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ABSTRACT. In this paper we study how to accelerate the convergence of the ratios (xn)
of generalized Fibonacci sequences. In particular, we provide recurrent formulas in order
to generate subsequences (x4, ) for every linear recurrent sequence (gn) of order 2. Using
these formulas we prove that some approximation methods, as secant, Newton, Halley and
Householder methods, can generate subsequences of (z,). Moreover, interesting properties on
Fibonacci numbers arise as an application. Finally, we apply all the results to the convergents
of a particular continued fraction which represents quadratic irrationalities.

1. INTRODUCTION

The problem of finding sequences of approximations for a solution of a certain equation
f(t) = 0is really intriguing. There are various and famous methods to generate such sequences
in literature, as Newton, secant, and Halley methods. But another interesting problem is how
to increase the rate of convergence for the different methods. One of the answers consists
in selecting some subsequences of the starting approximations sequences which accelerate the
convergence process. In the particular case when f(¢) corresponds to a second degree polyno-
mial, we may think about it as a characteristic polynomial of a generalized Fibonacci sequence.
The ratio of its consecutive terms generates a new sequence which converges to the root of
larger modulus of f(t), when it exists and it is real. Many authors have given methods to
accelerate the rate of convergence of this sequence. McCabe and Phillips [5] have studied how
some methods of approximations, like Newton and secant methods, provide an acceleration of
such sequence for suitable initial values. Gill and Miller [2] have found similar results for the
Newton method, only for the ratios of consecutive Fibonacci numbers. Many other works have
been developed about this argument. In [4] and [6], e.g., the results of McCabe and Phillips
[5] have been generalized for ratios of non—consecutive elements of generalized Fibonacci se-
quences. In [7] these results have been extended to other approximation methods, like the
Halley method. The aim of this paper is to give new interesting points of view to prove in an
easier way some known results about accelerations of generalized Fibonacci sequences, provid-
ing recurrent formulas in order to generate these subsequences. The accelerations related to
approximation methods become particular cases of our work. In the first section we will ex-
pose our approach, showing in the second section the relationship with known approximation
methods as Newton, secant, Halley and Householder methods. Moreover our results, in ad-
dition to a straightforward proof of some identities about Fibonacci numbers, can be applied
to convergents of a particular continued fraction representing quadratic irrationalities. We
will prove in the last section that particular subsequences of these convergents correspond to
Newton, Halley, and secant approximations for the root of larger modulus of a second degree
polynomial, when it exists and it is real.
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2. ACCELERATIONS OF LINEAR RECURRENT SEQUENCES OF THE SECOND ORDER

Definition 2.1. We define, over an integral domain with unit R, the set S(R) of sequences a =
ap) 20, and the se of linear recurrent sequences. Furthermore, we indicate with a =
+o9, and the set W(R) of li ¢ Furth indicate with
(an)25 = Wl(a, B,p,q) the linear recurrent sequence of order 2 with characteristic polynomial

t2 — pt + q and initial conditions o and B, i.e.,
ap = «
a1 =0 for all n > 2.
ap = Pan—1 — qGn-2,

+oo

If we consider the sequence U = W(0, 1, p, ¢), it is well-known that the sequence z = (z,,),’ %

defined by

U,
Ty = ——, foralln>2 (2.1)
Un—l
converges to the root of larger modulus (when it is real and it exists) of the characteristic

polynomial of U. Thus, every subsequence (z,4,) % (for some sequence (g,);23) can be

considered as a convergence acceleration of the starting sequence x. Cerruti and Vaccarino [1]
have deeply studied the applications of the companion matrix of linear recurrent sequences.
Here we consider some of these results which are useful to find the explicit formulas for the
acceleration of the sequences U and x. We define

M:<0 1>,
—q p

as the companion matrix of a linear recurrent sequence with characteristic polynomial 2 —pt+q.
We recall that some authors may use the transpose of M as the companion matrix.

Lemma 2.2. The sequences U = W(0,1,p,q) and T = W(1,0,p,q) satisfy the following
relations

Tn = - n

+ av for all n > 0. (2.2)
Un+1 =T, + pUy,,

M™ = <Tn+1 Un+1> N <_qUn Tn +pUn> ’ (23)

where M is the companion matriz of U and T.

