ( )( )q 2k

forn>2.

10 [FEB.



SOME IDENTITIES INVOLVING THE POWERS OF THE GENERALIZED FIBONACCI NUMBERS

Proof: Let
(ak)n (ﬁk)n nk t— hk nk —
=g = =Y )
It is clear that the sequences {U}} and {/}} satisfy the linear recurrence relation
W, =V W ~q"'W, 5, n22.

Now, we apply Theorem 1 to the sequences {U!} and {¥}. In (12), if U,, V,, p, and g are
replaced by U, V!, V,,, and ¢*, respectively, one has that

Z U;ZUI;Z - [_ankUr’l—]l;_I/k(n - I)U;I]an _ 2qk U2’n+2 __nan—k ]
a+b=n V _4qk q U2’
Due to (16) and V? - UX(p* - 4q), we get (14). Using a similar method, we get (15). O

Theorem 2: Let {U,} be the generalized Fibonacci sequence. Then

2ng°Usyyy + (- DW3Us,  9"(2nqU,_, - pU,)

U3 =~ -
22,0 @* -49)°U, #* ~49)’ an
_6q[Us, =V, +@)g" U, ]
p(p*—4q)
Z U3U3U3 (n 2)[(’2 1)V2U3 - 2(2n + 1)q’sI/SIJS}n—Ci] + 4(712 _ 1)q6U3n——6

a+b+c=n 2([72 - 4q)5U32

—— 2[4t (P ~ 1)U, ~2pg(In-12)U,., + p*(n - Dn-2)U, ]
(P*-49)° "
9q V, +9q°U,,_ qVoUs,_
—W[(’? W5, + —zp—”—Q(Vz +q)Us, 5 '—QU—:‘*G
n-1 (V; +q)qn+lUn—2 27q2 U3n ;= n—2U

+ (I/Z + q)q UYH'I + + p(pl 4q)5 q n+3

n+3

-V, + gV, - ===+ q)é]"“Vm}

Proof: Comparing the coefficients of x"% and x"* on both sides of (10) and (11), respec-

tively, we get Theorem 2. O
Corollary 2: Let {U,} be the generalized Fibonacci sequence and & be a positive integer. Then
3 VAU = ~20q* Uny oy + (0= WalUsn 96" @20q* Uy, ~ViUy
a+b=n Uy (p* - 49)° U -49)°

_ 6qk[U 3kn ~ (Vqukn_k + qkn)Unk]
UV (P -49) ’
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Z U, 3kU l?kU c3k (n-D(n- 2)V3:;cU 3n — 2(n—2)(2n+ 1)q3kU en-3k Vak

a+b+c=n

1
=l
2U 32k(P2 - 4Q)5

27q™ 2k (2
—2 4 -HU
U/? - 4q)5[ g7 (" = DU

- Wig* (I =12)Up, + V=10~ 2)U, 1~

+4(n* -1g*U Son—6k ] —

9qk
UV (p* -4q)°

3% k 2 k
_ T Vi +9Wasr 4 Vo + 9 Winsi
X I:(n 2Wan + AR U
_ PVUsir i + 9" Vo + 4V n 4" WV + 4", kn—2k:|
Uy U, U

27q2k [Um - qk"_ZkUkn s —ViWVar + qk)‘lknkak 2%
U0 —49)° | Vi * "

q kn+3kUkn—6k kN, kntk
“—Vk_— =2V + )8 Vi Up |-

We note that Corollaries 1 and 2 are generalizations of Theorems 1 and 2, respectively.
Finally, we can find some congruences from Theorems 1 and 2 according to the particular
choices of p and g. For example, setting p=—-g =1in(12) and F, =1, we obtain

2nF,_ +(n-DE]L, 2 n
> ppp =Pt @O0 2 encety),

a+b=n 5
Setting p =—q =11n (17), we have
Y FR= nky, 3 +20n+2)F, +21CD'F +18¢-D'F,
atb=n b 125 .
Hence,
[2nF,_, +(n-DE,L,+2(F,,,, +n(-1)") =0 (mod 5), n>1,
and

nF,, ;+2m+2)F,, +(-1)"(2InF, +18nF,_) =0 (mod125), n>1.
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1. INTRODUCTION

It is always fascinating to see what results when seemingly different areas of mathematics
overlap. This article reveals one such result; number theory and linear algebra (with the help of
orthogonal polynomials) are intertwined to yield complex factorizations of the Fibonacci and
Lucas numbers. In Sections 2 and 3, respectively, we derive these complex factorizations:

n-1
F,,=H(1—-2icoszr—lf), nx2, (1.D)
k=1 n
and
n k— 1
L,= (1 - 2icosu], nx1 (1.2)
k=1 n

Along the way, we also establish the general forms:

.y sin(r cos (1))

JoR S el /S 13
g sin(cos™(-%)) (1.3)
and
L,=2i"cos(ncos(-1)), n>1. (1.4)

A simple proof of (1.1) can be obtained by considering the roots of Fibonacci polynomials
(see Webb and Parberry [7] and Hoggatt and Long [3]). This paper proves (1.1) by considering
how the Fibonacci numbers can be connected to Chebyshev polynomials by determinants of a
sequence of matrices, and then illustrates a connection between the Lucas numbers and Cheby-
shev polynomials (and hence proves (1.2)) by using a slightly different sequence of matrices.
(1.3) and (1.4) are not new developments (see Morgado [4] and Rivlin [5]); however, they are of
interest here because they fall out of the derivations of (1.1) and (1.2) quite naturally.

In order to simplify the derivations of (1.1) and (1.2), we present the following lemma (the
proof isincluded for completeness).

Lemma 1: Let {H(n),n=1,2,...} be a sequence of tridiagonal matrices of the form:

hl,l hl,2
hyy hy, Bys
H(n) = by, hyy o : (1.5)
. . hn—l,n
hn,n—l hn,n

Then the successive determinants of H(#) are given by the recursive formula:

2003] 13



COMPLEX FACTORIZATIONS OF THE FIBONACCI AND LUCAS NUMBERS

[H(1)| = hl,l’
IH(2) l = hl, 1h2,2 —hl,zhz, B (1 '6)
[H@) | =h, ,|Hn-1) | - h,_y A, o |HE@-2)|.

Proof: We prove Lemma 1 by the second principle of finite induction, computing all deter-
minants by cofactor expansion. For the basis step, we have:

HD | = |, )| =g,

h h
IH(2)[= (hl’l hu) =hyhy, —hyohy
AERLY)
h1,1 h1,2 0 h11 h12 )
[HQ) | ={| Ay By hys :hs,slH(Z)!"hz,s(o' h”) = hy 3|H(2) | — Ay 355, H(D)|.
0 hyy by, ’

For the inductive step, we assume |H(k)|=h, ,|H(k-10)| -~y 1By | H(k-2)| for 3<k<n.

Then

by By,

hy hy s
by by

|H(k+D| = P21

Bz Peorimr P

hk, k-1 hk, k hk,k+1

hk+1,k hk+l,k+1

(hl,l hl,Z
hy, hz,z hz,s
hy, h3,3
= k+1,k+1|H(k)|—hk,k+1 h_, it
hk—l,k-2 hk—l,k—l hk—'l,k
0 hk+l,k

=y et [HR) | = Ay i [ H(E =D O

2. COMPLEX FACTORIZATION OF THE FIBONACCI NUMBERS

In order to derive (1.1), we introduce the sequence of matrices {M(n),n=1,2,...}, where
M(n) is the n x n tridiagonal matrix with entries m, , =1, 1<k <n,and my_, , =m , =1, 2<
k <mn. Thatis,

1 i
i1
M@mp)=| i 1 - | 2.1

14 [FEB.
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According to Lemma 1, successive determinants of M(n) are given by the recursive formula:
(M(D)[=1,
IMQ2)|=P~i*=2, (22)
|M(7) | =1|M(z—1)| - | M(n-2)| = | M(2~1)| + | M(n~2) .
Clearly, this is also the Fibonacci sequence, starting with ;. Hence,
E =\Mn-1)|, n>2 23)

There are a variety of ways to compute the matrix determinant (see Golub and Van Loan [2]
for more details). In addition to the method of cofactor expansion, the determinant of a matrix
can be found by taking the product of its eigenvalues. Therefore, we will compute the spectrum
of M(n) in order to find an alternate formulation for | M(n)|.

We now introduce another sequence of matrices {G(n),n=1,2,...}, where G(n) is the nx n
tridiagonal matrix with entries g, , =0, 1<k <m,and g_; , =g ;1 =1, 2<k <n. Thatis,

0 1
10
1

1
G(n) = o | (2.4)

.. 1
1 0
Note that M(n) =1+iG(n). Let A, k=1,2,...,n, be the eigenvalues of G(n) (with associated
eigenvectors x,). Then, for each j,
M(n)x; =[I+iGm)]x; = Ix; +iG(n)x; = x; +id;x; = (1+id;)x;.

Therefore, i, =1+i4,, k=1,2,..., n, are the eigenvalues of M(n). Hence,
|M(m)| =[](+id,), n>L (2.5)
k=1

In order to determine the 4, 's, we recall that each 4, is a zero of the characteristic polyno-
mial p,(1) = |G(n)— AL|. Since G(n)— Al is a tridiagonal matrix, i.e.,

-4 1
1 -1 1
G(n)— L= 1 -4 - (2.6)
S
1 -4

we use Lemma 1 to establish a recursive formula for the characteristic polynomials of {G(n),
n=1,2.%
) =-4,
nH=2-1, 27
P, = =P, (D) = P,-o(D).

This family of characteristic polynomials can be transformed into another family {U,(x),n > 1} by
the transformation 4 = —2x:
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Uy(x) = 2x,
U,(x) = 4x* -1, (2.8)
U,(¥) = 2xU, (%) = U,,5(%).

The family {U,(x),n>1} is the set of Chebyshev polynomials of the second kind. It is a well-

known fact (see Rivlin [S]) that defining x =cosé@ allows the Chebyshev polynomials of the
second kind to be written as:

U (x)= sin[(n+1)6] (2.9)
" sin@ '
From (2.9), we can see that the roots of U,(x) =0 are given by 8, =25 k=12,...,n, or x, =
cosf, = cos;,’%, k=12,..,n. Applying the transformation A =-2x, we now have the eigen-
values of G(n):
7wk
lk——Zcosm, k=12..n (2.10)
Combining (2.3), (2.5), and (2.10), we have
1 . 7wk
E,. = |M®@m)| —g(l—m cosm), nx1, (2.11)

which is identical to the complex factorization (1.1).
From (2.6), we can think of Chebyshev polynomials of the second kind as being generated by
determinants of successive matrices of the form

2x 1
1 2x 1
An, x)= 1 2x - , (2.12)

1 2x

where A(n, x) is n x n. If we note that M(n) = iA(n, — %), then we have:

i
A (n, - '2—)
Combining (2.3), (2.9), and (2.13) yields

., sin((z+1)cos™(-1))
Fra =1 sin(cos(-£))

IM(n)| =" i, (~%) @2.13)

n>1 (2.14)

Since it is also true that

F=1=i s?n(cos‘l(— %))
sin(cos™(- %))’

(1.3) holds.

3. COMPLEX FACTORIZATION OF THE LUCAS NUMBERS

The process by which we derive (1.2) is similar to that of the derivation of (1.1), but it has its
own intricacies. Consider the sequence of matrices {S(n),n=1,2, ...}, where S(n) is the n x n tri-
diagonal matrix with entries s, =3, 5, , =1, 2<k<n,and 5,_;; =8, ;1 =4, 2<k <n. Thatis,
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1
2
i1 i
Sm= i 1 - | G.1
i1
According to Lemma 1, successive determinants of S(n) are given by the recursive formula:
IS(MI=1,
8Q)=3-i*=3, (3.2)
IS@)|=1IS(-1)|-*|8(-2)| = [S(n-D| + [S(r~2)|.
Clearly, each number in this sequence is half of the corresponding Lucas number. We have
L,=2|S(n)|, n=1. 3.3)
Unlike the derivation in the previous section, we will not compute the spectrum of S(m)
directly. Instead, we will first note the following:

|S()] =2 (T+e])S (), 3.4)

where e; is the j® column of the identity matrix. (This is true because |I+ee] | =2.) Further-
more, we can express the right-hand side of (3.4) in the following way:

%I(K+elef)5(n)| =%’I+i(G(n)+ele§)|, (3.5)

where G(n) is the matrix given in (2.4). Let y,, k=1,2,...,n be the eigenvalues of G(n) +eel
(with associated eigenvectors y, ). Then, for eachj,

A+i(Gm) +ee]))y, =Ty, +i(Gm)+eed)y, =y, +ir,;y, = (1 +iy))y;.
Therefore,

%|I+i(G(n)+eleg)' :%fl(lﬂ‘yk). (3.6)
k=1

In order to determine the y,'s, we recall that each y, is a zero of the characteristic polyno-
mial g,(v) =|G(n) +eef —yI|. Since |(I-+eel)| =%, we can alternately represent the charac-
teristic polynomial as

4,(7) =2|(T-}e,el)(Gn) + ee] —7D)| 3.7

Since g,(y) is twice the determinant of a tridiagonal matrix, i.e.,

~rL
2
1 - 1
3,7 =2|(I-+eel G(m) +eel —yT)| =2 1 - - , (3.8)
T |
1 -y

we can use Lemma 1 to establish a recursive formula for ¢,(y):
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q()= “%,

B0 =51, (3.9)
4.(7) = 79,1(r) — 4,2().

This family of polynomials can be transformed into another family {7 (x), n>1} by the transfor-
mation y = -2x:
h(x) =x,
L(x)=2x2-1, (3.10)
() =2xT, ,(¥) = T,o(%).

The family {7 ,(x), n>1} is the set of Chebysilev polynomials of the first kind. Rivlin [5] shows
that defining x = cos & allows the Chebyshev polynomials of the first kind to be written as

T (x) = cosnb. 3.1
From (3.11), we can see that the roots of 7,(x) = 0 are given by
-4 -1
6, =n—(kn—2), k=12,.,n, or x,=cosf, = cosﬂ(kn 2), k=12, .. n

Applying the transformation ¥ =—-2x and considering that the roots of (3.7) are also roots of
| G(n) + e,e] — 1| =0, we now have the eigenvalues of G(7) +e,e] :

-1
}’k=-—2005@, k=12,..,n (3.12)
Combining (3.3)~(3.6) and (3.12), we have
n _1
Ln:H(l——Zicosﬂ(kn 2)), nxl (3.13)
k=1

which is identical to the complex factorization (1.2).
From (3.8), we can think of Chebyshev polynomials of the first kind as being generated by
determinants of successive matrices of the form

1
1 2x 1
B(n,x)= 1 2x - , (3.14)
V|
1 2x

where B(n, x) is n x n. If we note that S(n) = iB(n, — %), then we have

_n N oL
[S@)| =i B(n, 2)[ =i T,,( 2). 3.15)
Combining (3.3), (3.11), and (3.15) yields
L,=2i" cos(n cos™! (— —;—)), n>1, (3.16)

which is exactly (1.4).
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4. CONCLUSION

This method of exploiting special properties of the Chebyshev polynomials allows us to find
other interesting factorizations as well. For instance, the factorizations

z k
Fyy=T113-2c0s-2=), n>
A2 g( cos— 1), nxl, “.1)
n-l
n= (2 —-2005”—"), nx2, 4.2)
k=1 n
and
n -1
2 =] (1 - cosy), nz1, (4.3)
k=1

can be derived with judicious choices of entries in tridiagonal matrices (Strang [6] presents a
family of tridiagonal matrices that can be used to derive (4.1)). It is also possible to compare
these factorizations with the Binet-like general formulas (see Burton [1]) for second-order linear
recurrence relations in order to determine which products converge to zero, converge to a non-
zero number, or diverge as n approaches infinity.

One final note: an interesting (but fairly straightforward) problem for students of complex
variables is to prove that (1.3) is equivalent to Binet's formula for the Fibonacci Numbers.

REFERENCES

1. D. M. Burton. Elementary Number Theory. 4th ed., pp. 259-74. New York: McGraw-Hill,
1998.

2. G. Golub & C. Van Loan. Matrix Computations. 3rd ed., pp. 50-51, 310. Baltimore: Johns
Hopkins University Press, 1996.

3. V. Hoggatt, Jr., & C. Long. "Divisibility Properties of Generalized Fibonacci Polynomials."
The Fibonacci Quarterly 12.2 (1974):113-20.

4. J. Morgado. "Note on the Chebyshev Polynomials and Applications to the Fibonacci Num-
bers." Portugaliae Mathematica 52 (1995):363-78.

5. T. Rivlin. Chebyshev Polynomials: From Approximation Theory to Algebra and Number
Theory. 2nd ed. New York: Wiley & Sons, 1990.

6. G. Strang & K. Borre. Linear Algebra, Geodesy and GPS, pp. 555-57. Wellesley, MA:
Wellesley-Cambridge, 1997.

7. W. A Webb & E. A. Parberry. "Divisibility Properties of Fibonacci Polynomials." The Fibo-
nacci Quarterly 7.5 (1969):457-63.

AMS Classification Numbers: 11B39, 11C20, 33C52

s o o%
O 9P G

2003} 19



INEQUALITIES AMONG RELATED PAIRS OF FIBONACCI NUMBERS

K. T. Atanassov
CLBME-Bulgarian Academy of Sciences, PO Box 12, Sofia-1113, Bulgaria

Ron Knott
RDK Internet Consultancy, 1 Upperton Road, Guildford, GU2 7NB, UK

Kiyota Ozeki
Utsunomiya University, 350 Mine-machi, Utsunomiya City, Japan

A. G. Shannon
KvB Institute of Technology, North Sydney, 2060, and
Warrane College, The University of New South Wales, 2033, Australia

Laszlé Szalay
University of West Hungary, H-9400, Sopron, Bajcsy Zs, ut 4, Hungary
(Submitted November 2000-Final Revision January 2001)

1. INTRODUCTION

What may be called "Fibonacci inequalities" have been studied in a variety of contexts. These
include metric spaces [6], diophantine approximation [7], fractional bounds [5], Fibonacci num-
bers of graphs [1], and Farey-Fibonacci fractions [2]. Here we consider Fibonacci inequalities.
The results are the "best possible" and we relate them through the sequence {m, },_, defined by

m =FF, .,

where n is a fixed natural number and F, F,, F;, ..., are the ordinary Fibonacci numbers.

2. MAIN RESULT

Theorem: For every natural number k, the following inequalities for the elements of the sequence
{m, };—, are valid:

(a) if n=4k, then

FFy>FFy 5> > Fy By > BBy > By o Fopes > > By
(b) if n=4k+1, then

FFyn > FFy > > By P > BenFaen > ByFopn > > BFy;
(¢) ifn=4k+2, then

FFgin>EFy > > By Py > By Py s > By Fops > > By 5
(d) if n=4k +3, then

FFpis> BFyn > > By aFis > Bl > Biloges > > BFy,.

Examples when k = 3:
(@) FF,,=144> FF,=110> EF,=105> F,F, =104 > F,F, =102 > F,F,, = 89;
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() FF,=233>FF,=178>FF,=170> F,F, =169 > F,F, = 168
>FF,=165> FF, =144
(o) KF,=371>FF,=288>FF=273>FF,=272> F,F, =267 > F,F, = 233;
(d) FF5=0610>FF; =466> FFy =442 > FoFy = 441> FyF, = 440
>FF,=432> FF, =371
Proof of Theorem: We shall use induction simultaneously on n, that is, on k and i.
For k =1, we have
FEF,=1x3>2x1=FF,
FF=1x5>2x2=FFK>1x3=FF,
FF,=1x8>2x3=FF,>1x5=FF,
FF,=1x13>2x5=FF;>3x3=FF,>1x8=FF;
Assume that inequalities (a), (b), (c), and (d) are true for some £ >1. Then we must prove that
the inequalities are true for £ +1.
In particular, from the truth of (d), it follows that, for every i, 1<i<k:

FyinFag-ains > FaFagaina - v @1

We shall discuss case (a), but the other cases are proved similarly.
First, we see that

FFyva— FFyin = Faps + Fagag = 2F00 = Figs — Fagy >0,
that is, the inequality
FyiiFak—2ive > BoinFiak-zisa (2.2)

is valid fori =1.
Let us assume that, for some i, 1 <7 <k, inequality (2.2) is true. Then we must prove that
the inequality
FynFag-aiea > FasFarainn (2.3)

is also true.
But

F;i+lﬁt‘lk—2i+4 - F;i+3F:1k—-2i+2 = Ei+lEk—2i+3 + F;i+1}’:1k—2i+2 - F;i+l‘F;tk—2i+2 - Féi+2‘P:1k—2i+2
= FyiFak-zivs — FaisaFag—giva >0

because of the inductive assumption for (d) in case (2.1). Therefore, inequality (3) holds, from
which the truth of (a) follows.

3. DISCUSSION
By analogy with the extremal problems discussed in [3], we can formulate the following.
Corollary: For every natural number 7 the maximal element of the sequence {m, };_, is F;F,.
Proof of Corollary: Equation (I,;) of [8] can be rewritten as
B, =F b+ BF,
to show that F, > F,_, F,,,, 1 <k <n, which gives the required result.
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More generally, FF, is the maximal element of the set
M={FF,,. .F_F}

RS A

where n=i +i, +:--+i;, 1 <k <n, is a positive partition into k parts. The result can be proved
by induction.

