THE CASSINI IDENTITY AND ITS RELATIVES

NILS GAUTE VOLL

ABSTRACT. We make use of an observation connected to three term recurrence relations to
obtain Cassini-like formulas for Fibonacci and Lucas numbers in addition to similar identities
for Fibonacci, Lucas, Jacobsthal, Morgan-Voyce, Chebyshev and Dickson polynomials. A
general result for three term recurrences is also given.

1. INTRODUCTION

The Cassini identity for Fibonacci numbers Fy,, namely that F, F,,; — F? = (—=1)",
is one of the facts about the Fibonacci numbers that one might call common mathematical
knowledge. We will in the following aim at presenting the identity in a more general context
and in the process obtain similar results for related sequences.

2. THEORETICAL FRAMEWORK

We start off by defining a few basic and well-known notions to avoid confusion. Our objects
of study will be the three term recurrence relations, defined by

Xn = aXn—l + /BXn—27 (21)

where o and 8 are (possibly complex) constants. A sequence {X;}°, is called a solution of
(2.1) if its elements satisfy this equality for all ¢ € N. The set of all solutions of (2.1) is a linear
space, as seen in [3], and consequently we have that if {X,,} is a solution of (2.1), then {a X, }
is also a solution for any fixed number ¢ € C. In addition, if {X,} and {Y,,} are solutions
of (2.1), then {X,,} + {Y.} = {X,, + Y, } is also a solution of (2.1). It is also worth pointing
out that if {X;}9°, is a solution, then {X; 1}, is also a solution for any [ since av and /3 are
constants.

Let us now assume that {X,,} and {Y,,} are two solutions of the recurrence (2.1) and define

Ag,{f) to be given by

AR = X Y1 — X1 Yk (2.2)
We then have that
AD = X,V 1 — X 1Yo (2.3)
= (aXm-1 + Xm—2)Ym—1— Xim—1(aY—1 + 8Y,—2) (2.4)
= a(Xm-1Ym-1 — Xm-1Ym-1) + B(Xm—2Ym-1 — Xin—1Ym_2) (2.5)
= —BARL, == (=B, (2.6)
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We also have that

AD = X, 1Y — X1 Yo (2.7)
= (X + BXm-1)Ymo1 — X1 (aYm + BY 1) (2.8)
= (XYt — Xm-1Ym) + B(Xm-1Ym-1 — Xm-1Ym_1) (2.9)
=aAO). (2.10)
Hence, for k£ > 2 we have

AP = X Y1 — X1 Ytk (2.11)
= (aXmir—1 + BXmir—2)Ym—1 — X1 (@Y1 + BYgn—2) (2.12)

= o Xmgrk—1Ym-1 — Xm—1Ymir-1)
+ B(Xmtk—2Ym-1 — Xm—1Ymik—2) (2.13)
= aAFD 4 gAR=2), (2.14)

Thus, Agﬁ) is also a solution of the recurrence in (2.1). With this in mind, let us return to the
recurrence in (2.1). Let {P,} be a solution of (2.1) where P_; = 0 and Py = 1. We then have
that

Py =1 (2.15)
Pi=a (2.16)
P,=a*+p (2.17)
Py =a® + 2ap (2.18)
and in general, by [1, p. 168], we have that
P, = % <k h Z) ak=2pi (2.19)
i=0 !

for k > 0. Now, with Aﬁ?,,’ and A%) as starting values in (2.1), we observe the following:
AD =oAL — pAO (2.20)
AP = oAD 4 BAO) = (o2 + B)AL = p,AD) (2.21)
AR = oA + BAL) = (o +208)AL) = PAL (222)
AL = oAl + BAR) = (o' + 2078+ B2)AJ) = PAL) (2.23)

Thus we have that
AW = PAY = P (—p)m AP, (2:24)

If we now set [ = 1, we have proven the following theorem.

Theorem 2.1. If {X,} and {Y,,} are two solutions of the recurrence (2.1) then the identity
Xt Ymo1 — X1 Ymar = Pe(=8)" " [X1Yy — XoY1] (2.25)

holds.
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If in 2.1 we set Y, = X,,1; and X, is a solution such that P, = Xj,1 we see that we obtain

Xk Xmti-1 — X1 X4k = X1 Xo(=8)™ 1 (2.26)
By setting £k = 0 and [ = 1 and use the fact that P, = X1, we obtain the identity
X72n — X1 Xmg1 = (_B)m_1~ (2-27)

We have thus proven the following corollary.

Corollary 2.2. If {X,,} is a solution of the recurrence (2.1) such that P, = Xyy1 then the
following identities hold:

Xk Xmti-1 — X1 X4k = Xpp1 Xo (=)™ (2.28)

X2 — X1 Xong1 = (=)™ L (2.29)

m

Application of these results to various recurrences will be the focus of the rest of the paper.

3. IDENTITIES

We will now use Theorem 2.1 to derive identities connected to various recurrences of the
type given in (2.1).