Proof. Using the Binet formula and initial conditions, we easily check that

M Tn:%, for all n > 0,

Un: 5
a—p o —

where v and /3 are the zeros of the characteristic polynomial ¢* — pt + ¢. Thus, remembering
that o = ¢, we immediately obtain (2.2). In order to prove (2.3), we observe that the
characteristic polynomial of U and T" annihilates M, i.e., we have

M0:<1 0)) M:<0 1>, M"™ = pM™ ' — qM™2,  foralln > 2.

01 —q p
So, using (2.2), we clearly find that the entries of M"™ in the first column are the terms T,
T,+1 of T, and in the second column are the terms U, U,4+1 of U. O

Dealing with Definition (2.1) of z, the ratio of two consecutive terms of any sequence
a € W(R) has a closed formula, as we show in the following theorem.
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Theorem 2.3. Let us consider any sequence a = W(ag,a1,p,q) and the sequence y = (yn)25,
a
with y, = ——, then
Gn—1
a a1, — a
Yp = —— = 1Tn — %04 for alln > 2, (2.4)

an—1 apgxy, + a1 — agp

where x,, is the nth term of the sequence x defined by (2.1).

Proof. By direct calculation we have

an a1Uy + a1y, B a1Uy + a1y,
I a1 aUn g + a0l a1Un_1 + ag (PUn-1 — qUn—2 — pUp_1)
Un
_ arUn — aoqUn—1 _ T, _
a a1 Up_1 + agU,, — appU,_1 N U, N
ao U._ + a1 — app

a1y — apq
agTyn + a1 —app

O

Now, as a very important consequence of the previous theorem, we can evaluate the terms
of the sequence z shifted by m positions.

Corollary 2.4. If x is the sequence defined by (2.1), then for allm >2 —n
Tm+1Tn — (q
Ty + Tyl — P

Proof. Let us consider a = W(Upn,, Un+1,p,q), that is a, = Upqy for all n > 0. So the
sequence y, introduced in the previous theorem, becomes y = (y, = l’n+m):;i%, and, from
(2.4), we obtain

Tpn4m =

Um—l—l:En —Ungq _ Tm41Tn — 4
Unzn + Um+1 —Unp Tpn + Tmt1 — P '

(2.5)
O

Tn4+m =

The basis sequences U and T play a central role in the following results. The accelerations
for such sequences yield explicit formulas for the acceleration of the convergent sequence x =
(mn);ﬁ% Moreover, some interesting properties on Fibonacci numbers arise as an application.
We recall without proof an important theorem about the generalized Fibonacci sequences.

Theorem 2.5 ([1], Theorem 3.1 and Corollary. 3.3). Denote by V.= W(2,p,p,q) the Lucas
sequence with parameters p and q, then

Wmn(07 17p7 Q) = Wm(07 17p7 Q) . Wn(07 17 Vmu qm)7
Win(1,0,p,q) = Wi(1,0, Vin, ¢™) + Win(1,0,p, ¢)Wn (0,1, Vi, ¢™).

Theorem 2.6. Given the sequences U = W(0,1,p,q), T = W(1,0,p,q), and = as defined in
equation (2.1), if we choose a sequence g = W(i, j, s,t), for some i, j > 2, then

Uy, = a2US) TS 4+ 0T U 4 (arby + azby) UL UL

gdn—1""gn-—2 In—1 " 9Gn-2 1 9gn-2
Ty, =Tyl Ty 0y + aUg) Tyt + T3 UG + (anby + asba) Uy U,
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for every n > 2, where U®) = W(0,1, Vs, ¢%), T®) = W(1,0,Vs,¢*), and

ME = (992t b1 bo '
as aq bg b4

Moreover, if we choose x; and x;, for some i, j > 2, as the initial steps of the acceleration of
x, then

q2“2$gi)71 + q2b2:1:g;f)2 —q(arbe + a2b4)$§;i),1$g_f)2

Tg, = . — . ——,  foralln>2, (2.6)
q* — qalipgn)fl - qb1$g f)2 + (a1b1 + a2b3)x§]n)71$gnf)2
U
(8) — —g—
where x qT(S)'