4. CONCLUDING COMMENTS
A somewhat analogous result was proposed by Bakinova [4] and proved by Mascioni [9]:

Ec+l<Ec+3<E‘c+5<,”<ak<”.<Ec+6<FI‘c+4<Ec+2
R, K K F, "R K

The results can be generalized to the sequence {u,(0, 1; p, q)} defined by the recurrence
U, = plb,_1—ql,_,, N=2,

with 4y =0, =1, p#0, peZ, A=p?+4q>0, in which case a neater proof comes from the
use of the Binet forms for the general terms and hyperbolic cosines and sines. The result can also
be extended to related triples of Fibonacci numbers.
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1. INTRODUCTION

This paper is concerned with the summation problem of power series of the form

Sae, )= 3, SR, @1.1)
ask<b
where f(?) is a differentiable function defined on the real number interval [a, b), and x may be a
real or complex number with x #0 and x#1. Obviously, the case for x=1 of (1.1) could be
generally treated by means of the well-known Euler-Maclaurin summation formula. The object of
this paper is to find a general summation formula for (1.1) that could be applied readily to some
interesting special cases, e.g., those with f(¢)=t* (1 €R), f(t)=logt (t>1), and f(t)=q"
(0< g <1), respectively. Related results will be presented in Sections 3-5.
Recall that for the particular case f(#) =¢? and [a, b) = [0, «0) with p being a positive integer,
we have the classical result (cf. [1], [2], [4])

5709= S ket = B0
k=0

(1-x)P*’

(x| <1, (1.2)

where A4,(x) is the Eulerian polynomial of degree p, and may be written explicitly in the form (cf.
Comtet [2], §6.5)

A,,(x)=kiA(p, ek, A0 =1,
=]
with

k
A=Y (P11 )ee-sp asksp),
J=0

A(p, k) being known as Eulerian numbers.
As is known, various methods have been proposed for computing the sum of the so-called
arithmetic-geometric progression (cf. [2], [3], [4])

So(x) = kPxt. (1.3)
k=0

This is a partial cum of (1.2) with o being replaced by n. For k=0, 1,2, ..., denote

* This project is supported by the Special Funds for Major State Basic Research Projects (Grant No. G19990328)
and Zhejiang Provincial Natural Science Foundation of China (Grant No. 100002).
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4,(x)
( _ )k+l ’
and call g (x) a Eulerian fraction with x #1. Then the right-hand side of (1.2) is precisely a,(x),
and one can also have a closed formula for (1.3) using a,(x)'s, namely,

556 =a,09-x3: (F)ar+ b B
k=0

This is known as a refinement of DeBruyn's formula for (1.3) (cf. Hsu & Tan [5]).

Both (1.2) and (1.5) may suggest that Eulerian fractions a,(x) (¥ =0,1,2,...) would play an
important role in solving the summation problem of (1.1). That this prediction is true will be
justified in Section 3.

(1.4)

a,(x) =

2. AN EXTENSION OF EULERIAN FRACTIONS

We shall introduce a certain linear combination of Eulerian fractions that will be used for the
construction of a summation formula for (1.1). As before, we always assume x =0, L
First, Bulerian polynomials 4,(x) may be defined via the exponential generating function (cf.

[2], (6.5.10))

= * 1-x
Substituting #/ (1 - x) for #, we obtain the generating function for Eulerian fractions:
- 2.
Zak(x)k' - xe‘ (2.2)
Also, we may write (cf. Hsu & Shiue [4])
a(x) = ZJ Sk, )71 23)

Jj=0 ( )J+1 ’

where S(k, j) are Stirling numbers of the second kind.
Multiplying both sides of (2.2) by (1—xe’), one can verify that (2.2) implies the recurrence
relations ay(x) =1/(1—x) and
k-1

a(x) = ﬁz

j=0

(’;)aj(x) (k>1). 2.4)

Now, let us define a polynomial in z of degree  via a certain linear combination of a;(x)'s, i.e,

k
a(z,x):= Z (k)a (x)zF/, 2.5)
=N
where a,(z, x) =a,(x) =1/(1-x). Using (2.2), we may easily obtain a generating function for
ak (29 x) : o tk ezt
k2=0ak(2, x)—,;—i- = '1_—xe; (26)

Moreover, some simple properties of a,(z, x) may be derived easily from (2.5), (2.4), and
(2.6), namely,
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@ a,09)=a,0) (k>0). @7)
®) a(, x)=%ak(x) (k21). 2.8)
© éﬂc%:kak_,(z, ¥) (k>1). 2.9)
@ a, (z, %):(—1 g 1=z, %), (2.10)

Obviously, (a) and (b) imply that a,(z, x) may be regarded as an extension of a,(x). Also (d) is
inferred easily from (2.6), and the relation
ezt g__ x) e-—(l—z)t
1-(1/x)e! 1-xet

(e) For 0<x <1, the function a,(z, x) is positive and monotonically increasing with z > 0.
For x > 1, so is the function (=1)**'a,(1-z, x) with z>0,

In fact, the first statement of (e) follows from (2.3), (2.5), and (2.9). The second statement is
inferred from (2.10) and the first statement since

-D"*a,(1-z,x)=a, (z, %)% >0 (x>1).
Finally, to use the latter in the next section, we need to make the function a,(z,7) (0<z<1)
periodic of period unity for z € R (the set of real numbers). In other words, we have to define

a,(z,x) when 0<z <1,
a;(z,x):= 2.11
i) a;(z-1,x) forallzeR. @11

Also, we shall need

Lemma 2.1 (cf. Wang [8]): For k 21, a}(z, x)x? is an absolutely continuous function of z in
R, where [z] denotes the integer part of z so that z—1<[z] < z.

Proof: 1t suffices to verify the continuity property at integer points z=j. Clearly, using
(2.11) and (2.8), we have

a; (i x)x U =a (j, x)x V1 = 4, (0, x)x™/ = ay (x)x7/,
a; (= )V = a, (1, ))x 7 = g (x)x 7.
Since a*(z, x)x 17 is a piece-wise polynomial in z, it is clear that a} (z, x)e ¥ is an absolutely

continuous function of z.

3. A SUMMATION FORMULA FOR (1.1)
A basic result is contained in the following theorem.

Theorem 3.1: Let f(z) be a real function continuous together with its m™ derivative on [a, b]
(m>=1). Then, for x #0,1 we have
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m=1

> fxt =Y iat (-2, x0T
agk<b =0 ! = 3G.D

1 b % ~[-z] £(m
+(—m—_-1~)—'Lam_l(-z, x)x L ]f( )(Z)dz,

where the notation [F (z)]:; = F(b)~ F(a) is adopted.

Proof: We shall prove (3.1) by using integration by parts for a certain Riemann-Stieltjes inte-
gral. The basic idea is very similar to that of proving the general Euler-Maclaurin sum formula
with an integral remainder (cf. Wang [7]).

In what follows, all the integrals are taken with respect to the independent variable z. Denote
the remainder term of (3.1} by

Ry = e oani2 0 @) 3.2)

By Lemma 2.1 and (2.9), we see that (3.2) may be rewritten as Riemann-Stieltjes integrals in
the following forms:

R, = ;1—1' j”’ FO(Dd(a (-2, x)x ) (m2D); (3.3)

1
Rn= (m—-1D)!

The form of (3.3) suggests that one may even supply the definition of R, via (3.3) by setting
m =0 in the right-hand side of (3.3). Thus, one may find that the case m=0 of (3.3) just gives
the power series S°(x, f) as defined by (1.1):

Re=—=[f@dGT =5 T fEBF-x= T )

¥=1,5% a<k<b

(a2, DX TGOy (m=21). (3.4)

Now, starting with (3.4) and using integration by parts, we obtain
1 " [ - =b
= Gyl 5 DF T @]
1
(m- Dl
where the last term may be denoted by R,,_, in accordance with (3.3). Consequently, by recursion
we find

[ @Dd(a -z, ),

z==b

R,= ’f %[a;(—zg R AfOEI + R,
=0 ¥

This is precisely equivalent to (3.1), and the theorem is proved. O

Remark 3.2: As regards formula (3.1) and its applications, some earlier and rudimentary results
containing a different form of it in terms of Stirling numbers instead of Eulerian fractions appeared
in Wang [8] and in Wang and Shen [9]. Also, it may be worth mentioning that (3.1) can be used
to treat trigonometric sums with summands like f(k)r* cosk@ and f(k)r* sin k@ when taking
x=re’® ((°?=-1,r>0,0<60<2x).
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4. FORMULAS WITH ESTIMABLE REMAINDERS

Throughout this section, we assume x>0, x#1, and [a,b]=[M, N1, where M and N are
integers with 0 < M < N . Recalling (2.11) and (2.7), we find

[a1(-2, x AP =, FOWN) - xM F O],
Consider the remainder given (3.1):

R, =

(mi B [ a1z, T f O (D) 4.1)

Setting /™ (z) =1, we can see that the integrand function of the above integral keeps definite
(either positive or negative) sign, in accordance with (2.11) and property (e) of Section 2. In fact,
for the case f™(z) =1,

N-1
R,= 1 Z n+1a* (=z,x)x1dz
m (m _ 1)' n m-1 »

1
(m )

= _' Z [am(l) x) - am(O’ x)]an

Ia (1-2z,x)x"dz

Loy Y (o=l vy

n=M

Clearly, the integrand a,,_,(1-z, x)x™! (0 <z <1) shown above has a definite sign whenever x> 1
or O<x<l.

Therefore, applying the mean value theorem to the integral (4.1), we are led to the following
theorem.

Theorem 4.1: Let f(z) have the m® continuous derivative f(z) (m>1) on [M, N]. Then,
for x > 0 with x # 1, there exists a number & € (M, N) such that

3 7wt =5 E D[ pOt) s f O+ ED (54 f Q. (42
As a simple example, for the case M =0, N > o, O0<x<1, and f(#) =¢” with p being a
positive integer, we may choose m= p+1 and find that
lim xVf®(N)=0, 0<k<p,
N>
so that (4.2) yields
D kPxt =a,(x).
k=0

Also, for the case N < o, we have

Z a,}gs) NFO(N) = x Z (i’) NPF = xNa (N, x),

k=0 k=0
so that (4.2) implies the result
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N-1

D xPx* =a,(x)-a,N, x)x"

k=0

which is precisely the formula (1.5) with n= N —1.
The next theorem will provide a more available form for the remainder of the summation
formula.

Theorem 4.2: Let f(z) have the (m+1)® continuous derivative on [M. N]. Suppose that either
of the following two conditions is satisfied with respect to the sum Siy(x, f):

(D For x>1, f™(z) and f™V(z) are of the same sign in (M, N).
(ID) For 0<x <1, f™(z) and f™D(z) keep opposite signs in (M, N).
Then there is a number 8 € (0, 1) such that

= k_ G s r) N £(k) 3, (X) 101 £(m) N £(m)
k;/{f(k)x ";,_F{x SEM)-xV f (N)]+9—fn7!“[x fOM)-xNfMN)] (43)

Proof: Replacing m by m +1 in expression (4.1) and using integration by parts, one may find
(cf. the proof of Theorem 3.1)

Ry =12, (M P M) = 6 PN+ Ry

Using property (e) in Section 2 and formula (4.1) for R, and also recalling the derivation of
(4.2), one may observe that each of the conditions (I) and (II) implies that R, and R, ,; have
opposite signs. Consequently, there is a number 6 (0 <8 <1) such that

R, =62 xM f(a) - x¥ )] 0

5. EXAMPLES AND REMARKS

Here we provide three illustrative examples that indicate the application of the results proved
in Section 4.

Example 5.1: Let f(f)=1* (1>0,4 €R) and choose m> 4. It is clear that f(¢) satisfies con-
dition (IT) of Theorem 4.2 on the interval (0, ©). Consequently, we can apply the theorem to the
sum S¥(x, f) with [M, N]c (0, ) and 0<x <1, getting

m—1

Zk‘x Z( )ak(x)(xMM‘ k_xN N~ k)+0( ) a4, ()M MA™ — NN (5.1)

where 8 is a certain number with 0 < 8<1.
Let us consider the generalized Riemann £ -function

£(s, x):=ik"“x" (0<x<1,seR) (5.2)
P

and choose m > —s, then the function {(s, x) can be approximated by its partial sum with an
estimable remainder, viz.,
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L5, %)= Zk 4 {Z(ks)a,,(x)N-s-k+o(;f)a,,,(x)1v-s-'"}. (5.3)

k_
Actually, this follows from (5.1) and the fact that

lim (_ks) a,(X)x'n**=0 (0<k<m).

n—»co

Remark 5.2: For the general case in which x is a complex number (x # 1), the remainder of for-

mula (5.1) has to be replaced by its integral form, viz.,
N
R,= m(:;) A2, x4z, (5.9

In particular, for the case x=e* (2 =-1,0<a <27), m=1, and M =1, we have ay(—-z,x)=
ay(x) =1/(1—-x), and the remainder given by (5.4) has a simple estimate

|R\|=O(N*™) (N — ).

Remark 5.3: 1t is known that, as a nontrivial example treated by Olver [6], the estimation of the
sum

N-1
Sa, B, N)= Y k() (2=-1),
k=1
where a and S are fixed real numbers with @ > 8, B0, and ¢’/ # 1, has the expression
S(a, B, N)- N"‘+0(N"‘")+0(l) (5.5)

Evidently, this is readily implied by (5.1) with x=¢#, A=, m=1, M =1, and the remainder
being replaced by (5.4). Also, a more precise estimate may be obtained by taking m=2.

Example 5.4: Define the function A(x) by the following:
A(x):=) (logk)x* (0<x<1). (5.6)
k=2

Then, for any given m > 1, A(x) can be approximated by its partial sum with an estimable remain-
der, viz.,

N-1 1 k N
AG)= 3, (logh)s* —xN{kZI( 361\‘;,’;(") A A‘;m(")}, .7)

where 0<6<1.
Evidently the remainder term of (5.7) is obtained from an application of Theorem 4.2 to the
function f(¢¥) =log? with M and N being replaced by N and oo, respectively.

Example 5.5: Let us take f(#)=q" with 0<q <1, so that we are now concerned with the com-
putation or estimation of Jacobi-type power series

J(x,q)=Y.g"x* (x>0,x=1) (5.8)
k=0

which occurs as an important part in the well-known Jacobi triple-product formula
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[10+g* 0+ ) 1- ) = g+ (5.9)
k=1 g
It is known that the k' derivative of f(#) = ¢ with respect to # may be expressed in the form

fP0=q" Z —(ﬁy(wgq)"-f(zt)"'“ (5.10)
so that f®() >0 ast— .
Now, applying Theorem 4.1 to Sy (x, f), we easily obtain

N-1

)= Tk S o)1 o0 o g s.11)
k=0 k=0 :

where & (N, ), and fP(N) and (&) are given by (5.10) with z= N and ¢ =&, respec-

tively. Certainly the right-hand side of (5.11) without the last term xVa,,(x)f™(£)/m! may be

used as an approximation to J(x, g) by taking large NV.

Remark 5.6: As is known, Binet's formulas express both Fibonacci numbers F, and Lucas num-
bers L, in powers of the quantities (1++/5)/2 with exponent k +1. Therefore, one may see that,
under certain conditions for f (), various finite series of the forms ¥, f(k)F, and %, f(k)L, can
also be computed by means of Theorems 4.1 and 4.2.
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0. INTRODUCTION

Let MC be the monoid of all Morse code sequences of dots a(:=e) and dashes b(:= -) with
respect to concatenation. MC consists of all words in @ and b. Let P be the algebra of all polyno-
mials ¥, .0 A,V with real coefficients.

We are interested in:

a) polynomials in P which we call abstract Fibonacci polynomials. They are defined by the

recursion
F,(a,b)=aF,_ (a,b)+bF,_,(a,b)

with initial values Fy(a,b) =0, F(a,b)=¢.
b) polynomials F,(x, s, g) in real variables x and s which we call g-Fibonacci polynomials.
They are defined by the recursion

E,(x,s,q)=xF,_(x,s,q) +1(q" 2 )F,_(x, s, q)

with initial values Fy(x, s,q) =0, F(x, s,q) =1, where #(s) #0 is a function of a real variable s
and g # 0 is a real number.

We show how these classes of polynomials are connected, generalize some well-known theo-
rems about the classical Fibonacci polynomials, and study some examples. Related results have
been obtained previously by Al-Salam and Ismail [1], Andrews, Knopfimacher, and Paule [4],
Carlitz [6], Ismail, Prodinger, and Stanton [11], and Schur [12]. I want to thank Peter Paule for
his suggestion to formulate all results in terms of Morse code sequences. My thanks are also due
to the referee for drawing my attention to the paper of Ismail, Prodinger, and Stanton [11] and to
the polynomials of Al-Salam and Ismail [1]. Most of the cited papers are inspired by the Rogers-
Ramanujan identities (e.g., [1], [4], [11], [12]) or by the connections with the general theory of
orthogonal polynomials (e.g., [1], [3], [11], [13]), but the aim of this paper is to emphasize the
analogy with elementary results on Fibonacci numbers and Fibonacci polynomials and to give as
simple and transparent proofs as possible.

1. ABSTRACT FIBONACCI POLYNOMIALS

Let MC be the set of all Morse code sequences of dots (¢) and dashes (-). We interpret MC
as a monoid with respect to concatenation whose unit element is the empty sequence &. If we
write a for a dot and b for a dash, then MC consists of all words in @ and b. Let P be the corre-
sponding monoid algebra over R, i.e., the algebra of all finite sums (polynomials) ¥, ;- A,v with
real coefficients.

An important element of P is the binomial

(@+by' = zn;c;g(a, b). (1.1)
k=0
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Here Cj(a, b) is the sum of all words with k dashes and n—k dots. It is characterized by the
boundary values Cj(a, b) = 8, , and Cj/(a, b) =a" and each of the two recursions

Cr*'(a, b)) =bC}_(a,b) +aCl(a, b) 1.2)
or

Cr*Y(a,b)=Cr_\(a,b)b+C}(a, b)a. (1.3)

We are mainly interested in a class of polynomials which we call abstract Fibonacci polyno-
mials. They are defined by the recursion

F,(a,b)=aF,_,(a,b)+bF, »(a,b) (1.4

and the initial values Fy(a,b)=0 and F(a,b)=¢. This sequence begins with 0, &, a, a*+b,
a+ab+ba, ...

If we define the length of an element v e MC as 2k +/, where k is the number of dashes
(elements b) and / is the number of dots (elements a) occurring in v, then it is easily shown by
induction that F,(a, b) is the sum of all words in MC of length n—1.

It is now easy to see that they satisfy also another recursion:

F(a,b)=F, \(a,b)a+F, ,(a,b)b. (1.5)

To this end, consider all words of length 7—1 which end with a and those which end with 5.
Both recurrences are special cases of the formula
Fm+n(a’ b) = Fm—l(a’ b)bFn(a’ b) + Fm(a’ b)‘F;1+l(a’ b)7 (l 6)
which follows from the fact that each word w of length m+n—1 can be factored uniquely either
as w =ubv, where u has length m—2 and v has length n—1, or as w = xy, where x has length

m—1 and y has length n.
There is a simple formula connecting these Fibonacci polynomials with the C;(a, b):

Theorem 1.1: The abstract Fibonacci polynomials are given by
n-1
F(a,b) =3 C""@b). 1.7)
k=0

For F,(a,b) is the sum of all monomials v € MC with length »—1. If such a monomial has
exactly k dashes, then it has n—1-2k dots; therefore, n—k —1 letters and the sum over all such
words is CI*(a, b).

Consider now the homomorphism ¢ : P — R[x, s] defined by ¢(a) = x, ¢(b) = s, where x and
s are commuting variables. Let F,(x, 5) := ¢(F,(a,b)). Then we get the classical Fibonacci poly-

nomials defined by
Et(x’ S) = xF—l(x’ s)+sF,,_2(x, S)

with Fy(x, s) =0, F(x,s)=1. Since
#Cra o) = (7 )+,

we get from (1.7) the well-known formula

n-1
F9=3 ("— k- l)skx"-z"-‘.
k=0

32 [FEB.



q-FIBONACCI POLYNOMIALS

2. A CLASS OF ¢-FIBONACCI POLYNOMIALS

Now we consider Morse code sequences which are defined on some interval {m, m+1, ...,
m+k—1}C Z. In this case, we say that the sequence starts at place m. We want to associate a
weight to such a sequence in the following way: Let #(s) # 0 be a function of a real variable s and
let g0 be a real number. Let v be a Morse code sequence on some interval {m, m+1, ...,
m+k—1}. Ifthe placei e {m,m+1,...,m+k—1} is occupied by a dot, we set w(i) = x; if it is the
endpoint of a dash, we set w(i) =#(g's). In the other cases, let w(i) =1. Now the weight of v is
defined as the product of the weights of all places of the interval, i.e.,

m+k—1

w() = Uw(i).

If, e.g., the sequence —e—ee——o starts at m =4, its weight is x*#(¢°s)t(g%5)1(q'%s)t(q'*s). The
weight of all Morse code sequences with length #»—1 starting at m =0 is denoted by F,(x, s, q)
and is our g-analog of the Fibonacci polynomials.

We can immediately deduce a recursion for F, (x, s, q).

We show that the recurrence

F(x, 5,9) = xF, (%, 5, q) +{q"*5)F, (%, 5,9) @1

holds with initial values Fy(x, s,q) =0, F(x, s,g)=1. This recursion means that we can split a
Morse code sequence of length 7n—1 into two parts, those with a dot in the last position and those
with a dash there. In the first case, the dot has weight x and the sequence in front has the weight
E,_,(x,s,q). Since the weights are multiplicative, the first term is explained. A dash at the end
gives the weight #(¢"2s). Since the dash occupies two positions, the sequence in front of the
dash now has length n—2 and we get the second term in the formula.

If we split the Morse code sequences into those with a dot in the first position and those with
a dash in the beginning, we get in the same way the recursion

F(x, 5,9) = xF,_,(x, g5, 9) + {(@s)F;,_5(x, 45, q) (22)
with the same initial conditions as before.
Let
0 1
A(x,s) = (t(s) x) 2.3)
and
M,(x, 5) = A(x,q"') A(x, ") -+ A(x, 5). (2.4)
Then we get
t(SFE,_(x,gs E(x,s,
M,,(x, S)-——( (S) -—l( 7q :q) n( > q) ) (25)
1()F,(x,95,9) Fo.(x,59)
From (2.4), it follows that the matrices M, (x, s) satisfy the relation
M n(x, 5) = M, (x, 4"s) M, (x, 5). (2.6)

If we extend this to negative indices—which is uniquely possible—we get
M_(x, 8) = (M (x, g *s))";
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therefore,
M—n(x’ S) = l—n ( Et+1(x’ q_ S, q? _F;l(x’ q_ s, q) ,
d G\~ ")F,(x, s, q) UG ")F - (x, g™, q)
which implies
F(x,s,q)=(-1"" _E(>xq7"s,q) 2.7)

1)) 1)
Taking determinants in (2.5), we obtain the g-Cassini formula
Et—l(x’ qs, q)EHl(x’ S, q) - F,,(x,’s, Q)F;;(x, qs, Q) = (_ l)nt(qS) o t(qn_ls) . (28)
This is a speciai case of the following theorem.