3.1. Fibonacci and Lucas Identities. We start off by giving a few identities related to the
Fibonacci and Lucas numbers. We recall that the Fibonacci and Lucas numbers are given by
setting & = = 1 in the recurrence in (2.1) and that the starting values for the Fibonacci
sequence is Fy = 0 and F; = 1 and that the starting values for the Lucas sequence is Ly = 2
and L; = 1. We then observe that P, = Fy11. Now, we easily obtain the identity

FoikLim—1 — Fno1 Ly = 2Fp 4 (1) (3.1)

by setting X,, = F, and Y,, = L, in Theorem 2.1. But we can do more. We may apply
Corollary 2.2 to obtain the identity

FonikFsi-1 — Fne1 Pk = Fopn B (=1)™! (3.2)

from which we also obtain the Cassini identity. We can also set X,, = L, and Y;, = X,,4; in
Theorem 2.1 to obtain

Lotk Lm+1-1 — Lin—1Lintik = Frp1(=1)" 7 [L — 2L144]. (3.3)
Hence, if we set £k = 0 and | = 1 we have a Cassini-like formula for the Lucas numbers, namely

L2 — Ly 1Ly = 5(—1)™. (3.4)

3.2. Fibonacci and Lucas Polynomials. We can also apply Theorem 2.1 to the Fibonacci
and Lucas polynomials. The recurrence (2.1) is the same for both polynomials, with oo = =
and = 1. Starting values for the Fibonacci and Lucas polynomials are fi(x) = 1, fa(z) = z,
lo(z) = 2 and [;(x) = z, respectively. We also observe that P, = fr41(z) and that fo(z) =0
and thus, by Theorem 2.1, we obtain the identity

For(@)ln—1(2) = frn1 (@)l (x) = 2fpp1 (2) (=) (3.5)

Furthermore, by application of Corollary 2.2 we obtain an identity similar to the one given in
(3.2), namely

Fni k(@) Frnti—1(2) = Fm1 (@) frnkrt(2) = frp1(2) filz) (=)™ (3.6)
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which again yields the Cassini-formula. We may also set X; = l;(x) and Y; = X4, in Theorem
2.1 to obtain

Lk () lnn—1 (%) = b1 ()l (2) = S (2) (=)™ 7 I (@)l (@) = lo(@)lnga (2)]). - (3.7)
From this we may also obtain the Cassini-like identity
L (€)% = b1 (€)1 () = (=1)™(2® + 4) (3.8)
by setting £ = 0 and n = 1.
3.3. Jacobsthal Polynomials. We can also apply Theorem 2.1 to the Jacobsthal polynomi-
als. The Jacobsthal polynomials are given by a recurrence as in (2.1) where a = 1 and § = z.

The initial values for the Jacobsthal polynomials are Ji(z) = Jo(x) = 1. With X,, = J,(x)
and Y,, = X,,4; in Theorem 2.1 we have that P, = Ji1(x) and hence that the identity

Tntte (@) Tyni=1(2) = Tn1 (@) T (@) = Ty (@) (=2)™ 7 (@) = Jo(@) i (2)] - (3.9)

holds. Application of Corollary 2.2 yields the identity

Tk (@) my1-1(®) = Tim1 (2) g1 () = Jega () Ji(@) (=)™ (3.10)
From this we also obtain the Cassini-like formula
Im(2)? = Jn-1(2) Iy () = (=)™ (3.11)

In [1, p. 471] the polynomial K,,(z) is defined in the same way as the Jacobsthal polynomials,
but with starting values Kj(x) = 1 and Ks(x) = x. We now apply Theorem 2.1 with {X,,} =
Jn(z) and {Y,,} = K, 11(z) to obtain the identity

Ik BEm — Im—1 Ky k41 = Jk—i—l(fn)(_x)m_l-
With X,, = K,,11(z) and Y,, = X,,4; in Theorem 2.1 we have that
K k41(2) K1 (2) — Ko (2) K k141 (%)

= Jpp1 (@) (—2)" " [Ka(2) Ki (2) — Ki(2) Ko (@) (3.12)
Also, if k =0 and [ = 1 we have that
K1 () Kpi1 () — Ko (@) Ko (2) = Jpg1 (2) (=)™ (2% — 22). (3.13)

3.4. Morgan-Voyce Polynomials. We also apply Theorem 2.1 and Corollary 2.2 to the
Morgan-Voyce polynomials B, (x) and b, (x), with initial values By = 1, By =z + 2, by = 1
and by =z+1,and a =z +2, f=—1in (2.1). We easily obtain the identities

Bk () b1 (z )_Bm 1(2)bmyk(z) = By(x) (3.14)
Byyk(2) Bm+1-1(2) — Bm—1(%) Bmk+1(2) = Bi(z)Bi—1(z) (3.15)
Bu(2)? = Byo1(2) By () = 1 (3.16)
btk (2) b1 () — bm 1(2)bmtrti(z) = Bi(@)[(z + Dbi(2) — b1 ()] (3.17)

b (2)? = byp—1(2) by () = —2. (3.18)

Special cases of some of these identities are found in [4] and [5].
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3.5. Chebyshev Polynomials. Similarly, we may apply Theorem 2.1 and Corollary 2.2 to
the Chebyshev polynomials of the first kind, 7},(z), and second kind, U,,(z), with initial values
To(z) = 1, Ty (z) = z, Up(x) = 1 and Uy(z) = 2z, and a = 2z, f = —1 in (2.1). Hence we
obtain the identities

Ut (@) Tn—1(2) — Umn—1(2) Tk () = 2Up () (3.19)
Utk (2)Upnti-1(2) = Un—1(2)Unnpiyi(z) = Ug(2)Ui—1(2) (3.20)
Un(2)? = U1 (2)Upgr (z) = 1 (3.21)
Tk (@) Trnti—1(2) = Trn—1(2) Tt k1 (2) = Up(2)[2T1(2) — Tisa (2)] (3:22)
Ty () = Tt (2) Tpgr () = 1 — 22 (3.23)

since Py, = Ug(x).

3.6. Dickson Polynomials. Finally, we apply Theorem 2.1 and Corollary 2.2 to the Dick-
son polynomials of the first kind, D, (z,«), and second kind, E,(z,«a), with initial values
Dy(z,a) = 2, Dy(z,a) = z, Eg(z,a) = 1, and Ey(z,a) = z, and o = z, f = —a in (2.1).
Hence we obtain the identities

Btk (2) D1 ()
B (®) Eppgi—1 () —
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