Proof. We know as a consequence of Theorem 2.5 that

MSIn—1 — Tg(i)ﬂ + alUéill a2U£§i)f1
a3U£§i)f1 Tg(i)—1 + a4U5§i)71

M ton—2 — T.é’rz_fg + blUé;f)g bgUé;f)z ‘
UG T+ baU)

So from

TQ7L+1 Ugn+1
we easily find the explicit expressions of Uy, and T}, . Finally, to complete the proof, we only

T, U — —
g g — MIn — NfSIn—1—t9n—2 — JrS9n—1 | —t9n—2
< n n dn Jn gn gn gn ,

need to divide both Uy, and Ty, by the product T, ;zle };f; and consider their resulting ratio
multiplied by —q

(s) (=) (s) (=t
U U Ug, U,
as iz;l + by fz:; + (a1bs + a2b4)—g(z;1 —52:)2
o Ugn =—q Tgnfl Tgn72 Tgnfl Tgn72
Ty, U(S) U(_t) U(S) U(_t)7
L an—r5+ by~ o+ (aaby + asby) 5
Tgn71 Tgn72 Tgn,1 Tgan
rearranging the terms we obtain the equality (2.6). O

Corollary 2.7. When g = W(2,3,1,-1), i.e., gn3 = F,, for all n > 3, where F =
W(0,1,1,—1) is the Fibonacci sequence, then for alln >5

UFn = UanlTFn72 + TanlUFn72 + pUanl UFn72
= —q (UanlUanQ—l + Uanl—lUFn72) +pUr, \Up, _,,

q':Uanl + q':UanQ - pan,1$F7L,2
TR, = .
q - an71$F7L72
Proof. The identities immediately follow from Theorem 2.6, observing that in this case we have
s=1,t=—1, consequently M* =M =M~ U® =U =UY and T®) =T =7, O
Remark 2.8. When U is the Fibonacci sequence F, the previous Corollary provides a direct
proof of the interesting formula

Fp, =Fp, \Fr, 1+ Fp, \—1Fp, , +Fp,  FF, ,,
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for alln > 5, avoiding many algebraic manipulations based on the basic properties of Fibonacci
numbers. This formula is also true for n =3 and n = 4, as a little calculation can show.

The acceleration shown in the previous corollary is the same found by McCabe and Phillips
in [5] with the secant method applied to the sequence (z,);> shifted by one step. If we
consider

T2 — qU? 2T, Uy, + pU? >
M2n - M"M" = n n n-¥n n ,
<—q (2T,U, +pU2) T2 —qUZ +p (2T,U, + pU?2)

Un _ 2qan — pry,
" T2n q— l‘% ( )

If we start from x9, a repeated use of equation (2.7) yields to the subsequence z9, x4, zs,
., Ton, ..., corresponding to the subsequence obtained in [5], using the Newton method on

the sequence (z,,);"25 shifted by one step.

Proposition 2.9. Using the notation of Theorem 2.6, for g = W(h,h + k,2,1), i.e., g, =
kn + h for all n > 0, then for all n > 2

gn—1

1
2 2 2
Ugn = qg"—ﬁ <qU Ugan + 2Tgn71Ugn71Tgn72 +pUgn,1Tgn72 - Ugn72Tgn,1)

1
2 2 2
Ty, = qIn—2 <Tgn71Tgn72 + 0Ty, \Ug, o — Ty, 2Uy, , + 2qT9n*1Ug"*1Ug"*2>

and ) )
T _ xgn—lxgn—Q + 2q$9n71 - p:Egnfl - qxgn—Q
gn — 2 .

q - pxgn72 - ‘Tgn71 + 2'%977,71"1;91172

n

Proof. We need to evaluate
Mgn — M2gn71M_gn72‘

M = i p -1 " — i Tn +pUn _Un
o \qg O qr qUn, T, )’
we have

Mgn — i <T927L1 - qu2n—1 2Tgn71Ugn71 + pU92n1> <T9n2 + pU9n72 _U9n2>
qgn72 e quan Tgn72 ’

Considering that

and

1
2 2 2
Ugn = pr <QUgn71Ugn,2 + 2Ty, Ug, Ty, +Uq, Ty, 5 — Uy, 5T, ) ;

gn—1 In—2"gn—-1

gn —

2 2 2
- qgn72 <Tgn71Tgn72 +pTgn—1U9n—2 - nganUgnfl + 2ngn71Ugn71Ugn72> .