Theorem 2.1 (g-Euler-Cassini formula): The g-Fibonacci polynomials satisfy the polynomial
identity
E1—l(x: qs, q)EH-k (x: 5, q) - ‘F;t(x, 8, q)F;H—k—-l(x) qs, q)
= (=D"t(gs) - Hq" ') F(x, "5, 9).
This formula is an immediate consequence of (2.6) if we write it in the form

Mk+n(x’ S)Mn(xa s)—l = Mk(x’ qns)

2.9)

and compare the upper right entiies of the matrices.

A more illuminating proof results from an imitation of the construction given in [14]: Con-
sider all pairs of Morse code sequences of the form (u,v), where u starts at 0 and has length
n+k—1 for some k£ >1 and v starts at 1 and has length n—2. If there is a place i, 0<i<n-2,
where a dot occurs in one of the sequences, there is also a minimal i, with this property. Then
we exchange the sequences starting at iy, + 1

Thus, to each pair (u,v) there is associated a pair (i, V), where # starts at 0 and has length
n—1 and v starts at 1 and has length n+%k —2. It is clear that the weights of the pairs are the
same, w(u)w(v) = w(@l)w(¥). The only pairs where this bijection fails are, for even n, those where
v has only dashes and in u all places up to n—1 are occupied by dashes. The weight of these pairs
is #(qs) --- 1(q" ') F,(x,q"s,q). If nis odd, then this bijection fails at those pairs (4, ¥) where 4@
has only dashes and in ¥ all places up to 7 —1 are occupied by dashes. Thus, the g-Euler-Cassini
formula is proved.

Corollary 2.2: In the special case #(s) = s, the Euler-Cassini formula reduces to
Fy i (%, 95, DFran (%, 8, @) = Fy (%, 8, O Frp i, 95, 9) = C)"q D5 F(x, 75, g).

This corollary was first proved by Andrews, Knopfmacher, and Paule [4] with other methods.
Another proof for the more general polynomials of Al-Salam and Ismail was given in [11], and yet
another combinatorial proof was recently obtained by Berkovich and Paule [5].

Remark: 1f we choose a function x(s) instead of the constant x and define the weight of the
place i as x(g's) if the place is occupied by a dot, then we get a polynomial X, (s) as the weight of
the set of all Morse code sequences of length n starting at position 0. We call it the g-continuant
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corresponding to the set of all Morse code sequences of length n, since for #(s) =1 and x(g*s) =
X;,,; we obtain the continuants considered in [10].

The continuant is intimately connected with continued fractions. If we set x(g's) = x, and
1(q's) = y, and write
N

X+ V2
Xy e

y AN N

b

then it is easy to see that
N N In _ K,(s)

x+x+ x, K(g9)

n

As a special case, we obtain

Fun(Ls,q) _,, 1gs) 1g%) 1)
E..(1,gs9 1+ 1+ 1 -

If we let n—> oo, it is easy to see that, at least in the case where #(s) is a formal power series
with #(0) =0, we have lim,_, F,(x, s, q) = F(x, s,q) in the sense that the coefficients of each
power g* remain constant beginning with some index n(k). Therefore, we obtain the infinite
continued fraction

F(sq) _, 1g9)Hg%) .
F.(1,4s,9) 1+ 1+

and the functional equation F, (x, s, q) = F, (x, gs, q) + t(gs)F,,(x, 4%, q).

3. ¢-FIBONACCI OPERATORS

Now we want to establish a connection between the abstract Fibonacci polynomials and the
g-Fibonacci polynomials. To this end, we consider the ring R of linear operators on the vector
space of polynomials R[x, s]. We are interested only in multiplication operators with polynomials
and the operator 77 in R defined by 7/ (x, s) = f(x, gs).

We define a homomorphism @ : P — R by

O(a)=xn, Db)=1t(gs)n*.

Then we have
®(F,(a,b)) = F,(x,s,9)n"". 3.1

This is easily verified by induction from
O(F,(a, b)) = D(@D(F,-,(a, b)) + DB)D(F,_,(a, b))
= x1F, (%, 5, Q1" + @) F, 5 (x, 5, )11
= xF,_(x, g5, )" +1(gs)F, 5 (x, 4, "
= (¥F,-(x, g5, 9) +H(gS)F o (x, 4*s, )" = F(x, 5, )"
As a special case, we see that applying the Fibonacci operators to the polynomial 1 we get
F(x,5,9)= F(x,5, )71 = ®(F,(a, b)) 3.2)
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4. THE ¢-FIBONACCI POLYNOMIALS OF L. CARLITZ

If we choose #(s) = 7, we get the g-Fibonacci polynomials of Carlitz [6]. They are a special
case of the Al-Salam and Ismail polynomials U,(x; a, b) introduced in [1], which are defined by
U,..(x; a,b) = x(1+aq™)U,(x; a,b) - bq"'U,_(x; a, b) for n>1 with initial values Uy(x; a, b) = 1,
U,(x;a,b) = x(1+a). ltis clear that F,(x,s,q)=U, ,(x;0,~sq7).

In this case, the recurrences are

F (%, 5,9) = xF, (%, 5,9) + 4" sF, 5 (x, s, ),
Fy(x,5,9)=0, K(x,59) =1,

and
F(x, 5,9) = xF,_y(x, 5, ) + sF, 5(x, 4’5, 9),
Fy(x,5,9)=0, Ki(x,s,9)=1

The matrix form reduces to
M (%, 5) = (an_l(x, 7.9  F(x59 )
SF;,(X, qS, q) P;l+1(x) S, q)

and the Cassini formula is

n-1 -
Fraa(®, 5, ), 1(x, 95, 4) ~ Fy(x, 5, ) Fy (x, 45, 9) = (-1)"q g™

Remark: A special case of these polynomials has already been obtained by Schur [12]. In [4],
these Schur polynomials are called ¢, and d,. In our terminology, these are e, = F,(1, g, q) and

dn = F;l-—l(L q2a q)
For the following, we need the Gaussian g-binomial coefficients [;] (cf, e.g., [3] or [7]). We
define them by

k. on-i+l _
[Z]=Hq . 1 forneZ and k eN.
- g -1

They satisfy the following recursions:
n+l]_ .ln n
AR R

(=l

The g-binomial theorem (see, e.g., [3] or [7]) states that, for n e N,

and

(A+By=Y {Z]B"An—k if AB = gBA.

k20

Now we have x7-s17? = gs7? - xn or, in other words, ®(a@)®(b) = g®(d)D(a). This may be
stated in the following way

(Cia,8Y) =| [ oy @1
Therefore, from (1.7), we get
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n-1
Fy(x,5,9) = O @)1= . [k sy ceny2-h
=0
or, equivalently,

F(x,5q)= Z n- k 1] 2(8) gk yn-2k-1.

k=0

5. ANOTHER INTERESTING CASE

Another interesting special case is given by

___ s
)= 1T
We denote the corresponding Fibonacci polynomials by f,(x, s, q). Here we get
. 4k 2(k+l) Sk
(xn+H(gs)n)'1= Z [ ] 1
H(l +q/s)A+q™ s)
Jj=1
If we set
4k 2(lc+l) Sk
n, k( ) -
H(l +q’s)A+q™ s)
Jj=1

we can write this in the form

enita9Py1= 3 [}, ).

It is easy to see that

1+gs
d, (q9)=¢q _q;‘CIT i1, 1 ()

and

1+ qn+2s)

(a9 i) = T L o)

We have to show that

n n+l
e+ 1Y Rt = X [ 5 5.
k=0 k=0
The left-hand side is

> i dnstan+ 2 1|19,

n

=2 [Z]x"“"‘dn, ¥(g9)+ k;; [ o 1]x”“"‘t(qS)dn, #-1(4%9)

k=0

" e l1+gs ik 1+
[k] kgt kq+1 1,1 (S )+Z[ ] + k“—g‘m i1, 1 ().
k=0

I+q 1+

2003]
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The recurrences of the g-binomial coefficients imply

7t _l+gs I'n 1+9™%s _[n+1
k 1+qk+1 k--] 1+qk+ls kP

from which the right-hand side follows.
From (5.1), it follows that

®(Cl(a,b)) = [Z]xn_k , 4kq2(k«2~1)sk |
H a+ qf s)(1+ qn+ js)
j=1

In this case, (1.7) implies the following theorem.
Theorem 5.1: The g-Fibonacci polynomials f,(x, s, q) are given by
S, 5,9) = D(F,(a,b))1
n-1 £ 2(5) ok
o A e e e 52

3
H A+¢/s) 1+ g+ s)

J=l

6. A CONNECTION WITH THE CATALAN NUMBERS

The classical Fibonacci polynomials are intimately related to the Catalan numbers

1 (2n
CGu= n+l ( n )
The Fibonacci polynomials F,(x, 1), n>0, are a basis of the vector space of polynomials. If we

define the linear functional L by L(F,,,) =&, o, then we get L(x*"*") =0 and L(x*") = (-1)"C,

We will now sketch how this fact can be generalized. The polynomials F,(x, s, g), n> 0, are
a basis of the vector space P of all polynomials in x whose coefficients are rational functions in s
and q. We can therefore define a linear functional L on P by
L(F)=6,,. 6.1)
Let
Fy(x,5,9)
1(s)t(gs) - 1(g"s)

F\;I(x’ s’ q) =

Then we have x£, = #(g" D)) Y
Now, define the numbers
a,, = DL F),
where [x7 denotes the least integer greater than or equal to x. They satisfy
a1 =00

k41 6.2)
Qi = py 1 TG * $),1, k415

where a, , =0 if k<0.
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These numbers have an obvious combinatorial interpretation (consider, e.g., [8], [9]). Con-
sider all nonnegative lattice paths in R? that start in (0, 0) with upward steps (1, 1) and downward
steps (1, —1). We associate to each upward step ending on the height k the weight 1 and to each
downward step ending on the height k the weight #(g**'s). The weight of the path is the product
of the weights of all steps of the path.

Then a, , is the weight of all lattice paths from (0, 0) to (n, k). It is clear that a,,,; o =0. If
we set a,, o = C,(s, 9), then C,(s, q) is a g-analog of the Catalan numbers

1 (2n
=il )
because it is well known that the number of such paths equals C, (cf, e.g., [10]). It is easy to
give a recurrence for these g-Catalan numbers. To this end, decompose each lattice path from
(0,0) to (2n, 0) into the first path which returns to the x-axis and the rest path. The first path
goes from (0,0) to (2k+2,0), 0<k <n—1, and consists of a rising segment followed by a path
from (0, 0) to (2%, 0) (but one level higher) and a falling segment. Thus,

n-1
Co(s,9) = 2. Ce(gs, PHGS)C,op-1(5, 9) -
k=0
This is a g-analog of the recursion
n-1
Cn = Z CkCn—k—la CO = la
k=0

for the classical Catalan numbers.

For
___ s
= Trsirgs)’
the corresponding g-Catalan numbers C,(1, g) have been found by Andrews [2] and are given by
the explicit formula
1 2 2n
C,(,9) = [n+l][:] q)*" _
1+q)+g™H[J+g’)

j=2
The g-Catalan numbers appear also as coefficients of the following power series associated

with the Fibonacci polynomials. Consider the g-Fibonacci polynomials corresponding to —z#(s) in

place of #(s). Then we have F,(1, s, q,2) = F,_(1,gs, 9, z) - 2(gs)F,_,(1, ¢°s, q,z) If we define

— El—l(l’ qs, 9, Z)
gn(S’ Z) - .F;'(l, s, q, Z) s

then we have g,(s, z) = 1+2t(9s)g,-,(gs, 2)g,(s, 2).

For n— o, these formal power series in z converge coordinatewise toward a formal power
series g(s, z) which satisfies g(s, z) = 1+ z#(gs)g(s, 2)g(gs, z). Comparing coefficients we see that
g(s,2) =X C,(s,q)z", where the C,(s, q) are the g-Catalan numbers defined by

n-1

Co(s,9) = 2 Celgs, DHGS)Crpi(5, D).
k=0
This result is also an easy consequence of Theorem 5.8.2 in [3].
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1. INTRODUCTION

Let {a,},_. be a sequence which satisfies a linear recurrence of order k +1. We are herein
concerned with the lacunary subsequences {a,,,.,}n_, Where m and b are fixed integers, so
called because they consist of the terms from {a,} with lacunae, or gaps, of length m between
them. In [5], [2], and [3] it has been shown that, for any m and b, the subsequences {a,,,,,} also
satisfy a linear recurrence of order £+1. In this note we shall express the coefficients of this
recurrence in terms of generalized Dickson polynomials, by means of their functional equations,
and present some applications of this description. As corollaries to our main theorem we give
generalizations, to prime power moduli, of the known result ([5], Theorem 4) that whenever p is
prime, the subsequences {a,-,.},-o satisfy the same linear recurrence modulo p as is satisfied by
{a,}. We conclude with an analog of Howard's tribonacci identity ([3], Theorem 3.1) for
tetranacci sequences.

2. THE MAIN RESULT
Let our sequence {a,} satisfy a linear recurrence of order k +1, say
Uy = Xyt = %y + - — (D0, + (-D'aa, 2.1)

where a is a unit in some integral domain R and x,, x,, ..., X, are indeterminates over R. (By use
of evaluation homomorphisms R[x,,..., x,]— R, one may also regard x,, x,, ..., x, as elements of
R). If we are given some initial conditions, say a,,q,,...,q; € R[x,, ..., x,], then the recurrence
(2.1) may be used to define a, for all integers n, and for any integer » we have a formal power
series identity

S n_ O
a,,, " =2) 2.2
;Z;(; +b P(T) ( )
in the formal power series ring R[x,, x,, ..., . J[7], where
P(T)=1-x,T+x,T? + -+ (-Dfx, T* — (- aT*! 2.3)

is the characteristic polynomial of the recurrence (2.1) and Q(7) is some polynomial of degree at
most k.

Now let X be the quotient field of the polynomial ring R[x,, x,, ..., x,]. Then over some finite
extension field L of K the polynomial P(T) splits into the product

k
P(1y=] '_Og (-a,T). (2.4)
j=

It follows that x; = o (@, ..., @;) for 1< j<k and a=o0,,(q, ..., a;), where o; denotes the
Jjt elementary symmetric function in & + 1 indeterminates.
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For 1<i<k, let PO(T) be the polynomial in R[x,, ..., xJ[7] of degree I=(*) with
constant term 1 whose reciprocal roots are all products of the form «; ...« , where 0< j, <.
< j; <k. The coefficients of P®’ are symmetric functions of a, ..., @, , and therefore there are
polynomials y; ; in Rlx;, ..., x;] such that

PO =1-y T+, I* + - +(=D'p,, T, 2.5

with y, =x, and y,; =a’. The generalized Dickson polynomials DY (over R) are then defined
for m > 0 by the expansion

dPO & dT
—’m = _EDM (xl, ceey Xy a)T"’ 7;’ (26)

in Rlx,, ..., 5 J[7] (cf. [6], eq. (1.6)). The usual Dickson polynomials D,(x,a) are obtained in
this way from P(T)=1-xT+aT? with i=k =1, and if R is a finite field then this definition of
generalized Dickson polynomials agrees with that given in [4]. From the generating form (2.6),
we may derive for m > 0 the functional equations (cf. {6], eq. 2.5))

DO(x,,...,x, ay=olal,...,al) 1<i<k) 2.7

and the identity a” = aja} ...a}. These relations may be used to define the polynomials
D,(,j)(xl, s X, 0) € Rlx,, ..., x,] for all integers m; specifically, we have

D5, . .0)=(* 1) @58
for m = 0, and for any integer m we have
DO(x,, ..., %, a)=a"DY(x,, ..., x,, a), (2.9)

where i + j = k +1. With this definition, the polynomial D’ is a polynomial of total degree |m| in
Rlx,, ..., x,] for every integer m. Now we are ready to state the main theorem.

Theorem 1: Let {a,} satisfy the linear recurrence (2.1) in Rx,, ..., x,]. Then, for any integers m
and b, the lacunary subsequence {a,,.,} in Rlx,, ..., x, ] satisfies the recurrence

I
Pk = (Z -ny~D§ )(xaa o> X, @) a(kn-a-)mb} + (““Dkﬂm%wm-
=1

Proof: Let m and b be given. If m=0, the statement of the theorem reduces to the very
well-known identity

2(—1)’ ("j’l)zo (2.10)

by (2.8). Assuming the theorem is true for m, it follows also for —m by (2.9); therefore, it suffices
to assume m is positive. Consider the generating function (2.2) for the sequence {g,,,}. Define
the linear operator ¢ on Rfx,, ..., x, JI7] by

Pf (D)= D+ @D+ fET) 447 (@T) @11)

where @ is a primitive m® root of unity in some finite extension of K. Since
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X Tj cf . 0 .
(D(Tj):{o ,  1f m divides j, 2.12)

otherwise,
we have

(Z +bT) Z mn+bTmn9 (213)

n=0

which is the generating function for our lacunary subsequence.
By virtue of the factorization (2.4), we have a partial fraction decomposition

o) _ G
> 2.14
B Laer @19
valid as a power series identity in the subring R[x,, ..., x, J[7] -of L[T], where the exponents are
defined by setting ¢; equal to 1 plus the number of a; with &, =, and j<i (so, e.g., all ¢ are 1

if and only if all @; are distinct). Then we compute in L(6)[T]
Q(T)) _
P 0) 7% Sy Haasty

_1$_00n 0
m&A-a™T™s  PI™)’

(2.15)

with each , a polynomial of degree less than ¢,, and { therefore a polynomial of degree at most
k. Tt follows by comparison with (2.13) that P is the characteristic polynomial for the recurrent
sequence {a,,,,,}, where P(T™) =T[1*,(1-a"T™). If we write

P =1-y)T+y,T*+- + (D) y, T* = () y, T, (2.16)

then we have y, = o,(ay,...,ay) for 1<i<k and y,,, =agay ...ay. Hence, by the functional
equations (2.7), we have y, = DY(x,, ..., x,, @) for 1<i <k and y,,, =a™, giving the result.

Remarks: In Theorem 1 we have assumed a is a unit in R; however, this assumption is needed
only to ensure that a, and D are elements of R when 7 is negative. The recurrence given in the
theorem remains valid in R[x,, ..., x,] if @ is an arbitrary element of R (even if @ =0), or in
R[x,, ..., x;,a] if a is regarded as an indeterminate over R, provided b>m >0. It is equally valid
for arbitrary integers m and b if interpreted as a recurrence in the Laurent ring R[x,, ..., x,,a,a™"].

3. CONGRUENCES FOR LACUNARY RECURRENCES

It is known ([5], Theorem 4) that, if {a,},, is a linearly recurrent sequence in Z and p is
prime, then the subsequence {a,,.}, satisfies the same linear recurrence modulo p as is satis-
fied by {a,}. Theorem 1 and results of [6] give rise to some generalizations of this result.

Corollary 2: Let {a,},., satisfy a linear recurrence
- k k
Apf = Xy py — Xplpipa + o — (D 00, +(-1)"aa,
in R[x,, ..., x,,a], and let {a.}, satisfy the linear recurrence

¢t — Pyt Pt [ AU Y, 2 4 N Pt
Aprke = X1 -1 ~ X3 0pap2 (-D*xza, +(-1)"a’a,
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in R[x,, ..., x,,a]. Then for any prime p and any positive integers b, d, m, and r, the two lacunary
subsequences {@,, 15 }meo AN {@),r-1p4a}meo in R[xy, ..., X, a] satisfy the same recurrence modulo

P Rlx, ..., x,,a].

Proof: In Theorem 2 of [6], we showed that the differential form (2.6) is an invariant dif-
ferential on the multiplicative formal group law over the polynomial ring Rl[x,, ..., x;,a], from
which one may deduce the congruences

DY (x, ..., %, @)= DY) (xf, .., x[,a?) (mod pR[x;, ..., X;,a]) (3.1

in R[x,,...,x,,a). Since ™" =(a?)"" ™ the corollary then follows from Theorem 1 and the
observation that the left members of the congruences (3.1) are the coefficients of the recurrence
for {a,,,7,,4} and the right members of the congruences (3.1) are the coefficients of the recurrence
for {@hr-insa}.

Taking m=r =1 in the above Corollary 2 yields a polynomial congruence which implies
Theorem 3 of [5] and the main result of [1]. We now consider another generalization.

Corollary 3: Let {a,},, satisfy the linear recurrence
- - k k
Ui = X0y = X g + 0 — (D' %0, +(-1)"aa,

in Z. Then, for any prime p and any positive integers b, d, m, and r, the two lacunary subsequen-
ces {Apprnibtmeo AN {Aypr-1pia)meg in Z satisfy the same recurrence modulo p”.

Proof: In Theorem 3 of [6], we showed that, for any integers x,, ..., x;, a, the differential
form (2.6) is an invariant differential on the multiplicative formal group law over Z, from which
one may deduce the congruences

DO, (% ..., %, @) = DDys(xy, .., %, @) (mod p'Z) (.2)

for any integers x;, ..., x;,a. Since @™ =a™"' (mod p’), the corollary then follows from Theo-
rem 1 and the observation that the left members of the congruences (3.2) are the coefficients of
the recurrence for {a,,,-,.,} and the right members of the congruences (3.2) are the coefficients of
the recurrence for {a,,,--1,14} .

The r =1 case of this theorem contains the result of [1] and Theorems 3 and 4 of [5]. To
illustrate the general case, consider the example of the tribonacci sequence {P,} defined by the
recurrence

P

n

w=Fut+B+h_ (3.3)

with P, B, P, arbitrary integers. As a special case of Theorem 1, we have Howard's general
formula (see [3], eq. (3.6)) for the lacunary subsequences {F,,,,} which implies, for example,

FBya=3Bu+E+F ,, G4

B =11F,,+5E +F,_,, (3.5)
B =131F,5=3F, + F 3, (3.6)
P53, =17155P,,,6+253P,+ P, . (BG.7
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We observe that the recurrence coefficients in (3.3) and (3.4) agree modulo 2, while those in (3.4)
and (3.5) agree modulo 22, those in (3.5) and (3.6) agree modulo 23, and those in (3.6) and (3.7)
agree modulo 2*, as predicted by Corollary 3 for p=2. For P =3 one has

Pys=TB,3~5P,+P,;, (3.8)
Fing=241F,,0-23F, +F, _,, G9)
P54 = 13980895P,,,, +4459P, + P, ., (.10)

with the recurrence coefficients in (3.3) and (3.8) agreeing modulo 3, those in (3.8) and (3.9)
agreeing modulo 3%, and those in (3.9) and (3.10) agreeing modulo 3°. Once more,

Bio=21E,5+F,+F g, (3.11)
P,ys0 =4132721B,,,5+2201P, + B, s, (G.12)

with the recurrence coefficients in (3.3) and (3.11) agreeing modulo 5, and those in (3.11) and
(3.12) agreeing modulo 52.

The system of congruences (3.2) implies that {Dg} (xp, ---5 X, @)}y is @ Cauchy sequence in
the ring Z, of p-adic integers for fixed x,,...,x,, a, m, i, and any prime p, and therefore con-
verges p-adically to some limit H®. Combining Theorem 1 with the complete statement of
Theorem 3 in [6] therefore allows a p-adic restatement of Corollary 3.

Corollary 3 (alternate version): Let {a,},, satisfy the linear recurrence

_ k k
ik = X8ty — X8ppa + o — () 10, +(-D*aa,_,

in Z and let p be any prime. Then, for any positive integer m, there exist algebraic integers H'D,
..., H®, A4, in Z,, which depend only on x,, ..., x,, a (mod p), such that the lacunary subsequen-

ces {bn} = {amp" n+d} satiSfy

by =HPb,y —H rszz)bn+k—2 +eo = (D HPB, + (-1)* A,b,, (mod p™'Z,)

n
for all nonnegative integers 7 and d.

“This version of the corollary says that associated to any integral linear recurrent sequence
{a,} o there is, for each positive integer m and each prime p, a single recurrence (with p-adic
coefficients) that is satisfied modulo p™*'Z, by every lacunary subsequence {@,,rna}eo. As an
illustration of the idea, from (3.7), we note that the recurrence

b,,, =17155b,,,+253b, +b,_, (3.13)

n

is satisfied modulo 2™*! by {b,} = {Pyr,.q} for r=0,1,2,3, 4; analogous examples of this type for
lacunary subsequences of {P,} are given by (3.10) for p=3 and r=0,1,2,3, and by (3.12) for
p=5and r=0,1,2. A natural question to ask is: When will the "universal" p-adic recurrences of
the corollary, which hold for all 7, actually have integer coefficients?

This question may be answered to some extent in the case of second-order recurrences
(k =1) using the results of [7], where systems of congruences

D,fg, (x,a)=B (mod p*) (3.14)
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for integer values of B were classified. In particular, combining Theorem 1 of the present paper
with Theorem 1 of [7] yields the following corollary.
Corollary 4: Let {a,},., satisfy the second-order linear recurrence

Q1 = XA, —aa,

for integers x and a. Then, for every prime p, there exists an integer m and integers H,, and 4,
such that the recurrence
bn+1 = Hmbn - Ambn—l

is satisfied modulo p™*! by the lacunary subsequence {B,} = {@,,,-»+4} for all nonnegative integers
r and d. Furthermore, H, € {-2,-1,0,1,2} and 4, € {-1,0,1}.

The means for determining the integers m, H,,, and 4,, are outlined in the corollary to Theo-
rem 2 of [7]. A few examples involving the Fibonacci sequence {F,} are:

FE.  »=-F—F_ . (mod2™") if 3|m, (3.15)
F, »=2F-F . (mod2™") if 3|m; (3.16)

F.  »=-F_ . (mod3™*) if m=1+2 (mod 8); (3.17)
F .y ="2F-F__ . (mod 5 if m=2 (mod 4); (3.18)
F. »=-F_ . (mod7™*) if m=+4 (mod 16). (3.19)

4. TETRANACCI SEQUENCES

In Theorem 2.1 of [3], Howard showed that if {a,} satisfies the recurrence (2.1) over C
then, for any integers m and b, the lacunary subsequence {a,,,,,} satisfies the recurrence

k+1

Bomih = Z(“l)j_lcm, K= jym+bs 4.1)
j=1

where the numbers c,, ;, are independent of the initial conditions a,, ay, ..., @, and are defined by
a certain generating function. The identity c,, 41y, =a" was shown in Lemma 2.2 of [3]; the
result of Theorem 1 above shows that ¢, ,, = D(x,, ..., x;,a) for 1< j<k. In the tribonacci
case (k =2), Howard showed (see Lemma 3.2 of [3]) that ¢, , =D, and ¢, ,, =a"D_,, where

D, =DV(x,, x,,a). This produces the beautiful identity (cf. [3], eq. (1.5))
Bprom = Dman+m - amD-man +aman-m’ (42)

which is valid for all integers m and »; observe that {a,} and {D,} satisfy the same third-order
recurrence. We remark that the two identities of Lemma 3.2 in [3] are generalized to arbitrary &
by (2.9) and Theorem 1; specifically, we have

Com=D, and c,,=a"D_,, “4.3)

where D, = D®(x,, ..., ,,a). In the tetranacci case (k = 3), equation (4.3) expresses all but the
central coefficient c,, ,, in terms of a and D,. Whereas {a,} and {D,} both satisfy the same
fourth-order recurrence, this central coefficient {c, ,,} unfortunately satisfies a recurrence of
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order (3) = 6. This suggests that perhaps there is no general simple analog of (4.2) for recurrences
whose order exceeds three. However, by means of the functional equations (2.7), one may easily
verify that ¢, ,, = D(x,, ..., %,,a) = (D%~ D,,)/2 over any integral domain R of characteristic
not equal to 2. Therefore, we may state the following analog of Theorem 3.1 in [3] for tetranacci
sequences.

Theorem 5: Let {a,} satisfy the linear recurrence

Apys = X019 — Xy, + 350, —A 4,

in R[x,, x,, x,], where the characteristic of the integral domain R is different from 2 and a is a unit
in R. Then, for any integers m and n, we have the identity

Diam = D, mPnram

%(D 31 - D2m)an+m + amD—man - aman—m
in R[x,, x,, x;], where D, = DO(x,, x,, %3, a).
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1. INTRODUCTION

For convenience, we quote some notations and symbols in [7]: Let the sequence {w,} be
defined by the recurrence relation

Work =Wyt + G _Wpy T W, 1.1

and the initial conditions
Wo =Co W1 =Cp5 e s W1 = Gy (1.2)

where a,, ..., a, and c,, ..., ¢,_; are complex constants. Then we call {w,} a k™-order Fibonacci-
Lucas sequence or, simply, an F-L sequence, call every w, an F-L number, and call

f@)=xt-axt1—.—a,_x-a, (1.3)

the characteristic polynomial of {w,}. A number o satisfying f(a)=0 is called a characteristic
root of {w,}. If a, #0, we may consider {w,} as {w,}’%. We denote Z(a,)=2Z for a, #0 or
Z* L {0} for a, =0. The set of F-L sequences satisfying (1.1) is denoted by Q(a,, ..., a;) and
also by Q(f(x)). Let {u®} (0<i<k-1) be a sequence in Q(f(x)) with the initial conditions
U =3, for 0<n<k-1, where & is the Kronecker function. Then we call {#{} the i basic
sequence in Q(f(x)), and also call {u*"D} the principal sequence in Q(f(x)) for its impor-
tance. In [3], M. E. Waddill considered the congruence properties modulo m of the k™-order
F-L sequence {M,}€Q(},...,1) with initial conditions M;=M,=--=M; ;=0 and M,_,=
M,_, =1 In this paper we apply matrix techniques to research the congruence properties modulo
m of the general k™-order F-L sequence {w,} €Q(ay, ..., a,) = Q(f(x)), where a,,...,a;, € Z. In
Section 2 we give required preliminaries. By using matrix techniques, in Section 3 we discuss the
congruence properties of F-L sequences and get a series of general results. In Section 4 we apply
our general results to the special case of second-order F-L sequences. As examples, two more
interesting theorems are given.

2. PRELIMINARIES

Let {w,} €Q(a,, ..., a,) = Q(f(x)). Denote col W, = (W,yp—1, Wnsi2----» W,)'- Then, from
(1.1), we have

colw,,, = A4 colw,, 2.1)

where
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q G o G, G
A= 1 2.2)
1

is called the associated matrix of {w,}, also of f(x). And we also denote Q(a,, ..., a,).by Q(4).
Note that in 4 the entry in the i row and j® columnis 0ifi>1andi# j+1.

Theorem 2.1: Let {w,} € Q(A). Then, for n € Z(a,),
col w, = A" col w,. 2.3)
For simplicity, in this paper we prove all theorems only for Z(a,)=Z.

Proof: 1If n>0, then (2.3) can be proved by induction and by using (2.1). If n >0, again by
induction and by using (2.1), we can easily verify col w,,,,, = A™ col w, for m>0. Taking m=—n
we get col wy = A™ col w,,, whence (2.3) also holds for n<0. O

Theorem 2.2: Let {4} (i=0,1,...,k~1) be the i basic sequence in Q(a,,...,a,)=(A).
Then, for n € Z(a,),
A" = (col u*D, col u*=2, ..., col u®). 2.4

Proof: From (2.3), the right-hand side of (2.4) is equal to (let / be the identity matrix)
(A" col uf*™D, A" col ult=?, ..., 4™ col ul¥)
= A"(col uft™D, col uft=2, ..., col u{®) = A" = 4. O

Remark 2.3: Equation (2.4) was shown in [9] and [1]. Its equivalent form was shown as (4) in
[4], where U, is equal to u{7¥ in (2.4). It may be seen that, owing to the introduction of the
basic sequences, it is more convenient to use (2.4) than to use (4) in [4].

Substituting (2.4) into (2.3) and comparing the k™ row on both sides, we get the following

corollary which was stated in [7].

Corollary 2.4: Let {u®} (i=0,1,..., k1) be the i basic sequence in Q(a,, ..., a,) = Q(4) and
let {w,} € Q(A). Then {w,} can be represented uniquely as

k=1
W, = wuld. 2.5)
i=0

The following theorem gives a technique for generating F-L sequences by using the matrix
other than the associated matrix. The method of proof'is quoted from [9].

Theorem 2.5: Let X, =(x,, %3, ..., X,;)" be a vector over C and let B be a square matrix of
order kover C. If
|xI-B|= f(x)=xF—ax*'~.-.~a, x-aq,
and
X,=B"X,,

then, for n € Z(a,),
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(1) {x,;},€Qa,....a)=Q(f(x) (j=1,...,k) or, simply,

{Xn}n € Q(al’ cees ak) = Q(.f(x)) -
(Naturally, we can generalize the concept of an F-L sequence to that of an F-L vector sequence.)

2

B =u* DB 4y DBE2 4 uOB+ O] (2.6)
Specifically,
A" = ulFDAR D2 g D4 +uO1 2.7

where {4} is the i (i=0,..., k—1) basic sequence in Q(a;,...,a,) and 4 is the associated
matrix of f(x).
Proof: By the Cayley-Hamilton Theorem, we have B* =a,B*'+.-- +a,_B +a,I, whence

B"* =qB"*1+...+a,_ B +a,B" (2.8)
Multiplying by X, we obtain X, ., =a, X, ++- +a,_, X, +a,X,. This means that (1) holds.
Denote B” = (b)), ;< Then (2.8) implies /™ = ap("**D +... +a,_ "D +a b Therefore,
B}, € Q(f(x)). By (2.5), it follows that

k-1

b = LK,
r=0

which is equivalent to (2.6). O

The following theorem is called the Theorem of Constructing Identities (TCI) in matrix
form. TCI in polynomial form was proved in [6].

Theorem 2.6 (TCI of matrix form): Let Q(ay,...,a,)=Q(4). If

s t
> dAn = Zej.A”f (2.9)
i=0 j=0
holds, where ,, p; € Z(a,) and dj,e; €C,i=0,...,s and j=0,...,7, then
s ¢ '
2. d,colw, =Y e colw, (2.10)
i=0 © =0 g
holds for any {w,} € Q(4). Specifically,
s t
Zd,.wn'_ = Zejij (2.11)
i=0 Jj=0

holds for any {w,} € Q(A4). Conversely, if (2.11) holds for any {w,} € Q3(4), then (2.9) holds.

Proof: Multiplying (2.9) by col w, and using (2.3), we get (2.10), then (2.11). Conversely,
if (2.11) holds for any {w,} € Q(4), then it holds for every basic sequence {#} € Q(4) (=0,
..., k—1). By using (2.5) and (2.7), we can prove that (2.9) holds. O

The following lemma was proved in [6]. It can also be proved by using the TCI of matrix
form.
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Lemma 2.7: Let {u} (=0, ..., k1) be the i* basic sequence in Q=Q(a,, ..., a,) = Q(4) and
let {w,} be any sequence in Q. Then, for m, n € Z(a,),

k-1
wm+n = Zur(r;)wnﬂ" (2 12)
i=0

Remark 2.8: For convenience, we rewrite (2.12) as

Wpin = 4, colw,, (2.13)
where 4,, = (@, 42 u®).

3. CONGRUENCE PROPERTIES OF F-L SEQUENCES

In the subsequent discussions we deal with the integer sequences in Q(a,,...,a,) = Q(A4)=
Q(f(x)), where a,,a,, ...,a, € Z. The Cayley-Hamilton Theorem gives

A =a 7 va, A v vay_A+al. (3.1

Let M be the ring of integer matrices of order k. Let m € Z*, m> 1, and let () be the prin-
cipal ideal generated by m over M. For M, N €M, define M = N (mod m) if M — N €(m). Let
{w,} € Q(A). Ifthere exists # € Z* such that

A" =1 (mod m), 3.2)

then we call the least positive integer ¢ satisfying (3.2) the order of A modulo m and denote
t =ord,(A). If there exist integers ¢ > 0 and 7, > 0 such that

W,y =W, (mod m) iff n2>n,, (3.3)

then we call {w,} periodic modulo m and call the least positive integer ¢ satisfying (3.3) the
period of {w,} modulo s, and denote 7 = P(m,w,). If ny=0, we call {w,} purely periodic.
The following lemma is obvious.

Lemma 3.1:

(1) If an integer ¢ > O satisfies (3.2), then ord,(4)|¢.

(2) If an integer ¢ > O satisfies (3.3), then P(m,w,)|¢.

Lemma 3.2: Let Q(a,, ..., a,) = Q(A). Then ord,,(A4) exists iff (m,a,) =1.

Proof: Assume that ord,(4) exists. Then (3.2) holds. Taking determinants on both of its
sides and noting (2.2), we get (-1)* gl =1 (mod m). This implies (m,a,)=1. Conversely,
assume (m,a,)=1. Then there exists an integer b being the inverse of a, (mod m). Whence,
from (3.1), we have Ab(A*'—a A*?%~...—a,_I)=1 (mod m). This means that there exists a
matrix B which is the inverse of 4 (mod m). Since among I, 4, ..., A°,... (mod m) there are at
most m** different residues, there exist 7 > s > 0 such that 4" = A* (mod m). Multiplying by B,
we obtain 4 =1 (mod m), so ord,,(4) exists. O

Theorem 3.3: Let Q=CQ(a,,...,a,)=C(A4) and let {u,} be the principal sequence in . If
(m,a,) =1, then {u,} is purely periodic and P(m, u,) = ord,(4).

Proof: From Lemma 3.2, ¢’ = ord,(A) exists since (m,a,) =1. Then (3.2) implies that, for
any n>0, A™" = A" (mod m) holds. From TCI, for any #20, u,,, =u, (mod m) holds. Thus,
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{u,} is purely periodic and, by Lemma 3.1, # = P(m,u,)|t’. Conversely, since any {w,} € Q can
be represented linearly by {,} over the ring of integers (see [7], Lemma 2.5), the congruence
W,,. =W, (mod m) holds for any {w,} € Q. Whence the converse of TCI implies that 4™ = 4"
(mod m) holds. Multiplying by 4™ (from the proof of Lemma 3.2, 47! exists), we get (3.2).
Thus, Lemma 3.1 implies #'|¢. Summarizing the above, we obtain # =¢'. O

Corollary 3.4: Let Q=Q(a,,...,a,) =Q(4) and let {u,} be the principal sequence in Q. If
(m,a,) =1, then any {w,} € Q is purely periodic and P(m, w,)|P(m,u,) = ord,(A4).

For what sequences {w,} in Q(4) besides the principal sequence will the equality P(m, w,) =
ord,,(4) hold? To give an answer on the sufficient condition for the question, we introduce the
Hankel matrix and Hankel determinant of {w,}, which are defined by, respectively, H(w,) =
(col W,y cOlW, 4 s, ...,col w,) and det H(w,).

Theorem 3.5: Let Q=Q(a,,...,a,)=€(A4). Let {u,} be the principal sequence in Q and let
{w,} be any sequence in Q. Assume (m,a,)=(m,det H(w,))=1. Then P(m,w,)= P(m,u,)=
ord,,(4).

Proof: From (m,a;) =1, Theorem 3.3, and Corollary 3.4, we conclude that {w,} is purely

periodic and P(m,w,)|P(m,u,)=ord,(A4). Thus, we need only prove that P(m,u,)|P(m,w,).
Equation (2.13) gives w,,; = A, col w,. Whence

Wpikets o> Waar, W) = A (cOl wy_y, ..., col wy, col wy). 3.4
The equality (3.4) can be considered a system of linear equations in unknowns u{) (i=0,...,
k—1). The coefficient determinant of the system is det(col w,_,, ..., col w;, col wy) =det H(w,).
Since (m, det H(w,)) = 1, we can solve u, =ul¥ D =bw, ., . +---+b,_w, +b,w, (mod m). Hence,
P(m,u,)|P(m,w,). O

For more detailed consideration on the periodicity, we introduce the following concepts: Let
{w,} € Q(A). Ifthere exists s € Z* such that

A’ =cl (mod m), 3.5)
where ¢ € Z and (m, c) = 1, then we call the least positive integer s satisfying (3.5) the constrained

order of 4 modulo m, call c a muiltiplier of A modulo m, and denote s=ord; (4). Corre-
spondingly, if there exist integers s> 0 and n, > 0 such that

W,y =cw, (mod m) iff n2ny, (3.6)

where c is an integer independent of » and (m, c) = 1, then we call the least positive integer s sat-
isfying (3.6) the constrained period of {w,} modulo m, call c a multiplier of {w,} modulo m,
and denote s = P'(m,w,). If ny=0, we call {w,} purely constrained periodic. We point out
that the definition of "constrained period" has generalized and improved the definition in [2].
Similarly to Lemma 3.1, the following lemma is obvious.

Lemma 3.6:

(I) If an integer s> O satisfies (3.5), then ord,,(4)|s.
(2) If an integer s> O satisfies (3.6), then P'(m, w,)|s.
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Clearly, if ord,(4) exists, then ord},(4) must exist [especially in the case c=1 (mod m)].
Hence, from 3.2, we obtain

Lemma 3.7: Let Q(ay, ..., a,) = Q(A). Then ord,,(A) exists iff (m,a,) =1.
By induction on j, we can easily prove

Lemma 3.8: Let s and ¢ be the constrained period and a multiplier of {w,} modulo m, respec-
tively; that is to say that (3.6) holds. Then, for j >0 and n >n,, we have

wn+ Jjs

= ¢/w, (mod m). 3.7

Theorem 3.9: Let Q=Q(a,,...,a,) =Q(A4), let {u,} be the principal sequence in Q, and let
{w,} be any sequence in Q. If (m, a,) =1, then
(1) {u,} and {w,} are purely constrained periodic and P'(m, w,)|P'(m, u,) = ord.,(A).
(2) uy,;_,, where s= P'(m,u,) = ord,(4), is a multiplier of {u,} (mod m).
Proof:
(1) The proofis similar to the proofs of Theorem 3.3 and Corollary 3.4.
(2) Take n=k—1 in the congruence u,,, = cu, (mod m) and note that »,_, =1. O

Theorem 3.10: Let {u,} be the principal sequence in Q(a,,...,a;) and let (m,a,)=1. Denote
P'(m,u,)=s,uy,,_,=c,and ord,(c)=7. Then

(1) P(m,u,)=rs.

(2) The structure of {u, (modm)} in a period is as follows:

0,.,0 1L u, wu, ..,
0,..,0¢c cu, cu,y .. cu_,, (modm)

0,..,0c" c My, My, ..., 7 Mu,,.
Proof:
(1) Let P(m,u,)=t. From u,,, =u, (mod m) and Lemma 3.6, we have s|t. Then =rzs.
On the other hand, Theorem 3.9 implies that c is a multiplier of {u,} (mod m). Equation (3.7)
implies that
= ¢/u, (mod m). (3.8)

un+js

Taking j =ord,(c) =r, we have u,,, =u, (mod m). Whence Lemma 3.1 gives #|rs, that is,
rs|rs. Now we need only prove that 7 =r. If this were not the case, then 7, <r. Let 4 be the
associated matrix of {u,}. Theorem 3.9 implies that 4° =c (mod m). Theorem 3.3 implies that
A’ =1 (mod m), that is, A" = (4*)" =] =1 (mod m). This contradicts ord,(c)=r.