Finally, dividing both Uy, and Ty, by T, 92% Ty, _,, their ratio becomes

2 2
Ug —1 Ug -2 Ug —1 Ug —1 Ug -2
n n 9 n n _ n
o, a) mems (7)) 3

— gn—2 In—1 gn—1 gn—2
T, U, U 2\ Ug i U,
1 + p gn—2 —q < gnl> + 2q In—1 Y gn—2
Tgan Tgnfl Tgnfl Tgn72
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U,
from which, remembering that z,, = —qT—gn, with simple calculations we obtain the thesis. [
an
Remark 2.10. Applying the last proposition to the Fibonacci numbers, we get another example
of a beautiful identity, easily proved without hard calculations. In fact, when we consider
gn = kn, we have for alln > 2

Fiyn, = (_1)k(n_2)(_Flg(n_1)Fk(n—2) + 2F (- 1) Fr(n—-1)-1Fr(n-2)-1

2 2
+ Fen 1) Frn-2-1 = Fetn-2)Fin—1)-1)5
which in particular, for k =1, becomes
Fy=(—1)"(=F2_ Froo+2F, 1Fy oF, 3+ F2 Fo5—F)_,).

3. APPROXIMATION METHODS

In the previous section we have already seen how some accelerations are connected to some
approximation methods, like Newton and secant methods. In this section, as particular cases
of our work, we exactly retrieve the accelerations provided by these methods and studied in the
papers [2] and [5]. Furthermore, using our approach, we can show similar results for different
approximation methods, like the Halley method. Finally, we will examine the acceleration
provided by the Householder method, which is a generalization of Newton and Halley methods.
First of all, we recall that the secant method, applied to the equation f(¢) = 0, provides rational
approximations of a root, starting from two approximations xg and x1, through the recurrence
relation
f(xn—l)(xn—l - xn—2)

f(xn—l) - f(xn—2) ’

which becomes, when f(t) = at? — bt — c

Ty = Tp—1 — for all n > 2,

ATp—-1Tn—2 — C

Ty = .
" aTpy_1 4 aTp_o — b

Theorem 3.1. Let us consider the Fibonacci sequence F and the sequences U = W(0,1,p, q),
T=W(,0,p,q), and x = (a:n):z, defined by equation (2.1). The subsequence (an+2+1):§i%
corresponds to the approximations of the root of larger modulus of t> — pt 4+ q provided by the
secant method.

Proof. We take the sequence g defined by g, = F,, 12+ 1 for every n > 0. Since g, — 1 = Fj 49,
we have the recurrent formula ¢, = g,—1 + gn_2 — 1. Let M be the companion matrix of the
sequence U. From the matrix product

Mgn — Mgnfl Mgn72 M_l

we immediately observe that

1 p
Ugn = UgnflUgn72 - Tgnfngn727 Tgn = Ugn72Tgn71 + Ugnfngn72 + ngnfngn72’

q

Thus,
UgnflUgn72 1
Ugn — Tgnfngn72 q
Tgn Ugn72 + Ugn71 + E
Tgan Tgn71 q
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and

_ _q% _ xgnflxgn72 —q

- - )
Tgn xgan + ':Ugnfl - p

clearly proving the thesis. O

xgn

The Newton method provides rational approximations for a solution of the equation f(t) =
0. When f(t) = at> — bt — ¢, given an initial approximation yg, we recall that the Newton
approximations sequence satisfies the recurrence relation
ayp_ g —byn1—c  ayp_ +ec
2ayn—l —b B 2ayn—l -V

Un = Yn_1 — for all n > 1. (3.1)

On the other hand, the Halley method generates approximations for a solution of t? —pt+¢ = 0

through the following recurrence relation

(W2 1 = Pyn1+ )P —2yn1)
3yp_1 — 3pYyn—1+p? — ¢

for a given initial step yo. In the next theorem we will show how particular subsequences of

the sequence x, defined by equation (2.1), generate the Newton and Halley approximations to
the root of larger modulus of 2 — pt + q.