(2) In(3.8),let j=0,1,...,r—1and let n=0,1,...;5—1; then we have the required result. O
Corollary 3.11: Let {u,} be the principal sequence in Q(a,,...,a;) and let (m,a,)=1. Then
P'(m, u,) is the least integer s such that s>k —1 and

U S U= Bl n = 0 (mOd m) (3'9)

As an example, we let {u,} be the principal sequence in Q(1, 1,1). By calculating, we obtain
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{u, (mod7)}={0,0,1,1,2,4,0,6,3,2,4,2,1,0,3,4,0,0,4, ...}

Therefore, s = P'(7,u,)=16, c=u,,, =4 (mod 7). Since 4> =2 and 4* =1 (mod 7), we obtain
r =ord,(c) =3, and so ¢ = P(7,u,) = rs = 48. Furthermore, from Theorem 3.10, we can get
u,=0 (mod 7) iff n=0,1,6,13 (mod 16),
u, =1 (mod 7) iff n=2,3,12,20,25,27,37,42,47 (mod 48),

Another application example can be found in [8]. The above numerical results can be used to
verify the following theorem.

Theorem 3.12: Let Q=Q(ay,...,a,)= Q(A4) = Q(f(x)), let {u,} be the principal sequence in Q,
and let {w,} be any sequence in Q. Assume that (m,a,)=1. Denote P(m,u,)=s, u,, ,=c,
and ord,(c)=r.

(1) If (m,c—1) =1, then, for all integers n>0,

r-1

D Woy ;=0 (mod m). (3.10)

=0
(2) If (m, £(1)) =1, then, for a, = -1 and, for all integers n >0,

ilw,,ﬂ. = f() - l)k_-l(ao +ay+e+a )W, (mod m). (3.1D)
Specifically, "~ "~
gum ;=)' A=) (modm) (i20). (3.12)
Proof:

(1) From (1) of Theorem 3.9 and (3.7), we have
r=1 r=1
(c-DY W, =(c-DY c'w,=( - 1w, =0 (modm).
Jj=0 j=0
Then (3.10) follows from the above congruence and (m,c—1)=1.
(2) From f(A)=0, we have
SO =f(AH-fI
=(A=-(( A+ + A+ D —a (A2 o+ A+ D)= —ay ).
Whence, from (m, £ (1)) =1, we get
k=1
(A-D7'= fO)'Y (@ +ay+ - +a) A
Jj=0
On the other hand, from Theorem 3.9 and (3.5), we have
(A-D(A '+ A2+ + A+ 1) = A~ T = (c-1)I (modm).
Whence
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AT At A+ T = (= 1)(A- D)

k=1
=(c- l)f(l)‘lz (ag+a,+--- +aj)A""l'f (mod m),
=0
multiplying it by A", by TCI we get (3.11). O
Note: Since (m, a,) =1, the inverse of A (mod m) exists, which is
At =a (4 -a 42~ —a, 1) (modm).

Similarly, the sequence {w, (modm)} € Q(A4) can be extended to » <0 by using the recurrence.
Under this definition, the last theorem and the subsequent theorems, which hold for 7 >0, will
hold forneZ.

Corollary 3.13: Under the conditions of Theorem 3.12, let ¢ = rs. If (@) (m,c—1)=1, or if (B)
m|(c—1) and (m, £(1)) =1, then

t-1 s=1
D Was; = D W,y =0 (modm). (3.13)
J=0 J=0

Proof: We have X'} =0 Wiy = =20 j—O Wpainjs- S0 (3.13) is proved by using (3.10) for (a) or
by using (3.11) for (b). O

Remark 3.14:

(1) If we change P'(m,u,)=s and u,,_; =c so that P'(m,w,)=s and c is a multiplier of {w,}
modulo m, respectively, then (3.10) and (3.13) still hold because (3.7) still holds. But at this time
we cannot conclude that (3.11) holds.

(2) If neither conditions (a) nor (b) are fulfilled, (3.13) may not hold. For example: It is clear
that {n} is the principal sequence in Q(2, - 1) =Q(f(x)). Thus, f(1)=0.

{n (mod10)}=1{0,1,2,3,4,5,6,7,8,9,0,1,...}

implies s =10 and c=1 (mod 10). Hence, neither condition (a) nor condition (b) is fulfilled. We
have 0+1+2+.--+9=5%0 (mod 10), i.e., (3.13) does not hold.

Theorem 3.15: Let {u,} be the principal sequence in Q(ay, ..., a,) = Q(A4) and (m,a;)=1. Set
P'(m,u,)=s. Then, for j >0, we have

@
u,, =al ul; (modn?). (3.14)
@ A
Uigra = J(@ Y, (modm?) (0<d <k-2). (3.195)
Proof: Let {u®} (i=0,..., k—1) be the i basic sequence in Q(A). Clearly, 4, =a,u*V =

a,u,. Denote u,,,_,=c. We shall prove the theorem by induction. For j =1, (3.14) and (3.15)
are trivial. Assume that both (3.14) and (3.15) hold for j. We want to prove that they also hold
for j+1.

(1) From (2.12), we have %y, =X/ uu, ., Theorem 3.9 and (3.7) imply that
u(’) =c/uy=0 and u,_,,; =cy,_, =0 (mod m) for 1 <i <k—1. Then, by the induction hypothesis,
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U a1 = uj(s)us—l =q Uy U =4 (ali_l L Uy = aku.s{jll (modm?).
(2) Again from (2.12), we have 4.y, = =Ykl ;4144;- From (3.9) and the recurrence
(1.1), we obtain c=u,,;, , =a,u,_; (mod m). Whence, from (3.7), we obtain u;, ., = uy,, =
(@, Y uy,, (mod m) and 4 = cuf’ =0 (mod m) for 1<i <k—1. It follows that

k-1
j ' 2
Ujstysed = =u{u; sed T Y u(ayu, ) uy,; (modm?).
i=1

Since u; = 0 for 0<d < k-2, the last expression can be rewritten as
k-1

ESH )
U jstysea = uPu Ujssq + (AU, l)JZu:(Jl)udﬂ (modm”).
Thus, by (2.12), we get
Wansea = U W g g + (@Y 1y, (modm?).
Since #” = a,u,_,, the conclusion follows by the induction hypothesis. O

We point out that Theorem 3.12 and Corollary 3.13 have generalized Theorem 12 in [3],
while Theorem 3.15 has generalized Theorem 7 in [3].

4. THE CASEOF k=2

For k=2, the principal sequence u,=u" in Q(a,b) satisfies u,=0, u, =1, and u,,, =
u,,, +bu, for n>0. The 0% basic sequence u(o) satisfies #{” =1, {® = 0. and the same recur-
rence. We assume b #0, since b =0 is less interesting. Clearly, u,(,o) =bu, ;. The associated

matrix is
_fa b
A_(l 0).

Our conclusions for general £ can be easily transferred to the case of £ =2, for example:
Theorem 2.2 gives that, forne Z,
n_(U, bu
el ) @

Theorem 2.5 give that, forne Z,
A" =u,A+bu, 1. 4.2)
Corollary 3.11 given that, if (m, b) = 1, then P'(m, u,) is the least integer s such that s>1 and
u, =0 (mod m).
We do not enumerate all of them. Instead, we focus our mind on obtaining more interesting

conclusions. Because of limited space, as examples we give only those for Theorems 3.12 and
3.15.

Theorem 4.1: Let {F,} be the Fibonacci sequence, i.e., the principal sequence in Q= Q(l, 1), and
let {w,} be any sequence in Q2. Let p >3 be a prime. Then, for all integer n € Z:
@)

Wyt Wyt Wppo, + Wiy, = 0 (mod F). “4.3)
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2 1
-
Z(:)Wm = (Fpoy =W,y (mod Fp). 4.4
J=

Proof: In Theorem 3.12, take m= F,. Then, from (4.2), A” = F,_; (mod m), where, as is
well known, (m, F,_,) = (F,, F,,_})=1. Lemma 3.6 implies P'(m, F,) = s|p. Since s>1 and p is
prime, we have s=p. And the multiplier c=F, ;= F,,; (mod m) (or, it can be obtained by
Theorem 3.9 directly). It is well known that

Fry=FouF, = Fl = (1. 4.5)

Whence ¢? = F2,; = (-1)” = -1 (mod m). Thus, 7 =ord,,(c) = 4. From Theorem 3.12:

(1) To prove (4.3), it is sufficient to prove d = (m,c~1) = (F,, F,,;—1)=1. Let p=2q+1
and let L, be the n™ Lucas number. Then F, = F, + F;? and
Fp+l -1= F;]+1Lq+l -1= E]+1(E;+1 + 2Fq) -7 (Fﬁl - E;+1E; - 1;;]2)

_|3FuF, +F} for 2|q,
2F} +F, F,—F} otherwise.

For even g,

d =(Flu+ F}3F Fy+ B = (Fly + FL FGF, + F)).

Since (qu+1 +E]2, Foy)= (Ef, F,.1) =1 and, by the same reasoning, (F"Iz+l +F¢'12, F)=1, we have
d=(F}, +F}3F,, +F).
For odd g, we also have
d = (Fly+F} 2F ) + Fp By~ F) = (Fly + FL FpyGFpu + F))
=(Fi+F},3F, +F).
Thus,
d = (Fy (Fpyy —3F), 3F, + F)) = (Fp = 3F}, 3F  + )

= (Fyy~3F,, 10F,) = (Fyyy ~ 3F,, 10) = (<L, ,, 10).

The fact that {L, (mod5)}={2,1,3,4,2,1,...} implies that (L,;,5)=1. And the fact that {L,
(mod2)}={0,1,1,0,1,1,...} implies that 2|L__, iff 3|(g-1), ie, 3|(p—3)/2. Whence, 3|p.
This is also impossible. Hence, d =1.

(2) Here f(x)=x?>-x-1and f(1)=-1. Whence (m, (1)) =1 holds. Hence, (4.4) holds
by 3.11). O

The following theorem implies a possible generalization and an alternative proof of Theorem
3.15.
Theorem 4.2: Let {u,} be the principal sequence in Q=Q(a,b)=Q(A4) and {w,} be any
sequence in Q. Assume (m,b) =1. Denote P'(m,u,)=s. Then, for j >0 and d >0, we have

(1)
Wiy = b7l w, +(bu,) “Gu, —au,_)w, (modm?). (4.6)
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@

Wisea = (U, 0)'wy + jlbu, Y 'uw,,, (modm?). (4.7)

J
Proof: From (4.2), A°=u,A+bu ) lu A

51
(modm?*). Whence

I. Since m|u,, we have 4/° = (bu,_,)'I + j(bu,

A5 = (bu,_,)! A% + j(bu,_) " 'u, A4 (mod m?). (4.8)
s-1 s=1 s

If d >0, then (4.7) follows from TCI. For d =-1, from 4> -ad—bI =0, we get A(A—al)=b
(modm?). Whence (m,b)=1 gives A =b""(4-al) (modm?). And (4.8) becomes 4/*'=
bl | A+ (bu,_) " (ju, —au,_)I (mod m?). Thus, (4.6) follows from TCL. O

It is easy to see that when {w,} ={u,} and d =0 the conclusions of the last theorem agree
with those of Theorem 3.15.
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ON SOME RECIPROCAL SUMS OF BROUSSEAU: AN ALTERNATIVE
APPROACH TO THAT OF CARLITZ

R. §. Melham

Department of Math. Sciences, University of Technology, Sydney
PO Box 123, Broadway, NSW 2007, Australia
(Submitted November 2000)

1. INTRODUCTION
In [2], it was shown that
a0 _—1— _ @ _1 -1
2 S R (D

and, using the same approach, it can be shown that

O 7n—1 a0 1
=1-) = 1.2
2 R AR ¢
Let m be a positive integer, and define the sums
M) =Y e m 21, 1.3
I a3
and
-1 n—1
o) = ___ﬁ_)___ mz1 1.4
2 e 4
In [1] (see equations 20, 21, and 22), Brousseau proved that
TQ, 2)=-5—-33(1,z, 3 4), (1.5)
v 5,6 .
8(1,2,3,4) 2640+ T(1234 ), (1.6)
and
589 273
T(1,2,3,4,5,6)= 150 oo =50 5(1,2,3,4,5,6,7,9). 17

As an application, he computed the value of the sum 2., + 7 to twenty-five decimal places.

Qur aim in this paper is to establish explicit formulas that extend (1.5)-(1.7). Specifically, we
obtain formulas '
TQ,....m)=n+nS({,...,m m+1l, m+2), mz1, (1.8)
and
SO,....my=n+r,TQ,..,m m+l, m+2), m21, (1.9)
where the 7, are rational numbers that depend on m. Among other things, Carlitz [3] attacked the
same problem with the use of generating functions and Fibonomial coefficients. Here we provide

an alternative and more transparent approach, with the use of only simple identities that involve
the Fibonacci numbers.
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2. PRELIMINARY RESULTS

We require the following results:
- 1

2FE, " @1
g%bmnn; (2.2)
D2y A (L) 23)
i%_IFL S | | 24)
Z o ‘E-(:g;"};ﬂ HF RS0 m, 2l @)
i (_ L S S 1,2,..,m), m=21; (2.6)

n=1 F;,F Ei+m—lF +m+1 Fi - F, mF mz+1 F, m+1

Er+mF;1+m+2 -k, nF;1+m+l

- — (2.7)
= ( l)m Y A 08 +m+2 +[1 + (_ )mF m+2] I P ( D 'F, M2 5
Et+mEx m+2 +F F n+m+1 (2 8)
= (_ 1) +m+lF wme2 [1 + (" )m_lF m+2] n+m nm+2 +( )n—1 m+2:

Formulas (2.1)-(2.3) can be obtained from [1]. More precisely: (2.1) occurs as (4); (2.2)
follows if we use (3) to evaluate

n=1 F;IF;1+k

for k=1 and k =2; and (2.3) is the first entry in Table IIl. Formula (2.4) follows from (2.4) in
[4]. Again, turning to [4], we see that identity (3.3) therein and its counterpart for 7 yield (2.5)
and (2.6) for m>3. We can verify the validity of (2.5) and (2.6) for m=1 and 2 by simply
substituting these values and comparing the outcomes with (2.1)-(2.4). Finally, (2.7) and (2.8)
can be established with the use of the Binet form for F,.

3. THE RESULTS
Our results are contained in the theorem that follows.

Theorem: Let m>1 be an integer. Then

_ 1 )" Ey = Foes
SQ,....m) (1+(—l)'”_1— m+1)[ FF., E FaTQq,... . m+2)] 3.1
1 -D"'F ,+F
74, ... = mid - 2mi3 _ . .
G....m) (1+ (__l)m—l T Lm+l)|: F .F ., FpiFna S, ..., m+2)] (3.2)
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Proof: Let m21 be an integer. Then, due to telescoping, we have

i ( 1 _ 1 )_ 1 (3.3)
n=1 F, B Frem P B rima FeFF, .
Alternatively, with the use of (2.7), this sum can be written as
i Et+mF;l+m+2 _ ‘F;rF;z+m+l
n=1 F B
- i =D"'F, metFemetFnemea 1 + GV Y o e F, m+2 (3.4
n=1 T YRS SO
= (~)"™E, SQ, . m)+[1+ (<" E ]S 1 —F,T(,..,m+2).
n=1 E1 v 'E1+m—1E1+m+l

Finally, after using (2.5) to substitute for

- 1
EF

=1+l net’

F 3

e F;H-m—l n+m+1

we equate the right sides of (3.3) and (3.4), and then solve for S, ..., m) to obtain (3.1). In the
course of the algebraic manipulations, we make use of the well-known identities L, = F,_, + F,,,,
E}+FYy =By, and B~ FE=(-1)"

Since the proof of (3.2) is similar, we merely give an outline. To begin, we have

= - 1 1 1
(=1y" 1( + ): . 3.5
El Ez"'F F F+1"'Ez+mEx+m+2, Fi"'FmFm+2 ( )

n+m-1* n+m+l n

Next, we write the lefl side of (3.5) as

o E .F +FF
-1 Zndm” ndmd2 n” n+m+l
Z( l) ( E1'°'Et+m+2 ) (3'6)

n=1

Finally, we make use of (2.8) and (2.6), and then solve for T'(l,...,m). This completes the proof
of the theorem. O

If we substitute m = 4 into (3.1), we obtain (1.6). Likewise, if we substitute m=2 and m=6
into (3.2), we obtain (1.5) and (1.7), respectively.

- 4. CONCLUDING COMMENTS

Our results (3.1) and (3.2) do not produce (1.1) and (1.2), which, as stated in the Introduc-
tion, can be arrived at independently. Interestingly, due to our alternative approach, our main
results are more simply stated than the corresponding results in [3]. See, for example, (5.8) in
[3]. Incidentally, there is a typographical error in the last formula on page 464, where —% should
be replaced by %.

Finally, we refer the interested reader to the recent paper [5], where Rabinowitz discusses
algorithmic aspects of certain finite reciprocal sums.
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Dedicated to the memory of Herta T. Freitag

1. INTRODUCTION

Problems of interest in goldpoint! geometry [1] arise from study of tile-figures that are
obtained when goldpoints are marked on sides of triangles, squares, pentagons, etc. and joined by
lines in various ways. Many combinatoric problems arise naturally in the course of such studies.
Another type of problem is to determine how to combine collections of golden tiles in jig-saw
fashion, so that they tile a given geometric figure (or the whole plane) with goldpoint marks on
touching sides corresponding everywhere.

Examples of these types of problems are the following:

(i) Find how many different golden tiles can be formed from regular polygons; that is, find
how many inequivalent golden triangles, squares, pentagons, etc. there are.

(il) Given a regular hexagon, find how many different ways it can be tiled by equilateral
golden triangles, jig-saw fashion.

In this paper I introduce a new type of problem into goldpoint geometry. I study a variety of
fractals which are achieved by using as base the segment [0, 1], and a motif which involves the
goldpoints of that segment.?

In Sections 2 and 3, the goldpoint dust set and snowflake are defined, and some of their
properties are derived.

In the following section, I describe goldpoint fractals which I dedicate to the memory of the
inspirational American mathematician Herta T. Freitag, who passed away early in 2000 in her 91st
year.

In the final section, I present studies of fractals which are based on the regular pentagon. It is
well-known (indeed the knowledge goes back to extreme antiquity, since it is mentioned in cabal-
listic literature) that the golden mean occurs frequently in the geometry of the pentagon [3] and its
accompanying pentagram star. It is hoped that the results given below on pentagon fractals will
add to existing literature on the pentagram.

2, THE GOLDPOINT DUST SET

We define the goldpoint dust set (the gp-dust sef) by prescribing an infinite process similar to
that used to produce Cantor's fractal set.

1 A point P in a segment 4B is a goldpoint of AB if AP/PB is either « or 1/¢; ( is the golden ratio).
2 The terms 'base' and 'motif are now well known. Excellent references for these terms, and for several of the

analytic techniques used in this paper are [2] and [4].
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We take the unit line-segment [0, 1] on the x-axis, and compute its goldpoints, which are at
points (@', 0) and (a2, 0); call these points G, and G,, respectively. Then we discard all points
in the open set of the segment (G,G,) .

Next we compute the positions of the goldpoints H,, H, and H;, H, of the two remaining
segments [G,, 1] and [0, G, ], respectively. Then we discard the two open sets between these two
pairs of goldpoints.

FIGURE 1. Stage 2 of the formation of the goldpoint dust set

We continue this process ad infinitum, at each stage discarding all the central open sets
between pairs of goldpoints.

The limiting set of points is called the goldpoint dust set of [0,1]. All points in it, except the
two endpoints, are goldpoints of some segment in [0, 1].

Some properties of points in the gp-dust set are described next.

G,, G, are the goldpoints of line segment [0, 1], and G;, G, are the goldpoints of [0G, ].

Measuring lengths from 0, and writing G, for |[0G,]|, we find:

G =l/a*+1/a*=1/a =F,a+F,

G,=1/a’=-a+2 =F,a+F,

G=1/a*+1/’=1/a® =F a+F,

G,=1/a* =F,a+F,
and so on.

Similarly, H,, H, are the goldpoints of line segment [G,, 1], and for them we find:

H=1/a+l/a*+1/a’=1/a+1/a®
H,=1/a+1/a*
It may be noted that:

G, is a goldpoint of [0,1]  (given),
G, is a goldpoint of [G,H,] (since G,G, = a™ and GH, = a™),
G, is a goldpoint of [G,H,] (since G,G, = &% and G,H, = a™>).

It follows that, as the process of discarding central open segments continues, all of the points
left in the dust set are goldpoints (0 and 1 are excluded); in the limit, each point is a goldpoint an
infinite number of times, with respect to pairs of other points in the dust set. It might be appro-
priate to call this the gold-dust set.

It is evident from the above analysis that each goldpoint in the dust set can be expressed
uniquely in a-nary form thus:

goldpoint = 0., =ca +a? +ca 3+,

where all the ¢, coefficients are zero or unity, and with no pair of adjacent coefficients being (1,1).*

* If in the calculation of a goldpoint we obtain both ¢, =] and ¢, = 1, we are required to combine the adjacent
terms, using & +a "¢V = ¢V,
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Examples:
G, =01, G, =001, G;=0001, etc.
H =G +a*+a” =G +a3=0101],
H, =G, +a*=01001

The goldpoint dust set is the set of all points in (0, 1) which have this type of a-ternary form
(reminiscent of maximal Zeckendorf representations of 7 in terms of the Fibonacci numbers).
3. THE GOLDPOINT SNOWFLAKE

The following diagrams show how a snowflake fractal (¢ Ja von Koch, 1904) can be con-
structed from a line segment base, and the motif given as phase 1 in Figure 2. G and H are the
goldpoints of the line segment [0,1]. Phases 2 and 5 indicate how the fractal develops. Since
OG = H1=1/a?, and the reduction factor is 7 = a? at each step, the length of the perimeter of
the snowflake at phase p is P, =(4/a?)? for p=0,12, ...

phase 1 phase 2 phase 5

FIGURE 2. Development phases of the goldpoint snowflake

Fractal (or self-similarity) dimension
At each step, from each segment m =4 new segments are formed, with length reduction

factor r = @? in every case. Hence, the fractal dimension of the goldpoint snowflake is

logm _ log4

d= logr ~ 2loga

=144042....