Theorem 3.2. Given the sequences U = W(0,1,p,q), T = W(1,0,p,q), and x, defined by
equation (2.1), then the recurrence relations

Un = Yn—1 + , foralln>1, (3.2)

2
T, —4q
Ton—1 = 2:: _pa (33)
n
2
T2 1 — PTp_1+ — 22—
azgn_zzxn_lJr( a1~ PTn—1+qQ)(p — 22n_1) (3.4)

3z ) —3prn_1 +p*—¢
respectively generates the subsequences of x producing Newton and Halley approximations for
the root of larger modulus of t*> — pt + q.

Proof. The proof of relation (3.3) is a direct consequence of Corollary 2.4
2
Tn — 4

Toan—1 = Tn4n—1 = o0 p-
" —

Starting from xo, a repeated use of this equation yields the subsequence

(T2, X3, X5y« Tong1,.-.),

which consists of the Newton approximations for the root of larger modulus of t? — pt +
q. Relation (3.3) and Corollary 2.4 also provide the proof of recurrence (3.4) for Halley
approximations

T2n—-1Tn — (4

T3n—2 = Tp42n—-2 =
Tpn + Ton—1 — p

2
2
niqxn_q 3 _g
_ 2T, —p __Tn qTy + pq
N x%—q 322 — 3pz, +p> — ¢
" _
" 2xn_p

(22_1 —pxn_1 +q)(p — 225—1)

322 _ —3prp_1+p® —q

=Tpn-1+
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To complete our overview on approximation methods and generalize the results of the
previous theorems, we consider the Householder method [3], which provides approximations
for a solution of a nonlinear equation f(¢) = 0. The Householder recurrence relation is

(1) (yn)

/1) D (yn)
for a given initial approximation yg, where f(@) is the dth derivative of f. The Newton and
Halley method clearly are particular cases of this method, for d = 1 and d = 2, respectively.

Indeed, when f(t) = t?> — pt + q from (3.5), when d = 1 or d = 2, it is easy to retrieve the
formulas (3.1) and (3.2).

Ynil = Yn +d for alln >0 (3.5)

Theorem 3.3. With the same hypotheses of Theorem 3.2, if y, = xy for some k > 2, then
Yn+1 = T(d41)k—d> Where Yni1 is obtained from relation (3.5) when f(t) = t2 —pt +q.

Proof. Let aq, o be the roots of t2 — pt + ¢, we can write
1 \Y  s—a) =)™\ D (—1)dd (8 an)™ — (- an)?)
t2 —pt+gq N a1 — Qo  (ap — ) (t — ay)dH(t — ag)dtl

Thus, relation (3.5) becomes

(yn — 1) (Yn — 2) (Y — a2)? = (yn — 1)?)
(yn - a2)d+l - (yn - al)d+l 7

and with some algebraic manipulations we obtain

Yn+1 = Yn —

d+1 d+1
) a1 (yn — a2)*T — ag(yn — a1)*"
n+1 —
(yn - a2)d+1 - (yn - O41)d+1
k k
If we set y, =z, = = — ——» then
U1« a
1 2
d+1 d+1
k k-1 k—1 k
o af — aa] s ajay - — o
k—1 k—1 k—1 k—1
y a; o) a; o)
n+l = d+1 d+1
k k-1 k—1 k
k—1 k—1 k—1 k—1
QT Qg Qy
(d+1)k—d d+1 (d+1)k—d d+1
o (a1 — )™ —ay (a1 — )™

agd-i—l)k:—d—l(al _ ()42)d+1 o agd-i—l)k—d—l(al _ OZQ)d+1

_ Uatr-d .
Uldt1)k—d—1 (@+1)k—d:

4. APPLICATIONS TO CONTINUED FRACTIONS

In order to show some interesting applications of the exposed results, we study the accel-
eration of a sequence of rationals which come from the sequence of convergents of a certain
continued fraction. The continued fraction, which we will introduce, provides a periodic rep-
resentation of period 2 for every quadratic irrationality (except for the square roots). Surely
its convergents do not generate the best approximations for these irrationalities (because we
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use rational partial quotients, instead of integers), but between them, using the acceleration
method of the previous section, we can find at the same time the approximations derived
from the secant method, the Newton method, and the Halley method. We remember that a
continued fraction is a representation of a real number « through a sequence of integers as
follows:

1
o =ag+ 1 ’
ai +

! 1

ag + ————
where the integers ag, ai, ... can be evaluated with the recurrence relations
a = [ay]
1 . ) ) k=0,1,2,...,
apy1 = —— if o is not an integer
Qp — ag

for ap = « (see, e.g., [8]). A continued fraction can be expressed in a compact way using the

notation [ag, a1, a9, as,...]. The finite continued fraction
p
[a(]v"'aan]:Cn:_n, n=0,1,2,...,
dn
is a rational number and is called the nth convergent of [ag, a1, as, as,...] and the a;’s are called

partial quotients. Furthermore, the sequences (p,) 25 and (gy,); 2% are recursively defined by
the equations

for all n > 2, (4.1)

Pn = ApPp—1 + Pn—2
Qn = apQn—1 + qn—2,

and initial conditions py = ag, p1 = apa1 + 1, g0 = 1, ¢1 = a;. In the following we will use
rational numbers as partial quotients, instead of the usual integers.

Remark 4.1. In general a continued fraction can have complex numbers as partial quotients.
In this case given a real number there are no algorithms which provide the partial quotients.
However, such a continued fraction can converge to a real number. In the following, we will
study continued fractions of period 2 with rational partial quotients which are convergents to
the root of larger modulus of a quadratic equation. For a deep study of the convergence of
continued fractions, i.e., for an analytic theory of these objects, see [9].

ag a
Remark 4.2. A continued fraction with rational partial quotients [b—o, b—l, .. ] has an equiv-
0 b1
alent form as
a b1
. + ,
bo b1bs
a + ——F—
bobs
az + ——
asg+ -

AUGUST 2011 263



THE FIBONACCI QUARTERLY

but the representation

ap 1
b_o ai 1
a as 1
by az .
b—3 .

1s more suitable for the study of the convergents, as we will see soon.

ag ai a
When we study the continued fraction [b—o, b—l, b—2, .. } , the equations in (4.1) become
o b1 02
an,
Pn = b_pn—l + Pn—2
i for all n > 2, (4.2)
qn = b_HQn—l + Gn—2,
n
1 e el .. ao Gap ay ay .1
with initial conditions py = o p1 = b +1, =1 ¢ = 7 providing two sequences of
0 0 b1 1

rationals. In the next proposition we study how to determine the convergents through the
ratio of two recurrent sequences of integers.

ap ai az
bo' by by
sequences which provide the sequence of convergents (C’n);ﬁ% defined recursively by equations
(4.2). If we consider the sequences (s5,),20, (tn)2%, (un)2% defined for alln > 2

Proposition 4.3. Given the continued fraction [ } , let (pn) 2% and (gn) 2% be the

n=0’ n=0’
Sp = apSp—1 + bpbp_15n—2 50 = ap, 51 = apai + boby
tn = Antp—1 + bpbp_1tn—o  and initial conditions to=1,t1 = a1
Sn tn .
then p, = and g, = —, for every n >0, i.e.,
boun, Unp

n

C, = bZ—tn, for alln > 0.

Proof. We prove the thesis by induction. When n = 0, and n = 1 we have, respectively

_ap 50 1 to

Po = b = b0U07 qgo = 1 = o
_ apay ~+ boby ! _ar i
pr= bob1  bouy’ "= b up

Now considering that

an
Pn = b_pn—l +DPn-2, Nn= 27
n
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by induction hypothesis we have

Gn Sn—1 Sn—2 ApSp—1Un—2 + bpUp_15,—2
Pn=3, "% T3 - bob
n 0Un—1 0UR—2 00nUn—1Upn—2
_ GnSn—1Un—2 + bpbp—1Un—25n—2 _ Sn
botn tn—2 bounp,
. . tn
Similarly we obtain ¢, = —. U

n

We finally focus our attention on a particular continued fraction of period 2. Precisely, we
consider the continued fraction
b b
_Z 4.3
B »

for a,b,c¢ € Z not zero. This continued fraction converges to the quadratic irrationality, of
larger modulus, root of az? — bx — ¢. Indeed, it is easy to check that
b n 1 b N co
o = — _ = —
a b 1 a ba+c

& aba?® + aca = b*a + be + aca & aa® — ba — ¢ = 0.

¢ «

From the previous proposition we know that the convergents of (4.3) are determined by a
linear recurrent sequence. Indeed, in this case the sequences s = (s,,)f29 and (¢,)29 of the
Proposition 4.3 correspond to

s = W(b,b* + ac,b, —ac), t=W(1,b,b,—ac).