4. HERTA'S SHIELD, STAR JEWEL AND COMB

In the last few months of Herta Freitag's life, I sent her three goldpoint fractal diagrams,
which I hoped would amuse her. The shield (I said) was for her protection, and was drawn on her
90th birthday card. The jewel for her dress and the comb for her hair were sent later with get-
well messages. Sadly, my shield did not avail her for long; however, I was sure that she would
appreciate the diagrams and look for the relationships to the golden mean that are evident within
them.

Both the shield and the star jewel are developed with goldpoint snowflakes on the sides of an
equilateral triangle. The shield is exterior to the triangle; the jewel is interior to it (see Figs. 3 and
4).

Figure 5 shows Herta's goldpoint comb; I imagined it to be made of ivory. In the limit, it has
an infinite number of teeth, the prong points forming a set of Hausdorff measure zero and equiva-
lent to the gp-dust set. I don't know what it would have done to her hair. It is easy to see how
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the comb is built up of rectangles erected upon line segments parallel to those 'left in' during the

process of obtaining the goldpoint set (see Fig. 2). Upon each segment, a golden rectangle is con-
structed, with the horizontal segment being the larger side.

FIGURE 3. Herta's goldpoint shield (phases 2, 3, and 5)
[The dotted bounding-polygoen is added in 2 to demonstrate the shield's outer shape.]

CRER G AR SO ¢

limit line -—-—j

FIGURE S. Herta's goldpoint comb
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Figure 5 shows how the short sides of the rectangles have lengths in the sequence:
1 1 1 1

a’ a3, 3> a7,....

This is a geometric progression of common ratio 1/ a?, and its infinite sum is 1. Therefore, the
goldpoint comb has height 1 and it covers (in the limit, and except for the limit line) a square of
side 1.

Thus, the unit square of the comb is tiled by golden rectangles in an interesting way.

If we check the 'hole' or 'spaces' in the comb, we see that they are also rectangles, all standing
on the horizontal limit line where the teeth 'end'. Again checking the dimensions, we see that each
of these rectangles is also a golden rectangle. Moreover, the largest 'hole' rectangle is equal to the
second largest ivory rectangle; the second largest 'hole' rectangle is equal to the third largest ivory
rectangle; and so on.

The area (A) of the ivory, and the area (H) of the 'holes’
Working directly from Figure 5 we get, for the total ivory in the comb:

a2
A—lxl+2x—1—+4xl+8x—+ IZ( ) =
a’ a’®

Then, for the area of the 'holes' in the comb:

1-g=1-1,2-_1_ o 42 —
H=1-4=1 3¢ 3052.[Check.(0z +a4)=3]

5. THE GOLDPOINT MOTIF TRIANGLE, AND PENTAGON FRACTALS

In this final section we first analyze the goldpoint motif triangle, showing various ways by
which it can be partitioned.

Then we take a regular pentagon and study some of its goldpoint properties. We show how
a fractal of pentagon fractals can be constructed within it, and point out one or two of the prop-
erties of this object.

Properties of the goldpoint motif bounding triangle

In Figure 6(a) below, the goldpoint motif AGCHB is shown, together with its bounding tri-
angle ABC. (It was also shown in Fig. 2 above.) This triangle partitions into two (108°, 36°, 36°)
triangles, viz. AGC and BHC, which we call S-triangles, and a (36°, 72°, 72°) triangle, GHC,
which we call a T-triangle. We shall use the convention §; to describe an S-triangle drawn on a
base line segment of length 1/ ¢, i = 0,1, 2, ...; similarly, we shall use 7} for the 7-triangles drawn
on such base line segments.

When making the analyses and calculations, we shall have recourse to the formulas given at
the beginning of Section 2, and also to the following trigonometric relations:

g 36° 72°
sin | Ja+2/Qa) | 1/2)0Ja+2
cosé al2 1/2a)
tan@ | Ja+2/a? aa+2
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The goldpoint motif triangle, and some partitions of it

Figure 6(a) is used to demonstrate several partition properties of the goldpoint motif triangle.
Figure 6(b) shows how the triangle can be partitioned by pentagrams and S-triangles of diminish-
ing sizes and with sides 1/a’. Various calculations and comments on these figures are given
below the diagrams.

FIGURE 6(a). The motif triangle and some dividing lines

If AB =1, then it is immediately seen that ABC is an S, triangle, which is partitioned by GC
and HC into two S, and one 7; triangles (since AC=BC=1/a and GH=1/¢a*). Thus, S, =
25 V1.

The area of triangle ABC is (1/2)ACsin36°= Ja +2 / (4a?).

Other partitions of ABC can be seen in the constructions. For example, the two 7; triangles
ADG and BJH together with the central pentagon P, on GH. Another is the set of decreasing and
overlapping pentagons, on sides CD, DE, EF, ... and, similarly, on the right side of center, whose
union limitingly fills triangle ABC.

Finally, we observe that since an S-triangle can be partitioned into a 7-triangle and an S-tri-
angle (e.g., ABC = AGC UGCB), by repeated divisions ABC can be partitioned into a sequence
of diminishing S-triangles; or else, similarly, into a sequence of diminishing 7-triangles. We won't
spell out their relative sizes, but point out that they are all in ratios of powers of a.

Figure 6(b) demonstrates how the golden motif triangle can be partitioned into an attractive
double sequence of diminishing pentagrams, with sides in diminishing powers of a, together with
sequences of diminishing S-triangles.

Proposition: Every pentagram vertex (except C) is a double goldpoint with respect to two pairs
of pentagram vertices.

Proof: By inspection of the largest pair of pentagrams, and induction.

FIGURE 6(b). Pentagrams and S-triangles constructed in the motif triangle

The complement in AABC of the infinite set of (interiors of) pentagrams is an infinite set .S of
S-triangles, being 35;U8S, U8S; L ---. This can be regarded as phase 1 of a fractal. In the next
phase, every S-triangle in phase 1 provides a similar figure, all S-triangles in it being reduced by

-3
a”.
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The dust set of this fractal is the set of all vertices of S-triangles produced in this multiply-
infinite recurrence process.

Some properties of the regular pentagon, with goldpoints and partitions

The next two figures, 6(c) and 6(d), show regular pentagons, of side 1, with various con-
struction lines upon them.

In Figure 6(c), AABC is a Tj-triangle, so AC=1/(2cos72)=a. From AAGD, we get
AG=1/(2cos54)=a/Ja+2 and GD=(1/2)tan54 = a® /2Ja+2. Also, CD=(1/2)tan72 =
1/ aa+2.

By similar pentagons, G'D = aGD and G"A=aG' /sin54=2/Ja+2.

c D

FIGURE 6(c). A regular pentagon FIGURE 6(d). A fractal of pentagons

Proposition:
() GG'=GG".
(@) G is a goldpoint of CG'.
Proof:
@ GG'=GD-G'D
=0 2o +2 -1/ Qaa+2)
=1/Ja+2 (since a*-1/a=2)

and
GG" = GA~-G"A
=a/Ja+2-1/(ala+2)
=1/vJa+2 (since a—-1/a=1).
Therefore
GG =GG”.
(i) GG |GC=GG'/GA

=(1/Ja+2)-(Wa+2)/ a=1/a.

Other results about goldpoints in a pentagon construction may be found on page 28 in [2].
Let us turn to Figure 6(d) and examine the fractal of pentagons.
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It is evident how Figure 6(d) can be obtained from Figure 6(c). The shaded pentagon P, is
replaced by its inner pentagon (a P,), and then the two small pentagons are replicated around pen-
tagon abcde (a B).

Looking at Figure 6(d), we see SP's and SP,'s arranged alternately with their centers on a
circle by Proposition (i) above, and with a pentagon P, in the middle. We can regard this as a
motif for constructing a fractal of pentagons in the interior of pentagon ABCDE.

Thus, to arrive at phase 1, we must remove all points in the unshaded regions, together with
the perimeter of ABCDE. Then, to arrive at phase 2, we repeat the above constructions and
removals in each of the eleven shaded pentagons. What remains will be 121 shaded pentagons,
each scaled by a factor of @', i =2, 3, or 4 according to its construction. From the tree diagram
below, we see that the distribution of pentagons will then be 17,, 107, 35F;, 50P,, 25F;.

/ | \

/\ /l\ /l\

P, 5Ps 5Fs Ps 5P; 5P

Evidently, this process can be continued indefinitely. And formulas can be computed for the
coefficients on the tree and for reduction factors in areas when passing from phase i to phase i +1.

The dust set of the fractal is the set of points in ABCDE which are not removed by this
infinite process. A moment's thought shows that this set consists of the centers of all the
pentagons constructed in the ‘whole' process. And the set consists of a cosmos of points arranged
in circles, with similar, reduced, circles arranged around each of them, and so on ad infinitum.
Because of the similarity of this system with Ptolomy's model of the Universe, we name this dust
set the Ptolomaic dust set.

The next two figures show phases of the interior and exterior fractals which are constructed
on a regular pentagon using the goldpoint motif on its sides.

Phase 2 of Figure 6(e) shows an attractive clover-leaf arrangement of five leaves, each of
three P pentagons, formed in P's and arranged around a central £,.

Phase 4 shows clearly how the interior goldpoint fractal of a regular pentagon is equal to the
exterior goldpoint fractal of its pentagram.

FIGURE 6(e). Interior goldpoint fractal of a pentagon (phases 2, 3, and 4)
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It is clear from the phase 1 diagram of Figure 6(f) that the exterior goldpoint fractal of a
regular pentagon is bounded by a regular pentagon. It is easy to prove this using angle values of
the S- and 7-triangles which touch the boundary. We believe this property of a von Koch-type
fractal having a bounding polygon which is similar to the generating polygon to be unique.

phase.1 phase 2
(with two (with four phase 3
unicursals) unicursals)

FIGURE 6(f). Exterior goldpoint fractal of a pentagon (phases 1, 2, and 3)

A final interesting comment is the following: the sharp boundary points in the phase 1 dia-
gram can be connected by a unicursal polygon of chords of the diagram (each chord begins and
ends along an arm of a point-angle), whereas the sharp boundary points of the phase 2 diagram
require two such unicursal polygons to join them all up. In phase n, there will be 2" unicursal
polygons required. The unicursal perimeters can be calculated in terms of a, given that F) has
side length 1. For example, in F,, the unicursals have perimeters 5 and 5(7 - 3e), respectively.
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1. INTRODUCTION

The p-adic order, v ,(r), of r is the exponent of the highest power of a prime p which divides
r. We characterize the p-adic order v ,(F,) of the F, sequence using multisection identities. The
method of multisection is a helpful tool in discovering and proving divisibility properties. Here it
leads to invariants of the modulo p? Fibonacci generating function for p #5. The proof relies on
some simple results on the periodic structure of the series F,.

The periodic properties of the Fibonacci and Lucas numbers have been extensively studied
(e.g., [13]). (For a general discussion of the modulo m periodicity of integer sequences, see [8].)
The smallest positive index 7 such that F, =0 (mod p) is called the rank of apparition (or rank of
appearance, or Fibonacci entry-point) of prime p and is denoted by n(p). The notion of rank of
apparition n(m) can be extended to arbitrary modulus m>2. The order of p in F,, will be
denoted by e = e(p) = v,(Fy,)) 2 1. Interested readers might consult [6] and [9] for a list of rele-
vant references on the properties of v,(F;).

The main focus of this paper is the multisection based derivation of some important divisi-
bility properties of F, (Theorem A) and L, (Theorem D). A result similar to Theorem A was
obtained by Halton [4]. This latter approach expresses the p-adic order of generalized binomial
coefficients in terms of the number of "carries." Theorem A can be generalized to include other
linear recurrent sequences and a proof without using generating functions was given in Exercise
3.2.2.11 of [6]. The latter approach is implicitly based on multisections.

The generating functions of the Fibonacci and Lucas numbers are

f(x)= 2’“ =—%— and h(9)= ;L,,x” = 1—2)«:;—);2
respectively. In this paper the general coefficients of these generating functions will be deter-
mined by multisection identities, as we prove
Theorem A [9]: For all n>0, we have
0, ifn=12 (mod3),

e ifn=3 (mod6),
v, (F)= 3, ifn=6 (mod12),
v,(M+2 ifn=0 (mod12),

vs(F,) = vs(n),

v,(n)+e(p), ifn=0 (modn(p)),

if p#2 and 5.
0, ifng0 (modn(p)), L 0"

v(F) = {

The cases p=2 and p =5 are discussed in Sections 2 and 3, respectively. The general case
is completed in Section 4. The case of p =2 has been discussed in [5] using a different approach.
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The multisection based technique offers a simplified treatment of this case. We extend the
method to the Lucas numbers in Section 5.

By the m-section of a power series g(x) =2 ,a x" we mean the extraction of the sum of
terms a,x’ in which / is divisible by m. We use the resulting power series gx)=20 a,,x™ in
its modified form g,,(x'™) =¥ a,,x" and call it the m-section as well. The corresponding se-
quence {a,, )., of coefficients is referred to as the m-section of the sequence {a,}?,. The
notion of m-section can be generalized to form a sum of terms with index / ranging over a fixed
congruence class of integers modulo m. It will be used in Sections 2 and 5. There are various
general multisection identities (cf. [10, p.131] or [1, p. 84]), and they can be helpful in proving
divisibility patterns {(e.g., [2]). The m-section of the Fibonacci sequence leads to the form

e F x
F x"= 1 . 1
Zg, " 1-Lx+(=1)"x? )

The denominators are referred to as Lucas factors. For other applications of Lucas factors, see
{111
The present proof of Theorem A is based on a multisection invariant. In fact, we will see in
(5), (13), and (14) that x/(1-x)? or x/(1+x)? is an invariant of the properly sected Fibonacci
generating function taken mod p? for every prime p #5. The power of p can be improved easily.
We shall need some facts on the location of zeros in the series {£, modm} .

Theorem B (Theorem 3 in [13]): The terms for which F, = 0 (mod m) have subscripts that form
a simple arithmetic progression. That is, for some positive integer d =d(m) and for x=0, 1, 2,
..., n=x-d gives all n with F, = 0 (mod p) unless / is a multiple of n(p).

Note that d(m) is exactly n(m), and d(p') = d(p) = n(p) for all 1<i<e(p). It also follows
that F, # 0 (mod p) unless / is a multiple of n(p).

We denote the modulo m period of the Fibonacci series by #(m). Gauss proved that the ratio

z(p) -
(o) 18 1, 2, or 4. In fact, we get

Lemma C {9]: The ratio %;— can be characterized fully in terms of x = F,( ) = Fy(,)«1 (mod p) by

n(p), iffx=1 (modp),
ﬂ(p) = 2n(p)7 iffx=-1 (mOd p),
4n(p), iffx*=-1 (modp).
In the first case, p must have the form 10/ + 1while the third case requires that p = 4/+1.

We also will repeatedly use two identities (cf. (23) and (24) in [12]) for the Lucas numbers

with arbitrary integers 4 > 0:
Ly =21 +5F, @

I2 = 4(-1)" +5F}. 3)

It is worth noting that our proofs of Theorems A and D rely on three congruences for the
Lucas numbers (cf. Lemmas 1, 2, and 3) which, in turn, can be improved significantly (cf. Lem-
mas 1/, 2’, and 3') using the theorems.
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2. THE CASE OF p=2

By adding together the six 6-sections¥ = Fy,, x***, 1=0,1,..., 5, of the generating function
f(x), we obtain

f(x)=

x+x2 +2x3 +3x* +5x° + 8x% — 5x7 +3x% — 27 + x10 — x!!

1-18x5 +x"2

which is equivalent to the recurrence relation F,,,, =18F, —F,, F,=0, F;=1,..., F;,=89.
This immediately implies that
0, ifn=12 (mod3),

v,(F)=11 ifn=3  (mod6),
3, ifn=6  (mod12).
It remains to be proven that
Va(Fam) = Vo (M) +4. C))
To this end, first we note that

Lemmal: L, =2 (mod2?) forall k >0.

In fact, the modulo 4 period of F, is 6, and this implies Lg; =2F;;,; =2 (mod 4) for every
integer j >0.
By identity (1), we obtain that, for all £ >0,

> F, X
1224 o _ nx" (mod2?). ®)
Z;) Fp 1=L e +x? (1 x)z "Z‘l

We have Fj, =144=2%.9. By setting k=0 and n=2 in (5) it follows that Fj,,/F, =2 (mod
2%), thus v,(F,,) = v,(F,)+1=5. In general, we use n=2 and observe that

Va(Flpghn) = Va(Fppr) +1= = y(Fp) +k +1=4+1,(2°)

follows by a simple inductive argument We complete the proof of (4) by noting that, for » odd,
VZ( 22k ) V2( 2*) holds by (5)

A sharper version of Lemma 1 can be derived from Theorem A (once it has been proven).
Lemmal': L,,, =2 (mod 2%*%)forall k 0.

Proof of Lemma 1': We note that L, , =2 (mod 2¥+3) can be derived easily from the per-
iodicity of F}, for L, = 2F,, ., =2 (mod 2*%) as 7(2) =12-2"2, I>1. We notice, however
that the sharper L;,=322=2 (mod 2°) also holds. Moreover, identity (2) yields L
(mod F, 12-2" ), and we derive that L

12 2k+l
12960 =2 (mod (2**)?) using Theorem A. Accordingly, we

can replace the exponent of p in identity (5). O

3. THE CASEOF p=5§

This case is a little more involved. We will find vs(F,), £ > 1, in terms of vs(F) in three
steps. In the first two, we assume that (n, 5) = 1, then we deal with the case of n=35.
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First, we take the 5-section of f(x) and obtain

3 F; n X X w©
Ml — = o s
ZF; I-1lx—x* 1-x-x2 > Fx" (mod 5),

n=0 n=1

which guarantees that v(F;,) = vs(F) if (n,5)=1. In the second step, we try to generalize this
relation for indices of the form 5n, (n,5) =1, k >2. We shall need the following lemma.

Lemma 2: Lg.— Ly =0 (mod 25) for k >1.

Proof of Lemma 2: By identity (3) we have, for k >1, that L@M ~—L§k =0 (mod FS%). It

follows that
(L5k+1 - Lsk)(LSkH + L5k) =0 (mod25) ©)

by Theorem B. Clearly,
L5k+1 = Lsk = L5 =1 (mod 5), (7)

thus the factor L. + Ly cannot be a multiple of 5. Therefore, L. — Ly =0 (mod 25) by iden-
tity (6). O
We note that vs(F,s) =2. It is true that, for k 1,

i F;k”n _ F;"n "= X _ X
Fk+l F, 1-—L5k+:x—x2 l—Lskx—xz

n=0\_ - § 5
= (Lsm - LSk)

X X
1—L5k+1x—x2 1“L5kx—x2 '

The first factor is divisible by 25 according to Lemma 2. For (1, 5) =1, we get
Vs(Fgr,, | Fgp) = Vs(Fypmr, [ Fypn) =+ = vs(F5, 1 F5) = 0, ®
i.e., vs(Fy )= vs(Fy) by induction on £ 21.
Now we turn to the case of n=5. For k21 and n=35, we get that Fy.o /Fyu = Fypa /[ Fy

(mod 25); therefore,
Vs(Fypa) = Vs(Fgn) +1= - = vs(Fs) + k+1.

by induction using vs(F,s/F;) =1. The proof of the case p =5 is now complete. O
Note that, once it is proven, Theorem A guarantees the much stronger lemma.
Lemma 2': Ly = Ly (mod 5%) for k >1.

We note that an alternative derivation of (8) is possible by (7) but without using Lemma 2:

x x -
=) F®P%" (mod 5
1—L5k+1x"x2 1—L5/,x—x2 ; " ( )
with E® being the 2-fold convolution of the sequence F,. The m-fold convolution of the se-

quence F, is defined by
‘F;x(’"): Z ElEZE ?

m
iyHig et =n
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which has the generating function [f(x)]". Note that, by identity (7.61) on page 354 in [3],
F® =1(2nF,,,—(n+1)F,)=%(2F,, - F)-1F,=%L,-1F,. We can easily find the period of -

n

F(™ by the general theory (cf. [8]) or by simple inspection. The latter approach also provides us
with the actual elements of the period. It is clear that 100 is the modulo 25 period of nL,— F,,
and nl, — F, is divisible by 25 if n is divisible by 5. It follows that 5|F® if 5|n.

4. THE GENERAL CASE

In this section p is a prime different from 2 and 5, and 7 denotes an integer for which v ,(n) is
either 0 or 1. We will use either an n(p)p*- or a 2n(p)p* -section in obtaining the required divisi-
bility properties. First, we prove

Lemma 3: For any prime p =3 (mod 4),
_j 2 (modp?), if n(p)/n(p)=1,
PP 2 (mod p?), if #(p)/n(p) = 2.

Proof: Formula (3) yields that, if #> 0 is even, then 13, — I>=0 (mod F?). Note that n(p)
is even for p =3 (mod 4) (see [13]). By setting 2 =n(p)p* we obtain

(Lanpyp* = Lngoyp) Lan(pypt + Ly pr) =0 (mod p?). )]
Therefore, either
Lyn(pypt = Lu(pypr (mod p %) (10)
or
Lantpypt = ~Lugpypr (mod p?), (11)

for otherwise both L, ;) = Lypypt and Ly, ot + Ly e Will be divisible by p. This would lead
to L, =0 (mod p), which is impossible as L,y = 2F,, ¢+ (mod p). According to identity
(2), Ly = 2+5F; ), which yields L,,,, =2 (mod p?) and also
Lynpyp =2 (mod p?) (12)

by Theorem B [13].

If #(p)/n(p) =1, then F,,; =1 (mod p) by Lemma C, and we get L,,(,) = L, =2 (mod
p) and, similarly, L,, ¢ = Lyt =2Fp) 41 =2 (mod p), leading to (10). If #(p)/n(p) =2,
then Fy,).=-1 (mod p) and Ly,,) =Ly, =2 (mod p) and L,y pr ==Ly pr =2 (mod p)
corresponding to (11). O

We are now able to finish the proof of Theorem A. In the case of z(p)/n(p)=1 and 2, we
can use

5 Faiorptn m _ x x

) ) =2 G (mod p?), (13)
7=0 Fo) 1= L,y X+ x2 (1+x)? ;_1

which proves v, (F,pyptn) = Vp(Fupy ) + V(1) for v,(n) <1. In particular, by setting 7= p, we
obtain v, (Fp)pee) = Vp(Fupypt) +1, and v, (Fy ) en) =e(p)+k +1 follows by induction on
k>0. In summary, we derived that v,(F,)y.)=e(P)+k+v,(n) and the proof is now
complete.
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On the other hand, if #(p)/n(p)=4, then we switch from using an n(p)p*-section to a
2n(p)p* -section. By the duplication formula (cf. [3] or [12]), we get Fangpypkn = Fup) pin L pypn
for any integer 7> 0. This yields Vo(Fan(pypin) = Vp(Fupyptn) . We consider

3 F2n(p)p"n n__ X
x" = 5
=0 Fanp)pt 1= Loy pyprX +%
Identity (12) implies that
> et o X $ e mod p?). (14)
n=0 Fén(p)pk (1 - x) n=1

The proof can be concluded as above for
VolFapypin) = VoFanpy pi) = Vo (Fan(p)) + + V(1)
=V,(Fap) +h+v(m)=e(p)+k+v,(n). O
By means similar to Lemma 1’, we can prove a stronger version of Lemma 3.
Lemma 3': For any prime p =3 (mod 4),
Ly s = { 2 (mod pXi+e0), if 2(p)/n(p) =1,
~2 (mod p¥*+eP))), if x(p)/n(p)=2.

Proof: We know that v,(F7,+) =2(k +2(p)) by Theorem A. Thus, we can replace p? by

pHk+e(p)) in identities (9)-(14). O

We note that, according to Lemmas 1" and 3, the denominators of the multisection identities
(5), (13), and (14) have either 1 or —1 as a double root modulo some p-power with exponent
2k +6 or 2(k+2(p)). This observation, combined with the remarks made in the proofs of the
lemmas, helps in obtaining the full description of the structure of the periods of the corresponding
multisected sequences [cf. (5), (13), and (14)] with respect to the above-mentioned p-power
moduli (p#5).

5. LUCAS NUMBERS

By using methods we applied to the Fibonacci sequence, we obtain

S o 20X 4300 4400 + Tt 10 - 18x° 1167 - Tx® 4 4x® — 310+ 1

Ly ¥ = 6 . 12 s
n=0 1-18x"+x

which proves that

0, ifn=12 (mod3),
(L) =42, ifn=3 (mod6),

ifn=0 (mod®6).

U,

b

If p =5, then the modulo 5 periodic pattern of L, is 2, 1, 3, 4, and thus 5/Z,,.

If p#2 or 5, then the order v,(L,) can be derived easily by the duplication formula and
Theorem A (see [9]). Here, for the sake of uniformity, we use multisection identities. We need
the companion multisection identity to (1) for the Lucas sequence:
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2-L.x
1-Lx+(-)"x*’

()= 3 L = 15)
n=0

As L, =F,,/F,, we see that L, is divisible by p only if 2» is a multiple of n(p) while 7 is not; in
other words, if n is an odd multiple of #n(p)/2. This implies that we have to deal only with the
case in which n(p) is even. The generalized @-sected Lucas sequence will suffice to prove

Theorem D: If p #2 and zn(p)/n(p) # 4, then, for every k >0 and m= (n(p)/2)p*,

) X (mod p?), if 7(p)/n(p) =1,

a-x2? =

R = DT (mod p?) i 2(p) /n(p) =2,

(+x2)? —
yielding v,(L,) = v,(n) +e(p) if n=n(p)/2 (mod n(p)).

Proof: Note that the conditions guarantee that n(p) is even. We discuss the case in which
#a(p)/n(p) =1 with k& = 0 only, while the other cases can be carried out similarly. We note that

Ln(P)lzl(x) = hn(p)/2(x) - hn(p)(xz)'

It is known that n(p)/2 is odd if z(p)/n(p) =1 (cf. [9]). The common denominator of the above
difference can be simplified. In fact, according to identity (15), the denominator of 4, ,,(x?) is

I(x)= Zéllmx" =

2in “'m

by L,y = LE 5y — 2(=1)"P", which follows from (2) and (3). We get
1L +x* = (1-x?)? ~ L% %" = (1-%?) (mod p?).
Finally, it is easy to see that /(x) simplifies to

%1:*;%;} (mod p?). O

The exponent of p can be increased to 2(k +e(p)) in the above proof and therefore in the theorem
also.
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1. INTRODUCTION

The following identity is well known:

FLi+ B =By (1.1)
Recently, Melham [6] proved the generalization
Frpn+Fly = Bpaboun (12)
for all integers » and &, and he also proved
L3x+k+1 + Lfr—k = 5Fy 1Fonir- (1.3)
Formula (1.2) appears to be a special case of the more general formula
1;;'2 +(- 1)n+j_lF}2 =F,_F.; (1.4)

which appears without proof in [3, p. 59]. Obviously, (1.4) implies (1.2); we will show later in
the paper that (1.2) also implies (1.4). Our main purpose, however, is to extend (1.4) to the gen-
eralized Fibonacci sequence {w,} = {w,(a, b; p, q)} defined by

Wo=a, w=b, w,=pw,_,—qw, , (n>2), (1.5)

where a, b, p, and q are arbitrary complex numbers, with ¢ #0. The numbers w, have been
studied by Horadam (see, e.g., [4]), and some special cases were investigated by Lucas [5].
Obviously the definition can be extended to include negative subscripts; that is, for n=1,2,3, ...,
define w_, = (pw_,.; —W_,.2)/q. A useful and interesting special case is {u,} = {w,(0,1, p,9)};
that is,
=0, =1 u, =pu,_, —qu,,. (1.6)
One of the results in the present paper is

W3 - qn—jw]2. = un—j(bwn+j - qawn+j—l)’ (17)

which is valid for arbitrary a, b, p, g, and for all integers » and j. Formula (1.7) contains (1.1)-
(1.4) as special cases. In fact, we will prove a more general result (Theorem 3.1 below) that con-
tains (1.7) as a special case.

2. A BASIC IDENTITY
The following formula is essential for the proof of (1.7).

Theorem 2.1: For arbitrary a, b, p, g, and for all integers m and n, W, ., =W, i,.; — GW, 4,
where w, and u, are defined by (1.5) and (1.6), respectively.
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Proof: We will first motivate Theorem 2.1 by showing how it can be derived, without prior
knowledge, by a combinatorial argument, if we put some restrictions on a, b, D, g, and the sub-
scripts. We will then verify the theorem by means of Binet formulas, and all the restrictions will
be removed. We note that there has been some recent interest in proving Fibonacci identities by
means of combinatorial arguments [1].

Assume p>0, —¢ >0, a>0, b > ap, and suppose we have a sequence of towns labeled X, 0,
1,2,3, ... Starting at town X, a driver wants to reach town n under the following conditions:
(1) There are exactly a different routes from town X to town 0; (2) There are exactly b different
routes from town X to town 1 (including through town 0); (3) If k¥ >1, the driver cannot go
directly from town X to town k; (4) Once town % has been reached, for any & > 0, there are only
two ways to continue—the driver can go to town k +1 in p different ways, or he can bypass town
k +1 and go directly to town & +2 in —q different ways. Let 7, be the number of different routes
from town X to townn. Thenry=a, n,=5, and for n>1, r, = pr,_, —qr,_,. Thus, r,=w,, and it
is clear that the number of ways to go from town k to town k +n, for k>0, is w,.,(0, 1, p,q) =
LD

If the driver reaches town m+n+1, there are two cases:
Case 1. The driver goes through town m+1. She can reach town m+1 in w,,,, ways, and
then she can continue to town m+n+1 in u,,; ways.

Case 2. The driver bypasses town m+1. She can reach town m in w,, ways, and then there
are —q ways to reach town m-+2. From town m+ 2, the driver can continue to town m+n+1 in
4, Ways.

Therefore, the number of different routes from town X to town m+n+1 is

Winen+t = Wiit¥ns1 — GWilln >
and Theorem 2.1 is true with the given restrictions on a, b, p, ¢, and the subscripts. By a remark-
able theorem of Bruckman and Rabinowitz [2], if an identity involving generalized Fibonacci num-
bers is true for all positive subscripts, it is true for all nonpositive subscripts as well. Thus, the
identity is true for all #» and m.

Now we can remove all restrictions on a, b, p, and ¢ by looking at the Binet forms of w, and
u,. Let o and S be the roots of x* - px+g=0. Then aff = q, and the Binet forms are (for some
constants 4, 4,, B,, B,):

" " a"—ﬂ" .

w, = A"+ A,p", u,= , ifa=p, 2.1
a-p

w, = Ba"+Bna”, u,=na™, if a=p. 2.2)

If each of the numbers in Theorem 2.1 is replaced by its Binet form (2.1) or (2.2), we can verify
that Theorem 2.1 is valid with no restrictions on g, b, p, or g. This completes the proof. O

We note that the actual values of 4, 4,, B,, B, are not needed in the above proof. However,
for completeness we give the values here:
b—ac

b—af _aa-=b
oy and 4, = oy

We also note that Theorem 2.1 can be proved by induction on 7.

Ifa=pf,then 4, = Ifa=p,then B,=a and B, =

2003] 81



THE SUM OF THE SQUARES OF TWO GENERALIZED FIBONACCI NUMBERS

Corollary 2.1: For arbitrary a, b, p, g, and all integers n, w, =bu, - qau,_,.
Proof: In Theorem 2.1, replace m by 0, and replace n by (n—1). O

3. THE MAIN RESULT

In this section we assume that w, =w,(a, b; p, q) is defined by (1.5), and we assume that
v, =w,(c,d; p, q) for arbitrary c and d. That is,

Vy=c¢, w=d, and v,=pv,_,—qv, ,. 3.H
Theorem 3.1: For arbitrary a, b, ¢, d, p, q, and for all integers m, n, &,
VorskWnsk = 4V = U, BVt ~ W iiet)
where v;, w;, and u; are defined by (3.1), (1.5), and (1.6), respectively.

Proof: We first show the theorem is true for all integers & >0 by using induction on k. The
case k =0 is trivial; if £ = 1, then by the corollary to Theorem 2.1,
VietWnil ~ GVmWn = vm+l(bun+l - qaun) ~QVn (b U, — qau —1)
= b(vm+lun+l - qvmun) - qa(vm+1un - qvmun—l)
=bv

manel — GBWmans

with the last equality following from Theorem 2.1. Since #, =1, we see that Theorem 3.1 is true
for k =1. Assume Theorem 3.1 is true for £ =0,1,..., j. Then

Virr j1Wnajar — qj+lvmwn = (vm+ J+1Wne i1 ™ Dms Wi ) + (qvm+ e~ qj+lvmwn
= (BVprinsa 1~ 9Wni2 j) +qu; (BVpins 7 T A pns j—l) (3.2)
=b (Vinena2 41 T GU Vi j) = qa(Vypinsz Thul’ A e j—l)'
Now in Theorem 2.1, if we first replace » by j and then replace m by m+n+ j, we have
Virnt2j41 T Dne 4 = Virens j+1tjs15 (3.3)
and if we first replace n by j and then replace m by m+n+ j—1, we have
Vorrn+2j41 T Wint j- 1% = Vorrms %41 - (34)
Substituting (3.3) and (3.4) into (3.2), we have
Ve j+ Wt j1 — qj+lvmwn = uj+l(bvm+n+ SES Rk’ [} S, j)7
and Theorem 3.1 is valid for £ = j+1. By induction, Theorem 3.1 is valid for all £ >0 and all
integers m and n.
We now want to show Theorem 3.1 is valid for all integers k. Clearly u_; =—g~1, and it is
easy to prove by induction that #_, = —g~*u, for all integers . In Theorem 3.1, replace m by
m—k and replace nby n—k to get

VoWn — qum—kwn—k = (bvm+n-k - qavm+n-k—1)r
so that

—k —
VonetWnt =4 ViWp =8y (bvm+n-k - qavmﬂr—k—-l)

and we see that Theorem 3.1 is valid for all integers £. This completes the proof. O
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Corollary 3.1: For arbitrary a, b, c, d, p, q, and for all integers n and j,
7 YWy —qn_jvjwj = un—j(bvn+j - qavn+j—1)’
where v, w,, and u, are defined by (3.1), (1.5), and (1.6), respectively.

Proof: First rewrite Theorem 3.1 by replacing both 72 and n by j. In the resulting equation,
replace k by (n— j) to obtain Corollary 3.1. O

Corollary 3.2: For all integers n and j,

LF+ ()" LF =L, F, 35)
LF,+(-)Yy"LF =L,_F,, (3.6)

Proof: Equation (3.5) follows from Corollary 3.1, when v, = L, and w, = F,. Formula (3.6)
follows from (3.5): replace j by —j, and use L_; = (-1’ L,, F_; = (-1)’*'F,. O
Corollary 3.3: For arbitrary a, b, p, q, and for all integers » and j,
W, =g =u,_(bw,,, —qaw,,, ),

where w;, and u, are defined by (1.5) and (1.6), respectively.
Proof: In Corollary 3.1, let v, = w, for all integers k. O

Corollary 3.4: For all integers n and j,
2 n+j-1172 _
F}+(-)"'F}=F,_F,,
L2+ (-)™"[2=5F,_F,

n—j* nt+j:

In the final corollary, which follows directly from Theorem 3.1, we let G, =w,(c,d; 1,-1),
with ¢ and d arbitrary. That is

Gy,=¢, G=d, and G,=G,_;+G,_, 3.7
for all n. For example, G,=F, ifc=0,d=1,and G,=L, ifc=2,d=1.
Corollary 3.5: For all integers m, n, and &,
GaiFr + )G, = Bt

where G, is defined by (3.7) for all n.

4. EQUIVALENCE OF (1.2) AND (1.4)

The following theorem generalizes Melham's results (1.2) and (1.3), and it proves that (1.2)
and (1.4) are equivalent.
Theorem 4.1: For arbitrary a, b, p, q, and for all integers 7 and %,
Whiiar =4 W = gy (BW 3,1 — gaW,), 4.1)
Whi = qH Wl =y (bwy, — gaw,, ), (4.2)

where w; and u; are defined by (1.5) and (1.6), respectively; also, (4.1) and (4.2) are equivalent.
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Proof: 1t is clear that (4.1) and (4.2) together are equivalent to Corollary 3.3, so (4.1) and
(4.2) are valid formulas. To see that (4.1) and (4.2) are equivalent to each other, we first assume
that (4.1) holds for all integers » and k. From Corollary 3.3, we have

Dok = Wit = Wanias +90W a0t (43)
2k+1 2

Subtracting ¢ ~_ from both sides of (4.3) yields

2 22 N 2 2k+1, 2
qWnik =9 " Wni) = Wniks1 =47 Waeke) = DWainiss + 4aWy000k

=ty 1 (BWpns1 = GAWs,) = OWs i) +GOW 40
= =b(Wansaes1 ~ Was1Wane1) + 9AWansop — Uy 41W2n)
= qbuy Wy, — @ Ay Wy,
with the last equality following from Theorem 2.1. Thus, since g # 0,
Wik =G Wa_y, =ty (bW, — qawy,, 1),
and (4.1) implies (4.2). The proof that (4.2) implies (4.1) is entirely similar. O
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ELEMENTARY PROBLEMS AND SOLUTIONS

Edited by
Russ Euler and Jawad Sadek

Please submit all new problem proposals and corresponding solutions to the Problems Editor,

DR. RUSS EULER, Department of Mathematics and Statistics, Northwest Missouri State Univer-

sity, 800 University Drive, Maryville, MO 64468. All solutions to others’ proposals must be sub-
mitted to the Solutions Editor, DR. JAWAD SADEK, Department of Mathematics and Statistics,

Northwest Missouri State University, 800 University Drive, Maryville, MO 64468.

If you wish to have receipt of your submission acknowledged, please include a self-addressed,

stamped envelope.

Each problem and solution should be typed on separate sheets. Solutions to problems in this

issue must be received by August 15, 2003. If a problem is not original, the proposer should
inform the Problem Editor of the history of the problem. A problem should not be submitted

elsewhere while it is under consideration for publication in this Journal. Solvers are asked to

include references rather than quoting "well-known results".

BASIC FORMULAS
The Fibonacci numbers F, and the Lucas numbers L, satisfy
E1+2=F;|+1+F;n E)zo’ Fi =1;

Lyg=Liy+L,, Ly=2, I[,=1

Also, a=(1++5)/2, B=(1-5)/2, F,=(a"-B")/5,and L,=a"+p"

PROBLEMS PROPOSED IN THIS ISSUE

B-951 Proposed by Stanley Rabinowitz, MathPro Press, Westford, MA
The sequence (u,) is defined by the recurrence

w“ = 3u,+1
"™ 5y 43

with the initial condition #, = 1. Express #, in terms of Fibonacci and/or Lucas numbers.

B-952 Proposed by Scott H. Brown, Auburn University, Montgomery, AL
Show that

10Fyg,,_s +12Fjg,_10 + Fiop-15 = 25F;, +25F;, +5F,,
for all integers n=2.

B-953 Proposed by Harvey J. Hindin, Huntington Station, NY
Show that
(FE) +(Fa)t + (B

is never a perfect square. Similarly, show that
@) + (W)t + W)
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is never a perfect square, where W, is defined for all integers n by W, = pW,_, —qW,_, and where
Wy=a and W =b.

B-954 Proposed by H.-J. Seiffert, Berlin, Germany
Let n be a nonnegative integer. Show that

\/ (\/§ + 2)(\/§an+1 -2)= Lan/z it ‘/ngrnm,

where | -] and [] denote the floor- and ceiling-function, respectively.

B-955 Proposed by Ovidiu Furdui, Western Michigan University, Kalamazoo, MI
Prove that

B, 1 1 3

1 2
R YA Ty Ty

for all integers n>0.

SOLUTIONS

A Fibonacci Sine

B-935 Proposed by Ovidiu Furdui, Western Michigan University, Kalamazoo, MI
(Vol. 40, no. 2, May 2002)

Prove that
. (EBY. (K. (K,
8sin (——2 )sm (—2 )sm (—~2 <l

where the arguments are measured in degrees.

Solution by Walther Janous, Innsbruck, Austria
In what follows, we shall prove a stronger inequality. We start from the familiar inequality

smxg x) <1

valid for all x #0.
We observe that, for @ measured in degrees, there holds

. _ . (ax
sin{@) = sin (—180 )
in[53) sin( 52 ) sin(Fi2 | BB Fia (1 Y
sm(z)sm(z)sm(z <2280
o[ B).gin( ). in [ Fiz ) < 177
sm(z)sm(z)sm(z <%1000°

86 [FEB.

Therefore,

that is

whence, finally,



ELEMENTARY PROBLEMS AND SOLUTIONS

in[ 5 sin[£2 ). gin [ Fiz ) < 177
sm(z) S‘“(zJ S‘“( > )< o155 = 005205992133

and the proofis complete.

y

Several solvers proved that 8sin%sin

whenx=y=z=1%.

sin£ <1, where x+y+z=nx with equality occurring

Also solved by Paul Bruckman, Scott Brown, Haci Civciv, José Luis Didz-Barrero & Juan
José Egozcue (jointly), M. Deshpande, L. A. G. Dresel, Douglas lannucci, John Jaroma, H.-J.
Seiffert, and the proposer.

Exclusive Roots

B-936 Proposed by José Luis Didz & Juan José Egozcue, Terrassa, Spain
{(Vol. 40, no. 2, May 2002)

Let 7 be a nonnegative integer. Show that the equation
%7+ Pyt + 2(Fy, = 2F0)%° + 2, (Fy, = 2B 0% + Fx + B, = 0
has only integer roots.
Solution by Maitland A. Rose, University of South Carolina, Sumter, SC
Use is made of the identities F,, = F,L, and F, + L, =2F,,, which leads to
F2+ [2=~2(F,,~2FY,).
We note that
(= F )+ E)(x = L) + L) (x + Fy,)
= (@ - F)( - I)(x + F,)
= (¢ - PER+ L)+ FI)(x + F,)
= X0 4 Fyx* — (F2 + L)%~ Fy (F2 + D)x* + F2 e+ By, F2I2
=3+ B + 21, — 2F )% + 2, (B = 2F7 )%° + P +
The roots of the given equation are the integers +F,, L, , and —F;,.
Pentti Haukkanen and Walther Janous used Mathematica and Derive, respectively, to do the cal-
culations and found the same roofts.

Also solved by Paul Bruckman, Charles Cook, Haci Civciv & Naim Tuglu (jointly), M. N.
Deshpande, L. A. G. Dresel, Steve Edwards, Ovidiu Furdui, Pentti Haukkanen, Walther Jan-
ous, Harris Kwong, Don Redmond, Jaroslav Seibert, H.-J. Seiffert, James Sellers, and the
proposers.

Some Identities

B-937 Proposed by Paul Bruckman, Sacramento, CA
(Vol. 40, no. 2, May 2002)

Prove the following identities:
@ (B +(F) +4(Fn) = (Fua) + (L)
® (Ln)2 + (Ln+l)2 + 4(Ln+2)2 = (Lﬂ+3)2 + (5F;,+1)2,
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Solution by Jaroslav Seibert, University of Hradec Krdlové, The Czech Republic
We will prove the more general identity,
G} + G +4Ghy = Gry +(G, +G,p0),
where {G,}, is an arbitrary sequence satisfying the recurrence G,,, =G,,, +G,.
The more general identity may be written as
Gr +Gl+4Ghy - Gy~ (G, +G,)
= G2 + G3+1 +4(G,+G, +1)2 -(G,+2 n+1)2 -G, + Gn+1)2
=G?+G2,,+4G? +8G,G,,, +4G%,, - G* -4G,G,,, - 4G2,, -4G? - 4G ,G,,, — G2, =0
Ifwe put G, =F,, then F,+F,,, = L ,, and we obtain (a).
If we put G, = Ln, then L, + L,,, =5F,,, and we obtain (b).