Thus, defining the sequence
o=W(0,1,b, —ac),
we obtain that the convergents (C),) of our continued fraction are
C, = Ont2 ,  forall n>0.
A0n+1
Clearly, they are not the best approximations of the quadratic irrationality, but since the
convergents are determined by the ratio of the sequence o, we can apply our method of
acceleration to such a sequence. In particular, we will see that properly accelerating the
convergents sequence, we can find the approximations derived by the Newton, Halley, and
secant methods, which compare at the same time between these approximations.

b b
Theorem 4.4. Let us consider the continued fraction [ - = ] , whose sequence of convergents
a’ c

is (Cn) 2%, and the sequence o = W(0,1,b,—ac). If « is the root of larger modulus of at® —

bt — ¢, then

(1) (C’an_l):i%, are the approximations of o by the secant method;
(2) (Can_1)129, are the Newton approzimations of «;

(3) (C3n_1)t23, are the Halley approximations of c.
Proof. We use the auxiliary sequence x = (,),72¢ defined by

o
T, = ——  foralln>2.
On—1
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We can directly apply Theorem 3.1, obtaining that (:EF7L+2+1):§<6 are the approximations
through the secant method of the root of larger modulus of t* — bt — ac. Considering the
sequence T defined by

_ xn
Ty = = for all n > 2,

we have
_ ':Ugn 1 ':Ugnflxgan +ac a$9n71$9n72 +c
Lg, = —— = —° b = —— — b’
a a xgan + $gn71 - a$9n72 + a$gn71 -

ie. (Z,,)120 are the approximations through the secant method of a. Thus, remembering

that aCy, = x,42 for every n > 0, we have that (Cp, +2_1):§% are the approximations through
the secant method of a. Applying Theorem 3.2 to the sequence x we obtain

x% + ac

2z, — b’

i.e., X9, 3,5, Ty, ..., Tanil, ... are the Newton approximations for the root of larger modulus
of t> — bt — ac. Now it is easy to see that Zo, T3, T5,...,Tony1 are the Newton approximations
of a for every n > 2, i.e., (an_l)jggg are the Newton approximations of «. Finally, using
Theorem 3.2 again, with similar observations, it is possible to prove that (Csn_1)25 are the
Halley approximations of «. O

Toan—1 =

REFERENCES

[1] U. Cerruti and F. Vaccarino, Matrices, recurrent sequences and arithmetic, Applications of Fibonacci
Numbers, Vol. 6, 1996, 53-62.
[2] J. Gill and G. Miller, Newton’s method and ratios of Fibonacci numbers, The Fibonacci Quarterly, 19.1

(1981), 1-4.
[3] A. S. Householder, The Numerical Treatment of a Single Nonlinear Equation, McGraw—Hill, New York,
1970.

[4] M. J. Jamieson, Fibonacci numbers and Aitken sequences revisited, The American Mathematical Monthly,
97.9 (1990), 829-831.

[5] J. H. McCabe and G. M. Phillips, Aitken sequences and generalized Fibonacci numbers, Mathematics of
Computation, 45.172 (1985), 553-558.

[6] J. B. Muskat, Generalized Fibonacci and Lucas sequences and rootfinding methods, Mathematics of Com-
putation, 61.203 (1993), 365-372.

[7] S. Northshield, On iterates of Mobius transformations on fields, Mathematics of Computation, 70.235
(2000), 1305-1310.

[8] C. D. Olds, Continued fractions, Random House, 1963.

[9] H. S. Wall, Analytic theory of continued fractions, D. Van Nostrand Company, Inc., 1948.

MSC2010: 11B39, 65H05

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TORINO, VIA CARLO ALBERTO 8, TORINO, ITALY
E-mail address: marco.abrate@unito.it

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TORINO, ViA CARLO ALBERTO 8, TORINO, ITALY
E-mail address: stefano.barbero@unito.it

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TORINO, ViA CARLO ALBERTO 8, TORINO, ITALY
E-mail address: umberto.cerruti@unito.it

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TORINO, VIA CARLO ALBERTO 8, TORINO, ITALY
E-mail address: nadir.murru@unito.it

266 VOLUME 49, NUMBER 3