Also solved by Scott Brown, Mario Catalani, Haci Civciv, Charles Cook, Kenneth Davenport,
M. N. Deshpande, José Luis Didz-Barrero & Juan José Egozcue (jointly), L. A. G. Dresel,
Steve Edwards, Ovidiu Furdui (two solutions), Pentti Haukkanen, Walther Janous, Muneer
Jebreel, Harris Kwong, William Moser, Maitland Rose, H.-J. Seiffert, James Sellers, and the
proposer.

Series Problem

B-938 Proposed by Charles K. Cook, University of South Carolina at Sumpter, Sumpter, SC
(Vol. 40, no. 2, May 2002)

Find the smallest positive integer k for which the given series converges and find its sum

(@ Z pr
0 ;7

Solution by Don Redmond, Southern Illinois University at Carbondale, Carbondale, IL

Let G, denote either F, or L. If &, f represent the solutions to the quadratic x* ~x-1=0,
as usual, then for appropriate values of ¢ and d we have G, = ca” +df". Then, if the series con-
verges, we have

i kn Zn(ca/:dﬁ") cz +dzn,3"

n=1 n=1
(alk) +d (,B/k) _._ ka +d kB
(-a/k? “Q-pIeE “hk-af G-pF
Since these are geometric series, we see that they converge if max(|a/k|,|B/k|) <1, which
gives that the least integer & that yields convergence is £ = 2.
From the definition of & and S, we see that 2—a = % and 2— 8= a?. Thus,

27 e @yt
Thus, the answer to (a) is 2F; = 10 and the answer to (b) is 2L, =22. [

490 5 5
ZnG,, 2a +d2P ,B pca ca’+dp’ =26,
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Problem B-670 also considers these sums.

Also solved by Paul Bruckman , Mario Catalani, Haci Civciv & Naim Tuglu (jointly), Ken-
neth Davenport, M. N. Deshpande, José Luis Didz-Barrero & Juan José Egozcue (jointly),
L. A. G. Dresel, Steve Edwards, Ovidiu Furdui, Douglas Iannucci, Walther Janous, John
Jaroma, Harris Kwong, Kathleen Lewis, Jaroslav Seibert, H.-J. Seiffert, James Sellers, and
the proposer.

Identities Problem

B-939 Proposed by N. Gauthier, Royal Military College of Canada
(Vol. 40, no. 2, May 2002)

For n >0 and s arbitrary integers, with
famny=sam=co(7)(")

prove the following identities:

4n |1/3]
(a) 2nEt+s = Z Zf(l_ 3m, m)E+s;
1=0 m=0
4n |1/3]
(b) 3. 2n-—1nE,+s+2 = Z Zf(l - 3m’ m)[(l_ 2m)F;+s +mE+s—l]'
1=0 m=0

Solution by H.-J. Seiffert, Berlin, Germany
For (x, y) € R?, let
an LU3]

Su(6,y)=2 2 f(U=3m m)x'y"

=0 m=0
an U3
n—14m n ny_i.m
=) > (=n (1_3m)(m)xy .
1=0 m=0
Changing the summations and reindexing gives

Sen=3 % (1 ) (m )y

m=0 1=3m
— Z Z (_1)n+k (Z) (”:‘) xk+3mym’
m=0 k=0
which turns out to be the product of two sums. By the binomial theorem,
8,06, ») = 1+ XY (e =", M

Proof of (a): From the known Binet form of the Fibonacci numbers, we see that the right-
hand side of the desired identity equals

1 s s
An =—J§—(Sn(a’ l)a _Sn(ﬁ’ l)ﬂ )
Since 1+a® =2a%, 1+ 8*=2p% a-1=-B, f-1=-a, and —af =1, by (1), we have
4,=2"F,

n+s”
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Proof of (b): Let

an L1/3]
B:=Y Y f(~3mm)I-3m)F,,
1=0 m=0
and
4n U/3]
C,:=Y. > fU-3mm)mF,,,.
1=0 m=0
Consider the function
L(x, )= 8,06, x7y) =1+ )" (x-1)".
If
oT (x, n "
U(e, )= 82 14 yyee- 1y @
and
or, > n— n
Vi) = T2 <y e- ) ©)

denote the partial derivatives of 7, then, by the definition of §,,,
B,= 7= (U@ ) - U, (B, ™),
or, by (2), B, =2"nF,,,,,. Similarly, from the definition of S, and (3), one finds
1
C =—(V 3\ o, 5+4 -V 3\ ps+4
n ‘/g( n(a) a )a n(ﬂ’ﬂ )ﬁ )’

or C,=2""nF,, ,,. It follows that B, +C, =3-2""'nF,, ,,, which proves the requested identity,
because

(=3m)Ey +mFy = -2m)F  +mF), .
Also solved by Paul Bruckman and the proposer.

s o0 %
0.. O %
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PROBLEMS PROPOSED IN THIS ISSUE

H-593 Proposed by H.-J. Seiffert, Berlin, Germany
Let p >S5 be a prime. Prove the congruence

(P01 (1 opl_ ]
CD ez =22 (mod p).
2 PN TES D > (mod p)

H-594 Proposed by Mario Catalani, University of Torino, Torino, Italy
Consider the generalized Fibonacci and Lucas polynomials:

Fu(x,y) = xF,(x, )+ yF, (%, y), Fo(x,») =0, F{(x, ) =1;
Ln+l(x’ y) = an(x’ y) +yLn—l(xa y)’ Lo(x: y) = 27 Ll(x’ y) =X

Assume y =0, 2x*—y#0. We will write F, and L, for F,(x,y) and L,(x, y), respectively.
Show that:

%i](n;k) oty Xy =Yy H O, 4 XYY,

1. » x = = >
& Yo y@F )
i_%J 2 JERAY 3 |
-k k. -2k XLpp = YLoy + (=X)L, +(=x)""yL,_,
2. (n )x Ly = .
Uk )y Y@ -y)

H-595 Proposed by José Diaz-Barrero & Juan Egozcue, Barcelona, Spain
Let £, n be positive integers. Prove that

> (kpir 1){%(—1)"*"!’ () P;"""‘} oy

k=0 j=0'

where P, is the n't Pell number, i.e, f, =0, ,=1,and F,,, =2F,,,+ b, fornz2.
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SOLUTIONS
A Convoluted Problem

H-583 Proposed by N. Gauthier, Royal Military College of Canada
(Vol. 40, no. 2, May 2002)

A Theorem on Generalized Fibonacci Convolutions

This is a generalization of Problem B-858 by W. Lang (The Fibonacci Quarterly 36.3, 1998).
Let n>0, a, b be integers; also let 4, B be arbitrary yet known real numbers and consider the

]

generalized Fibonacci sequence {G, = Aa” + BB"}. _,, Where
a =%[1+\/§], ﬂ=%[1—~/§].
For m a nonnegative integer, prove the following generalized convolution theorem for the

-] 0

sequences {(a+n)"}r_, and {G,}r .,
Z (@+k)"Gyyey = Z NA"(@)Gygsrn — (@ +n+ )Gy il
k=0 1=0

where the set of coefficients {¢/"(v); 0<m; 0<I<m;, v=aora+n+1} satisfies the following
second-order linear recurrence relation
W) = v+ D)+ ), W) =1L g () =v, () =1

with the understanding that ¢”j(v) = 0 and that ¢}, ,(v) = 0.

Prob. B-858 follows as a special case if one sets a=0, m=1, b=n,and A=-B=(a-p)"
in the above theorem. Indeed, one then gets that

G,=F,, (0)=0, d(0) =1, cj(n+1), and c}(n+1)=1

and the result follows directly.

Solution by Paul S. Bruckman, Berkeley, CA

For typographical clarity, we change the summation variable "" to "j" and we also change the
notation "¢'(x)" to "c(x; j,m)". We also note that there is a misprint in the statement of the
problem. The correct expression in the right member of the statement of the problem (as modi-
fied by the indicated changes in notation) is as follows:

Zj e(a; j, m) Gb—a+j+2 —c(a+n+1, j,m) Gb—a—n+j+1]-
7=0

We employ the standard finite difference operators A and £ =1+ A, where the operand is x.
We first demonstrate the following result:

e(x; j,m)= &/ j1 = (x"). 0]
Proof of (I): Let d(x; j,m)=N /j!(x™), 0< j<m for all real x. Clearly, d(x; j,m) is a poly-
nomial in x. Note that d(x; 0,m)=x". Also, d(x;m,m)=1 for all m and x, and d(x;0,1) = x.
Thus, the boundary conditions satisfied by the c(x; j, m) are also satisfied by the d(x; j, m).
Next, note that
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d(x; jm+ )= N JI ) = (1703 Col-DE Gt -y
k=0
. {(x+j)/j!}ki,ck(-1)”(x+j—k)'" SIS G (et = k)
='0 k=1 g
G+ DS Gl D et =R+ UG -0 S G+ j=1- k"
k=0 k=0

=+ D 1) +HYTG =D ") = G+ )d(x; j,m) +d(x; -1, m).

This is the same recurrence as the one satisfied by the c(x; j,m). Since the two-dimensional
sequences c(x; j,m) and d(x; j,m) satisfy the same recurrence and have the same boundary
conditions, they must be identical. This establishes (1). O

Therefore, the left member of the putative identity (denoted as L) is transformed as follows:
8= E*(x")Gyoes
k=0

=[Aa"((E/ay"' =1}/ (E/a-1)}+BB*{(E/ By™ -1}/ (E1 B- D3I,

- ZEk(xm){Aab—a—k +B b-—a-—k}

x=a k=0 x=a

or
QL= [Aab—a—n{EnH _ an+l) / (E _ (Z)} + Bﬁb—a—n{(EnH _ﬂn+l) / (E _ﬂ)}](xm)’xqr' (2)

On the other hand, if R represents the right member of the (corrected) putative identity, then

R = ZAk(xm){Aab—a+2+k +B b—a+2+k} _Z Ak(xm){Aab—a+l—n+k +B b—-a+l—n+k}

k=0 x=a k=0 x=a+n+1
R = (4" {(Aa)™ -1}/ (Aa = 1) + B {(AB™ -1}/ (AB-DH(") _,
- [4a" 1 ((Ba)™ = 1}/ (Aa -1 + BF~ " ((ABY™ =/ (AB-DIC™) _, ..,

m - [A ab-a+1—n{(Aa)m+l _ 1} / (Aa - l)(an+l _ En+l)
+B b—a+l-n{(Aﬂ)m+l _ 1} /(Aﬂ _ l)(ﬂnﬂ _ En+l)](xM)|x=a.

Now note that A™!(x™)=0. Also, Ac~1=(E-1)a-1=Ea-a? and AB-1=(E-1)f-1=
Ep - B*. Therefore, we see that

R= Aab—a—n{(EnH _ an+1)/(E__ a)} +Bﬂb—a—n{(En+l -—ﬁn+l)/(E _ﬂ)}(xm)1
Comparison of (2) and (3) shows that £=%. QE.D.
Also solved by the proposer.

©))

x=a"

Find Your Identity

H-584 Proposed by Paul S. Bruckman, Berkeley, CA
(Vol. 40, no. 2, May 2002)

Prove the following identity:

(Freat L)’ +(Fy+ L) +F,, + Lo
=QF 3+ Ly, +(F) + (5F,42)° +1920F,F,  \F, 2 F 3B,
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Solution by the proposer
We begin with the following identity:

(@+b+c+d-e)l+(a+b+c-d+e)’ +(a+b-c+d+e)’+(a-b+c+d+e)
+(-a+b+c-d+e)’ +(a+b+c—d-e)’ +(a+b-c+d-e)’ +(a-b+c+d-e)’
+(-a+b+c+d-e)’ +(a+b-c—d+e)’+(a-b+c—d+e)’ +(-a+b+c—-d+e)’ (¥
+(@-b—c+d+e) +(-a-b—c+d+e)’ +(—a+b+c+d+e)’ +(a+b+c+d+e)
=1920abcde.

We replace a, b, ¢, d, and e by x,, x,, x;, x,, and x;, respectively. We may prove (*) (as thus
modified) by expanding

(% + X, + 33 + %, +X5)° = 05+ 50,4 +100 53 + 200 3 + 3005, + 600,15, + 12001111

where o, = S u®vPwe, for example (with u, v, and w representing the x;'s over all possible per-
mutations), with similar definitions for other quantities. Then we note that in the sum of the 16
terms indicated in (*), the terms involving (x;)° vanish, since their coefficient is +1 8 times and —1
8 times. The terms involving (x,)* also vanish, since their coefficients are x, twice and —x, twice
(for each i=2,3,4, or5). The terms involving (x,)* have two kinds of coefficients: (x,)? and
—(xi)z; also, x;x; and —x;x;, where i or j=2,3,4, or 5, i # j. In either case, each sign occurs an
equal number of times, and so the term vanishes. The remaining terms involving (x;)* have two
kinds of coefficients: Jc,.(xj)2 and —x,(xj)z; also x;x;x; and —x,x;x;. Here, i,j, or k=2,3,4, or 5,
with 4, j, and k distinct. In either case, the positive terms again cancel the negative ones, and so
the terms involving (x,)* all vanish. Finally, the remaining terms involving the first powers x,
have coefficients x,x;x,x5 or —x,x;x,x; for each of the 16 terms, but are such that the total term is
always positive. Therefore, the total coefficient of the product x,x,x;x,x; is 16 * 120 =1920. By
symmetry, the sum is therefore equal to 1920x,x,x;x,x;. Thus, (*) is proved.

In particular, if we set a=F,, b=F,,, c=F,,,, d=F,;, and e=F, ,, we obtain (after
some simplification) the indicated resuit.

Also solved by K. Davenport, L. A. G. Dresel, O. Furdui, N. Tuglu, and H. Civciv.
A D-Sequence

H-585 Proposed by Herrmann Ernst, Siegburg, Germany
(Vol. 40, no. 4, August 2002)
Let (d,) denote a sequence of positive integers d, with d, >3 and d,,, -d,>1, n=1,2,....
We introduce the following sets of sequences (d,):

Bz{(d,,): 1oy ol fora]lneN};

By i Fa, Faa
C=:(d,): 0< 1 _1__1 forallne N;.
Fao B Fyoa
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Show that:
(a) there is a bijection f:]0,1]— B, f(x)=(d,(x))>
(b) B is asubset of 4 with A\ B = @;
(¢c) Cisasubset of B with B\C = 0.

Solution by Paul S. Bruckman, Berkeley, CA
A sequence (d,),.; of positive integers is called a D-sequence iff d; >3 and d,,,-d, >1,
neN. Let A denote the set of all D-sequences. Also, for typographical convenience, we write
F(k) for F,. We also write §, ,, =3 1/Fd,), and S, =S, o for all (d,) € A. For a given
0 =(d,) € A, we may also write S,(6)=S,. We may characterize A4, B, and C as follows:
A={6=(d,)cA:5()=1};
B={6=(d,)eA:1/Fd,)<S,(8)<1/F(d,-1) forallne N},
C={=d,)eA:0<1/Fd,-))-1/F(d,)-1/F(d,,,—1) foralln e N}.

n=1>

Note the slight modification in the definition of B ("<" instead of "<" in the second inequality
defining B.

Proof of (a): Suppose x; €(0,1) is given. Then there exists d, € N, d, =3, such that
1/F(d,) <x <1/F(d,-1). Let x, =x,-1/F(d,). Note that 0<x, <x; <1. We continue in this
fashion; generaily, we define the sequence (x,) as follows: x,,,=x,-1/F(d,), 1/F(d,) <x, <

1/Fd,-1),d,,>d,, neN. Note that (x,) is a decreasing sequence bounded below by zero.
Since d, —» o as n ——> o, we see that x, is arbitrarily small. Hence, lim,_, x, = 0. By iteration,
x=1/F(d)+x=1F@d)+1/F(d)+x;=--=8 ), +x), forall M eN. Allowing M — oo,

we deduce that x; =8, where the D-sequence (d,) is uniquely determined by the construction
indicated above. Note, however, that the maximum value of S, over the domain A is 27 ;1/F,
=0, say, where o ~13599. In other words, there is nof a one-to-one correspondence between
(0,1) and A, the set of all possible D-sequences. There are sequences 6 € A such that §; ()2 1.
We may use the same construction as before, if 1 < x; <o. For example,

1 11 1 1 1
1= 2+3+§ 34 89+987+196418+2178309+
S DI W U W

“FF F R Re B By

~ corresponding to the D-sequence &, = (3, 4,6,9,11,16,27,32,...), such that S,(5)) =1.
| We are to establish that if x, €(0,1) then there exists a unique & € B such that §,(0) <
1/F(d,-1) for all ne N; the other condition for § € B, namely that 1/ F(d,) <S,(6) for all
n e N, is automatically satisfied. We already know how to effect the construction of the unique
& € A such that x; = §,(6). It only remains to show that, for such &, §,(6) <1/F(d,—1) for all
neN. Note that x; =S, 1(8)+x, =x~S,(6)+x, for all e N. This implies that x, = S,(5)
for all n e N. By our construction, x, = §,(5)<1/F(d,-1) for all ne N. This completes the
proof of part (a).

Note: Although, for a given x, €(0,1), there exists a unique J € B corresponding to x; (as
provided by our construction, and such that S,(5) = x,), there may be other 6 € A\B, say &',
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such that S,(6")=x,. An illustration of this is provided by x,=p=1/F, +1/F;+1/Fg+--
~05354. Clearly, this is generated by the sequence &' = d"(p) = (4, 6, 8, ...), which is an element
of A. However, it is easily verified that &’ is not an element of B, since 1/F(d,-1) =1/F(3) =
1/2<§,(6") = p=05354. Our construction, however, yields the alternative sequence & = 5(p) =
(3,9,13,15,24,27,31, 35,37, 39,42, 49, ...), which also has §,(6) = p= 05354 and is, moreover,
an element of B (this is true by the nature of the construction).

Proof of (b): Suppose 6 € B. Then S§,(8)<1/F(d;-1)<1/F(2) =1; hence, 6 € A. Thus,
Bc A.

As we have seen, 8’ e A\ B, where &’ =(4,6,8,...) =(2n),_,, but S,(6") = p~ 05354 <1, so
6,€A. Hence, 8’ €A\B and A\B+# .

Proof of (c): Suppose 6 eC. Then, for all ne N, 1/F(d,-1)21/Fd,) +1/F@d,.,-1).
By iteration, 1/ F(d,-1)>1/F(d,) +1/F(d,,,) + - +1/F(d,,) +1/ F(d,,,, — 1) for all M, n with
M2z2n21. Thus, 1/F(d,-1)>S§, ,,(0) for all such M, n. Allowing M — oo, it follows that
1/F(d,-1)2S,(5) forall ne N. Therefore, § € B, which shows that C c B.

We display an example of a sequence 6” e B\C'.

We let 6”7 =(6,8,10,12,15,18, 20,22, 24, 29, ...) represent the element of B determined by
our construction, such that §,(6”) =02. By definition, 6” € B. However,

1 1 1 1 1 1 1 1 1_ -1

F@d,-1) F@d) Fd,-1) FG) F(6) F() 5 8 13 520
which shows that 6” ¢ C; hence, §” e B\C and B\C # . This completes the proof of part (c).

Note: More generally, 1/F(2n-1)-1/F(2n)-1/F(2n+1)=-1/F2n-1)F(2n)F(2n+1) <0,
after simplification. Thus, given § =(d,) €A with d;, =2n and d,,, =2n+2, say, then § ¢C,
i.e,ifd, €§ €C and d, is even, then d,,, —d, >3.

0

b

Also solved by the proposer.

Note: Problem H-582 (proposed by Ernst Herrman and solved by Paul S. Bruckman) will appear
in the May 2003 issue of this quarterly.

o % o
O 050 o0
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BOOKS AVAILABLE
THROUGH THE FIBONACCI ASSOCIATION

Introduction to Fibonacci Discovery by Brother Alfred Brousseau, Fibonacci Association
(FA), 1965. $18.00

Fibonacci and Lucas Numbers by Verner E. Hoggatt, Jr. FA, 1972,  $23.00

A Primer for the Fibonacci Numbers. Edited by Marjorie Bicknell and Verner E. Hoggatt, Jr.
FA, 1972. $32.00

Fibonacci’s Problem Book, Edited by Marjorie Bicknell and Verner E. Hoggatt, Jr.
FA, 1974. $19.00

The Theory of Simply Periodic Numerical Functions by Edouard Lucas. Translated from the
French by Sidney Kravitz. Edited by Douglas Lind. FA, 1969. $6.00 '

Linear Recursion and Fibonacci Sequences by Brother Alfred Brousseau. FA, 1971.  $6.00

Fibonacci and Related Number Theoretic Tables. Edited by Brother Alfred Brousseau.
FA, 1972.  $30.00

Number Theory Tables. Edited by Brother Alfred Brousseau. FA, 1973.  $39.00

Tables of Fibonacci Entry Points, Part One. Edited and annotated by Brother Alfred Brousseau.
FA, 1965. $14.00

Tables of Fibonacci Entry Points, Part Two. Edited and annotated by Brother Alfred Brousseau.
FA, 1965. $14.00

A Collection of Manuscripts Related to the Fibonacci Sequence—I18th Anniversary Volume.
Edited by Verner E. Hoggatt, Jr. and Marjorie Bicknell-Johnson. FA, 1980. $38.00

Applications of Fibonacci Numbers, Volumes 1-7. Edited by G.E. Bergum, A.F. Horadam and
A.N. Philippou. Contact Kluwer Academic Publishers for price.

Applications of Fibonacci Numbers, Volume 8. Edited by F.T. Howard. Contact Kluwer
Academic Publishers for price.

Generalized Pascal Triangles and Pyramids Their Fractals, Graphs and Applications by Boris
A. Bondarenko. Translated from the Russian and edited by Richard C. Bollinger.
FA, 1993. $37.00

Fibonacci Entry Points and Periods for Primes 100,003 through 415,993 by Daniel C. Fielder
and Paul S. Bruckman. $20.00

Shipping and handling charges will be $4.00 for each book in the United States and Canada.
For Foreign orders, the shipping and handling charge will be $9.00 for each bock.

Please write to the Fibonacci Association, P.O. Box 320, Aurora, S.D. 57002-0320, U.S.A.,
for more information.




